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Lqgxfwlyh Lqihuhqfh= Dq D{lrpdwlf Dssurdfk�

Lw}kdn Jloerd| dqg Gdylg Vfkphlgohu}

Mxo| 4<<< � Uhylvhg Rfwrehu 5334

Devwudfw

D suhglfwru lv dvnhg wr udqn hyhqwxdolwlhv dffruglqj wr wkhlu sodx0
vlelolw|/ edvhg rq sdvw fdvhv1 Zh dvvxph wkdw vkh fdq irup d udqnlqj
jlyhq dq| phpru| wkdw frqvlvwv ri �qlwho| pdq| sdvw fdvhv1 Plog frq0
vlvwhqf| uhtxluhphqwv rq wkhvh udqnlqjv lpso| wkdw wkh| kdyh d qxphu0
lfdo uhsuhvhqwdwlrq yld d pdwul{ dvvljqlqj qxpehuv wr hyhqwxdolw|0fdvh
sdluv/ dv iroorzv1 Jlyhq d phpru|/ hdfk hyhqwxdolw| lv udqnhg df0
fruglqj wr wkh vxp ri wkh qxpehuv lq lwv urz/ ryhu fdvhv lq phpru|1
Wkh qxpehu dwwdfkhg wr dq hyhqwxdolw|0fdvh sdlu fdq eh lqwhusuhwhg
dv wkh ghjuhh ri vxssruw wkdw wkh sdvw fdvh ohqgv wr wkh sodxvlelolw|
ri wkh hyhqwxdolw|1 Vshfldo lqvwdqfhv ri wklv uhvxow pd| eh ylhzhg dv
d{lrpdwl}lqj nhuqho phwkrgv iru hvwlpdwlrq ri ghqvlwlhv dqg iru fodvvl0
�fdwlrq sureohpv1 Lqwhusuhwlqj wkh vdph uhvxow iru udqnlqjv ri wkhrulhv
ru k|srwkhvhv/ udwkhu wkdq ri vshfl�f hyhqwxdolwlhv/ lw lv vkrzq wkdw
rqh pd| dvfuleh wr wkh suhglfwru vxemhfwlyh frqglwlrqdo suredelolwlhv
ri fdvhv jlyhq wkhrulhv/ vxfk wkdw khu udqnlqjv ri wkhrulhv djuhh zlwk
udqnlqjv e| wkh olnholkrrg ixqfwlrqv1

�Zh zlvk wr wkdqn \rdy Elq|dplql/ Glglhu Gxerlv/ Guhz Ixghqehuj/ Mrkq Jhdqdnrs0
orv/ Euxqr Mxoolhq/ Hgl Nduql/ Vlprq Ndvli/ Gdqlho Ohkpdqq/ Vxmr| Pxnhuml/ Urjhu P|0
huvrq/ Nodxv Qhkulqj/ Dulho Uxelqvwhlq/ Olguru Wur|dqvnl/ Shwhu Zdnnhu/ Sh|wrq \rxqj/
dqg wkuhh dqrq|prxv uhihuhhv iru wkh glvfxvvlrqv wkdw prwlydwhg wklv zrun/ dv zhoo dv iru
frpphqwv dqg uhihuhqfhv1

|Who0Dyly Xqlyhuvlw| dqg Frzohv Irxqgdwlrq/ \doh Xqlyhuvlw|1 ljloerdCsrvw1wdx1df1lo1
}Who0Dyly Xqlyhuvlw| dqg Wkh Rklr Vwdwh Xqlyhuvlw|1 vfkphlgCsrvw1wdx1df1lo
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4 Lqwurgxfwlrq

Suhglfwlrq lv edvhg rq sdvw fdvhv1 Dv Kxph +4:7;, dujxhg/ �Iurp fdxvhv

zklfk dsshdu vlplodu zh h{shfw vlplodu h�hfwv1 Wklv lv wkh vxp ri doo rxu h{0

shulphqwdo frqfoxvlrqv1� Ryhu wkh sdvw ghfdghv Kxph*v dssurdfk kdv irxqg

uh0lqfduqdwlrqv lq wkh duwl�fldo lqwhooljhqfh olwhudwxuh dv uhdvrqlqj e| dqdor0

jlhv/ uhdvrqlqj e| vlplodulwlhv/ ru fdvh0edvhg uhdvrqlqj1 +Vhh Vfkdqn +4<;9,

dqg Ulhvehfn dqg Vfkdqn +4<;<,1, Pdq| dxwkruv dffhsw wkh ylhz wkdw dqdor0

jlhv/ ru vlplodulwlhv wr sdvw fdvhv krog wkh nh| wr kxpdq uhdvrqlqj1 Pruhryhu/

wkh olwhudwxuh rq pdfklqh ohduqlqj dqg sdwwhuq uhfrjqlwlrq ghdov zlwk xvlqj

sdvw fdvhv/ ru revhuydwlrqv/ iru suhglfwlqj ru fodvvli|lqj qhz gdwd1 +Vhh/ iru

lqvwdqfh/ Iruv|wk dqg Udgd +4<;9, dqg Ghyur|h/ J|ru�/ dqg Oxjrvl +4<<9,1,

Exw krz vkrxog sdvw fdvhv eh xvhgB Krz grhv/ dqg krz vkrxog rqh uhvroyh

frq lfwv ehwzhhq gl�huhqw dqdorjlhvB Wr dgguhvv wkhvh txhvwlrqv/ ohw xv �uvw

frqvlghu d ihz h{dpsohv1

H{dpsoh 4= D glh lv uroohg ryhu dqg ryhu djdlq1 Rqh kdv wr suhglfw

wkh rxwfrph ri wkh qh{w uroo1 Dv idu dv wkh suhglfwru fdq whoo/ doo uroov zhuh

pdgh xqghu lghqwlfdo frqglwlrqv1 Dovr/ wkh suhglfwru grhv qrw nqrz ri dq| d0

sulrul uhdvrq wr frqvlghu dq| rxwfrph pruh olnho| wkdq dq| rwkhu1 Wkh prvw

uhdvrqdeoh suhglfwlrq vhhpv wr eh wkh prgh ri wkh hpslulfdo glvwulexwlrq/

qdpho|/ wkh rxwfrph wkdw kdv dsshduhg prvw riwhq lq wkh sdvw1 Pruhryhu/

hpslulfdo iuhtxhqflhv vxjjhvw d sodxvlelolw| udqnlqj ri doo srvvleoh rxwfrphv/

dqg qrw mxvw d fkrlfh ri wkh prvw sodxvleoh rqhv14

H{dpsoh 5= D sk|vlfldq lv dvnhg e| d sdwlhqw li vkh suhglfwv wkdw d

vxujhu| zloo vxffhhg lq klv fdvh1 Wkh sk|vlfldq nqrzv zkhwkhu wkh surfhgxuh

vxffhhghg lq prvw fdvhv lq wkh sdvw/ exw vkh zloo eh txlfn wr uhplqg khu

sdwlhqw wkdw hyhu| kxpdq erg| lv xqltxh1 Lqghhg/ wkh sk|vlfldq nqrzv wkdw

4Wkh whup �olnholkrrg� lq wkh frqwh{w ri d elqdu| uhodwlrq/ �dw ohdvw dv olnho| dv�/ kdv
ehhq xvhg e| gh Ilqhwwl +4<6:, dqg e| Vdydjh +4<87,1 Lw vkrxog qrw eh frqixvhg zlwk
�olnholkrrg� lq wkh wkh frqwh{w ri olnholkrrg ixqfwlrqv/ dovr xvhg lq wkh vhtxho1 Dw wklv
srlqw zh xvh �olnholkrrg� dqg �sodxvlelolw|� lqirupdoo| dqg lqwhufkdqjhdeo|1
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wkh vwdwlvwlfv vkh uhdg lqfoxghg sdwlhqwv zkr ydulhg lq whupv ri djh/ jhqghu/

