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Abstract

This paper develops new estimation and inference procedures for dynamic panel
data models with fixed effects and incidental trends. A simple consistent GMM esti-
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known to affect conventional GMM estimation when the autoregressive coefficient (p)
is near unity. In both panel and time series cases, the estimator has standard Gaussian
asymptotics for all values of p € (—1, 1] irrespective of how the composite cross section
and time series sample sizes pass to infinity. Simulations reveal that the estimator
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1 Introduction

In simple dynamic panel models it is well-known that the usual fixed effects estimator is
inconsistent when the time span is small (Nickell, 1981), as is the ordinary least squares
(OLS) estimator based on first differences. In such cases, the instrumental variable (IV)
estimator (Anderson and Hsiao, 1981) and generalized method of moments (GMM) estimator
(Arellano and Bond, 1991) are both widely used. However, as noted by Blundell and Bond
(1998), these estimators both suffer from a weak instrument problem when the dynamic
panel autoregressive coefficient (p) approaches unity. When p = 1, the moment conditions
are completely irrelevant for the true parameter p, and the nature of the behavior of the
estimator depends on 7. When 7' is small, the estimators are asymptotically random and
when T is large the unweighted GMM estimator may be inconsistent and the efficient two
step estimator (including the two stage least squares estimator) may behave in a nonstandard
manner. Some special cases of such situations are studied in Staiger and Stock (1997) and
Stock and Wright (2000), among others, and Han and Phillips (2006), the latter in a general
context that includes some panel cases.

Methods to avoid these problems were developed in Blundell and Bond (1998) and more
recently in Hsiao, Pesaran and Tahmiscioglu (2002). Blundell and Bond propose a system
GMM procedure which uses moment conditions based on the level equations together with
the usual Arellano and Bond type orthogonality conditions. Hsiao et al., on the other hand,
consider direct maximum likelihood estimation based on the differenced data under assumed
normality for the idiosyncratic errors. Both approaches yield consistent estimators for all p
values, but there are remaining issues that have yet to be determined in regard to the limit
distribution when p is unity and 7" is large.

In a recent paper dealing with the time series case, Phillips and Han (2005) introduced
a differencing-based estimator in an AR(1) model for which asymptotic Gaussian-based
inference is valid for all values of p € (—1,1]. The present paper applies those ideas to
dynamic panel data models, where we show that significant advantages occur. In panels,
the estimator again has a standard Gaussian limit for all p values including unity, it has
virtually no bias except when T is very small (T < 4), and it completely avoids the usual
weak instrument problem for p in the vicinity of unity.

As discussed later, this panel estimator makes use of moment conditions that are strong
for all values of p € (—1, 1] under the assumption that the errors are white noise over time.
(The white noise condition is stronger than that on which the usual IV/GMM approaches
by Anderson and Hsiao (1981) or Arellano and Bond (1991) are based.) Under this condi-
tion, the proposed estimator is consistent, supports asymptotically valid Gaussian inference

even with highly persistent panel data, and is free of initial conditions on levels. These



advantages stem from the following properties: (i) the limit distribution is continuous as
the autoregressive coefficient passes through unity; (ii) the rate of convergence is the same
for stationary and non-stationary panels; and (iii) differencing transformations essentially
eliminate dependence on level initial conditions.

Furthermore, there are no restrictions on the number of the cross-sectional units (n) and
the time span (7") other than the simple requirement that n7" — oo (and 7' > 3 or T' > 4
depending on the presence of incidental trends). Thus, neither large 7', nor large n is required
for the limit theory to hold. Gaussian asymptotics apply irrespective of how the composite
sample size nT" — oo, including both fixed T" and fixed n cases, as well as any diagonal
path and relative rate of divergence for these sample dimensions. This robust feature of the
asymptotics is unique to our approach and differs substantially from the existing literature,
including recent contributions by Hahn and Kuersteiner (2002), Alvarez and Arellano (2003),
and Moon, Perron and Phillips (2005), who analyze various cases with large n and large T.
Apart from the fact that the asymptotic variance of our proposed estimator can be better
estimated by different methods when n is large and T is small (because the variance evolves
with T"), no other modification or consideration is required in the implementation of our
approach, so it is well suited to practical implementation. This wide applicability does come
at a cost in efficiency for the fixed effects model and a loss of power for the incidental trends
model compared with existing methods.

In what follows, section 2 considers the model and estimator for a simple dynamic model
with fixed effects, where the basic idea of our transformation is explained. Section 3 deals
with a dynamic panel model where exogenous variables are present, and Section 4 studies the
case with incidental trends. Section 5 applies the new approach to panel unit root testing.
The last section contains some concluding remarks. Proofs are in the Appendix. Throughout
the paper we define 0° = 1 and use T} to denote max(T — j,0). We assume that data are
observed for t =0,1,...,T.

2 Simple Dynamic Panels
2.1 A New Estimator and Limit Theory
We consider the simple dynamic panel model

Yit = Qi + Ui, Uy = puy—1+ €y, p € (—1,1],
implying

(1) Yir = (1 - P)Oéz‘ + PYit—1 + Eir,



where a; are unobservable individual effects and e;; ~ 7id(0, o) with finite fourth moments.

This model differs slightly in its components form from the usual dynamic panel model
Yit = @; + pyir—1 + €; in that the individual effects disappear when p = 1. This formulation
is made only to guarantee continuity in the asymptotics at p = 1. When |p| < 1 the two
models are not distinguishable.

As is well known, the OLS estimator based on the ‘within’ transformation yields an
inconsistent estimator because the transformed regressor and the corresponding error are
correlated—see Nickell (1981), among others. This bias is also not corrected by first differ-

encing
(2) Ay = pAyi—1 + Acy,

because the transformation induces a correlation between Ay;;_1 and Aey;. Instead, following
Phillips and Han (2005), we transform (2) further into the form

(3)  2Ayi + Ayir—1 = pAYir—1 + Ny, N = 28y + (1 — p) Ayir—1.
Then, this formulation produces the following key moment conditions.
Lemma 1 If Ec? = 02 for allt and Ee;ey = 0 for all s # t, then
(4)  FEgu(p) = EAyy_12Ay + (1 — p)Ayy—1] =0, t=3,...,T
for every p € (—1,1].

It is worth noting that the white-noise condition is required for (4). When |p| < 1, this white-
noise condition is stronger than just serial uncorrelatedness (over time) which is required for
the consistency of the Arellano-Bond type IV/GMM estimators for |p| < 1.

The Ty (i.e, T'— 1) moment conditions in (4) are strong for all p € (—1,1] in the sense
that the expected derivatives of the moment functions g;(p) differ from zero for all p as
long as Ay;;—1 has enough variation across i. This is easily verified by the calculation
Edgi(p)/0p = —E(Ayi—1)*.

There are many ways to make use of these 77 moment conditions. The simplest is to use

pooled least squares estimation of (3), which leads to

5 = i ST, Ay 1 (2804 + Ay 1)
ols — n
Zi:l Z?:z(Ayit—l)z

which we call the first difference least squares (FDLS) estimator. This estimator has the

?

following limit distribution.



Theorem 2 For each T, \/nT1(p,s — p) = N(0, Vos7) as n — oo for all p € (—1,1], where

—1 T 2
ETl (thz Ayitflnit)

[ET;l ZtT:Q(Ayit_l)Q] B

V;)ls,T =

As T — oo, Vi — 2(1 + p), and furthermore, \/n11(pys — p) = N(0,2(1 4+ p)).

The Gaussian limit theory is valid for any n/T ratio as long as nT; — oo, including
finite 7" values for which the variance V1 evolves with T". Most remarkably, the joint limit
as both n and T pass to infinity is identical to the limit where T' — oo individually, or
the sequential limit as T" — oo and then n — oo or the sequential limit as n — oo and
then T" — oo. As a result, the limit theory is remarkably robust to different sample size
constellations of (n,T") and simulations support the resulting intuition that testing based on
Theorem 2 should show little size distortion.

We remark that the fourth moment condition Ee}, < oo is required for the limit theory to
hold. For small 7', the variance V57 can be expressed directly in terms of the parameters,
using the general formula given in (56) in the Appendix. For example, if 4 ~ N(0,0?) or
more weakly Fej, = 30* and if T = 2, then we have V0 = (1 +p)(3 —p). For T > 2
(and fixed) the variances Vs are plotted in Figure 1. The expression is quite complicated
for general p, and is unlikely to be practically useful because V,;, r depends on the nuisance
fourth moment of ¢;;, except for p = 1 (see below Corollary 3), and because V1 can be
readily estimated by just replacing the expectation operators with averaging over ¢ and the
error process 7, with the residuals 7);, from the regression of (3). More specifically, when n

is large, V5,7 is estimated by

(nTh)~' 320, (Ethz Ayit—lﬁit) :
[(nTl)fl > i Zthz(Ayit—l)Q] -

(5) ‘A/;)ls,T -

where 7, = 20y + Ayi—1 — posAyit—1. The corresponding standard error for p,, is

n T n
(6)  se(pos) = Z <Z Ayz‘t-l%g) ZZ(Ayit—1>2-
i=1 \ =2 i=1 =2
As T — 00, both V.1 and V.1 converge to 2(1+ p), and the N(0,2(1 + p)) limit holds
if T — oo whether or not n — oo. Technically speaking, the joint limit as both n — oo and

T — oo coincides with the sequential limit as n — oo followed by T — oo or the sequential

limit as T' — oo followed by n — oo. In this case, both (5) and 2(1 + p,,,) are consistent for



Figure 1: V1 for various 7" with normal errors. As T' — o0, Vs 7 approaches to 2(1 + p).
The convergence is fast when p > 0.
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Vs T, so either formula can be used. This undiscriminating feature is a characteristic of the
new approach.

If n is small and T is large, then performance of (5) may be poor as it relies on the
law of large numbers across cross sectional units. But in this case the 2(1 + p,;,) formula
approximates the actual variances quite well. This good performance of the asymptotic
theory has been confirmed in earlier simulations reported in Phillips and Han (2005) for the
time series case where n = 1.

When p = 1, the differenced data (Ay;;) are iid over both cross-sectional and time-
series dimensions, resulting in the same Gaussian limit holding as nT" — oo (more precisely,

nT; — 00) irrespective of the n/T ratio, as given in the following result.
Corollary 3 If p =1, then (nTy)""?(p,, — 1) = N(0,4) as nT} — oco.

Simulation results are given in Table 1 for 7" = 2 and 7' = 24. The exact form of Vy,
is provided in (56) in the Appendix. The simulated test size based on t-ratios with the
standard errors obtained by (6) are given in the ‘size’ columns. The results generally reflect
the asymptotic theory well, including the consistency of both the estimator and the standard
error. When n is relatively small, the standard errors according to (6) slightly underestimate
the true variance. The asymptotic variance formula 2(1+ p) for /nT}(p,s —p) from Theorem
2, which is appropriate when T" — o0, obviously does not perform so well when 7' is as small

as it is in this experiment, although the formula is surprisingly good when p close to unity.
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Also, when T' > 3, the formula 2(1+p) is rather close to the true variance for reasonably large
p values (e.g., p > 0.5), at least if the errors are normally distributed. For error distributions
with thicker tails one might expect that larger values of T" might be needed to get a good

correspondence with the asymptotic formula based on T — oo.

