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Abstract

This paper considers a first-order autoregressive model with conditionally het-
eroskedastic innovations. The asymptotic distributions of least squares (LS), infea-
sible generalized least squares (GLS), and feasible GLS estimators and ¢ statistics
are determined. The GLS procedures allow for misspecification of the form of the
conditional heteroskedasticity and, hence, are referred to as quasi-GLS procedures.
The asymptotic results are established for drifting sequences of the autoregressive
parameter and the distribution of the time series of innovations. In particular, we
consider the full range of cases in which the autoregressive parameter p,, satisfies (i)
n(l—p,) — oo and (i) n(1 — p,) — h1 < 00 as n — oo, where n is the sample size.
Results of this type are needed to establish the uniform asymptotic properties of the
LS and quasi-GLS statistics.

Keywords: Asymptotic distribution, autoregression, conditional heteroskedasticity,
generalized least squares, least squares.
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1 Introduction

This paper establishes the asymptotic distributions of quasi-GLS statistics in
an AR(1) model with intercept and conditional heteroskedasticity. The statistics
considered include infeasible and feasible quasi-GLS estimators, heteroskedasticity-
consistent (HC) standard error estimators, and the ¢ statistics formed from these
estimators. The paper considers the cases where the autoregressive parameter p,,
satisfies (i) n(1 — p,) — oo and (ii) n(1 — p,,) — h1 < 00 as n — oo. In case (i), the
quasi-GLS t statistic is shown to have a standard normal asymptotic distribution. In
case (ii), its asymptotic distribution is shown to be that of a convex linear combi-
nation of a random variable with a “demeaned near unit-root distribution” and an
independent standard normal random variable. The weights on the two random vari-
ables depend on the correlation between the innovation, say U;, and the innovation
rescaled by the quasi-conditional variance, say U;/¢;. Here ¢? is the (possibly mis-
specified) conditional variance used by the GLS estimator. In the case of LS, we have
gbf = 1, the correlation between U; and U;/ gbf is one, and the asymptotic distribution
is a demeaned near unit-root distribution (based on an Ornstein-Uhlenbeck process).

An AR(1) model with conditional heteroskedasticity and p = 1, which falls within
case (ii) above, has been considered by Seo (1999) and Guo and Phillips (2001).
The results given here make use of ideas in these two papers. For an AR(1) model
without conditional heteroskedasticity, case (i) is studied by Park (2002), Giraitis and
Phillips (2006), and Phillips and Magdalinos (2007). Case (ii) is the “near integrated”
case that has been studied in AR models without conditional heteroskedasticity by
Bobkowski (1983), Cavanagh (1985), Chan and Wei (1987), Phillips (1987), Elliott
(1999), Elliott and Stock (2001), and Miiller and Elliott (2003). The latter three
papers consider the situation that also is considered here in which the initial condition
yields a stationary process.

As noted above, in the present paper, we consider a heteroskedasticity-consistent
(HC) standard error estimator. Such an estimator is needed in order for the quasi-
GLS ¢ statistic to have a standard normal asymptotic distribution in case (i) when
the form of the conditional heteroskedasticity is misspecified.

The paper provides high-level conditions under which infeasible and feasible quasi-
GLS estimators are asymptotically equivalent. The high-level conditions are verified
for cases in which the GLS estimator employs a parametric model, with parameter 7,
for the form of the conditional heteroskedasticity. For technical reasons, we take the
estimator of 7 to be a discretized estimator and we require the parametric form of the
conditional heteroskedasticity to be such that the conditional variance depends upon
a finite number of lagged squared innovations. Neither of these conditions is particu-
larly restrictive because (a) the grid size for the discretized estimator can be defined
such that there is little difference between the discretized and non-discretized versions
of the estimator of 7, (b) the parametric model for the conditional heteroskedasticity
may be misspecified, and (c) any parametric model with stationary conditional het-



eroskedasticity, such as a GARCH(1,1) model, can be approximated arbitrarily well
by a model with a large finite number of lags.

The results of this paper are used in Andrews and Guggenberger (2005) to show
that symmetric two-sided subsampling confidence intervals (based on the quasi-GLS
t statistic described above) have correct asymptotic size in an AR(1) model with
conditional heteroskedasticity. (Here “asymptotic size” is defined to be the limit as
the sample size n goes to infinity of the exact, i.e., finite-sample, size.) This result
requires uniformity in the asymptotics and, hence, relies on asymptotic results in
which the autoregressive parameter and the innovation distribution may depend on n.
In addition, Andrews and Guggenberger (2005) shows that upper and lower one-sided
and symmetric and equal-tailed two-sided hybrid-subsampling confidence intervals
have correct asymptotic size. No other confidence intervals in the literature, including
those in Stock (1991), Andrews (1993), Andrews and Chen (1994), Nankervis and
Savin (1996), Hansen (1999), Chen and Deo (2007), and Mikusheva (2007), have
correct asymptotic size in an AR(1) model with conditional heteroskedasticity.

The remainder of the paper is organized as follows. Section 2 introduces the model
and statistics considered. Section 3 gives the assumptions, normalization constants,
and asymptotic results. Section 4 provides proofs of the results.

2 Model, Estimators, and t Statistic

We use the unobserved components representation of the AR(1) model. The
observed time series {Y; : i = 0,...,n} is based on a latent no-intercept AR(1) time
series {Y;* :i=0,...,n}:

Y= a+ Yy,
Y =pY" 1 +U, fori=1,..n, (2.1)
where p € [—1 + ¢,1] for some 0 < ¢ < 2, {U; : i = ...,0,1,...} are stationary

and ergodic with conditional mean 0 given a o-field G; ; defined below, conditional
variance o? = E(U?|G;_1), and unconditional variance % € (0, 00). The distribution
of Yy is the distribution that yields strict stationarity for {Y* : ¢ < n} when p < 1,
ie., Yy =37 p'U_j, and is arbitrary when p = 1.

The model can be rewritten as

Y, =a+ pYi-1 + U, where a = a(1 — p), (2.2)

fori=1,..,n!

We consider a feasible quasi-GLS (FQGLS) estimator of p and a ¢ statistic based

~2

on it. The FQGLS estimator depends on estimators {¢,,; : i < n} of the conditional

By writing the model as in (2.1), the case p = 1 and & # 0 is automatically ruled out. Doing
so is desirable because when p = 1 and & # 0, Y; is dominated by a deterministic trend and the LS
estimator of p converges at rate n%/2.



variances {07 : i < n}. The estimators {572” : 1 < n} may be from a parametric
specification of the conditional heteroskedasticity, e.g., a GARCH(1, 1) model, or
from a nonparametric estimator, e.g., one based on ¢ lags of the observations. We
do not assume that the conditional heteroskedasticity estimator is consistent. For
example, we allow for incorrect specification of the parametric model in the former
case and conditional heteroskedasticity that depends on more than ¢ lags in the latter

~2
case. The estimated conditional variances {¢,,; : i < n} are defined such that they
approximate a stationary G; i-adapted sequence {ng : i < n} in the sense that certain

~2
normalized sums have the same asymptotic distribution whether ¢, ; or ¢; appears
in the sum. This is a typical property of feasible and infeasible GLS estimators.

As an example, the results allow for the case where (i) {gAszw 11 < n} are from a
GARCH(1,1) parametric model estimated using LS residuals with GARCH and LS
parameter estimators 7,, and (&, p,,), respectively, (ii) (&, p,,) have probability limit
given by the true values (ag, py), see (2.2), (iii) 7, has a probability limit given by
the “pseudo-true” value g, (iv) ?ﬁn’i = ¢71(Cny P> T'n), Where @7 (@, p,7) is the i-th
GARCH conditional variance based on a start-up at time 1 and parameters (&, p, 7),
and (v) ¢; _ (@, p, ) is the GARCH conditional variance based on a start-up at time
—o0 and parameters (a, p, 7). In this case, ¢7 = ¢; _ (o, py, o). Thus, ¢ is just
qAbiZ with the estimation error and start-up truncation eliminated.

Under the null hypothesis that p = p,,, the studentized ¢ statistic is

n1/2 An ~— Pn
T2 (py) = "o = Pn) (2.3)

On

where p,, is the LS estimator from the regression of Y;/ ?ﬁm onY; 1/ am and 1/ ?q;m, and
52 is the (1,1) element of the standard heteroskedasticity-robust variance estimator
for the LS estimator in the preceding regression.

To define T} (p,) more explicitly, let Y, U, X;, and X, be n-vectors with ith
elements given by Y; /am-, U; /am-, Y1 /gAbm, and 1 /am, respectively. Let A be the
diagonal n x n matrix with ith diagonal element given by the ith element of the
residual vector MxY, where X = [X; : X5] and Mx = I,, — X(X'X) "' X’. That is,
A = Diag(MxY'). Then, by definition,

Bn = (X{Mx,X1)™' X{My,Y, and (2.4)
52 = (n X Mx, X1) " (0 X[ My, A2 My, X1) (7 X My, X1)

By assumption, {(U;, ¢?) : i > 1} are stationary and strong mixing. We define G;
to be some non-decreasing sequence of o-fields for ¢ > 1 for which (Uj, (b? 11) € G; for
all j <.



3 Asymptotic Results

3.1 Assumptions

We let I denote the distribution of {(Us, #7) : i = ...,0,1,...}. Our asymptotic
results below are established under drifting sequences {(p,,, F»,) : n > 1} of autoregres-
sive parameters p,, and distributions F;,. In particular, we provide results for the cases
n(1—p,) — oo and n(1 — p,) — hy < co. When F, depends on n, {(U;, ¢?) : i < n}
for n > 1 form a triangular array of random variables and (Uj, ¢;) = (Un, 62 ;). We
now specify assumptions on (Um,qﬁii). The assumptions place restrictions on the
drifting sequence of distributions {F,, : n > 1} that are considered.

The statistics p,,, 0, and T)¥(p,) are invariant to the value of a. Hence, without
loss of generality, from now on we take a =0 and Y,,; = Y7,

Assumption INNOV. (i) For each n > 1, {({Un;, ¢%;) : i = ...,0,1, ...} are station-
ary and strong mixing with E(U,;|Gp—1) = 0 a.s., E(U?;|Gni-1) = 0, a.s. where
Gn,i is some non-decreasing sequence of o-fields for i = ..., 1,2, ... for n > 1 for which
(Unj> @5 j41) € Gy for all j < i, (ii) the strong-mixing numbers {a,(m) : m > 1}
satisfy a(m) = sup,~; an(m) = O(m=3/€=3)) as m — oo for some ¢ > 3, (iv)
SUPy i s tuwd | [Toea al¢ < 00, where 0 <4, s,¢,u,v < 00, n > 1, and A is any non-
empty subset of {Uni—s, Uni—t, Up i1 15 Un—u, Uni—o, Uj 1 }5 (V) qbi,i > 6 >0 as., (Vi)
Anin E(XTXVUZ2,/¢% 1) > 6 > 0, where X' = (Y,*(/¢,1,¢,}), and (vii) the follow-
ing limits exist and are positive: ho; = limy oo BUZ;, hop = limy, oo E(U2;/ 07 ,),
has = lim, o E(Ufm/@%l), ho4 = lim, o E¢;§, has = lim, o E¢;§, and heg =
limy, o0 By ;-

Given that ¢,, ; is bounded away from zero by Assumption INNOV(v), Assumption
INNOV(iv) implies that sup,, ; . ;v.0.a+ Er|[Loca- 0| < 00, where 0 < 4,5, t,u,v <
0o, n > 1, and A* is a non-empty subset of {Up,;—s, Up,i—t, Uﬁ’iﬂ/qﬁi’iﬂ, Un,—us Un,—o,
U2, /¢n1} or a subset of {Upi s, Uni—t, 51, Un—us Un—os 63 } for k = 2,3,4. The
uniform bound on these expectations is needed in the proofs of Lemmas 7 and 8
below.

If p,, = 1, the initial condition Y}, is arbitrary. If p, < 1, then the initial condition
satisfies the following assumption:

Assumption STAT. Y, = > pi U, ;.

We determine the asymptotic distributions p,,, 5>, and T*(p,) under sequences

{(pp, Fr) : n > 1} such that (a) Assumption INNOV holds and if p,, < 1 Assumption
STAT also holds, and

(b) n(1 — p,) — hy for (i) hy = oo and (ii) 0 < h; < 0. (3.1)

The asymptotic distributions of p,, and Ei are shown to depend on the parameters
hi, ha1, and hs s (where hy; and hs o are defined in Assumption INNOV(vi)) and the
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parameter hq 7, which is defined by

h
22— = lim Corrp, (Uni, Uni/¢2.))- (3.2)

hoyg = ——25
2,7 (haho2)/? — n-oo

The asymptotic distribution of T¢(p,,) is shown to depend only on hy and hs ;.
Define

hg = (h2,1, ceey h277), and
h = (hi By € H=Ry . x H, (3.3)
where R, ={z € R: 2 >0}, Ry oo = R, U{oo}, and H, C (0,00)® x (0, 1].

For notational simplicity, we index the asymptotic distributions of p,,, &
T7(p,) by h below (even though they only depend on a subvector of h).