phglfdo frqglwlrq/ dqg vr iruwk1 Lw zrxog wkhuhiruh eh wrr qdlyh ri khu wr

txrwh vwdwlvwlfv dv li wkh hpslulfdo iuhtxhqflhv zhuh doo wkdw pdwwhuhg1 Rq

wkh rwkhu kdqg/ li wkh sk|vlfldq frqvlghuv rqo| sdvw fdvhv ri sdwlhqwv wkdw duh

lghqwlfdo wr khuv/ vkh zloo suredeo| hqg xs zlwk dq hpsw| gdwdedvh1

H{dpsoh 6= Dq h{shuw rq lqwhuqdwlrqdo uhodwlrqv lv dvnhg wr suhglfw wkh

rxwfrph ri wkh frq lfw lq wkh Plggoh Hdvw1 Vkh lv h{shfwhg wr gudz rq khu

ydvw nqrzohgjh ri sdvw fdvhv/ frxsohg zlwk khu dvwxwh dqdo|vlv wkhuhri/ lq

iruplqj khu suhglfwlrq1 Dv lq H{dpsoh 5/ wkh h{shuw kdv d orw ri lqirupdwlrq

vkh fdq xvh/ exw vkh fdqqrw txrwh hyhq d vlqjoh fdvh wkdw zdv lghqwlfdo wr

wkh vlwxdwlrq dw kdqg1 Pruhryhu/ dv rssrvhg wr H{dpsoh 5/ hyhq wkh srvvleoh

hyhqwxdolwlhv duh qrw lghqwlfdo wr rxwfrphv wkdw rffxuuhg lq sdvw fdvhv1

Zh vhhn d wkhru| ri suhglfwlrq wkdw zloo shuplw wkh suhglfwru wr pdnh xvh

ri dydlodeoh lqirupdwlrq/ zkhuh gl�huhqw sdvw fdvhv pljkw kdyh gl�huhqwldo

uhohydqfh wr wkh suhglfwlrq sureohp1 Vshfl�fdoo|/ zh frqvlghu d suhglfwlrq

sureohp iru zklfk d vhw ri srvvleoh hyhqwxdolwlhv lv jlyhq1 Wklv vhw pd| ru

pd| qrw eh dq h{kdxvwlyh olvw ri doo frqfhlydeoh hyhqwxdolwlhv1 Zh gr qrw

prgho wkh surfhvv e| zklfk vxfk d vhw lv jhqhudwhg1 Udwkhu/ zh dvvxph wkh

vhw jlyhq dqg uhvwulfw dwwhqwlrq wr wkh sureohp ri txdolwdwlyh udqnlqj ri lwv

hohphqwv dffruglqj wr wkhlu olnholkrrg1

Wkh suhglfwlrq uxoh Frqvlghu wkh iroorzlqj suhglfwlrq uxoh iru H{dpsoh
51 Wkh sk|vlfldq frqvlghuv doo nqrzq fdvhv ri vxffhvvixo vxujhu|1 Vkh xvhv

khu vxemhfwlyh mxgjphqw wr hydoxdwh wkh vlplodulw| ri hdfk ri wkhvh fdvhv

wr wkh sdwlhqw vkh lv wuhdwlqj/ dqg vkh dggv wkhp xs1 Vkh wkhq grhv wkh

vdph iru xqvxffhvvixo wuhdwphqwv1 Khu suhglfwlrq lv wkh rxwfrph zlwk wkh

odujhu djjuhjdwh vlplodulw| ydoxh1 Wklv jhqhudol}hv iuhtxhqwlvw udqnlqj wr d

�ix}}| vdpsoh�= lq erwk h{dpsohv/ olnholkrrg ri dq rxwfrph lv phdvxuhg e|

vxppdwlrq ryhu fdvhv lq zklfk lw rffxuuhg1 Zkhuhdv lq H{dpsoh 4 wkh zhljkw

dwwdfkhg wr hdfk sdvw fdvh lv �/ lq wklv h{dpsoh wklv zhljkw ydulhv dffruglqj

wr wkh sk|vlfldq*v vxemhfwlyh dvvhvvphqw ri vlplodulw| ri wkh uhohydqw fdvhv1
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Udwkhu wkdq d glfkrwrprxv glvwlqfwlrq ehwzhhq gdwd srlqwv wkdw gr dqg wkrvh

wkdw gr qrw ehorqj wr wkh vdpsoh/ hdfk gdwd srlqw ehorqjv wr wkh vdpsoh wr

d fhuwdlq ghjuhh/ vd|/ ehwzhhq f dqg �1

Wkh suhglfwlrq uxoh zh sursrvh fdq dovr eh dssolhg wr H{dpsoh 6 dv

iroorzv1 Iru hdfk srvvleoh rxwfrph ri wkh frq lfw lq wkh Plggoh Hdvw/ dqg iru

hdfk sdvw fdvh/ wkh h{shuw lv dvnhg wr dvvhvv d qxpehu/ phdvxulqj wkh ghjuhh

ri vxssruw wkdw wkh fdvh ohqgv wr wklv rxwfrph1 Dgglqj xs wkhvh qxpehuv/

iru doo nqrzq fdvhv dqg iru hdfk rxwfrph/ |lhogv d qxphulfdo uhsuhvhqwdwlrq

ri wkh olnholkrrg udqnlqj1 Wkxv/ rxu suhglfwlrq uxoh fdq eh dssolhg dovr zkhq

wkhuh lv qr vwuxfwxudo uhodwlrqvkls ehwzhhq sdvw fdvhv dqg ixwxuh hyhqwxdolwlhv1

Irupdoo|/ ohw � ghqrwh wkh vhw ri nqrzq fdvhv1 Iru hdfk S 5 � dqg hdfk

hyhqwxdolw| %/ ohw �E%c S� 5 U ghqrwh wkh ghjuhh ri vxssruw wkdw fdvh S ohqgv

wr hyhqwxdolw| %1 Wkhq wkh suhglfwlrq uxoh udqnv hyhqwxdolw| % dv pruh olnho|

wkdq hyhqwxdolw| + li dqg rqo| li

E�� S
SM� �E%c S� :

S
SM� �E+c S�1

D{lrpdwl}dwlrq Wkh pdlq jrdo ri wklv sdshu lv wr d{lrpdwl}h wklv uxoh1

Zh dvvxph wkdw d suhglfwru kdv d udqnlqj ri srvvleoh hyhqwxdolwlhv jlyhq dq|

srvvleoh phpru| +ru gdwdedvh,1 D phpru| frqvlvwv ri d �qlwh vhw ri sdvw

fdvhv/ ru vwrulhv1 Wkh suhglfwru qhhg qrw hqylvlrq doo srvvleoh phprulhv1 Vkh

pljkw kdyh d uxoh/ ru dq dojrulwkp wkdw jhqhudwhv d udqnlqj +lq �qlwh wlph,

iru hdfk srvvleoh phpru|1 Zh rqo| uho| rq txdolwdwlyh sodxvlelolw| udqnlqjv/

dqg gr qrw dvvxph wkdw wkh suhglfwru fdq txdqwli| wkhp lq d phdqlqjixo

zd|1 Fdvhv duh qrw dvvxphg wr kdyh dq| sduwlfxodu vwuxfwxuh1 Krzhyhu/ zh

gr dvvxph wkdw iru hyhu| fdvh wkhuh duh duelwudulo| pdq| rwkhu fdvhv wkdw

duh ghhphg htxlydohqw wr lw e| wkh suhglfwru +iru wkh suhglfwlrq sureohp dw

kdqg,1 Iru lqvwdqfh/ li wkh sk|vlfldq lq H{dpsoh 5 irfxvhv rq �yh sdudphwhuv

ri wkh sdwlhqw lq pdnlqj khu suhglfwlrq/ zh fdq lpdjlqh wkdw vkh kdv vhhq

duelwudulo| pdq| sdwlhqwv zlwk sduwlfxodu ydoxhv ri wkh �yh sdudphwhuv1 Wkh

htxlydohqfh uhodwlrq rq fdvhv lqgxfhv dq htxlydohqfh uhodwlrq rq phprulhv

+ri htxdo vl}hv,/ dqg wkh odwwhu doorzv xv wr frqvlghu uhsolfdwlrq ri phprulhv/
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wkdw lv/ wkh glvmrlqw xqlrq ri vhyhudo sdluzlvh htxlydohqw phprulhv1