2.2 Increasing Efficiency

As the moment functions are correlated over t, optimal GMM, which we call first differ-
ence GMM (FDGMM), is possibly a more efficient alternative to pooled OLS. In order
to formulate FDGMM, let D be the Tj-vector of E(Ay;_1)? for t = 2,....T and Q the
Ty x T matrix for EAy;_11;m;sAyis—1 for t,s = 2,...,T. Let h = (hy,...,hy) = Q7'D.
Then the FDGMM estimator is the method of moments estimator using 2322 hi Ayi_1m;;
as the moment function. (The FDLS estimator above corresponds to uniform weighting,
i.e., hg = -+ = hy.) In other words, the FDGMM estimation is the instrumental variable
estimator of (3) using h;Ay;;_1 as the instrument for Ay;, ;. Naturally, FDLS and FDGMM
are equal if T' = 2, where the weighting is irrelevant.

It is straightforward to make optimal GMM operational through a two-step procedure.
We estimate D by D = n=' 3" [(Aya)?, ..., (Ayir1)?) and Q by Q = o=t 3" i,
where w; = (Ayinfig, - Ayir—17,7)', with 7;, denoting the residuals from (3) using an
initial consistent estimate p (e.g., p.)- Let h = (ha,...,hr) = Q7 'D. Then the second
step efficient GMM estimator is obtained by pooled IV regression of (3) using heAys_1 as
instrument for Ay 1.

Let us still assume that 7' is small. Let p,,,, be the FDGMM estimator. Then obvi-
ously (nT1)Y2(Dgmm — p) = N(0, Vgm) where Vypp, = (T7 'D'Q71D) 7. In the case of the
two-step efficient GMM, this variance can be estimated by replacing D with D and Q by
n~t YT b, where ;= Ayi_17);, with 7, = 28y 4+ (1 = D) Alit—1.-

Because D = du for some constant d where ¢ is the 17 vector of ones, we have

Vomm (D'Q D)™t T?

() Vst [D'e(VQu)~WD]7t Qe T

where the last inequality boundary is obtained by the usual algebra in proving the asymptotic
efficiency of optimal GMM.

Even though the optimal GMM estimator may have a smaller asymptotic variance than
the OLS estimator, the efficiency gain looks marginal in our case. When p = 1, it can be
shown that OLS equals the optimal GMM (because hy = --- = hy). For other p values
the variance ratio (7) is evaluated in Figure 2 in the case of standard normal errors with
p = —0.50,0.5,09,1 and T = 2,3,...,100. The lowest variance ratio is approximately
0.99, which is obtained at p = 0.5 and 1" = 5, indicating that the efficiency gain of optimal
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Table 1: FDLS for ¢;; ~ N(0, 1). Simulations conducted using Gauss with 10,000 iterations.
The limit variance Vs 7 (denoted by V' in this table) is calculated by (56). The sizes of test
based on the t-ratios using (6) are listed in the ‘size’ columns.

T=2
p=0(V=23) p=—0.5(V=1.75) p=-09(V=0.39)
n | mean nljvar size mean nlijvar size mean nlijvar size
50 | 0.000 3.189 0.077 | —0.499 1.857 0.076 | —0.900 0.401 0.071
100 | 0.002 3.081 0.063 | —0.500 1.822 0.063 | —0.900 0.387 0.058
200 | 0.000 3.031 0.054 | —0.500 1.734 0.054 | —0.900 0.392 0.051
400 | 0.000 3.032 0.053 | —0.499 1.779 0.054 | —0.900 0.387 0.055
p =05 (V =3.75) p=0.9 (V=3.99) p=1(V=4)
n | mean nljvar size mean nljvar size mean nljvar size
50 | 0.498 3.968 0.075| 0.901 4.049 0.067 | 1.001 4.066  0.068
100 | 0.500 3.808 0.064 | 0.900 4.041 0.061 | 1.001 3.980 0.058
200 | 0.501  3.823 0.057 | 0.899 3.962 0.055 | 1.000 4.047 0.057
400 | 0.500 3.846 0.054 | 0.900 3.930 0.052 | 1.001 4.098 0.058
T =24
p=0(V=2043) p=—05(V=1.074) p=-09(V=0.313)
n | mean nljvar size mean nljvar size mean nlijvar size
50 | 0.001 2.057 0.061 | —0.498 1.091 0.062 | —0.899 0.329 0.069
100 | 0.000 2.077 0.059 | —0.499 1.095 0.056 | —0.899 0.321 0.060
200 | 0.000 2.039 0.052 | —0.500 1.053 0.049 | —0.900 0.325 0.057
400 | 0.000 2.035 0.050 | —0.500 1.079 0.051 | —0.900 0.324 0.050
p =05 (V =2987) p=0.9 (V =3.758) p=1(V=4)
n | mean nljvar size mean nljvar size mean nljvar size
50 | 0.500 2.986 0.059 | 0.900 3.735  0.059 | 1.000 3.988  0.059
100 | 0.500 3.036 0.054 | 0.900 3.723  0.053 | 1.000 4.039 0.057
200 | 0.500 3.036  0.056 | 0.900 3.685 0.050 | 1.000 3.841 0.045
400 | 0.500 3.073 0.054 | 0.900 3.817 0.053 | 1.000 4.071  0.055




Figure 2: Variance ratio Vi, /Vos for normal errors for 77 = 2,3,...,100. The minimum
efficiency of FDLS relative to FDGMM is approximately 0.99 with the low point being
attained at p = 0.5 and T' = 4. The efficiency gain of FDGMM over FDLS is marginal.
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GMM over OLS is marginal. But note that this simulation result applies only to normally
distributed errors. From additional experiments (not reported here) it was found that the
efficiency of GMM over OLS is responsive to kurtosis, but for reasonable degrees of kurtosis,
the efficiency gain of FDGMM remains marginal. For example, when var((g;/c)?) — 2 =5,
the minimal Vj,,,,,/ Vs ratio is approximately 0.98.

Because the performance of the feasible two-step GMM estimator may deteriorate due
to inaccurate estimation of the covariance matrix, the two-step efficient GMM may yield
a poorer estimator than OLS when the efficiency gain of the infeasible optimal GMM is
marginal. When ¢, is normally distributed, this is likely to be the case. According to
simulations not reported here, the two-step efficient GMM (using OLS as the first step
estimator) looks less efficient than OLS for a wide range of p and T values up to quite a
large n. So we generally recommend FDLS over FDGMM for practical use.

It is interesting to view FDLS in the context of method of moments and compare it with
other consistent estimators. For the model y;; = a; +wgt, uy = pus—1 +€ir, under the further

assumption that «; is uncorrelated with €;; (and u;), we get the moments

Eyayis = Eai +0p"*1/(1 = p*), |p| <1,
Eyiyis = Ea? + Eu?o + 02(3 At), p=1,

for all t,s = 0,1,...,7, which in turn provide (7" + 1)(7 + 2)/2 distinct moments. Next,

9



rewrite the moments in terms of (y;0, Ay}) = (yio, Ayit, - . ., Ayir) as

Eyiy = Ea; + p*Euly + o0,
EyioAyy = —c°p /(14 p), t>1,
B(Aga)? = 20%/(1 + p),
EAyAyss = =0 p T (1= p)/(1+p), t#s,

or in matrix form as

£, —1 —p o —pt
/ —1 2 ~(1=p) - =p™(1-p)
Yio Yio o? T3
) E Apl [ag] "1 | 7 —(1—p) 2 e =p(l=p) |
|—p" —p(L—p) —pB(1—p) - 2 ]

where £, = (Ea?+p*Eujy+0?)(14p)/0*. (Note that the moments Eyg, and EAy;1;0 depend
on the condition that the «; are uncorrelated with u; _; and €;; but the moments EAy;Ay;
do not.) Rewriting the moments Ey;y; as (8) does not waste any information because we
can recover the original moments Ey;y; by a linear transformation. Now, among these
(T + 1)(T + 2)/2 distinct moments, Eyg contains the nuisance parameters Ea; and Eu?
and, in fact, only Ey? does so. Thus this element does not contribute to the estimation
of p and can be safely ignored. Now, in what follows, we will show that each conventional
(consistent) estimator can be derived as a (generalized) method of moments estimator using
a subset of the above moment conditions.

Let us first consider the conventional IV/GMM estimators such as those of Anderson and
Hsiao (1981) and Arellano and Bond (1991). The moment conditions

(9)  Efui(p) = Eyio(Ayy — pAyi—1) =0, t>2,

are obtained by combining any two consecutive elements of the first column (except for EyZ).
Furthermore, any lower off-diagonal element of FAy; Ay, and the element below it provides

the moment condition
(10) Ehlst<,0) = EAy'Ls(Ayzt — pAyitfl) = 0, s < t— 1,

for some s and t. These moment conditions are strong when p < 1 so the IV/GMM estimators
are consistent. But if p ~ 1, then the moment conditions are weakly identifying, and in case
p = 1, each moment condition in (9) and (10) fails to identify the true parameter because
then Efi1;(p) = 0 and Fhiy(p) = 0. When p = 1, if T is small and fixed, then the

limit distribution of the GMM estimator is nondegenerate due to the lack of identification
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(see, e.g., Phillips, 1989, Staiger and Stock, 1997). But if T is large, then the unweighted
GMM using these moment conditions converges to zero (under some regularity conditions

for uy = y0 — i), because the unweighted criterion function satisfies the convergence

T

¢ Z [”_1/2 Z fire(p)

t=2

2 " 2
s [n—wzmsxp)] L At
=1

s<t—1

(if the initial condition that (nT)~Y23>"" wu; ; —, 0 holds under other regularity condi-
tions) due to the accumulating signal variability and despite the fact that each moment
condition fails to identify any p value, and this limit is minimized at zero (see Han and
Phillips (2006) for a detailed study of such situations), where ¢, = (T'— 1) + T(T + 1)/2
is the total number of moment conditions. So IV/GMM estimation based on (9) and (10)
can hardly be used successfully when p may take values near unity. The behavior of the two
step efficient GMM estimator in this case has not been determined.

It is remarkable that Arellano and Bond (1991)’s estimator does not make full use of
all the moment conditions implied by the off-diagonal elements of (8). Taking the example
of T' = 2, besides Ey;o(Ayia — pAy;1) = 0, the moment condition EAy;o(yio — pyin) = 0
also holds. (But it should also be noted that Eyo(Ayi — pAy;1) = 0 if the g; are not
autocorrelated (over t) while the moment condition that EFAy(yio — pyi1) = 0 requires
homoskedasticity over time also. See Ahn and Schmidt (1995) for the complete list of moment
conditions implied by various set of assumptions.) These additional moment conditions
certainly improve the quality of Arellano and Bond’s estimator when |p| < 1, but do not
help solve the problem at p = 1.

Unlike this IV/GMM estimator which uses the off-diagonal elements of (8), our approach
works from the moment conditions on the diagonal elements of EAy;Ayi. Each diagonal
element of FAy; Ay, in (8) and the element right below it construct a moment condition
in (4), ie., (1 = p)E(Ayi—1)* + 2EAy; 1Ay = 0 or equivalently EAy;1[2Ay; + (1 —
p)Ayi 1] = 0. Tt is also interesting that more moment conditions can be obtained by

combining the diagonal elements and their left elements, viz.,
(11) Eg;i(p) = EAyu[28yi—1 + (1 = p)Ayy] =0, t=2,...,T.

