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Dq Rswlpdo Idlu Mre Dvvljqphqw Sureohp4

]dlix \dqj

Suhylrxv Yhuvlrq= Mxo| 5334

Wklv Yhuvlrq= Rfwrehu 5334

Devwudfw= Zh vwxg| wkh sureohp ri krz wr doorfdwh d vhw ri lqglylvleoh remhfwv

olnh mrev ru krxvhv dqg dq dprxqw ri prqh| dprqj d jurxs ri shrsoh dv idluo|

dqg dv h!flhqwo| dv srvvleoh1 D sduwlfxodu frqvwudlqw iru vxfk dq doorfdwlrq

lv wkdw hyhu| shuvrq vkrxog eh dvvljqhg zlwk wkh vdph qxpehu ri remhfwv lq

klv ru khu exqgoh1 Wkh suhihuhqfhv ri shrsoh ghshqg rq wkh exqgoh ri remhfwv

dqg wkh txdqwlw| ri prqh| wkh| wdnh1 Zh sursrvh d vroxwlrq wr wklv sureohp/

fdoohg d shuihfwo| idlu doorfdwlrq1 Lw lv vkrzq wkdw hyhu| shuihfwo| idlu doorfdwlrq

lv h!flhqw dqg hqy|0iuhh/ lqfrph0idlu dqg ixuwkhupruh jlyhv hyhu| shuvrq d

pd{lpdo vdwlvidfwlrq1 Wkhq zh hvwdeolvk d qhfhvvdu| dqg vx!flhqw frqglwlrq

iru wkh h{lvwhqfh ri d shuihfwo| idlu doorfdwlrq1 Lw lv vkrzq wkdw wkhuh h{lvwv d

shuihfwo| idlu doorfdwlrq li dqg rqo| li dq dvvrfldwhg olqhdu surjudp sureohp kdv

d vroxwlrq1 Dv d uhvxow/ zh dovr surylgh d �qlwh phwkrg ri frpsxwlqj d shuihfwo|

idlu doorfdwlrq1

Nh|zrugv= Shuihfwo| idlu doorfdwlrq/ htxlw|/ h!flhqf|/ lqglylvlelolw|/ pxowl0

shuvrq ghflvlrq/ glvfuhwh rswlpl}dwlrq1

MHO0frgh= G6/ G64/ G9/ G94/ G96/ G:/ G:71

4Wklv uhvhdufk lv vxssruwhg e| Judqwv0lq0Dlg ri wkh Mdsdqhvh Plqlvwu| ri Hgxfdwlrq/ Fxowxuh/ Vsruwv/

Vflhqfh dqg Whfkqrorj|1
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4 Lqwurgxfwlrq

Wkh sxusrvh ri wklv vwxg| lv wr gh�qh dqg fkdudfwhul}h d vroxwlrq wr d odujh fodvv ri mre

dvvljqphqw sureohpv lq whupv ri hfrqrplf htxlw|/ idluqhvv dqg h!flhqf|1 D sduwlfxodu

irfxv ri rxu dwwhqwlrq lv wr lghqwli| qhfhvvdu| dqg vx!flhqw frqglwlrqv iru wkh h{lvwhqfh

ri wklv vroxwlrq1 Idlu mre dvvljqphqw sureohpv duh hqfrxqwhuhg lq ydulrxv rujdql}dwlrqv1

Iru h{dpsoh/ idfxow| phpehuv duh dvvljqhg zlwklq vhyhudo frpplwwhhv/ d jurxs ri vwxghqwv

uhqw d krxvh dqg ghflgh krz wr dvvljq urrpv dprqj wkhpvhoyhv/ dqg zrunhuv duh dvnhg wr

gr mrev zlwk fhuwdlq frpshqvdwlrqv/ dqg sduhqwv frqwhpsodwh d zloo wr jlyh wkhlu fkloguhq

ydulrxv surshuwlhv dqg vdylqjv1

Irupdoo|/ zh duh jrlqj wr lqyhvwljdwh wkh iroorzlqj jhqhudo mre dvvljqphqw sureohp= D

vhw ri lqglylvleoh remhfwv +ru vlpso| remhfwv, olnh mrev/ wdvnv/ krxvhv/ r!fhv dqg d �{hg

dprxqw ri prqh| lv wr eh dvvljqhg wr d qxpehu ri shrsoh1 Lqglylvleoh remhfwv duh uhodwlyho|

odujh dqg iudfwlrqv ri wkhp fdqqrw eh dvvljqhg wr wkh shrsoh1 Ixuwkhupruh/ lqglylvleoh

remhfwv fdq eh ghvludeoh ru xqghvludeoh dv zhoo1 Khuh prqh| zloo eh wuhdwhg dv d shuihfwo|

glylvleoh frpprglw|/ vlqfh wkh ydoxh ri d xqlw ri prqh| lv uhodwlyho| vpdoo frpsduhg zlwk

rqh xqlw ri lqglylvleoh remhfwv1 Wkh dprxqw ri prqh| fdq eh srvlwlyh ru qhjdwlyh1 D

sduwlfxodu frqvwudlqw iru doorfdwlrqv ri remhfwv lv wkdw hyhu| shuvrq vkrxog eh dvvljqhg zlwk

wkh vdph qxpehu ri remhfwv1 Wklv frqvwudlqw lv txlwh qdwxudo dqg mxvwl�hg li remhfwv duh

vhhq wr eh odujh dqg hvvhqwldo1 Rqh pd| lqwhusuhw wklv frqvwudlqw dv d jxdudqwhh ri htxdo

ixqgdphqwdo uljkwv ru reoljdwlrqv1 Iru h{dpsoh/ wkh qxpehu ri frpplwwhhv hdfk idfxow|

phpehu sduwlflsdwhv lv urxjko| wkh vdph1 Idplo| phpehuv duh riwhq dvvljqhg zlwk wkh

vdph qxpehu ri krxvhkrog fkruhv1 Wkh suhihuhqfhv ri shrsoh ghshqg rq wkh exqgoh ri

remhfwv dqg wkh txdqwlw| ri prqh| wkh| wdnh1 Wkh remhfwlyh lv wr glvwulexwh wkh remhfwv

dqg wkh prqh| dprqj wkh shrsoh lq d zd| wkdw lv erwk dv idlu dv srvvleoh wr hyhu| lqglylgxdo

dqg lv dv h!flhqw dv srvvleoh wr wkh jurxs dv d zkroh1

Wkh frqfhsw ri idluqhvv lv d suryrfdwlyh dqg zlgho| dffhswhg lghd lq wkh olwhudwxuh ri

hfrqrplf htxlw|1 Lw lv lqwurgxfhg lq Iroh| ^7`1 Dq doorfdwlrq lv vdlg wr eh idlu ru hqy|0iuhh li

qr djhqw suhihuv dq| rwkhu djhqw*v exqgoh wr klv ru khu rzq1 Wklv lghd lv txlwh dsshdolqj dqg

lqwhuhvwlqj ehfdxvh lw wuhdwv shrsoh htxdoo| dqg v|pphwulfdoo| lq glvwulexwlyh mxvwlfh/ lw lv
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ruglqdo lq qdwxuh/ dqg lw frpsduhv zhoiduh edvhg rq lqglylgxdo ohyhov lqvwhdg ri lqwhushuvrqdo

