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ABSTRACT

Weak convergence of partial sums and multilinear forms in independent random variables and linear processes
to stochastic integrals now plays a major role in nonstationary time series and has been central to the development
of unit root econometrics. The present paper develops a new and conceptually simple method for obtaining such
forms of convergence. The method relies on the fact that the econometric quantities of interest involve discrete
time martingales or semimartingales and shows how in the limit these quantities become continuous martingales
and semimartingales. The limit theory itself uses very general convergence results for semimartingales that were
obtained in work by Jacod and Shiryaev (2003). The theory that is developed here is applicable in a wide range of
econometric models and many examples are given.

One notable outcome of the new approach is that it provides a unified treatment of the asymptotics for stationary
autoregression and autoregression with roots at or near unity, as both these cases are subsumed within the martingale
convergence approach and different rates of convergence are accommodated in a natural way. The approach is also
useful in developing asymptotics for certain nonlinear functions of integrated processes, which are now receiving
attention in econometric applications, and some new results in this area are presented. The paper is partly of
pedagogical interest and the conceptual simplicity of the methods is appealing. Since this is the first time the methods
have been used in econometrics, the exposition is presented in some detail with illustrations of new derivations of
some well-known existing results, as well as some new asymptotic results and the unification of the limit theory for
autoregression.
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1. Introduction

Much of the modern literature on asymptotic theory in statistics and econometrics involves the weak convergence
of multilinear forms and U —statistics in independent random variables, martingale-differences and weakly dependent
innovations to stochastic integrals (see, among others, Dynkin and Mandelbaum, 1983, Mandelbaum and Taqqu,
1984, Phillips, 1987a & b, Avram, 1988, and Borodin and I. A. Ibragimov, 1995). In econometrics, the interest
in this limit theory is frequently motivated by its many applications in regression asymptotics for processes with
autoregressive roots at or near unity (inter alia, see Phillips, 1987a & b, Phillips and Perron, 1988, Park and Phillips,
1988, 1989, Phillips and Magdalinos, 2004, and the references therein). Recent attention (Park and Phillips, 1999,
2001, De Jong, 2002, Jeganathan, 2003a, b, Poetscher 2004, Saikkonen and Choi, 2004) has also been given to the
limit behavior of certain types of nonlinear functions of integrated processes. Results of this type have interesting
econometric applications that include transition behavior between regimes and market intervention policy (Hu and
Phillips, 2004), where nonlinearities of nonstationary economic time series arise in a natural way.

Traditionally, functional limit theorems for multilinear forms have been derived by using their representation
as polynomials in sample moments (via summation by parts arguments or, more generally, Newton polynomials
relating sums of powers to the sums of products) and then applying standard weak convergence results for sums of
independent or weakly dependent random variables or martingales. Avram (1988), for example, makes extensive
use of this approach. Thus, in the case of a martingale-difference sequence (e;), weak convergence of the partial sum
process n~1/2 Zglrl] €; to a Brownian motion limit process W = (W (r),r > 0) by Donsker’s theorem implies that
the bilinear form

(1.1) %Z( . ei)et

converges to the stochastic integral [ W (v)dW (v). This approach has a number of advantages and has been exten-
sively used in econometric work since Phillips (1987a).

The approach also has drawbacks. One is that the approach is problem specific in certain ways. For instance, it
cannot be directly used in the case of statistics like Zj;l Yp—1Ut, where yp = apyr—1 +ug, t =1,...,n, and o, — 1
as n — 00, that are central to the study of local deviations from a unit root in time series regression. Of course,
there are ways of making the usual functional limit theory work (Phillips, 1987b; Chan and Wei, 1987 & 1988) and
even extending it to situations where the deviations are moderately distant from unity (Phillips and Magdalinos,
2004). In addition, the method cannot be directly applied in the case of sample covariance functions of random
walks and innovations, like V,, = n~1/2 Sy f (ﬁ z:i ei)et, where f is a certain nonlinear function. Such sample
covariances commonly arise in econometric models where nonlinear functions are introduced to smooth transitions
from one regime to another (e.g., Saikkonen and Choi, 2004). To deal with such complications, one currently has to
appeal to stochastic Taylor expansions and polynomial approximations to V.

At a more fundamental level, the standard approach sheds little insight into the underlying nature of limit results
such as n~1 32" (Y e)er — Jo W(s)dW (s) or [; W(s)dW (s)+ 7 for some constant A in the case of weakly
dependent €;. Such results are, in fact, the natural outcome of convergence of a sequence of (semi)martingales to a
continuous (semi)martingale. As such, they may be treated directly in this way using powerful methods of reducing
the study of semimartingale convergence to the study of convergence of its predictable characteristics. Jacod and
Shiryaev (2003, hereafter JS) pioneered developments in stochastic process limit theory along these lines (see also He,
Wang and Yan, 1992, hereafter HWY), but the method has so far not been used in the theory of weak convergence
to stochastic integrals, nor has it yet been used in econometrics.

The asymptotic results for semimartingales obtained by JS have great generality. However, these results appear
to have had little impact so far in statistics and none that we are aware of in econometrics. In part, this may be due
to the fact that the book is difficult to read, contains many complex conceptualizations, and has a highly original
and demanding notational system. The methods were recently applied by Coffman, Puhalskii and Reiman (1998)
to study asymptotic properties of classical polling models that arise in performance studies of computer services.
In this interesting paper, Coffman, Puhalskii and Reiman showed, using the JS semimartingale convergence results,
that unfinished work in a queuing system under heavy traffic tends to a Bessel type diffusion.



One goal of the present paper is pedagogical - to show how the JS approach may be used to develop quite
general asymptotic distribution results in time series econometrics and to provide a unifying principle for studying
convergence to limit processes and stochastic integrals by means of semimartingale methods. The main advantage
of this treatment is its generality and range of applicability. In particular, the approach unifies the proof of weak
convergence of partial sums to Brownian motion with that of the weak convergence of sample covariances to stochastic
integrals of Wiener processes. Beyond this, the methods can be used to develop asymptotics for time series regression
with roots near unity and to study weak convergence of nonlinear functionals of integrated processes. In all these
cases, the limit theory is reduced to a special case of the weak convergence of semimartingales.

For the case of a first order autoregression with martingale-difference errors, we show that an identical con-
struction delivers a central limit theorem in the stationary case and weak convergence to a stochastic integral in
the unit root case, thereby effectively unifying the limit theory for autoregressive estimation. In fact, the approach
enables a unified treatment of the stationary, explosive, unit root and local to unity cases. In all these cases,
normalized versions of the estimation error are represented in martingale form as a ratio X, (r)/ [Xn]yla/ ?. where
X, (r) is a martingale with quadratic variation [X,]., and the limit theory is delivered by martingale convergence
in the form X, (r) /[Xn]}/2 —q X (1) /[X]}n/z, where X (r) is the limiting martingale process. To our knowledge,
no other approach to the limit theory is able to accomplish this. As we will show, the martingale approach allows
in a natural way for the differences in the rates of convergence that arise in the limit theory for autoregression. In
contrast, conventional approaches require separate treatments for the stationary and nonstationary cases, as is very
well-known.

In addition, the present paper contributes to the asymptotic theory of stochastic processes and time series in
several other ways. First, applications of the general martingale convergence results to statistics considered in this
work overcome some technical problems that have existed heretofore in the literature. For instance, the global
strong majoration condition in JS that naturally appears in the study of weak convergence to a Brownian motion
is not satisfied in the case of weak convergence to stochastic integrals. This failure may explain why the martingale
convergence methods of JS have not so far been applied to such problems. The present paper demonstrates how this
difficulty can be overcome by means of localized versions of general semimartingale results in JS that involve only a
local majoration argument. These new arguments appear in the proofs of Theorems 5.1, 5.2 and 6.1.

Second, we provide general sufficient conditions for the assumptions of JS semimartingale convergence theorems
to be satisfied for multivariate diffusion processes, including the case of stochastic integrals considered in this paper
(see Section 11 and, in particular, Corollary 11.1). These results provide the key to the analysis of convergence to
stochastics integrals and, especially, to the study of the asymptotics of functionals of martingales and linear processes
in Theorem 6.1. Third, the general approach developed in this paper can be applied in a number of other fields
of statistics and econometrics, where convergence to Gaussian processes and stochastic integrals arise. These areas
include, for instance, the study of convergence of general multilinear forms and U—statistics to multiple stochastic
integrals as well as the analysis of asymptotics for empirical copula processes, both of which are experiencing growing
interest in econometric research.

The paper is organized as follows. Section 2 introduces the main definitions and notations used throughout the
paper. Section 3 discusses the general JS results for convergence of semimartingales in terms of their predictable
characteristics. Section 4 contains applications of the approach to partial sums and sample covariances of independent
random variables and linear processes. Sections 5 and 6 present the paper’s first group of main results, giving
applications of semimartingale limit theorems to weak convergence to stochastic integrals, including some general
classes of nonlinear functions of integrated processes. Section 7 applies the results to stationary autoregression and
unit root regression. Section 8 provides extensions to multivariate cases, including new proofs of weak convergence
to multivariate stochastic integrals. This section gives results on weak convergence of discontinuous martingales
(arising from discrete time martingales) to continuous martingales and completes the unification of the limit theory
for autoregression. Section 9 provides an explicit unified formulation of the limit theory for first order autoregression
including the case of explosive autoregression which can also be handled by martingale methods. Section 10 concludes
and mentions some further applications of the new techniques.

Sections 11-13 are appendices that contain definitions and technical results needed for the arguments in the body
of the paper. These appendices are intended to provide enough background material to make the body of the paper
accessible to econometric readers and to make the paper a self-contained resource for econometricians. In particular,



Section 11 presents sufficient conditions for semimartingale convergence theorems to hold in the case where the
limit semimartingale is a diffusion or a stochastic integral. Section 12 provides results on Skorohod embedding of
martingales into a Brownian motion and rates of convergence that are needed in the asymptotic arguments. Section
13 contains some auxiliary lemmas needed for the proof of the main results.

2. Definitions

Throughout the paper we use standard concepts and definitions from stochastic process theory. To aid the
presentation of the results of the paper, we state here some fundamental notions of semimartingale theory. In what
follows, the processes are defined on a probability space (2,3, P) that is equipped with a filtration F = (S, s > 0)
of sub-o—fields of . The definitions formulated below are based on the treatment in JS and HWY to make reference
to those works more convenient, but they are adapted to the continuous process case that is studied in this paper.

Denote Ry = [0,00), N={1,2,....,} and Z = {...,—2,-1,0, 1,2, ...}. Throughout the paper, I(-) stands for the
indicator function.

Definition 2.1 (Increasing processes, Definition 1.3.1 of JS; Definition I11.8.41 of HWY). A real-valued process
X = (X(s),s >0) with X(0) = 0 called an increasing process if all its trajectories are non-negative right-continuous
increasing functions.

Definition 2.2 (Processes with finite variation, Definition 1.3.1 and Proposition I1.3.3 in JS; Definition I11.3.41
in HWY). A real-valued process X = (X(s),s > 0) is said to be of finite variation if it is the difference of two
increasing processes Y = (Y (s),s > 0) and Z = (Z(s),s > 0), viz.,, X(s) = Y(s) — Z(s), s > 0. The process
Var(X) = (Var(X)(s),s > 0), where Var(X)(s) =Y (s) + Z(s), s > 0, is called the variation process of X.

Definition 2.3 (Strong majoration, Definition VI.8.84 in JS). Let X = (X (s),s >0) and Y = (Y (s),s >0

two real-valued increasing processes. It is said that X strongly majorizes Y if the process X =Y = (X (s)=Y (s), s
18 itself increasing.

|\/\_/
\./m

Definition 2.4 (Semimartingales, Definition I.4.21 in JS; Definition VIIL.8.1 in HWY). An R%—valued process
X = (X(s),s>0), X(s) = (X(s),..., XUs)) € R, is called a d—dimensional semimartingale with respect to F (or
a d—dimensional F—semimartingale for short) if, for all s >0 and all j =1, ...,d,

(2.2) XI(s) = X7(0) + MI(s) + B(s),

where X7(0), j = 1,...,d, are finite-valued and Io—measurable random variables, M7 = (M7 (s),s > 0), j =1, ...,d,
are (real-valued) local F—martingales with M7(0) = 0, j = 1,...,d, and B’ = (B’(s),s > j=1
(real-valued) F—adapted processes with finite variation.

Definition 2.5 (Quadratic variation, Section I.4e in JS; Section VI.4 in HWY). Let M = (M(s),s > 0) be a
continuous square integrable martingale. The quadratic variation of M, denoted [M, M|, is the unique continuous
process [M, M] = ([M, M](s),s > 0), for which M? — [M, M| is a uniformly integrable martingale which is null at
s = 0 (existence and uniqueness of [M, M] holds by Doob-Meyer decomposition theorem, see Theorem V.5.48 and
Section VI.4 in HWY).

3. Predictable characteristics and convergence of continuous semimartingales

Let X = (X(s),s > 0), where X (s) = (X1(s), ..., X4(s)) € R%, be a continuous d—dimensional F—semimartingale
on (2,S, P). Then X admits a unique decomposition (2.2); furthermore, the processes B/ = (B’(s),s > 0), j =
1,....,d, and M7 = (M’(s),s > 0), j = 1,...,d, appearing in (2.2) are continuous (see Lemma 1.4.24 in JS).



Definition 3.1 (Predictable characteristics of continuous semimartingales, Definition 11.2.6 in JS). The
R?—valued process B = (B(s),s > 0), where B(s) = (B(s),..., B4(s)), s > 0, is called the first predictable
characteristic of X. The R™?—valued process C = (C(s),s > 0), where C(s) = (C¥(s))1<; j<a € R4, C¥(s) =
(X%, X9)(s), s>0,14,j =1,...,d, is called the second predictable characteristic of X.

In the terminology of JS (see Section II.2a in JS), X = (X(s),s > 0) is a semimartingale with the triplet of
predictable characteristics (B, C,v), where the third predictable characteristic of X (the predictable measure of
jumps) is zero in the present case, i.e., v = 0. Furthermore, since X is continuous, the triplet does not depend on a
truncation function.

Definition 3.2 (Martingale problem, Section IIL.2 in JS). Let X = (X(s),s > 0), X(s) = (X*(s),..., X%(s)) €
R? be a d—dimensional continuous process and let H denote the o—field generated by X (0) and Lo denote the
distribution of X (0). A solution to the martingale problem associated with (H,X) and (Lo, B,C,v), where v =0,
is a probability measure P on (Q,) such that X is a d—dimensional F—semimartingale on (Q,, P) with the first

and second predictable characteristics B and C.

