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Abstract

Explicit asymptotic bias formulae are given for dynamic panel regression estimators as the cross
section sample size N — oco. The results extend earlier work by Nickell (1981) and later authors in
several directions that are relevant for practical work, including models with unit roots, deterministic
trends, predetermined and exogenous regressors, and errors that may be cross sectionally dependent.
The asymptotic bias is found to be so large when incidental linear trends are fitted and the time
series sample size is small that it changes the sign of the autoregressive coefficient. Another finding
of interest is that, when there is cross section error dependence, the probability limit of the dynamic
panel regression estimator is a random variable rather than a constant, which helps to explain the
substantial variability observed in dynamic panel estimates when there is cross section dependence
even in situations where N is very large. Some proposals for bias correction are suggested and finite

sample performance is analyzed in simulations.
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1 Introduction

In an influential paper, Nickell (1981) showed that in dynamic panel regressions the well known finite
sample autoregressive bias (Orcutt, 1948; Kendall, 1954) in time series models persists asymptotically
in large panels as the cross section sample size dimension N — oco. Nickell gave analytic formulae for
this bias and found that its magnitude was considerable in many cases relevant to applied research. In
consequence, bias reduction procedures have been proposed for practical implementation with a variety
of dynamic panel estimators (e.g. Kiviet, 1995; Hahn and Kuersteiner, 2000). The literature is reviewed
in Arrelano and Honoré (2000), Baltagi (2001) and Arrelano (2003).

The present paper extends this work in several directions that are relevant for empirical applications.
The cases studied here include dynamic panel models with a unit root, deterministic linear trends,
exogenous regressors, and errors that may be cross sectionally dependent. Many, and sometimes all, of
these elements appear in applied work with dynamic panels. The main contribution of the paper is to
provide new bias/inconsistency formulae for dynamic panel regressions in these cases, focusing on pooled
least squares regression estimates. It is, of course, well known that instrumental variable and GMM
procedures provide consistent estimates of dynamic coefficients in cases where pooled least squares
is inconsistent (see Baltagi, 2001, Hsaio, 2003, and Arrelano, 2003, for recent overviews). However,
these procedures are also known to suffer bias (Hahn, Hausman and Kuersteiner, 2001)) and, more
significantly, weak instrumentation problems (Kruiniger, 2000; Hahn et al., 2001) when the dynamic
coeflicient is close to unity, as it often is in practical work. They can therefore be an unsatisfactory
alternative in such cases, even when the time series sample size T is large, because of high variance
(Phillips and Sul, 2003) and slow convergence (Moon and Phillips, 2004) problems. Hahn et al. (2001)
have suggested a long difference estimator to alleviate some of these difficulties, but that estimator is
not investigated here.

Two results of particular interest in the present paper are the size of the bias in models where
incidental trends are extracted and the impact of cross section error dependence on the bias. In the
first case, analytic formulae reveal that the inconsistency as the cross section sample size N — oo can
be huge when the time series sample size (T') is small and incidental trends are extracted in panel
regression. For instance, our results show that when T' < 8, the inconsistency in the estimate of a panel
unit root is large enough to change the sign of the coefficient from positive to negative. Simulations
confirm that this enormous asymptotic bias also manifests in finite (V) samples.

A second result of interest is the impact of heterogeneity and cross section error dependence on
the bias. While mild heterogeneity has no asymptotic effect, cross section dependence has a major
impact on the inconsistency of dynamic panel regression. Under cross section dependence, it is shown
that the probability limit of the dynamic panel regression estimator is a random variable rather than a
constant (as it is in the cross section independent case). The randomness of this limit as N — oo helps
to explain the substantial variability of dynamic panel estimates that is known to occur under cross
section dependence even when N is very large (e.g., Phillips and Sul, 2003).

The remainder of the paper is organised as follows. Section 2 describes the panel models that are
studied in the paper. Section 3 provides bias formulae for various cases under cross section independence
and relates these to the existing literature. Section 4 considers the impact of cross section dependence
on dynamic panel regression bias, looking at both stationary and unit root panels. Section 5 considers

some bias reduction methods for both the cross section independent and dependent cases, and reports



the results of some simulations. Section 6 concludes. The appendix contains derivations of the main

results (Section 7) and a glossary of notation (Section 8).

2 Models

The panel regression models considered here fall into the following categories:

Yit = Qi + PYit—1 + Eit pe(—1,1)

M1: (Fixed Effects) o o 0
Yit = Qi T Yy Yir = PYir—1 T Eit p=1

Yit = a; + bit + pyiz—1 + it pe€(—1,1)

M2: (Incidental Linear Trends) o o 0
Yit = a; + bt + Yy Yip = PYiz—1 + Eit p=1

M3: (Exogenous Regressors) §;; = pJit—1 + Z{tﬁ +&i, pe(-1,1].

In each case, the index ¢ (i = 1, ..., N) stands for the i’th cross sectional unit and ¢ (¢t = 1,..,7") indexes
time series observations. The variables Z;; are exogenous. The affix notation on w; signifies that the
series w; has been detrended or demeaned and this will be clear from the context. Models M1 and
M2 allow for both stationary (|p| < 1) and nonstationary (p = 1) cases. In M3, we allow for unit root
and stationary y;; but do not consider here cases where Z;; may have nonstationary elements (i.e., the
possibly cointegrated regression case). In the unit root cases, the initialization of 3, is taken to be
ysh = O, (1) and uncorrelated with {e;;}¢>1.

The cases of cross section independence and cross section dependence for the panel regression errors
will be considered separately in Sections 3 and 4. We take first the case where the errors £;; in the above
models are independent across i. The following section derives explicit formulae for the asymptotic bias
of the least squares estimates of p and 8 in that case, giving the inconsistency plimy_,..(p — p) for
each model where p is the panel least squares estimate of p. Section 4 studies the inconsistency of these

estimates when there is cross section dependence.

3 Models with Cross Section Independence

This section includes three subsections, one for each model, and deals separately with the stationary and
panel unit root cases. Before proceeding, one important difference in autoregressive bias between the
time series AR(1) and panel AR(1) should be mentioned: there is negligible bias when the fixed effect is
known (or zero) in the panel AR(1) model for large N. It is well known that the bias in an autogression
with known mean arises from the asymmetry of the distribution of the least squares estimator p and is
a finite sample (T') phenomenon. A similar phenomenon occurs in panel autoregressions with finite T
and finite N when the mean is known (or, equivalently, set to zero). However, in panel autogressions
with a known mean, the averaging across section eventually removes the asymmetry of the distribution
as N — oco. Hence, for large N the distribution of p is close to symmetric about p and bias is negligible.
Only when N is small is the bias important in the known fixed effect case.

On the other hand, when the fixed effect is estimated or when there are incidental trends to be
removed, autoregressive bias can be large and it persists even as N — oco. As Orcutt (1948) pointed

out, the removal of a mean or trend from the data in an autoregression produces an additional source of



bias arising from the correlation of the error and the lagged dependent variable. In a panel model with
incidental fixed effects and/or trends, this additional source of bias is not diminished as N — oo, as
is well understood from Neyman and Scott (1948) and Nickell (1981). Interestingly, that inconsistency
persists even as T — oo when p = 1 4 ¢/T and the parameter being estimated is local to unity (Moon
and Phillips, 1999, 2000 & 2004).

3.1 Fixed Effects Model M1

We first consider the stationary case where p; = p, |p| < 1, under cross section error independence for
€; and where the initial conditions are in the infinite past. The following explicit error condition is

convenient.

Assumption Al: (error condition) The ¢;; have zero mean, finite 2+ 2v moments for some v > 0,
2 2

are independent over i and t with E(e2,) = o? for all t, and limy_.c0 = SN o2 =02
Nickell (1981) assumed 7id(0, 02) errors €;; but this is easily relaxed to allow for mild heterogeneity
under regularity conditions of the type given in A1. The bias for the pooled least squares estimate of p
in large cross section (N) asymptotics follows in the same way as Nickell (1981) and turns out to have
the same form when there are heterogeneous errors. The calculations are straightforward and are not
repeated here.
To illustrate, for the fixed effects model M1 the pooled least squares estimate of p has the form

N - ~
. 23:1 Y i1 Yit—1Eit Ant ~ANT
p=p+ T N —p+B——p+1B .
Dim1 2zt Uit NT NPONT

Calculations analogous to those in Nickell (1981), but using the Markov strong law

(1)

1 1 &
N Z (61275 - Uf) —a.s. 0, N Z 81226 —a.s. o? (2)
i=1 i=1

to accommodate cross section heterogeneity in €;¢, show that the limits of the numerator and denomi-

nator in (1) as N — oo with T fixed have the same form as those in Nickell’s case, viz.,

1 o? 1 1—pT
limy oo —AnT = —— — =—0?A(p,T), 3
bl pdvr =~ = |7 = S22 o= —a?A(.T) ®)
and -
, 1 T-1 1 2 11-p
limy .oy —Byp = 02— 31— —F |1 = = 02B(p,T). 4
1 LRt et Lt = | B 1 S

Combining (3) and (4) we have the following simple extension of Nickell’s (1981) bias result.