ohyhov1 Iurp wkh ylhzsrlqw ri zhoiduh hfrqrplfv/ d pdmru gudzedfn ri wklv frqfhsw lv wkdw

lw lv lqfrqvlvwhqw zlwk wkh Sduhwr rswlpdolw| sulqflsoh1 Lq rwkhu zrugv/ d idlu doorfdwlrq

pd| qrw eh +vrfldoo|, h!flhqw1 Wkh lqfrph0idluqhvv frqfhsw lv dqrwkhu lpsruwdqw lqglfdwru

wr phdvxuh hfrqrplf htxlw|1 Wklv frqfhsw lv sursrvhg e| Sd}qhu dqg Vfkphlgohu ^<`1 Dq

doorfdwlrq lv gh�qhg wr eh lqfrph0idlu li wkhuh h{lvwv d frpshwlwlyh htxloleulxp sulfh yhfwru

vr wkdw wkh doorfdwlrq lv lq idfw dq htxloleulxp doorfdwlrq dqg ixuwkhupruh wkh lqfrph ri

hyhu| djhqw lv wkh vdph1 Wklv frqfhsw lv reylrxvo| txlwh dsshdolqj lq whup ri hfrqrplf

htxlw|1 D sureohp zlwk wklv lghd olhv lq wkh idfw wkdw lw lv d kdug0fkhfnlqj fulwhulrq dqg lw lv

dovr udwkhu gl!fxow wr lghqwli| frqglwlrqv iru wkh h{lvwhqfh ri vxfk vroxwlrq1 Rwkhu nlqgv ri

frqfhswv ri idluqhvv kdyh dovr ehhq ghyhorshg dqg dqdo|}hg> vhh iru h{dpsoh/ Yduldq ^49`/

Sd}qhu dqg Vfkphlgohu ^43`/ dprqj rwkhuv1 Doo ri wklv zrun kdv ghdow zlwk wkh fdvh ri

glylvleoh jrrgv1 Lq wkh suhvhqw vwxg|/ zh zloo wuhdw odujh lqglylvleoh remhfwv1

Dv lw lv zhoo nqrzq/ wkh suhvhqfh ri odujh lqglylvlelolwlhv srvhv d vhulrxv fkdoohqjh iru

hfrqrplf dqdo|vlv> vhh iru h{dpsoh/ Duurz dqg Kdkq ^5`/ Vfdui ^44`1 Qhyhuwkhohvv/ d jrrg

ghdo ri surjuhvv kdv ehhq pdgh lq xqghuvwdqglqj vhyhudo vshfldo idlu doorfdwlrq sureohpv

dvvrfldwhg zlwk lqglylvleolwlhv1 Vyhqvvrq ^48` revhuyhv wkdw lq d prgho li wkhuh duh wkh

vdph qxpehu ri shrsoh dv remhfwv dqg wkhuh lv d �{hg dprxqw ri prqh|/ dqg li hdfk djhqw

frqvxphv h{dfwo| rqh remhfw dqg d fhuwdlq dprxqw ri prqh|/ wkhq hyhu| idlu doorfdwlrq lv

h!flhqw1 Kh ixuwkhu vkrzv wkdw vxfk doorfdwlrqv zloo h{lvw li doo wkh remhfwv duh ghvludeoh

dqg wkhuh lv hqrxjk prqh|1 Vhh dovr Pdvnlq ^:` iru d vlplodu prgho1 Dondq/ Ghpdqjh dqg

Jdoh ^4` kdyh vkrzq wkdw idluqhvv vwloo lpsolhv h!flhqf| dv orqj dv hyhu| djhqw frqvxphv

rqo| rqh remhfw qr pdwwhu krz pdq| remhfwv duh suhvhqw1 Wkh| surylgh vhyhudo vx!flhqw

frqglwlrqv iru wkh h{lvwhqfh ri idlu doorfdwlrqv1 Vx ^46` dqg \dqj ^4:` suhvhqw pruh jhqhudo

h{lvwhqfh frqglwlrqv1

Wkh prgho vwxglhg lq wklv sdshu lv pruh jhqhudo wkdq wkrvh phqwlrqhg deryh1 Lq sdu0

wlfxodu/ zh doorz hdfk djhqw wr wdnh pruh wkdq rqh remhfw1 Lq wkh oljkw ri frpsoh{lw|

wkhru|/ wkh sureohp ri �qglqj mxvw dq rswlpdo dvvljqphqw lq wkh fxuuhqw prgho lv vxevwdq0

wldoo| pruh gl!fxow wkdq wkh sureohp ri �qglqj dq rswlpdo dvvljqphqw lq d prgho zkhuh

hdfk djhqw mxvw wdnhv rqh remhfw1 Lw lv wkhuhiruh qrw vxusulvlqj dv lw pd| eh vrphzkdw
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vxusulvlqj wkdw wkh suhvhqw prgho kdv qrw uhfhlyhg pxfk dwwhqwlrq lq wkh olwhudwxuh1 Dv

rqh hdvlo| xqghuvwdqgv/ ehfdxvh hdfk djhqw lv doorzhg wr wdnh pruh wkdq rqh remhfw/ wkh

ydulrxv lqwhudfwlrqv dprqj remhfwv zloo jhqhudwh qhz skhqrphqd zklfk gr qrw dulvh lq d

prgho zkhuh hyhu| djhqw lv uhtxluhg wr wdnh rqo| d vlqjoh remhfw1 Lq wkh h{dpsoh wr eh

jlyhq lq Vhfwlrq 5/ zh �qg wkdw wkh idluqhvv lghd lv qrw frqvlvwhqw zlwk wkh sulqflsoh ri

Sduhwr rswlpdolw| dq|pruh li hdfk djhqw lv jrlqj wr wdnh wzr remhfwv1 Wklv lv rqh sulpdu|

prwlydwlrq iru xv wr fduu| rxw rxu suhylrxv vwxg| +vhh Vxq dqg \dqj ^47`, dqg wkh fxuuhqw

rqh wr vhdufk iru d qhz vroxwlrq wr wklv pruh jhqhudo sureohp1 Lq dqrwkhu h{dpsoh wr eh

jlyhq dw Vhfwlrq 6/ zh revhuyh wkdw hyhq li wkhuh h{lvw idlu dqg h!flhqw doorfdwlrqv/ qr vxfk

doorfdwlrq lv lqfrph0idlu1 Wklv lv dqrwkhu pdmru prwlydwlrq iru xv wr xqghuwdnh wklv vwxg|1

Wr �qg d vroxwlrq zklfk phhwv wkh ixqgdphqwdo sulqflsohv ri htxlw|/ idluqhvv dqg h!flhqf|/

zh sursrvh wkh frqfhsw ri shuihfwo| idlu doorfdwlrq1 Lw lv vkrzq wkdw hyhu| shuihfwo| idlu

doorfdwlrq lv idlu dqg h!flhqw/ lqfrph0idlu dqg ixuwkhupruh jlyhv hyhu| shuvrq d pd{lpdo

vdwlvidfwlrq1 Wkhq zh hvwdeolvk d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri d

shuihfwo| idlu doorfdwlrq1 Lw lv vkrzq wkdw wkhuh h{lvwv d shuihfwo| idlu doorfdwlrq li dqg rqo|

li dq dvvrfldwhg olqhdu surjudp sureohp kdv d vroxwlrq1 Dv d uhvxow/ zh dovr surylgh d �qlwh

phwkrg ri �qglqj d shuihfwo| idlu doorfdwlrq1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 wkh jhqhudo idlu mre dvvljqphqw

prgho lv lqwurgxfhg/ edvlf frqfhswv duh uhylhzhg dqg wkh frqfhsw ri shuihfwo| idlu doorfdwlrq

lv wkhq gh�qhg1 Lq Vhfwlrq 6 zh ghulyh vhyhudo surshuwlhv ri wkh shuihfw idluqhvv frqfhsw1