-, and

3.2 Normalization Constants

The normalization constants a,, and d,, used to obtain the asymptotic distributions
of p,, and 2 depend on (p,,, F},) and are denoted ay,(p,,, F},) and d,(p,, F,,). They are
defined as follows. Let {p, : n > 1} be a sequence for which n(1 — p,) — oo or
n(1 — p,) — hy < oo. Define the 2-vectors

X' = (Yo/Gn1: b1) and

Z = (1, =Er,(Y;o/951)/ Br.(6,1)) - (3-4)
Define
an = an(p,, F) = n'?d,(p,, F,) and (3.5)
B (Y% /95,1) = (Br, (Vaio/90,0)%/ Era (6,7)
dn = dn(pp, Fn) = S T o g g (1= p,) — o
nt/? if n(1—p,) — h < .

Note that the normalization constant for the ¢ statistic T, (p,,) is an(p,,, Fn)/dn(py, Fr)
— 2

In certain cases, the normalization constants simplify. In the case where n(1 —
p,) — o0 and p,, — 1, the constants a,, and d,, in (3.5) simplify to

1/2 EFn( %/¢n 1) and dn _ EFn (Y;,%/sz,l) (36)

(EFn<Y*% 1/¢n 1))1/2 (EFn<YT:%UTQL,1/¢i,1))1/2

up to lower order terms. This holds because by Lemma 6 below
Z'Ep, (X' X Us /$n1)Z
= Ep,(YotUn1/6n1) = 2B, (YVioUn 1/ 63.1) Er, (Yoo /$n1) | Br, (671)

+(EF, (Yoo/01) Er, (Un 1 /n1)/ (ER,(6,1))°
= Br,(YogUn1/én1) (1 + 01 = py,)) (3.7)

Ap =N
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and

Er, (Y;3/001) = (Br, (Y,io/0n1))?/ Br, (6,1) = Br, (Yo5/¢n1)(1+0(1=p,)). (3.8)

If, in addition, {Uy; : i = ...,0,1,...} are i.i.d. with mean 0, variance o7;,, € (0, 00),
and distribution F,, and gbfm- = 1, then the constants a,, and d,, simplify to

an =n"?(1 = p2) Y2 and d, = (1 — p2) /2. (3.9)

This follows because in the present case ¢m =1, EFHYJ% = Z;’OO P Ep, U? =

(1 —pz)'og,, and EFH(Y;%U5’1/¢Z71) = (1 = p2)~'op - The expression for a, in
(3.9) is as in Giraitis and Phillips (2006).

3.3 Results for LS and Infeasible QGLS

In this section, we provide results for the (infeasible) QGLS estimator based on

{gbii : 4 < n} rather than {@fm : © < n}. Conditions under which feasible and
infeasible QGLS estimators are asymptotically equivalent are given in Section 3.4
below. The LS estimator is covered by the results of this section by taking qﬁfm- =1
for all n, .

Let W (-) and W(+) be independent standard Brownian motions on [0, 1]. Let Z;
be a standard normal random variable that is independent of W(-) and Ws(-). By
definition,

In(r) = ;fexp(—(r — ) AW (s),

Li(r) = In(r) + exp(—hyr)Z; for hy > 0 and I;(r) = W(r) for hy =0,

1
\/2h1
Ihu(r) =Ii(r f[h )ds, and

-1/2 4
Ty = ( {)“ Iah(r)Qcir) fl;;,h VAW (7). (3.10)

As defined, I,,(r) is an Ornstein-Uhlenbeck process. Note that the conditional dis-
tribution of Zy given W (-) and Z; is standard normal. Hence, its unconditional
distribution is standard normal and it is independent of W (-) and Z;.

The asymptotic distribution of the infeasible QGLS estimator and ¢ statistic are
given in the following Theorem.

Theorem 1 Suppose (i) Assumption INNOV holds, (ii) Assumption STAT holds
when p, < 1, (iii) p, € [-1+¢€,1] for some 0 < e < 2, and (iv) p, =1 — h,1/n and



hna — hy € [0,00]. Then, the infeasible QGLS estimator p, and t statistic T, (p,,)
(defined in (2.3) and (2.4) with ¢, ; in place of ¢, ;) satisfy
D T * n1/2 An ~ Pn
an(pn - Pn) —d Vha dnan —d Qha and Tn (Pn) = % —d Jh7
where ay, d,, Vi, Qn, and Jy, are defined as follows.
(a) For hy € [0,00), ap, = n, d, = n'/?, Vj, is the distribution of

SoToamdW () o e SoTbar)dWa(r)

h — 3.11
2,7h1/2 1/2 fo If)h 2d7‘ ( 2,7) 1/2 1/2 IOIB}L 2d’l“ ( )
Qn 1s the dzstmbutzon of
1 ~1/2
hay *hyy? [ Ik I}"),h(r)2dr] , (3.12)
0
and Jy, is the distribution of
Iy, (r)dWw
27 IO Dh ( ) + (1 . h377)1/222- (313)

1/2
(5 T(r)r)

(b) For hy = o0, a, and d,, are defined as in (3.5), Vi, is a N(0,1) distribution, Qy,
is the distribution of the constant one, and Jy, is a N(0,1) distribution.

Comments. 1. Theorem 1 shows that the asymptotic distribution of the QGLS ¢
statistic is a standard normal distribution when n(1 — p,,) — oo and a mixture of
a standard normal distribution and a “demeaned near unit-root distribution” when
n(l — p,) — h1 < oo. In the latter case, the mixture depends on hs 7, which is
the asymptotic correlation between the innovation U, ; and the rescaled innovation
Un,i/ ¢72” When the LS estimator is considered (which corresponds to qﬁfm = 1),
we have hy7; = 1 and the asymptotic distribution is a “demeaned near unit-root
distribution.”

2. The asymptotic results of Theorem 1 apply to a first-order AR model. They
should extend without essential change to a p-th order autoregressive model in which
p equals the “sum of the AR coefficients.” Of course, the proofs will be more complex.
We do not provide them here.

3. Theorem 1 is used in the AR(1) example of Andrews and Guggenberger
(2005) to verify Assumptions BB(i) and (iii) for the (infeasible) QGLS estimator
(with @y, playing the role of W}, in Assumption BB). In turn, the results of Andrews
and Guggenberger (2005) show that whether or not conditional heteroskedasticity is
present: (i) the symmetric two-sided subsampling confidence interval for p has cor-
rect asymptotic size (defined to be the limit as n — oo of exact size) and (ii) upper
and lower one-sided and symmetric and equal-tailed two-sided hybrid-subsampling
confidence intervals for p have correct asymptotic size. These results hold even if the
form of the conditional heteroskedasticity is misspecified.
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3.4 Asymptotic Equivalence of Feasible and Infeasible QGLS

Here we provide sufficient conditions for the feasible and infeasible QGLS statis-
tics to be asymptotically equivalent. In particular, we give conditions under which
Theorem 1 holds when p,, is defined using the feasible conditional heteroskedasticity
estimators {?q;m 21 <n}.

~2

We assume that the conditional heteroskedasticity estimators (CHE) {¢,,; : i < n}
satisfy the following assumption.

Assumption CHE. (i) For some ¢ > 0, gAbiZ >cas forali <mn,n>1 (il
For random variables {(U,;, ¢ ;) : i = ...,0,1,...} for n > 1 that satisfy Assumption
INNOV and for Y,,; = a+Y,;,, VX, = p, Y, | + Upn;, with a = 0, that satisfies

Assumption STAT when p, < 1 and n(1 — p,) — h1 € [0,00], we have (a) when

hy € [0,00), n7V2 3T (7 2Y 1)’Un,z‘($;j — ¢n3) = 0p(1) for j = 0,1, (b) when

b € [0,00), 07t S0 |Unil 1y — 63 = 0,(1) for (d, j) = (0,1), (1, 2), and (2,2), (c)
a2

when iy = 00, 02 S (1= p, )2Vt U i(@s = 672) = 0p(1) for j = 0,1, and

(@) when hy = 00, 1t Sy [Unl* 30~ 62314 = 0,(1) for (d, &) = (1,2,0),(2,2,0),
and (2,4, k) fork—O 2,4.

Assumption CHE(i) is not restrictive. For example, if ?ﬁm is obtained by specifying
a parametric model for the conditional heteroskedasticity, then Assumption CHE(i)
holds provided the specified parametric model (which is user chosen) consists of an
intercept that is bounded away from zero plus a non-negative random component (as
n (3.14) below). Most parametric models in the literature have this form and it is
always possible to use one that does. Typically, Assumptions CHE(ii)(a) and (c) are
more difficult to verify than Assumptions CHE(ii)(b) and (d) because they have the
scale factor n~'/2 rather than n~'.

Theorem 2 Suppose (i) Assumptions CHE and INNOV hold, (ii) Assumption STAT
holds when p,, <1, (iii) p,, € [-1+¢,1] for some 0 < e <2, and (iv) p, =1 —hy1/n
and hp1 — hy € [0,00]. Then, the feasible QGLS estimator p, and t statistic T)(p,,)
(defined in (2.3) and (2.4) using ¢,,;) satisfy
-~ ~ * ’I’LI/Q An ~ FPn
an(Pp = Pp) —d Va, duOn —a Qn, and T;(p,) = M —d Jh,

n

where ay, dp, Vi, Qn, and J, are defined as in Theorem 1 (that is, with a, and d,
defined using ¢, ;, not ¢,, ;).

Comment. Theorem 2 shows that the infeasible and feasible QGLS statistics have
the same asymptotic distributions under Assumption CHE.

~2
We now provide sufficient conditions for Assumption CHE. Suppose {¢,, ; : i < n}
are based on a parametric model with conditional heteroskedasticity parameter 7

8



estimated using residuals. Let 7, be the estimator of 7 and let (a,,p,) be the
estimators of (@, p) used to construct the residuals, where & is the intercept when the
model is written in regression form, see (2.2). For example, 7,, may be an estimator of
7 based on residuals in place of the true errors and (a,, p,,) may be the LS estimators
(whose properties are covered by the asymptotic results given in Theorem 1 by taking
¢,,; = 1). In particular, suppose that

~2 o
Gpi = Dri(Qn, Py, Tn), Where

L;
(b?z,i(&? Ps 7‘—) =w+ Z Mj(ﬂ-)U?L,ifj(a7 p)?
j=1
ﬁn,i(ay p) = Yoi— a— PYri-1, (3.14)

L; = min{i—1, L}, and w is an element of 7. Here L < oo is a bound on the maximum
number of lags allowed. Any model with stationary conditional heteroskedasticity
(bounded away from the nonstationary region), such as a GARCH(1,1) model, can
be approximated arbitrarily well by taking L sufficiently large. Hence, the restriction
to finite lags is not overly restrictive. The upper bound L;, rather than L, on the
number of lags in the sum in (3.14) takes into account the truncation at 1 that
naturally occurs because one does not observe residuals for i < 1.

The parameter space for  is II, which is a bounded subset of R%, for some d, > 0.
Let 7,, € II be an n’'-consistent estimator of 7 for some &§; > 0. For technical reasons,
we base ?;372” on an estimator 7, that is a discretized version of 7,, that takes values
in a finite set II,, (C II) for n > 1, where II,, consists of points on a uniform grid
with grid size that goes to zero as n — oo and hence the number of elements of II,,
diverges to infinity as n — oo. The reason for considering a discretized estimator
is that when the grid size goes to zero more slowly than n%', then wp— 1 the
estimators {7, : n > 1} take values in a sequence of finite sets {II,,o : n > 1} whose
numbers of elements is bounded as n — oco. The latter property makes it easier to
verify Assumption CHE(ii). The set II,, can be defined such that there is very little
difference between 7,, and 7, in a finite sample of size n.

We employ the following sufficient condition for the FQGLS estimator to be as-
ymptotically equivalent to the (infeasible) QGLS estimator.

Assumption CHE2. (i) af” satisfies (3.14) with L < oo and pu;(-) > 0 for all
j=1,..L, (i) ¢} ; = wy + Zle i (1)U ;_; and 7w, — mo for some 7y € II (and 7o
may depend on the sequence), where w,, is an element of 7,,, (iii) a,(p, —p,) = O,(1),
nY2a, = 0,(1), and n® (7, — m,) = 0,(1) for some §; > 0 under any sequence
(Unyi, @2 ;) that satisfies Assumption INNOV and for Y;,; defined as in Assumption
CHE with a = § = 0 satisfying Assumption STAT when p, < 1, and with p = p,,
that satisfies n(1 — p,,) — hy € [0, 00|, where a,, is defined in (3.5), (iv) 7, minimizes
||m — 7| over m € I1,, for n > 1, where II,, (C II) consists of points on a uniform



grid with grid size Cn=% for some 0 < 8, < §; and 0 < C < oo, (v) II bounds the
intercept w away from zero, and (vi) p; () is continuous on II for j =1, ..., L.

The part of Assumption CHE2(iii) concerning p,, holds for the LS estimator by The-
orem 1(a) (by taking ¢, , = 1), the part concerning a,, holds for the LS estimator
by similar, but simpler, arguments, and typically the part concerning 7,, holds for all
61 < 1/2. Assumptions CHE2(iv)-(vi) can always be made to hold by choice of 7,
IT, and y;().