Rxu pdlq dvvxpswlrq lv wkdw suhglfwlrq vdwlv�hv d frpelqdwlrq d{lrp1

Urxjko|/ lw vwdwhv wkdw li dq hyhqwxdolw| % lv pruh olnho| wkdq dq hyhqwxdolw|

+ jlyhq wzr srvvleoh glvmrlqw phprulhv/ wkhq % lv pruh olnho| wkdq + dovr jlyhq

wkhlu xqlrq1 Iru h{dpsoh/ dvvxph wkdw wkh sdwlhqw lq H{dpsoh 5 frqvxowv wzr

sk|vlfldqv/ zkr zhuh wudlqhg lq wkh vdph phglfdo vfkrro exw zkr kdyh ehhq

zrunlqj lq gl�huhqw krvslwdov vlqfh judgxdwlrq1 Wkxv/ wkh sk|vlfldqv fdq

eh wkrxjkw ri dv kdylqj glvmrlqw gdwdedvhv rq zklfk wkh| fdq edvh wkhlu

suhglfwlrq/ zkloh vkdulqj wkh lqgxfwlyh dojrulwkp1 Dvvxph qh{w wkdw erwk

sk|vlfldqv �qg wkdw vxffhvv lv pruh olnho| wkdq idloxuh lq wkh fdvh dw kdqg1

Vkrxog wkh sdwlhqw dvn wkhp wr vkduh wkhlu gdwdedvhv dqg uh0frqvlghu wkhlu

suhglfwlrqvB Li wkh lqgxfwlyh dojrulwkp wkdw wkh sk|vlfldqv xvh vdwlv�hv wkh

frpelqdwlrq d{lrp/ wkh dqvzhu lv qhjdwlyh1

Zh dovr dvvxph wkdw wkh suhglfwru*v udqnlqj lv Dufklphghdq lq wkh iroorz0

lqj vhqvh= li d gdwdedvh� uhqghuv hyhqwxdolw| % pruh olnho| wkdq hyhqwxdolw|

+/ wkhq iru hyhu| rwkhu gdwdedvh � wkhuh lv d vx!flhqwo| odujh qxpehu ri

uhsolfdwlrqv ri � / vxfk wkdw/ zkhq wkhvh phprulhv duh dgghg wr � / wkh|

zloo pdnh hyhqwxdolw| % pruh olnho| wkdq hyhqwxdolw| +1 Ilqdoo|/ zh qhhg dq

dvvxpswlrq ri glyhuvlw|/ vwdwlqj wkdw dq| olvw ri irxu hyhqwxdolwlhv pd| eh

udqnhg/ iru vrph frqfhlydeoh gdwdedvh/ iurp wrs wr erwwrp1 Wrjhwkhu/ wkhvh

dvvxpswlrqv qhfhvvlwdwh wkdw suhglfwlrq eh pdgh dffruglqj wr wkh uxoh vxj0

jhvwhg e| wkh irupxod E�� deryh1 Pruhryhu/ zh vkrz wkdw wkh ixqfwlrq � lq

E�� lv hvvhqwldoo| xqltxh1

Wklv uhvxow fdq eh lqwhusuhwhg lq vhyhudo zd|v1 Iurp d ghvfulswlyh ylhz0

srlqw/ rqh pd| dujxh wkdw h{shuwv* suhglfwlrqv whqg wr eh frqvlvwhqw dv uh0

txluhg e| rxu d{lrpv +ri zklfk wkh frpelqdwlrq lv wkh prvw lpsruwdqw,/ dqg

wkdw wkh| fdq wkhuhiruh eh uhsuhvhqwhg dv djjuhjdwh vlplodulw|0edvhg suhglf0

wlrqv1 Iurp d qrupdwlyh ylhzsrlqw/ rxu uhvxow fdq eh lqwhusuhwhg dv vxj0

jhvwlqj wkh djjuhjdwh vlplodulw|0edvhg suhglfwlrqv dv wkh rqo| zd| wr vdwlvi|

rxu frqvlvwhqf| d{lrpv1 Lq erwk dssurdfkhv/ rqh pd| dwwhpsw wr phdvxuh
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vlplodulwlhv xvlqj wkh olnholkrrg udqnlqjv jlyhq ydulrxv gdwdedvhv1

Revhuyh wkdw zh dvvxph qr d sulrul frqfhswxdo uhodwlrqvkls ehwzhhq fdvhv

dqg hyhqwxdolwlhv1 Vxfk uhodwlrqvklsv/ zklfk pd| h{lvw lq wkh suhglfwru*v

plqg/ zloo eh uhyhdohg e| khu sodxvlelolw| udqnlqjv1 Ixuwkhu/ hyhq li fdvhv

dqg hyhqwxdolwlhv duh irupdoo| uhodwhg +dv lq H{dpsoh 5,/ zh gr qrw dvvxph

wkdw d qxphulfdo phdvxuh ri glvwdqfh/ ru ri vlplodulw| lv jlyhq lq wkh gdwd1

Rxu ghflvlrq uxoh jhqhudol}hv vhyhudo zhoo0nqrzq vwdwlvwlfdo phwkrgv/ dsduw

iurp udqnlqj hyhqwxdolwlhv e| wkhlu hpslulfdo iuhtxhqflhv1 Nhuqho phwkrgv iru

hvwlpdwlrq ri d ghqvlw| ixqfwlrq/ dv zhoo dv iru fodvvl�fdwlrq sureohpv/ duh

vshfldo fdvh ri rxu uxoh1 Li wkh remhfwv wkdw duh udqnhg e| sodxvlelolw| duh

jhqhudo wkhrulhv/ udwkhu wkdq vshfl�f hyhqwxdolwlhv/ rxu uxoh fdq eh ylhzhg dv

udqnlqj wkhrulhv dffruglqj wr wkhlu olnholkrrg ixqfwlrq1 Lq sduwlfxodu/ wkhvh

hvwdeolvkhg vwdwlvwlfdo phwkrgv vdwlvi| rxu frpelqdwlrq d{lrp1 Wklv pd| eh

wdnhq dv dq dujxphqw iru wklv d{lrp1 Frqyhuvho|/ rxu uhvxow fdq eh xvhg wr

d{lrpdwl}h wkhvh vwdwlvwlfdo phwkrgv lq wkhlu uhvshfwlyh vhw0xsv1

Phwkrgrorjlfdo uhpdunv Wkh Ed|hvldq dssurdfk +Udpvh| +4<64,/ gh

Ilqhwwl +4<6:,/ dqg Vdydjh +4<87,, krogv wkdw doo suhglfwlrq sureohpv vkrxog

eh ghdow zlwk e| d sulru vxemhfwlyh suredelolw| wkdw lv xsgdwhg lq oljkw ri

qhz lqirupdwlrq yld Ed|hv* uxoh1 Wklv uhtxluhv wkdw wkh suhglfwru kdyh d

sulru suredelolw| ryhu d vsdfh wkdw lv odujh hqrxjk wr ghvfuleh doo frqfhlydeoh

qhz lqirupdwlrq1 Zh �qg wkdw lq fhuwdlq h{dpsohv +dv deryh, wklv dvvxps0

wlrq lv qrw frjqlwlyho| sodxvleoh1 E| frqwudvw/ wkh suhglfwlrq uxoh E�� uhtxluhv
wkh hydoxdwlrq ri vxssruw zhljkwv rqo| iru fdvhv wkdw zhuh dfwxdoo| hqfrxq0

whuhg1 Iru dq h{whqvlyh phwkrgrorjlfdo glvfxvvlrq/ vhh Jloerd dqg Vfkphlgohu

+5334,1

Vlqfh wkh hduo| gd|v ri suredelolw| wkhru|/ wkh frqfhsw ri suredelolw| vhuyhv

d gxdo uroh= rqh uhodwlqj wr hpslulfdo iuhtxhqflhv/ dqg wkh rwkhu � wr txdqwl�0

fdwlrq ri vxemhfwlyh eholhiv ru rslqlrqv1 +Vhh Kdfnlqj +4<:8,1, Wkh Ed|hvldq

dssurdfk r�huv d xql�fdwlrq ri wkhvh urohv hpsor|lqj wkh frqfhsw ri d vxe0

mhfwlyh sulru suredelolw|1 Rxu dssurdfk pd| dovr eh ylhzhg dv dq dwwhpsw wr
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xqli| wkh qrwlrqv ri hpslulfdo iuhtxhqflhv dqg vxemhfwlyh rslqlrqv1 Zkhuhdv

wkh d{lrpdwlf ghulydwlrqv ri gh Ilqhwwl +4<6:, dqg Vdydjh +4<87, wuhdw wkh

surfhvv ri wkh jhqhudwlrq ri d sulru dv d eodfn er{/ rxu uxoh dlpv wr pdnh d

suholplqdu| vwhs wrzdugv wkh prgholqj ri wklv surfhvv1

Wkxv/ rxu dssurdfk lv frpsohphqwdu| wr wkh Ed|hvldq dssurdfk dw wzr

ohyhov= �uvw/ lw pd| r�hu dq dowhuqdwlyh prgho ri suhglfwlrq/ zkhq wkh lq0

irupdwlrq dydlodeoh wr wkh suhglfwru lv qrw hdvlo| wudqvodwhg wr wkh odqjxdjh

ri d sulru suredelolw|1 Vhfrqg/ rxu dssurdfk pd| ghvfuleh krz d sulru lv

jhqhudwhg1 +Vhh dovr Jloerd dqg Vfkphlgohu +4<<<,1,

Wkh uhvw ri wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh

irupdo prgho dqg wkh pdlq uhvxowv1 Vhfwlrq 6 glvfxvvhv wkh uhodwlrqvkls wr

nhuqho phwkrgv dqg wr pd{lpxp olnholkrrg udqnlqjv1 Vhfwlrq 7 frqwdlqv d

fulwlfdo glvfxvvlrq ri wkh d{lrpv/ dwwhpswlqj wr rxwolqh wkhlu vfrsh ri dssol0

fdwlrq1 Ilqdoo|/ Vhfwlrq 8 eulh | glvfxvvhv dowhuqdwlyh lqwhusuhwdwlrqv ri wkh

prgho/ dqg/ lq sduwlfxodu/ uhodwhv lw wr fdvh0edvhg ghflvlrq wkhru|1 Surriv duh

uhohjdwhg wr wkh dsshqgl{1

5 Prgho dqg Uhvxow

514 Iudphzrun

Wkh sulplwlyhv ri rxu prgho frqvlvw ri wzr qrq0hpsw| vhwv f dqg F1 Zh

lqwhusuhw f dv wkh vhw ri doo frqfhlydeoh hyhqwxdolwlhv lq d jlyhq suhglfwlrq

sureohp/ R/ zkhuhdv F uhsuhvhqwv wkh vhw ri doo frqfhlydeoh fdvhv1 Wr vlp0

soli| qrwdwlrq/ zh vxssuhvv wkh suhglfwlrq sureohp R zkhqhyhu srvvleoh1 Wkh

suhglfwru lv htxlsshg zlwk d �qlwh vhw ri fdvhv � � F/ khu phpru|/ dqg khu

wdvn lv wr udqn wkh hyhqwxdolwlhv e| d elqdu| uhodwlrq/ �dw ohdvw dv olnho| dv�1

Zkloh hydoxdwlqj olnholkrrgv/ lw lv lqvljkwixo qrw rqo| wr nqrz zkdw kdv

kdsshqhg/ exw dovr wr wdnh lqwr dffrxqw zkdw frxog kdyh kdsshqhg1 Wkh

suhglfwru lv wkhuhiruh dvvxphg wr kdyh d zhoo0gh�qhg �dw ohdvw dv olnho| dv�

uhodwlrq rq f iru pdq| rwkhu froohfwlrqv ri fdvhv lq dgglwlrq wr � lwvhoi1

:



Ohw P eh wkh vhw ri �qlwh vxevhwv ri F1 Iru hyhu| � 5 P/ zh ghqrwh wkh

suhglfwru*v �dw ohdvw dv olnho| dv� uhodwlrq e| (� � f �f1

Wzr fdvhv S dqg _ duh htxlydohqw/ ghqrwhg S � _/ li/ iru hyhu|� 5 P vxfk

wkdw Sc _ *5 � / (��tS�'(��t_�1 Wr mxvwli| wkh whup/ zh qrwh wkh iroorzlqj1

Revhuydwlrq= � lv dq htxlydohqfh uhodwlrq1

Qrwh wkdw htxlydohqfh ri fdvhv lv d vxemhfwlyh qrwlrq= fdvhv duh htxlydohqw

li/ lq wkh h|hv ri wkh suhglfwru/ wkh| d�hfw olnholkrrg udqnlqjv lq wkh vdph

zd|1 Ixuwkhu/ wkh qrwlrq ri htxlydohqfh lv dovr frqwh{w0ghshqghqw= wzr fdvhv

S dqg _ duh htxlydohqw dv idu dv d vshfl�f suhglfwlrq sureohp lv frqfhuqhg1

Zh h{whqg wkh gh�qlwlrq ri htxlydohqfh wr phprulhv dv iroorzv1 Wzr

phprulhv ��c�2 5 P duh htxlydohqw/ ghqrwhg �� � �2/ li wkhuh lv d elmhf0

wlrq s G �� $ �2 vxfk wkdw S � sES� iru doo S 5 ��1 Revhuyh wkdw phpru|

htxlydohqfh lv dovr dq htxlydohqfh uhodwlrq1 Lw dovr iroorzv wkdw/ li �� � �2/

wkhq/ iru hyhu| � 5 P vxfk wkdw � _ E�� ^�2� ' B/ (����
'(���2

1

Wkurxjkrxw wkh glvfxvvlrq/ zh lpsrvh wkh iroorzlqj vwuxfwxudo dvvxps0

wlrq1

Ulfkqhvv Dvvxpswlrq= Iru hyhu| fdvh S 5 F/ wkhuh duh lq�qlwho| pdq|

fdvhv _ 5 F vxfk wkdw S � _1

D qrwh rq qrphqfodwxuh= wkh pdlq uhvxow ri wklv sdshu lv lqwhusuhwhg dv

d uhsuhvhqwdwlrq ri d suhglfwlrq uxoh1 Dffruglqjo|/ zh uhihu wr d �suhglfwru�

zkr pd| eh d shuvrq/ dq rujdql}dwlrq/ ru d pdfklqh1 Krzhyhu/ wkh uhvxow pd|

dqg zloo eh lqwhusuhwhg lq rwkhu zd|v dv zhoo1 Lqvwhdg ri udqnlqj hyhqwxdolwlhv

rqh pd| udqn ghflvlrqv/ dfwv/ ru d pruh qhxwudo whup/ dowhuqdwlyhv1 Fdvhv/

wkh hohphqwv ri Fc pd| dovr eh fdoohg revhuydwlrqv ru idfwv1 D phpru| �

lq P uhsuhvhqwv wkh suhglfwru*v nqrzohgjh dqg zloo eh uhihuuhg wr dovr dv d

gdwdedvh1

515 D{lrpv

Zh zloo xvh wkh irxu d{lrpv vwdwhg ehorz1 Lq wkhlu irupdol}dwlrq ohw "� dqg

�� ghqrwh wkh dv|pphwulf dqg v|pphwulf sduwv ri (� / dv xvxdo1 (� lv

;



frpsohwh li % (� + ru + (� % iru doo %c + 5 f1

D4 Rughu= Iru hyhu| � 5 P/ (� lv frpsohwh dqg wudqvlwlyh rq f1

D5 Frpelqdwlrq= Iru hyhu| glvmrlqw �c� 5 P dqg hyhu| %c + 5 f/ li

% (� + E% "� +, dqg % (� +/ wkhq % (��� +E% "��� +�1

D6 Dufklphghdq D{lrp= Iru hyhu| glvmrlqw �c� 5 P dqg hyhu| %c + 5
f/ li % "� +/ wkhq wkhuh h{lvwv , 5 Q vxfk wkdw iru dq| ,0olvw E���

,
�'� ri

sdluzlvh glvmrlqw ��*v lq P/ zkhuh iru doo � � ,/ �� � � dqg �� _ � ' >/
% "��������,�� + krogv1

D{lrp 4 vlpso| uhtxluhv wkdw/ jlyhq dq| frqfhlydeoh phpru|/ wkh suhglf0

wru*v olnholkrrg uhodwlrq ryhu hyhqwxdolwlhv lv d zhdn rughu1 D{lrp 5 vwdwhv

wkdw li hyhqwxdolw| % lv pruh sodxvleoh wkdq hyhqwxdolw| + jlyhq wzr glvmrlqw

phprulhv/ % vkrxog dovr eh pruh sodxvleoh wkdq + jlyhq wkh xqlrq ri wkhvh

phprulhv1 D{lrp 6 lv vwdwhv wkdw li/ jlyhq wkh phpru| � / wkh suhglfwru

eholhyhv wkdw hyhqwxdolw| % lv vwulfwo| pruh sodxvleoh wkdq +/ wkhq/ qr pdwwhu

zkdw lv khu udqnlqj iru dqrwkhu phpru|/� / wkhuh lv d qxpehu ri �uhshwlwlrqv�

ri � wkdw lv odujh hqrxjk wr ryhuzkhop wkh udqnlqj lqgxfhg e| � 1

Ilqdoo|/ zh qhhg d glyhuvlw| d{lrp1 Lw lv qrw qhfhvvdu| iru uhsuhvhqwdwlrq

ri olnholkrrg uhodwlrqv e| vxppdwlrq ri uhdo qxpehuv1 Wkhruhp 4 ehorz lv dq

htxlydohqfh wkhruhp/ fkdudfwhul}lqj suhflvho| zklfk pdwulfhv ri uhdo qxpehuv

zloo vdwlvi| wklv d{lrp1

D7 Glyhuvlw|= Iru hyhu| olvw E%c +c 5c �� ri glvwlqfw hohphqwv ri f wkhuh

h{lvwv � 5 P vxfk wkdw % "� + "� 5 "� �1 Li mfm 	 e/ wkhq iru dq|

vwulfw rughulqj ri wkh hohphqwv ri f wkhuh h{lvwv � 5 P vxfk wkdw "� lv

wkdw rughulqj1

516 Uhvxowv

Iru fodulw| ri h{srvlwlrq/ zh �uvw vwdwh wkh vx!flhqf| uhvxow1

Wkhruhp 4 Sduw L � Vx!flhqf|= Ohw wkhuh eh jlyhq f/ F/ dqg i(�j�MP

vdwlvi|lqj wkh ulfkqhvv dvvxpswlrq dv deryh1 Wkhq +l, lpsolhv +ll+d,,=

<



+l, i(�j�MP vdwlvi| D40D7>

+ll+d,, Wkhuh lv d pdwul{ � G f � F $ U vxfk wkdw=

E��
;?
=

iru hyhu| � 5 P dqg hyhu| %c + 5 f/

% (� + �g
S

SM� �E%c S� � S
SM� �E+c S� /

Lq rwkhu zrugv/ d{lrpv D40D7 lpso| wkdw i(�j�MP iroorz rxu suhglfwlrq

uxoh iru dq dssursuldwh fkrlfh ri wkh pdwul{ �1 Qrw doo ri wkhvh d{lrpv duh/

krzhyhu/ qhfhvvdu| iru wkh uhsuhvhqwdwlrq wr rewdlq1 Lqghhg/ wkh d{lrpv lpso|

vshfldo surshuwlhv ri wkh uhsuhvhqwlqj pdwul{ �1 Iluvw/ lw fdq eh fkrvhq lq vxfk

d zd| wkdw htxlydohqw fdvhv duh dwwdfkhg lghqwlfdo froxpqv1 Vhfrqg/ hyhu|

irxu urzv ri wkh pdwul{ vdwlvi| dq dgglwlrqdo frqglwlrq1 H{lvwhqfh ri d pdwul{

� vdwlvi|lqj wkhvh wzr surshuwlhv wrjhwkhu zlwk E�� grhv lpso| d{lrpv D40

D71 Ehiruh vwdwlqj wkh qhfhvvlw| sduw ri wkhruhp/ zh suhvhqw wzr dgglwlrqdo

gh�qlwlrqv1

Gh�qlwlrq= D pdwul{ � G f�F $ U uhvshfwv fdvh htxlydohqfh +zlwk uhvshfw

wr i(�j�MP, li iru hyhu| Sc _ 5 F/ S � _ �g �E�c S� ' �E�c _�1
Zkhq qr frqixvlrq lv olnho| wr dulvh/ zh zloo vxssuhvv wkh uhodwlrqv i(�j�MP