Wkrvh surshuwlhv lqfoxgh h!flhqf|/ idluqhvv/ dqg lqfrph0idluqhvv1 Dq looxvwudwlyh h{dpsoh

lv dovr jlyhq1 Ilqdoo|/ lq Vhfwlrq 7 d qhfhvvdu| dqg vx!flhqw frqglwlrq lv hvwdeolvkhg iru

wkh h{lvwhqfh ri d shuihfwo| idlu doorfdwlrq dqg d txlwh jhqhudo frqglwlrq lv dovr jlyhq iru

wkh h{lvwhqfh ri h!flhqw dqg idlu doorfdwlrqv1

5 Wkh prgho

Zh �uvw lqwurgxfh vrph qrwdwlrq1 Ohw U& eh wkh vhw ri wkh �uvw & srvlwlyh lqwhjhuv dqg W+&

wkh &0glphqvlrqdo Hxfolghdq vsdfh1 Jlyhq d vhw A / mA m ghqrwhv wkh fduglqdolw| ri wkh vhw A 1

Vrphwlphv zh dovr xvh W+A wr ghqrwh wkh mA m0glphqvlrqdo Hxfolghdq vsdfh zlwk frruglqdwhv
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lqgh{hg e| wkh hohphqwv ri wkh vhw A 1 Ixuwkhupruh/ ohw %A ghqrwh wkh whup
S

�MA %� iru

dq| vhw A dqg dq| yhfwru %1

Qrz zh ghvfuleh wkh jhqhudo idlu mre dvvljqphqw prgho1 Wkhuh duh ? djhqwv ru shrsoh/

ghqrwhg e| � ' U? ' i�c 2c � � � c ?j/ dqg wkhuh duh � wlphv remhfwv dv pdq| dv shrsoh/

ghqrwhg e| � ' i�c 2c � � � c �?j/ dqg wkhuh lv dq dprxqw � ri prqh|1 Wkh sdudphwhu �

fdq eh dq| srvlwlyh lqwhjhu dqg zloo eh fdoohg d txrwd1 Remhfwv duh lqkhuhqwo| lqglylvleoh/

olnh mrev/ wdvnv/ krxvhv/ ru r!fhv1 Remhfwv fdq eh ghvludeoh ru xqghvludeoh1 Wkh dprxqw

ri prqh| fdq eh srvlwlyh ru qhjdwlyh1 Wkh djhqwv* suhihuhqfhv ghshqg rq wkh exqgoh ri

remhfwv dqg wkh txdqwlw| ri prqh| wkh| wdnh1 Wkh sureohp lv wr doorfdwh doo wkh remhfwv

dqg doo wkh prqh| dprqj doo wkh djhqwv lq d zd| wkdw lv dv idlu dqg dv h!flhqw dv srvvleoh

zlwk d frqvwudlqw wkdw hyhu| djhqw vkrxog jhw wkh vdph qxpehu ri remhfwv1

Dq dvvljqphqw ri remhfwv lv d sduwlwlrq ri remhfwv dprqj djhqwv vr wkdw hdfk djhqw jhwv

� remhfwv1 Vxfk dq dvvljqphqw fdq eh h{suhvvhg dv d yhfwru Z ' EZE��c ZE2�c � � � c ZE?��
vdwlvi|lqj ZE�� _ ZE�� ' > iru doo � 9' �/ dqg mZE��m ' � iru doo �/ dqg ^?

�'�ZE�� ' �1 Ohw

�E�c�� uhsuhvhqw wkh froohfwlrq ri doo dvvljqphqwv ri remhfwv1 D glvwulexwlrq ri prqh| lv d

yhfwru % lq W+� zlwk
S

�M� %� ' � 1 Wkh �0wk frpsrqhqhw ri % phdqv wkdw wkh dprxqw %� ri

prqh| lv dwwdfkhg wr remhfw �1 Ohw (E�� uhsuhvhqw wkh froohfwlrq ri doo glvwulexwlrq yhfwruv

ri prqh|1 Dq doorfdwlrq EZc %� frqvlvwv ri dq dvvljqphqw Z ri remhfwv dqg d glvwulexwlrq

% ri prqh|1 Dw dq doorfdwlrq EZc %�/ djhqw � lv dvvljqhg zlwk remhfwv ZE�� dqg wkh dprxqw

%ZE�� ri prqh|1 EZE��c %ZE��� lv fdoohg wkh exqgoh ri djhqw �1 Lq wkh fdvh %ZE�� 	 f/ wklv phdqv

djhqw � sd|v wkh dprxqw m%ZE��m ri prqh|1

Ohw R ' i� m � � � zlwk m�m ' �j1 Wkh suhihuhqfh ri hdfk djhqw � 5 U? ryhu

remhfwv dqg prqh| zloo eh uhsuhvhqwhg e| d xwlolw| ixqfwlrq �� G R � W+ :$ W+1 Lw lv yhu|

qdwxudo wr dvvxph wkdw ��E(c6� lv d frqwlqxrxv dqg qrqghfuhdvlqj ixqfwlrq lq prqh| +l1h1/

lq 6, iru doo � 5 � dqg doo ( 5 R1 Wklv dvvxpswlrq lpsolhv wkdw prqh| lv dozd|v ghvludeoh1

Prqh| zloo eh wuhdwhg dv d shuihfwo| glylvleoh frpprglw|1

Gh�qlwlrq 514 Dq doorfdwlrq EZc %� 5 �E�c���(E�� lv idlu ru hqy|0iuhh li iru hyhu|

� 5 �/ lw krogv

��EZE��c %ZE��� � ��EZE��c %ZE���c iru doo � 5 ��
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Wkh gh�qlwlrq vd|v wkdw dw d idlu doorfdwlrq/ qr djhqw suhihuv wkh exqgoh ri dq| rwkhu djhqw

wr klv rzq exqgoh1 Wkh qrupdwlyh vljql�fdqfh ri wkh idluqhvv lghd olhv lq wkh idfw wkdw lw

wuhdwv shrsoh htxdoo| dqg v|pphwulfdoo|/ lw lv ruglqdo lq qdwxuh/ dqg zhoiduh frpsdulvrqv

duh pdgh rqo| rq dq lqglylgxdolvwlf edvlv lqvwhdg ri lqwhushuvrqdo edvlv1 Dv vkrzq odwhu/

wkhuh lv/ krzhyhu/ rqh pdmru gudzedfn zlwk wklv frqfhsw1 Lw lv lqfrqvlvwhqw zlwk wkh Sduhwr

rswlpdolw| sulqflsoh1 Wkh Sduhwr rswlpdolw| sulqflsoh lv uhfdoohg ehorz1

Gh�qlwlrq 515 Dq doorfdwlrq EZc %� lv h!flhqw ru Sduhwr rswlpdo li wkhuh lv qr rwkhu

doorfdwlrq E4c +� zklfk pdnhv hyhu|rqh dw ohdvw dv zhoo dv dw EZc %� dqg dw ohdvw rqh djhqw

vwulfwo| ehwwhu r� wkdq dw EZc %�1

Lq wkh fdvh zkhq wkhuh duh wkh vdph qxpehu ri remhfwv dv shrsoh/ l1h1 � ' �/ Vyhqv0

vrq ^48` kdv vkrzq wkdw wkh Sduhwr rswlpdolw| lv lpsolhg e| hqy| iuhhqhvv1 Wklv lqwhuhvwlqj

surshuw| grhv qrw krog dq|pruh li shrsoh duh doorzhg wr frqvxph pruh wkdq rqh remhfw/

dv lqglfdwhg e| wkh iroorzlqj h{dpsoh1

H{dpsoh 41 Frqvlghu wkh fdvh lq zklfk wkhuh duh wzr djhqwv �/ 2 dqg wkhuh duh irxu krxvhv