These moment conditions are symmetric to (4) and are obtained by swapping the roles of Ay;;
and Ay;_1. We may consider GMM estimation or OLS estimation using these additional
moment conditions together with those in (4). Simulations illustrate that the efficiency
gain over p,,, by considering (11) is considerable when T' = 2 especially for negative p, but
the contribution of these additional moment conditions diminishes with 7'. Furthermore,

when p = 1, gu(p) of (4) and gj(p) of (11) are asymptotically identical when evaluated
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Table 2: Efficiency gain by adding g};(p)

p\T| 2 | 3] 4 ] 5 ] 7 ] 10] 20
—0.5 044 [ 0.47 [ 0.56 | 0.62 | 0.73 | 0.79 | 0.90
0.0 | 0.75 | 0.78 | 0.86 | 0.88 | 0.92 | 0.95 | 0.98
0.5 [ 0.93]0.95 | 0.97 | 0.98 | 0.99 | 0.99 | 1.00
0.9 [ 0.99 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00
1.0 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 | 1.00

Variance ratios var(p;.)/var(p,,) are reported.

at the true parameter, so the moment conditions are singular and the traditional feasible
optimal GMM procedure does not provide standard asymptotics should we use both (4)
and (11). In that case, procedures based on analytically calculated optimal weights (so the
weights are a function of p) could avoid the singularity, but this sort of general analytic
weighting scheme cannot be implemented because the optimal weighting matrix depends on
the nuisance parameter Ee},. When e;; ~ N(0, 0%), however, the variances of g;;(p) and g7 (p)
are almost equal except for p ~ —1 according to simulations, implying that the unweighted
sum g;(p) + g5 (p) is an (almost) optimal transformation of g;(p) and gj;(p). Especially,
when Y7 gi(p) is used (as in the derivation of ) instead of each gy(p) separately,
the unweighted sum 371, [gi:(p) + gi(p)] is an almost optimal exactly identifying moment
condition with normal errors. This leads to a natural OLS regression of the pooled dependent
variable (2Ay;: + Ayi—1, 2Ay;—1+ Ay;y)" on the correspondingly pooled independent variable
(Ayi—1,Ay;)'. Let us denote this estimator by p’r.. According to simulations, when p = 0
and 7" = 2, the variance ratio var(p.,)/var(p,;) is about 0.75, meaning that by additionally
using the moment condition that Egj;(p) = 0, we can reduce 25% of the variance. For other
values of p and 7', Table 2 reports the ratio of the variance of the OLS estimator based
on g;(p) to the variance of the OLS estimator based on both g;(p) and g};(p). Note again
that this result applies only to normal errors, and when the tails of the error distribution
are thicker (e.g., the t5 distribution), gj;(p) will have larger variance than g;(p), and as a
result, the estimator p);; may be even less efficient than p,,, because of the failure of optimal
weighting.

In summary, the loss of efficiency from using OLS rather than GMM is marginal, and
the gain from adding g} (p) is not big enough compared with the possible risk of singularity
(in case of GMM) and efficiency loss (in case of pooled OLS). In view of these many consid-
erations, the original FDLS method (which yields p,;,) is again recommended for practical

use.
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2.3 More Moment Conditions

We may want to use all the moment conditions f;1¢, hist, gir and their mirror images. This is
done in Ahn and Schmidt (1995). The GMM estimator based on all these moment conditions
is asymptotically efficient when |p| < 1 and T? is small relative to n. However, this approach
faces the many instrument problem when 7T is large and the weak instrument problem when
p ~ 1. Noting that some moment conditions are strong for all p, we may calculate the
weighted sum of all the moment conditions using a nonrandom weighting function of p (and
only p with no other nuisance parameters). Nickell’s (1981) analysis allows for this kind of
method, which is a method of moments estimator (let us call it the fized effects method of
moments, or FEMM for short, estimator) due to the fact that

S B (§ir — plie—1)
T .
thl Eyzzt—l

where i = yip — T7! Zthl Yit, Yit—1 = Yi—1 — T71 Zthl Yit—1, and
1+pY\ 5 2pdr(p)
d = — d 1] - ——>

with dp(p) = 1 =T (1 — p)"'(1 — p7). (Here Ty = T — 1 as before.) The above moment

condition can be written as

= dr(p),

)

(12) B ga-r{ijn — o+ dr(p)]gi—1} = 0.

In order to estimate p, we can set the sample moment to zero and use a nonlinear algorithm
to locate the root. It is also possible to estimate p + dr(p) by linear fitting (which is the
usual within-group estimator) and then correct the bias by applying the inverse mapping of
p— p—+dr(p), but we do not consider this method because estimating the variance of the
resulting estimator is not straightforward in that case.

Now, because 9;; and 7;;_1 can be expressed in terms of Ay, as

1L T 1 I-1 T-1
Yit = T Z(S — 1Ay — Z Ay;s and g = T Z sAy;s — Z Ayis,
s=2 s=t+1 s=1 s=t+1

the moment condition (12) can be expressed as a linear combination of the elements of
EAy; Ay of (8).

When 7" = 2, the moment condition for FEMM is equal to the moment condition for p,,,
and the FEMM estimator is algebraically equal to p,,. If |p| < 1 in this case, the GMM

estimator based on (4) and (11) is more efficient than FEMM when the errors are normally
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distributed as we have seen before. This example is interesting because it shows that the
bias corrected within estimator (FEMM) may not be efficient for small 7.
When T = 3, the moment condition for FEMM is ‘factorized’ as

[(1=p)(B+ p)] "E{(2 = 3p— p*)gia(p) +295(p) + (34 p)(1 — p)[gis(p) + harz(p)]} =0,

where gi(p), g5 (p) and h;s(p) are defined in (4), (11) and (10), respectively. The leading
factor [(1—p)(3+4 p)]~* is ignored (we can do so because the probability of p = 1 is zero) to

handle the p = 1 case, and we have

(13) E{(2—3p— p*)gia(p) + 2955(p) + B+ p)(1 — p)lgis(p) + has(p)]} = 0.

In (13) it is remarkable and important that h;13(p) is multiplied by the factor 1 — p, which
makes h;13(p) relevant when p = 1. That is, when the true parameter is unity, Fh;3(p) =0
for all p so h;13(p) is irrelevant, but because of the 1 — p factor, the sample moment function
n~t 30 (1 = p)has(p) involving the irrelevant hii3(p) is always set to zero at p = 1, which
is the true parameter. This happens for all T, ensuring consistency of the FEMM estimator

for all p. Interesting as it is, we do not further pursue this issue here.

2.4 The Explosive Case

When p > 1, the differences Ay;; continue to manifest explosive behavior and all the good
properties of FDLS do not hold. The estimator is inconsistent and the limit depends on the
n/T ratio and the initial status u; ;. The following lemma is indicative of what happens in

this case.

Lemma 4 If p > 1, then
A

E’_ZTl Z(Ayit—1)2 =(p+ 1) 2+ v(p,T)| 0%

T
1
Eﬁ Z Ayir-1ny = v(p, T)o,
t=2

where

2( 2T
_|P (P = 1), — (2 _ 2 2

When T is fixed, this lemma implies, by the law of large numbers, that

. (p+1Dv(p,T)
limp,, =p+-—""—F—.
I?fﬂoopl p 2+V(p,T)
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Thus, in the case where p is close to unity and Eu;_, is small so that v(p,T) is negligible,
then the inconsistency of p,,;, is also small. For a given p, the bias of p,, is bigger when 7' is
large than when T is small. If p is even closer to unity and such that /nv(p, T) — 0, then
the bias of \/nTi(p,s — p) is negligible, leading to a Gaussian limit whose variance changes
continuously as p deviates slightly from unity into the explosive area. This observation
implies that the limit distribution of Theorem 2 is continuous as p passes through unity to
very mildly explosive cases.

The case with large T" and fixed n can be analyzed by Theorems 2 and 3 of Phillips and
Han (2005) who consider the time series case. Again the asymptotics are continuous as p
passes through unity under the initial condition that (p; — 1)u _; —, 0 where p = py | L.

If both n and T are large, the N(0,2(1+ p)) asymptotics are still continuous as p passes
through the boundary of unity into the explosive area, though the boundary of p for the

continuous asymptotics is then correspondingly narrower on the explosive side of unity.

2.5 Heterogeneity and Cross Section Dependence

The remainder of this section considers issues of cross-sectional heteroskedasticity, hetero-
geneity, and cross section dependence.

If the error variance Ee? is different across i, then Theorem 2 still applies as long as
the Lindeberg condition holds, with the only modification to Vs being the more general

expression

im (nTl)_l Z?:l E(Zfﬂ Ayit—lnity'
n—oe (nTy)~! Z?:l ZtT:Q(Ayit—l)2

Computation of standard errors by (6) remains valid.
If the AR coefficient changes across i so that the model involves u; = p;u;s—1 + €;t, then

we have the limit

n
pols _>p phm § wipia
o0

if the limit on the right hand side exists, where

Wi — 23;2(Ayit—1)2 '
Z?:l Z?:Q(Ayit—ly

Noting that E(Ay;1)? = 20%/(1 + p;), we see that an individual unit with smaller p; is

given a bigger weight if there is no heteroskedasticity.
To allow for cross section dependence, let g; = Zszl Nik fee + vir, where the fi, are

common shocks #id over t and independent of other shocks, \;; are the factor loadings, and
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the vy are 7td. Since the compounded error €; is still white noise, the moment conditions
(4) still hold. However, consistency does not hold unless 7' — oo or K — oo (where K is the
number of common factors). The case K = 1 is exemplary. Here (Ay;;_1)? involves (A f1¢)?

and the randomness in the double sum

n T n T
(7)™ ah)? =0T D N T S
=1 t=2

i=1 =2

persists unless 7' is large (c.f. Phillips and Sul, 2004). When T is small, as is the case
in typical microeconometric work, K may be considered large and each factor loading is
assumed to be sufficiently small to ensure convergence. (Then the variation of the cross
section dependence term Zszl Air fir is correspondingly controlled.) As long as the common
factors fi; are white noise over time, the moment conditions (4) hold, and under further
regularity to ensure convergence, the FDLS estimator would be consistent. See Phillips and

Sul (2004) for details on panel models with these characteristics.

3 Dynamic Panels with Exogenous Variables

This section considers the model with exogenous variables v;; = o; + 3'x; + u; where

Uy = puy—1 + €4 for p € (=1, 1], which may be transformed to

(14) yie = (1 = p)ag + (@i — pris—1) + pYir—1 + it

Let 2z = yit — 3'wi. Then the model (14) is written as z; = (1 — p)a; + pzi—1 + €ir, which

is the same as (1) with y;; replaced with z;;. By applying the same transformation, we get
208z + Azip1 = pAzip1 + Ny My = 2085 + (1 + p)Azip1.