Proposition 1 (Fized Effects with |p| < 1) For model M1 with |p| < 1 and under Assumption A1, the

inconsistency of the pooled least squares estimate of p as N — oo is given by

—1
, 14y 11— p7 12 11-p"
plszeoo(P P)— T—l{l T 1-p 1 T—-11-p 1 T1—p (5)
—G(p,T). (6)
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Figure 1: Asymptotic (N — oo) Bias Function |G(p,T)| = —G (p,T) for Model M1.

For large T, the inconsistency has the expansion

1+4p

[1+0(T ). (7)

Formula (5) is the same as that given by Nickell (1981) for the case of homogeneous errors!. Applying
the third derivative version of 'Hopital’s rule directly to G (p,T) with respect to p we obtain the limit

behavior for the unit root case, viz., lim,_,1 G (p,T) = —Tiﬂ, and the inconsistency of the pooled least
squares estimate for p = 1 follows
li (r—1) i (8)
im —1)=——

a result that can be confirmed by more tedious direct calculation for the case p = 1.
Fig. 1 graphs the modulus of the inconsistency, |G (p,T)| = =G (p,T) , against p and T. As is clear
from the figure, the magnitude of the asymptotic bias increases with p, and of course decreases as T

increases.

1For T = 3, there is a typographical error in Nickell (1981), the correct formula being

_(A+p)2+p)

T =3.
2(p +3)



3.2 Incidental Linear Trend Model M2

In this case there are heterogenous linear trends and constants as fixed effects. The pooled least squares
estimate of p has the form p = C¥/Dnr, where

Z Yit — Yi-) (Yit—1 — Yim1) —
t=1 Zt:l(t —1)?

b

%ZZ{T S 1t = i = )] S5 (= Dy yi._m]

i=1

and

X&), A
DNT_;;[Z”“ n TR a].

Setting Cnp = CJZ(,T — pDnr, the inconsistency as N — oo with T fixed is

: 1
plimy_ xCnt

. 1 b)
plimy_, v DNt

whose exact form and asymptotic (large T') representation are given in the following result.

Proposition 2 (Linear Trend Fized Effects with |p| < 1) As N — oo, for model M2 under Assumption

A1, the inconsistency of the pooled least squares estimate for p < 1 is given by

. R 1+p 12 1 4p -1
l —p)=-2 1- 1-———"p
plimy . (p—p) TQ[ Tllpcl][ 731, 1} (9)
:H(va)a (10)
where
1 1-p% 1 1 1 (1420 1-p% 1]\ ,
¢, = 1-—[1+ — |+ — , 11
! T+1< (1_p)3T> ( T+1|1-p a=p°T|)"” (11)
12 1 1—p8 . 3p  T+3\ o
D = 1-——= {1 1— 1— = - T . (12
! T-l—ll—p{ T T(l_p)B( P )+<l—p+ 2 )’ (12)

For large T, the inconsistency has the following expansion

Hp,T) = 72%[1 Lo (T, (13)

Later calculations will extend these formulae to the case where the errors are cross section dependent.
It is then useful to have explicit formulae for the numerator and denominator limits in the ratio (10) in
order to highlight the differences between the two cases. These are as follows:

iy e~y = 22 11— 2] = —s2c(pT) (14)
p N—oo JpONT = T—11-, 11—, 1| = psL),

. 1 _ T2 R

plimy_ oo NDNT = - {1 T—21—pD1] =0°D (p,T). (15)

From the expansions (13) and (7) for H(p,T) and G(p,T), it is apparent that the bias in the case
of incidental trends is approximately twice that of the simple fixed effects model M1. For small T, the



Figure 2: Asymptotic (N — oo) Bias Function |H(p,T)| = —H (p,T) for Model M2.

magnitude of the bias in the trend model M2 is slightly larger than twice that of the fixed effects model
M1. By direct calculation, the exact bias formula for some cases of small T are

_%/32_*3/;*_4 for T = 3
P
H(p,T) = — Lot for T=4 . (16)
12p*42p%—5p2—17p—12 _
— s o s for T'=15

and the bias differential (M2 - 2 x M1) is

[H(p,T)| = 2|G(p, T)| =

1 1-p? —
3P3=,2 >0 for T=3
4 3
2G(p,T) — H(p,T) = 3R > 0 for T=4 p for0<p<1

1 2p%4+8p° +13p* —3p%+12p+8 _
2P T2 27 133 132 repr1ey > 0 for T'=5

Fig. 2 graphs the modulus of the inconsistency, |H (p,T)| = —H(p,T), against p and T. As is
apparent from the figure, the inconsistency increases sharply in magnitude as p increases and as T
decreases.

Applying the fifth derivative version of I’'Hopital’s rule directly to H (p,T") with respect to p we
obtain the limit behavior for the unit root case, viz., lim,_.; H (p,T) = —=7.5/(T +2). Thus, when y;; is
a panel unit root process, the inconsistency for the pooled OLS estimator under model M2 is given by

7.5
T2
a result that was obtained by direct calculation in Harris and Tzavalis (1999). Comparing (17) with
(8), we see that when p = 1 the bias for model M2 is more than twice that in model M1 for all T' > 3.

Table 1 shows corroborating results obtained by simulation.



Perhaps the most striking feature of the autoregressive bias in model M2 is that when T is small,
the pooled least squares estimate of p is often negative even when the true autoregressive coefficient p is
(near) unity. To illustrate the dramatic nature of these bias effects we show the results of detrending on a
short time series panel. Fig. (3) shows a sample plot of data generated by the true panel relation between
yit and y;¢—1 for which a; = b; = 0 in M2 and with p = 0.9 and T" = 4. This sample plot shows a clear
positive relationship between y;; and y;:—1 (the fitted p = 0.907). After detrending the data by removing
incidental trends, the sample plot of the new data is shown in Fig. 4, where the relationship between y;;
and y;;—1 is now seen to be clearly negative (the fitted p = —0.529). The autoregressive bias in this case
is so large that it distorts the correlation into the opposite direction: strongly positive autocorrelation
(p = 0.9) becomes strong negative autocorrelation (p =plimy_op = 0.9 — 1.402 = —0.502) in the
detrended sample data. The reason for this distortion is clear. When 7' is small and there is positive
autoregressive behavior in the panel y;;, incidental trend extraction (for each ¢) can have such a powerful
effect on the configuration of the data that the detrended observations g;; behave as if they were actually

negatively autocorrelated.

Table 1: Asymptotic Bias in the Estimated Autoregressive Coefficient in the Linear Trend Model M2

Absolute Bias: Model(Simulation)

T p=0.1 p=0.3 p=0.5 p =0.7 p=0.9 p=1.0

3 0.740(0.739) 0.891(0.890) 1.050(1.049) 1.220(1.219) 1.402(1.402) 1.500(1.499)
4 0.561(0.562) 0.690(0.690) 0.829(0.830) 0.982(0.982) 1.154(1.154) 1.250(1.250)
5 0.450(0.450) 0.558(0.558) 0.679(0.678) 0.816(0.815) 0.977(0.977) 1.071(1.071)
6 0.375(0.375) 0.466(0.466) 0.571(0.571) 0.694(0.694) 0.845(0.846) 0.938(0.938)
7 0.321(0.321) 0.399(0.398) 0.490(0.490) 0.601(0.600) 0.743(0.742) 0.833(0.833)
8 0.280(0.280) 0.348(0.348) 0.428(0.428) 0.528(0.528) 0.661(0.661) 0.750(0.750)
9 0.249(0.249) 0.308(0.308) 0.379(0.379) 0.470(0.470) 0.595(0.595) 0.682(0.682)

Note: N = 5,000, errors are drawn as itd N(0,1), the number of replications = 500, T' = sample size
used in the regression, T'+ 1 = the total number of observations of the dependent variable.

3.3 Exogenous Regressor Model M3

In many panel model applications, such as the original study by Balestra and Nerlove (1966) on the
demand for natural gas, exogenous variables are included in addition to lagged dependent regressors in
the specification. Another example that is important in ongoing practical work is the panel analysis of
growth convergence, where specific covariates contributing to economic growth are included as well as
dynamic effects. The effect of the presence of such variables can be analyzed in the context of models
like M3.

Stacking cross section data first and then time series observations, model M3 can be written as

Ji = plit—1 + Z,B + &y, and § = pj_1 + ZB + &, say, (18)
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Figure 3: Sample Data before Detrending (T' = 4, N = 1,000, p = 0.9, p = 0.90)

N

Figure 4: Sample Data after Detrending (' = 4, N = 1,000; p = 0.9, p = plimy_p = —0.502,
p=—0.53).



where the tilde affix on w signifies that the series w has been demeaned or detrended. Setting Q) =

I-Z (Z’Z) Z', we have

: i : 1, 7
plimy . (p—p) = {pth—u)oNyl—lQZy—l} {thNﬁoo NY 1ng} (19)
and .
plimy . (8- 8) = - {pthW (22) (775-4) } plimy . (p— p). (20)
Calculations similar to those in the preceeding section then lead to the following result on the inconsis-

tency of these estimates.