Throughout the rest of the paper, we assume that (2, ) is the Skorohod space (D(Ri), D(Ri)), where Ry =
[0, 00). A limit process X = (X (s),s > 0) appearing in the asymptotic results is the canonical process X (s, o) = «(s)
for the element o = (a(s),s > 0) of D(R?) (see Section VI.1 and Hypothesis IX.2.6 in JS) and F is the filtration
generated by X. In what follows, —4 denotes convergence in distribution in an appropriate metric space and —p
stands for convergence in probability. The symbol =; means distributional equivalence. For a sequence of random
variables &,, and constants a,, we write £, = Op(1) if the sequence &, is bounded in probability and write &,, =
Oa.s.(an) if &, /an —q.s. 0. Further, W = (W(s),s > 0) denotes standard (one-dimensional) Brownian motion on
D(R.). All processes considered in the paper are assumed to be continuous and locally square integrable, if not
stated otherwise. Throughout the paper, K and L denote generic constants, not necessarily taking the same values
from one place to another.

Let X, = (Xn(s),s > 0), X
semimartingales on (Q,S, P). F
in IX.3.38 of JS,

= (X}(s),..., X%(s)) € R, n > 1, be a sequence of d—dimensional continuous
>0 and an element a = (a(s),s > 0) of the Skorohod space D(R%), define, as

()

S%(a) = inf(s : |a(s)] > a or |a(s—)| > a),
(3.1)
S =1inf(s: | X,(s)| > a),

where a(s—) denotes the left-hand limit of « at s. For r > 0 and a € D(R%), denote

(3.2) ) (z) = alz —7),

z € R% For r > 0, introduce the processes B(,) = (B((s),s > 0) and C,) = (C;y(s),s > 0), where

(33) F(r) (S, O‘) = B(S + 7, a(7")) - B(Tv a(r))y

(3.4) C’(r)(s,a) = C(S + T,a(,«)) — C(T,a(r)),
o€ ]D)(Ri), s> 0.

The following theorem gives sufficient conditions for the weak convergence of a sequence of continuous locally
square integrable semimartingales. This theorem, together with Theorem 3.2 below, provides the basis for the study
of asymptotic properties of functionals of partial sums in subsequent sections.

Throughout the rest of the section, B, = (B, (s),s > 0) and C,, = (Cy(s),s > 0), where B,(s) = (B}(s), ...,
Bl(s)) and Cy(s) = (C¥(s))1<ij<a, s > 0, denote the first and the second predictable characteristics of X,
respectively.



In what follows in our initial applications of the martingale convergence argument, both X,, and X are continuous.
Then, in the corresponding results in JS, the third predictable characteristics of X,, and X are zero (i.e., v,, = v = 0),
the first characteristics without truncation of X,, and X are the same as B,, and B (i.e., B], = B,,, B’ = B), and the
modified characteristics without truncation of X,, and X are the same as C,, and C (i.e., C 0= Ch, C' = (). The
final section of the paper will consider the case where X,, has discontinuities and X is continuous. This extension
is particularly valuable in providing a martingale convergence proof of weak convergence of sample covariances to a
multivariate stochastic integral.

Theorem 3.1 (see Theorem IX.3.48, Remark IX.3.40, Theorem II1.2.40 and Lemma IX.4.4 in JS and also the
proof of Theorem 2.1 in Coffman, Puhalskii and Reiman, 1998). Suppose that the following conditions hold:

(A1) The local strong magjoration hypothesis: For all a > 0, there is an increasing, deterministic func-
tion F(a) = (F(s,a), s > 0) such that the stopped real-valued processes (Z?Zl Var(B7)(s A Sy,a),s > 0) and
(CH (s A Sq,ax),s > 0), j=1,...,d, are strongly majorized by F(a) for all « € D(R%) (see Definitions 2.2 and 2.3).

(A2) Uniqueness hypothesis: Let H denote the o—field generated by X (0) and let Ly denote the distribution
of X(0). For each z € R% and r > 0, the martingale problem associated with (H,X) and (Lo, B(ry, C(r), V), where
X(0) =z a.s. and v =0, has a unique solution P, , (see Definition 3.2).

(A3) Measurability hypothesis: The mapping (z,7) € RY x Ry — P, .(A) is Borel for all A € S.

(A4) The continuity condition: The mappings « — B(s,a) and « — C(s, ) are continuous for the Skorohod
topology on D(RYL) for all s > 0.

(A5) X5(0) =4 X(0).

(A6) [sup — Bioc]  SUPg<s<n [Bu(s A Sy) — B(s A S, X,,)| —p 0 for all N € N and all a > 0.
Yioe = R4]  Cr(sAS%) —C(sNS* X,,) —p 0 forall s >0 and a > 0.

Then X,, —q4 X.

A sufficient condition for (A6) is the following:
(A6’) [sup — 3] SUPg<s< | B (s) — B(s, X,)| —p 0 for all N € N;
[sup — 4] SUPg<s< N |Crn(s) — C(s,Xn)| —p 0 for all N € N.
In the case when the limit semimartingale X satisfies the condition of global strong majoration (see condition
(B1) below), conditions (A2)-(A4) and (A6’) of Theorem 3.1 simplify and the following result applies.

Theorem 3.2 (Theorem IX.3.21 in JS). Suppose that the following conditions hold:

(B1) The global strong majoration hypothesis: There is an increasing, deterministic function F = (F(s),
s > 0) such that the real-valued processes (Z?Zl Var(B7)(s,a),s > 0) and (Z?Zl Cii(s,a),s >0), j=1,....d, are
strongly majorized by F for all a € ]D)(Ri) (see Definitions 2.2 and 2.3).

(B2) Uniqueness hypothesis: Let H denote the o—field generated by X (0) and let Lo denote the distribution
of X(0). The martingale problem associated with (H,X) and (Lo, B,C,v), where v =0, has a unique solution P.

(B3) The continuity condition: The mappings « — B(s,a) and « — C(s, ) are continuous for the Skorohod
topology on D(RZ) for all s > 0.

(B4) X (0) —a X(0).
(B5) [sup — B] supg..<n |Bn(s) — B(s,X,)| —p 0 for all N € N;
[v—Ry] Cn(s)—C(s,X,) —p 0 forall s > 0.



Then X,, —q X.

The essence of Theorems 3.1 and 3.2 is that convergence of a sequence of semimartingales holds if their predictable
characteristics and the initial distributions tend to those of the limit semimartingale (conditions (A5), (A6), (A6),
(B4) and (Bb)), the predictable characteristics of the limit process grow in a regular way (conditions (A1) and (B1))
and the process is the only continuous semimartingale with characteristics B and C' and the given initial distribution
(conditions (A2), (A3), (B2)). Technically, conditions (A1), (A5), (A6), (A6’) and (B1), (B4) and (B5) guarantee
that the sequence (X,,) is tight and, under conditions (A2)-(A4), (A6), (B2), (B3) and (B5), the limit is identified
(see Ch. IX in JS).

4. Invariance principles (IP) for partial sums, sample variances and sample covariances

Let (e:)tez be a sequence of random variables and let (S¢)icz be a natural filtration for (&) (that is, Sy is the
o—field generated by {ex, k < t}). The following conditions will be convenient at various points in the remainder of
the paper.

Assumption D1: (e;,3;) is a martingale-difference sequence with E(e?|Si—1) = 02 € Ry for all t and
sup;ez E(e|P|Si—1) < 00 a.s. for some p > 2.

Assumption D2: (¢;) are mean-zero i.i.d. random variables with Eet = 02 € Ry and E|e|P < oo for some
p> 2.

The following theorem illustrates the simplest possible use of martingale convergence machinery in conjunction
with the Skorohod embedding (see Appendix A2) in proving martingale limit results. Here, a sequence of discrete
time martingales is embedded in a sequence of continuous martingales to which we may apply martingale conver-
gence results for continuous martingales, giving an invariance principle for martingales with non-random conditional
variances. As is conventional, the proof requires that the probability space on which the random sequences are
defined has been appropriately enlarged so that Lemma 12.1 in Appendix A2 holds. In the proof of the main results
of the paper, (T)r>0 denote the stopping times defined in Lemma 12.1.

Later in the paper in section 8, we show how to use martingale convergence results of discontinuous martingales
(semimartingales) to continuous martingales (semimartingales) which avoid the use of the Skorohod embedding. In
doing so, these results are particularly useful in multivariate extensions.

Theorem 4.1 (IP for martingales). Under assumption (D1),

[nr

(4.1) Ln € —q o W (r).

Proof. From Lemma 12.1 it follows that
(42) —— Zﬁt =d W(T)

By (12.3) and Lemma 13.3 in the Appendix,
(43) T[nr]/n —p 0’?7".

Therefore, from Lemma 13.2 it follows that W (T},,/n) —a W (co?r). This and (4.2) imply (4.1). B

The following theorem is the analogue of Theorem 4.1 for linear processes.



Theorem 4.2 (IP for linear processes). Suppose that (ui)ien is the linear process uy = C(L)ey = Z;io Ci€t—j,
C(L) =372 i L7, where 3272 jlej| < 0o, C(1) # 0, and (er)iez satisfy assumption (D1) with p > 4. Then

(4.4) % ;ut —q wW(r),

where w? = o2C?(1).

Proof. Using the Phillips-Solo (1992) device and Lemma D in Phillips (1999) we get
(45) Ut = C(l)ét + Et,1 — Et,

where & = C(L)e; = Yo Ci€t—js G = 3= iy i and D022 [¢5] < 0o. Consequently,

k k
(4.6) dur=C(1)Y e+ —é,
t=1 t=1

and, for all N € N,

[nr] [nr]

(4.7) sup ‘\/_Zut ! Zet <

0<r<N

EO E['n,r] 2 max ‘ Ek }
Vo o<r<nl V/m |l T T o<k<nN|/nl

By Lemmas 13.4 and 13.6,

€k
43) A2l 0

By Lemma 13.3, from relations (4.7) and (4.8) it follows that, for the Skorohod metric p on D(R;),

[nr] [nr]

(\/—Zutv \/—Zet) _>P0
By Lemma 13.1, this and Theorem 4.1 imply the desired result. B

The following theorem gives a corresponding IP for sample covariances of martingale-difference sequences.

Theorem 4.3 (IP for sample covariances of martingale-difference sequences). Let (¢;)icz satisfy as-
sumption (D1) with p > 4. Then, for all m > 1,

[nr]

1
4. — W (r).
(4.9) \/ﬁ ; €t€ttm —d T W (T)

Throughout the rest of the paper, we will use the symbol 7 to denote different quantities in the proofs and 7,
will denote auxiliary sequences of random variables arising in the arguments; these quantities and sequences are not
necessarily the same from one place to another.

Proof. Construct the sequence of processes

(T v (B )) v ()

for % <s< L""nﬂ, k=1,2,... Note that M, is a continuous martingale with

k—1

i=1

.

[nr]

(4.10) Z€t€t+m M, (T[m"]-i-m 1)



by Lemma 12.1. Using Theorem 3.2, we show that M,, —4 o.W.

The first characteristics of M,, and oW are identically zero: B, (s) = B(s) = 0, s > 0. The second charac-
teristic of oW is C(o.W), where, for an element a@ = («(s),s > 0), of the Skorohod space D(Ry), C(s,a) =
[0W,0.W](s,a) = 02s. The second characteristic of M, is the process C,, = (Cy,(s),s > 0), where

E

—1

Cn(s) = [MmMn](s) = - Gf(ﬂ% - %) + 6i(s - %)

K3
Tt T
for =l < g < —mEm kb =1,2,... .

Condition (B1) of Theorem 3.2 is obviously satisfied with F'(s) = o2s. Condition (B2) of Theorem 3.2 is evidently
satisfied by Theorem 11.2 (or by Remark 11.3). Conditions (B3) and (B4) of Theorem 3.2 and [sup — §] in (B5) are
trivially met.

Tyt T,
Next, we have, for 22— <5 < o =12 ..

(11 e Cle )] =0 a2 = | et -ty (B Tomt) g gty s Toem) .

Since, by (12.2), for N € N,

(4.12) Iil;li({k :Tk—1/n < N} < KNn a.s.

for some constant K € N, condition [y — R4] in (B5) holds if

k—1 T T
4.1 T n = 2 _ 2 ( i+m 7,+m71>’
(4.13) "= <k<KNn ;(EZ o) n n —p0
and

Ty, Thtm—1

— 2 2 +m +m

(11 Ton = s [ o (T = =) | e
Evidently,

- T oe W, 7@

e - i+m  titm—-1  T¢ _ 1 2
Tin = \<hSRNn T ’21 ¢ ol 1<k<KNn Z ( n n )‘ Tiw + T

By the assumptions of the theorem and Lemma 12.1, 771(5 ) = € — o2 and n§2) = (e — o) (Ti4m — Tt+m_1 -
o?), t > 0, are martingale-difference sequences with E(n (1)) = E(ef — 0?)* < oo and sup, E(n (2)) < LE(eé}

02)?sup; E(e}|S¢—1) < oo for some constant L and all ¢. Therefore, from Lemma 13.5, we have \If | —p 0 and
|Z3 2)| —p 0 and thus (4.13) holds.

By (12.2),

Thtm  Thtm— _
(4.15) max btm _ Zkimol)_ p(paty,
1<k<KNnl| n n

for any ¢ € max(1/2,2/p) = 1/2. Since, under the assumptions of the theorem, max;<g<xnnn~/P|e? — 02| —p 0
by Lemma 13.4, using (4.15) with ¢ € (1/2,1 —2/q) (such a choice is possible since p > 4), we get (4.14) and thus
[y — R4].

Consequently, all the conditions of Theorem 3.2 are satisfied and we have that M,, —4 o.W. This, together with
4.3) and (4.10) implies, by Lemma 13.2, that —= S"1" ¢,6,n —4 oW (027), that is, (4.9) holds. W
Vvn t=1 €



Remark 4.1 Similar to the proof of Theorem 4.3, it is not difficult to obtain the following generalization of (4.9)
to the case of martingale transforms. Let (€;)iez satisfy assumption (D1) with p > 4 and let (Y;)ien, be identically
distributed mean-zero Sy-measurable random variables with EY;? = 02 for allt and sup, E|Y;|P < oo for some p > 4.

If maxi<k<n % S (Y2 —o; ) —p 0, then, for allm > 1, T doin [ror] 1Yierim —a GW(r), where 6 = oyoc. To establish
the latter relation, the argument in the proof of Theorem 4.8 is repeated verbatim for the sequence of martingales

= i+m Titm—1 Trtm—1
o 0= S50 (B2) o () o 0 - (B2,
T’“’"‘ L« g< Tetm B =12 .. and the limit martingale oy, W(s).