For all p, Az;—1 and 7, are uncorrelated and these moment conditions are strong for all p,

as before. Next, if we allow «; to be arbitrarily correlated with x;, then we can apply the

within transformation to (14) giving

it — plir—1 = (Fir — pTa—1)'B + Ei,

where §i; =y — T 7! 23:1 Yis, Vit—1 = Yir—1 — 1 Zstl Yis—1, and so on. From the fact that
the within-group estimator is efficient when «; is allowed to be correlated with x;; in the
usual linear panel data model (see Im, Ahn, Schmidt and Wooldridge, 1999), we propose the

following exactly identifying moment conditions:

T

(15) E Z Azit—1[<2Azz‘t + Azit_l) — pAZit—l] = O,
t=2
T

(16) E Z(%t — pZie—1) [(Jir = pYie—1) — (&t — pir—1)'B] = 0,

t=1
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where Az;; = Ay, — Azl 3. Note that when there is no exogenous variable, the first moment
condition (15) leads to the OLS estimator of the previous section. We can estimate p and
B by the method of moments. In practice, after (15) and (16) are rewritten in terms of
the sample moment conditions, the parameters can be estimated by estimating p and f3
iteratively between (15) and (16) if the procedure converges.

For the asymptotic variance we can use the usual “(D’'Q~'D)~!” formula where D con-
tains the expected scores of (15) and (16) and €2 is the variance matrix of those moment
conditions, both evaluated at the true parameter. Conveniently, D is block diagonal and if
€; has zero third moment, then so is the {2 matrix, separating the estimation of p from the
estimation of 3. (See the Appendix for further details.) As a result, we can treat the final es-
timator B as the true 8 parameter in computing the Az;’s and then estimate p and compute
its standard error; similarly, we can treat the final p as the true p parameter and compute
the standard errors of 3 using usual within-group estimation technique after transforming

xy and y; to xy — pry—1 and Yy — pyi—1, respectively.

4 Incidental Trends

When the model includes incidental trends so that y;; = a; + v;t + wir, uy = pup—1 + €4, it

may be written in the form

(17) yir = (L = p)ai + py; + (1 = p)vit + pyie—1 + €.

Double differencing eliminates the combined fixed effects, giving
(18) Ay = pA2ys 1 + A%ey,

which implies that
Ava;t = Z ,OjAzﬁz‘t—j =i — (2—plew + (1 - P)2 Z ﬂj&'t—j—z-
j=0 J=0

When p = 1, we have A?y;; = Aegy, so E(A%y;1)?* = 202 and EA%y;; 1A%, = —30%. When
lp| < 1, we have

Y

2. N2 _ N2 (1-p)* 2_2<3_P)‘72
E(A%ir—1) —[14-(2 p) +—1—p2]0 T T 14,

and
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so these formulae cover the case of p = 1. Thus

(1+p)4—p)

EAyy iy =0, iy = 20% + 5_ APyip_y.
This corresponds to transforming (18) to the model in differences
N 1—p)?
(19) 2A2yit + A2yit71 = HAQyitfl + Nits 0 = —%

Correspondingly, the double difference least squares (DDLS) estimator 6 is

> i IZt 5 A% 1 (20%5 + Ayy 1)
>ie 1Zt 3(A%Y;-1)?
Note that 6 € (—1,0] for all p € (—=1,1] and # = 0 if p = 1. When point estimation of p is of

interest, we can simply run pooled OLS on (19) to get 6 and censor at 0 and —1, and then

0=

recover p from 6 by p = 2+ 6 — (@2 — 86)'/2]. Alternatively, we may also consider method

of moments estimation based on (19) using the moment condition
T
1— 2
B Z A%yi (QAQ?Jit + {1 + Q} Ayit—l) =0.
=3 3=

Some caution is needed here because the parameter § = —(1 — p)?/(3 — p) can never exceed
zero for all p € (—1,1] and therefore the sample moment function may not attain zero at
any parameter value.

For testing, we can rely on the asymptotic distribution

\/ nTg(é — 9) = N(07 Wols,T)

for some positive W 7. (Asymptotic normality is established in Theorems 5 and 6 in the
Appendix.) Just as for the case without incidental trends, the limit theory is continuous and

joint as n — oo or T' — oo or both pass to infinity with W, evolving with 7. However,

as is apparent from the relation 6 = —(13__63)2, an O (n~'/4T~1/4) neighborhood of p = 1
corresponds to an O (n~1/2T~1/2) neighborhood of 6 = 0, and for p = 1, it is easily seen that
the rate of convergence of p is at the slower n!/4T;’* rate, while that of 6 is n'/2T}’?. For

p < 1, the rates of convergence of p and 6 are both nl/zT;/2

. Hence, there is a deficiency in
the convergence rate for p around unity.

When 7' is small, W5 7 depends on Ee¢}, and the algebraic form of Wois,r for small T'
is too complicated to be of interest. But when n is large, as in typical microeconometric

projects, the standard error of 0 is easily calculated by

\/Zz 1 Zt 3A Yit—17;1)?
Zz 12:& 3(A%yip—1)?

(20) se(0)

9
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with 7);, denoting the residuals from the regression of (19). On the other hand, in macroe-
conometrics where T is often moderately large, then \/nT: 2(§ —0) = N(0,limy_oo Wos 1),

where

Jim W = (14 p)*( Zb
with

b1 =2B—p)+(1—p)?>—1[2-p)+2(1—p)?/(1+p)o,
by=—(2—p)[1+(1—p)?*+1=p)3>s/(1+p),
b = p" (L= p)* (1 = p) + po/(L+p)], k>3,

and with ¢ = (4 — p)(1 + p)/(3 — p). (Phillips and Han, 2005, derive this limit in the time
series case.) As presented in Theorems 5 and 6 in the Appendix, the convergence is uniform
in the sense that the limit of the variance is the variance of the limit distribution as T" — oo.

As a special case, if p =1, then

VnTo = N(0,2 + k4/T5)

for all T' as n — oo, where k4 = var(¢2)/20?, and the limit distribution as 7' — oo is simply

N(0,2) whether n is large or small.

5 Panel Unit Root Testing

5.1 Fixed Effects Model

The inferential apparatus and its limit theory may be applied directly to panel unit root
testing. Consider the fixed effects panel y; = (1 — p)a; + p;yi—1 + € where the g; are
1¢d. The unit root null hypothesis is that p; = 1 for all <. The OLS estimator p,;, and its
limit theory in Theorem 2 and Corollary 3 can form the basis of a statistical test. More
precisely, the test statistic is 7o := (nT1)"?(p,, — 1)/2. This test statistic is derived under
the assumption of cross-sectional homoskedasticity. If the variances o7 := Fe?, differ across

1 and p; = 1, then the standard deviation of the limit distribution of p,,, is approximated by

() 20”2 ('Y e)”
TPy ot )T T of

1/2

which is larger than the simple standard error form 2/(nT})'/* obtained for homoskedastic

data. Under heteroskedasticity, the 7 statistic can be computed by using formula (6) for the
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standard error, or by replacing o2 in (22) with the estimate 67 = T~ ZtT:l(Ayit)Q. Under
the null hypothesis, 7 = N(0, 1), and under the alternative hypothesis that p, < 1 for some
i, plimp,, < 1, and as a result, 79 —, —00 as nT" — oo. So, the test is consistent for any
passage of nT — oo.

Unlike Levin and Lin (1992) or Im, Pesaran and Shin (1997), this test does not require
any restriction on the path to infinity such as 7' — oo and n/T — 0. Only the composite
divergence nT" — oo is required, and there is virtually no size distortion when 7" is small. On
the other hand, while the point optimal test for a unit root has local power in a neighborhood
of unity that shrinks at the rate n='/27"~! (see Moon and Perron, 2004, and Moon, Perron and
Phillips, 2006b), the 7 test has only trivial asymptotic power in n~'/?T~! neighborhoods
and non-trivial local asymptotic power in n~'/2T~'/2 neighborhoods of unity. So in this
model at least, there is an infinite power deficiency in neighborhoods of order n=/271,

This deficiency is partly due to the fact that p,;, depends only on differenced data, which
thereby reduces the signal relative to that of point optimal and other tests which make
direct use of the nonstationary regressor. But that is not the only reason, and interestingly
a common point optimal test based on the differenced data may attain the optimal rate of
n'/2T. To illustrate this possibility, consider the common point likelihood ratio test for the
case where the ¢;; are iid N(0,0?) and o2 is known. The test for Hy : n'/?T(1 — p) = 0
against the alternative H, : n'/?T(1 — p) = c using the differenced data Ay;, is based on the
likelihood ratio

(23) Upr(c) =2[log L (1 —n~'2T7'c) —log L(1)],

where log L(-) is calculated based on the joint distribution of Ay; = (Ay,1, ..., Aysr)’, ie

log L(p) =~ log(2r) — " logo® — ~ log|2r (s Z Ay (p) " Ay,
with
(24) Qr(p) = (1+ p)~ " Toeplitz {2, —1(1 — p), —p(1 = p),...,—p™(1 = p)} .
In the above, the notation Toeplitz{ay, ..., a,_1} denotes the m x m symmetric Toeplitz

matrix whose (4, j) element is aj;,_;. As shown in the appendix, when n'/?T(1—p) = ¢ (i.e.,

under the alternative hypothesis), we have
(25) Unr(c) —q N(c?/8,c%/2).

So if the null hypothesis of n'/2T(1 — p) = 0 is tested against the alternative that n'/2T(1 —
p) = ¢ such that the null hypothesis is rejected for U,p(&) > Zac/v/2 where ®(—Z,) = a,
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and if the ¢ happens to equal the true ¢, then the local power of this test is

@(ﬁ—za)

For all ¢ > 0, this local power function resides below the power envelope ®(c/v/2 — Z,) based
on the level data for large T' obtained by Moon, Perron and Phillips (2006b). Nonetheless,
it is remarkable that the optimal rate can be attained by using differenced data.

As discussed so far, the deficiency of testing using p,;; comes partly from differencing
and partly from inefficient use of the moment conditions. This fact may at first seem to
contradict our earlier observation that p,, is almost as good as the (infeasible) optimal
GMM estimator based on the differenced data (e.g., Figure 2). Nonetheless, it seems that
maximum likelihood estimation on the differenced model combines the moment conditions
so cleverly that, at p = 1 (at which point the levels MLE is superconsistent), the otherwise
useless moment conditions contribute to estimating p = 1. (See the last part of section 2.3.)
A full analysis and comparison of panel MLE in levels and differences that explores this issue
will be useful and interesting, and deserves a separate research paper.

To return to testing based on the FDLS estimator, the deficiency in power based on this
procedure may be interpreted as a cost arising from the simplicity of the 7 test, the uniform
convergence rate of the estimator and its robustness to the asymptotic expansion path for
(n,T). Table 3 reports the simulated size and power of the 7 test, in comparison to Im
et al.’s (2003) test, for the data generating process y; = (1 — p;)ay + pyi—1 + 04 With
alternative parameter settings, where a; and ¢; are standard normal and o; ~ U(0.5,1.5).
To simulate power, the cases p;, = 0.9 and p;, ~ U(0.9,1) are considered. Panel length is
chosen to be T'= 6 and T' = 25, choices that roughly illustrate size and power for small and
moderate 7. (T' = 6 is the smallest value covered by Table 1 of Im et al., 2003.) Note that
the 7o test does not require bias adjustment. It is also remarkable that the 7o test seems
to have better power than the IPS test when 7" is small. But with larger 7' (T" = 25 in the
simulation), the IPS test has better power, which is related to the O(v/nT) convergence rate
of the FDLS estimator.