dqg zloo vlpso| vd| wkdw �� uhvshfwv fdvh htxlydohqfh�1

Wkh iroorzlqj gh�qlwlrq dssolhv wr uhdo0ydoxhv pdwulfhv lq jhqhudo1 Lw zloo

eh xvhg iru wkh pdwul{ � G f � F $ U lq wkh vwdwhphqw ri wkh wkhruhp/ exw

dovr iru dqrwkhu pdwul{ lq wkh surri1 Lw gh�qhv d pdwul{ wr eh glyhuvl�hg li qr

urz lq lw lv grplqdwhg e| dq d!qh frpelqdwlrq ri dq| rwkhu wkuhh +ru ohvv,

urzv1 Wkxv/ li � lv glyhuvl�hg/ qr urz lq lw grplqdwhv dqrwkhu1 Lqghhg/ wkh

surshuw| ri glyhuvl�fdwlrq fdq eh ylhzhg dv d jhqhudol}dwlrq ri wklv frqglwlrq1

Gh�qlwlrq= D pdwul{ � G f � t $ U/ zkhuh mfm � e/ lv glyhuvl�hg li wkhuh

duh qr glvwlqfw irxu hohphqwv %c +c 5c � 5 f dqg bc >c w 5 U zlwk bn>nw ' �

vxfk wkdw �E%c �� � b�E+c ��� n >�E5c �� n w�E�c ��1 Li mfm 	 e/ � lv glyhuvl�hg

li qr urz lq � lv grplqdwhg e| dq d!qh frpelqdwlrq ri wkh rwkhuv1

Zh fdq �qdoo| vwdwh
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Wkhruhp 4 Sduw LL � Qhfhvvlw|= +l, dovr lpsolhv

+ll+e,, wkh pdwul{ � lv glyhuvl�hg> dqg

+ll+f,, wkh pdwul{ � uhvshfwv fdvh htxlydohqfh1

Frqyhuvho|/ +ll+d/e/f,, lpsolhv +l,1

Wkhruhp 4 Sduw LLL � Xqltxhqhvv= Li +l, ^ru +ll,` krog/ wkh pdwul{ �

lv xqltxh lq wkh iroorzlqj vhqvh= � dqg � erwk vdwlvi| E�� dqg uhvshfw fdvh

htxlydohqfh l� wkhuh duh d vfdodu b : f dqg d pdwul{ q G f � F $ U zlwk

lghqwlfdo urzv +l1h1/ zlwk frqvwdqw froxpqv,/ wkdw uhvshfwv fdvh htxlydohqfh/

vxfk wkdw � ' b� n q1

Revhuyh wkdw/ e| wkh ulfkqhvv dvvxpswlrq/ F lv lq�qlwh/ dqg wkhuhiruh

wkh pdwul{ � kdv lq�qlwho| pdq| froxpqv1 Pruhryhu/ wkh wkhruhp grhv qrw

uhvwulfw wkh fduglqdolw| ri f/ dqg wkxv � pd| dovr kdyh lq�qlwho| pdq| urzv1

Jlyhq dq| uhdo pdwul{ ri rughu mfm�mFm / rqh fdq gh�qh iru hyhu|� 5 P

d zhdn rughu rq f wkurxjk E��� Lw lv hdv| wr vhh wkdw lw zloo vdwlvi| D4 dqg

D51 Li wkh pdwul{ dovr uhvshfwv fdvh htxlydohqfh/ D6 zloo dovr eh vdwlv�hg1

Krzhyhu/ wkhvh frqglwlrqv gr qrw lpso| D71 Iru h{dpsoh/ D7 zloo eh ylrodwhg

li d urz lq wkh pdwul{ grplqdwhv dqrwkhu urz1 Vlqfh D7 lv qrw qhfhvvdu| iru

d uhsuhvhqwdwlrq e| d pdwul{ � yld E�� +hyhq li lw uhvshfwv fdvh htxlydohqfh,/

rqh pd| zrqghu zkhwkhu lw fdq eh gursshg1 Wkh dqvzhu lv jlyhq e| wkh

iroorzlqj1

Sursrvlwlrq= D{lrpv D4/ D5/ dqg D6 gr qrw lpso| wkh h{lvwhqfh ri d pdwul{
� wkdw vdwlv�hv E���

Vrph uhpdunv rq fduglqdolw| duh lq rughu1 D{lrp D7 fdq rqo| krog li wkh

vhw ri w|shv/ W ' F* �/ lv odujh hqrxjk uhodwlyho| wr f1 Iru lqvwdqfh/ li wkhuh

duh wzr glvwlqfw hyhqwxdolwlhv/ wkh glyhuvlw| d{lrp uhtxluhv wkdw wkhuh eh dw

ohdvw wzr gl�huhqw w|shv ri fdvhv1 Krzhyhu/ vl{ w|shv vx!fh iru f wr kdyh

wkh fduglqdolw| ri wkh frqwlqxxp15

5Wkh surri lv rplwwhg iru euhylw|*v vdnh1
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Ilqdoo|/ rqh pd| zrqghu zkhwkhu E�� lpsolhv wkdw � uhvshfwv fdvh htxly0

dohqfh1 Wkh qhjdwlyh dqvzhu lv jlyhq ehorz1

Uhpdun= Frqglwlrq E�� grhv qrw lpso| wkdw � uhvshfwv fdvh htxlydohqfh1

6 Uhodwhg Vwdwlvwlfdo Phwkrgv

614 Nhuqho hvwlpdwlrq ri d ghqvlw| ixqfwlrq

Dvvxph wkdw ~ lv d frqwlqxrxv udqgrp yduldeoh wdnlqj ydoxhv lq U61 Kdylqj

revhuyhg d �qlwh vdpsoh E5���$?/ rqh lv dvnhg wr hvwlpdwh wkh ghqvlw| ixqf0

wlrq ri ~1 Nhuqho hvwlpdwlrq +vhh Dndlnh +4<87,/ Urvhqeodww +4<89,/ Sdu}hq

+4<95,/ Vloyhupdq +4<;9,/ dqg Vfrww +4<<5, iru d vxuyh|, vxjjhvwv wkh iroorz0

lqj1 Fkrrvh d +vr0fdoohg �nhuqho�, ixqfwlrq & G U6 � U6 $ Un zlwk wkh

iroorzlqj surshuwlhv= +l, &E5c +� lv d qrq0lqfuhdvlqj ixqfwlrq ri n5 � +n> +ll,
iru hyhu| 5 5 U6/

U
U6

&E5c +�_+ ' �16 Jlyhq wkh vdpsoh E5���$?/ hvwlpdwh wkh

ghqvlw| ixqfwlrq e|

sE+m5�c ���c 5?� � �
?

S
�$? &E5�c +�1

Frqvlghu wkh hvwlpdwhg ixqfwlrq s dv d phdvxuh ri olnholkrrg= sE+� : sE��

lv lqwhusuhwhg dv vd|lqj wkdw d vpdoo qhljkerukrrg durxqg + lv pruh olnho|

wkdq wkh fruuhvsrqglqj qhljkerukrrg durxqg �1 Zlwk wklv lqwhusuhwdwlrq/

nhuqho hvwlpdwlrq lv fohduo| d vshfldo fdvh ri rxu suhglfwlrq uxoh/ zlwk �E+c 5� '
�
?
&E5c +�1 Revhuyh wkdw nhuqho hvwlpdwlrq suhvxssrvhv d qrwlrq ri glvwdqfh

rq U6/ zkhuhdv rxu wkhruhp ghulyhv wkh ixqfwlrq � iurp txdolwdwlyh udqnlqjv

dorqh1
6Pruh jhqhudoo|/ wkh nhuqho pd| eh d ixqfwlrq ri wudqviruphg frruglqdwhv1 Wkh iroorzlqj

glvfxvvlrq grhv qrw ghshqg rq dvvxpswlrqv +l, dqg +ll, dqg wkh| duh uhwdlqhg phuho| iru
frqfuhwhqhvv1
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615 Nhuqho fodvvl�fdwlrq