Lemma 1 Assumption CHE2 implies Assumption CHE.
Comment. The use of a discretized estimator 7,, and a finite bound L on the number
of lags in Assumption CHE2 are made for technical convenience. Undoubtedly, they

are not necessary for the Lemma to hold (although other conditions may be needed
in their place).
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4 Proofs

This section provides proofs of Theorems 1 and 2 and Lemma 1. Section 4.1.1
states Lemmas 2-9, which are used in the proof of Theorem 1. Section 4.1.2 proves
Theorem 1. Section 4.1.3 proves Lemmas 2-9. Section 4.2 proves Theorem 2. Section
4.3 proves Lemma 1.

To simplify notation, in the remainder of the paper we omit the subscript F), on
expectations.

4.1 Proof of Theorem 1
4.1.1 Lemmas 2-9

The proof of Theorem 1 uses eight lemmas that we state in this section. The first
four lemmas deal with the case of h; € [0,00). The last four deal with the case of
hl = OQ.

In integral expressions below, we often leave out the lower and upper limits zero
and one, the argument r, and dr to simplify notation when there is no danger of
confusion. For example, [ (1) I,(r)2dr is typically written as [ I?. By “ =" we denote
weak convergence as n — o0.

Lemma 2 Suppose Assumptions INNOV and STAT hold, p, € (—1,1) and p, =
1 — hp1/n where hyy — hy € [0,00) as n — oo. Then,

(2R /1) Y2Y 50 N =4 Z1 ~ N(0,1).

n,1

Define h;,;, > 0 by p, = exp(—h;,;/n). As shown in the proof of Lemma 2,
Ry, 1/hny — 1 when hy € [0, 00). By recursive substitution, we have

Y= ?m + exp(—hy, 1i/n)Y,,, where
Yoi= 30 exp(—hpy (i — 5)/n)Up;. (4.1)

Let BM () denote a bivariate Brownian motion on [0, 1] with variance matrix €.
The next lemma is used to establish the simplified form of the asymptotic distribution
that appears in Theorem 1(a).

Lemma 3 Suppose (h;/fW(r), M(r)) = BM(R2), where

hap has
Q= ’ S
[ haz hap 1

Then, M(r) can be written as M(r) = hé/; (ho7W (r) + (1 — h3;)Y2Wa(r)) , where

(W (r), Wa(r)) = BM(ILy) and ha7 = has/(ha1ha2)'/? is the correlation that arises
in the variance matriz 2.

11



The following Lemma states some general results on weak convergence of certain
statistics to stochastic integrals. It is proved using Theorems 4.2 and 4.4 of Hansen
(1992) and Lemma 2 above. Let ® denote the Kronecker product.

Lemma 4 Suppose {v,; : i < n,n > 1} is a triangular array of row-wise strictly-
stationary strong-mizing random d,-vectors with (1) strong-mizing numbers {a,(m) :
m > 1,n > 1} that satisfy a(m) = sup,s; an(m) = O(m=S/E7) as m — oo
for some ¢ > 7 > 2, and (i) sup,s, |[vnillc < 0o. Suppose n'EV, V! — Qq as
n — oo, where V, = Z?:l Unis and Qg is some d, X d, variance matriz. Let
Xni = PpXni-1+ Vni, where n(l —p,) — hy € [0,00). If hy > 0, the first ele-
ment of X, has a stationary initial condition and all of the other elements have
zero initial conditions. If hy = 0, all of the elements of X,,; have zero initial con-
ditions, i.e., Xno = 0. Let A = lim, .cn 1> 1, > i1 Bonvy, o Let Ky(r) =
[y exp((r — s)h1)dB(s), where B(-) is a d,-vector BM(Qg) on [0,1]. If hy > 0, let
K;(r) = Ku(r) + e1(2hy)71/2 exp(—hlr)ﬂé’/ﬁlZl, where Zy ~ N(0,1) is independent
of B(), e1 = (1,0,...,0) € R% and Q11 denotes the (1,1) element of Q. If hy = 0,
let Kj(r) = Kp(r). Then,

(a) nfl/sz[ma] = KZ(T‘),

(b) nt 30 X1t} —a [ KjdB' + A, and

( ) Jor T >3, 7173/22 1(an 1 ® Xoie 1) Un,i —d f(K;; ® KZ)dBI +<A®fK;:)

+([K;oA).

We now use Lemma 4 to establish the following results which are key in the proof
of Theorem 1(a). Let [a] denote the integer part of a.

Lemma 5 Suppose Assumptions INNOV and STAT hold, p, € (—1,1], p, = 1 —
hna/n where hy,1 — hy € (0,00). Then, the following results (a)-(k) hold jointly,
(a) n _1/2Y*[ ]:> h1/2f*( ),
(b) n - Zz 1 nz —p limy, oo E¢r_z,]z = ha (j13) for j =1,2,4,
(c) n ™t 300, Uns/ ¢fm- —p iMoo E(Uni/05) = 0,
(d) " 300, U i/ fni = limn_m E(Up i/ $ni) = has,
(&) ™2 30, Uni/ s —a M fdM h“fd oW (r) (1= W/ 2Wo(r),
(f) 73/22?1 nyi— 1/¢m—n’3/QZZ 1 Yoic E¢,3 4+ Op(n=1/?) _’dh25h21 I
(8) S0, Yiti Un /s —a W2 [ I;dM = h” 1/2 2 [ Lidlha s W (r)+
(113 7)1/2W2( ),
() n2 Y20 V2 1/¢m =n 2y, Y0 ¢_ +O0p(n™?) —a hoshay [ 12,
(i) n=%/?2 > 1 YU /¢nz —n*3/2 > i Yo (U3,1/¢i,1)+0p(n71/2)
—q ho 2h2 1 fl}tv
(3) n 2300 1Y53 VU i/ fns =12 2 Y B (U 6 0) + Op(n'7?)
—d h2,2h2,1 flh )

12



(k) n= 023 Yo URs s = 0p(n) for (f16s) = (1,0), (1,1), (2,0), (2,1),
(3,0), (3,1), and (4,0), and
1) when hy =0, parts (a) and (f)-(k) hold with Y, ; ;| replaced by Ynz 1.

-1

In the proof of Theorem 1(b), we use the following well-known strong-mixing
covariance inequality, see e.g. Doukhan (1994, Thm. 3, p. 9). Let X and Y be
strong-mixing random variables with respect to o-fields F; (for integers i < j) such
that X € 7 and YV E fnojm with strong-mixing numbers {a(m) : m > 1}. For
p,q > 0 such that 1 —p™' — ¢ > 0, let || X||, = (E|X|P)? and ||Y]|, = (E|Y|9)"/a.
Then, the following inequahty holds

1 -1

Cov(X,Y) < 8IX||p|[Y [lga(k) "~ (4.2)

The proof of Theorem 1(b) uses the following technical Lemmas. The Lemmas
make repeated use of the mixing inequality (4.2) applied with p = ¢ = { > 3, where
¢ appears in Assumption INNOV.

Lemma 6 Suppose n(1 — p,) — oo, p, — 1, and Assumptions INNOV and STAT
hold, then we have

(Yﬁ% 1/¢n ) — (1= pi)il(EUrZL,l)2/¢i,l =0(1),
E(Y;5/¢n1) — (1= pp) ' EU 1 B¢, T = O(1),
E(Yyo/¢n1) = O(1), and

E(YyoUn 1 /¢n) = O(1).

Lemma 7 Suppose n(1 — p,)) — o0, p, — 1 and Assumptions INNOV and STAT
hold, then we have

n'L 1Unl/¢nz
(B30 dn i)

Lemma 8 Suppose n(1 — p,) — oo, p,, — 1, and Assumptions INNOV and STAT
hold, then we have
(a) n (1 = p)2X1 Xz = 0p(1),
E(Y, %/¢n DI TIX XD = 1
(BEY3Un 1/ fnn)) 0 30 (Vs U i/ i) = 1,
(X'X) XU = (Op((1 = p,)?n712), 0 (n112) ),
E(YJ%Ug,l/ﬁbi,l))_ln_lX{A2X1 —p 1,

n 2
B (Z[Eci,i - E<<i,z-|gn,“>1> — 0, where ¢, =n""?

=1

(b)
(©
()
(@) (

(1) (1 - p,)"2n " (X5A2X,) = O, (1), and
(8) n " (X3A2X,) = O,(1).

Lemma 9 Suppose n(1 — p,) — o0, p, — 1, and Assumptions INNOV and STAT
hold, we have >, E(C72111<‘an| > 6)|Gni-1) —p 0 for any 6 > 0.
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4.1.2 Proof of Theorem 1

To simplify notation, in the remainder of the paper we often leave out the subscript
n. For example, instead of p,,, 07, Vs, Unsis i @ris and C,, 5, We write p, o, Y, U;,
;s &i, and ¢;. We do not drop n from h,, ; because h,,; and hy are different quantities.
As above, we omit the subscript F;, on expectations.

In the proofs of Theorem 1 and Lemmas 2-9 below, X;, X,, U, A, and Y are
defined as in the paragraph containing (2.4), but with ¢; in place of ¢, ;.

Proof of Theorem 1. First we prove part (a) of the Theorem when h; > 0. In this
case, a, = n and d,, = n'/2. We can write
1By — p) = (72X Mx, X1) ™ n X[ My, U and
no? = (02X My, X1) ' (072X My, A2 Mx, X1) (02X My, X,) . (4.3)

n

We consider the terms in (4.3) one at a time. First, we have

n2 X! Mx, X,

2
n

n n -1
=02y |V /6 - (Z Yj*_l/qz&?> (Z qzsj‘z) ¢!
j=1 =1

=1

n n 2 n -1
-y - () (3

i=1 j=1 j=1

2
—d h2,5h2,1/[i:2 - <h2,5h§,/12/[i:) has = h2,5h2,1/1232,h> (4.4)

where the first two equalities hold by definitions and some algebra, and the conver-
gence holds by Lemma 5(b), (f), and (h) with j = 2 in part (b).
Similarly, we have

nilXiMXZU

n n -1
(e (S (S) )
i=1 i=1

i=1

n n n 1 n
S Y U (wzzwqﬁ) <nlz¢j2> S U
i—1 =1 i=1 =1
—q hy / LidM — by} / I / dM = hy/} / I ,dM, (4.5)

where the first two equalities hold by definitions and some algebra, and the conver-
gence holds by Lemma 5(b) and (e)-(g) with j = 2 in part (b).

14



To determine the asymptotic distribution of n=2X|Mx,A?Mx, X;, we make the

following preliminary calculations. Let ﬁz /@, denote the ith element of MxY = MxU.
That is,

n_IYi*—l/@'
n= V2N U 6 )
A, = R R and
( n 123':1 Yj—lUj/ﬁbi
n1 Zn_ ¢72 n=3/2 Zn_ Y:* /¢2 )
B, = B J=17 . B —~j=1 *3*1 i) 4.6
(” VI Y e nTE Y YR 6 (46)

. —1/2,4-1
Ui/¢; = Us/¢; — A, B, ( noe ) , where

Using (4.6), we have

n-? Z?:l thgl Ui/ﬁb?

-2 n Y*Q /¢4 7’L_5/2 Zn Y*3 /¢4
+7L_1A;LB;1 ( TL_ Zz:% z—l* 7 B - =1 *z—l 7 B;lAn
n 5/2 Z’i:l }/;731 /¢;4 n 3 Zi:l }/;741/¢;L

=n"? ) VAU /6] + 0,(1), (4.7)
=1

- ~ - —3/2N" 2 T )44
w7t YRUR G =0ty VAU 6 —m T LB ( n2 Y YA U6 >
=1 i=1

where the second equality holds using Lemma 5(k) with (¢1,43) = (2,1),(3,1),(2,0),
(3,0), and (4,0) and to show that A, and B, ' are O,(1) we use Lemma 5(b) and
(e)-(h) with j = 2 in part (b).

Similarly to (4.7) but with Y;*; in place of ¥;*3, and then with Y;*3 deleted, we
have

n=3/? Z Y;*_lfjf/qﬁf =n? Z Y U 67 + 0p(1) and
i=1 =1

w026t =t SO U2 6+ 0y(1) (48)
=1 =1

using Lemma 5 as above to show that A, and B, ! are O,(1), using Lemma 5(k) with
(01,02) = (1,1),(2,1),(1,0),(2,0), and (3,0) for the first result, and using Lemma
5(k) with (¢1,42) = (1,1),(1,0), and (2,0), Lemma 5(b) with j = 4, and Lemma 5(c)
for the second result.

We now have

n2X| Mx, N> Mx, X,

w3 (06) [ veuse, - (Z Yj*1/¢§> (Z ¢;2) o

i1 j=1
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n i ! u
— 02 VAD 6 -2 ”’”ZY* 4 ¢> (MZ@_ 2) nEY Y06
i=1 =1 =

n

i=1 j=1

=1

n n - &
= 02 VAU 6 - 2( - QZY* g ¢> (”_1Z¢? ) R
j=1 i=1

=1

n

" (n‘?’/ziY;‘_I/ab ( Y 2) n S U6+ Oyn )
j=1 j=1 =1

—q haohoy / L2 —2nyt | I <h272h§{12 / I,j) + (hw / Ih) hao
2
— hashas / (I;’; - / Ih> ~ oo / 2, (4.9)

where the first two equalities follow from definitions and some algebra, the third
equality holds by (4.7), (4.8), and Lemma 5(b), (d), (f), (i), and (j) with j = 2 in
part (b), and the convergence holds by the same parts of Lemma 5.