Proposition 3 (Ezogenous Variables, Fized and Trend Effects) As N — oo, for model M8 under
Assumption Al and with |p| < 1, the inconsistency of the pooled least squares estimate of p is given in
the fized effects case by

a?A(p,T)

plimyy_.oe (9~ p) = ) . (21)
B (p,T) + B [plimy ook 2, 1Qz 751 B
and in the incidental trends case by
o2
. . C (p,
plimy_, o (p—p) = — (. T) ) (22)

2D (p,T)+ I:pthHooN —1Qz p,fl}ﬁ

. - / . . N .
where Z, _1 = (Z;O, . Z/'37T_1) with Z,; = (Z,;t, ...,Zé\)’t> and Z;t =520/ Zit—j. The inconsis-

tency of the pooled estimate of 3 is
. ~ . ~/ — 71 Nl ad . ~
pimy oo (B 5) = - {pth%o (22) 'z Zp,_lﬁ} plimy oo (0~ 1). (23)

These formulae continue to apply in the unit root case p = 1 upon replacement of A(p,T), B(p,T),

C(p,T), and D (p,T) with A(T), B(T), C(T), and D (T), respectively, which are defined in (54) and
. N . . ’ . . N . .

(57), and Zp 1 by 71,1 = (Z{VO, ...,Z{yT_l) where 714 = (Zl{t, ZtN) and Zi = Yo Zun—j.

Note that when 8 = 0, the inconsistency (21) and (22) is the same as in the case of models M1 and
M2 with no exogenous variables. When [ # 0, the inconsistency is clearly smaller in absolute value
than when there are no exogenous variables. Note that this is the opposite conclusion to that reached in
Nickell (1981, p.1424). Nickell argued that the denominator in (19) is smaller than it is in the case of no
exogenous variables because of the effect of the projection operator () ; which reduces the magnitude of
the sum of squares in the sense that §’ Q91 < ¥ ,§—1. While this is certainly correct, the argument
neglects the fact that when exogenous variables are present in the model they also affect the variability
of the data g;. In particular, when |p| < 1 we have

it = 2 0 Zuv—iB+ 3 pEiv = ZpieB + G, say (24)
j=0 §=0
and, using the stacked notation § = Z ,0+ 7" and its lagged variant, we find that
) 1. . 1 4 .
pth—»ooNy/—lQZy—l = |:pth—>ooN —1Q@z p,—l} B +pth—>ooNy ROYTAR (25)

el {pth_,oo]i/_ 1@z p,—1:|/8+0- (p,T).

10



It is clear from (25) that we have the reverse inequality ¢ Q;7-1 > §%,9%;, the left side being the
denominator for the case where exogenous variables are present in the model and the right side being
the denominator for the case where there are no exogenous variables. Similar effects apply in the case
of models with incidental trends. In short, the presence of exogenous variables reduces the extent of the
inconsistency of p whenever these variables have a material effect on data variability, i.e. when 3 # 0.

An exception occurs in the case where the model has the following components form instead of (24):
Git = ZufB + - (26)

In this case, the fitted regression model M3 is replaced by
Git = pliv—1 + ZuBy + Zin—1By + Eir, with B = B and B, = pp. (27)

and then § = py_1 + Z'y + & with Z comprising a stacked version of (Zm Zit,l). It is apparent that
instead of (25) we now have plimy_oo %7 1Q39-1 = 0°B (p, T) and the Proposition continues to hold
but without the second term in the denominator in (21) and (22). In this case, the inconsistency of p
is unchanged by the presence of exogenous variables and the inconsistency of 3 is given by

. Bl _Bl _ 0
plimpy_, o ( 32 — B, ) o ( —B{plimy_, (p—p)} > .

in place of (23).

4 Models with Cross Section Dependence

Bai and Ng (2002), Forni, Hallin, Lippi and Reichlin (2000), Moon and Perron (2002), and Phillips
and Sul (2003) provide some recent investigations of panel models with cross section dependence. In
all these studies, the parametric form of dependence is based on a factor analytic structure. Broadly
speaking, two types of factor models have been employed, the distinction resting on whether a dynamic
structure is explicit or not. Forni, Lippi and Reichlin (1999), Moon and Perron (2002), and Phillips
and Sul (2003) all use a factor structure where the dynamics are explicit in the system. The following
model is a prototypical first order panel dynamic system

K
Yit = @i + pYit—1 + Wity Wix = Z dislst + €it, (29)
s=1
where the errors u;; depend on K factors {04 : s = 1, ..., K} with factor loadings {05 : s =1, ..., K}, and
gi¢ is assumed to be iid(0,0?). In this prototypical system, s, and €;; are assumed to be independent
of each other and each is assumed to be iid. Also, 04 is taken to be cross sectionally independent of
Oqt-
The second type of model (e.g., Bai and Ng, 2002) uses a direct factor structure for the data of the
form
K
Yit = Z Nis Fist +mit. (30)
s=1
In (30) there are again K factors and factor loadings { Fst, Aijs : s = 1,..., K'}, Fs; may be correlated with

Fy: and may have its own time series structure, and the residual m;; is assumed to be cross sectionally

11



independent. When the dynamic factor model (29) has a homogeneous autoregressive coefficient (p;, =
p), it can be viewed as a restricted version of the direct model (30) in which a common dynamic factor
can be drawn from each of the individual factors and the error.

The impact of common factors on dynamic panel regression analysis can be illustrated in the simple
case of a single factor with no fixed effects. Suppose a; = 0 and p; = p in (29) for all 4. Then, the data
is generated according to v+ = pyit—1 + ;0 + €4+, which we can write in a convenient components form
as

it = Yo+ 6ize, Y = pyS_1 +Eits 2= pz—1 + br. (31)

Let lim NHOO% Zfil 6? = mZ be finite. Then, straightforward calculations reveal that the probability

limit of the pooled least squares estimate as N — oo is

T
pliny ook ST g 78 (S ma6) (32)

. 1 N T 2 a2 27T 2
phimy oo % 2 oim1 21 Yit—1 TyZm +m; Doi—1%i1

Thus, even with no fixed effects, p is inconsistent and the inconsistency depends on the degree of cross

section dependence and the variance ratio o?/m?2. Importantly for fixed T the bias is random and
depends on the process z; and factor 6;. Obviously for large 7" and temporally independent common
shocks 71 23;1 zt—10¢ = 0, (1), so that in this case the bias will be small.

While K is fixed and generally taken to be very small (typically K = 1 or 2 ) in most macro empirical
studies, in microeconometric work it is often reasonable to think of the number of factors that influence
behavior as being potentially large and possible infinite. For instance, in studies of earnings there are
many observable factors in panel data sets such as the PSID and equally many unobservables. Also,
there are often common factors for personal income data, such as region, family, male/female ratio, race
composition, education and age composition, to mention just a few; and the number of these factors
may increase as we collect more cross section observations. The number of factors may further vary
across ¢ and change over time.

Thus, we may, in principle at least, consider cases where K — oo as N — oo or where K = oo, in
which there are an infinite number of unobserved factors. In such cases, the component Zle 0;505¢ In
(29) can be replaced by an infinite sum 2211 0is0s¢, which may be interpreted as a spatial linear process
and on whose coefficients §;5 some restrictions (and ordering) must be imposed to ensure convergence.
Another approach is to normalize the coefficients §;5 by some function of the factor count index K and
require the normalized coefficient §;sx to be small enough in mean and variance as K — oo to assure
existence of suitable limits of the sample moments of the data. Some recent microeconometric work
utilizing this approach is Altonji, Elder and Taber (2002). In their work, ;s = K ~'/26;, and the §;,
and 6, are taken to be covariance stationary and ergodic zero mean random variates over s for some
given ordering and to satisfy a central limit theorem. If this approach were used above, (31) would be

replaced by
K

Yit = ysy + Z SiskZsts Y = PYsy_1 + Eity zst = pzst—1 + Ost. (33)

s=1
Without going into details over regularity conditions, we can compare this case with result (32). By

independence over ¢, we would have

. 1 X
lim N—>00N Z 61’351'17 =K (61852;0) =K (p - S) , say,
i=1
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and by ergodicity
1 KE—=h

lim K—ooge > Zst—10s4ht = E (2st—10s4n,t) = 7.0 (R)
s=1

for each h. If £, = 25— 10s1ht — V.0 (h) and K~1/2 Zf;lh & = O, (1), then, taking sequential limits
as N — oo, followed by K — oo, we would have

LN
I}LTHOO plimy_, N Z Z Yit—1Uit

i=1 t=1
| XK T
= Klgnoo ? Z M (p - 3) Z Zstflept
s,p=1 t=1
T = K—hI{h>0}
= Z Klgnoo 17 Z w(h) Z Zot—1054ht
t=1 =—K+1 s=1—hI{h<0}
T K—1 | K-hi{h>0}
= D Jim > opz > () +E
t=1 =—K+1 s=1—hI{h<0}
T = 1
= S am {— Y uh)r, () +0, (—)}
= e { K, = VK
= 0, (34)

provided > 72 u(h)v. (h) is finite. Under this set-up, the dynamic panel estimation bias is zero
in contrast to (32). Of course, this type of argument depends on the appropriateness of the weak
dependence conditions, which in turn depends on the existence of some spatial ordering of the factors.
Therefore, the circumstances under which (34) is more appropriate than (32) are complex and involve
many other considerations that will not be pursued here.

In contrast, aggregate data may reasonably be thought of as having relatively fewer common factors
because in the aggregation process, the effect of the micro common factors is averaged out. Moreover,
with aggregate data, IV is often considered to be fixed, as in the number of countries in cross country
studies, whereas T' continues to increase.