�/ �/ �/ dqg (/ dqg wrwdo prqh| +vd|/ groodu, � lv htxdo wr 531 Hdfk djhqw lv hqwlwohg

wr kdyh wzr krxvhv1 Wkh ydoxhv dvvhvvhg e| wkh djhqwv iru wkh sdluv ri krxvhv duh jlyhq lq

Wdeoh 4/ dqg djhqwv* xwlolw| ixqfwlrqv duh jlyhq e| ��EAc6� ' T�EA � n6/ � ' �/ 21

Wdeoh 4= Wkh ydoxhv ri krxvhv iru erwk djhqwv

�� �� �( �� �( �(

Djhqw � � e D � . H

Djhqw 2 S � b e D .

Lq wklv h{dpsoh wkh doorfdwlrq lq zklfk djhqw � jhwv krxvhv � dqg � dqg �2 grooduv

dqg djhqw 2 jhwv krxvhv � dqg ( dqg H grooduv lv d idlu doorfdwlrq1 Exw wklv doorfdwlrq lv

qrw Sduhwr rswlpdo/ vlqfh lw lv grplqdwhg e| wkh doorfdwlrq lq zklfk djhqw � jhwv krxvhv �

dqg ( dqg b grooduv/ dqg djhqw 2 jhwv krxvhv � dqg � dqg �� grooduv1

Vlqfh d idlu doorfdwlrq pd| qrw dozd|v eh h!flhqw/ d orjlfdo txhvwlrq qdwxudoo| dulvhv=

Lv lw srvvleoh wr uh�qh wkh frqfhsw ri idlu doorfdwlrq vr wkdw wkh Sduhwr rswlpdolw| zloo eh
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dwwdlqhgB Wklv prwlydwhv xv wr sursrvh wkh iroorzlqj qhz vroxwlrq frqfhsw= shuihfwo| idlu

doorfdwlrqv1

Gh�qlwlrq 516 Dq doorfdwlrq EZc %� 5 �E�c���(E�� lv shuihfwo| idlu li lw krogv

��EZE��c %ZE��� � ��E4E��c %4E���c iru doo � 5 � dqg doo 4 5 �E�c���

Fohduo|/ wkh frqfhsw ri shuihfwo| idlu doorfdwlrq vwloo uhwdlqv v|pphwulf/ ruglqdo dqg lqglylg0

xdolvwlf surshuwlhv dv wkh idluqhvv frqfhsw kdv1 Lq wkh vxevhtxhqw vhfwlrq zh zloo lqyhvwljdwh

ydulrxv surshuwlhv ri wklv qhz frqfhsw zklfk wkh idluqhvv frqfhsw grhv qrw kdyh1

6 Vhyhudo edvlf surshuwlhv

Lq wklv vhfwlrq zh zloo ghulyh vhyhudo lqwhuhvwlqj surshuwlhv ri wkh frqfhsw ri shuihfwo| idlu

doorfdwlrq1 Wkh �uvw ohppd vd|v wkdw dw d shuihfwo| idlu doorfdwlrq/ qr djhqw hqylhv dq|

rwkhu djhqw dqg zkdw hdfk djhqw jhwv lv zkdw kh olnhv ehvw1 Wkxv/ wkh frqfhsw ri shuihfwo|

idlu doorfdwlrq lv lqghhg d surshu uh�qhphqw ri idlu doorfdwlrq1

Ohppd 614 Hyhu| shuihfwo| idlu doorfdwlrq lv d idlu doorfdwlrq dqg jlyhv hyhu| djhqw

zkdw kh olnhv ehvw1

Surri= Ohw EZc %� eh d shuihfwo| idlu doorfdwlrq1 Wkhq iru hyhu| � 5 � dqg hyhu| vhw ( 5 R/

zh kdyh

��EZE��c %ZE��� � ��E(c%(��

Wkh lqhtxdolw| vd|v wkdw hyhu| djhqw jhwv zkdw kh olnhv ehvw1 Lq sduwlfxodu/ iru hyhu| � 5 �/

zh kdyh

��EZE��c %ZE��� � ��EZE��c %ZE���c iru doo � 5 ��

Wkxv/ EZc %� pxvw eh d idlu doorfdwlrq1 �

Wkh iroorzlqj uhvxow vkrzv wkdw hyhu| shuihfwo| idlu doorfdwlrq lv +vrfldoo|, h!flhqw1 Wklv

surshuw| lqglfdwhv wkdw wkh frqfhsw ri shuihfwo| idlu doorfdwlrq lv dovr txlwh dsshdolqj dqg

lqwhuhvwlqj iurp wkh ylhzsrlqw ri zhoiduh hfrqrplfv1

:



Wkhruhp 615 Hyhu| shuihfwo| idlu doorfdwlrq lv Sduhwr rswlpdo1

Surri= Ohw EZc %� eh d shuihfwo| idlu doorfdwlrq1 Qrz vxssrvh wr wkh frqwudu| wkdw EZc %�

lv qrw h!flhqw1 Wkhq wkhuh zrxog h{lvw dqrwkhu doorfdwlrq E4c +� zhdno| suhihuuhg e| doo

djhqwv dqg vwulfwo| suhihuuhg e| dw ohdvw rqh djhqw1 Wkdw lv/ lw krogv wkdw

[

�M�

+4E�� ' �

dqg

��E4E��c +4E��� � ��EZE��c %ZE���c ;� 5 �( +614,

dqg wkhuh lv vrph � 5 � vdwlvi|lqj

��E4E��c +4E��� : ��EZE��c %ZE���� +615,

Qrwh wkdw vlqfh EZc %� lv shuihfwo| idlu/ zh kdyh

[

�M�

%ZE�� ' �

dqg

��EZE��c %ZE��� � ��E4E��c %4E���c ;� 5 �� +616,

Lw iroorzv iurp +614, dqg +616, wkdw

��E4E��c +4E��� � ��E4E��c %4E���c ;� 5 ��

Ixuwkhupruh/ lw iroorzv iurp +615, dqg +616, wkdw

��E4E��c +4E��� : ��E4E��c %4E����

Vlqfh ��EAc ��/ � 5 �/ A 5 R/ duh qrqghfuhdvlqj lq prqh|/ zh kdyh wkdw iru doo � 5 �/