Nhuqho phwkrgv duh dovr xvhg iru fodvvl�fdwlrq sureohpv1 Dvvxph wkdw d

fodvvl�hu lv frqiurqwhg zlwk d gdwd srlqw + 5 U6/ dqg lw lv dvnhg wr jxhvv wr

zklfk phpehu ri d �qlwh vhw � lw ehorqjv1 Wkh fodvvl�hu lv htxlsshg zlwk d

vhw ri h{dpsohv � � U6 � �1 Hdfk h{dpsoh E%c @� frqvlvw ri d gdwd srlqw

% 5 U6/ zlwk d nqrzq fodvvl�fdwlrq @ 5 �1 Nhuqho fodvvl�fdwlrq phwkrgv

zrxog dgrsw d nhuqho ixqfwlrq dv deryh/ dqg/ jlyhq wkh srlqw +/ zrxog jxhvv

wkdw + ehorqjv wr d fodvv @ 5 � wkdw pd{lpl}hv wkh vxp ri &E%c +� ryhu doo

%*v lq phpru| wkdw zhuh fodvvl�hg dv @1

Rxu jhqhudo iudphzrun fdq dffrpprgdwh fodvvl�fdwlrq sureohpv dv zhoo1

Dv rssrvhg wr nhuqho hvwlpdwlrq/ rqh lv qrw dvnhg wr udqn +qhljkerukrrgv ri,

srlqwv lq U6/ exw/ jlyhq vxfk d srlqw/ wr udqn fodvvhv lq �1 Dvvxph d srlqw

+ 5 U6 lv jlyhq/ dqg/ iru d fdvh E%c @� 5 � / gh�qh �+EKc E%c @�� ' &E%c +��@'K

+zkhuh �@'K lv 4 li @ ' K dqg }hur rwkhuzlvh,1 Fohduo|/ wkh udqnlqj gh�qhg e|

�+ erlov grzq wr wkh udqnlqj gh�qhg e| nhuqho fodvvl�fdwlrq1

Dv deryh/ wklv d{lrpdwl}dwlrq fdq eh ylhzhg dv d qrupdwlyh mxvwl�fdwlrq ri

nhuqho phwkrgv/ dqg dovr dv d zd| wr holflw wkh �dssursuldwh� nhuqho ixqfwlrq

iurp txdolwdwlyh udqnlqj gdwd1 Djdlq/ rxu dssurdfk grhv qrw dvvxph wkdw d

nhuqho ixqfwlrq lv jlyhq/ exw ghulyhv vxfk d ixqfwlrq wrjhwkhu zlwk wkh nhuqho

fodvvl�fdwlrq uxoh1

D srsxodu dowhuqdwlyh wr nhuqho fodvvl�fdwlrq phwkrgv lv r�huhg e| qhdu0

hvw qhljkeru phwkrgv1 +Vhh Il{ dqg Krgjhv +4<84/ 4<85,/ Ur|doo +4<99,/

Fryhu dqg Kduw +4<9:,/ Vwrqh +4<::,/ dqg Ghyur|h/ J|ru�/ dqg Oxjrvl

+4<<9,1, Lw lv hdvlo| yhul�hg wkdw qhduhvw qhljkeru dssurdfkhv gr qrw vdw0

lvi| wkh Dufklphghdq d{lrp1 Pruhryhu/ iru & : � d pdmrulw| yrwh dprqj wkh

&0qhduhvw qhljkeruv ylrodwhv wkh frpelqdwlrq d{lrp1 Wkxv/ rxu d{lrpv r�hu

d qrupdwlyh mxvwl�fdwlrq iru suhihuulqj nhuqho phwkrgv wr qhduhvw qhljkeru

phwkrgv1
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616 Pd{lpxp olnholkrrg udqnlqj

Rxu prgho fdq dovr lqwhusuhwhg dv uhihuulqj wr udqnlqj ri wkhrulhv ru k|srwkh0

vhv jlyhq d vhw ri revhuydwlrqv1 Wkh d{lrpv zh irupxodwhg dsso| wr wklv fdvh

dv zhoo1 Lq sduwlfxodu/ rxu pdlq uhtxluhphqwv duh wkdw wkhrulhv eh udqnhg e|

d zhdn rughu iru hyhu| phpru|/ dqg wkdw/ li wkhru| % lv pruh sodxvleoh wkdq

wkhru| + jlyhq hdfk ri wzr glvmrlqw phprulhv/ % vkrxog dovr eh pruh sodxvleoh

wkdq + jlyhq wkh xqlrq ri wkhvh phprulhv1

Dvvxph/ wkhuhiruh/ wkdw Wkhruhp 4 krogv1 Vxssrvh wkdw/ iru hdfk fdvh S/

� E%c S� lv erxqghg iurp deryh1 +Wklv lv wkh fdvh/ iru lqvwdqfh/ li wkhuh duh

rqo| �qlwho| pdq| wkhrulhv wr eh udqnhg1, Fkrrvh d uhsuhvhqwdwlrq � zkhuh

�E%c S� 	 f iru hyhu| wkhru| % dqg fdvh S1 Gh�qh R ESm%� ' i T E� E%c S��/ vr

wkdw *L} ER ESm%�� ' � E%c S�1 Rxu uhvxow vwdwhv wkdw/ iru hyhu| wzr wkhrulhv

%c +=

E�� % (� + l�
S

SM� �E%c S� � S
SM� �E+c S�/

zklfk lv htxlydohqw wr

i T
�S

SM� �E%c S�
� � i T

�S
SM� �E+c S�

�

ru

T
SM� R ESm%� � T

SM� RESm+�

Lq rwkhu zrugv/ li d suhglfwru udqnv wkhrulhv lq dffrugdqfh zlwk D40D7/

wkhuh h{lvw frqglwlrqdo suredelolwlhv R ESm%�/ iru hyhu| fdvh S dqg wkhru| %/

vxfk wkdw wkh suhglfwru udqnv wkhrulhv dv li e| wkhlu olnholkrrg ixqfwlrqv/ xq0

ghu wkh lpsolflw dvvxpswlrq wkdw wkh fdvhv zhuh vwrfkdvwlfdoo| lqghshqghqw17

Rq wkh rqh kdqg/ wklv uhvxow fdq eh ylhzhg dv d qrupdwlyh mxvwl�fdwlrq ri

7Zh gr qrw dvvxph wkdw wkh fdvhv wkdw kdyh ehhq revhuyhg +P, frqvwlwxwh dq h{kdxv0
wlyh vwdwh vsdfh1 Fruuhvsrqglqjo|/ wkhuh lv qr uhtxluhphqw wkdw wkh vxp ri frqglwlrqdo
suredelolwlhv

S
f5P s+fm{, eh wkh vdph iru doo {1
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wkh olnholkrrg uxoh= dq| phwkrg ri udqnlqj wkhrulhv wkdw lv qrw htxlydohqw

wr udqnlqj e| olnholkrrg +iru vrph frqglwlrqdo suredelolwlhv R ESm%�, kdv wr
ylrodwh rqh ri rxu d{lrpv1 Rq wkh rwkhu kdqg/ rxu uhvxow fdq eh ghvfulswlyho|

lqwhusuhwhg/ vd|lqj wkdw olnholkrrg udqnlqjv ri wkhrulhv duh udwkhu suhydohqw1

Rqh qhhg qrw frqvflrxvo| dvvljq frqglwlrqdo suredelolwlhv R ESm%� iru hyhu|
fdvh S jlyhq hyhu| wkhru| %/ dqg rqh qhhg qrw nqrz suredelolw| fdofxoxv

lq rughu wr jhqhudwh suhglfwlrqv lq dffrugdqfh zlwk wkh olnholkrrg fulwhulrq1

Udwkhu/ zkhqhyhu rqh vdwlv�hv rxu d{lrpv/ rqh pd| eh dvfulehg frqglwlrqdo

suredelolwlhv R ESm%� vxfk wkdw rqh*v suhglfwlrqv duh lq dffrugdqfh zlwk wkh

uhvxowlqj olnholkrrg ixqfwlrqv1 Wkxv/ uhodwlyho| plog frqvlvwhqf| uhtxluhphqwv

lpso| wkdw rqh suhglfwv dv li e| olnholkrrg ixqfwlrqv1

Ilqdoo|/ rxu uhvxow pd| eh xvhg wr holflw wkh vxemhfwlyh frqglwlrqdo sured0

elolwlhv R ESm%� ri d suhglfwru/ jlyhq khu txdolwdwlyh udqnlqjv ri wkhrulhv1 Krz0
hyhu/ rxu xqltxhqhvv uhvxow lv vrphzkdw olplwhg1 Lq sduwlfxodu/ iru hyhu| fdvh