The analysis that follows is based on dynamic panel models of the type (29), where the time series
structure is built explicitly into the system behavior of y;;. This facilitates comparisons with the cross
section independent case of Nickell (1981) and corresponds with many models used in the empirical
literature such as the original study by Balestra and Nerlove (1966). We consider first the case where

there are no exogenous variables.
4.1 Fixed Effects
As in (29), the model extends M1 to accommodate cross section dependent errors as follows.

Yit = Qi + pYit—1 + Uit, pe(-1,1)

Model M1-CSD: (Fixed Effects) o o o 0
Yit = G; T Yips Yo = PYir—1 T Wit, p=1

We deal first with the stationary case. In the unit root case, the initialization y, is taken to be O, (1).

13



Assumption A2: (Cross Section Dependence) The u;; have the factor component structure

K
Uit = Z 8sifst + it = 630, + €t (35)
s=1
where the e;; satisfy A1, the factors 0; are 1id(0,%9) over t and the factor loadings §; are
nonrandom parameters satisfying lim N_,OO% Zf\il (5162 = Ms. When K =1, we set ¥ = 03 and
Ms = m?.

Under A2, we can develop an asymptotic theory for the pooled least squares estimate, p, of the
common dynamic coefficient p. It is convenient to use a sequential asymptotic argument with N — oo
followed by T" — oo. This approach produces a result for the bias or inconsistency of p as N — oo
and the expression can conveniently be written in an asymptotic format that is valid as T' — oco. This
extends the earlier asymptotic expansion results (7) and (13) to the case of cross section dependence.

The main result follows.

Proposition 4 (Fized Effects with |p| < 1) In model M1-CSD with errors u; having the factor
structure (85) and satisfying assumption A2, the pooled least squares estimate p is inconsistent as

N — oo and
1

pth—)oo(ﬁ - p) = - [O'QA(p7 T) + ¢AT] [UQB(pv T) + wBT] - ) (36)
where A(p,T) and B(p,T) are defined in (3) and (4),

T _ _ _ T
dJAT = —trace { Z (th_l - Z97_1) (9,5 - 9)/M5} 5 Z@7_1 = T71 Z th (37)
i=1 i=1
£ = = /
Ypr = trace { > (Zor—1 — Zo,—1) (Zor—1 — Zo,—1) Mé} : (38)
i=1

and Zgy = Z;io p?0:—;. In the single factor (K = 1) case, the inconsistency (36) has the following
asymptotic representation as T — oo

I+p 2 o2m?

2,42
TgMis -1
0_2 T Ugmg (géT - Eg@T) + Op (T ) ) (39)

where
iy (20e-1 — Zo-1) (6 — 6)
Zthl (zt—1 — 5971)2
is the centred least squares estimate of the slope coefficient in a regression of zgr on zgr—1 and a constant,
and where E (gor) = —#ﬂ +o(T7).

gor =

Remark 1 It is apparent from the form of (36) and (39) that the inconsistency of the panel estimate
p as N — oo is random, as distinct from the nonrandom expression that we normally get for bias
or inconsistency, such as that given by (7) in the cross section independent case. Note, of course,
that when the factor loadings d,; = 0 for all ¢ and s, we have Ms = 0 and then (36) reduces to
G(p,T)=—A(p,T)/B(p,T), and the second term on the right side of (39) is zero. So, in this case, the
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results reduce to those that apply in the cross section independent case, viz. (5) and (7). When §,; # 0
and M;s # 0, then the components ¢ 4 and 9 g, in (36) are non zero random variables with positive
variance. Likewise, the third term of (39) is nonzero. So the immediate contribution of cross section
dependence is to introduce variability into the inconsistency of p and additional bias.

Remark 2 In the single factor model (K = 1), the inconsistency expression (39) involves the regression
coefficient error gor of zg:, and (39) can be written as

. . 1+p oam3 2p
1 — = — — —_
PlMy_, oo (p p) T o2 T O_gmg T +

(Egor — gor)| +0p (T71).

The second term in this expansion of the inconsistency involves the factor m2o2/ (02 + mgag) which

2

is less than unity and whose magnitude decreases as o° increases. Hence, as the importance of the

. . N . .
error component &;; grows (i.e. as 02 = limy_o % dict Uf increases), then the relative importance
of the random component in the inconsistency (arising from the presence of cross section dependence)

diminishes.

Remark 3 Next consider the case where there is a large number of factors. To simplify, assume
that the factors 0y are iid(0,0%) over both k and ¢ and with finite fourth moments, that Ms =
diag (m?,m3, ...,m%) is diagonal, sup, mj < oo, and that K’lszzl mi — m? > 0 as K — oo. is
large. Then, setting £, = Zthl (ngt,l — Zok,q) 0+ and noting that &, is iid over k with mean
E (¢,7) = 02A (p,T) and finite variance, we find that

K T _ _ K
K 'Wup = —K! kz m; {tzl (Zoi—1 — Zoy,—1) (Ons — ek)} =-K! kE miyr
=1 = =1

K K
= —KflkzlmiE(ﬁkT) -K! ki_:lmi {&r — £ (Sr)}
= m2ojA(p,T)+o0,(1), as K — .

In a similar way,
I 7 2 2 2
> (Zowi—1 — Zoy,—1)" ¢ =m’03B(p,T) + 0, (1), as K — oc.

=1 t=1

K
K YWgp = K‘lkZ; mi{

It follows that

: 1 7C
. . ~ . pth—>oo N ANT
lim plimy_, — = lim
Aim plimy . (p = p) A Dy 2B,

_ hm phm]\/‘_wo%ANT

K—oo plimy_ ., % BN
Ap,T)

= = G 71—1 . 40
e (a0

Thus, when there are a large number of independent factors, the dynamic panel bias of the cross section
dependent case becomes less random and as K — oo it converges to the bias of the cross section
independent case. Fig. 5 illustrates this effect by showing the bias distribution for various values of K,
against that of the cross section independent case. This result appears to be relevant for micro panel
data situations where large numbers of independent factors are involved.
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Figure 5: Random Bias under cross section dependence: T'= 5, p = 0.5, §;s — itdN (0, 1)

Remark 4 In the unit root case (p = 1), the same limit theory applies. In particular, (36) holds and

plimy_oo(p— 1) = — [02A(L,T) + dur] [0*B(LT) +¥pr]

with A(1,T)=(T'—1)/2 and B(1,T) = (T —1)(T'+ 1) /6. When K = 1, we then get the expansion

. R 3 Ugmg 3 1
plimy_,(p—1) = T #2+2m \T +gor ¢ +0p (T7)

in place of (39).

4.2 Incidental Trends

We take M2 and allow for errors wu;; that satisfy Assumption A2:

Yit = Qi + bit + pysr—1 + Ui pe(—-1,1)

Model M2-CSD (Incidental Trends) o o 0
Yit = @i + bt + Yip, Yip = PYip—1 T Uit p=1

It will be convenient to define the following notation to represent the residual from linear detrending

o = wt{ (2T + 1) (Zw) _1 tht}
[ ——!

= w;—ap— Tt,

the variable wy :
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where

T T T T
2(2T +1) 6 12 6
i A e t bw - == t [ — .
T (;wt> T(T—l); W br T(T2—1); e T(T—l);wt
Derivations similar to those of proposition 4 provide the following analogue of (36) and (39).

Proposition 5 (Incidental Trends with |p| < 1) In model M2-CSD with errors u; having the factor
structure (85) and satisfying assumption A2, the pooled least squares estimate p is inconsistent as

N — o0 and
plimy_oo(p—p) = — [UQC(K% T) + ¢or] [UQD(/% T)+¢pr) - 5 (41)

where C(p,T) and D(p,T) are defined in (14) and (15),

T
Yer = —trace { > thIOZ/M(;} , (42)
i=1
X !/
Ypr = trace {t; th125t1} ) (43)

and where Zg; = Z;’;O pié?t,j and th = Zgt — a?’ - b%"t is detrended Zp; so is 07 . In the single factor

(K = 1) case, the inconsistency (41) has the following asymptotic representation as T — oo

. . 1+p oim? 2p -1
plimy_..(p—p) = =2 T oTioimd | T + (Ehor — hor) | + 0, (T71), (44)
where hgr = Yop /Y pr = 23:1 2h_ 1604/ Zthl (zgt71)2 is the centred least squares estimate of the slope
coefficient in a regression of zj, on 2§, _,, and where E (hor) = 72#9 +o (Tﬁl) .

The unit root case for model M2-CSD is handled in a similar way. As in the M1-CSD.model, direct
calculation is needed because it is no longer possible to extract the unit root case by taking the limit
as p — 1, in view of the randomness of the limit functions (42) and (44). The inconsistency of p for the

case of unit root is given by

. 1 ~C
plimy_, ~Cxr
: L e
pthHooNDNT

7.5 uios 3 1
T~ 77apor |7 e T (1)

5 Bias Reduction and Simulations

5.1 Cross Section Independence

Under cross section independence, bias correction is straightforward especially when N is moderately
large, regardless of the value of T. First, consider the bias correction strategy when there are no ex-
ogeneous variables. An unbiased estimator can be obtained through inversion of the mean function,
ie.,

Paue =m (D).
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where m ™! is the inverse of the function G for the fixed effects case and H for the case of a model with
incidental trends. This estimator can be obtained by direct numerical calculation and can be called a
“mean unbiased estimator”. Simulations indicate the function m is one-to-one. End corrections can be

implemented at unity, so that in effect

p>1-3/T fixed effects case

D =1if
PMUE { p>1—75/T linear trend case

When there are exogenous regressors, bias correction is still fairly straightforward. To fix ideas,
consider the case of only two exogenous regressors which affect y;; in levels and in quasi-differences as
in .