+4E�� � %4E��c

dqg

+4E�� : %4E���

;



Wklv lpsolhv wkdw

� '
[

�M�

+4E�� :
[

�M�

%4E�� ' �c

|lhoglqj d frqwudglfwlrq1 Wkhuhiruh/ EZc %� pxvw dwwdlq Sduhwr rswlpdolw|1 �

Lq dgglwlrq/ zh zloo vkrz wkdw wkh frqfhsw ri shuihfwo| idlu doorfdwlrq kdv |hw dqrwkhu

uhpdundeoh surshuw|/ qdpho|/ lw lv frqvlvwhqw zlwk lqfrph0idluqhvv1 Wkh frqfhsw ri lqfrph0

idlu doorfdwlrq lv vxjjhvwhg e| Sd}qhu dqg Vfkphlgohu ^<`1 Wklv frqfhsw fdq eh uhirupxodwhg

lq wkh suhvhqw prgho dv iroorzv1 Jlyhq dq doorfdwlrq EZc %�/ zh frqvwuxfw d sxuh h{fkdqjh

hfrqrp| .EZc %� lq zklfk wkh exqgoh EZE��c %ZE��� lv ylhzhg dv djhqw �*v lqlwldo hqgrzphqw1

Zh vd| wkdw dq doorfdwlrq EZc %� lv dq lqfrph0idlu doorfdwlrq li wkhuh h{lvwv d yhfwru ER�c R2� 5
W+� � W+ vxfk wkdw EZc %� lv d frpshwlwlyh htxloleulxp doorfdwlrq/ ER�c R2� lv d frpshwlwlyh

htxloleulxp sulfh yhfwru iru wkh hfrqrp| .EZc %�/ dqg wkh srwhqwldo lqfrph lv wkh vdph iru

hyhu| djhqw1

Ohppd 616 Hyhu| shuihfwo| idlu doorfdwlrq lv dq lqfrph0idlu doorfdwlrq1

Surri= Ohw EZc %� eh d shuihfwo| idlu doorfdwlrq1 Qrz gh�qh dq hfrqrp| lq zklfk djhqw �

lqlwldoo| rzqv wkh exqgoh EZE��c %ZE���1 Ohw R� ' �% dqg R2 ' �1 Wkhq wkh yhfwru ER�c R2� lv d

frpshwlwlyh htxloleulxp sulfh yhfwru iru wkh hfrqrp| vlqfh iru hyhu| djhqw �/ shuihfw0idluqhvv

lpsolhv wkdw

��EZE��c %ZE��� � ��E4E��c %4E���c ; 4 5 �E�c���

Lq wkh hfrqrp|/ wkh srwhqwldo lqfrph UE�� ' %ZE�� n R�ZE�� ' f iru doo � 5 �1 Wkxv/ EZc %� lv

dq lqfrph0idlu doorfdwlrq1 �

Lq wkh deryh dqdo|vlv/ zh kdyh qrwhg wkdw/ dw d shuihfwo| idlu doorfdwlrq/ vrph djhqw

pd| kdyh wr sd| d fhuwdlq dprxqw ri prqh|1 Lq vrph vlwxdwlrq/ iru h{dpsoh/ zkhq shrsoh

gr qrw kdyh dq| prqh|/ zh kdyh wr uhtxluh wkdw qr djhqw vkrxog sd| dq|wklqj/ qdpho|/ wkh

dprxqw %ZE�� � f iru doo djhqwv1 Wkh iroorzlqj ohppd vwdwhv wkdw li wkh wrwdo dprxqw � ri

prqh| lv vx!flhqwo| odujh/ hyhu| shuihfwo| idlu doorfdwlrq jlyhv hdfk djhqw d qrqqhjdwlyh

dprxqw ri prqh|1 Wklv frqglwlrq lv vlplodu wr wkdw jlyhq e| Dondq hw do1 ^4` iru wkh fdvh

� ' �1

<



Ohppd 617 Ohw wkh wrwdo dprxqw � ri prqh| eh vr odujh wkdw iru hyhu| � 5 � dqg

hyhu| �c( � � zlwk m�m ' m(m ' �/

��E�c
�

?� �
� � ��E(c f��

Wkhq iru hyhu| shuihfwo| idlu doorfdwlrq EZc %� zh kdyh %ZE�� � f iru doo � 5 �1

Surri= Uhfdoo wkdw ? lq wkh irupxod lv wkh qxpehu ri djhqwv1 Ohw EZc %� eh d shuihfwo| idlu

doorfdwlrq1 Vxssrvh wr wkh frqwudu| wkdw wkhuh h{lvwv vrph djhqw & 5 � zlwk %ZE&� 	 f1

Wkhq zh kdyh

� '
[

�M�

%ZE�� 	 f n
[

��'&

%ZE���

Lw lv hdv| wr vhh iurp wklv lqhtxdolw| wkdw wkhuh h{lvwv vrph djhqw , 5 � vr wkdw %ZE,� : �
?3�

1

Wkhq e| dvvxpswlrq zh kdyh

�&EZE,�c %ZE,�� : �&EZE,�c
�
?3�

�

� �&EZE&�c f�

� �&EZE&�c %ZE&���

Wklv phdqv wkdw djhqw & suhihuv wkh exqgoh ri djhqw , wr klv rzq/ |lhoglqj d frqwudglfwlrq1

�

Rqh pd| zrqghu li shuihfwo| idlu doorfdwlrqv h{lvw1 Lq H{dpsoh 4 wkhuh lqghhg h{lvwv d

shuihfwo| idlu doorfdwlrq1 Lw lv hdvlo| yhul�hg wkdw wkh doorfdwlrq

EEZE��c ZE2��c E%�c %�c %�c %(�� ' EE�(c���c EDc .c Sc 2��

lv d shuihfwo| idlu doorfdwlrq1 Krzhyhu/ shuihfwo| idlu doorfdwlrqv pd| qrw dozd|v h{lvw dv

vkrzq lq wkh iroorzlqj h{dpsoh1

H{dpsoh 51 Frqvlghu wkh fdvh lq zklfk wkhuh duh wzr djhqwv �/ dqg 2/ dqg wkhuh duh irxu

krxvhv �/ �/ �/ dqg (/ dqg wrwdo prqh| +vd|/ groodu, � lv htxdo wr 531 Djhqwv � dqg 2

hdfk duh hqwlwohg wr kdyh wzr krxvhv1 Wkh ydoxhv dvvhvvhg e| wkh djhqwv iru wkh sdluv ri

krxvhv duh jlyhq lq Wdeoh 5/ dqg djhqwv* xwlolw| ixqfwlrqv duh jlyhq e| ��EAc6� ' T�EA �n6/

� ' �/ 2/ �1
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Wdeoh 5= Wkh ydoxhv ri krxvhv iru erwk djhqwv

�� �� �( �� �( �(

Djhqw � S H D e 2 H

Djhqw 2 S �� b S D .