Putting the results of (4.3), (4.4), (4.5), (4.9), and Lemma 3 together gives

hy't [ Iy, dM
Tff(/?n) —d f Dh2 1/2
<h2 2h21 f]D,h)

hyls [ Ippd (hogW + (1 — h3,) /2 W)
s (] 1)

—1/2
— oy ( / J;;%h) / Ty dW + (1 — 12)V2 2, (4.10)

where the last equality uses the definition of Z5 in (3.10). This completes the proof
of part (a) of the Theorem when h; > 0.

Next, we consider the case where h; = 0. In this case, (4.3)-(4.10) hold except that
the convergence results in (4.4), (4.5), and (4.9) only hold with Y;* | replaced by Y;_
because Lemma 5(1) only applies to random variables based on a zero initial condition
when h; = 0. Hence, we need to show that the difference between the second last
line of (4.4) with Y;*, appearing and with Y;_; appearing is 0p(1) and that analogous
results hold for (4. 5) and (4.9).

For h; = 0, by a mean value expansion, we have

Jmax [1—p'| = max |1 —exp(=hy,,j/n)| = max |1 (1 h;,jexp(my)/n)]
< 2hy, max |exp(m;)| = O(hyy), (4.11)
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for 0 < |my| < Ry, 1j/n < 2k, — 0, where hj, ; is defined just above (4.1).
Using the decomposition in (4.1), we have Y|, = Y; | + p"'Y;. To show the
desired result for (4.4), we write the second last line of (4.4) as

n n n -1
n Y | Yo - (ZY;‘M) (ZW) ¢;"
=1 Jj=1 j=1
2

n n -1
_ nfz ?1;71/6251' + piflyz)*/(m _ (Z 17)*1/925]2 —+ p71}/6*/¢3> (Z ¢y_2> ¢Z—1
Jj=1 J=1

n n -1 2
=02y | Vi /o, — (Z?j—l/cb?) (Z¢;2> ¢+ Ol Ye) [¢r | (4.12)
j=1 j=1

i=1

n n n -1 2
=02 | Vi /o - (Z 37]‘—1/415?) (Z ¢; 2) ¢t |+ Op(n™2hy YY),
i=1 Jj=1 Jj=1

where the second equality holds because p*~' = 1 + O(hy, ;) uniformly in i < n by
(4.11), and the third equality holds using Lemma 5. Next, Lemma 2 and &, | /h,, 1 — 1
(which is established at the beginning of the proof of Lemma 2) show that n=/ hy Y

= Op(h:jl/z) = 0,(1). This completes the proof of the desired result for (4.4) when
hy = 0. The proofs for (4.5) and (4.9) are similar. This completes the proof of part
(a) of the Theorem.

It remains to consider the case where hy = oo, i.e., part (b) of the Theorem.
The results in part (b) generalize the results in Giraitis and Phillips (2006) in the
following ways: (i) from a no-intercept model to a model with an intercept, (ii) to a
case in which the innovation distribution depends on n, (iii) to allow for conditional
heteroskedasticity in the error distribution, (iv) to cover a quasi-GLS estimator in
place of the LS estimator, and (v) to cover the standard deviation estimator as well
as the GLS/LS estimator itself.

It is enough to consider the two cases p — p* < 1 and p — 1. First, assume p — 1
and n(1 — p) — oo. In this case, the sequences a,, and d,, are equal to the expressions
in (3.6) up to lower order terms. We first prove a,(p,, — p) —a N(0,1). Note that

N L XMy, X\ T n X My, U
an(Pp —p) = (1 ¥2 ) 12 *2772 / 44Y\1/2
E(Y5?/¢1))  (EYG2UR/¢1)Y
where v, and £, have been implicitly defined. We now show v,, —, 1 and &, —4
N(0,1).
To show the latter, define the martingale difference sequence
Ci = n—1/2 Y;*—1U1/¢412 .
(E(YG?UT /é1))'?

= 1,6, (4.13)

(4.14)
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We show that
n~12 X! Px,U

(E(Y52U7 /1)

To show the first result, note that n=Y/2X,U = n=Y23" U;/¢; = O,(1) by a
CLT for a triangular array of martingale difference random variables U; /¢? for which
E|U;/#7]> < oo and nt Y0 (U2/¢! — EUZ/¢}) —, 0. The latter convergence in
probability condition holds by Lemma 5(d). Furthermore, (n ' X}X5)™' = O,(1) by
Lemma 5(d) and Assumption INNOV (vii). Finally, n=(1 — p)/2X{X, = n~'(1 —
p)Y2S" Y, /97 = 0,(1) by Lemma 8(a). The first result in (4.15) then follows
because E(Y;2U?2/¢1) = O((1 — p)~') by Lemma 6.

To show the latter we adjust the proof of Lemma 1 in Giraitis and Phillips (2006).
It is enough to prove the analogue of equations (11) and (12) in Giraitis and Phillips
(2006), namely the Lindeberg condition Y7 | E(C?1(|¢;| > 6)|Gi_1) —, 0 for any
§>0and Y1, E((?|Gi-1) —, 1. Lemma 9 shows the former and Lemma 7 implies
the latter, because by stationarity (within rows) we have Y 1" | F(? = 1.

By Lemma 8(b) and Lemma 6

—p0and Y ¢ —a N(0,1). (4.15)
=1

—1 v/ -1y
i oS §1X21 —, 1 and D21 %1 X15X25(1 —p (4.16)
E(Y5?/¢71) E(Y5?/¢7)
which imply v,, —, 1.
We next show that d,0, —, 1. By (4.16) it is enough to show that
-1y 2
XM A Mo Xy | (4.17)

E(Y5?Ut /))

Lemma 8(e)-(g) shows that (E(Yg2UZ/¢7)) 'n'X|A2X, —, 1, (1 — p)'/?
xn N XIA2X ) = O,(1), and n™H(X;A%X5) = O,(1). These results combined with
Lemma 6, (n "' X5X5) ™! = O,(1), and n~*(1 — p)/2X| X, = 0,(1) imply (4.17).

In the case p — p* < 1, Theorem 1(b) follows by using appropriate CLTs for
martingale difference sequences and weak laws of large numbers. For example, the
analogue to the expression in parentheses in (4.13) satisfies

n1X! My, X,
E(Y5?/67) — (E(Yy/61))2/ E(¢r)

This follows by a weak law of large numbers for triangular arrays of mean zero, L'*9
bounded (for some § > 0), near-epoch dependent random variables. Andrews (1988,
p.464) shows that the latter conditions imply that the array is a uniformly integrable
L! mixingale for which a WLLN holds, see Andrews (1988, Thm. 2). For example,
to show n' X1 X, — E(Yy2/¢2) —, 0, note that Y2 /¢ — EYy2/¢; is near-epoch
dependent with respect to the o-field G; using the moment conditions in Assumption
INNOV(iv), 3272 p¥ = (1 — p*)~' < o0, and p — p* < 1. O

—, L. (4.18)
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4.1.3 Proof of Lemmas 2-9

Proof of Lemma 2. We have: p, = 1 — h,1/n and h,; = O(1) implies that
pn, — 1. Hence, exp(—h;,;/n) = p, — 1 and h} ; = o(n). By a mean-value expansion
of exp(—h;, ;/n) about 0,

0= pn = pp=exp(=hy1/n) = (1= hny/n) = hna/n—exp(=hy’y /n)h;, /0, (4.19)

where k¥, = o(n) given that hy ; = o(n). Hence, hy,1—(1+o0(1))hy; =0, b, | [hp1 —
1, and it suffices to prove the result with hy; in place of Ay 1.
Let {m, : n > 1} be a sequence such that mphy, | /n — oo. By Assumption STAT

which holds because p, < 1), we can write n = A, + As, for
hich holds b <1 ite (2h%,/n)Y2Yy /AT = Aip + Agy f

Avn = (205, /n)'/? Z;’:OpZLU_j)\i{f and Az, = (205, /n) 227 phU_ A, A3, Note
that F A, = 0 and

var(Az,) = (2hy,1/n) 2320 P2 = (25 1 /) ™V /(1 = p7) (4.20)
= (2h;,1/m)pn™ 0 (20,1 /n) (1 + 0(1))) = Oexp(=2(ma + Dy, 1 /n)) = o(1),

where the third equality holds because p? = exp(—2h;, /n) = 1 — (2h;; ;/n)(1+0(1))
by a mean value expansion and the last equality holds because myh;, | /n — oo by
assumption. Therefore, Ay, —, 0.

The result now follows from Ay, —4 7, which holds by the CLT in Corollary 3 1
in Hall and Heyde (1980) with their X,,; being equal to (2h}, ,/n)"/?p LU A2
apply their Corollary 3.1 we have to verify their (3.21), a Llndeberg condition, and a
conditional variance condition. For all i=...,0,1, ... set Fy; = & and define recursively
Fot1i = 0(FriUo(Upsrj : j =0,—-1,...,—1)) for n > 1. Then, (3.21) in Hall and
Heyde (1980) holds automatically. To check the remaining two conditions, note first
that Zm" E(X? | Fric1) = > EX2 = 2hy, > p2! /n — 1 which holds because

S g2 = (1= ) (1 g2, Pt exp(—2h, 1 (my, +1)/n) — 0, and
n(l—pa) =n(l—p,)(1+p,) =hni(1+p,) — 2h. (4.21)
Secondly, for € > 0,
S B(X2 (| Xni| > €)| Fioa)
=Y EX2 (X, > )
< (2hy,1/n) ZZ Yo E((U2 A )T (2h5, U2,/ (n)n 1) > %))

= (2h, 1/”)[21':0 pA|E ((Ug//\n,l)I(QhZ,lUg/)‘n,l > ne?))
= O(1)o(1), (4.22)

where the second equality holds because the U_; have identical distributions. For the
last equality, write W, = (Ug/Ap,1). For any v > 0, W, I((2h) ; W, /(ne?))¥ > 1) <
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W, (2R, ,/(ne?))” and the result follows from Assumption INNOV which implies
that (2h;’1/(n5 )Y EWHY =0(n). 0

Proof of Lemma 3. We decompose M (r) into the sum of two independent Brownian
motions, one of which is W(r). (The decomposition is as in Guo and Phillips (2001)
but with the added complication that ¢? # o2.) Let

B ;| han 0 _ 1 0
Y =A0A = [ 0 hashy? — hyl } , where A = [ “hyl hyl ] : (4.23)

Hence, W(r) and W (r) are independent Brownian motions, where W2 (r) is defined

by
WEW )\ _ (W) RY2W () )
( W3(r) ) A ( M(r) > h;éM(T) _ h;iﬂW(T) BM(X).

(4.24)
Let
Wa(r) = (haghy3 — hay) ' PW3(r). (4.25)
As defined, W5 is a standard univariate Brownian motion on [0, 1]. We have
M(r) = ha (hyy?W(r) + W)
= ha3 ( ha "W (r) + (h2 2h33 — hE%)I/QWN‘))
= haa(hazhys) (heaW(r) + (1= 15 7)2Wa(r))
= hyls (h2 7W(r) +(1- h§7)1/2w2( ) (4.26)

This concludes the proof. []

Proof of Lemma 4. Parts (a) and (b) of the Lemma follow from Theorem 4.4 of
Hansen (1992) when X, ; is defined with zero initial conditions and {v,; : i < n,n >
1} is a sequence rather than a triangular array. Part (c) of the Lemma follows from
a combination of Theorems 4.2 and 4.4 of Hansen (1992) under the same conditions
as just stated. (Note that the same argument as in Hansen (1992) can be used when
the random variables form a triangular array as when they form a sequence, given
the conditions of the Lemma.) Hence, parts (a)-(c) of the Lemma hold when h; = 0.

When h; > 0, the first element of X, ; is based on a stationary initial condition.
In this case, (4.1) applies with Y;* and U; denoting the first element of X,,; and v, ;,
respectively. By the proof of Lemma 2, the result of Lemma 2 holds with Y denoting
the first element of X,, o and with A, ; replaced by €2, ;. In consequence, we have

n Yy = Y+ exp(—hy [nr] /) (2hy) T2 (20, /n) Y

[m}

= [ expl(r = sIh)dBu(s) + (2h) P exp(-hun Q) 21, (@20
0
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where ?[m,} = ?n,[mq and hy, ; are defined as in the paragraph containing (4.1), Bi(s)
denotes the first element of B(s), the first summand converges by Thm. 4.4 of
Hansen (1992), the second summand converges by the result of Lemma 2 and the
convergence of exp(—hy, ;[nr]/n) to exp(—hyr), which holds uniformly over r € [0, 1],
and the convergence of the two summands holds jointly. The limit random quantities
Bi(:) and Z; are independent due to the strong-mixing assumption. In addition,
the convergence of the first element of X,,;, given in (4.27), holds jointly with the
convergence of the remaining elements, whose weak limit is that stated in the Lemma
by Thm. 4.4 of Hansen (1992). This concludes the proof of part (a) when hy > 0.

When h; > 0, the effect of the stationary initial condition of the first element of
X, on the limit distribution in parts (b) and (c) of the Lemma is established in a
similar way to that given above for part (a). O

Proof of Lemma 5. Part (a) holds by applying Lemma 4(a) with Ay > 0, d, = 1,
Uni = Ui, Qo (= Qo11) = heg, Kji(r) = h;{f[;(r), and 7 = 3, using Assumptions
INNOV and STAT.