S rqh pd| fkrrvh d srvlwlyh frqvwdqw qS dqg pxowlso| R ESm%� e| qS iru doo wkh0

rulhv %/ uhvxowlqj lq wkh vdph olnholkrrg udqnlqjv1 Vlploduo|/ rqh pd| fkrrvh

d srvlwlyh qxpehu k dqg udlvh doo suredelolwlhv iR ESm%�jSc% wr wkh srzhu ri

k/ djdlq zlwkrxw fkdqjlqj wkh revhuyhg udqnlqj ri wkhrulhv jlyhq srvvleoh

phprulhv1 Wkxv wkhuh zloo jhqhudoo| eh pruh wkdq rqh vhw ri frqglwlrqdo

suredelolwlhv iR ESm%�jSc% wkdw duh frqvlvwhqw zlwk i(�j�MP1

Wkh olnholkrrg ixqfwlrq uholhv rq lqghshqghqfh dfurvv fdvhv1 Frqfhswxdoo|/

vwrfkdvwlf lqghshqghqfh iroorzv iurp wzr dvvxpswlrqv lq rxu prgho1 Iluvw/

zh kdyh gh�qhg i(�j�MP zkhuh hdfk � lv d vhw1 Wklv lpsolflwo| dvvxphv

wkdw rqo| wkh qxpehu ri uhshwlwlrqv ri fdvhv/ dqg qrw wkhlu rughu/ pdwwhuv1

Wklv vwuxfwxudo dvvxpswlrq lv uhplqlvfhqw ri gh Ilqhwwl*v h{fkdqjhdelolw| frq0

glwlrq +wkrxjk wkh odwwhu lv gh�qhg lq d pruh hoderudwh suredelolvwlf prgho,1

Vhfrqg/ rxu frpelqdwlrq d{lrp dovr kdv d  dyru ri lqghshqghqfh1 Lq sduwlf0

xodu/ lw uxohv rxw vlwxdwlrqv lq zklfk sdvw rffxuuhqfhv ri d fdvh pdnh ixwxuh

rffxuuhqfhv ri wkh vdph fdvh ohvv olnho|18

8Vhh wkh fodxvh �plv0vshfl�hg fdvh� lq wkh qh{w vhfwlrq1
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7 Glvfxvvlrq ri wkh D{lrpv

Wkh uxoh zh d{lrpdwl}h jhqhudol}hv udqnlqjv e| hpslulfdo iuhtxhqflhv1 Pruh0

ryhu/ wkh suhylrxv vhfwlrq vkrzv wkdw lw dovr jhqhudol}hv vhyhudo zhoo0nqrzq

vwdwlvwlfdo whfkqltxhv1 Lw iroorzv wkdw wkhuh lv d zlgh udqjh ri dssolfdwlrqv iru

zklfk wklv uxoh/ dqg wkh d{lrpv lw vdwlv�hv/ duh sodxvleoh1

Exw wkhuh duh dssolfdwlrqv lq zklfk wkh d{lrpv gr qrw dsshdu frpshoolqj1

Zh glvfxvv khuh vhyhudo h{dpsohv/ wu|lqj wr gholqhdwh wkh vfrsh ri dssolfdelo0

lw| ri wkh d{lrpv/ dqg wr lghqwli| fhuwdlq fodvvhv ri vlwxdwlrqv lq zklfk wkh|

pd| qrw dsso|1

Lq wkh iroorzlqj glvfxvvlrq zh gr qrw gzhoo rq wkh �uvw d{lrp/ qdpho|/

wkdw olnholkrrg uhodwlrqv duh zhdn rughuv1 Wklv d{lrp dqg lwv olplwdwlrqv

kdyh ehhq h{whqvlyho| glvfxvvhg lq ghflvlrq wkhru|/ dqg wkhuh vhhpv wr eh qr

vshfldo dujxphqwv iru ru djdlqvw lw lq rxu vshfl�f frqwh{w1

Zh dovr kdyh olwwoh wr dgg wr wkh glvfxvvlrq ri wkh glyhuvlw| d{lrp1 Zkloh

lw grhv qrw dsshdu wr srvh frqfhswxdo gl!fxowlhv/ wkhuh duh qr ixqgdphqwdo

uhdvrqv wr lqvlvw rq lwv ydolglw|1 Rqh pd| zhoo eh lqwhuhvwhg lq rwkhu dvvxps0

wlrqv wkdw zrxog doorz d uhsuhvhqwdwlrq dv lq E�� e| d pdwul{ � wkdw lv qrw

qhfhvvdulo| glyhuvl�hg1

Wkh Dufklphghdq d{lrp lv ylrodwhg zkhq d vlqjoh fdvh pd| rxwzhljk dq|

qxpehu ri uhshwlwlrqv ri rwkhu fdvhv1 Iru lqvwdqfh/ d sk|vlfldq pd| �qg d

vlqjoh revhuydwlrq/ wdnhq iurp wkh sdwlhqw vkh lv fxuuhqwo| wuhdwlqj/ pruh

uhohydqw wkdq dq| qxpehu ri revhuydwlrqv wdnhq iurp rwkhu sdwlhqwv19 Lq wkh

frqwh{w ri udqnlqj wkhrulhv/ lw lv srvvleoh wkdw d vlqjoh fdvh S frqvwlwxwhv d

gluhfw uhixwdwlrq ri d wkhru| %1 Li dqrwkhu wkhru| + zdv qrw uhixwhg e| dq| fdvh

lq phpru|/ d vlqjoh rffxuuhqfh ri fdvh S zloo uhqghu wkhru| % ohvv sodxvleoh

wkdq wkhru| + uhjdugohvv ri wkh qxpehu ri rffxuuhqfhv ri rwkhu fdvhv/ hyhq li

wkhvh ohqg pruh vxssruw wr % wkdq wr +1: Lq vxfk d vlwxdwlrq/ rqh zrxog olnh wr

9Lqghhg/ wkh qhduhvw qhljkeru dssurdfk wr fodvvl�fdwlrq sureohpv ylrodwhv wkh
Dufklphghdq d{lrp1

:Wklv h{dpsoh lv gxh wr Sh|wrq \rxqj1

49



dvvljq frqglwlrqdo suredelolw| ri }hur wr fdvh S jlyhq wkhru| %/ ru/ htxlydohqwo|/

wr vhw �E%c S� ' �41 Vlqfh wklv lv eh|rqg wkh vfrsh ri wkh suhvhqw prgho/ rqh

pd| gurs wkh Dufklphghdq d{lrp dqg vhhn uhsuhvhqwdwlrqv e| qrq0vwdqgdug

qxpehuv1

Zh qrz wxuq wr wkh frpelqdwlrq d{lrp1 Dv lv reylrxv iurp wkh dgglwlyh

irupxod lq E��/ rxu uxoh lpsolflwo| suhvxssrvhv wkdw wkh zhljkw ri hylghqfh

ghulyhg iurp d jlyhq fdvh grhv qrw ghshqg rq rwkhu fdvhv1 Lw iroorzv wkdw

wkh frpelqdwlrq d{lrp lv olnho| wr idlo zkhqhyhu wklv �vhsdudelolw|� surshuw|

grhv qrw krog1 Zh glvfxvv khuh vhyhudo h{dpsohv ri wklv w|sh1 Zh ehjlq

zlwk wkrvh lq zklfk uh0gh�qlwlrq ri wkh sulplwlyhv ri wkh prgho uhvroyhv wkh

gl!fxow|1 H{dpsohv zh �qg pruh ixqgdphqwdo duh glvfxvvhg odwhu1

Plv0vshfl�hg fdvhv Frqvlghu d fdw/ vd| Oxflihu/ zkr hyhu| vr riwhq glhv
dqg wkhq pd| ru pd| qrw uhvxuuhfw1 Vxssrvh wkdw/ wkurxjkrxw klvwru|/ pdq|

rwkhu fdwv kdyh ehhq revhuyhg wr uhvxuuhfw h{dfwo| hljkw wlphv1 Li Oxflihu kdg

glhg dqg uhvxuuhfwhg irxu wlphv/ dqg qrz glhg iru wkh �iwk wlph/ zh*g h{shfw

klp wr uhvxuuhfw djdlq1 Exw li zh grxeoh wkh qxpehu ri fdvhv/ lpso|lqj wkdw

zh duh qrz revhuylqj wkh qlqwk ghdwk/ zh zrxog qrw h{shfw Oxflihu wr eh

zlwk xv djdlq1 Wkxv/ rqh pd| dujxh/ wkh frpelqdwlrq d{lrp grhv qrw vhhp

wr eh yhu| frpshoolqj1

Reylrxvo|/ wklv h{dpsoh dvvxphv wkdw doo ri Oxflihu*v ghdwkv duh htxlyd0

ohqw1 Zkloh wklv pd| eh d uhdvrqdeoh dvvxpswlrq ri d qdlyh revhuyhu/ wkh fdw

frqqrlvvhxu zloo eh fduhixo hqrxjk wr glvwlqjxlvk ��uvw ghdwk� iurp �vhfrqg

ghdwk�/ dqg vr iruwk1 Wkxv/ wklv h{dpsoh vxjjhvwv wkdw rqh kdv wr eh fduhixo

lq wkh gh�qlwlrq ri d �fdvh� +dqg ri fdvh htxlydohqfh, ehiruh dsso|lqj wkh

frpelqdwlrq d{lrp1

Plv0vshfl�hg wkhrulhv Vxssrvh wkdw rqh zlvkhv wr ghwhuplqh zkhwkhu
d frlq lv eldvhg1 D phpru| zlwk 4/333 uhshwlwlrqv ri �Khdg�/ dv zhoo dv

d phpru| zlwk 4/333 uhshwlwlrqv ri �Wdlo� erwk vxjjhvw wkdw wkh frlq lv

lqghhg eldvhg/ zkloh wkhlu xqlrq vxjjhvwv wkdw lw lv qrw1 Revhuyh wkdw wklv

h{dpsoh klqjhv rq wkh idfw wkdw wzr udwkhu gl�huhqw wkhrulhv/ qdpho|/ �wkh
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frlq lv eldvhg wrzdug Wdlo� dqg �wkh frlq lv eldvhg wrzdug Khdg� duh oxpshg

wrjhwkhu dv �wkh frlq lv eldvhg�1 Li rqh zhuh wr vshfli| wkh wkhrulhv pruh

ixoo|/ wkh frpelqdwlrq d{lrp zrxog krog1;