Theorem 4.4 (IP for sample covariances of linear processes). Suppose that u, is the linear process u; =
C(L)er = Z;io cjer—j, C(L) = Z;‘;o ¢; L7, where Z;‘;l jei < oo, C(1) # 0, and (¢;)sez satisfy assumption (D2)
with p > 4. Then, for all m > 1,

[nr]

D (Ustisim = Vi) —a v(m)W(r),

(4.17) %
t=1

. 1/2 - .
where? 3, = g (102, v(m) = (92, (D E( =022+ 3771 (g (D) +gmr(1)?02) , 0(1) = 527 cxcins € Z,
and it is assumed that c; =0 for j < 0.

Proof. Treating c; as zero for j < 0, define the lag polynomials g;(L), j € Z, by g;(L) = > peq ckcrsj LF =
> heo 9k LF. Further, let g;(L) = Y207 gL, where gjn = Y02 11 gis = Doucpy1 CsCstj- As in Remark 3.9 of
Phillips and Solo (1992), we have

m

o0
UtUttm = gm(L)Q? + Z Gmr(L)er—rer + Z Gm—r(L)ereryr +

LS
Z gr—m(L)€t+m—r€t+m = gm(l)ef + Zg7rz+r(1)€t—r€t + ng—r(l)etet—i-r +
r=m-+1 r=1 r=1

(4.18) > grm(Detrmrerym — (1= L)iiar — (1 — L),
r=m-+1

Where ﬂat = gm(L)E% and '&/bt = 4 Zf‘o:l §m+T(L)6t7'r€t + Z:,n:l gmfr,\ (L)€t5t+'r + Ziim-‘,—l grfm(L)6t+m7T€t+m (the
validity of decomposition (4.18) follows from Lemma 3.6 in Phillips and Solo, 1992). Thus,

[nr] [nr]

Z Ut pm = Vi) = %gm(l) Y (G -ad)+ % (Z mtr( Gt—r) €+

t=1 t=1
m 'n.”’ ['ﬂ'f’] 0o
Z Ln ( Z etEtJ”) Z ( Z gT*m(1>€t+m77‘)6t+m -
r=1 t=1 r=m+1

1 . - 1 .
(419) %(U(LO - um[nr]) - %(Ubo - uln[nr])'

Using Theorem 4.1 (applied to €7 — 02?) and Remark 4.1, it is not difficult to show that

[nr] [nr]

oY =)+ =3 (g e+
m [nr]
Z (ng r €t€t+r) Z( Z Ir—m (L)€t pm— r)€t+m —q v(m)W(r).
r=1 r=m+1

2gj(l) are the values of the lag polynomials defined in the proof.
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By (4.19) and Lemmas 13.1 and 13.3, it remains to prove that, for all N > 0,

1 1
4.20 SUp | —= (fiq0 — g 1) + —= (b0 — . mr1)| —p O.
(4.20) BN ﬁ( 0 = Tg,[nr]) ﬁ( b0 — b, nr))| —p

But this holds since, by Lemma 13.8, Eu2, < oo and Eugo < 00, and, thus, according to Lemma 13.4,

1/2
O<n]{€1§an [ta k| —p 0

and maxo<k<nnN n_1/2|ﬂb71€| —p0. N

5. Convergence to stochastic integrals

The following result provides the conventional weak convergence limit theory for the sample covariance of €; and
its partial sums to a stochastic integral that arises in a unit root autoregression. While other proofs of this result
are available (using partial summation, for example), the following derivation shows that the result may be obtained
directly by a martingale convergence argument.

Theorem 5.1 Under assumption (D1) with p > 4,

[nr]
(5.1) - Z <Z el> €t —q O / W (v)dW (v

t 2 \i=1
Proof. Consider the process M,, = (M,(s),s > 0), where
. (T T, T, T, T,
_ i1 i\ i—1 -1 _ -1
e Mn<s>—§_}W( ) (v (G) (5w (5 (- (52))

Tk_1
n

for <s<ZIe | =1,2,.. By Lemma 12.1, we have the following martingale representation for the left-hand
side of (5.1):

[n7]

(5.3) 5 (Z €Z> ¢ =4 My, (TW]>

t=2 \i=1

Further, for n > 1, let X,, = (X, (s),s > O) and X = (X(s),s > 0) be the continuous vector martingales with
Xa(s) = (Ma(s), W(s)) and X(s) = (fo W (v), W(s)).

The first characteristic of X, is identically zero: B, (s) = (0,0) € R?, s > 0. The second characteristic of X, is
the process C,, = (Cy(s),s > 0) with
1(s) Cl2(s
(54) Cule) = X0 X100 = Ginls) Gl ).

where

0 wnmEe(R) (B2 en (B (),

)(E-5) () (- 2)

11

(5.6) C}2(s) = C* (s Z w <



T 0y
for 2= < s < 2k k=1,2,.., and

(5.7) C*(s) = s.

The process X is a solution to the stochastic differential equation (11.6) with ¢1(x) = z, x € R, and g2(z) = 0,
x € R. Tts first and second predictable characteristics are, respectively, B(X) and C(X), where B and C' are defined
in (11.7) with the above functions g;(z), i = 1,2 (so that the first predictable characteristic of X is identically zero,
as that of X,,: B(s) = (0,0) € R?).

Obviously, the strong majoration condition (B1) of Theorem 3.2 is not satisfied for the limit semimartingale X.
Therefore, in contrast to the proof of Theorem 4.3, we apply Theorem 3.1 instead of Theorem 3.2 to show that
Xn —d X.

Let a > 0and let 0 < r < s. If a = (a(s),s > 0), a(s) = (a1(s),a2(s)), is an element of the Skorohod space
D(R?%), then for the stopping time S%(«) defined in (3.1) and all v € (r A S%(a),s A S%(a)), we have a3(v) <
|a(v)]? < a?. Consequently, for C% (s, ), i,j = 1,2, defined in (11.7) with g;(z) = z, one has

SAS? ()

(5.8) CM (s A S a),a) — C(r A S%a), a) :/ aZ(v)dv < a*(s — 1),
rASe ()

(5.9) C?2(s A S%(a), @) — C*2(r A S%(a), @) = s A S%(a) —r A S*(a) < (s —7).

Thus, condition (A1) of Theorem 3.1 is satisfied with F(s,a) = max(1,a?)s.

Since the functions g;(xz) = = and go(x) = 0 are obviously Lipschitz continuous and satisfy growth condition
(11.8), Corollaries 11.1 and 11.2 ensure that the uniqueness and measurability hypotheses (A2) and (A3) and the
continuity condition (A4) of Theorem 3.1 are satisfied. Condition (A5) of Theorem 3.1 is trivially satisfied since
X, (0) = X(0) = 0. Condition [sup — ] (and thus [sup — 5,,.]) is satisfied since B, (s) =0, s > 0.

From the definition of C(s,«) in (11.7) with ¢;(z) = z, we have

oS )G G

where C1(s fo W2(v)dv, C'2(s) = C~'21(s) = [; W(v)dv and C?2(s) = s. Then, by (5.5) and (5.6), for Lot
sg—n’*-,k—12 Wehave
T
11 11 2 z 1 2 2 k—1 2
IC1(s) — C ‘Z/”W ) W())dv+/ (W(n) W2( )dv‘<
20\ _ 172
(5.11) s max sup [W#(v1) — W= (va)],

U1;U2€[ =L

k-1 LI
Cre) -2l = |3 [ (w
i=1Y " n

s max sggl N |W(v1) — W (v2)].
V1,02 €[—5—, %

Tn”) - W(v))dv + /Tk; (W(T’:l) - W(v))dv’ <

n

n o ’n

Thus, for % <N < %, k=1,2,..,

(5.12) sup |Ch'(s) C’ll(s)| <N max sup [W2(v1) — W2 (va)],
0<s<N 1sick vae[Bi=L T
(5.13) sup |Cp2(s) C~’12(s)| < NIIE?E{IQ sup W (v1) — W (va)].
0<s<N 1S U17U2€[Ti;1 ,%]
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From (4.12), (4.15), (5.12) and (5.13) and the uniform continuity of Brownian sample paths it follows that

(5.14) sup ’C’H s) — C’ll(s)‘ —p0,
0<s<N
and
(5.15) sup ’C’}f(s) - 6'12(5)} = sup ’Cﬁl(s) - 021(5)’ —p0
0<s<N 0<s<N

for all N € N. Relations (5.14) and (5.15), together with C22(s) = C??(s) = s evidently imply that

sup |Cr(s) —C(s,X,)| —p 0,
0<s<N

for all N € N. Consequently, condition [sup — 7] (and thus [y,,, — R%]) of Theorem 3.1 is satisfied. We therefore
have X,, —4 X. This result, together with (4.3) and (5.3), implies relation (5.1) by virtue of Lemma 13.2. B

We now formulate and prove the corresponding law for the linear process case. The outcome is a semimartingale
convergence result.

o0

Theorem 5.2 Suppose that u; is the linear process uy = C(L)e; = Z;io cje—j, C(L) = ijo ¢; L7, where
Z;i1j|cj| < 00, C(1) #0, and (et)tez satisfy assumption (D2) with p > 4. Then

m“]
(5.16) = Z (Zu) up —a A+ w / W (v)dW (v

t2 i=1

where A = 2;11 Fugu; and w? = 0. 2C?(1).

Remark 5.1 Suppose that u; and vy are two linear processes: uy = T'(L)e = Zjoio Vi€t—js V¢ = A(L)es =

Z;.;O 5j6t—j’ F(L) = Z;}io ijLjv A(L> = Z]Oi() 6ij7 where Z;}iljh/ﬂ < 090, Z]Oil.7|5]| < 090, F(l) 7é 07 A(l) 7é 07
and (€;)icz satisfy assumption (D2) with p > 4. Then, analogous to the proof of Theorem 5.2, one can show, using

Theorem 3.1, that ["TQ] (Zf;i ul) U —q TAuy + Wy [y W(0)dW (v), where w? = o?T?(1), w? = 02A%(1) and
= Zj:l E?.Lo’l)j.

Proof. As in the proof of Theorem 5.1, one can show that, for all u € R,

[nr]
(5.17) T+ — Z <Z el> € —q T+ 02 / W (v)dW (v

t2 i=1

Indeed, for M,, defined in (5.2), we have the following semimartingale representation for the left-hand side of
(5.17):

[nr]
(5.18) T+ — Z <Z€’> € =4 T;L+Mn(%).

Similar to the proof of Theorem 5.1, for n > 1, let X,, = (X,,(s),s > 0) and X = (X(s),s > 0) be the continuous
vector semimartingales with X, (s) = (sp + My(s), W(s)) and X(s) = (sp + [; W(v)dW (v), W(s)). The first
characteristic of X, is the process B,, = (B,(s),s > 0) with

(5.19) By (s) = (s, 0) = (By(s), Bx(s)).

The second characteristic of X, is the same as that of (M,, W) and is given by the process C,, = (Cy(s),s > 0)
defined in (5.4).

13



The process X is a solution to stochastic differential equation (11.6) with g1(z) = z, = € R, and g2(z) = pu,
z € R. The first and second characteristic of X are the processes B(X) and C(X), where B and C are defined in
(11.7) with the above functions g;(z), ¢ = 1,2 (so that the first predictable characteristic of X is the same as that
of X, : B(s) = (s1,0)).

As in the proof of Theorem 5.1, we show that (5.17) holds by verifying the conditions of Theorem 3.1. For
a = (a(s),s >0), a(s) = (a1(s), az(s)), an element of the Skorohod space D(R?), and B'(s, ) and B?(s, ) as in
(11.7) with g1(z) = @, go(z) = u, * € R, denote H(s,a) = Var(B)(s,a) + Var(B?)(s,a) = s|u| (see Definition
2.2). For the stopping time S*(«) defined in (3.1) and for all r < s we have

(5.20) H(s A\ Sy(a),a) — H(r AS*a),a) = |p|(s A S (@) —r A S a)) < |ul(s —1).

This result and (5.8) and (5.9) imply that condition (A1) of Theorem 3.1 is satisfied with
F(s,a) = max(1, |ul|,a®)s.

Since the functions gi(x) = z and go(x) = p are obviously locally Lipschitz continuous and satisfy growth
condition (11.8), we conclude, by Corollaries 11.1 and 11.2, that conditions (A2)-(A4) of Theorem 3.1 are satisfied.
Condition (A5) of Theorem 3.1 is again trivially satisfied since X, (0) = X(0) = 0. Condition [sup — ] (and
[sup — B,.]) holds since B(s, X,) = By(s) = sp for all n > 1. Since, as shown in the proof of Theorem 5.1,
supg<s<n |Cn(s) — C(s,X,)| —p 0 for all N € N and thus conditions [sup — 7] (and [y;,, — R%]) of Theorem 3.1
holds, we get (5.17).

To complete the proof, let us now show that, for all NV € N,

[nr] [nr] /t—1
(5.21) sup ’— (Zuz> U — TA — —C2 )Z (Z 6i> €t’ —p 0.

OsrsN 22 ;1

Using the Phillips-Solo device as in the proof of Theorem 4.2, from (4.5) and (4.6) we find that, for all N € N and
all r € [0, N],

() oes ()

[nr] [nr]

e Z(Z“z>€t+ i(z@ etl_et)_m-—(ﬂ ;(Zez> /|

[nr] [nr]

- —02 Z (E el> €+ — C )Z( €0 — €—1)€t
L Il 1 (]
—&—g (Zuz> €1 — et) —rA— ;Cz Z (Z 61> ‘

t=1 t=1 =1
1 [nr] [nr] /t—1
= ‘ﬁC(l)Z €0 — €11 et-i-nZ(ZUi) (€—1 — &) — 1Al
t=1 t=1 \i=1

Therefore, the expression on the left-hand side of (5.21) is dominated by

[ 7] [nr]
1
606,5 + sup ‘—C(l)g Et—let‘
t=1

sup )—
0<r<N — 0<r<N 1T
[nr]
+ su ’— U — &) —TA
0<r£N (22: Z) -1 t)
(5.22) = Tin+2Zon+ IBn-
By Lemma 13.6, Eég < 00, under the assumptions of the theorem. Therefore, ngl) = €p€¢, t > 1, and 77§2) = €:_164,

t > 1, are martingale-difference sequences with E(nﬁl)f = E(n?))z = EE%EG% < o00. Consequently, from Lemma

13.5 we get that 7, = maxj<g<nn |% Zle n§1)| —p 0 and Zy, = maxj<p<nnN |% Zle n§2)| —p 0in (5.22).
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Using summation by parts, we get that

[nr] [nr]

1
I3n = su ‘——( u)ém,—l—— Ut€r — TA
3 ogrgN t ) €[nr] n; t€t |
1 1 [nr]
5.23 <  su ‘—( u)EnT + su ’— ues —rA| =I5 + IV .
( ) Ogré)N n ; t ) €[nr] OSTEN n ; L&t 3n 3n

k
Evidently, 73, —p 0 holds if Jnax nfll ZUtMEH —p 0. This, on the other hand, follows from (4.8) and the
=h=n t=1

property that, by Theorem 4.2,

k
~1/2 _
(5.24) | Jax n ‘;ut‘ Op(1)

Let us show that Z%, —p 0. For ¢; as in the proof of Theorem 4.2, let h,.(L), r > 0, be the lag polynomials defined
by ho(L) = pe OckckL =Y o bk L*, he (L) = 30 o (ChChosr + ExCrorr ) LF = S 7o o hier L*, 7 > 1. Further, let, for
r>0,h, (L) = Zk h;WL where hy, = Z k11 Pjr- Similar to the derivations of second order BN decompositions
in Phillips and Solo (1992) and the proof of Theorem 4.4, it is not difficult it is not difficult to see that

(5.25) ut€y = ho(L et + Z hy(L)eres—r = ho(1 ) — (1 = L)Wat + ete?_l — (1 — L)wp,

where Wa; = ho(L)e?, ey = 32 he(D)e;—, and e = .00 by (L)eres—, (the validity of decomposition (5.25) is
justified by Lemma 13.9).