Lq wklv h{dpsoh wkhuh lv d xqltxh Sduhwr rswlpdo dvvljqphqw/ qdpho|/ djhqw � jhwv

krxvhv � dqg (/ djhqw 2 jhwv krxvhv � dqg �1 Vxssrvh wkdw wklv dvvljqphqw fdq eh

frqvwuxfwhg dv d shuihfwo| idlu doorfdwlrq1 Wkhq/ zh pxvw kdyh

b � %� n %( � b�Dc +617,

vlqfh d shuihfwo| idlu doorfdwlrq lv dovr idlu1 Ixuwkhupruh/ iru djhqw 2/ wkh iroorzlqj v|vwhp

ri lqhtxdolwlhv pxvw kdyh d vroxwlrq1

S n %� n %� � �� n %� n %�

S n %� n %� � b n %� n %(

S n %� n %� � S n %� n %�

S n %� n %� � D n %� n %(

%� n %� ' 2f� E%� n %(��

Lw iroorzv iurp wkh �uvw irxu lqhtxdolwlhv wkdw

� n 2E%� n %�� � H n 2E%� n %(��

Vxevwlwxwlqj %� n %� ' 2f� E%� n %(� lqwr wkh lqhtxdolw|/ zh rewdlq

%� n %( � ��*e 	 bc

|lhoglqj d frqwudglfwlrq wr wkh lqhtxdolw| +617,1 Wkxv wkhuh grhv qrw h{lvw dq| shuihfwo| idlu

doorfdwlrq lq wklv h{dpsoh/ hyhq wkrxjk wkhuh h{lvwv dq h!flhqw dqg idlu doorfdwlrq1 Wklv

h{dpsoh dovr vkrzv wkdw idluqhvv wrjhwkhu zlwk h!flhqf| grhv qrw lpso| shuihfw0idluqhvv1

Wkh uhdghu fdq dovr yhuli| wkdw wkh xqltxh h!flhqw dqg idlu doorfdwlrq lq wklv h{dpsoh lv

qrw lqfrph0idlu/ hlwkhu1
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7 H{lvwhqfh wkhruhpv

Lq wklv vhfwlrq zh suhvhqw erwk d jhqhudo frqglwlrq iru wkh h{lvwhqfh ri dq h!flhqw dqg

idlu doorfdwlrq dqg d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri d shuihfwo|

idlu doorfdwlrq1 Zh zloo uhvwulfw rxu dwwhqwlrq wr wkh fdvh zkhuh hyhu| djhqw kdv txdvl0

olqhdu xwlolwlhv lq prqh|1 Wkh dqdo|vlv vhhpv wr eh vljql�fdqwo| pruh gl!fxow zlwkrxw

wklv uhvwulfwlrq1 Zkhq djhqwv kdyh txdvl0olqhdu xwlolwlhv lq prqh|/ wkhq djhqwv* xwlolw|

ixqfwlrqv fdq eh h{suhvvhg dv ��EAc %� ' T�EA � n % iru doo � 5 �/ A 5 R/ dqg % 5 W+1

Lq wklv fdvh zh zloo xvh H ' EET�c � 5 ��c �c�� wr uhsuhvhqw wkh prgho1 Jlyhq d prgho

H ' EET�c � 5 ��c �c��/ zh fdoo dq dvvljqphqw Z 5 �E�c�� dq rswlpdo dvvljqphqw li
S

�MU? T�EZE��� �
S

�MU? T�E4E��� iru hyhu| 4 5 �E�c��1 Wkh sureohp ri �qglqj dq rswlpdo

dvvljqphqw iru � � 2 lv d yhu| gl!fxow rqh iurp wkh frpsxwdwlrqdo frpsoh{lw| ylhzsrlqw/

ehfdxvh lw lv dq QS0kdug sureohp hyhq iru � ' 21 Vhh iru h{dpsoh Sdsdglplwulrx dqg

Vwhljolw} ^;` dqg Ixmlvkljh ^8`1 Krzhyhu/ wkh sureohp ri �qglqj dq rswlpdo dvvljqphqw iru

� ' � lv dq hdv| rqh1 Wklv lv wkh fodvvlfdo mre dvvljqphqw sureohp wr eh glvfxvvhg vkruwo|1

Wr vkrz wkh h{lvwhqfh ri dq h!flhqw dqg idlu doorfdwlrq/ zh �uvw uhfdoo wkh fodvvlfdo mre

dvvljqphqw sureohp> vhh Gdqw}lj ^6`1 Lq wklv prgho wkhuh duh ? shrsoh dqg ? wdvnv1 Hdfk

shuvrq lv jrlqj wr eh dvvljqhg zlwk rqh wdvn1 Ohw |E�c �� ghqrwh wkh sur�w iru shuvrq �

wr shuirup wdvn � dqg ohw A ' d|E�c ��o ghqrwh wkh ? e| ? pdwul{1 Wkh jrdo lv wr �qg dq

dvvljqphqw ri wdvnv dprqj shrsoh vr wkdw wkh wrwdo sur�w lv pd{lpdo1 Lq wklv prgho/ dq

dvvljqphqw lv d shupxwdwlrq ri wkh ? hohphqwv ri U?1 Ohw X eh wkh froohfwlrq ri doo dvvljq0

phqwv1 Dq dvvljqphqw Z 5 X lv dq rswlpdo dvvljqphqw li
S

�MU? |E�c ZE��� �
S

�MU? |E�c � E���

iru hyhu| � 5 X1

Uhfdoo wkh iroorzlqj gxdolw| wkhruhp iurp olqhdu surjudpplqj +vhh Gdqw}lj ^6`,/ zklfk

kdv ehhq xvhg e| Nrrspdqv dqg Ehfnpdq ^9`/ Vkdsoh| dqg Vkxeln ^45`/ dqg Dondq hw do1 ^4`

iru uhodwhg prghov1

Ohppd 714 Ohw A ' d|E�c ��o eh dq ? � ? pdwul{1 Li Z 5 X lv dq rswlpdo dvvljqphqw/

wkhuh h{lvw wzr ?0yhfwruv � dqg � vxfk wkdw

�� n �� � |E�c ��c ; �c � 5 U?
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dqg

�� n �ZE�� ' |E�c ZE���c ;� 5 U?�

Wkhruhp 715 Jlyhq d prgho H ' EET�c � 5 ��c �c��/ wkhq wkhuh h{lvwv dw ohdvw rqh

rswlpdo dvvljqphqw1 Iru hdfk rswlpdo dvvljqphqw Z/ wkhuh h{lvwv d glvwulexwlrq 2?0yhfwru

% ri prqh| � vxfk wkdw EZc %� lv dq h!flhqw dqg idlu doorfdwlrq1

Surri= Wkh �uvw vwdwhphqw lv reylrxv/ vlqfh wkhuh duh rqo| d �qlwh qxpehu ri dvvljqphqwv1

Qrz zh suryh wkh vhfrqg sduw1 Ohw Z 5 �E�c�� eh vxfk dq rswlpdo dvvljqphqw1 Zh zloo

ylhz wkh vhw ZE�� ri remhfwv dv wdvn � dqg T�EZE��� dv wkh sur�w iru djhqw � wr shuirup wdvn

�1 Gh�qh |E�c �� ' T�EZE��� dqg A ' d|E�c ��o wkh ? e| ? pdwul{1 Wkxv/ zh kdyh gh�qhg wkh

dvvrfldwhg mre dvvljqphqw sureohp1 Fohduo|/ 4 ' E4E��c 4E2�c � � � c 4E?�� ' E�c 2c � � � c ?� lv dq
rswlpdo mre dvvljqphqw1 Vlqfh 4 lv dq rswlpdo dvvljqphqw/ lw iroorzv iurp Ohppd 714 wkdw

wkhuh h{lvwv � dqg � vxfk wkdw

�� n �� � |E�c ��c ; �c � 5 U?

dqg

�� n �4E�� ' |E�c 4E���c ;� 5 U?�

Iurp wkh deryh lqhtxdolwlhv zh rewdlq

|E�c 4E�����4E�� � |E�c ��� ��c ; �c � 5 U?�

Ohw +� ' ���/ B ' E��S
�MU? +��*?/ dqg 5� ' +�nB iru hdfk � 5 U?1 Gh�qh 5 ' E5�c � � � c 5?�1

Wkhq zh kdyh

|E�c 4E��� n 54E�� � |E�c �� n 5�c ; �c � 5 U?

dqg

[

�MU?