Parts (b)-(d) hold by a weak law of large numbers for triangular arrays of L'*°-
bounded strong-mixing random variables for § > 0, e.g., see Andrews (1988), using
the moment conditions in Assumption INNOV (iv).

The convergence in parts (e) and (g) holds by applying Lemma 4 with h; > 0,
dy =2, vy = (Ui, U; /¢7), Q= Q (where Q is defined in Lemma 3), A = 0 (because
{(U;,U;/¢2) - i < n} is a martingale difference array) and 7 = 3, using Assumptions
INNOV and STAT. In particular, we use sup,>;[E|U;|¢ + E|U;/$;|°] < oo for some
¢ > 3 by Assumption INNOV(iv). Let B(r) = (hyf W (r), M(r))’ = BM(). Then,
the first element of K (r) can be written as hé/ 2I*(r) and the second element of B(r)
equals M(r). The convergence in part (e) holds by the convergence to M(1) of the
second element of X, ;) in Lemma 4(a) with » = 1. The convergence in part (g)
holds by the convergence of the (1,2) element of n=* Y 7" | Xpi—1vy,; in Lemma 4(b).
The (1,2) element of [ KjdB' equals h;/f [ I;dM. The last equalities of parts (e) and
(g) hold by Lemma 3.

The equality in part (f) holds by applying Lemma 4(b) with v,,; = (U;, ¢; >~ E¢; )
and 7 = 3 because the appropriate element of this vector result gives n='> "
Y, (¢;2 — E¢y?) = O,(1). The equality in part (h) holds by applying Lemma 4(c)
with v, ; = (U, ¢; 2 —Egbl_Z) and 7 = 3 because the appropriate element of this matrix
result gives n=%/23"" | Y72 (¢;? — E¢;?) = O,(1). This result uses the assumption
that sup,~, E¢; > < oo for some ¢ > 3 in Assumption INNOV (iv). The equality
in parts (i) and (j) holds by applying Lemma 4(b) and (c), respectively, with v, ; =
(U, U2 /¢t — BE(U2/$71)). This result uses the assumption that sup,,~, E|U;/¢?|* < oo
for some ¢ > 3 in Assumption INNOV (iv). -

The convergence in parts (f) and (h)-(j) holds by Assumption INNOV(vii) and
by part (a) of the current Lemma combined with the continuous mapping theorem
using standard arguments (e.g., see the proof of Lemma 1 of Phillips (1987)) which
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gives n 323" YV —g [Irand n72Y 0 YR —y [ L2
This concludes the proof of parts (a)-(j).
Part (k) holds because

AT YU /6] < sup VR | T T (U 67 = 0,(1), (4.28)

where the equality holds by part (a) of the current Lemma combined with the con-
tinuous mapping theorem and the weak law of large numbers (referred to above).

Part (1) holds by the same argument as given above for parts (a)-(k), but without
the extra detail needed to cover the case of a non-zero initial condition. [J

Proof of Lemma 6. Using Y;* = > >7° p/U;_; and stationarity (within the rows of
the triangular array),

E(Y;*Ut /1)
=Y ) pEUULUT ¢y

u=0 v=0

co u—l1

=Y pMEUUT/61+2)> > ptEU U U /¢
u=0

= u=0 v=0
= (1 - pY)'EUZEU? /¢t + O(1). (4.29)

The last equality holds by the following argument. First, for v > v, we have
EU_U_U?/¢} = Cov(U_,,U_,U}/$}) = Cov(U_,U_,, U2 /7). This, a-mixing, (4.2),
and Assumption INNOV (iv) give

BU_U_,U%/ !
= O(1) max{||U_.U_||c[|UZ /1l |c, |U—ul ||| U= UT /61| } x
a2 (max{(u — v), (1 +v)})

= O((max{(u —v), (L +v)})7*) (4.30)
for some ¢ > 0 because "% (m) = O(m~3¢1-2)/(C=3)) = O(m~3¢). Therefore,
oo u—1
SN pEULULLUT 6
u=0 v=0
oo u—1
=0 33 min{(u—0) 7 (14 0) 0}
u=0 v=0
0o u/2 0 u
=0 > (w—v)T+0Mm)) Y vt
u=0 v=0 u=0 v:u/2+1
=0 w0y uE
u=0 u=0
= 0(1). (4.31)
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Second,

S" B 6 = 3 2 Cou U, U 61) + BV, BUL /6]

DY wt Y P EUREU 0}
=0 =0
= O(1)+ (1 - p* ) 'EUZEU?/¢7. (4.32)

The other statements in the Lemma are proven analogously. For example, for the
last statement note that E(Y;UZ/¢7) = > oo p*EU_U?/¢] and |EU_,U?/¢1| =
O((u + 1)737¢) give the desired result. []

Proof of Lemma 7. Using Y = >°° p/U;_; and stationarity (within rows), we
have

E (Z[ch - E<c?|gi_1>]> _ B(CL, (Yot /6! — EYS?UR/61)°

p n?(E(Y;2U2/¢1))?
X Cov(YV20? /6l Yiod/¢)) i (n — i+ 1)Cou(Yih0} ¢}, Ye?oh/¢1)
B n?(E(Y;2U2/¢1))? n2(E(Y;2U2/¢7))?
B > ia(n—i+1) Zst 0P Zuv 0" Cov(Ui—1-5Ui1- U )67, U U—vUQ/le)
B n?(E(Y;2U2/¢1))?
(4.33)

The key portion of the proof is to bound the covariance term C(i,s,t,u,v) =
Cov(Ui_1_sU;_y_U? /¢, U_,U_,U? | $7) using strong mixing. However, it is not enough
to use the strong-mixing inequality (4.2) in the case where i — 1 — s and i — 1 — ¢
are both strictly positive and to exploit C(i,s,t,u,v) = O((max{i — 1 — s,i — 1 —
t})73¢(1=2/9)/(¢=3)) in this case. The trick is to consider disjoint sets A and B such
that AUB = {U;_1_s,Us_1_4, U?/¢},U_,U_,,U2/$7} and to note that

|C (i, s,t,u,v)|
< NEUio1-sUia— (U7 ) 9HU_U_UT | ¢1] + |EUs1—sUs—1 U7 [} - EU_U_, Ut /1|
<IET] aE [ b+ Cov(]] a, [] b)| + |EU;_1_ Uiy U?/é3 - EU_U_,U%/¢1).

acA beB acA beEB

(4.34)

Note that if A € {{U;_1_, Us_1_4, U/}, {U_u, U_,, U2/$}} then the simpler bound
|C (3,5, t,u,v)| < |Cov(][,cqa [Iepb)| applies. We will pick the partition AUB such
that E[,c4a- El],cpb = 0 and then apply the strong-mixing inequality (4.2) to
bound Cov([],c 4, [,epb) and also |EU;_1_U;—1—U2/¢; - EU_,U_,UZ/¢{|. In fact,
Ellsea@- E1l,epb =0 holds true for any partition, unless 1 is the largest subindex
in one group A or B.
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First we show that we can assume that all the subindices i —1—s,1—1—1, 7, —u,
—v, 1 that appear in the covariance expression (4.33) are different because the sum
of all summands, where at least two of these subindices are equal, is of order o(1). To
see this, consider first the case where there is more than one pair of subindices that
coincides, e.g. wheni—1—s=1—1—t=—-uorwheni—1—t=1and —u = —v.
For example, assume i — 1 — s = —u and i — 1 — ¢ = 1 (the other cases are proven
analogously). Then i = —u+ s+ 1 =t + 2 and the numerator in (4.33) equals

OM)) (n—i+1) Y p™ > prtv = Z p“*”Zp p Ut = O(n(1—p) 7).

=1 s,t=0 u,v=0 u,v=0
(4.35)
Because E(Y;2U?/¢1) is of order (1 — p)~* by Lemma 6 and n(1 — p) — oo, the
result follows. We can therefore assume there is exactly one pair of subindices that
coincides, for example, i — 1 — s = 1. (The other cases are proven analogously.) Then
the numerator in (4.33) is bounded by

co u—1 co n—2
20 N Y N Cou(Ur Ui iUl /S0, U-uU UL f91)], (4.36)
u=0 v=0 t=0 s=0

where the summations are such that all subindices 1,s + 1 — t, —u, —v are different.
There are four cases to consider: (i) 1 < s+ 1 —1¢, (ii)) —v < s+ 1 —t < 1, (iii)
—u<s+1—t< —v,and (iv) s +1 -t < —u. In case (i), we use (4.34) with
A={U_,,U_,} and B = {Uy,Uyy1 4, U2, /%, U /¢1}. This leads to

|IC(s+2,s,t,u,v)|
< [Cov(T] a, [T b)| + |EUWUss1-4UZ 5/ $ayol - |EU_U_,UT /5|

acA beB
< (v+1)730=2N/ED) 4 (max{v + 1,u — v}) X2/
< (v+ 1) 4 (max{v + 1,u —v}) ¢ (4.37)

for some € > 0, where in the second to last inequality we use Assumption IN-
NOV(iv) and (4.2) and apply an argument analogous to (4.34) to the expectation
EU_U_,U?/¢}, namely, EU_,U_,U%/¢] = Cov(U_,,U_,U%/¢}) = Cov(U_,U_,,
UZ/#7). In the last inequality we use the fact that —3¢(1 —2¢"')/(( —3) < -3 —¢
for some ¢ > 0. Picking A = {U_,} and B = {U_,, Uy, Usy1-1, U2, 5/ 5.0, U/ 1}
the same argument can be used to show that |C(s + 2,s,t,u,v)] < (u —v) 35+
(max{v + 1,u — v})™37¢. Therefore, |C(s + 2, s,t,u,v)| < 2(max{v+ 1,u —v})=3*.
Thus, the summands in (4.36) over case (i) are bounded by

oo u—1 00
4”22'0%”2 Z p* T (max{v + 1,u —v})?
u=0 v=0 t=0 s=t+1
oo u—1 co n—2
(max{v + 1,u —v})™*" az Z p’
u:O v=0 t=0 s=t+1
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oo [ [u/2]

<On-p )Y [ S+ 3 2
u=0 = v=[u/2]

= Z u/2)”

=0(n(1-p)7). (4.38)

S

Because by Lemma 6 the denominator is of order n?(1—p)~2 the result follows. Cases
(ii)—(iv) are handled analogously.

From now on, we can therefore assume that all the subindices i —1 —s, 7 —1— ¢,
i, —u, —v, 1 that appear in the covariance expression in (4.33) are different. From
now on, all summations are subject to this restriction without explicitly stating it.

We now show that the second summand in (4.34), i.e., |EU;_1_sU; 1 U?/¢ix
EU_,U_,U?/¢}|, is negligible when substituted into (4.33). Note that EU_,U_,U?/¢}
= Cov(U_y,,U_,U%/¢}) = Cov(U_,, U_,Ut/¢?) whenever u # v. Therefore, for some
e > 0, (4.2) and Assumption INNOV(iv) yield

EU_U_,U?/¢} = O(max{|v — u|,1+v,1+ u}—34(1—2<*1)/(C—3))
= O(max{|v —u|,14+v,1 +u}*) (4.39)

if u # v and likewise for the term EU;_;_,U;_y_,U?/¢;. Therefore, in the numerator
of (4.33), the contribution of the second summand of (4.34) is

n

Y =it 1) Y p Y P Ui U 67 - BULU-UT 6|

i=1 s,t=0 u,v=0
=0m) > > max{|v—ul,1+v,1+u}*“max{|s—t|,s+ 1t +1}7°
s,t=0 u,v=0
o 2
= 0(n?) (Z max{|v —ul,1+v,1+ u}_3_5> : (4.40)
u,v=0

By symmetry in u, v, the latter equals

O(n?) (Z

=0 v=

oo [u/2] 2
(ZZU/Q 35+Z Z u/2

u=0 v=0 u=0 v=[u/2]+1

u—

L 2
max{u — v, 1+ u}35>
0

= O(n?). (4.41)
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Because the denominator n?(E(Yg2U?/$7))? in (4.33) is of order n?(1—p)~2 by Lemma
6, we have shown that the summands |EU;_;_,U; U2 /¢}- EU_,U_,U? /7| in (4.33)
are negligible.

We are now left to show that the sum of all summands in the last line of (4.33) is
o(1) when all the subindices i—1—s, i—1—t, 7, —u, —v, 1 that appear in the covariance
expression (4.33) are different. We can assume u > v and s > t. We can also impose
the bound |C(4,s,t,u,v)| < |E][,cq 0B [pep b+ Cov([] e @ [[pep )| because we
have shown that the contributions of the last summand in (4.34) are negligible. We
only consider partitions A and B where 1 is not the largest subindex in any of the two
sets A or B in which case we have |C(i, s,t,u,v)| < [Cov([],c4 @ [[,c50)|- There are
ten different cases to consider regarding the order of i — 1 — s and ¢ — 1 — ¢ relative
to 1, —u, and —v. In case (1) ¢ — 1 — s > 1 (which implies ¢ — 1 — ¢ > 1 because we
assume s > t), (2) 1 >i—1— s > —v (which implies i — 1 — s > —u because u > v)
andi—1—-t>1,3) —v>i—1—s>—-vandi—1—t>1,(4) —u>i—1—sand
i—1—-t>1,(5) —v<i—-l—-s<land —v<i—1—-t<1,(6) —u<i—1—s< —vand
—v<i—-1—-t<1,(7)—u<i—l—-sand —v<i—1—-t<1 (8) —u<i—1l—-s<—v
and v <i—1—-t<—-u,(9) —u<i—1l-—sand —u<i—1—t< —u, and (10)
—u<i—1—sand —u <i—1—t< —u. We will only deal with the two cases (1)
and (2), the other cases can be handled analogously.