By (5.25), we have that, for all & > 1,

lzk:utet——ho zk:EQ—i— —w —lw —l—lzk:ee +1w —lu
n 2 t:1t a0 = ~Walk tlttl b0 — - Ubk
and, thus, for all N € N,

1en 1< ) 1

g (o 2w =A< e |03 (o) - 0] + 2, max |
1o, 1_
+ e [ 2 ada 2 e[S
It is not difficult to see that

(5.26) A\ = ho(1)o?

Therefore, 7753) = ho(1)e? — X\, t > 1, is a martingale-difference sequence with E(ngg)f = E(ho(1)€? — ho(1)0?)? <
LE|eg|* for some constant L > 0 and all ¢. Similarly, by Lemma 13.11, 7754) = el |, t > 1, is a martingale-difference

sequence with E(n§4))2 = Ee%E(e’ll)2 < oo for all ¢.
Thus, using Lemma 13.5, we get that maxi<i<nn |% Zle(ho(l)ef - )\)| = MaX1<k<Nn |77E1)| —p 0 and
maxj<g<Nn |% Zle etef_1| = MaX1<k<Nn |77E2)| —p0.

Since, by Lemma 13.10, E|wa0|?/? < 0o and E|iy0|P/? < oo under the assumptions of the theorem, from Lemma
13.4 we get that maxo<p<,n "~ *|Wak| —p 0 and maxo<p<,n |y x| —p 0. Consequently, 75, —p 0 and, thus,
by (5.22), convergence (5.21) indeed holds. By Lemmas 13.1 and 13.3, relations (5.17) and (5.21) imply (5.16). B
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6. Asymptotics for general functionals of partial sums

The martingale convergence approach developed here can also be used to derive asymptotic results for functionals
of partial sums of linear processes. These results are particularly useful in practice for models where nonlinear
functions of integrated processes arise. In this context, the following generalization of Theorems 5.1 and 5.2 holds.

Theorem 6.1 Let f : R — R be a twice continuously differentiable function such that [’ satisfies the growth
condition® |f'(x)| < K(1 + |x|*) for some constants K > 0 and o > 0 and all x € R. Suppose that u; is the linear
process uy = C(L)e; = Z;io cje—j, C(L) = Z;io cj L7, where Z;’;lj\cj\ < 00, C(1) # 0, and (e;)tcz satisfy
assumption (D2) with p > max(6,4«). Then

[nr]

t—1
(6.1) \/_Ef< Zul>ut—>d)\/ F(wW (v dv+w/ fwW (v))dW (v),
where X = 377 | Eugu; and w® = 0 2C*(1).

Remark 6.1 The processes on the right-hand side of (6.1) belong to an important class of limit semimartingales
for functionals of partial sums of linear processes whose first predictable characteristics (the drift terms) are non-
deterministic. The latter is o qualitative difference between the semimartingales in (6.1) and the processes on the
right-hand side of (5.16), where the first characteristics are deterministic (rA,r > 0).

Remark 6.2 From the proof of Theorem 6.1 it follows that the assumption that f is twice continuously differentiable
can be replaced by the condition that f has a locally Lipschitz continuous first derivative, that is, for every N € N
there exists a constant Ky such that |f'(z) — f(y)] < Knl|x —y| for all z,y € R with |z| < N and |y] < N.

Remark 6.3 Similar to Remark 5.1, from the proof of Theorem 6.1 we find that the following extension holds. Let
f + R — R be a twice continuously differentiable function such that f’ satisfies the growth condition |f'(z)| <
K1 + |z]|*) for some constants K > 0 and o > 0 and all © € R. Suppose that u; and v, are two linear
processes: uy = T(L)ey = 3 7% g v €5, ve = A(L)ey = 37200564, T(L) = 225207, L7, A(L) = Y272, 0;L7, where
Do gyl < oo, Zjolj\d\ < o0, I'(1) # 0, A(1) # 0, and (€;)1ez satisfy assumption (D2) with p > max(6,4a).
Then, 2= S0 (2 S0 Y e —a o fi /(W (0))dv -+, f7 f(0,W (@) dW (), where w? = 022(1), o2 =
02A2(1) and Ay = 2]21 Eugv;.

One should also note that, as follows from the proof of the Theorem, if €; satisfies assumption (D1) with p > 6
(so that A = 0) then the relation \/— Zt_Q f (\/— S 62) et —a 0c [y f(0W (0))dW (v) holds if f satisfies the
exponential growth condition |f(x)| < 1+ exp(K|x|) for some constant K > 0 and all € R.

Remark 6.4 The assumption |f'(z)| < K(1 + |z|%), together with the moment condition ElelP < oo for p >
max(6,4a), guarantees, by Lemma 13.12, that bound (13.12) for moments of partial sums in the Appendixz holds.
As follows from the proof, Theorem 6.1 in fact holds for p > 6 and all twice continuously differentiable functions
f for which the estimate (13.12) is true and f' (and, thus, f itself) satisfies the exponential growth condition
|f ()] <1+ exp(K|z|) for some constant K > 0 and all x € R.

Proof. We first show that
nr] [nr] 1 t—1
I, = —Zf (\/—Z > fo(%;ui>6t_)d
(6.2) )x/o f (wW(v))dv+w/0 fwW (v)dW (v).

3This assumption evidently implies that f satisfies a similar growth condition with the power 1+ a, i.e., |f(z)| < K(1 + |z|*T) for
some constant K and all z € R.
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My(s) = %Zf(ing%)“f(%:“ﬂ)(s‘%)
k—1 i—1 T

)
(63) (= ) (we-w(22)),

for =t < g < Lo %k =1,2,... By Lemma 12.1, we have the following semimartingale representation for the left-hand
side of (6.2) :

(6.4) zgzszWﬁ(z%$i).
Further, let X,, = (X,(s),s > 0) for n > 1 and X = (X( ),s > 0) be the continuous vector martingales with
Xn(s) = (Mn(s), W(s)) and X(s) = (ho(1) [§ f(C(YW (v))dv+ [5 f C7)()WW()W@DWMwaMn®%)

ho(1) = AJo?.

The first characteristic of X, is the process (By,(s),s > 0), where
= = = b1
_ (2 = ) 1~ . o _ — 1 2
(6.5) Bn(s) = (ngf (ﬁ;u]) S (ﬁ;u])(s “—).0) = (By(s), B2(s)

for T’“ L <5< L k=1,2,... The second characteristic of X,, is the process C,, = (Cy,(s),s > 0) with

- (G &)

where
k—1 i—1 k—1
iy oSS (LN Y (DT e LD Y (o T
(6.7) Cp (s) = Zf ( nzu]> n n + f ( 4 ua) o " )
=2 j=1 j=1
k—1 i—1 k—1
1200y — (21 (g) — L N (LT L N (s Do
(6.8) ) =0 =Y I (= w) (5= )+ (s ) (s =50 ).
=2 j=1 j=1
for T" Los<Le p=1,2 .. and
(6.9) C*(s) = s.

The process X is a solution to stochastic differential equation (11.6) with g1(z) = f(C(1)z), = € R, and
g2(x) = ho(1)f'(C(1)z), z € R. The first and second predictable characteristics of X are, respectively, B(X) and
C(X), where B and C are defined in (11.7) with the above g;(z), ¢ = 1, 2.

As in the proof of Theorems 5.1 and 5.2, we proceed to show that X, —4 X by verifying the conditions of
Theorem 3.1 in order.

For z € R, let 2+ = maxz(x,0) and x_ = maz(—z,0) and let B'(s,a), i = 1,2, and C(s,a), 1<
(11.7) with g1 (x) = f(C(1)z) and g2(x) = ho(1)f (C’(l) ). Since, obviously, B1 (s;) = [y [ho(1)f(C(1
Jo Tho(1) f/(C(1)az(v))]—dv for o = ((e1(s), az(s)), s > 0) € D(R?Z), one has (see Definition 2.2)

,7 < 2,beasin
Jox

2 (0)] v

Var(B)(s,a) + Var(B?)(s,a) = /Os[ho(l)f/(C(l)QQ(v))]+dv + /Os[ho(l)f/(c(l)ag(v))]dv =
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/ ho(1) (C(Las(v)|dv = H(s,a).

Let 0 < r < s. For the stopping time S%(«) defined in (3.1) and for all v € (r AS%(a), sAS%(a)) we have |ag(v)| <
la(v)] < a and thus [f(C(1)az(v))| < maxjs<, [f(C(1)z)| = Gi(a) and |f'(C(1)az(v))] < max)y<q |f/(C(1)z)| =
G2 (a). Consequently,

SAS? ()
©10)  HASe,0) < HOAS )0 = [ ) COW ) < oGy ),
SAS? ()
(6.11) C1(s A Sa),a) — CM(rAS%a),a) = /Asa( ) FAC(Dag(v))dv < Gi(a)(s — 1),
(6.12) C*2(s A S%a),a) — C**(r A S*(a),a) = s A S%a) —r AS*a) < (s—7).

By (6.10)-(6.12), condition (A1) of Theorem 3.1 is satisfied with F(s,a) = max(G3(a), |ho(1)|G2(a), 1)s.

Since, under assumptions of the theorem, the functions g;(z) = f(C(1)z) and go(x) = ho(1) f'(C(1)z) are locally
Lipschitz continuous and satisfy growth condition (11.8), from Corollaries 11.1 and 11.2 it follows that conditions
(A2)-(A4) of Theorem 3.1 hold. Condition (A5) of Theorem 3.1 is trivially satisfied since X,,(0) = X(0) = 0.

Let
(6.13) BL(s) = ho(1) klf’(in Zluj) (% - T;) + ho(l)f’(in klUj) (s- T’“n*)
=2 j=1 =1

for % <s< %, k=1,2,.... It is not difficult to see that

(6.14) sup_|B,,(s) = By(s)| —p 0.
0<s<N

Tp—1
n

Indeed, by (5.26), we have that, for

<s< Ik k=12,

) | Bl i T, T, o
|B,(s) — Bp(s)| = ‘ho(l)Zf (—n Z“J) (E_T_F)
1= Jj=1
1= k=1, T
(_* ) h—1 2 Lk-1
+h0(1)f( nj_luj)( n ¢ n )‘
k—1 i1
1 i Ty o
< M| X (FXw) (G- -%)
i=2 j=1
1 & T k-1
(- ) k-1 h™— 2
(6.15) o ()| nj_luj)H L
By (4.12), from (6.15) we conclude that relation (6.14) follows if
-1 i—1
1 T, T, o
M ) (= = Ze
(6.16) 1S1£I%a1§Nn z_:f( n uj)(n n n)‘ —r0
and
k-1
e lHTk,l_k—12
(6.17) 1<hERNn f( nj_luj> n n el TP 0



By Lemma 12.1 and estimate (13.12), under the assumptions of the theorem, n,,, = f’ ( NG Zj 1 uj) (T, —Ty—1—0?),
t > 2, is a martingale-difference sequence with

max En? < L1E60 max E( (\/_ Zu]>)2 < Ly

for some constants L; > 0 and Ly > 0. Therefore, from Lemma 13.5 we conclude that (6.16) holds. In addition,
from Theorem 4.2 it follows that

e

-1

(5w =ort)

1

(6.18) max
1<k<KNn

J
This, together with (12.3), implies (6.17). Consequently, (6.14) indeed holds.

By definition of B(s,«) and C(s,a) in (11.7) with g1(z) = f(C(1)x) and ga2(z) = ho(1) f(C(1)x), we have that

(6.19) Bs. %) = ([ 1D (COW(0))d0,0) = (B(5). B(5)),

where Bl (s) = o ho(1) f'(C(1)W (v))dv and B2%(s) =0, and

fos FAC(W (v))dv fOS F(IC)W (v))dv ) _ ( C’“(s,a) 6’12(5,04) )7

(6.20) C(s, X)) = ( ‘
Jy FICW (v))dv

where C1(s) = [ f2(C(1)W (v))dv, C*2(s) = C*(s) = [} f(C(1)W (v))dv and C?(s) = s.

By (6.13) and (6.19), for 2= < s < Lk k=1,2,...

B =B = a2 / [f’(%j;ug) ~ FOMW)]dv
s ) 1 k—1 )
o |7 (7 o) - reawon]a
(6.21) < el s [P w) - renwo)
- =] j=1
Thus, for % <N<L Zn&, k=1,2,..,
(6.22) P, |BL(s) — B(s)| < N|ho(1)] @afx’%e[ﬁ . f’(in éug) - f’(C(l)W(v))‘
By (12.1) we have
pn g, [P( ) - reowe)] < s lr(GrEw) - lew (%)
ps g r(eom(50) - rewmwe] < mlr(5w) - r(GEE )]s
s (0w (S2)) - rewwon] < PG ) - (ST )|+
(6.23) max swp o |FCOW) - FCOW ()
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Using (4.6) we get

1—1 1—1
1 C(1)
LIS RN ( nZuj)— ( n e])’
7j=1 Jj=1
C(l i—1 ) C(l) i—1
(6:24) T 1<i<ENm ( NG ZGJ +60_6i71) _f( n ZEJ)’
j=1
y (4.8), from (6.24) and uniform continuity of f’ we obtain that
c() i—1
(6.25) 1<iSRNn (\/— Z ) ( Vn ;EJ)
In addition, relation (4.15), together with uniform continuity of f’ and that of the Brownian sample paths, implies
(6.26) Lmax o swp[FCOW () - FCOW ()| =0 0.