Yit = Qi + pYit—1 + VWit + YoWit—1 + Bzit + Eity, Y2 = —7V1p-
Here w;; may be regarded as affecting y;; in levels (i.e. after removing the autoregressive transformation)
while z;; affects y;; in the quasi-difference form y;; — py;:—1. As discussed earlier (c.f. (28)), the estimate
4, does not suffer from asymptotic bias, while the biases of B and p depend on the true values of 5 and
p. To separate the bias of p from §, we run a regression of y;: on {y;t—1,wst, wir—1} with fixed effects,
ie.,
Yir = bi + p_Yir—1 + A Wit + VpWir—1 + Vi,
The bias of the estimator p_, is given by the functions G' and H for fixed effects and for linear trends,
respectively. Since plimy_ o (b_z — p) = m(p,T), asymptotically mean unbiased estimators can be
defined as
Praoe =m”! (P_.), Yo MUE = V2 + 71 (P_. — Pyue) >

using (28). A bias corrected estimator of 5 can be obtained by running the following regression
Yit — PauBYit—1 — Y1Wit — Yo mupWit—1 = bi + Bzir + €t

The panel least squares estimator in this regression is asymptotically mean unbiased since the asymptotic

bias of p and 44 has been removed.

5.2 Cross Section Dependence

We distinguish two general types of panel data. For micro panel data such as the PSID, the number
of factors as well as the number of cross sectional units will often be large while the number of time
periods is small. As shown earlier, when the factors are independent and the number of factors K is
large, the randomness in the bias arising from cross section dependence is attenuated and the bias is
similar to that which applies under cross section independence. In such cases, common time effects or
time dummies is usually recommended and this helps to reduce the efficiciency loss arising from cross
section dependence (Phillips and Sul, 2003).

In contrast, for aggregated panels like regional income and consumption data, the time dimension
may be reasonably long but there may only be one or two common factors. As we have seen, in such cases
the bias is random and depends on the unknown common factors, and pooled OLS has high variability
as well as bias. The practical issue is to reduce bias and variability in estimation. One approach is
to construct a feasible generalized least squares (FGLS) estimator, which can be accomplished either
by using the iterative method of moments procedure in Phillips and Sul (2003) or by using the sample
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covariance matrix of the residuals @;; = iz — ﬁ?,IUEQit,l where ‘7’ stands for demeaned or detrended
yir and PRyyp is defined below.

The properties of FGLS depend on the first stage estimator and if this estimator is inconsistent (like
panel OLS), then so is FGLS. The mean unbiased estimator (based on the bias formula that applies
under cross section independence) is also inconsistent under cross section dependence. Its bias for the
case of fixed effects and a single common factor has asymptotic expansion given by

) . 2p miog -1
lim wE —P) =— | = + (FEgor — ———= 40, (T7), 45
plimy_ o (Pvue — P) T + (Eger — gor) o2 1 m2o2 +o0, (T77) (45)
which is small for large T. The use of common time effects or time dummies in the regression can be

shown to reduce this bias. That is, if the regression model is augmented as
Yit = a; + A + pyit—1 + Ui,

and estimated by pooled OLS with a mean correction based on the cross section independent case

(giving the estimate pRjyg), then the asymptotic bias of pjyp has the following expansion
m} — ) o3

)
02+(m§75)0§

. . 2p -
pthHOO (pﬁlUE — p) = — |:T + (EQGT - g@T):| + Op (T 1) ’

where 6 = impy_0o N1 Zf\il 0;. Since

252\ 2 -
mios (m5 =9 ) %9 520203 -0
2 2,2 - = - =z Y,
o+ msoy 52 4 (mg - 52) o2 (02 +miod) (02 + (m?; - 52) a§>

with equality holding when § = 0, the mean corrected estimator with common time effects reduces bias
and variation.

An alternative option is to attempt to eliminate the factor loading coefficients J; in the regression.
One approach that has recently been considered in the literature is to project out the factor 6; by
including cross sectional averages of y;; and y;;—1 in the regression (Pesaran, 2002). This can be

accomplished by rewriting the model M1 in the following augmented regression form

N N
1 1
ai + pyir—1 + cui <N E yu) + c2; <N E yit—l) + i (46)
im1 i=1

(Si 62‘ _ —
e af =a; — 3 (@a+¢.4)
Multiple factors can be treated in a similar way. Let the cross section observations be classified into
groups {A; : k = 1,..., K} with counts N, = # {i € Ai} in each group and suppose Ni/N — 7 # 0
for all £ as N — oo. Further, let 5Ak = Nk_1 ZieAk di,define Dy = [5A1,...,5AK] and assume D is of

full rank K. Set

Yit

C1y =

ol &

Ja = N i U= Gave o Gage)
i€EAL

as, = Nk_lzai, ELKZ(ZLAI,...,ELAK)/,
1€EAL

_ —1 _ _ _ /

EAit = Nk Zﬁm EKt:(EAltw-wEAKt)-
i€AL
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Then,
Jant = Ga, + pagi—1 + 04,0t +Ea,,

and
0 = ngl (Ut — Gr — PYKt—1 — EKt)

In this case, the augmented regression has the form
Yit = aj + pyir—1 + 5;D;<1 (Urt — pUKt—1) + €it, (47)

with

a;r =aqa; — 5'Z-D;(1&K - 5;D1}1§Kt =aq; — Dl}ldK +0,(1)

as N — oo. Again, (47) may be estimated in restricted or unrestricted form and the panel estimate of

p may be adjusted for bias just as in the cross section independent case.?

5.3 Monte Carlo Studies

We consider two data generating processes (DGP)s. The first DGP is for the case of exogenous variables
and is given by

Yit = PYit + Bzis + €t

fitting both fixed effects and incidental trends. We consider various values of p but report the case of
p = 0.9, which is representative, to save the space®>. We set 8 = 1, and generate ¢;; as iid N(0,1).
Table 2 reports the finite sample performance of pooled least squares and mean unbiased estimators
as described in subsection 5.1. The results in columns B and D of the Table show that the bias of
Pvug and BMUE is small in both cases and these estimates provide a clear improvement over panel least
squares.

The second DGP covers the case of cross section dependence given by
Yit = pYir—1 + 00 + it

We set §; = U|[1,4], e; = iid N(0,1) and 0; = iid N(0,1). We consider six estimators: the least
squares dummy variable (LSDV) estimator p (A); LSDV with common time effects p* (B); panel feasible
generalized mean unbiased estimator (FGMUE) based on the residual covariance matrix calculated from

p (C); panel FGMUE based on the residual covariance matrix calculated from py;yp (D); panel FGMUE

2Pesaran (2002) calls the regression in (46) a ‘common correlated regression (CCR)’. Unfortunately, the bias of
the CCR estimator cannot be reduced in a simple way by utilizing a mean bias function. To see this, define

_ ~ ~ ’ —1 ~ — N — T
Tt = (§4,7_1) s My = ye (yiyt) " w4, and Qy = I — My where s = N713 50, (yit -7y, yit) and y.4—1 =

N—1 Zivzl (yit,l — 71 23:1 yit,l) . The asymptotic bias of the common correlated estimator poc g in (46) is given by

-1
plimy oo (Pocr —P) = {plimNHOO% Zf\f:l g]:ngl} {plimNHm% Zfil gngé,-} . Note that the numerator term
becomes —o2A (p,T), which is the same as in the case of exogenous regressors. However, the denominator term contains
an additional term. In particular, plimNHm% Zf;l 7:Qyli = plimNHoo% Zf;l idi — plimNHoo% Zf\;l TiMyg; =
2B (p,T) + wBT_phnlN—)oo% SN GMy§; # 02B(p,T), where ¢ gy was defined in (38). The numerator term in
(??)is the same as that without cross section dependence. This is because the 1 4 term vanishes by virtue of the
inclusion of cross sectional averages of g and gz—1 in (46). At the same time, the inclusion of gz and g¢—1 means that
the denominator includes additional terms, thereby making bias correction more difficult.
3Full Excel formated tables are available requested upon authors.
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based on the residual covariance matrix calculated from ﬁﬁ‘lUE (E); and the mean unbiased estimator
after eliminating the factor loading coefficients through Pesaran’s correlated common method (F). The
residual covariance matrices for (C), (D) and (E) are estimated using iterative method of moments
(Phillips and Sul, 2003). We set T = 25,50, 100,200 and N = 10,25, 50, 100, which covers the most
typical data dimensions in empirical studies with macro panel data.

Table 3 shows the results for the fixed effects and incidental trend cases, respectively. The mean
unbiased estimator (E) shows the best performance both in terms of absolute bias and mean square
error ratio. Meanwhile, the mean unbiased estimator based on Pesaran’s estimator (F) is better than

LSDV with common time effects but is inferior in comparison to other FGLS estimators.