5.2 Incidental Trends Model

Next consider the case where incidental trends are present, as laid out in Section 4. Let 0
be the pooled OLS estimator from the regression of (19). Noting that p = 1 corresponds
to @ = 0, we can base the panel unit root test on the statistic 71 := 0/se(d) = N(0,1),
where se(f) is given in (20) when n is large or se(f) = \/2/nTy when T is large. (Again
note that (20) is robust to the presence of cross-sectional heteroskedasticity.) The null

hypothesis Hy : p, = 1 for all 7 is rejected if 74 is less than the left-tailed critical value from
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Table 3: Simulated Size and Power of Unit Root Tests with Incidental Intercepts case.
DGP: yi = a; + Ui, Uit = pyg—1 + 03y
A, Ejp ™~ iid N(O, 1), g; ~ iid U(05, 15)
Significance level: 5%

T=6
pi =1 =09 |p,~U(09,1)
n| HP | IPS| HP| IPS| HP| 1IPS
50 | 6.09 | 5.83 | 20.13 | 10.76 | 12.13 | 7.95
100 | 6.00 | 5.47 | 28.37 | 14.77 | 13.37 |  9.20
200 | 5.30 | 5.56 | 42.88 | 22.05 | 18.49 | 11.52
400 | 5.54 | 5.97 | 66.30 | 35.02 | 26.77 | 15.63

T =25
p; =1 p; =09 p; ~U(0.9,1)

n | HP | IPS HP IPS HP IPS

50 | 6.17 | 5.14 | 49.56 | 84.26 | 22.66 | 33.61
100 | 5.89 | 5.34 | 72.64 | 98.63 | 30.01 | 54.62
200 | 5.05 | 5.31 | 93.00 | 99.99 | 47.09 | 81.03
400 | 4.91 | 5.70 | 99.73 | 100.0 | 71.05 | 97.83

the standard normal distribution. When some p, are smaller than unity, or equivalently
when some 6; are smaller than 0, 6 converges in probability to the limit of Y | w;0; where
Wi = S0 (A% 1)?) S ST L (A%, 1)%. Aslong as a non-negligible portion of individual
units ¢ have p, < 1, this limit is strictly negative, and hence the test statistic 7; diverges to
—oo in probability. Thus, the test 71 is consistent regardless of the existence of incidental
trends.

Local power of the test is relatively weak, which can be explained by the definition of 6
n (19). Since 0 has an (nT3)"/? rate of convergence the test should have some local power
when 6 is in an O(n’1/2T2_1/2) neighborhood of zero. But that is the case when p is in an
O(n=Y4Ty, Y 4) neighborhood of unity, which shrinks at a far slower rate than the optimal
n~Y4T~! rate attained by a point optimal test when the incidental trends are extracted from
the panel data as described in Moon, Perron and Phillips (2006b).

It is interesting that there may exist a unit root test based on the double differenced
data which has local power in a neighborhood of unity shrinking at the n=/2T, 2 rate
when T /y/n — 0 and at a correspondingly faster rate when T grows faster. This possibility
can again be illustrated by considering a likelihood ratio test with double differenced data

under the Gaussianity assumption such that

(26) Azyi = (AQyiQ, . ,AQyiT)' ~ N(0, O'QQT(p)), Qr(p) = Toeplitz(wo(p), - .., wr,(p)),
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where

wo(p) =23 —p)/(1+p),
wi(p) = =4 =3p+p*)/(1+p),
wilp) =21 =p)*/(L+p), §=2,3,....Th

(The w;’s are straightforwardly calculated from (58) in the appendix.) The associated log-

likelihood function is

. nT; nT n ~
(27) log L(p,0®) = — =~ log(2m) — = log(0”) —  log |Qr(p)|

1 = B
T 952 (Azyz’) QT(P) 1(A2yi)'
i=1

n

If 02 is known, then the common point optimal test for Hy : n=1/2T7 /*(1 — p) = 0 against
Hy: n*1/2T1_1/2(1 — p) = cis based on

(28) Upr(c) = 2 [mg L1 — n 2172 %) —log L(1, 02)] .

Let the true p be p = p,7 = 1 — (n11)~'/2¢ for some ¢ € (0, 1], so the alternative hypothesis
of the likelihood ratio test coincides with the data generating process. Then, as derived in

the appendix,
(29) Upr(c) —q N(c2/2,2¢%), if n= V2T, — 0.

Note that in the above asymptotics p,, = 1 — (nT})~'/2c is the true parameter used in
generating A%y;,. So if the null hypothesis that (nT})"/?(1 — p) = 0 is tested against the
alternative that (n7})Y?(1 — p) = ¢, in such a way that the null hypothesis is rejected when
Unr(ppr) > V/2¢Z, (With 2, again denoting the 100a% critical value for the standard normal

distribution), then the size av asymptotic local power is

c
d (ﬁ — za) .

This finding is potentially important because it reveals the possibility that an optimal test
based on double differenced data (which would have non-trivial local power in an n~/ 2T1_1/ 2
neighborhood of unity) would outperform the point optimal test (which is known to have
local power in a neighborhood shrinking at the n~'/47~! rate) when the panel is wide and
short. In effect, if this conjecture is true, then the asymptotic power envelope in panel unit
root tests will depend on the manner in which the sample size parameters pass to infinity.

Unfortunately this possibility is not realized in the case of the 7; test, and considering its

local power properties it may be natural to conclude that this test is less useful. Nonetheless,
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its straightforward and general Gaussian asymptotics and accurate size properties make it
at least an ex tempore method for simple diagnostic purposes, especially for the case where
n is large compared to T'.

Table 4 reports simulation results for 71 applied to the data generating process with
incidental trends for small T'. Tests that require large 7" for valid size (e.g., the Ploberger
and Phillips, 2002, test in the simulation) look biased and certainly perform poorly with
small 7', but are considerably more powerful with large 7". (Simulation results with large T°
are not reported here.) On the other hand, Breitung’s (2000) unbiased (UB) test, which is

based on

n T
(30) (nT2)_1/2 Z Z T T = N, v = XAy
i=1 t=3

for specially chosen Aj; and Ay such that Exjyf, = 0 (see Breitung, 2000; the proof of the
validity of this expression is available upon request), performs well with small 7" with better
local power than 7. The greater power of the UB test can be ascribed to several causes.
First, the UB test is based on the special choice of A\j; and Ay, which is more efficient at
unity than our approach. Naturally, the power gain from this source comes at the cost that
the test is available only for the null hypothesis of unity. For other null hypotheses (e.g.,
Hy : p = 0), the UB test cannot be used, though some modification of the test might be
possible, of course, in this case. Another relevant explanation is that the UB test statistic
estimates the variance of (30) in a more efficient, but somewhat unintuitive way, which is
valid only when the errors are cross-sectionally homoskedastic and no skewness and extra
kurtosis are present.

In the simulations, the UB test and the PP (Ploberger and Phillips, 2002) are computed
with ¢? known. To correspondingly tweak the performance of the 7; test and effect a
fairer comparison with the UB test, a variant of the 7; test (denoted as HP* in Table 4) is

introduced, which is

= > i ZtT=3 07 PNy 1 (28%y + Ay ) .
\/[<8 +4/T2) /6] 3, ZtT:3 0, 2(20%; + Ay 1)?

This is asymptotically standard normal under the null of unity if Ee3, = 0 and Ee}, = 307,
The case T' = 3 is particularly useful in illustrating the comparison of the UB and 7]
tests. In this case, zj; = (2A%y; + A?y;3) and yj3 = A%y, for the UB test, so the moment

condition the UB test is based on is

EN?yi5(20%y; + Ay;3) = 0 if p =1,
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which is the ‘mirror image’ (obtained by swapping the roles of A%y;; and A?y;3) of our

moment condition
EA2yi2(2Azyz‘3 + AQyiQ) =0 if p=1.

So the UB test and the 7] test (HP*) should manifest similar power performance, which
indeed proves to be so in simulations. But when 7" > 3 (e.g., 7' = 5 in the simulation) the
power of the UB test exceeds that of 7; and 77, which can be attributed to the first cause
mentioned above.

It is also worth noting that both the UB test and the 7, test have trivial local power in
the neighborhood of unity shrinking at the y/n rate for fixed T'. This is related with the fact
that the mean function of the ‘numerators’ of the tests have zero slope at unity. Interestingly,
the LM test statistic based on the normal distribution A%y; ~ N(0,Q(p)) is identically zero
under Hy : p = 1 (a proof is available on request), an outcome that seems to be related to
the trivial local power in the O(n~'/2) neighborhood for fixed T

Notwithstanding the above discussion and simulation findings, the power envelope anal-
ysis given earlier seems to imply the existence of a most powerful test based on double
differenced data that may have nontrivial power in an O(n~/2) neighborhood of unity with
T fixed. Increasing power to approach this power envelope would involve using other mo-
ment conditions (e.g., by the use of MLE with double differenced data). This interesting

issue presents a major challenge for future research.

6 Conclusion

This paper develops a simple GMM estimator for dynamic panel data models, which is largely
free from bias as the AR coefficient approaches unity, and which yields standard Gaussian
asymptotics for all values of p and without any discontinuity at unity. The limit theory is also
robust in the sense that it performs well under all possible passages to infinity, including
n — 0o, T' — oo and all diagonal paths. The method also extends in a straightforward
manner to cases with exogenous variables, cross section dependence, and incidental trends.

The approach leads to standard Gaussian panel unit root tests. These tests do not suffer
from size distortion regardless of the n/T ratio. Ilustration of power properties of some
infeasible likelihood ratio tests indicates that the optimal convergence rate can perhaps be
achieved using (double) differenced data while at the same time preserving standard Gaussian
limits. Such tests can be expected to be particularly useful when n is large and T is small
or moderate, and to outperform existing point optimal tests and exceed the usual power
envelope for such sample size configurations. Extension of the present line of research in this

direction is a major challenge and is left for future work.
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Table 4: Simulated Size and Power of Unit Root Tests with Incidental Trends case.

DGP: Yit = O + ")/Z-t -+ (T

i, Yy Eit ~ 1id N(0,1),

Uit = PiUit—1 + Oi€it
o; ~ iid U(0.5,1.5),
Significance level: 5%

T=3
p; =1 p; =0.5 p; ~ U(0.5,1)

n | HP | HP* | UB PP HP | HP* UB | PP HP | HP* UB | PP
50 | 6.93 | 4.72 | 4.84 | 12.59 | 13.19 | 19.62 | 19.51 | 0.00 | 8.41 | 9.93 | 10.35 | 0.53
100 | 6.32 | 4.89 | 4.64 | 15.57 | 15.11 | 25.15 | 25.19 | 0.00 | 8.89 | 11.93 | 11.22 | 0.09
200 | 5.27 | 4.75 | 4.98 | 22.32 | 20.02 | 33.70 | 33.35 | 0.00 | 9.50 | 13.35 | 12.84 | 0.01
400 | 5.25 | 5.09 | 4.79 | 31.35 | 28.75 | 46.25 | 45.58 | 0.00 | 11.29 | 16.59 | 16.21 | 0.00
T =5

p; =1 p; =05 p; ~ U(0.5,1)
n | HP | HP* | UB | PP HP | HP* UB | PP HP | HP* UB | PP
50 | 6.03 | 5.55 | 5.40 | 5.94 | 20.51 | 31.44 | 47.67 | 0.00 | 9.97 | 13.40 | 17.60 | 0.17
100 | 5.25 | 5.16 | 5.78 | 6.84 | 28.59 | 46.25 | 69.10 | 0.00 | 12.03 | 16.87 | 23.65 | 0.06
200 | 5.11 | 5.35 | 5.37 | 7.35 | 43.84 | 64.14 | 89.20 | 0.00 | 14.59 | 21.74 | 33.27 | 0.01
400 | 4.84 | 5.15 | 5.16 | 9.12 | 67.10 | 85.08 | 98.98 | 0.00 | 19.94 | 30.36 | 49.43 | 0.00

Note: PP: Ploberger and Phillips (2002);
> i > 0 A Y (2% 4+ APy )
IS4/ /65, 5,072 20% + Ay r)?