T, _ T,
v1,vp€[ ==L, 71

By (4.12), from (6.22), (6.23), (6.25) and (6.26) we get

(6.27) sup |B}L(s) - El(s)\ —p0
0<s<N

for all N € N. From (6.14) and (6.27) we conclude that

(6.28) sup | B, (s) — B'(s)| —p 0.
0<s<N

Consequently, condition [sup — 5] (and thus [sup — 5,,.]) of Theorem 3.1 is satisfied.

By (6.7), (6.8) and (6.20), for Tit < s < Lo} =12,

~ k=1 T 1 i—1
O3 s) ~ " (s)] = )Z / [f?(—nzuj)—f2<c<1>w<v>>}dv
. [f2(in“uj) — PACOW )] dr]
j=1
i—1
(6:29) < s s |25 w) - ACOW)|,
= ve[ = i=1

)Z / (%J ) —SCWW @]
1 k—1
. (72 m) - reamwe]al
(630 < om g f(inguj) ~ HCOW )
Thus, for % <N < Zn&, k=1,2,..,
(630 22 IO~ CHOI < N ey, 20 (% ) ~FCOWE)
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(6.32) OSSISJEN |CX2(s) — C'2(s)| < Nlrél?gxkv Tsilfp’ﬂ] f(in j_luj> - f(C(l)W(v))’
By (12.1) we have
2 f?(in;u])—fz(cu)w(m) < max |f* in;_zuj)—fZ(cmw —))|+
p e lr(cow(E2)) - peomo] < (g ) - 2GR S ))| +
n 2 Ti 2 2 1 = 2 C(l) —
e P (cam (=) - reamwe| < max|s (—ngl%)f (—ngﬁ)))+
(6:33) By s [feowe) - PCOW ()
Similarly,
s g, (%]Z;w) - HCOWE)| < s (%j_i w) = (e (Z2))|+
- = c() i—1
max sw (oW (Z2)) = remm )| < s |1(o=0w) - 1T a))|
o=, 4 b =1 =1
s [r(camw(52)) - reawo)] < s (22 Sw) - /(ER S0+
- [ L] - J=1 J=1

LIS RNn = p
(6.35) <2 Nn ’ (% Z €+ Eifl) - f (&711) i EJ)) }
j=1 j=1
i1 i1
3 S AR5 )
(630 SR LG LD SERTET BT 3

By (4.8), from (6.35) and (6.36) and uniform continuity of f and f? we obtain

(6.37) | max f2(% 2“1) —fz(%zfj))’ el
(6.38) | max f(% Zl%) - f(% Z_}J))’ el
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In addition, relation (4.15), together with uniform continuity of f and f? and of the Brownian sample paths implies
that

(6.39) L max )f? W(wn)) = FACUW ()| = 0,
(6.40) Lmax o swp o FCW ()~ ACOW ()] —p 0.

T; _ T.
v1,v2 €[ ln L ,7}]

By (4.12), from (6.31)-(6.34) and (6.37)-(6.40) we get

(6.41) sup |Chl(s) — C’ll(s)| —p 0,
0<s<N
(6.42) sup |Ch2(s) — C~’12(s)| = sup [C2'(s)— 6’21(8)| —p 0,
0<s<N 0<s<N

for all N € N. Relations (6.41) and (6.42), together with C?2(s) = C?(s) = s evidently imply that

sup |Cr(s) —C(s,X,)| —p 0,
0<s<N

for all N € N. Consequently, condition [sup — ] (and thus [v;,. — R%]) of Theorem 3.1 is satisfied. We therefore
have X,, —4 X. This, together with (4.3) and (6.4) implies, by Lemma 13.2, relation (6.2).

For k > 2, denote

1i 1§ Ai 1 — C(li 1
clEEAFE - o (FEw) -5 D w)e
v t=2 v i=1 = vn i=1 = v i=1
To complete the proof, we show that, for all N € N,
(643) sup I[nr] —p 0.
0<r<N
Using (4.5) and summation by parts gives
k t—1 k t—1
1 1 A 1
Ik = ‘—Zf(—Zuz)(Et_l *Et) - —Zf/(—ZuZ) =
Vi s nis n=
k k t t—1 k t—1
1 /1 1 1 1 A, 1
A (Gl m UGS - (Fow))a- a2 (FEw)
Consequently, for all N € N,
1 L& =
1§H132)7§N1k = 1<kgnN ’Tf(_n z;ui)ek’ 1<k<nN ’_ Zf (_n — uz) et = A)‘ +
k t—1 t—1
1 1 1 1 Up Y.
| ()~ H(F X m) (G w) yr)a
(6.44) = Tin+Zon+ Irn.

From (4.8) and property (6.18) it follows that Z;,, —p 0.
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Similar to the proof of Theorem 5.2, using (5.25) and (5.26), we get that

t—1 k t—1

k p—
< - /(_ ) 2 2 ’_ ( ) ’
Ton < | Jnaxy ’n ;f G ;uz (ho(1)e; —ho(1)o?)| +  Jnax | ;f N ;u el
1k = L L
! ¥ 7 ! ~ ~
1R ‘E Z ! (% Zul) (War — w%t—l)‘ + 1Ry )E Zf (% Zuz) (Wpe — wb,t—l)‘
t=2 1=1 t=2 =1

2

1 3 4
= I+ I + I + T4,

1 1

As in the proof of Theorem 5.2 and relation (6.14) above, we conclude, by Lemma 13.12, that
nm f’(\/— Zz 1 ul>( —02), t > 2, is a martingale-difference with

) 4 /
max B(nf;)) < LBej max B(f'(

for some constants Ly > 0 and Lo > 0.

Similarly, from Lemmas 13.12 and 13.11 it follows, by Hélder’s inequality, that the martingale-difference sequence
Mo = f’(f Yot uz)nmt 1, t > 2, satisfies

t—1

Su)) "<t

t—1
)= (1 (R 2w)) o) < B[t ] o [
25, B (1) = B s B(1' (7 o) )" < BB 0] >

E\H

for some constant L > 0. Using Theorem 13.5, we, therefore, have

2" - 1<k<nN‘ ZW

and

k
1
7 B
2 3N n ;nm

In addition, using summation by parts and the smoothness assumptions on f, we find that (below, S = Zle Uu;)

k t t—1
1 1 1
) < o (o ) \— (G 2ow) - (g ) ] <
2n = 1§%1%§N nf \/ﬁ;u Wak +1<r2<)éN \/_;u f niilu Wat| =
1,1 & 1
6.45 - ’(— ) N —Jup , "t
(6:45) 1<kEnN nf vn ;ul 12henN n‘w“k| LR \/ﬁ‘ukwa’€| |t‘§max0<il<l€1v |sk\/ﬁ|f @l

t—

i

k k ¢
1 1 1 1
m S mex|nS \/ﬁ;“ Wek| T 2y n; f \/ﬁ;“ \/51:1“ wot| =
1,1 <
(6.46) max —f’(— ul) max |wbk|+N max  ——= |ugWpk| sup TG
1<k<nN In \/ﬁ; 1<k<nN 1 1<k<nN /1 |t|<maxo<p<nn |Skl/vR

By Lemma 13.10, sup, [@q¢|> —p 0 and sup, |@wy|> —p 0 under the assumptions of the theorem. Therefore, using
Lemma 13.4 with p = 6 we have

(6.47) max 1~ Y%uy| —»p 0, max n Y3 bu| —p 0, max n” Y3y —p 0.
1<k<nN 1<k<nN 1<k<nN
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These relations also imply that max;<g<pn n_1/2|ukwak| —p 0 and maxj<k<nn n_1/2|uku~;bk\ —p 0. From the
above, together with (5.24), (6.18), (6.45) and (6.46), we conclude that Iéi) —p 0 and 1'2(;? —p 0.

We have, by Taylor expansion, that

1 k 1 t 1 t—1 1 t—1 ” 5
o2 |7 2 (1 (G o) = (G o) ~ 1 (7 ) )
1
(6:45) < N2, g il (t<maxoaznn [S41/VA 70

By Lemmas 13.4 and 13.10, maxi<k<nn n_1/6|Ek| —p 0. This, together with (5.24) and the first relation in (6.47)
leads to maxo<k<nn nfl/Qui|€k| —p 0. Consequently, by (6.48) we have Z3,, —p 0.

From (6.44) we deduce that (6.43) indeed holds. By Lemmas 13.1 and 13.3, relations (6.2) and (6.43) imply
(6.1). m

7. Asymptotics in stationary and unit root autoregression

This section shows how the martingale convergence approach provides a unified treatment of the limit theory for
autoregression as in (7.1) below that includes both stationary (o = 0) and unit root (o = 1) cases. Let (y:)ten be
a stochastic process generated in discrete time according to

(7.1) Yt = QYpr—1 + U,
where w; is the linear process u; = C(L)e; = Y ;2 cje—j, C(L) = 32 ¢; L7, 3772, jei < oo, C(1) # 0, and
(€t)tez satisfy assumption (D2) with p > 4. The initial condition in (7.1) is set at ¢ = 0 and yo may be a constant

or a random variable. In (7.1) we can use « = 0 to represent the stationary case without loss of generality because
uy is defined as an arbitrary linear process.

Let & = Y0 ye—1us / ¢, yi; denote the ordinary least squares (OLS) estimator of o and let ¢5 be the

1
conventional regression t—statistic in model (7.1) with o = 1: 5 = (Zle yt{l) (& — 1)/s, where s* =

n Y r (e — éyi—1)?. Further, let &Z be a consistent estimator of 02 = FuZ and let o2\, 4 and 7) be, respectively,
consistent nonparametric kernel estimates of the nuisance parameters A = 3372 | Eugu;, w? = 02C?(1), v = o7 fo(1)

1/2
and 7 = (fg(l) +302, ff(l)) , where fo(1) = Y07 ckcryr and fr(1) = D727 ) CkChir—1 7 > 1. Denote by Z,
< -1 R 1/24 —
and Z, the statistics Zo = (& — 1) — A(Tr2 S yf_l) and Z; = 540 Mg — A{w(rr2 S yf_l) }

We prove the following result.
Theorem 7.1 If, in model (7.1), « =1 and Z;‘;lj|cj| < 00, then, as n — oo,

(7.2) n(@—1) — /W Yaw (v +>\ /W2 dv 1,

(7:3) to —a 0w (o /0 W) + A ( /0 1 W)

where 02 = Eu, A = Zj L Buguj and w? = 02C?(1). One also has the following nuisance-parameter-free limits for
the test statistics Zo, and Z; in model (7.1) with @ =1 and 3772 jlc;| < oo

—1
(7.4) Zo —q /W YdW (v /W2 dv ,
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1 1 —1/2
(7.5) Zi —a (/ W(v)dW(v))(/ W2(v)dv) .
0 0
If, in model (7.1), a =0 and Z]Oil jc? < 00, then, as n — o0,

(7.6) Vn(a —7) =4 N(0,7? /o),

Q»

(7.7) “f;/ﬁ(d —v) —a4 N(0,1).

Proof. Using the continuous mapping theorem (e.g., JS, VI.3.8) and Theorem 4.2 we get n™ 2> | y? | —q
w? fol W?2(v)dv, when a = 1, as in Phillips (1987a). Also, by Theorem 5.2, £ 37" | v, _yuy —¢ A+ w? fol W (v)dW (v).
These relations then imply by continuous mapping that (7.2) and (7.3) hold. Relations (7.4) and (7.5) are conse-
quences of (7.2) and (7.3). Relations (7.6) and (7.7) follow from Theorem 4.4, the consistency of 7, and the fact that
n~ Y u? | —, 02 by the law of large numbers. W

Remark 7.1 The martingale convergence approach provides a unifying principle for proving the limit theory in
the stationary and unit root cases in the above result. In particular, in the martingale-difference error case (i.e.
when Assumption D1 holds and uy = &, allowing for o = 1 or |a| < 1) the construction by which the martingale
convergence approach is applied is the same in both cases. Thus, in the stationary case we use the construction
(4.16) above and in the unit root case we have essentially the same construction in (5.2). In the former case,
the numerator satisfies a central limit theorem, while in the latter case we have weak convergence to a stochastic
integral. This difference makes a unification of the limit theory impossible in terms of existing approaches which
rely on central limit arguments in the stationary case and special weak convergence arguments in the unit root case.
However, the martingale convergence approach readily accommodates both results and, at the same time, also allows
for the difference in the rates of convergence. In effect, in both the stationary and unit root cases, we have convergence
of a discrete time martingale to a continuous martingale, thereby unifying the limit theory for autoregression. Section
9 makes this formulation explicit.

8. Useful multivariate extensions

The present section shows how to skip the Skorohod embedding at the beginning of the proofs, which is used
above to convert discrete time martingales and semimartingales to continuous versions (e.g. in (4.2), (4.10), (5.3) and
(6.4)) and simplify some of the arguments. In fact, we may work directly by treating the discrete time processes as
discontinuous processes and seek to verify conditions for martingale and semimartingale convergence that involve the
predictable measures of jumps for the discontinuous processes. This may be accomplished by using suitable additional
conditions beyond those we have already employed in Theorems 3.1 and 3.2. Dealing with these additional conditions
is not problematic, and the increase in the technical difficulty is justified in view of the wide range of applications
covered by these more general results. The extensions include results on convergence to multivariate stochastic
integrals and a precise formulation of the unification theorem for stationary and nonstationary autoregression. To
simplify presentation of the results, we treat the bivariate case here and extensions to general multivariate cases
follow in the same fashion.

We start with the following martingale convergence result, which provides a limit theory for multivariate sto-
chastic integrals and enables later extension to the case of general linear processes.