Case (1). Consider the partitions A and B of {U_,,U_,,U?/¢7,Ui_1_s, Ui_1_4,
U2/}, where A = {U_,}, A = {U_,,U_,}, and A = {U_,,U_,,U?/¢1,U;_1_s,
Ui—1-+}. The strong-mixing covariance inequality implies that

1C (i, s,t,u,v)] < |Cov([Tpen @ [Thep?)| < (max{u—v,o+1,t+1})77°  (4.42)
Therefore,

Zz l(n —1 + 1) Zs>t Olos+t Zu>'u Opu+v|0(z7 S’t u U)|
n2(E(Yg?U} /1))

=0(1—p)> Y (max{u—v,v+1,t+ 1}, (4.43)

t=0 u>v=0

where we use Y oo p* = (1 — p)~', (4.42), and Lemma 6. We now consider three
subcases 1(i) t+1>u—vandt+1>v+1, 1) u—v>t+1landu—v>v+1,
1(iii) v+1>t+1and v+1 > u—wv. In case 1(i), the sum over s, ¢, u, v in (4.43) can
be bounded by

oo t—1 t+1+4wv oo t—1 00
DD +)TFESY D t+ 1) Zt+1 =0(1). (4.44)
t=0 v=0 u=v t=0 v=0 =0
In case 1(ii), the sum over s,¢,u,v in (4.43) can be bounded by
oo [u/2]u—v—1 oo [u/2] 00
I D w=0)FT) S (u—v) Zu/2 O(1).  (4.45)
u=1 v=0 t=0 u=1 v=0 u=1
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In case 1(iii), the sum over s,t,u,v in (4.43) can be bounded by

oo u—1 u—1 oo u—1
> wet < Y55 wer
u=1 t=0 v=max(t+1,[(u—1)/2]) u=1 t=0 v=[(u—1)/2]
co u—1
< D) W/2)PE=0(1).  (4.46)
u=1 t=0

This proves case (1). We next deal with case (2).

Case (2). Consider the partitions A and B of {U_,,U_,,U?/¢7, Ui_i_s, Ui_1_4,
UZQ/(b;l}? Where A - {Ufu; va}a A = {U,u, va; Uiflfs}; or A - {U,u, vay Uz’flfsa
U2/#7,Ui_1_¢}. The strong-mixing covariance inequality implies that
1C (i, s,t,u,0)] < |Cov([Tpen @ [Thept)] < (max{i —1—s+0v,2—i+s,t+1}) 7%

(4.47)
We consider several subcases. In case 2(i) suppose that i —1 — s +v <t + 1. Then,

Yoran =i+ )32, I o pTC (G, s, t u, v)|

(E(%*QUQ/%))
t+s v+2
=0 ( Z pu+’u Z p Z t—|— 1)3+5> , (448)
u>v=0 s>t=0 i=s—v+1

where the restrictions on the summation over ¢ result from ¢ — 1 — s > —v and
i—1—s+v < t+1. The expression in (4.48) is of order O(n™' >"72, p* > 2 (t4+1)7219)
because of Lemma 6 and t +s—v+2— (s —v+1) =t + 1. But the latter expression
is o(1) because n(1 — p) — oo and >~ (t+1)72* = O(1).

In case 2(ii) suppose that t + 1 > 2 — i + s. Therefore,

Zz 1(” —1 + 1) Zs>t OIOS—H Zu>v—0 pu+v|C(Z S, t (& U)|

(E(Y*2U2/¢1))
s+2
= O(n~ Z put Z PN (1)), (4.49)
u>v=0 s>1=0 i=s—t+1

where the restrictions on the summation over ¢ result from t +1 > 2 — ¢ + s and
1 >4 —1—s. The expression in (4.49) is of order O(n™!1 372 p* S 72, (¢t + 1)72%°).
The latter expression is o(1) as in case 2(i).

Finally consider the case 2(iii) where i — 1 —s+v>t+landt+1<2—i+s.
Assume first that ¢ — 1 — s + v < 2 — i + s. This implies that i < —v/2 + s+ 3/2.
Therefore,

i — i+ 1) 3R, 00 Yo PMIC L s, T u, v)]
n?(E(Ys?Ut /1))

[ v/2+5+3/2]
- Z Pt Z PN 2=+ s) ). (4.50)
s>t=0 u>v=0 i=—v+s—1
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The expression in (4.50) is of order O(n™* Y02 [ p* > "> [(v/2)(v/2)~3*¢). The latter
expression is o(1) as in case 2(i).

The subcase i — 1 — s +v > 2 —i+ s of case 2(iii) can be handled using the same
steps. That completes the proof of case (2). O

Proof of Lemma 8. To prove (a), by Markov’s inequality it is enough to show that
n~2(1 - p)E(X]X3)? = o(1). Note that

E(X!X,)? Z Zp”lEU@ 17 Uk 119072 (4.51)

i,k=1 5,l1=0

The contribution of the summands where i =k is ) ;" > % PHEU 07 Ui 1
which is of order O(n(1 — p)~2) and thus negligible because n(1 — p) — oo. It is
therefore enough to study the sum » 77", | >7% PHEU; 1 ¢ ?Up_11¢,°. We have
to consider several subcases, namely, (1) i—1—j < k—1—1, (2) k—1-1 <i—1—j < k,
and (3) k <i—1— 7. In case (1), the sum in (4.51) can be bounded by

n k+j—1

ZpﬁlzZmax{l+1l{:—l—z—l—‘]}36 (4.52)

7,1=0 k=1 i=k+1

IlOtiIlg that EUi_l_j¢;2Uk_1_l¢;2 = COU(Ui_l_j, Uk_l_lgbi_ng,;Q) = CO'U(UZ‘_l_jUk_l_l,
¢;%¢;?) and using (4.2) and Assumption INNOV(iv). The sum in (4.52) can be
bounded by

[ n k—2l+5—-1 k4j—1
S 3 s S 0
4,1=0 k=1 | i=k+1 i=k—20+j
< Z p7'+l Z[l—3—e max{j — 2l 0} + (l + 1)—2—5]
4,1=0 k=1
= O(n(1—p) 2 +n(l—p)™), (4.53)

where the last equality holds because
ZﬂJ“lZl?’amaX{]—?l O}<anlsazp7]—2l Zﬁ] (4.54)
3,1=0 k=1 j=21

and > p/j = p(1 — p)~2. This proves case (1). Cases (2) and (3) can be proved
analogously.
Next, we prove part (b) of the Lemma. It is enough to show that

n XX, — B(Y32/62)\
E( E(Y;7/67) > -0 (4.55)
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By Lemma 6, this holds if

(L= p)*/n®) Y Cov(Y74 /67, Y2 /¢7) = o(1). (4.56)

3,j=1

The latter can be established using the same approach as was used in (4.33) to
establish that (E(Y;2U2/61))2 n-2 S0, Coo(Y302/6L, ¥;403/61) = o(L).

We can show part (c) by proceeding as in part (b).

Next, we prove part (d) of the Lemma. Note that

(n ' X' X)'n"'X'U = det YTy, Tp)', where

det = n~ Z(Y*21/¢ - Z¢ (nl ZY;*1/¢?> , (4.57)

=1

T = (n‘12¢52> (n‘lzifiLUi/qﬁ?) - (n‘lin*_l/czs?) n‘liUi/dﬁ, and
i=1 i=1 ] i
Ty =-n"'Y (Y7,/¢)) (nIZn*lUi/as?) +n Z (Y2 /¢7) *IZU/d)
=1

=1 =1

Using parts (a) and (b) of the Lemma, (4.15), n=* 3" Ui/¢? = O,(n~%?), and
Lemma 6, it follows that det™" = O,(1 — p), T} = O (( (1 —p)"Y?), and Tp, =
O,((1 — p)~tn~1/2), which proves the claim.

Next we prove part (e). Note that since A = Diag(MxY) = Diag(MxU) we
have

XjA%X, = ijm*%/qb?){m/@ (e XX XU (48)
By part (c), we are left to show that
(B2 6) " n ;Mﬁ/qf)(m/qs Y1/ 67 )X X) XU —, 0 and
(B0 /68 SV DIV /6, 67 ) (X X) XD =, 0.
- (4.59)

Part (d) and Lemma 6 imply that it is sufficient to show that

n

Op((L = p)n™h) Y (Y AU/ 67)0p(n~ /%) = 0,(1),

=1
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n

Op((1 = p)n™") Z(lﬁ-i/cb?)Op(n‘l) = op(1),

D (AU 6D O0,((1 = p) P 2) = 0,(1),
=1

Op((1 = p)n) Z(K’igl/aﬁ?)Op((l =)' = 0y(1), and

i=1
Op((1 = p)n™") Y (Y /61)Op(1 = p)n") = 0,(1). (4.60)

i=1
The first and second conditions follow by proofs as for parts (c) and (b), respectively.

The other conditions can be proven along the same lines as above. For example, one
can establish that

(1—p)**n~? Z(Eﬁ/qﬁ?) = 0p(1) (4.61)

by using Markov’s inequality and methods as in Lemma 7.
Finally, for the proofs of parts (f) and (g) note that

X{AXy = Y (V20 /@)Usf i — (YVita /6, 6 (X' X) T X'UP? and

=1
XONP Xy =Y ¢ (U)o — (Vi /i 67 (X' X) T X'UP (4.62)
=1

Therefore the desired results are implied by showing that

(1-p)"n7"! Z(W_l/qﬁ?)(Uf/qﬁ?) = Op(1),

(1=p)"*n™ > (V7 /6D (Ui d) (Y1 /i 67 (X X)TIX'U = O,(1),

i=1

(1= p)" Py (Y JO) (Y7165 87 X' X)TIXUP = Op(1), (4.63)

i=1

and

nTt Y6 (UF/67) = 0y(1),
i=1

nT Y 67U/ ) (Y60 67 X' X)TIX'U = 0,(1),

=1

n”! Z¢;2((Ktl/¢i7¢;1)(XIX)71X,U>2 = Op(1). (4.64)
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All of the statements in (4.63) and (4.64) follow from earlier parts of the Lemma or
by arguments used in earlier parts of the Lemma. For example, (1 — p)¥/2n=23""
(Y, U2/#7) = Op(1) and (1 — p)2n~ 1 S0 (Vi ,U;/¢}) = O,(1) are proven as part
(a) of the Lemma. To show (1 — p)n=3/23"  (Y;4U;/#7) = O,(1), one can use a
proof as for part (c). OJ

Proof of Lemma 9. It is enough to show that > | E(¢?1(|¢;| > 6)) — 0 for any
6 > 0. We have

ZE(C?I(M > 6)) <677 ZE(C?) =n6E((1) = O(n™ (1 = p)) E(Y;Ur/¢1)",
- - (4.65)

by stationarity (within rows) and Lemma 6. Furthermore,

E(Y Ui/ = Y p " HEU U U U UL (4.66)

u,v,s,t=0

The contributions of all summands for which at least two of the indices u, v, s,t are
the same is o(n(1 — p)~?). For example, suppose u = v. Note that y °° ,_; p* "+
EU?,U_,U_U}/é% = O((1— p)~3) which is indeed o(n(1 — p)~2) because n(1 — p) —
oo. We can therefore restrict attention in the sum in (4.66) to the case where all
indices are different and by symmetry, we can even restrict summation to the cases
where v = min{u, t, s,v}. Using the strong-mixing inequality as above, we have

E(Y U/ <O p ™) (v =17 = 0((1 - p)?), (4.67)

u,t,s v

which is o(n(1 — p)~2) as shown above. []

4.2 Proof of Theorem 2

Proof of Theorem 2. Suppose h; < co. Inspection of the proof of Theorem 1 shows
that is suffices to show that Lemma 5 holds with ¢, in place of ¢;. The difference
between the lhs quantity in Lemma 5(b) with j = 1 and the corresponding quantity
with ¢, in place of ¢, is 0,(1) by Assumption CHE(ii)(b) with (d,j) = (0,1). The
same result holds for j = 2 because

n T2 —
|n_1 Zizl Cbz _¢i 2|
n -l ~-1 B B n ~—1 B
<P s — it AT Y o e — o
<272 S [y — 67| = 0,(1), (4.68)
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where the first inequality holds by the triangle inequality, the second inequality
holds by Assumption CHE(i), and the equality holds by Assumption CHE(ii)(b)
with (d,7) = (0,1). For j = 4, the same result holds by the same argument as just
given with 4 in place of 2 in the first line and 2 in place of 1 in the second and third
lines.

The differences between the lhs quantities in Lemma 5(c) and (d) and the corre-
sponding quantities with ;5@ in place of ¢; are 0,(1) by the same argument as in (4.68)
(with 4 in place of 2 in the first line and 2 in place of 1 in the second and third lines)
using Assumption CHE(ii)(b) with (d,j) = (1,2) and (2, 2), respectively.