HP*, UB and PP: Calculated with o; known.

HP* =
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A  Proofs

The assumed model in the fixed effects case is vy = a; + uy, uy = puy_1 + €4, where

git ~ 1id(0,0%). Obviously we can express, for all p € (—1,1],
(31) Ayit—l - ijAgzt 1-j = &it—1 — 1_ ij Eit—j—1,
7=0

and
(32) miy = 20¢ei + (L4 p)Ayir—1 = 265 — (L = plei— — (1 — Zﬁ Eit—j—1,

where 0 - 00 = 0.

Proof of Lemma 1. If p =1, then Ay;; = €4, and n,;; = 2¢;. So we have FAy;;_1n;, =
2Bsy—1eq = 0. If [p| < 1, then EAy;1n; = —(1—p)o? + (1= p)(1—p*)(1 = p?)"'0* =0. m

Next, we present some lemmas that are useful in proving the theorems. Let T, =
max(T —m,0). Let X = > ¢jen—; and Y = > djen—; where g4 ~ 4id(0,0%). We will
frequently assume that

(33) > (el +1di]) <
(34) is (+d2) <

Theorem 5 If Ec? < oo, then under (34),
Z > Xioyo ZC
i=1 t=m+1

for any small m (e.g., 2 or 3), as nT,, — oc.

Of course, the part of condition (34) related to ds is not relevant in this case.
Proof. If T is fixed and n — oo, then by Khinchine’s law of large numbers,
Ly [ Zx;] LY B _Ev—sY e

M t=m+1 =1 M t=m+1 0

where the first equality on the right hand side holds because of stationarity. If n is fixed
and T — oo, then the result follows from the convergence T ! Z;F:m X5 —p Y c?
for each ¢ under the stated conditions (Theorem 3.7 of Phillips and Solo (1992)) and the
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cross-sectional 72d assumption. If both n and T increase to infinity, by Theorem 1 of Phillips
and Moon (1999), it suffices to show that (a) limsup, pn~' Y% | EZyy{Z;y > nd} = 0 for
all 6 > 0 where Z;r = T} EthmH X2 (a notation that is used only in this proof), because
all other conditions in Phillips and Moon (1999)’s theorem are obviously satisfied. Because
the Z;r are iid across i, condition (a) is equivalent to EZ17{Z1r > nd} = 0 for all § > 0,
which is implied by the uniform integrability of Zi (over T'). Since Zip —, 02> " c? the
uniform integrability of Zip (over T') is equivalent to the convergence EZip — o3 % 5,

which is obviously true because EZip = 02 ) ° cj? for all T'. ]

Next, we establish a panel CLT for the sample covariance of X;; and Y;;. We assume that

X and Yy are uncorrelated by imposing the condition

(35) ) eid; =0.
0

Theorem 6 Let I1;, = c;djr + cjirdj. If Fe}, < 0o, then under (33), (34) and (35), for
any fized T and small m (e.g., 2 or 3),

n T
(36) Unr = (nTp)">> " > XuYiy = N(0,Vr)

i=1 t=m+1

as n — 0o, where

VT = ATvar(a?t) + BTO'4,

with
00 9 T t—-m—-1 o
B A = Yt >SS ey
0 M t=m+2 r=1 ;=0
0o 00 9 T t—-m—-1 o0 o
3 B = Y IE3  Y Y L,
=0 r=1 ™ t=m+2 k=1 j=0 r=1
Furthermore,

o0 o0 2
(39) V@ —o'B=0")_ (Z HM> :
r=1 \j=0
as T — oo. Whether or not n — oo, U,y = N(0,0*B) as T — oo.

Proof. When T is small, (36) follows from the central limit law for iid variates because

fourth moments are finite. The variance Vi is computed as follows. Since

(40) XuYi = Z cidies_; + Z Z I €it—j€it—j—rs
7=0 7=0 r=1
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we have

(41) Cy = var(XuYi) = (Z c2d2> var(e (Z Z HiT) o’
j=0 r=1
Also

(42) it— kY;t k_zcjd 5115 fo— ]+Zzﬂjr€zt k— ]87,t k—j—r>

7=0 r=1

and from (40) and (42), Cy := cov(XyuYi, Xit—rYi—x) is

Cy = (Z c;d; c]+kd]+k> var(e Zt ( Z g+kr)
Jj=

7=0 0 r=1

Now

T t-m-—1
2
(43) T, VM(Z thY,t> Co + t, Y. Y Cn=Apvar(e}) + Bro',

t=m+1

as stated. Lemmas 7 and 8 below respectively show that Ay — 0 and By — B under (33)
and (34), and thus the convergence (39) is obvious from (43).

Now we prove the central limit theory as T" — oo. If n is fixed, then the result follows
from Theorem 6 of Phillips and Han (2005), implied by (34) and the finiteness of the second
moments. For the case both n and 7' increase, we will apply the Lindeberg central limit
theorem to the row-wise independent array {n='/2Wr;}, where Wyp; = T2 ZtT:m 1 XY

(notation that is used only in this proof). The Lindeberg condition is
RS 2 (112
= E EWz AWz, > ne} — 0, forall e >0
n
—

(e.g., Kallenberg (2002, Theorem 5.12)). Because the random variables are iid across i, (44)
reduces to EW2 {W2, > ne} — 0 for all € > 0 (note that 7" depends on n), which is again
implied by

sup EW2 {W2, > ne} — 0 for all € > 0.
T
This last condition holds if W%, (as a sequence indexed by T') is uniformly integrable over 7.
When a positive random variable converges in distribution, uniform convergence is equivalent
to convergence of the means (Kallenberg (2002, Lemma 4.11)). In the case of W2, we have

Wry —q Wi ~ N(0,0%B) by Theorem 6 of Phillips and Han (2005), and by the continuous
mapping theorem, W2, —4 W2. But by the first part of the theorem,

EW2, = ATvar(E?t) +0*Br — 0*Bp = EWZ,
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and the joint limit theory follows straightforwardly. [ ]

The next two lemmas respectively show that A — 0 and By — B as T — o0, as

indicated above.

Lemma 7 Under (34) and (35), limp_ o Ar = 0.

Proof. Let f; = c;d; (notation used only in this proof). For any sequence {a, },

and thus we have

A= 30 g3 3 (= 9if

7j=0 s=1
oo Tm—1 oo Tm—1
= Zf2+2Znyf]+s] - Zzsfjfm
j=0 s=1 M j=0 s=1
oo Tm—1
= Zf +2Zijfj+s]—2Zijfj+s—2 ZZsf]fW]
7=0 s=1 7=0 s=Tm, 7=0 s=1

= AlT — 2A9r — 2A37, say.

Here Air = (3207 f;)? = (O3 ¢jd;)* = 0 because of (35), and therefore it suffices to show
that Ay — 0 and Azr — 0 as T — oo. First,

|Aor| < Z Z | f fes] < Z il Z fsl = 0,

j=0 s=Tp, s=Tm

because

00 o 00 1/2 o 1/2
(46) Y 1fil = lejdsl < (Z 0]2) (Z df) < o0,
0 0 0 0

by (34). Next,

oo Tm
[Asr| ST 0N sl fifieal = 12 /il ZSIfmI <T,' (Z |l ) > slfl.
7j=0 s=1 s=
But >0 |f;] < oo by (46), and Y °s|fs| < (3257 s V2350 sd?)V? < oo by (34). So
AST = O(Tn_,bl) — 0. [}
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2
Lemma 8 Under (33) and (34), limy_oo By = B = 3270, (z;"; . Hj,,,) < .

Proof. The finiteness of B is proved in Theorem 6 of Phillips and Han (2005). To establish

convergence, note that

oo 00 2 0o o 00 00 00
B = Z (Z Hjﬂn) = Z Z H?J + 2 Z Z Hj,?"Hj—Hc,r»
r=1 \ j=0 r=1 j=0 r=1 j=0 k=1
so we have
0o 00 00 T t—-m—1 oco oo
BT - B=-2 < Hj,rHjJrk,r - Til Z Z Z Z Hj,rHj+k r) - _2DT7
k=1 j=0 r=1 t=m+2 k=1 7=0 r=1
say. Using (45) again, we have
oo 00 0 Tm—1 o0 oo Tm—1
= Z H] THJ—Hc r Z Z Z Hj,rHj—i-k r Z k Z Z Hj rH]-‘rk r
=1 j=0 r=1 k=1 j=0 r=1 k=1 j=0 r=1

Tm—1 o0 oo

= Z Z Z I, Ik + % Z Z EIL; 1145 » = Dir + Dar, say.

k=T, j=0 r=1 k=1 j=0 r=1

As shown below, we have

[ olENe o lNe 9]

(47) DD k] < oo and > Y kI, < oo,

k=1 j=0 r=1 k=1 =0 r=1

which imply that Dy — 0 and Dor = O(T,,,*) — 0.

m

Now we prove (47). For the first part of (47), note that > ;| [Tk, < Doy [Hes| <
2 =0 M, s0

oo o0 o 2
D | <) (Z |Hj,r\> :

oo 00
j=0 r=1 r=1 7=0

k=17

Now let a; = |¢;j| + |d;|, implying that |IL,,| < |c;djir| + |¢j4rd;| < ajajir. Then (33) and
(34) imply that

o0 o0 o0
(49) Zas<oo, Za§<oo, Zsaz<oo,
0 0 0

where the second and third results hold because a5 < 2(c + d3). Now, the right hand side
of (48) is bounded by

00 00 2 00 00 00 00 00
(o £ () (55 -
r=1 7=0 r=1 \j=0 7=0 0 1
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by (49). So the first part of (47) is proved.
For the second part of (47),

D Rl <3 kajikajin < (Z ’m?wc) (Z ’W?Hm)
k=1 k=1 k=1 k=1
<D kaj <Y (k+j)ai < 3 ka,
k=1 k=1 1

and therefore the second part of (47) is

(o) o o0 o0 (o] 2 o
S < 33 (30 ) < (3] (St <
1 0 1

r=1 j=0 r=1

1/2

k=1 j=0
by (49). u

We apply Theorems 5 and 6 to the components of the FDLS estimator p,;.

Lemma 9 (nT)) 'S0 S (Ayi1)? —p 20%/(1 4 p) as nTy — oo.