Theorem 8.1 Let {(e;,m,)}5%, be a sequence of i.i.d. mean-zero random vectors such that Ee3 = o2, Eng = 0727,

Eeong = ey, Eleo|P < 00 and Elny|P < oo for some p > 4. Let (W,V) = ((W(s),V(s)),s > 0) be bivariate Brownian
motion with covariance matrix

2
O¢ Oen
2
Oen Oy



Then

[nr]

(8.1) %Z (Z_: q) N —d /OTW(v)dV(v)

t=2

Proof. For n > 1, let X,, = (X,,(s),s > 0) and X = (X(s),s > 0) be the vector martingales

1 [ns]  t—1 1 [ns] 1 [ns]
Xn(s) = n ; (i_l Q‘)% ﬁ ;Qa ﬁ 2 ur

and

xX(s) = ( / W)V (), W(s). V() = (X (), X2(s), X*(s))

Let B!, = (B! (s),s > 0) denote the first characteristic without truncation of X, let C'/, = (C'’ (s),s > 0) stand
for its modified second characteristic without truncation and let v,, = (v, (ds,dx)) denote its predictable measure
of jumps (see JS, Ch. II, §2 and 1X.3.25). The process B), is identically zero so Bl (s) = (0,0,0) € R?, s > 0. For
the modified second characteristic without truncation of X,, we have C'/,(s) = (C%(s))1<i j<3, where

i 0_2 [ns]  t—1 2
C}ll(s) = —g 2 (2_1 ez) )
. . - [ns]  t—1
— ]
C,2(s) =C5:(s) 1372 ; (i_zlel)’

t=2 =1
022( ) _ O¢ [TLS]
n n ?
A23( ) _ (32 O enns]
Cn (S) - Cn (S) - n )
~33 oplns]
Cpo(s) =
n
For an element o = (a(s),s > 0), a(s) = (ai(s),az(s),as(s)) of the Skorohod space D(R?) and for a Borel
subset ' of R?, let B(s,a) = (0,0,0),
oy [y a3(v)dv oy [ az(v)dy o [§ as(v)du
(8.2) Cls,a) = | oy [y a2(v)dv o?s OenS ,
o2 [ az(v)dv Tens ors

and v([0, s],T")(a) = 0. Further, let B(a) = (B(s,a),s > 0), C(a) = (C(s,a),s > 0) and v(a) = (v(ds,dx)(a)). The
process X is a solution to the stochastic differential equation

dX1(s) = X2(s)dV (s);
(8.3) dX?(s) = dW(s);

dX3(s) =dV(s),
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or, equivalently, to stochastic differential equation (11.1) with d = 3 and m = 2 and functions b : R* — R? and
o : R? — R3*2 given by b(z1, 22, 73) = (0,0,0) and

opT2 0
(8.4) o(z1,x2,23) = | Ten/on 4 /020,27 — of,]/cr77
oy 0

According to (11.2), the predictable characteristics of X are B(X), C(X) and v(X), with B, C' and v defined as
above (so that the first and the third predictable characteristics of X are identically zero, i.e., B = (0,0,0) € R3
and v = 0). Since X is continuous, its predictable triplet without truncation is the same.

For a > 0 and an element o = ((s),s > 0) of the Skorohod space D(R3), define, similar to (3.1) and as in
1X.3.38 of JS,

S a) = inf(s: |a(s)| > aor |a(s=)| > a),
(8.5)
S¢ =inf(s: | X,(s)| > aor | X,(s—)| > a),

n

where a(s—) and X,,(s—) denote, respectively, the left-hand limits of & and X, at s. Let C;(R?) denote the set of
continuous bounded functions g : R? — R which are equal to zero in a neighborhood of zero. By Theorem IX.3.48
of JS (see also Remark 1X.3.40, Theorem I11.2.40 and Lemma IX.4.4 in JS and also the proof of Theorem 2.1 in
Coffman, Puhalskii and Reiman, 1998), in order to prove that X, —4 X, it suffices to check that the following
conditions hold in addition to conditions (A1)-(A5) of Theorem 3.1 :

(A6a) [d10c — R4] fOSAS“(a) Jrs 9(x)vn(dw,dx) —p 0 for all s > 0, a > 0 and g € C1(R?).

[sup — Bloe]  SUPgcs<n [Bp(s A SE) — B(s AS* X,)| —p 0 forall N € N and all a > 0.
Yo — Ry C'(sNS*) —C(sAS* X,)—p0foral s>0anda>0.
loc n n

(A7) limp_, 00 mnHmP(fOSASZ S [2P1(|2| > b)vy (dw, dz) > e) =0forall s >0,a>0ande>0.

The following is a sufficient condition for [v;,. — R4] in (A6a):
[sup — v'] SUPg<s< N |C~’;L(s) —C(s,X,)| —p 0 forall N € N.

In addition, from the definition of the class C;(R?) and Lemma 5.5.1 in Liptser and Shiryaev (1989) it follows
in a similar way to the proof of Theorem 2.1 in Coffman et. al. that the following is a sufficient condition for
[610c — R4 ] :

[sup — A]  supg.<y |[AX,(s)] —p 0 for all N € N, where AX,,(s) = Xy (s) — Xp(s—).

Note that since X is continuous, in the corresponding results in JS, v = 0, B’ = B and C'=C.

Conditions (A1)-(A5) of Theorem 3.1 in the present context can be verified in complete similarity to the proof
of Theorem 5.1. In particular, conditions (A2) and (A3) follow from the straightforward extension of Corollary 11.1
to the case of a three-dimensional homogenous diffusion driven by two Brownian motions.

Condition [sup — '] (and thus [sup — 3],.]) is trivially satisfied since B/,(s) = 0, s > 0, and B, (s, X,,) = 0, s > 0.

zij
From formula (8.2) we have that C,, (s, X,) = (C,, (s))1<i,j<3, where

<11 2 [ns] -1, 2 Ins] 4 R 2 [ns]
C, (s) = =2 (Xe) + ZL(Ye) (s [ns)) = CM(s) + 2 (D) (s — [ns)),
t= i=1 =1 i=1
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21 [ns] -1 [ns] [ns]

C (s) = 5n (s) = 536/7]2 Z ( 6’) 7;‘:«:/772 (ZGZ) ns — [ns]) = C° + %(;61) (ns — [ns]),

[ns]  t—1 [ns] [ns]

é‘n (5) = é‘n (s) = n3_72; ( 2 ez) n3/2 (Zez) ns — [ns]) = C13 + W(Zez) ns — [ns))
6’?(5) =025 =C% 4+ o2 ns = [ns]

)
€ n

%23 ~32 _ B
C,(s)=C, (s)=0as=Cr+ Uenw,
n

n

5 s — [ns]
.

~33 o =33
C, (s) =0,s=C;"+

Since, by Lemma 13.5, n-t mMaxXi<k<Nn Zle €| —p 0 for all N € N, we thus have

£ F(X )] o
0<s<N 0<k<nN

i=1

12 512 o 521 u
— = _ < . 0
OEEEN w () a0l 0<SI£N} n(s) n (5)] 0<hanN ’713/2 (;6’) P

13 5«13 st 531 oy &
0<SL1£N| w (s) " (8)} 0<SZI£N| n (8) n (s | 02henN ’n3/2 (ZQ) —r0

—

. 222 _ =23
for all N € N. In addition, evidently, supy.s<y |C2(s) — C,, (s)] < o%/n —p 0, SUPg<s<N |C23(s) — C,, (s)] =

- =32 . 33
supg o<y |Ci2(s) = C,, (s)| < 0ep/n —p 0 and supy,<n |C33(s) - C,, (3)‘ < o7 /n —p 0 for all N € N. The above

obviously implies that SUPg<s<nN |C~';L(S) —C(s,Xy)| —p 0forall N € N and thus condition [sup—~'] (and condition
[V)oe — Roi]) is satisfied.

For all N € N, we have

1
sup |AX,(s)| < max —‘
0<s<N 0<k<nN

1 1 1
26| ooty rlerl + oy el & o B il

k . k
Di1 Ei i=16| =
Op(1). In addition, by Lemma 13.4, maxo<p<nn ﬁ|ek| —p 0 and maxo<p<nnN ﬁ|nk| —p 0. Using the above, we
therefore find that supy< <y [AXn(s)| —p 0 for all N € N. Thus, condition [sup — A] holds and [, — R+ ] holds

in consequence.

By Theorem 4.1, the sequence maxo<k<nN ﬁ

Finally, we demonstrate that (A7) holds. It is not difficult to see that

SASy s
E/ / @2I(|z] > b)va(dw,dz) §E/ / @2T(|2] > by (dw, dz) <
0 R3 o JR3
1 S S
(8.6) b_2E/ / |z|*v,, (dw, dx) 3E/ / (z] + 25 + 23)v, (dw, dz).
0 JR3 0 Jax=(z1,22,23)ER3
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Continuing, we have

s [ns] t—1
1 4
E/ / (z] + 25 + 23)vp(dw, dz) = — E( Z 61‘) Ent +
0 Jz=(z1,72,23)ER3 n t=2 i=1
[ns] [ns] 4 [ns] t—1 4
1 4, 1 4 Eng 4 Eejns]
(87) F Z EGt + ﬁ E’I’]t = F E( : 61) 2 B 5
t=2 t=2 t=2 =1
and, using inequality (13.13) in Appendix 11, we find that
[ns] t—1 [ns]
Enj 1 K(Ee})?
— ZE(Ze) < =Y 2 < K(Be)?/n—0
t=2 =1 t=2

for all s > 0. Evidently, [ns]/n? — 0 for all s > 0, and from (8.6) and (8.7) we deduce that

SASy
E/ / 21(|2] > by (dw, dz) — 0
0 R3
for all a,b, s > 0. By Chebyshev’s inequality, this evidently implies that condition (A7) holds.

Consequently, conditions (A1)-(A5) of Theorem 3.1, together with conditions (A6a) and (A7) above are satisfied
for X,, and X. The convergence (8.1) therefore holds as required. W

In complete similarity to the proof of relation (8.1) and to Theorem 6.1, we may deduce, with the help of
straightforward extensions of Corollary 11.1, that the following analogues of (8.1) and Theorem 6.1 hold in the
present context.

Theorem 8.2 Let f : R — R be a twice continuously differentiable function such that [’ satisfies the growth
condition |f'(z)| < K(1 + |z|*) for some constants K > 0 and o > 0 and all € R. Suppose that {(er,n,)}52
is a sequence of i.i.d. mean-zero random vectors such that Ee} = o2, Eng = 03,, Eegng = ey, EleglP < 00 and
E|ngl? < 0o for some with p > max(6,4«a). Then

[nr]

1 1 & r
(8.8) NG ;f (ﬁ ;&) N —d /0 f(W(v))aV (v).

Further, using the Phillips-Solo device as in the proof of Theorems 5.2 and 6.1, we obtain the following general-
izations of relations (8.1) and (8.8) to the case of linear processes.

Theorem 8.3 Suppose that wy = (u,v4) is the linear process wy = G(L)ey = Z;?io Gj€e—j, with G(L) =

X VGLI S GG | < o0, G(1) of full rank, and {€:}52, a sequence of 4i.5.d. mean-zero random vectors such
Zj_o J j=1J1143 ) ) t=0 q
that Eegely = ¢ > 0 and max; Ele;jp|P? < oo for some p > 4. Then

nr] /t—1 r
(89) %Z ( uz) Vg —d TAuw +/ W(’U)dV(’U%
t 1 0

[
=2 \li=

where (W,V) = (W (s),V(s)),s > 0) is bivariate Brownian motion with covariance matriz Q = G (1) G (1) and
)\uv = Zjoil E’I.Lovj.

Further, if f : R — R is a twice continuously differentiable function such that f' satisfies the growth condition
|f'(x)] < K(1+ |z|*) for some constants K > 0 and o > 0 and all © € R, and if p > max(6,4a), then

[nr

TR A v r
(8.10) %;f (% ;m) v —q Auv/O f (W(U))dv+/0 F(W(v))aV (v).
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Remark 8.1 Using the approach developed in the present section together with the Phillips-Solo device as in the
proof of Theorems 5.2 and 6.1, one can also obtain limit results for sample covariances of monlinear functions of
unstandardized integrated processes and martingale differences. In particular, our approach provides an alternative
way of proving the following analogue of Theorems 8.1-8.3 for the case of integrable functions, which was first given
by Park and Phillips (1999). Suppose that (e;) satisfy assumption (D1) with p > 4 and (u:) is a linear process
up = C(L)n, = 3752 cjme—j with C(1) # 0 and 3772 jlej| < oo generated by a sequence of i.i.d. mean-zero random
variables (n,) independent of (e;). Assume that Efn0|q < 00 for some q > 4 and the distribution of 1, is absolutely
continuous with respect to Lebesque measure and has characteristic function ¢(t) satisfying limy_, o, t"¢(t) = 0 for
some r > 0. Let a function f : R — R be such that f* is integrable and satisfies the Lipschitz condition |f?(x) —
f2(y)| < Clz —y|* over its support for some constants C >0 and k > 6/(q — 2). Then

[nr]

(8.11) n1/4 Zf(Zuz)et —>d L(r,0) / F2(s ds 2W(?"),

where L(r,0) = limg o = 5o fo s)| < a)ds is the local time at the origin over the interval [0,7] of a Brownian
motion V which is independent of the Brownian motion W. For a fized r, the limit in (8.11) is mized normal with
a mizing variate given by L.

Furthermore, using the martingale convergence approach as in this paper, one can easily obtain analogues of
relation (8.11) for the case of functions f : R x Il — R indexed by some parameter m from a compact set I1, as in
Park and Phillips (2001).

9. Unification of the limit theory of autoregression

The present section demonstrates how the martingale convergence approach developed in this paper provides a
unified formulation of the limit theory for first order autoregression, including stationary, unit root, local to unity
and (together with the conventional martingale convergence theorem) explosive settings.

Specializing (7.1), we consider here the autoregression
(9.1) Ye=ay_1+e, t=1..n

with martingale-difference errors €; that satisfy assumption (D1) with p > 4. As in (7.1), the initial condition in (9.1)
is set at ¢ = 0 and yp may be any O,(1) random variable, including a constant. We treat the stationary |a| < 1,
unit root o = 1, local to unity and explosive cases together in what follows and show how the limit theory for all
these cases may be formulated in a unified manner within the martingale convergence framework.

We start with the stationary and unit root cases. For r € (0, 1], define the recursive least squares estimator
Q= ZL’ZJ ytflyt/ ZETZE y? ,, and write

€

1/2
DR . TTRRY: X, (r
(9.2) ( t012t1 (G —a) = E:ltlt/zz N ()1/27
(Zt LY 10) (C ‘n (7')>

where X, (r) is the martingale given by

(9.3) X, (7"):{ \/—Zt lyrer o <1 7

[nr]

Iy e a=1

and C/, = (C’(s),s > 0) is the modified second characteristic without truncation of X, (see JS, Ch. II, §2 and
IX.3.25):

[nr]

B [nr]
(9.4) o4 (r) = Zt 1 yt 10 lal <1
nz Zt 1 yt 10 a=1
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By virtue of Remark 4.1 and Theorem 8.1 we have

(9.5) Xy (r) —a X (1) { QIZQUW() (v) ‘z|:<11 )
and
(9.6 e =) ={ Bl gy 10151

where C' = (C(s), s > 0) is the second predictable characteristic of the continuous martingale X and o2 = 1/(1—a?).
Thus,

[rr] 1/2
(9.7) (Zt | Yie 1> Gy —a) = Xn (1) oy X (r)

2
O¢

N (0,1) lal <1
:1 W (v)dW (v) a=1 -

(fol W(11)2d11)1/2

Il
a

which unifies the limit theory for the stationary and unit root autoregression.