5� ' ��

Ohw % 5 (E�� vr wkdw %ZE�� ' 5� iru doo � 5 U?1 Fohduo|/ EZc %� lv dq h!flhqw dqg idlu

doorfdwlrq1 �
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Dv H{dpsoh 5 lqglfdwhv wkdw shuihfwo| idlu doorfdwlrqv pd| qrw dozd|v h{lvw/ wklv prwl0

ydwhv d qdwxudo txhvwlrq= Xqghu zkdw flufxpvwdqfh grhv d shuihfwo| idlu doorfdwlrq h{lvwB

Wkh uhpdlqlqj vhfwlrq lv wr suhvhqw d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh

ri d shuihfwo| idlu doorfdwlrq1

Jlyhq > 9' 7 � � dqg > 9' A � �/ zh vd| wkdw 7 dqg A duh frpsdwleoh li wkhuh h{lvwv

vrph Z 5 �E�c�� vdwlvi|lqj ^�M7ZE�� ' A 1 Reylrxvo|/ � dqg � duh frpsdwleoh1 Ohw 7

dqg A eh frpsdwleoh dqg gh�qh

�E7c A � ' i7Z m 7Z ' EZE�� m � 5 7� iru vrph Z 5 �E�c�� zlwk ^�M7 ZE�� ' Ajc

dqg

T E7c A � ' pd{lpl}h ZM�E7cA �i
[

�M7

T�EZE���j�

Zh zloo dvvrfldwh wkh idlu mre dvvljqphqw prgho H zlwk wkh iroorzlqj olqhdu surjudp

sureohp=

plqlpl}h
S

�M� ��

vxemhfw wr
S

�M7 �� �S
�MA %� � T E7c A �c iru doo frpsdwleoh vhwv 7 � �c A � �

S
�M� %� ' ��

Revhuyh iurp wkh olqhdu surjudp wkdw

�� � � n4@ ZM�E�c��
S

�M� T�EZE���

?

iru doo � 5 �1 Wklv phdqv wkdw hdfk �� lv erxqghg ehorz1 Vlqfh zh plqlpl}h wkh remhfwlyh

ixqfwlrq
S

�M� ��/ wkh sureohp zloo dozd|v kdyh dq rswlpdo vroxwlrq1 Lw lv dovr hdv| wr vhh

wkdw wkh rswlpdo ydoxh ri wkh olqhdu surjudp lv qr ohvv wkdq wkh ydoxh ri � n T E�c��1

Zh duh qrz uhdg| wr lqwurgxfh wkh pdlq h{lvwhqfh uhvxow ri wklv sdshu zklfk vwdwhv d

qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri d shuihfwo| idlu doorfdwlrq1

Wkhruhp 716 Jlyhq d prgho H ' EET�c � 5 ��c �c��/ wkhuh h{lvwv d shuihfwo| idlu

doorfdwlrq li dqg rqo| li wkh olqhdu surjudp kdv dq rswlpdo vroxwlrq zlwk lwv ydoxh htxdo wr

� n T E�c��1
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Surri= Ohw E�c %� eh dq rswlpdo vroxwlrq ri wkh olqhdu surjudp zlwk lwv ydoxh htxdo wr

� n T E�c��1 Wkhq wkhuh h{lvwv dq hohphqw Z 5 �E�c�� vr wkdw

[

�M�

�� '
[

�M�

%� n
[

�M�

T�EZE��� ' � n T E�c���

Zh fdq uhzulwh wkh htxdolw| dv

[

�M�

�� �
[

�M�

%ZE�� '
[

�M�

T�EZE���� +718,

Ixuwkhupruh/ lw iroorzv iurp wkh olqhdu surjudp wkdw iru doo sdluv E7c A � ri frpsdwleoh vhwv

[

�M7

�� �
[

�MA

%� � T E7c A ��

Lq sduwlfxodu/ lw krogv wkdw iru doo � 5 � dqg doo 4 5 �E�c��

�� � %4E�� � T�E4E����

Ri frxuvh/ lw lv wuxh wkdw

�� � %ZE�� � T�EZE���

iru doo � 5 �1 Wklv wrjhwkhu zlwk htxdwlrq +718, lpsolhv wkdw

�� � %ZE�� ' T�EZE���

iru doo � 5 �1 Wkhuhiruh zh kdyh

%ZE�� n T�EZE��� � %4E�� n T�E4E���

iru doo � 5 � dqg doo 4 5 �E�c��1 E| gh�qlwlrq EZc %� lv d shuihfwo| idlu doorfdwlrq1

Rq wkh rwkhu kdqg/ ohw EZc %� eh d shuihfwo| idlu doorfdwlrq1 E| gh�qlwlrq/ iru doo � 5 �

dqg doo 4 5 �E�c��/ lw krogv

T�EZE��� n %ZE�� � T�E4E��� n %4E���

Ohw �� ' T�EZE��� n %ZE�� iru hdfk � 5 �1 Qrwh wkdw
S

�M� %� ' � 1 Ohw 4 eh dq duelwudu|

hohphqw lq �E�c��1 Wkhq lw krogv wkdw

T�EZE��� n %ZE�� � T�E4E��� n %4E��
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iru doo � 5 �1 Lw iroorzv wkdw
S

�M� T�EZE��� � S
�M� T�E4E���1 Wklv lpsolhv wkdw

S
�M� �� '

S
�M�ET�EZE��� n %ZE��� ' � n T E�c��1 Zh vwloo kdyh wr vkrz wkdw E�c %� dovr vdwlv�hv wkh

�uvw frqvwudlqwv ri wkh olqhdu surjudp1 Vxssrvh wr wkh frqwudu| wkdw vrph frqvwudlqw lv

ylrodwhg1 Wkhq wkhuh zrxog eh d qrqhpsw| vxevhw 7 ri � dqg d vxevhw A ri � frpsdwleoh

vr wkdw

[

�M7

�� �
[

�MA

%� 	 T E7c A ��

Wklv lpsolhv wkdw wkhuh h{lvwv vrph 74 5 �E7c A � vr wkdw

[

�M7

E�� � %74E��� 	
[

�M7

T�E74E����

Lw lv fohdu iurp wkh lqhtxdolw| wkdw wkhuh lv vrph � 5 7 vr wkdw

�� � %74E�� 	 T�E74E����

Exw wklv lv lpsrvvleoh/ vlqfh zh kdyh

�� � T�E4E��� n %4E��

iru doo � 5 � dqg doo 4 5 �E�c��1 Wklv ghprqvwudwhv wkh wkhruhp1 �

Jlyhq d shuihfwo| idlu doorfdwlrq EZc %�/ zh fdoo T�EZE��� n %ZE�� wkh pd{lpdo dwwdlqdeoh

vkduh ydoxh ri djhqw �1 Dv vkrzq lq wkh wkhruhp/ djhqw �*v pd{lpdo dwwdlqdeoh vkduh ydoxh

lv htxdo wr ��/ d vroxwlrq ri wkh olqhdu surjudp li wkh olqhdu surjudp kdv dq rswlpdo vroxwlrq