The differences between the lhs quantities in Lemma 5(e) and (g) and the corre-
sponding quantities with az in place of ¢; are 0,(1) by Assumption CHE(ii)(a) with
j =0 and j = 1, respectively.

The difference between the lhs quantity in Lemma 5(f) and the corresponding
quantity with &;Z in place of ¢, is 0,(1) because

n * ~—2 —
‘ni?’/? Zi:l Yi—1(¢i - ¢z 2)‘
< sup | VYR n T 18— 677 = o,(1), (4.69)

i<n,n>1

where the equality holds by (4.68) and sup;,, ,>1 |n~"/?Y;" ;| = O,(1), which holds
by Lemma 5(a) and the continuous mapping theorem. Analogous results hold for
Lemma 5(h)-(j) using Assumption CHE(ii)(b) with (d,j) = (2,2) for parts (i) and
(3)-

Next, we show that the lhs quantity in Lemma 5(k) with EZ in place of ¢; is 0,(n).
We have

n * ~4
‘n_l_él/z Zi:l Yzﬁ Ufz /&
<e? sup A0 S (U = O,(1), (4.70)

i<n,n>1

using Assumption CHE(i), sup;<,, ,>1 [n/2Y;;| = O,(1), and a WLLN for strong-
mixing triangular arrays of L'*®-bounded random variables, see Andrews (1988),
which relies on Assumption INNOV(iv). The results in Lemma 5(1) hold by the same
arguments as given above.

Next, suppose h; = o0o. Lemma 6 shows that E(Y;2/¢7) = O((1 — p)~') and
E(Y;2U2/¢7) = O((1—p)~1), where O((1—p)~!) = O(1) in the case where p — p* <
1. Inspection of the proof of Theorem 1 then shows that it suffices to show that the
equivalent of (4.15)-(4.17) holds when ¢, is replaced by ¢,. More precisely, by Lemma
6, for (4.16) it is sufficient to show that

n
—2

(D) (1=p) D (VD)@ — ;%) = 0p(1), (4.71)

i=1
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(i) n ! (L=p)! 2 0, Y4 (6 —07) = 0p(1), and (i) n! S50, (3, —6,) = 0,(1).
In addition, for (4.15), it is sufficient to show that (iv) n=1/23" (1 — p)¥/2Y;,)'U;
x(a;z — ¢;%) = 0,(1) for j = 0, 1. To show (4.17), it is enough to show that in addi-
tion n71(1 — p) X]A2X; —, 1, n7H(1 — p)V/2(X5A%X,) = O,(1), and n H(X5A%X,) =
O,(1) hold (with X3, X5, and A defined with ?;31-, not ¢;). Inspecting the proof of
Lemma 8(e)-(g) carefully, it follows that to show the latter three conditions, it is
enough to show that in addition to (i)-(iv), we have (v) n™'(1 — p) > i (Y ,)?
UR(d =0 = 0,(1) amd (vi) m~ (1= p)> S0, (V1)) U (3, = 677%) = 0,(1) for
(P, era) = (3/2,1,2,1), (2,1,2,0), (3/2,3/2,3,1), (2,3/2,3,0), and (2,3/2,4,0).
These conditions come from the proof of Lemma 8 in (4.60).

Conditions (iii) and (iv) are assumed in Assumption CHE(ii)(c) and (d). Imme-
diately below we prove (i) in (4.71) using Assumption CHE(ii)(d) with (d,j, k) =
(2,2,0); (ii), (v), and (vi) can be shown using exactly the same approach by apply-
ing Assumption CHE(ii)(d) with (d,j,k) = (1,2,0), (2,4,0), (2,4,2), and (2,4,4),
respectively.

We now prove (i) in (4.71). Note that by the Cauchy-Schwarz inequality we have

n (1 - ) S AE, - 6

= n 1/2 n 1/2
< <n—1<1—p>2z<ntl>4) (wlz@; 2—¢i2>2) (1.72)

and therefore by Assumption CHE(ii)(d) it is enough to show that n=*(1 — p)? >,
(Y;*1)* = 0,(1). By Markov’s inequality, we have

P <n-1<1 LS M) <Mt S BV (4T3)

i=1 ij=1

Thus, it is enough to show that for
Eijstuvabcd = E(UiflfsUiflftUiflfuUiflf'uUjflfaUjflbejflchjflfd)7 (474)

we have

n~%(1 — p)* Z Z Z pa+b+c+d+s+t+u+vEijstumbcd = O(1). (4.75)

3,5=1 s,t,u,v=0 a,b,c,d=0

In the case where p — p* < 1, (4.75) holds by Assumption INNOV(iv). Next
consider the case when p — 1. Note that when the largest subindex1—1—s, ..., —1—d
in (4.75) appears only once in E;;suvabed, then the expectation equals zero because U;
is a martingale difference sequence. As in earlier proofs, one can then show that it is
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enough to consider the case where the largest subindex appears twice and all other
subindices are different from each other. As in earlier proofs, one has to consider
different subcases regarding the order of the subindices. We consider only one case
here, namely the case wheret —1—-s<i1—-1—-t<..<j—-1-b<j—1—c=j5—-1—-d
and thus ¢ = d. The other cases are handled using an analogous approach. We make
use of the mixing inequality in (4.2) and apply Assumption INNOV(iv). Note that

n 00 00
4 2 § : E : a+b+2c+s+t+u+v
) P Ez]stu'uabcc

1,j=1 s>t>u>v=0 a>b>c=0

_ _2 1 o Z Z Z pa+b+2c+s+t+u+v (max{s —t t— u, h— C})

1,j=1 s>t>u>v=0 a>b>c=0

= O(n —2 (1— Z Z —1-¢/3 Z t)flfs/?, i pb<b_c)7175/3

1,j=1s>t=0 u>v=0 b>c=0

= 0(1), (4.76)

where the last equality holds because Y po _ o p(b—c) 1753 =322 1 pe S0 phb1e/3
= O((1 — p)~'). This completes the proof of (i) in (4.71). O

4.3 Proof of Lemma 1

Proof of Lemma 1. Assumption CHE(i) holds by Assumption CHE2(i) and (v).
We verify Assumption CHE(ii)(a) (which applies when h; < 0o) for j = 1. The proof
for j = 0 is similar. We need to show that

nl/? i(”_l/2y;i1)Ui[<Abi2 — ¢ = 0p(1). (4.77)

~2
To do so, we need to take account of the fact that under Assumption CHE2, ¢, differs
~2
from ¢7 in three ways. First, ¢; is based on the estimated conditional heteroskedas-
~ ~2 . .
ticity parameter m,, not the pseudo-true value m,; second, ¢, is based on residuals,

i.e., it uses (ay,p,), not the true values (0, p,); and third 512 is defined using the
truncated-at-time-period-one value L;, not L.

Assumption CHE2(iii) and (iv) implies that ||, — m,|| < Cn=% wp— 1 for some
constant C' < oo. Hence, 7, € Il,o = II, N B(m,, Cn=%2) wp— 1 (where B(m,?)
denotes a ball with center at 7 and radius ¢). The set II,, o contains a finite number
of elements and the number is bounded over n > 1. Without loss of generality,
we can assume that II,, contains K < oo elements for each n > 1. We order the
elements in each set II,, o and call them 7, ; for £ =1, ..., K. This yields K sequences
{Tpr:n>1}fork=1,..., K.
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To show (4.77), we use the following argument. Suppose for some random variables
{(Zno, Zn(Tn1), s Zn(Tni)) :m > 1} and Z, we have

(Zn,(b Zn(ﬂ-n,l% s Zn(ﬂ'n,K)), —d (Za ey Z), (478)

as n — oo. In addition, suppose 7, € {m,, 1, ..., T x } Wp— 1. Then, by the continuous
mapping theorem,

min Zn(Tn k) — Zno —d (gg}g Z) —Z =0,

max Zn (Tpk)— Zno —4 (max Z) —7Z =0,
k<K E<K

Zn(Tn) — Zyp € [i%l}r{l Zn(Tn k) — Zno, %a% Zn(Tn k) — Zno] wp — 1, and hence,

Zn(%n) - Zn,O —4 0. (479)

Since convergence in distribution to zero is equivalent to convergence in probability
to zero, this gives Z,,(7,) — Z, 0 —p, 0. We apply this argument with
Zno =" (n72Y)Uig? and

i=1
n

Zn(Tni) =072 (07 VPYE Uiy (@ By Tonk) (4.80)

=1

fork=1,..., K.
Hence, it suffices to show (4.78), where {m, ) : n > 1} is a fixed sequence such
that 7, — mo for k =1, ..., K. To do so, we show below that

Zn(Tn i) — En(wn,k) = 0,p(1), where

Zn(ﬂ-n,k) = n_1/2 Z(n_1/2y;*—l)Ul¢;2(07 pna ﬂ-n,k) (481)

=1

(By definition, Z,, (7, ) is the same as Z, (7, ;) except that it is defined using the true
parameters (0, p,) rather than the estimated parameters (&, p,,).) It is then enough

to show that (4.78) holds with Z,,(m,, ) in place of Z,(m,, ).
For the case h; < 0o considered here, we do the latter by applying Lemma 4 with
Un,i = (Uw Ui¢;27 Uz¢;2<07 P> ﬂ'n,l)a ) UZ¢;2(07 Pns WH,K))),‘ (482)

Conditions (i) and (ii) of Lemma 4 hold by Assumptions INNOV and CHE2(v) (which

~—d
guarantees that ¢; and ¢; *(0, p,,, Tn) are uniformly bounded above). In addition,

35



A = 0 because {(vni,Gni-1) : 4 = ...,0,1,...;n > 1} is a martingale difference trian-
gular array. Using Assumption CHE2(vi), for all ky, ks, k3, ks = 0, ..., K, we have

lim n " EVp, Vi o = lim n= ' EVy, Vi . where

n,kq)
n—oo n—oo

n n L
Voo = 2 U2 = 2 U; (wn + 2 Mj(wn)Uf_j) and
1= 1= =

n n L;
Vo = Ui (0, p,. i) = > _ Ui <wn,k +) uy (wn,k)Uf_j> (4.83)
i=1 j=1

i=1

for £k = 1,..., K. In consequence, the matrix €}y in Lemma 4 has all elements that
are not in the first row or column equal to each other. For this reason, the elements
in the limit random vector in (4.78) are equal to each other. We conclude that
(4.78) holds when Z,, (7, ) appears in place of Z,(m, ;) by Lemma 4(b). In this case,
Z = hé/f [ I;dM, see Lemma 5(g) and its proof. The verification of Assumption
CHE(ii)(a) when j = 0 is the same as that above because one of the elements of
X;_1 in Lemma 4(b) can be taken to equal 1 and the latter result still holds with the
corresponding element of K} being equal to 1, see Hansen (1992, Thm. 3.1).

It remains to show (4.81) holds in the case h; < oo considered here. We only
deal with the case j = 1. The case 7 = 0 can be handled analogously. To evaluate
&7 (Cny Py Tnk)— @5 2(0, pyyy Tnke), we use the Taylor expansion

(z+8) =2t —2726 4+ 236, (4.84)

where 1z, is between 246 and z, applied with 16 = ¢7(Cin, P> Tnk), T = 2(0, Py Tk,
and

8 =6 = ¢ (8, P> Tnk) = ; (0, P T ). (4.85)
Thus, to show Assumption CHE(ii)(a), it suffices to show that

n

n 2N (0T RV U670, Py Tk)6 — 2°6%) = 0p(1). (4.86)

=1

Note that in the Taylor expansion, =2 and x,3 are both bounded above (uniformly
in 7) because both x + ¢ and x are bounded away from zero by Assumption CHE2(v).
Simple algebra gives
L;
b= Z :ut(ﬂ-mk)[_2Ui—tan - QY;*—t—lUi—t(’ﬁn - pn)
t=1

+&i + QY;*—t—l(/ﬁn - ,On)an + Y;‘*—2t—1(’l5n - pn)2] (487)

The effect of truncation by L; rather than L only affects the finite number of sum-
mands with ¢ < L and hence its effect is easily seen to be asymptotically negligible
and hence without loss of generality we can set L; = L for the rest of the proof.
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We first deal with the contributions from ¢; *(0, p,,, T x) in (4.86). Rather than
considering the sum Y7, in (4.87) when showing (4.86), it is enough to show that
for every fixed t = 1, ..., L the resulting expression in (4.86) is 0,(1). Fixt € {1,...,L}
and set b; = ¢; *(0, p, 1) It is enough to show that

Y (Y ) Uibici = 0,(1) (4.88)
i=1

where ¢;; equals

(1) Uimin, (i) Y7y Uine (P — p). (i) &,

(iv) Y721 (P — p)ain, o1 (v) Y251 (P, — p). (4.89)
By Assumption CHE2(iii) and because h; < oo, we have (1) &,, = O,(n"'/2) and p,, —
p = Oy(n1). Terms of the form (2) n=* >0 Y, Uib,U;_; and n =323 V* |V, |
XUZ'UZ'_th' are Op<]_) by Lemma 4(b) and (C) apphed with Uni = (UZ, Ui—t7 UiUi_tbi)l.
Note here that b; is an element of the o-field o(U;_pr,..., U;_1) by definition of
97 (0, p, Tpx) in (3.14) and by Assumption CHE2(i) and (v), (3) Sup;<,, >y [n /%Yy |
= 0,(1) by Lemma 5(a), (4) terms of the form n~' Y7, |U;U/ | for j = 1,2 are
O,(1) by a WLLN for strong-mixing triangular arrays, see Andrews (1988), and (5)
the b; are O,(1) uniformly in ¢. The result in (4.88) for cases (i)-(ii) of (4.89) fol-
lows from (2). Cases (iii)-(v) are established by [n~Y/23"  (n=Y2Y* ) Uibscy| <
SUP; <y o1 [0 2V In 72 30 [Ui] = 0,(1) using (1) and (3)-(5).