Defining the error variance estimator s2 = [nr] ™" ?;’"1] (Yt — @yi—1)? and noting that s2 —, o2 for r > 0, we

have the corresponding limit theory for the recursive t— statistic

52

[l g2 i Sy e o X,(r) o

tn (T‘) — t=1Jt—1 (& 7()(): t—=1 Yt—1€¢ e _ n Ye

¢ r " [nr] 2 2 s, vy 12 s,
(Z R Yer- ) (Cn(r)>

N(0,1) lal <1
Sy LW (v)dW () _
(fol W(’U)zd’u)l/2 a = ].

The theory also extends to cases where « lies in the neighborhood of unity. In complete similarity to the proof
of Theorem 8.1 and to derivations above in this section, one can show that, for o = 1 + £, (9.2) - ( 9.4) hold with
the same normalization as in the unit root case, but in place of (9.5) and (9.6) one now has

(9.8) X,(r) —4 (r)= JQIOT o (v), a=1+%

n

(9.9) C’;(r) — 4 = 4f0 o 2dv a=1+%,

where J,(v) = [} e?=3)dIV (s) is a linear diffusion (Phillips, 1987b). We then have

[m,] 1/2
( 207 ) Gr—a) = X)X
< (Gum)” T con”

[y Jw)aw (v)
_, .

(fo eru) 1/2

Further, when there are moderate deviations from unity of the form a =1+ -5 for some b € (0,1) and ¢ < 0 (as in
Phillips and Magdalinos, 2004, and Giraitis and Phillips, 2004), (9.2) continues to hold but with

Xn(r): ﬁzgrﬂyt 1€¢, O[:].-l-ﬁ, C<O,b€(0,].)7
no 2
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and CN';L(T) = ng Zt b y?_102. Then, X, (1) —q X (r) = , fgcr) and CN';L(T) —, C(r) =
again holds with the limit process being X (r) / (C’(T))l/2 =4 N (0,1).

, (9.7)

Next consider the explosive autoregressive case where o > 1. In this case, (9.2) applies with X, (r) =

Z[n r] yi_16; and C! ! (r) = a2 Z 1 y?_,02. By the martingale convergence theorem, o~ 'y; —,.s. Yo, Where

a[nr

2
Yo =Y oo, & ®es+yo, and, correspondingly, C d(r) —as Clr)=Y2 a;’ . By further application of the martingale
convergence theorem we find that

1 Yi—1 €t
(910) Xn (T) = Zyt—1€t = Z at— 1 W —a.s. YaZaa

with Z, = Y o0, @~ %€, where (€}) is an i.i.d. sequence that is distributionally equivalent to (e,). In (9.10), the limit
of X, (r) is the product YaZ, of the two independent random variables Y, and Z,. In place of (9.4) we therefore
have

Xn (1) =as X(r)=YoZ,.
In place of (9.5) we now have C/,(r) —q., C(r), where C(r) denotes C(r) = Y232 a~2¢2 = Y2 a;';l.
therefore find that

[nr] 1/2
Zt 1 Yi1 (6 — a) Xn () s X (r)
I (Gn) ™ O

€

Y Za 21\ Y2
= ———— =sign(Ya) (a ) Zao.
02 /2 0’?

Yal (+55)

If yo =0 and €, is i.i.d. NV (O7 Uf) , then Y, and Z, are independent NV ( —‘2—1) variates and we have

[nr] y2 1 1/2 X (7,)
(%) (67 = @) =05, —— 2 =a N (0,1),
Ch(r)

€

as shown in early work by White (1958) and Anderson (1959).

In concluding this section we note that, using Remark 8.1, results for regression asymptotics with transformed
integrated regressors, such as those given in Park and Phillips (1999, 2001), may also be derived using martingale
convergence arguments. The present approach therefore provides a unified treatment of asymptotics for station-
ary autoregression, autoregression with roots at or near unity and explosive cases as well that of regression with
nonlinearly transformed integrated processes.

10. Concluding remarks

The last four sections illustrate the power of the martingale convergence approach in dealing with functional limit
theory, weak convergence to stochastic integrals and time series asymptotics for both stationary and nonstationary
processes. These examples reveal that the method encompasses much existing asymptotic theory in econometrics
and is applicable to a wide class of interesting new problems where the limits involve stochastic integrals and mixed
normal distributions. The versatility of the approach is most apparent in the unified treatment that it provides
for the limit theory of autoregression, covering stationary, unit root, local to unity and explosive cases. No other
approach to the limit theory has yet succeeded in accomplishing this unification.

While the technical apparatus of martingale convergence as it has been developed in Jacod and Shiryaev (2003)
is initially somewhat daunting, it should be apparent from these econometric implementations that the machinery
has a very broad reach in tackling asymptotic distribution problems in econometrics. Following the example of
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the applications given here, the methods may be applied directly to deliver asymptotic theory in many interesting
econometric models, including models with some roots near unity and some cointegration as well as models with
certain nonlinear forms of cointegration.

11. Appendix Al. Uniqueness and measurability hypotheses and continuity conditions for
homogenous diffusion processes.

An important class of limit semimartingales X for which the conditions of uniqueness and measurability (A2)
and (A3) of Theorem 3.1 are satisfied is given by homogenous diffusion processes with infinitesimal characteristics
satisfying quite general conditions. These conditions also assure that the uniqueness hypothesis (B2) of Theorem
3.2) holds. We review some key results from that literature here together with some new results on multivariate
diffusion processes that are used in the body of the paper.

For d,m € N, let o R‘f —R,i=1,...d,j=1,...,m,and b" : R - R, i = 1,...,d, be continuous functions
and let W = (W (s),s > 0), W(s) = (W(s),..., W™(s)), be a standard m—dimensional Brownian motion. Consider
the stochastic differential equation system dX*(s) = 327", 0% (X (s5))dW7(s) + b*(X (s))ds, i = 1,...,d, or, in matrix
form,

(11.1) (dX(s)" = o(X(s))(dW ()" + " (X(s))ds,

where 0 : R — R¥™ and b : R? — R? are defined by o(z) = (6% (2))1<i<di<j<m € R¥*™ and b(z) =
(b (z),...,0%x)) € R, x € R?, and y” denotes the transpose of the vector .

Definition 11.1 (see Definition IV.1.2 in Ikeda and Watanabe, 1989, and Definition I11.2.24 in JS). A solution
to (11.1) is a continuous d—dimensional process X = (X (s),s > 0), X(s) = (X*(s),..., XU(s)) € RY, such that, for
all s >0 and all i =1,...,d, X*(s) — X*(0) = Z;"Zl o 09 (X (v)dWI (v) + [ b (X (v))dv. Such a solution is called
a homogenous diffusion process.

Definition 11.2 (Ikeda and Watanabe, 1989, Definition VI.1.4). It is said that uniqueness of solutions (in the
sense of probability laws) holds for (11.1) if, whenever X1 and X5 are two solutions for (11.1) such that X1(0) = z
a.s. and X2(0) = z a.s. for some z € RY, then the laws on the space D(RL) of the processes X1 and X5 coincide.

For an element o = ((s), s > 0) of the Skorohod space D(R?) and 4,5 = 1,...,d, define

Bi(s,a) = [§ b (a(v)dv,
(11.2) | )
CH(s,a) = 301, [y 0 (a(v)o?*(a(v))dv = [§ a¥(a(v))dv,

where, for x € R% and 1 < 4,5 < d,

m

(11.3) a(z) = Zaik(x)ajk(x).
k=1

Further, let B(a) = (B(s,a),s > 0) and C(«) =

C(s,a) = (CY(s,a))1<i,j<d- A solution X = (X(s),s

characteristics B(X) and C(X).

(C(s,a),s > 0), where B(s,a) = (B(s,q), ..., B4(s,a)), and
> 0) to equation (11.1) is a semimartingale with the predictable

The following lemma gives simple sufficient conditions for a homogenous diffusion (a solution to (11.1)) to satisfy
continuity conditions (A4) and (B3).

Lemma 11.1 If o(z) and b(x) are continuous in x € R?, then continuity conditions (A4) and (B3) of Theorems
3.1 and 3.2 are satisfied for the mappings o — B(s,a) and o — C(s,a) defined in (11.2).
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Proof. The lemma immediately follows from the definition of B(s, «) and C(s, ) and continuity of the matrix-
valued function a(z) = o(x)o” (z) = (a¥(z))1<i,j<d, where a”/(z), 1 < i,j < d, are defined in (11.3). W

For B(s, a) and C(s, o) defined above, one has, in notations (3.3) and (3.4), B, (s, a) = (Eér)(s, ), ., B‘(ir)(s, a))
and C(, (s, a) = (Uaﬁ)(s, a), ...,U?T)(s,a)), where

. s+r s
Biry(s,0) = Bi(s +1,a0) — B (rag)) = / b (v — r))dv = /0 b (a(v))dv = Bi(s, ),

C(i) (s,a) = CY(s+ra) — C(r,a,)

m s+r
o™*(a(v —r))o?* (a(v - 7))dv
>)

(11.4)

/OS Jik(a(u))ajk(a(v))dv = C(s,a),

i,j =1,...,d, that is, F(T) = B and ﬁ(r) = C for all » > 0 in the uniqueness hypothesis (A2) in Theorem 3.1. Thus,
in the case where, in Theorem 3.1, the predictable characteristics of the limit semimartingale X are B(X) and C(X)
with B and C defined in (11.2) (the limit semimartingale X is a solution to differential equation (11.1)), conditions
(A2) and (A3) simplify to the following;:

(A2’) Uniqueness hypothesis: Let H denote the o—field generated by X (0) and let Ly denote the distribution
of X(0). For each z € R%, the martingale problem associated with (H,X) and (Lo, B,C,v), where X(0) = 2z a.s.
and v =0, has a unique solution P, (see Definition 3.2).

(A8°) Measurability hypothesis: The mapping z» € R? — P,(A) is Borel for all A € 3.

The following Theorems 11.1 and 11.2 give sufficient conditions for a homogenous diffusion (a solution to (11.1))
to satisfy conditions (A2) and (A3) (equivalently, (A2’) and (A3’)). They follow from Theorems IV.2.3, IV.2.4 and
IV.3.1 in Tkeda and Watanabe (1989) and Theorem 5.3.1 in Durrett (1996) (see also the discussion following Theorem
IV.6.1 on p. 215 in Ikeda and Watanabe, 1989, and Theorem II1.2.32 in JS).

Theorem 11.1 Conditions (A2) and (A3) of Theorem 3.1 are satisfied for a semimartingale X = (X (s),s > 0)
with the predictable characteristics B(X) and C(X) and B and C defined in (11.2) if and only if uniqueness of
solutions (in the sense of probability laws) holds for (11.1).

Theorem 11.2 For any z € RY, equation (11.1) has a unique (in the sense of probability laws) solution Xy =

(C1) o(x) and b(zx) are locally Lipschitz continuous, that is, for every N € N there exists a constant Ky such
that |o(x) — a(y)|® + |b(z) — b(y)|?> < Ky|z — y|? for all z,y € R? such that |x| < N and |y| < N.

(C2) There is a constant K < oo and a function ¢(z) > 0, z € RY, with limp; oo d(z) = o0, so that if
X = (X(s),s >0) is a solution of (11.1), then (e~ %5¢(X(s)),s > 0) is a local supermartingale.

Let a(z) = o(z)oT(z) (in the component form, a(z) = (a"(z))1<i j<a, where a¥(x) are defined in 11.8). Con-
dition (C2) above holds with K = K if

(C3) Zle 2x:bi () + asi(z) < K(1 4 |z]2) for some positive constant K and all = € R?,

Remark 11.1 Analysis of the proof of Theorem 8.1 in Durrett (1996) reveals that condition lim|g o ¢(x) = 00
does indeed need to be imposed in the theorem, as indicated in (C2).
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Remark 11.2 Conditions (C1) and (C2) (and, thus, (C1) and (C8)) of Theorem 11.2 guarantee existence of a
global solution to (11.1) (that is, a solution defined for all s € Ry ) and its uniqueness. Formally, for any x € R, a
solution X gy to (11.1) with the initial condition X ;)(0) = x and the stopping times S,, defined by S, = inf{s > 0:
| X(2)(s)| > n}, one has that the explosion time S for X(z) given by S = limy, o0 S, is infinite a.s.: S = oo a.s.

Remark 11.3 In fact, conditions (C1) and (C2) (and, thus, (C1) and (C3)) of Theorem 11.2 are sufficient not
only for existence and uniqueness of solutions for (11.1) in the sense of probability laws (Definition 11.2), but also
for pathwise uniqueness of solutions (see Ikeda and Watanabe, 1989, Ch. IV). Theorems 11.1 and 11.2 have a
counterpart, due to Stroock and Varadhan, according to which existence and uniqueness of solutions in the sense of
probability laws holds for (11.1) if the following conditions are satisfied:

(C1°) b(zx) is bounded;
(C2) a(x) = o(z)oT (z) is bounded and continuous and everywhere invertible.

(see Theorem IV.3.8 and the discussion following Theorem IV.6.1 on p. 215 in Ikeda and Watanabe, 1989, Theorem
I11.2.834 and Corollary II1.2.41 in JS, and Chapters 6 and 7 in Stroock and Varadhan, 1979).

For the proof of the main results in the paper, we will need a corollary of Theorems 11.1 and 11.2 in the case
d =2 and m = 1 (that is, in the case of a two-dimensional homogenous diffusion driven by a single Brownian motion)
and functions o : R2 — R?*! and b: R? — R? given by

o(x1,x2) = (g1(x2),1)7,
(11.5)
b($13x2) = (92(1'2)’0)7

where ¢g; : R — R, i = 1,2, are some continuous functions. In other words, we consider the stochastic differential
equation

dXi1(s) = g1(X2(s))dW (s) + g2(Xa(s))ds;
(11.6)
dXs(s) = dW (s).

A solution X = (X(s),s > 0), X(s) = (X1(s), X2(s)) to (11.6) is a two-dimensional semimartingale with the
predictable characteristics B(X) and C(X), where, for an element o = (a(s),s > 0), a(s) = (a1(s), a2(s)) of the
Skorohod space D(R2),

B(s,a) = (f; gz(ag(v))dv,O) = (B'(s,a), B(s,)),

(11.7) Clsso - O: g3 (a(v))dv fOS g1(az(v))dv _ ( C'(s,a
Jo 91(az(v))dv §

Corollary 11.1 Suppose that the conditions hold:

(C’ 1) The functions g1 and go are locally Lipschitz continuous, that is, for every N € N there exists a constant
Ky such that |g;(x) — ¢;(y)| < Knlz —y|, i = 1,2, for all z,y € R such that || < N and |y| < N;

(C2) g1 and g, satisfy the growth condition
(11.8) jgi(2)] < " i=1,2,
for some positive constant K and all z € R.