Proof. Because of (31), we invoke Theorem 5 with ¢g = 0, ¢; = 1, and ¢; = —(1 — p)p/ 2

for j > 2. The calculation of " ¢7 for the limit is then obvious. |
For the central limit theorem, we have the following lemma.
Lemma 10 [f Ec} < oo, then asn — oo, (nT1) Y237 S°T ) Ays 1y, converges to a nor-

mal distribution with variance 8*/(1+p) and furthermore (nTy)~Y/2 3" | Zthz Ayir_1n; =
N(0,8¢%/(1 + p)) whether n — oo or not.

Proof. Because the coefficients of the lag polynomials for Ay;;_1 and n,, decay exponentially,
conditions (33) and (34) are satisfied. Condition (35) holds by Lemma 1. The results follow
from Theorem 6. The variances for finite 7" and infinite 7" are calculated below after Theorem

2 is proved. [ ]

Proof of Theorem 2. This follows from Lemmas 9 and 10. ]

The Variance of FDLS

We calculate the variance of the FDLS estimator p,,, in terms of the parameters using the

expressions in Theorem 6. Let p;, = 1 — p and p, = 1 — p?. The lag polynomial coefficients
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Table 5: Coefficients of lag polynomials for Ay;;—; and 7,,.

| jof t[2[]3 [ 4 [ j |
Ay | O] 1 | =py | —ppy | =p°p1 | =P 2Py
M 21 =pi| =p2 | =P | —P°P2 | =P %P

pr=1—p,pp=1-p

of Ay,—; and 7, are tabulated in Table 5, and the corresponding II;, terms are tabulated in
Table 6. So

(50) dadl = P gL+ pt ) =21 p)/(1+p),
0
> cdiciadin = —p" "V 0207 + P31+ ot 4 )]
0
(51) = " VA =p)’ 0 =p)/ A+, k=1,

where 0° = 1. As well

Sy,

7=0 r=1

[4+4pi(L " 4] 4oL+ 07 4 )

oL+ p” o )L+ pt )
L+p)A=p)  PA=p)]
2
1+p I+p

+4p
(52)

Y

4 [1 +
and (after some algebra)

(53) D) Ik, = —4p(l—p)/(1+ p){k =1} +4p™ (1 — p)*{k > 1}

7=0 r=1

—4p™(1 = p)*/(1+p%), k>1.

Table 6: The II;, terms.

r\j| o [ 1 | 2 [ 3 4[5
1 2 | =2ppy | 2ppipas | 20°pips | 20°pips |
2 | =2p | =20%py | 20°p1ps | 20" P1ps | 20°p1po
3 || =2pp1 | =20%py | 20°pipa | 20°P1p2 | 207 P1ps
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The calculation of Ay and By of Theorem 6 (with m = 1) is tedious. We will use

T t-2

Z ka 1)_ _< p2 )1_p2T2
2 — 2 ECRE
t=3 k=1 —r 1=p*) 1=p
and
T -2 T -2
D= Y= Ty _( P )1—p2T3
2 2 OIS
=3 k=2 =4 k=2 L=p L—p L=p
From the definition of AT, (50) and (51), we have
2(1 2 [ T PPN L= (= p)(1—p?)
Ap =
1+p 1 P2 \1—p2) 1—p? 1+ p?
T 1+p (1+p)(1+p) ’
and
1+ p°)(1 - 2(1 - p)?
By —4 |1y EEPI0=p) P g)
IT+p I+p
8 Too(l — Tu(1 — 2(1 _ 2T
+_{_ 2/ p){T>3}+{a( p) P pQ)}p
T L4p 1+p (1+p)
[T -p) pPPA=p")] PP
1+p (1+p)?2 | 1+p2

which equals

(55) BT:4[1+(1+§’1(;_’))+p£1+_p§> —(%) p(llgpp){Tz?)}

(7)ot * () d5ortem - () o

where Ar and Bp are defined in Theorem 6 and m = 1 is used.

The limit variance (as n — o0) of (n11)"?(p,, — p) is now obtained by multiplying
Apvar(el) + Bro* by (1 + p)?/40?, viz.,

(56) Vigur = 1 {(1 -p°)? pPA-p)( - 2/)”’2)}

2/ 2
AR I (1/2)var(e;, /o)

F A= )+ TR (2 - T 2 9)

T\ 21— %) (2 p(1—p*2) (2
o (B0 =) (2N =) (2 sy
T1 1+ ,02 T1 1+ p2 T1
As a special case, if T = 2 and ¢;; ~ N(0,0?), then var(e?,/o?) = 2 and V), r is simplified to
(57) ‘/ols,T = (3 - p)(l + p)u T= 27 Eit ™~ N<O7 02)'

It is also easily verified that V7 — 2(1+ p) as T — oo.
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The Variance of DDLS When p=1

Next, we calculate the variance of the DDLS (double-differencing least squares) estimator 0
for p = 1. According to Phillips and Han (2005), Ay, = > o ¢jen—j and 7, = >0 djei—j,
where

(58) =0, c1=1c=—2-p), a=p"(1=p? k>3

(59) do =2, dy = =4+ ¢c1, dy =2+ ¢ca, dp = Pcg, k > 3,

with ¢ = (4 — p)(1 + p)/(3 — p) and 0° = 1. When p = 1, we have
co=0,c1=1,co=—-1, ¢, =0, k>3,
d0:2,d1:—1,d2:—1,dk20, kZB

So

[e's) T t—m—1 oo

Zc?d? = 2 and Z Z chd Cjgrljrr = —Thia,
0

t=m+2 r=1 j5=0

and because

Iy, =2, Ilpp, = —2, and II;, = 0 for all other j and r,

we have
co 0o T t—-m—-1 o0 o
2
DG, =8 0 > D> D> MWl =0
7=0 r=1 t=m—+2 k=1 j5=0 r=1

For the DDLS estimator é, we use m = 2, and thus, by Theorem 6, when p =1 and T > 2,

n T
(nTy)~/? Z Z Ay 17 —a N<0, 2var(e2,) /Ty + 804>,

1=1 t=3

nTy) S SO (A% 1)? = 20* by Theorem 5, we have § = 1

and because plim,,;-_, . (

and as nT" — oo,
(nTy)20 —,4 N(O, var(ez,/o?) /2Ty + 2).

Proof of Lemma 4. Recall that the model is y;; = a; + w;; with uy = puy—1 + €. Let

the sequence be initialized at u;y. Then

t—1

; ,
Ujp = P Uip + E P Eit—j,

J=0
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and therefore

t—2
Ayy—1 = Duy—y = p 2 (p— Dug + 41 + (p— 1) Z Pl e,
=1

and
E(Ayi1)* = (p— 1?0 DB + [1+ (p— D2 (1 + p* + -+ p*79)] 07
P—1Y\ o949 o
= 202 1 P2 2t-2)
2o+ 1)+ (7 ) o,

where (p?> — 1)Eu}/o? + 1. (We can verify the calculation by checking with the case of
p < 1, where £, = 0 and therefore E(Ay;;—1)* = 20%/(1+ p) as in Lemma 9.) Next, because
Ny = 2A¢8i; + (1 + p)Ayis—1, we have

(61) EAyia_iny, = (p— 1)p* 2%,

The results follow from (60) and (61). |

Next we show that the moment conditions (15) and (16) make the expected first derivative
matrix (D) block diagonal and if Ee} = 0 then the variance-covariance matrix (£2) is block

diagonal too when evaluated at the true parameter. For convenience, we write (15) and (16)

again as
T
EAit(p, 6) =F Z AZit_l[QAZit —+ (1 - p)AZzt] = O,
t=2
T

EBy(p,p) = FE Z(ﬂ%t — pdie—1) [(Yir — pUir—1) — (& — pia—1)' 8] = 0,
t=1
where Az = Ay, — Axl,[5.
For the D matrix, we need to show that F0A;; /05 = 0 and FOB;;/0p = 0 when evaluated
at the true parameter. Because Azy; = Auy and §y = (%5 — piy—1)'8 + pYi—_1 + € when

evaluated at the true parameter, we have

0A; d
E 8/8t = —E Z [Axitflnit + Auzt{Qszt —+ (1 - p)Axitfl}:| = 07
t=2
OB; S
E 8pt = —EZ [mitflgit + (.’ﬂit - P$it71)uit71:| =0,

t=1
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where 1;, = 2Au; + (1 — p)Auy_q and ;1 = uyy — T F 23:1 Uis—1 = Yit—1 — Thy_1 8. So
the D matrix is block diagonal. Next, for the 2 matrix, at the true parameter,

T
E ) (& — piiea é?n] ZAu@t mzt] =0,
t=1

when Fey; = 0, Ee, = 0 and g5 are #id. So the Q matrix is also block diagonal under the

Eth Azt -

zero third moment assumption.
Now let us obtain the limit behavior of U,r(c) of (23) under the local to unity setting
p=p,r=1—n"Y2T"1c Clearly,

n

Unr(c) = —nlog (17 (p,7)|/ 12 (1)]) — % > (Ay) [Qr(par) ™t = ()7 (Awa),

=1

where Q7 (+) is defined in (24). Under the alternative hypothesis that n'/?T(1 — p) = c,
EU(e) = n(trQr(p,r) — T = og [ (p,r)] )
1—- T 1 - T

1+ PnT 1+ PnT
where the determinant is calculated in Han (2006, Theorem 2). Because
x —log(1+z) = 2%/2 — o(2?)
when z is close to zero, we have

EU,r(c) = nT?(1 = p,r)? o <”T2(1 - pnT)Q) _ ¢? +0(1) — f
! 2<1 +pnT)2 (1 +pnT)2 2(1 +pnT)2 .

8
The variance is calculated from the fact that var(z’Az) = 2tr(A’A) if z ~ N(0,1) and A is

symmetric. In our case,

o2 Ay, [Qr(p) ™" = Qr(1) 7 Ay = 2L [Ir — Qr(p)] 2z = 2/Qrz,  say,
where z; = 07 'Qr(p) "2 Ay; ~ N(0,1) and

Qr = Toeplitz{1,1,p,...,p"}(1 = p)/(1 + p),
so that
/ 2 o1\ ] (L= por)®
var (UHT(C)) = 2ntr(QrQr) =2|T + 2(Ty + Topip + -+ + ,OnTQ)} 3
(62) _ 2001 —pyr)® | An(l = por)? { n o p(l— pi?)}
(L4 ppr)? 1+ ppr)® 1= ppr (1= pip)?
The first term of (62) is [1+0(1)]c?/2T when n'/?T(1 — p, ) = c. (The notation o(1) means

here that the relevant term disappears as n — 00.) The second term can be handled by the

following lemma.
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Lemma 11 For every c,
(L~ ) = 2T T)e - (/TR — T + OG-t

Proof. From the binomial expansion of p>7t = (1 — n=/2T71¢)?"1 | we have

2T

2T _ 1 \k
n(l — p2it) = —n; ( k‘l) (=n712T )"

The first two terms of the lemma correspond to & = 1 and k = 2 respectively. For the

remainder term, note that

2Ty 2T 1-k/2 k o0 k
2T 2 2
nz < k1) (n—1/2T—1c)k < Z n k|( c) < p 12 Z ( ]:') _ 7’1,_1/2620,
k=3 k=3 ’ k=0 ’
which is O(n~'/?) as stated. n

Whether T is fixed or T" — oo as n — oo, we have, after some algebra,
var(UnT(c)) — /2.