6 Conclusion

The results of the present paper focus on dynamic bias in pooled panel regression, showing that the
problem is particularly serious when trends are extracted and is pervasive in a range of cases that
are relevant in applications. When cross section error dependence is present, problems of bias are
confounded with increases in dispersion, which manifests itself even in the limit theory as N — oo
through a random probability limit.

The specific nature of the panel can play an important role in the bias and the possibility of bias
correction. For micro panels, it is natural to assume that there are a number of common factors in the
panel. In this case, the biases in pooled panel regressions can be corrected by utilizing mean unbiased
functions in a straightforward way. In dynamic panel regressions with such micro panels, the bias
correction methods differ depending on the way exogenous variables figure in the model. The original
empirical study of the demand for natural gas by Balestra and Nerlove (1966) illustrates this point.
Balestra and Nerlove fitted the following panel regression equation to estimate the demand for natual
gas.

Git = a; + pGip—1 + Bpis + v AM +yo My 1 + v3AY5 + 74 Yie—1 + ug

where Gy, pit, M;:, and Y represent quantity demanded for gas, the relative price of gas, population
and per capita income at time ¢ and for the ¢’th unit, respectively. This model fits the framework of
model M3. The authors modelled the exogenous variables in such a way that population and per capita
income affected G;; in levels but the relative price of gas affected G;; in first differences. As a result,
the reported LSDV estimates of 5 are biased but those of v; and 5 are unbiased.

For macro panel data, modelling cross section dependence is important. As a second illustration,
we consider the study by Frankel and Rose (1996) who used a panel of 45 annual observations over 150
countries to examine the half life of deviations from purchasing power parity (PPP) by running the

following panel regression equation?
Git = @i + PGit—1 + Uiz, (48)

where g;; is the logarithm of the real exchange rate. From the point estimate p = 0.88, they calculated
the half-life of the PPP deviation to be In(0.5)/1n(0.88) = 5.4 years. As discussed, such estimates are
biased and can be very inefficient in the presence of cross section dependence. To illustrate the empirical

4See Frankel and Rose (1996, table 3 p. 219). Similar results to those reported were obtained in an equation with
time-specific intercepts.
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effects of taking bias and cross section dependence into account in estimation, we reestimated the half-
life of the PPP deviation from the same model (48) using an updated data set® involving 51 annual
observations from 21 OECD countries. Table 4 displays the estimation results for all the estimates
discussed earlier in the paper. The LSDV point estimate gives a half-life for PPP deviations of 3.4
years, whereas feasible generalized least squares estimates that adjust for bias and make allowance for
potential cross section dependence in long run PPP deviations are more than twice as great. These
empirical findings confirm that adjustments for dynamic panel bias and allowance for cross section
dependence can have a major impact on estimates of key parameters like the half-life of PPP deviations.

Table 4: Estimation of Half Life of the PPP Deviation

A ® © M & &
Coefficient Estimates | 0.817 0.858 0.913 0.917 0.919 0.857
Half-Life Estimates | 3.419 4.536 7.615 8.000 8.206 4.492
Legend: (A) = LSDV; (B) = LSDV with common time effect; (C) = FGMUE based on residual variance of
LSDV; (D) = FGMUE based on residual variance of MUE with fixed effects; (E) = FGMUE based on residual

variance of MUE with common time effects; (F) = MUE with Pesaran’s correlated common estimator.

5Data for 21 countries over the period 1948-1998 was taken from the International Financial Statistics. The series
involved annual price indices for each country and real exchange rates calculated from the individual national price indices
and the end of the period spot exchange rates. The US dollar was chosen as the numeraire currency.
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7 Appendix

7.1 Proofs of Propositions

Proof of Proposition 2 Write the model in components form as y;+ = «; + 5,;t + i, where x;; =
pxit—1 + uy for ¢ = 1,...,T. Then the panel least squares estimate of p is p = C%p /D%, where

N T T - Tit — Ty Tfl — Tit—1 — Lj.—
Crr = Z ; (:Bit - wz‘~) (Tig—1 — T41) — Zt:l [(t Z)( - Z?&T]_i:;__ gi Z)( : 1)]1

N | T {ZtT:l(t —t)(@i—1 — xi-fl)} i
D%r = Tip—1 — Ti1)’ — J
M ; t=1 ( ) Z?Il(t B 52

)

using the sum notation w; = T—! Zthl Wip, Wio—q = T1 ZtT:1 w;;—1. Expanding the cross product
moments in these expressions and standardizing by N~!, probability limits are taken as N — oo
with T fixed. A typical term is evaluated in the following manner using a law of large numbers for

heterogeneous sequences. First note that

Y N 1L sl e
pthHOON ;xztxzs =lim NHOON Z: [2i2is] = lim y oo oy Z_: e Bl o .
Then we have
T 1N
plimy_, . — ; ; Tit <Z sxw> = t;:l s (plimNﬂooN ; fEitIEis> = t >

I
=
—N
(]
8
(]
3
—

thereby writing the limit as a moment of a homogeneous (across i) process x; which follows the stationary
autoregression x; = pr;_1 + € where &; is iid (O, 02) .

Let Cnt = C%p — pD%p. Using this approach, we find after some lengthy but routine derivations
using the lemmas in Section 7.2 that the inconsistency as N — oo with 7" fixed has the form

plimy_ . +Cnr _ C(pT)

plimy_,(p—p) = = = ; 49
N pth_‘oo%DNT D (p, T) (49)
where
1 2 p
C(pT) = ————= [(T-1)— c 50
0.T) = T |- - ). (50)
T2 1 4p
D(p,T) = 1-— P 51
(p7 ) 1_p2|: T—21—p 1:|7 ( )
with
o o] 1-p° 1 11 [1420  1-p° 1]\ 4
! Tri\ - pfT) 2 TH1|T-p T a_pfT|)"
12 1 1-p? . 3p  T+3\ ;
D, = 1 - - S
! T—|—ll—p{ T T 7p)5( )+<1 st )P




Upon further algebraic reduction the rational function limit (49) has the following explicit form in terms

of constituent polynomials in p and 7" :

C(p,T) a1 T3 + asT? + asT + aqy
H(o.T) = — =92 _ , 52
(0 T)= =501 PorT* + 02T + b3T2 + byT + by (52)
where
ap=—(1+p)(1-p)°, a1 = —(1 = p)ao,
as = ao(2+ p"), az = —a1 —3p" (1 - p?)?,
as =2(1+p)(1—p*)(1 = p"), by = p(1 —p)*,
by = 2paq, bs = (p— 1)2(120* — p (p+1)* +4p"+?),
by = (1 - p*)((1 = p)*2p+12p°*T)  and bs = 8p*(p* + p+1)(p" — 1).

Adjusting (50)and (51) for dominant terms yields the following approximant:

. R 1+p )
1 =92 "F T7-2).
plimy_, . (p — p) T 2+0( )

For the first few values of T, the exact limit formulae work out as follows:

_%ﬁ%;‘l for T = 3
—
plimy_ o (p— p) = Lo becs for T = 4

_ 12p%42p%5p%17p—12 _
27 2,3120°3p—15 for T'=5

The approximate formula, —2(14p) /(T —2) is usually smaller (in absolute value) than the exact formula

when p is larger than (around) 0.7.

Proof of Proposition 3 From (19), plimy_. (p — p) = {pth%O%ngng,l}*l {plimNHoo%f/'lezé} ,
and by virtue of exogeneity

1 1 N B
thN—>ocN y1QzE = pth—>ooNy 1€ — pth—»ooN Yz (Z Z) Z'e
1
= pth—>ooN ~/ g = 702‘4 (p7 T)a

as given in (3). Next, when |p| < 1, we have

o .~ o0 . ~
Git= > P Zu—iB+ Y. P& 1= Zpu + Gy,
=0 j=0

and, using the stacked notation § = Npﬁ + 7" and its lagged variant, we have as in (25)
plim 1. "1Qz7-1 = B |plimy 1 p—1Q7Zp,—1| B+ plimy g]O/lg]O 1
—00 N A —00 N — Z<p, —00 N

1
- {pth%N 1047 } 54 07B (7).
where B (p,T) is given in (4). It follows that

a*A(p,T)
a?B(p,T)+ [pthﬂoo% 1@z p,fl}ﬁ
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as given in (21). Results (22) and (23) follow in a similar way.
When p = 1, we have
(r-1) . (T-1)(T+1)

lim, 1A (p,T)=A(T) = 5 lim, 1B (p,T)=B(T) = ————— (54)

so that (53) becomes

A(T)
o2B(T)+ 3 [pth_,oo% _1QZZ1 —1] 57

- . . ! . - .
in which Z;,_, = (Zi,o, ZLT_l) with Zy, = (Zl{t, oy ZN ) and Zi = Y°'_ Zy+—;. The correspond-
ing result in the incidental trends case is

o?D(T)+ /' [pllmNHOON 71QZZ1 71] B
where 1
lim, 1C (p,T) = C(T) = 3 (T —2), lim,1D(p,T)=D(T)= G (T2 4), (57)

as in (??) and (??). Formula (23) for the inconsistency of 3 continues to apply in the unit root case
upon appropriate substitution of result (55) or (56).