E�c %� zlwk lwv ydoxh htxdo wr�nT E�c��1 Nqrzlqj hdfk djhqw*v pd{lpdo dwwdlqdeoh vkduh

ydoxh dqg wkh prqh| glvwulexwlrq yhfwru %/ zh fdq hdvlo| �qg dq dvvljqphqw Z ri remhfwv

dqg vr zh �qg d shuihfwo| idlu doorfdwlrq EZc %�1 Lw lv vrphkrz vxusulvlqj wkdw wkh olqhdu

surjudp wxuqv rxw wr eh vxfk d eolvv wr wkh uhvroxwlrq ri wkh idlu mre dvvljqphqw sureohp1

Zh zloo looxvwudwh wkh deryh wkhruhp zlwk H{dpsoh 4 dqg ohdyh H{dpsoh 5 wr wkh

lqwhuhvwhg uhdghu1 Zlwk uhvshfw wr H{dpsoh 4 wr vhh zkhwkhu wkhuh lv d shuihfwo| idlu

doorfdwlrq ru qrw zh rqo| qhhg wr fkhfn wkh iroorzlqj olqhdu surjudp sureohp=
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plqlpl}h �� n �2

vxemhfw wr �� � %� � %� � �

�� � %� � %� � e

�� � %� � %( � D

�� � %� � %� � �

�� � %� � %( � .

�� � %� � %( � H

�2 � %� � %� � S

�2 � %� � %� � �

�2 � %� � %( � b

�2 � %� � %� � e

�2 � %� � %( � D

�2 � %� � %( � .

�� n �2 � %� � %� � %� � %( � �e

%� n %� n %� n %( ' 2f�

Wkh ydoxh ri T E�c�� lv �e dqg � ' 2f/ dqg wkh olqhdu surjudp sureohp kdv dq rswlpdo

vroxwlrq E��c �2c %�c %�c %�c %(� ' E�Sc �Hc Dc .c Sc 2� zlwk lwv ydoxh �e ' � n T E�c�� '

2f n �e ' �e1 Dffruglqj wr Wkhruhp 716/ wkhuh h{lvwv d shuihfwo| idlu doorfdwlrq1

Uhihuhqfhv

^4` D1 Dondq/ J1 Ghpdqjh dqg G1 Jdoh= �Idlu doorfdwlrq ri lqglylvleoh remhfwv dqg fulwhuld

ri mxvwlfh%/ Hfrqrphwulfd/ 8< +4<<4,/ 43560436<1

^5` N1M1 Duurz dqg I1K1 Kdkq/ Jhqhudo Frpshwlwlyh Dqdo|vlv/ Kroghq0Gd|/ Vdq Iudqflvfr/

FD/ 4<:41

^6` J1 Gdqw}lj/ Olqhdu Surjudpplqj dqg H{whqvlrqv/ Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfh0

wrq/ QM/ 4<961

^7` G1 Iroh|/ �Uhvrxufh doorfdwlrq dqg wkh sxeolf vhfwru%/ \doh Hfrqrplf Hvvd|v/ : +4<9:,/

780<;1

4:



^8` V1 Ixmlvkljh/ Vxeprgxodu Ixqfwlrqv dqg Rswlpl}dwlrq/ Qruwk0Kroodqg/ Dpvwhugdp/

4<<41

^9` W1 Nrrspdqv dqg P1M1 Ehfnpdq/ �Dvvljqphqw sureohpv dqg wkh orfdwlrq ri hfrqrplf

dfwlylwlhv�/ Hfrqrphwulfd 58 +4<8:,/ 860:91

^:` H1 Pdvnlq/ �Rq wkh idlu doorfdwlrq ri lqglylvleoh remhfwv%/ lq= Duurz dqg wkh Irxqgd0

wlrqv ri wkh Wkhru| ri Hfrqrplf Srolf|/ PdfPloodq/ Orqgrq/ ss1 674067</ 4<;:1

^;` F1K1 Sdsdglplwulrx dqg K1 Vwhljolw}/ Frpelqdwruldo Rswlpl}dwlrq= Dojrulwkpv dqg

Frpsoh{lw|/ Suhqwlfh0Kdoo/ Hqjohzrrg Fol�v/ 4<;51

^<` H1 Sd}qhu/ dqg G1 Vfkphlgohu/ �Ghfhqwudol}dwlrq/ lqfrph glvwulexwlrq dqg wkh uroh ri

prqh| lq vrfldolvw hfrqrplhv�/ Hfrqrplf Lqtxlu|/ 49 +4<:;,/ 58:05971

^43` H1 Sd}qhu/ dqg G1 Vfkphlgohu/ �Hjdolwduldq0htxlydohqw doorfdwlrqv= d qhz vroxwlrq ri

hfrqrplf htxlw|�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ <5 +4<:;,/ 9:409;:1

^44` K1 Vfdui/ �Wkh doorfdwlrq ri uhvrxufhv lq wkh suhvhqfh ri lqglylvlelolwlhv%/ Mrxuqdo ri

Hfrqrplf Shuvshfwlyhv/ 7 +4<<7,/ 444045;1

^45` O1 Vkdsoh|/ dqg P1 Vkxeln/ �Wkh dvvljqphqw jdph/ L= wkh fruh%/ Lqwhuqdwlrqdo Mrxuqdo

ri Jdph Wkhru|/ 4 +4<:5,/ 44404631

^46` I1H1 Vx/ �Uhqwdo kduprq|= Vshuqhu*v ohppd lq idlu glylvlrq%/ Dphulfdq Pdwkhpdwlfdo

Prqwko|/ 439 +4<<<,/ <630<751

^47` Q1 Vxq/ dqg ]1 \dqj/ �Shuihfwo| idlu doorfdwlrqv zlwk lqglylvlelolwlhv%/ GS Qr1 464;/

Wkh Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv/ \doh Xqlyhuvlw|/ Qhz Kdyhq/ 53341

^48` O1 Vyhqvvrq/ �Odujh lqglylvlelolwlhv= dq dqdo|vlv zlwk uhvshfw wr sulfh htxloleulxp dqg

idluqhvv%/ Hfrqrphwulfd/ 84 +4<;6,/ <6<0<871

^49` K1 Yduldq/ �Htxlw|/ hqy|/ dqg h!flhqf|%/ Mrxuqdo ri Hfrqrplf Wkhru|/ < +4<:7,/

960<41

4;



^4:` ]1 \dqj/ �Dq lqwhuvhfwlrq wkhruhp rq dq xqerxqghg vhw dqg lwv dssolfdwlrq wr wkh idlu

doorfdwlrq sureohp%/ Mrxuqdo ri Rswlpl}dwlrq Wkhru| dqg Dssolfdwlrqv/ 443 +5334,/

75<07761

4<