Then, for any z € R?, stochastic differential equation (11.6) has a unique solution Xy = (X(2)(8),8 > 0) with
X(2)(0) = z and, thus, by Theorem 11.1, conditions (A2) and (A3) of Theorem 3.1 are satisfied for a semimartingale
X = (X(s),s>0), X(s) = (X1(s), Xa(s)) with the predictable characteristics B(X) and C(X) and B and C defined
in (11.7).
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Proof. Clearly, under the assumptions of the corollary, condition (C1) of Theorem 11.2 is satisfied for the
mappings o and b defined in (11.5). Let us show that condition (C2) of Theorem 11.2 is satisfied with A = 2+ 2K?
and ¢(x1,29) = 7 + 2K 4 ¢=2K72_ Clearly, im| (5, 2,)|—o00 @(21,%2) = oco. Similar to the proof of Theorem 5.3.1
in Durrett (1996), by It6’s formula we have that

€7AS¢(X1(S),X2(S))} — o As [ B A(Xf(s) 12K Xa(s) 672KX2(5))
+2X1(5)g2 (Xa(s)) + g3 (X (5)) + 2K (2520 4 =2 X)) g
e4s [2X1(s)gl(X2(s)) + 2K(€2KX2(S) _ 2K Xa(s )}dW( ).
Since
—A(Xf(s) + 2KXa(s) 4 6_2KX2(S)) +2X1(8)g2(Xa(s)) + g1 (Xa(s)) + 2K> (e2KX2(S) + e_QKXZ(S)) =
—AX}(5) + 2 (9)92(Xa(5)) + g7 (Xa(s) — 2220 4 o720

(1= A)XF(5) + g3 (Xa(s)) + g2(Xa(s)) — 2(2H X2 4 m2KXa())

IN

IN
o

by condition (C2), we have that the process (e *¢(X(s)),s > 0) is a local supermartingale. Consequently, (C2)
indeed holds and, by Theorems 11.1 and 11.2, the proof is complete. B

Remark 11.4 It is important to note that condition (C2’) of Remark 11.3 is not satisfied for stochastic differential
equation (11.6) since, as it is easy to see, the matriz a(x) = o(x)o’ (x) is degenerate for o defined in (11.5). The
same applies, in general, to condition (C3) of Theorem 11.2. Therefore, the counterpart to Theorems 11.1 and 11.2
given by Remark 11.3 and, in general, linear growth condition (C3) cannot be employed to justify uniqueness and
measurability hypothesis of Theorem 3.1 for the limit martingale X with the predictable characteristics B(X) and
C(X) and B and C defined in (11.7). This is crucial in the proof of convergence to stochastic integrals in Sections
5 and 6 in the paper, where the limit semimartingales are solutions to (11.6), and we employ the result given by
Corollary 11.1 to justify that conditions (A2) and (A83) of Theorem 8.1 hold for them.

The following is a straightforward corollary of Lemma 11.1 in the case of stochastic equation (11.6).

Corollary 11.2 Continuity conditions (A4) and (B3) of Theorems 3.1 and 3.2 hold for the mappings a — B(s, )
and o — C(s,a) defined in (11.7) if the functions gi(z) and go(x) are continuous (in particular, (A4) and (B3)
hold under assumption of local Lipschitz continuity (C'1) of Corollary 11.1).

12. Appendix A2. Embedding of a martingale into a Brownian motion

The following lemma gives the Skorohod embedding of martingales and a strong approximation to their quadratic
variation. It was obtained in Park and Phillips (1999) in the case of the space ID([0,1]) (see also Theorem A.1 in
Hall and Heyde, 1980, Phillips and Ploberger, 1999, and Park and Phillips, 2001). The argument in the case of the
space D(R,) is the same as in Park and Phillips (1999).

Lemma 12.1 (Park and Phillips, 1999, Lemma 6.2). Let assumption (D1) hold. Then there exists a probability
space supporting a standard Brownian motion W and an increasing sequence of nonnegative stopping times (Tx)k>0
with Ty = 0 such that

(12.1) iek — W( )
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t €N, and

(12.2) max
1<t<Nn nd

— 0T

an
(12.3) sup ’M 2
0<r<N

=a.s. O(anl)

n
for all N € N and any q > max(1/2,2/p). In addition to the above, Ty is E,—measurable and, for all B € [1,p/2],
E(Ty — Ti—1)P|&—1) < KgE(le|*?|S¢-1) a.s.
for some constant Kg depending only on 3,
E(Ty — Ti_1|& 1) = 0% a.s.,

where & is the o—field generated by (ey)t_; and W(s) for 0 < s <T.

13. Appendix A3. Auxiliary lemmas

Lemma 13.1 (Billingsley, 1968, Theorem 4.1). Let (0,3, P) be a probability space and let (E,E) be a metric space
with a metric p. Let X,, Y,,n > 1, and X be E—valued random elements on (2,3, P) such that X,, —4 X and
(X0, Yn) —=p 0. Then 'Y, — X.

For o, 8 € D(R4), let o8 € D(R) denote the composition of « and 8, that is, the function (aoB)(s) = a(B8(s)),
s> 0.

Lemma 13.2 If X,, —4 X andY,, —p Y, where X = (X(s),s > 0) andY = (Y (s),s > 0) are continuous processes,
then X,,0Y, —4 X oY.

For the proof of Lemma 13.2, we need the following well-known result. Let p(z,y) denote the Skorohod metric
on D(R4) and let C(R) denote the space of continuous functions on R .

Lemma 13.3 (Proposition VI.1.17 in JS; see also Theorem 15.12 in HWY). Let x, € DR4), n > 1, and = €
D(R,). Then

(13.1) sup |z, (s) —x(s)] — 0
0<s<N

for all N € N implies that
(13.2) p(zn,x) — 0.

If, in addition, v € C(R4.), then relations (13.1) and (13.2) are equivalent.

Proof of Lemma 13.2. Relations X,, —4 X and Y,, —p Y imply (see Theorem 4.4 in Billingsley, 1968) that
(13.3) (X0, Yo) —a (X,Y).

It is not difficult to see that the mapping ¢ : D(R%) — D(R;) defined by (o, 8) = o 8 for (o, 8) € D(R2)
is continuous at («, ) such that o, f € C(R4). Indeed suppose that, for the Skorohod metric p, p(ay,, o) — 0 and
p(B,,B) — 0, where a,, 5, € D(R4),n > 1, and «, 5 € C(R). We have that, for any N € N,

(13.4) sup |an 0 fB,(s) —aoB(s)| < sup oy 0fB,(s) —aoB,(s)|+ sup |aopB,(s) —aopB(s)
0<s<N 0<s<N 0<s<N
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and continuity of 3 we get that, for all n > 1, supg<,<n [B8,(s)] <

Using Lemma 13.3 with z,, = §,, and z = 3
| < K(N) < co. Consequently, from the same lemma with z,, = a,, and

SUPg<s<n |Bn(8) — B(8)] + supg< <y [B(5)
z = « it follows that, for all N € N,

(13.5) sup |anpof,(s) —aof,(s)| <  sup |an(s) —a(s)| — 0.
0<s<N 0<s<K(N)

Using again Lemma 13.3 with z,, = ,, and z = § and uniform continuity of «, we also get that, for all N € N,

(13.6) sup |ao f,(s) —aof(s)| — 0.
0<s<N

Relations (13.4)-(13.6) imply that (13.1) holds with z, = a, o 8, and x = a o § and thus, by Lemma 13.3,
play o B, a0 ) — 0, as required.

Continuity of ¢ and property (13.3) imply, by continuous mapping theorem (see JS, VI.3.8, and Billingsley, 1968,
Corollary 1 to Theorem 5.1 and the discussion on pp. 144-145) that X,, oY, = ¥(X,,,Y,) —q ¥(X,Y)=XoY. R

Lemma 13.4 Let p > 0. Suppose that a sequence of identically distributed random variables (§;)teN, is such that
E|&lP < 0o. Then

—1/p
(13.7) olnax & —p 0

for all N € N.

Proof. Evidently, (13.7) is equivalent to n~! maxo<x<nn |{4P —p 0. Similar to the discussion preceding Theo-
rem 3.4 in Phillips and Solo (1992) and the discussion in Hall and Heyde (1980, p. 53) we get that this relation, in
turn, is equivalent to

1 Nn
= = 3 I&lPIE > n8) —p 0
k=1

for all § > 0. The latter property holds because EJ,, < NE|§,|PI(|{y|P > nd) — 0 by the dominated convergence
theorem (see Theorem A.7 in Hall and Heyde, 1980) since E|¢|P < co. B

As it is well known, the conclusion of Lemma 13.7 can be strengthened in the case of martingales. In particular,
the following lemma holds.

Lemma 13.5 Suppose that (1, St)ien, n > 1, is an array of martingale-difference sequences with maxi<i<,, En?,
< L for some constant L > 0 and alln € N. Then

k

2 i

max
1<k<Nn

for all N € N.

Proof. By Kolmogorov’s inequality for martingales (Hall and Heyde, 1980, Corollary 2.1) we get that, for all

6 >0,
Zntn

P( max
1<k<Nn

>5)<E(Zntn) /E0?) SN max Eni,/n< NL/n =0,

as required. W

Lemma 13.6 For the random variables € defined in the proof of Theorem 4.2, one has E|é|P < oo if (et)tcz satisfy
assumption (D2) with p > 2.
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Proof. Since El|ey|? < oo, by the triangle inequality for the L,—norm || - ||, = (E| - [?)!/? and Lemma 2.1 in
Phillips and Solo (1992) we have |[éo||, = || 2272, ¢je—;llp < lleollp 22720 1] < co. W

Lemma 13.7 For g defined in the proof of Theorem 4.4, one has 377 >°22 4 11 |grj| < 00 for all v if 3772, jei <
0.

Proof. Using change of summation indices and Holder inequality, we have that

oo o0
Z Z |grj| Z Z ‘CJHCJ+T|_Z.7|CJ||C]+T‘_

k=0 j=k+1 k=0 j=Fk+1

(;j|cj|2) (;j|cj+r|2) < o,

oo

>3 leli el

j=1

IN

as required.

Lemma 13.8 For the random variables G,; and ty; defined in the proof of Theorem 4.4, one has Eu?, < oo and
Eu?, < 0o if (€t)iez satisfy assumption (D2) with p > 2.

Proof. The property Eu%O < 00 holds by Lemma 5.9 in Phillips and Solo (1992). By the triangle inequality for
the Ly—norm || - [l = (E()*)"/2 and Lemma. 13.7, [[iaollz = || 7% Gmee ]|, < lledll2 2720 S5 lomsl < 0

2
Consequently, Ba2, = O(Z;’;O PR |gmj|) <oo. N
Lemma 13.9 For hy, defined in the proof of Theorem 5.2, one has 3 oc s S50 o |hyr| < 00 if >y dlej] < oo

Proof. By definition of iy, it suffices to prove that

oo

(13.8) Y3 lelléi] < oo

r=0 k=0 j=k+1

and

oo o0

(13.9) D> lElleer] < oo

r=0 k=0 j=k+1

Using change of summation indices, we have that

1310) Y Y lelonl <3 il —ZJl%lZlel < (Zm () <

r=0 k=0 j=k+1 r=0j=1 =

IN

o0 o0 o0 o0 o0 o0 o0 o0
ST lgllei SO dleilleiel <D0 Tdleiiel D ekl <
r=0

=0 k=0 j=k+1 r=0 j=1 r=0j=1 k=j+1

(13.11) i 3 ] i ke (ii|cs|)(§:k|ck|) <
r=0 j=1 k=1

k=j+1 j=1s=j

IN

because, as in Lemma 2.1 in Phillips and Solo (1992) and its proof, 3372, j|c;| < oo implies that 3272, [¢;| < oo
and, even stronger, 7%, > fes| < co. W
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Lemma 13.10 For the random variables Wqy and Wy defined in the proof of Theorem 5.2, one has E\ﬁ)ao|p/2 < 00
and Eliy|P/? < oo if (&)iez satisfy assumption (D2) with p > 2 and >y dlej] < oo

Proof. Denote ¢ = p/2. Since E|eg|P < oo, by the triangle inequality for the L,—norm || - ||, = (E| - |9)*/? and
Lemma 13.9, we get

[l @pollg < Z 1 (L)eoe—rllq < (l[eollq)? [uer| < 0.

Consequently, E|Wq0|? < oo and E|wygl? < 0o, as required. W

Lemma 13.11 For the random variables n_; defined in the proof of Theorem 5.2, one has E(n_1)* < oo if (€;)tcz
satisfy assumption (D2) with p > 4 and Z;’;l Jlejl < oo.

Proof. As in Lemma 2.1 in Phillips and Solo (1992) and its proof, >>°%, jlc;| < oo implies that 3322, |&;] <
oo and, even stronger, 77 377 [cs| < oo. Therefore, under the assumptions of the theorem, >27°27, [h,.(1)] <

St Soreo ekl Crgr |+ X 0e 1 Yo |k lekr| < 2( Z;io le;l) ( Z;io |¢;]) < co. Using the triangle inequality for the
Ly—norm || - ||4 = (E| - |*)Y/*, we get, therefore,

In-alla = || ihr(l)e_
r=1

Consequently, E(e")* = O(>72 he(1)) < oco. B

< |\60H4Z|h )| < o0

Lemma 13.12 Under the assumptions of Theorem 6.1, one has

s B(5 (=3 0w)) <1

t:l

for some constant L > 0 and all n € N.

Proof. The growth condition |f'(z)| < K(1+ |z|®) evidently implies that (f'(z))* < K (1 + z*®). Consequently,
using (4.6), we get that, for all k,

(F(=2ow)) < (1]

t=1

k
D> u

t=

4o
)<

") - R e -
“

Sil-

—

Q

%Y Ek

(1 k ~
K(1+|== ;et s

RE

Thus, for some constant K > 0,

I x4 c(1)
1312 s, B(1 (G 3ow)) < (1 o B2

t=1

-

Since, by the assumptions of the theorem, F|ey|? < oo for some p > max(6,4a), we get, by Lemma 13.4, that
E|&|** < co. Since for i.i.d. random variables n,, t > 1, and p > 2,

da E()
+ 8|
\/_

< Kn??E|n,|P

k
p
(13.13) E‘ S
t=1
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(see, e.g., Dharmadhikari, Fabian and Jogdeo, 1968, and also de la Pefia, Ibragimov and Sharakhmetov, 2003), we
also conclude, using Jensen’s inequality, that

k
C
max F|—= Zet
t=

k
(1) o C(1) P\ P/ (4) A
< < pyda/p
s B2 e < (| e ;“’ )" < K(Bleol?)

for some constant K > 0. These estimates evidently imply, together with (13.12), that bound (13.12) indeed holds.
|
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