Proof of Proposition 4 It is convenient here to use sequential asymptotics with N — oo followed

by T' — oo. Write the panel least squares estimate under cross sectional dependence as
p—p= "7z (58)

In the one factor (K = 1) case, the model is given by

Yit = 0 + Tig, Tig = PTijr—1 + Uig,  Uip = 050¢ + €44, (59)

and then . .
Tit = 62 ijet,j =+ ijgitfj = 51'29,5 + .’EEt, say. (60)

=0 =0

: 1 _ 1
Since it — 7 Y Yit = Tit — 7 ), Tig, We have

1 N T ) 1 N T
plimy_, = Z Z(yit—l - ?ﬁ»—l)(uit - Uz) =plimy_ — Z Z (wit—1 - 361'.—1) (uit - U/i-)
N =i N=DZ&=
1 N [T 1 T T
= plimy_ — Z {Z Tit—1Uit — 7 Z Tit—1 Z uit:|
N & iz T4 =1
1 N T 1 T T
= pthHoo_ Z |:Z ((51'291571 +x1€'t71) ((5 et + €1t> — Z ((SZ‘ZQtfl + mf’tq) Z (51915 + 5it):|
N iz i T = =i
) ) N oI 1 T T
= —o0°A(p,T)+plimy_, .= > 0; [Z 2ot—10t — = > zot—1 Y 95} , (61)
N= ' = T3 s=1
where
1 N |1 L oo . T o2 1 1-— pT
A aT _phm —00 AT sl Eit—j— €is| = 74 |:T_ :|7
(p,T) N N; Tt;(;)p] " 1); T1-p 1—p




as in (3). Using the fact that limy ..o = ZZ 1 0; =mi, (61) becomes

. 1 . T T , Z
plimy NANT = —0’A(p,T) - f Z 21 +mg tzl Zgt—101
T _
= —0”A(p,T)+m3 Y (200-1 — Zo-1) (0, — 0) .

t=1

Dealing with the denominator in a similar fashion, we get

. 1 _
bl 7 Br = 0B (5. T) 4 m3 | 3 s = 2017

Note that
9 1 N T oo 5 1 T oo | 2
UB(va)—pth_)oc—Z Z(Zpézt 1) = | 2 pei—j1)
N = =1 =0 T \izj=o
02 - 1 1- 11- o .
—11—p T 1—-p
Combining the two results gives

plimy o y AR7 _ —0?A(p, T) +m3 i, (2001 — Zo-1) (6: — 0)
plimy_ o 5 B o?B (p,T) +mj Zle (201 — 59—1)2

9 T _ 2]t 2
A (p,T) [SL (o1 — 701)?] — migor
1 ’

o2B (p,T) [23:1 (zot—1 — 5071)2} +m3

where

Zt 1 %0t— 10y — T 23;1 20t—1 ZZ:;[ 05 _ Zle (292&71 - 2971) (915 - 9)

gor = = 7

thl (26t—1 — 5071)2 Zthl (26t—1 — 5071)2

which is the centred serial correlation coefficient of zg;, viz., the centred least squares estimate of

the slope coefficient in a regression of zg; on zg;_1 and a constant. The density of gyr is studied in

Phillips(1977) and Tanaka(1983). Its unconditional mean has a large T expansion given by
14+ 3p

E (gor) = T To (r7).
Letting T' — oo we have
! i (z zZ )2 E (22 ) il
= ot—1 — 20—-1) — = ’
T = t P ot 1— pQ
and . )
1 = 2 Oy —1/2
— 20t—1 — 29— =——+40 (T ) .
T t; (et ) 1—p? ?
Hence,

i 1 N(52 T B 2] , O3 0 ~1/2
plmNHooN_fZli Y (zt—1—Zg—1)" | =T m517p2+ o | T , as T — oo.

t=1
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Taking limits as N — oo followed by an expansion as T — oo, we have

o2 -1
plimy_ 4G, CA@DT 12 4o, (1)]  —migr

lim L B§ —1[_% B
pimpy_ o wPNT o?B(p, T)T! {14_%24-017(1)} +mg

5 -1
2_1 p—1]_o 2
o 1_pT {1—92} msger

-1
S 1 o2 11 ) +0p (T )
g 1—p2 |:1—p2:| +m5
1+p 2 2,,2
_ 1 9 —9gMmsger + (Tﬁl)
= o2 + o2m?2 Op
0%

_ _1_;3 (0 + ogm3) — ragms — ogmiger +o, (T71)
o2 + oZm? P
LM o) + ot~ i oo~ Bavr) |
02 + oim}? P

1+p 2p O’ng agmg 1
- _ _ —F T).
T T o2+ o3m? Ty ogms3 (gor = Bgor) +0p (I7)

In the multi-factor case, we have u; = 0.0; + ;¢ in (59) where 6, is iid (0,%4) and %y is K x K.
Then, Zp; = 372, p10i—j, and zig 1= 6, Zgr = > im0 p78:0,—; is first order autoregressive and satisfies
Zigt = pzior—1 + 03 where 05 = 8.0, is iid (O, 522951-) . Then, in place of (60), we have

Yit = 0y + Ty, With xy = 256 + 5.

Proceeding as above, we obtain

1 N T
plimy _, S Z Z (yth - yzifl)(uit - u@)
i=1t=1
1 N T 1 T T
= plimy = > {Z (zior—1 +x5_1) (O +€it) — = 2 (zior—1 +25_1) 2 (Bir + €ir)
N == T3 i=1

1 N TZ _
= —0?A(p,T)+ th—>ooN > {Z (zigt—1 — Zio,—1) (0t — 9z)]
=1 [t=1

T _ _
= —02A (p, T) + trace { > (Zetq — Zg,,l) (Ht — 0)/ Mg} ,

t=1

where My = limy_ o % Zf\;1 §;0; and @; = (01, ...,0%) . In a similar manner, we find the following limit

for the denominator

. 1 T _ _
plimy_, NB]%T =0?B(p,T) + trace { > (Zot—1 — Zo,—1) (Zor—1 — Ze,_1)/ M(;} )

=1
It follows that
T = =\
plimy_ L AS, o %A (p,T) — trace {thl (Zot—1 — Zp,—1) (0: — 0) Mé}
plimNHOO%B]%T o2B (p, T) + trace {Zthl (th,l — Zg’,l) (th,1 — Zg,,l)/ M(s}

which gives the stated result.
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Proof of Proposition 5 Define

) ,
upp = (Ui —ui)” — =7
(=12
Then we have N
C
Cnr = szt—ﬂftv
i=1
and
N T )
c
DS =33 ()
i=1 t=1
We derive an explicit form for the inconsistency
1 nC
N C’NT

pthHoo(p p) - pthHoo 1 DC :
NT

The data are generated by the model
Yit = @i + bit + pyir—1 +ui, pe(—=1,1)
which has the alternate form

o0
0, 10 j
Yir = G + 0t + Tip,  Tip = pTis—1 i = Y p Us—j.
7=0

Linear detrending the variable x;; leads to the residual quantity

2T + 1
Ty = T — { (( i )<Z$zt>_ _1 thn}

I
8
ey
<
N8
|
=
Ss
\’H~

where

gjx"l 2T+ 1 (Z xzt) - thzta hml = thzt

As in eq. (60), the detrended series when K =1 can be decomposed as
Ti = 0izg + T3

From the proof of Proposition 2 we have

4p

oD (p,T) = plim if) z( ) Y e D
Py =p NHOONZ: ltl - 2 T*21*p

— 1—p
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where D is defined in (12). Then
. 1 c 2 : 1 N 2 L
plimpy_, o NDNT =0"D(p,T)+ pth—»ooN Z 6 |2 (Zet 1)
; t=1
=0’D(p,T) + Z(%tﬂ, (69)

Letting T' — oo we have

1 X 2 o
T t; (26:-1)" —p B (2511) = 1 _9p27
and then
N 2 I T 2 2 0-3
pthHooN 23151 tz:l (292571) T 5 1 2 + Op (1) , as T — oo (70)
i =

Combining (70) and (68) with (69) yields

) 1
pth—>oc ND]C\'/T U2D (va) +

T
= 7 {o* +mjog+o0,(1)}, asT — o (71)

T
1_—p2m§0§ [1 =+ Op (1)] , as T — .

Turning to the numerator of (66), we have

. 1 C . 1 NI 7 T
plimy NCNT = plimy o N ; ; Lig—1Uit
1 X Z ET T : 1 X 2 I T T
—pliny oy 3 0T 1 bl e 20| X))
i=1t=1 i=1  [t=1
where, from the proof of Proposition 2, we have
) N T
o C(p, T) = pthH N 2 2 zt 1Ezt
o? 2

2
T T—11-p (T_l)_lpcl}’

and C} is defined in (11). Since limy_o % SN 2= m2, (72) becomes

=1 "1
. 1 ¢ 2 2
plimy_, NCNT =—0°C(p, T) — mgskor. (73)
where kor = Zle 2p_10% . Then, using (71) and (73), we have

: C
: A plimy_, Cxr
lim —p) =
1% N —o00 (p 1Y pli N D]?[T

T T T
_ 020(p7 )+m§2t 1Z9t 10 (74)
a2D (p,T) +mj Zt 1 (Zet 1)

and the single factor (K = 1) version of (42) follows. Extension to the multiple factor case follows in a

straightforward way.
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Phillips and Sul (2001) provide an asymptotic expansion the fitted autoregressive coefficient in an
autoregression with trend. From this work we have

T T T
Ehey = E D1 Zh10] _ 2+4p

23:1 (th—1)2 T

and then, expanding the probability limit (74) as T — oo, we find

+0(T7?),

o2 -1
plimy . LCC, *C(pT)T™ 1% +0, ()] +mihor

-1

: 1 nC o2
plimy ooy Dy oD (p,T)T~! [1—p_2 +0p (1)} +m3
-1
2 2 o1 o} 2
SIS
B 1 o3 171 2 P
o’ e {1—%2} +mj
2 2 2
253 (14 Zhm3) — 232 %m3 + Zmiher
= — p + Op (T 1)
1+ ﬁmg
1+p 2p ogm?; O’ng

o2 + oZm?

as given in (44).