Next, we deal with the contributions from z;36? in (4.86). Because z,® and
(7, 1) are both O,(1) uniformly in 4, it is enough to show that
n2Y  In T Y Ui dig, | = 0,(1), (4.90)

i=1
where ¢;; and di; € {Ui—;om, Yy ;  Ui—(p, — p), &y, Y 1(Bn—p)an, Y% 1 (P — p)*}
and jy,72 € {1,..., L;}. Conditions (1), (3), and (4) then imply (4.90). This completes
the proof of Assumption CHE(ii)(a).

Next, we verify Assumption CHE(ii)(b) (which applies when h; < o). For the
cases of (d,7) = (0,2), (1,2), and (2,2), the proof is similar to that given below
for Assumption CHE(ii)(d) but with a, = O(n'/?(1 — p)~'/2) replaced by a, = n
and using the results above that (i) sup;c,, > [ "2Y"4| = O,(1) and (ii) terms
of the form n~' " |U/*U” || for j; = 1,2 and j, = 1,2 are O,(1), which holds
using Assumption INNOV(iv). (Note that the case of (d, j) = (0, 2) is not needed for
Assumption CHE(ii) but is used in the verification of Assumption CHE(ii)(b) for the
case where (d, j) = (0,1), which follows.)

We now verify Assumption CHE(ii)(b) for (d,j) = (0,1). We have

DS b — o =0 0 [ — il/(Bis)
S D DU N B LD S (4.91)
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where the first inequality holds because 512 and ¢? are bounded away from zero by
some € > 0 by Assumption CHE2(i), (ii), and (v) and the second inequality holds

by the mean-value expansion (z + 6)%/2 = 2'/2 + (1 / 2)z, /%6, where z, lies between
x + 6 and x, applied with =z + 6 = f, r=¢7, 6= ng ¢7, and x, V2= gb < e 1/2
using Assumption CHE2(v), where ¢, lies between gbi and ¢7. The rhs of (4.91) is
0p(1) by the result above that Assumption CHE(ii)(b) holds for (d, 5) = (0, 2).

Next, we verify Assumption CHE(ii)(c) (which applies when h; = c0). We only
show the case j = 1, the case j = 0 is handled analogously. We use a very similar
approach to the one in the proof of Assumption CHE(ii)(a). We show that (4.81)
holds when h; = oo and that

Zn,O - 7n(7rn,k) - Op(]-) (492)
for every k =1, ..., K, where

Zug =123 (1= p)'2Yy ) U,

n

Zn(ﬂ—n,k) - n_1/2 Z((l - p)l/Q}{Ltl)Ungz_Q(&’ndﬁn? Wn,k); a‘nd

=1
n

Zn(mn) =072 (1= p)2Y70)Uigi (0, p, o p)- (4.93)

=1

We first show (4.81). By (4.84),

n_1/2 Z((l - p)1/2y;*—1)Uz<¢;2<&n>;5m ﬂ-n,k) - ¢;2<07 P, 7Tn,l~c))
=1

n

n_1/2 Z((l - p)l/QYVi*—l)Ui(_qﬁi_él(Ov p; 7Tn,k>6 + l‘*_352), (494)
i=1

where 6 is defined in (4.87) and z, in (4.84). Hence, it suffices to show that the ex-
pression in the second line of (4.94) is 0,(1). First, we deal with the contributions from
—¢; (0, p, o )8 in (4.94). Rather than considering the sum Zle in (4.87) when
showing (4.94), it is enough to show that for every fixed j = 1, ..., L; the expression
in the second line of (4.94) is 0,(1). Fix j € {1,..., L;}, set b; = ¢; *(0, p, T ), and
note that p;(m, ) is bounded by Assumption CHE2(vi). It is enough to show that

21 = ) A Uibici; = 0,(1), (4.95)

where ¢;; equals
(1) Ui—j&n; (11) Y;*fjflU’i—j(ﬁn - 10)7 (111) &fw
(iv) Y5 _1(Pn — p)@n, or (v) Y21 (P, — )% (4.96)
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In case (i) of (4.96), we use Assumption CHE2(iii) which implies &, = O,(n~%/2).
By Markov’s inequality and Assumption STAT, we have

Pn™ (1= 9)'7 Y Y2, Uiblicy| > €)

i=1

= 0(n*(1=p)) Y EbbyY; Yy Uil Uil

i,k=1

=O0(n>2(1—p Z Zps“Eb Ui o Uy Uil jUUp . (4.97)

i,k=1 s,t=0

Note that b; is an element of the o-field o(U;_p, ..., U;_1). The latter holds by definition
of ¢7(0, p, Ty x) in (3.14) and by Assumption CHE2(i) and (v). To show that the last
expression in (4.97) is o(1) we have to distinguish several subcases. As in several
proofs above, we can assume that all subindices i — s — 1, k —t—1,..., k — j are
different. We only consider the case it —s —1 <k —t—1<1—j <k —j. The other
cases can be dealt with using an analogous approach. By Assumption INNOV(iv)
and the mixing inequality in (4.2), we have

Z Z Z p3+tEbikaifsflUk7t71UjUi,jUkkaj

k=1 s,t=0 i=1
n oo k—t+s—1

Z Z Z s+t i+s)—3—a

k=1 s,t=0 =1

n 00 k—t+s—1
1) Z Z ps+t Z ;3¢
k=1 s,t=0 i=1
= O(n(1—p)72), (4.98)

where in the third line we do the change of variable ¢ — k —t — ¢ + s. This implies
that the expression in (4.97) is o(1) because n(1 — p) — oc.

In case (i) of (4.96), using p,, — p = O,(n"/2(1— p)'/?) by Assumption CHE2(iii),
(3.6), and Lemma 6, and using Markov’s inequality as for case (i), it is enough to
show that

SN T Ebybi Ui Ui ja Uil jUp—u Uk j-oUsUs—j - (4.99)

i,k=1 s,t=0 u,v=0

is o(n?(1—p)~2). Again, one has to separately examine several subcases regarding the
order of the subindices ¢ — s — 1, ..., k — j on the random variables U;. We can assume
that all subindices are different. We only study the case it —s —1<i—j—1—-1t <
k—u—1<k—j—1—v<i—j. The other cases can be handled analogously. By
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Assumption INNOV(iv), boundedness of b;, and the mixing inequality in (4.2), the
expression in (4.99) is of order

1)ii i i P max(s —t — j,i —k+ov+1)73

k=1 s,t=0 u,v=0i=k—v

Zpuﬂ’zz (t—k+v+1) 3/2Zp5+t — 3/2

u,v=0 k=1 i=k—v s,t=0

= O((1 - p)*n), (4.100)

where in the first line we use k — 1 — v < 4 and in the last line we use >, (i —
k4 v+ 1)732 = S0t =3/2 — O(1). The desired result then follows because
n(1 — p) — oo implies O((1 — p)=3n) = o(n*(1 — p)~2).

Cases (iii)-(v) of (4.96) can be handled analogously.

Next, we show that the contribution from ;36 in (4.94) is 0,(1). Noting that
2% and pi;(mnx) are Op(1) uniformly in ¢ by Assumption CHE2(ii), (v), and (vi),
it is enough to show that n~/2(1 — ,0)1/2 S 1Y Uicijidij,| = 0,(1), where ¢;; and
dij € {Ui—jan, Vi 5 Uij(p,, — ):an7Y*3 1 (P — )O‘naY*2 1(Pr, — p)*} and ji, jo €
{1,..., L;}. Using &, = O,(n"2) and p,, — p = O,(n"Y2(1 — p)}/?) the latter follows
easily from Markov’s inequality. For example,

P21 = )23 Y Ui(Us @) (Ui )| > €)

i=1
=01 -p Z ZPSHE‘Uz 1-sUiUi—j, Uiy Up—1 -4 UrUi—j, U |
i,k=1 5,t=0
= O(n*(1 = p))(1 = p)~*n?
= o(1) (4.101)

by Assumption INNOV(iv) and n(1 — p) — oo.
Next we show that (4.92) holds. We have

Zn,O - 7n(ﬂ-n,k)

n

=n V2 (1= )Y U6 — 670, p )

i—1
=n"2(1 WZY* U820, p, k) — 61) (6520520, p, T k)
= n " Y2(1 1/ZZ:Y*IU (wn Wk + Z 115 (7)) — g (T i) ) U j>

X(QSz Qsz (O7p7 7rn,k)) + Op(l)v (4102)
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where w,, is defined in Assumption CHE2(ii). Thus, it is enough to show that

Dy = n 121 1/2ZY*1U — wn k) (97°6;°(0, p, ™)) and

D2j:n_m(l—P)lﬂzYE*_le‘((uj(?Tn) 1 (T )Y UZ ) (0720520, p, o))

(4.103)

are o,(1) for j = 1, ..., L. We can prove Dy; = 0,(1) along the same lines as D; = 0,(1)
and we therefore only prove D; = 0,(1). By Assumption CHE2(ii) and 7, — 7o,
we have w,, —wy r — 0. Thus, by Markov’s inequality and Assumption STAT,

P(|D:| > ¢€)
=o(n ' (1—p Z Zp”tEUZ s UiUy— 14U,
i,v=1 s,t=0
Xy 2 (0, p, T i) By 20y 20, p, Ton). (4.104)

The random variable e;, = (¢; 2¢; 2(0, p, nk)) (0, %0, %(0, p, T k) is an element of
the o-field 0(Umin{iv}—L -, Umax{iw}) Dy definition of ¢f(0,p, Tnk) in (3.14) and by
Assumption CHE2(i) and (v). To prove that the rhs in (4.104) is o0,(1) we have to
study several subcases. We only examine the subcase where all subindices 7 — 1 —
s,i,v — 1 —t,v are different and where i — 1 — s <7 < v —1—1t < v. The other cases
can be dealt with analogously. By Assumption INNOV(iv), boundedness of ¢e;,, and
the mixing inequality in (4.2), the rhs in (4.104) for the particular subcase is of order

71 1_ Z Zp5+t S+ 3/2( 1 t_z'>73/2

= oA p) Y s YD S (o 1t i)
= o(n~'(1 - p))O((1 - p)™)O(n)
— o(1), (4.105)

where in the third line a change of variable i — —i — ¢t — 1 + v was used. This
completes the verification of Assumption CHE(ii)(c).

Finally, we show that Assumption CHE(ii)(d) holds. First, note that Assumptions
CHE2(i), (ii), and (v) imply gAzS; ! ¢;”? = O,(1) uniformly in i. Therefore, writing |qAb;] -
671" a5 |(6] = 3)/(6,¢])|" we have

n S URS - 670 = 0,(n ST |UE - (6] — ol (4.106)
=1 =1
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We need to show that the quantity in (4.106) is 0,(1). Note that by the definition of
522 in (3.14) and ¢7 in Assumption CHE2(ii) we have

. L; 3/2 I j/2|4
/\‘7 . —~ —~ AN —~ —~
|¢z - ¢i|d = (wn + Z luv(ﬂ-n)Uz?—v(a/n’ pn)) - <wn + Z luv(ﬂ-n)Uzz—v>
v=1 v=1
(4.107)
with U2, (0, pn) = (—(pn—p) Y"1 —@n+U;—y)?. It can be shown that the additional
terms in (4.106), that arise if we replace L; by L in (4.107), are of order o,(1). We

first study the case where j = 2. Multiplying out in (4.107), it follows that when

d =1, 512 — ¢7 can be bounded by a finite sum of elements in S = {|@, — wy,
11, (7n) = 1, (7o) |UL s (B = P)2Yi21, @y [(Bry = P)Yiuinls [P = £) Y7y Uil
anUi—y : for v =1,...,L}. When d = 2, (Z#EZ — ¢7)? can be bounded by a finite sum
of elements given as products of two terms in S. By Assumption CHE2(iii) and
an = O(n*2(1 — p)=Y2), we have p, — p = O,(n"V2(1 — p)*/?), &, = O,(n~Y/?), and
Wp — Wy = O,(n~%2). To show the quantity in (4.106) is o0,(1), it is enough to verify
that n™' " | |UFsiisia] = 0,(1) where for d = 1, s;1 € S and s;2 = 1 and for d = 2,
Si1, Si2 € S. We only show this for one particular choice of s;1, s;2, namely, s;; = s;0 =
|1, (Ttn) — p (7)) |UZ,; the other cases can be handled analogously. In that case, we
have |p, () — g, (mn) [Pt 3500 [UFUZ | = 0p(1) because |1, (7n) = p, (ma)|* = o(1)
by Assumption CHE2(iii), (iv), and (vi), and n='>°"  |UFUZ | = O,(1) by a weak
law of large numbers for triangular arrays of L!'T°-bounded strong-mixing random
variables for § > 0, see Andrews (1988), using the moment conditions in Assumption
INNOV (iv).
The case 7 = 4 can be proved analogously. []
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