In the derivation of this variance, we can also verify that it is uniformly bounded, which is
sufficient to invoke the Lindeberg CLT for U, r(c). Thus,

Unr(c) —q N(c?/8,c%/2).

Now establish a similar CLT for U,z (c) of (28) under the local to unity setting p = p,; =
1 — ¢/+/nT} for some ¢ > 0. The algebra is tedious, and is therefore separated into several

-1/2

pieces in the following lemmas. First, to evaluate EUnT(C) when 1 — (nT7)~"/?c is the true

p parameter, we obtain an algebraic expression of Qg (1)~
Lemma 12 Let Ap = Toeplitz{T,, T} — 1,...,1}, Arg = Ar and

. Ojxj  Ojxm-2)  Ojxj
AT,j = O(T1—2j)><j AT—2j O(T1—2j)><j g =12 [(Tl - 1)/2]7
Ojxj  Ojxri2j) O
where [z] denotes the greatest integer not exceeding x and Oy, denotes the p x q matriz of
zeros. Then

Ty /2

(T2/2]
Qr() =T7" > Ap.
j=0
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Proof. Use mathematical induction. ]

Lemma 13 Let Sy = k* + (k — 2)* + --- (1 or 2)?, where the last term is 1 if k is odd and
2 otherwise. Then Sy, = k(k + 1)(k + 2)/6.

Proof. We use mathematical induction as follows. First, S; =1=1-2-3/6 and S, =4 =
2-3-4/6. Next, suppose that Sy = k(k + 1)(k 4 2)/6 is true. Then

Spra=(k+2?+ Sy =(k+2*+k(k+1)(k+2)/6 = (k+2)(k+3)(k+4)/6,

which gives the result. ]

Now we consider EU,r(c) where n'/2T"*(p— 1) = ¢ > 0. Let
(63) prlp) = tr{[Or(p) = (V0 (1) 7} — log [ () 3r(1) 7"
= tr [Or(p)0r(1)"| = T3 — 10g [ (p)| + log T,

50 EUyr(c) = njip(por). Let pyp(p) = tr Qr(p)Qr(1) ™! =Ty and pyr(p) = log |Qr(p)| —log T
so that ur(p) = pyr(p) — per(p). We shall first investigate py1(p) and pop(p) separately.

Lemma 14 We have

T,(1 — 9 1 &
tar(p) = f +pp> + 7 s (1 - T};f) = fr(p) +gr(p), say.

Proof. By Lemma 12, we have

T L
pr(p) = 7 > teQr(p)Ap,; — Ty = T > trQrogi(p)Ar s — Th.
=0

J=0

The result can be obtained through some tedious workings using tr Q2 Ay s = Z?;é w;(k—
7)? and Lemma 13. ]

The determinant of Q7 (p) is calculated in Han (2006, Theorem 2) as follows.

Lemma 15 We have

—1 22 33
Q1) L o5 PR AU =T+ (T4 o)L= p) T+ (1= )T

— 1+ he(p), sy
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Remember that fiyp(p) = log |QT(P)|/|QT(1)| and pr(p) = pyr(p) = par(p), ie.,
pr(p) = fr(p) + gr(p) = log[1 + hr(p)),
where fr(-) and gr(-) are defined in Lemma 14 and Ar(-) in Lemma 15. Thus
(64) EUnt(pur) = npiz(pur) = nfr(pur) + ngr(pur) — nlog[L + hr(pyr)).
For the first term of (64) we only note that
(65) nfr(pur) = (nT1)c/(1+ pur)

when p,r = 1—(nTy)~Y2¢. To handle ngr(p,z), let Ty, = Hf;ll(l—j/Tl) =T\ /(Ty—k)\TF
for 2 <k <T) and Iy = 1. Let M7 = T\ /+/n. We consider the case M, — 0.

Lemma 16 If T1/\/n — 0 and ¢ € (0, 1], then

c? Tl c? 1_IT 3MnTT11/263
n nr) = T nr) T o + 7 +otl).
9r(pnr) = nf1(Pur) 31+ pr) 3(1+py) 1200+ pg) @

Proof. Let a,r =1 — p, = (nT1)"*?c. Then

T
1 ; n
n (1 T ;Ph) = agT [(1 - anT>T it TanT)}
T Ty
__n T k_ M I+1 ket
= a2 () e = o 2 () ) e

— _n Z %H (71;1> (—anr)",

where the second line comes from the binomial expansion of (1 — a,7)?. In the last summa-

tion, the first three terms (corresponding to & = 1 through & = 3) construct the important
terms in the lemma. (It is only a matter of calculation.) Truncating the terms for &k exceed-
ing 3 is valid because the term for k = 4 is O(M?;) = o(1) and the sum of the rest is at
most O(n'=%/4). |

Now the last term nlog[l + hr(p,r)] is to be expanded. When 73/n — 0, we have

hr(p,r) — 0 as n — oo (see (69) below), and therefore we may expand the logarithm by

(66) log(l+z) = Z (—I)Tx + o(z™),
k=1
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which is valid if = is close to zero. The choice of K can be made as follows. Since p,,; =

1 — ¢/«/nT, we have
(67) n(1 = pop) T = n! 2T

Especially, n(1 — p,,p)YT{ = M2rc*, and n(1 — p,p)°T7 = M3,T, V205 = Msﬁn_l/‘lcf’. This
fact, together with (66), gives us

& )" (par)”
(68) nlog[l + hr(p,r)] nkZ - +o(1),
when ¢ € (0,1]. (Expand up to the fourth order. Then the remainder is o(M?2) and the
fourth term itself is O(M?2;).) So we shall expand it up to the third order. Due to Lemma
15 and (67), we have

1

— 82+ p, n’l/le/zc—l— 7+ p, n T 02+n’3/2T3/2c3].

(69) hr(pnr) =

Since any term involved with n=*/ 2le ek for k> 3 is negligible when multiplied by n, we

have the following results.

Lemma 17 If Ty /\/n — 0 and ¢ € (0, 1], then

2T102 2c? ]\InTjﬂllﬂc3
nh nT) — 2 nr) T - —old ’
2M, T3
nhr(p,r)? = Thc® + %C +o(1),

nhr(p,r)® = MurT)?¢* + o(1).

Proof. By direct calculation. [ ]

Now we can obtain the limiting mean of U,z(c).

Lemma 18 IfT)/\/n — 0, then EU,p(c) — ¢2/2.

Proof. Combine (64), Lemmas 16 and 17, and (68). Simplify using the fact that

T T (Ty/n)2e Y S e

_ = s an = + )

and the result follows immediately. [ ]
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For the variance of U,z (c), recall as above that the variance of 2/Az where z ~ N(0, I,,))
is 2tr (A’A). So we have

var (Unr(c)) = 2nt1(Q”Q°), Q° = Qrl(por) [0 (prr) ™ = (1) Q0 (pr) V2.

Because tr(AB) = tr(BA) when AB and BA are both defined, we have

(70) var(UnT(c)) =2ntr(QQ), Q= [Qr(p,r) — Qr(1)]Qp(1)~

Obviously,

Qr(p) — Qp(1) = Toeplitz{wi(p), wi(p),wa(p), ..., wn(p)},
where wi(p) = 4(1 = p)/(1 + p) and wi(p) = —(3 = p)(1 = p)/(1 + p). Split

(71) Qp(p) — Qr(1) = Toeplitz{4,—2,0,...,0}- (1 —p)/(1+ p)
—Toeplitz{0,1,0,...,0} - (1 — p)?/(1 + p)
+Toeplitz{0,0,1, p,...,p"*} - (1 — p)* /(14 p)
= (1+p)'[(1 = p)Dir — (1 = p)*Dar + (1 = p)*Dsr], say.

We observe that D7 = ZQT(l). Other terms are involved but can be shown to be negligible
when (70) is calculated if 71 //n — 0.

Lemma 19 The following are true:

(Z) Tl,(l — pnT)2tI'D1TQT(1)_lDlTQT<1)_1 = 402,'

(22) 0< n(l — pnT)4trD2TQT(1)71D2TQT<1)71 < n’1T204/4;

(ZZZ) 0< n(l - pnT)GtI'DgTQT(].)_ngTQT(].)_1 S n_1T204/4;

(iv) 0 < n(l — p,7p)*trDypQp(1) " DopQp(1)~F < n~12TV263;

() 0 < n(1l = por)trDrrQr (1)~ DarQp(1) 7! < n =272

vl <n(l-— tr 2T~T N 3T~T = <n c .

(vi) 0 <n(l = pop)°trDarQr (1)~ DarQr (1)~ 'T2ct /4
Proof. (i) Obvious because 1 — p, = (nT})~/?c and Dy = 2Q4(1). (ii) Because all the
elements of Dy and Q;p(l)’1 are positive, the trace is no bigger than tr (DypBDyrB) for

any B whose elements are no smaller than the elements of Qp(1)~'. By Lemma 12, the
elements of Q7 (1)~! are bounded by 7/4, so

tI‘DQTQT(l)_lDQTQT(l)_l S (T2/16)tI'D2TLL/D2TLL/ = (T2/16)(L/D2TL)2 = T2T22/4
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The result follows immediately because n(1 — p,7)* = n='T, 2c*. (iii) Similarly, we have
(72) tI‘DgTQT(l)_ngTQT“.)_l S (T2/16)<L/D3TL)2.

But

T, 1—pt 2T,
L/D3TL22(T3—|—T4pn —}—TSpi _|_+p77;4) =9 _ nT < :
! ! ! L=pyr (1= pur)? 1= pur

thus (72) is bounded by T?T3/4(1 — p,7)?, implying the result. The remainder are similarly
proved. [ ]

Now the limiting variance is straightforwardly obtained.

Lemma 20 If T)/\/n — 0, then varUy,z(c) — 2¢2.

Proof. By (70) and (71),

varU,r(c) = 2(1 + pp) 2 [n(l — 52t D1 (1) "Dy Qi (1)
+n(1 — p,7) trDorQr (1) DyrQp (1)1
+n(1 = pp) trDapQp(1) " DspQp (1)~}
—2n(1 — p,p)*tr Dy Qr(1) " DorQp (1)~
+2n(1 — pop) trDypQr(1) " DypQp(1) 7
—2n(1 — pop)*tr Dor Qe (1) DarQp(1) 7.

(73)

By Lemma 19 above, only the first term is important when T;/y/n — 0. More specifically,
varUpr(c) = 2(1 + p,p) 2[4 + o(1)] — 262

when n=1/27, — 0. [}

With the limiting mean and variance in hand, we can now prove (29) by establishing

asymptotic normality for U,r(p,r) as follows.

Proof of (29). Thanks to Lemmas 18 and 20, it remains to show the asymptotic normality
of Unr(c). Rewrite

Ourle) = =3~ {0 A% (o)™ = Q1) (0™ A%

+ [log Q7 (pyr)| — log |QT(1)|] }

n
= - § 2ﬂnT,z’? say.
i=1
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For asymptotic normality, we need to prove that the Lindeberg condition holds for the array

(wnT,i)ﬂ ViZ.,

Z Ewim{@/}im > e} = En¢iTz{n¢iTz > ne} — 0 for all e > 0.

=1

This condition is satisfied because lim sup,, r nEwiTﬂ- < 00 due to (73) and Lemma 19 when
n_l/QTl — 0. |
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