7.2 Additional Lemmas

The following two lemmas, whose proofs are straightforward and omitted, are used in calculating various
results involving trend regression in the paper. They provide moment formulae for various sample

moments of the (homogeneous) autoregression

xp = pri—1+ e, p€(—1,1], with g ~ éid (0,07%), (75)

2

in the stationary case (|p| < 1), where 02 = f—;, and the unit root case (p = 1), where the initialization

1
at t = 0 is zg = 0. The lemmas provide basic formulae from which reduced results can be obtained by
further calculation or by the use of algebraic manipulation software such as Maple. The latter formulae

are lengthy and are not repeated here.

Lemma 1 ( Stationary z; ):

(a) E( f;ltxt)2—a {

/N

T-1
t=1 mt)

Sint ) =0t {T

th =t jpjit_kzt Z] 1]/) }
T-1 t—1 ¢4
ST et S e

B D D I e nE D P

' txt> (Z;[:z tact) =03 {

(
(

(@) B (X ) (Xipa) =02 {1
(

(7 -2

tZJ 1jpt j_l}
—1 —i—
tZ§':1pt ’ 1}
tZT t— 1 }

B DN RS D Y
D DRV Prie,

~—

T-1,
t=1 UTt+1
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() EXu Y pma =03 X X P 4 5 S o
() EZZ;Q xxe—1 = (T —1)po
() B (T o) =0 (T =1+ 22 T{220 - )
Lemma 2 ( Unit Root z; ):
2
(@) B (X0 o) = o® {S15 (362 — 40t + 4722 - 4Te2) |
(b) E( rt txt) ( . :L't) { _143 _ 1t2+Tt2)}
() B ( ey m) ( tfct) { i+ D)+ z’)}

(d) E( tT;ftxt) ) { 13 L2 t+Tt2)}

(e) E(zfgﬁmm)( o) =0 { ;ftz;:lj+ijt<t+1><T—t—1)}

() EZt Q:EtZt 2Lt—1 =0 { 1j+ZtT:712(t+1)(T_t_l)}
(€ EXipmren =0" Y, 't
(h)E( t71$t>2202{ tTllZ 1J+Z Z] =t+1 }

8 Notation

op(1)  tends to zero in probability
Op(1)  bounded in probability

o f o Jy feydr
[] integer part
= definitional equality
CSD  Cross Section Dependent
CSI Cross Section Independent
w. T-! Zthl Wi
wi—p  T71 Z;F:l Wit—1

wi wy — g — hiptdetrended wesee (67)
2T+1) 6 T
af (Zt 1 wt) — Ty 2at—1 (W
6 T
by T(T271) Zt:l Wt = Trr—1) D=1 Wt
—4d weak convergence
—p convergence in probability, almost surely
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Table 2: Finite Sample Performance of Mean Unbiased Estimator
with an Exogenous Variable: (p=0.9,8 =1)

Yit = a; + bit + pyir—1 + Bzi + ui

Sample Absolute Bias xT' MSE Ratio
A  ® (© @O A/B C/D

Fixed Effects
T=5N=1000 1.293 0.000 0.585 0.001 0.009 0.021
T= 10,N= 500 1.277 0.001 0.496 0.004 0.019 0.092
T=25N=200 1.195 0.007 0.312 0.006 0.056 0.585
T= 50,N= 100 1.107 0.008 0.180 0.012 0.150 0.942
T=100,N=50 1.047 0.026 0.096 0.024 0.420 0.996

Linear Trend
T=5N=1000 3.237 0.010 1.623 0.006 0.022 0.020
T=10,N= 500 3.087 0.078 1.435 0.032 0.037 0.042
T=25N=200 2.771 0.016 1.027 0.002 0.043 0.145
T=50,N= 100 2.482 0.011 0.664 0.015 0.068 0.560
T=100,N= 50 2.241 0.021 0.368 0.026 0.158 0.941

Legend: Errors are drawn as ¢id N(0, 1), the number of replications = 10,000
A= p (Pooled OLS), B= pyyp (Mean unbiased estimator),
C=8 (Pooled OLS), D=,y (Mean unbiased estimator)
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Table 3: Finite Sample Performance of Various Feasible Generalized Mean Unbiased Estimator

Under Cross Section Dependence (p = 0.9)

Bias xT MSE Ratiox 10
T N (A) (B) (©) (D) (E) (F) B/A C/A D/A E/A F/A
Fixed Effects
25 10 -3.65 -2.63 -0.65 -0.30 -0.08 -1.57 3.71 1.05 091 081 245
25 25 -3.52 -269 -0.53 -0.15 0.03 -1.44 434 058 046 039 1.80
25 50 -349 -263 -049 -0.10 0.08 -1.40 4.16 0.38 0.27 0.21 1.55
25 100 -3.53 -2.64 -048 -0.09 0.10 -1.38 4.03 029 0.19 0.12 134
50 10 -3.64 -2.78 -045 -0.27 -0.19 -141 454 086 083 0.79 1.89
50 25  -3.58 -243 -034 -0.16 -0.06 -1.27v 288 038 035 032 1.14
50 50 -3.51 -253 -0.29 -0.10 -0.01 -1.22 3.55 0.22 0.20 0.17 0.93
50 100 -3.51 -2.51 -0.27 -0.08 0.01 -1.18 342 0.13 0.11 0.09 0.78
100 10 -343 -251 -033 -0.25 -0.21 -1.30 384 094 093 092 173
100 25 -3.39 -245 -0.20 -0.11 -0.07v -1.14 345 037 036 0.35 0.87
100 50  -3.47 -2.40 -0.16 -0.07 -0.03 -1.08 3.06 0.19 0.18 0.18 0.61
100 100 -3.41 -2.40 -0.15 -0.06 -0.02 -1.06 3.13 0.10 0.10 0.09 0.50
200 10 -342 -247 -0.24 -0.20 -0.18 -1.18 3.67 1.01 1.00 1.00 1.49
200 25 -340 -247 -0.12 -0.09 -0.07 -1.04 3.70 040 040 040 0.68
200 50 -348 -244 -0.11 -0.07 -0.05 -1.03 3.18 0.20 0.20 0.20 045
200 100 -3.33 -2.32 -0.08 -0.04 -0.02 -1.00 295 0.11 0.10 0.10 0.33
Linear Trend
25 10 -6.66 -5.60 -1.25 -0.35 -0.01 -2.15 5.76 1.14 0.89 080 1.95
25 25  -6.57 -5.68 -1.18 -0.09 025 -2.00 6.28 0.71 052 047 1.37
25 50 -6.58 -5.64 -1.15 001 037 -195 6.15 052 035 032 1.14
25 100 -6.58 -5.63 -1.17 0.00 038 -195 6.03 043 026 021 1.00
50 10 -6.43 -5.52 -0.70 -0.24 -0.11 -1.77 6.10 0.83 0.80 0.79 1.50
50 25 -6.40 -5.13 -0.62 -0.14 0.02 -1.63 4.71 037 033 032 0.86
50 50 -6.30 -5.24 -0.58 -0.10 0.04 -1.59 538 022 0.18 0.16 0.71
50 100 -6.32 -5.22 -0.56 -0.08 0.06 -1.56 5.23 0.14 0.10 0.08 0.59
100 10 -5.97 -495 -047 -0.28 -0.23 -1.62 5.22 073 071 0.71 1.28
100 25 -5.88 -4.85 -0.31 -0.11 -0.06 -1.33 495 030 029 0.28 0.65
100 50 -6.00 -4.83 -0.28 -0.08 -0.03 -1.28 4.63 0.15 0.14 0.14 0.45
100 100 -5.87 -4.78 -0.26 -0.06 0.00 -1.26 4.71 0.08 0.07 0.07 0.38
200 10 -5.67 -465 -0.30 -0.22 -0.19 -1.28 474 080 079 0.79 1.16
200 25 -5.63 -4.66 -0.18 -0.09 -0.07 -1.14 479 032 031 031 0.54
200 50 -5.72 -462 -0.17 -0.08 -0.06 -1.13 435 0.16 0.16 0.16 0.36
200 100 -5.57 -4.49 -0.13 -0.04 -0.01 -1.09 4.12 0.08 0.08 0.08 0.26
Legend: (A) = LSDV; (B) = LSDV with common time effect; (C) = FGMUE based on residual variance of
LSDV; (D) = FGMUE based on residual variance of MUE with fixed effects; (E) = FGMUE based on residual

variance of MUE with common time effects; (F) = MUE with Pesaran’s correlated common estimator.
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