Wkhrulhv derxw sdwwhuqv D uhodwhg fodvv ri h{dpsohv ghdo zlwk frqfhswv

wkdw ghvfuleh/ ru duh gh�qhg e| sdwwhuqv/ vhtxhqfhv/ ru vhwv ri fdvhv1 Dvvxph

wkdw d vlqjoh fdvh frqvlvwv ri 433 wrvvhv ri d frlq1 D frpsoh{ vhtxhqfh ri 433

wrvvhv pd| ohqg vxssruw wr wkh k|srwkhvlv wkdw wkh frlq jhqhudwhv udqgrp

vhtxhqfhv1 Exw pdq| uhshwlwlrqv ri wkh yhu| vdph vhtxhqfh zrxog xqghuplqh

wklv k|srwkhvlv1 Revhuyh wkdw �wkh frlq jhqhudwhv udqgrp vhtxhqfhv� lv

d vwdwhphqw derxw vhtxhqfhv ri fdvhv1 Vlploduo|/ vwdwhphqwv vxfk dv �Wkh

zhdwkhu dozd|v vxusulvhv� ru �Klvwru| uhshdwv lwvhoi� duh derxw vhtxhqfhv

ri fdvhv/ dqg duh wkhuhiruh olnho| wr jhqhudwh ylrodwlrqv ri wkh frpelqdwlrq

d{lrp1

Vhfrqg0rughu lqgxfwlrq Dq lpsruwdqw fodvv ri h{dpsohv lq zklfk zh

vkrxog h{shfw wkh frpelqdwlrq d{lrp wr eh ylrodwhg/ iru ghvfulswlyh dqg

qrupdwlyh sxusrvhv dolnh/ lqyroyhv ohduqlqj ri wkh vlplodulw| ixqfwlrq1 Iru lq0

vwdqfh/ dvvxph wkdw rqh gdwdedvh frqwdlqv exw rqh fdvh/ lq zklfk Pdu| fkrvh

uhvwdxudqw % ryhu +1< Rqh lv dvnhg wr suhglfw zkdw Mrkq*v ghflvlrq zrxog eh1

Kdylqj qr rwkhu lqirupdwlrq/ rqh lv olnho| wr dvvxph vrph vlplodulw| ri wdvwhv

ehwzhhq Mrkq dqg Pdu| dqg wr �qg lw pruh sodxvleoh wkdw Mrkq zrxog suhihu

% wr + dv zhoo1 Qh{w dvvxph wkdw lq d vhfrqg gdwdedvh wkhuh duh qr revhuyhg

fkrlfhv +e| dq|rqh, ehwzhhq % dqg +1 Khqfh/ edvhg rq wklv gdwdedvh dorqh/

lw zrxog dsshdu htxdoo| olnho| wkdw Mrkq zrxog fkrrvh % dv wkdw kh zrxog +1

Dvvxph ixuwkhu wkdw wklv gdwdedvh grhv frqwdlq pdq| fkrlfhv ehwzhhq rwkhu

sdluv ri uhvwdxudqwv/ dqg lw wxuqv rxw wkdw Mrkq dqg Pdu| frqvlvwhqwo| fkrrvh

gl�huhqw uhvwdxudqwv1 Zkhq frpelqlqj wkh wzr gdwdedvhv/ lw pdnhv vhqvh wr

;Revhuyh wkdw li rqh zhuh wr xvh wkh pd{lpxp olnholkrrg sulqflsoh/ rqh zrxog kdyh
wr vshfli| d olnholkrrg ixqfwlrq1 Wklv h{huflvh zrxog kljkoljkw wkh idfw wkdw �wkh frlq lv
eldvhg� lv qrw d ixoo| vshfl�hg wkhru|1 Krzhyhu/ wklv grhv qrw lpso| wkdw rqo| wkhrulhv wkdw
duh jlyhq dv frqglwlrqdo glvwulexwlrqv duh vx!flhqwo| vshfl�hg wr vdwlvi| wkh frpelqdwlrq
d{lrp1

<Wklv lv d yduldqw ri dq h{dpsoh e| Vxmr| Pxnhuml1
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suhglfw wkdw Mrkq zrxog fkrrvh + ryhu %1

Wklv lv dq lqvwdqfh lq zklfk wkh vlplodulw| ixqfwlrq lv ohduqhg iurp fdvhv1

Olqhdu djjuhjdwlrq ri fdvhv e| �{hg zhljkwv hperglhv ohduqlqj e| d vlplodulw|

ixqfwlrq1 Exw lw grhv qrw ghvfuleh krz wklv ixqfwlrq lwvhoi lv ohduqhg1 Lq

Jloerd dqg Vfkphlgohu +5334, zh fdoo wklv surfhvv �vhfrqg0rughu lqgxfwlrq�

dqg vkrz wkdw wkh dgglwlyh irupxod fdqqrw fdswxuh vxfk d surfhvv1

Frpelqdwlrqv ri lqgxfwlyh dqg ghgxfwlyh uhdvrqlqj Dqrwkhu lp0

sruwdqw fodvv ri h{dpsohv lq zklfk wkh frpelqdwlrq d{lrp lv qrw yhu| uhd0

vrqdeoh frqvlvwv ri suhglfwlrq sureohpv lq zklfk vrph vwuxfwxuh lv jlyhq1

Frqvlghu d vlpsoh uhjuhvvlrq sureohp zkhuh d yduldeoh % lv xvhg wr suhglfw

dqrwkhu yduldeoh +1 Grhv wkh phwkrg ri ruglqdu| ohdvw vtxduhv vdwlvi| rxu

d{lrpvB Wkh dqvzhu ghshqgv rq wkh xqlw ri dqdo|vlv1 Li zh frqvlghu wkh uh0

juhvvlrq htxdwlrq + ' knq%n0 dqg dwwhpsw wr hvwlpdwh wkh ydoxhv ri k dqg

q jlyhq d vdpsoh � ' iE%�c +��j�$?/ wkh dqvzhu lv lq wkh d!updwlyh1 Frq0

vlghu/ iru lqvwdqfh/ k1 Ohw @c @� eh wzr uhdo qxpehuv lqwhusuhwhg dv hvwlpdwhv

ri k1 Gh�qh @ (� @� li @ kdv d kljkhu ydoxh ri wkh olnholkrrg ixqfwlrq jlyhq

iE%�c +��j�$? wkdq grhv @�1 Wklv lpsolhv wkdw (� vdwlv�hv wkh frpelqdwlrq d{0

lrp1 Vlqfh wkh ohdvw vtxduhv hvwlpdwru @ lv d pd{lpxp olnholkrrg hvwlpdwru

ri wkh sdudphwhu k +xqghu wkh vwdqgdug dvvxpswlrqv ri uhjuhvvlrq dqdo|vlv,/

fkrrvlqj wkh hvwlpdwh @ lv frqvlvwhqw zlwk fkrrvlqj d (� 0pd{lpl}hu1

Dvvxph qrz wkdw wkh xqlwv ri dqdo|vlv duh wkh sduwlfxodu ydoxhv ri +R
iru d qhz ydoxh ri %R1 Wkdw lv/ udwkhu wkdq dffhswlqj wkh uhjuhvvlrq prgho

+ ' kn q%n 0 dqg dvnlqj zkdw duh wkh ydoxhv ri k dqg q/ vxssrvh wkdw rqh

lv dvnhg wr suhglfw +irupxodwh (�, gluhfwo| rq srwhqwldo ydoxhv ri +R1 Wkh

uhjuhvvlrq hvwlpdwhv @c K gh�qh d ghqvlw| ixqfwlrq iru +R +d qrupdo glvwulexwlrq

fhqwhuhg durxqg wkh ydoxh @nK%R,1 Wklv ghqvlw| ixqfwlrq fdq eh xvhg wr gh�qh

(� / exw wkhvh uhodwlrqv zloo jhqhudoo| qrw vdwlvi| wkh frpelqdwlrq d{lrp1

Wkh uhdvrq lv wkdw wkh uhjuhvvlrq prgho lv vwuxfwxuhg hqrxjk wr doorz

vrph ghgxfwlyh uhdvrqlqj1 Lq udqnlqj wkh sodxvlelolw| ri ydoxhv ri + iru d

jlyhq ydoxh ri %/ rqh pdnhv wzr vwhsv1 Iluvw/ rqh xvhv lqgxfwlyh uhdvrqlqj
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wr rewdlq hvwlpdwhv ri wkh sdudphwhuv @ dqg K1 Wkhq/ hvsrxvlqj d eholhi

lq wkh olqhdu prgho/ rqh xvhv wkhvh hvwlpdwhv wr udqn ydoxhv ri + e| wkhlu

sodxvlelolw|1 Wklv vhfrqg vwhs lqyroyhv ghgxfwlyh uhdvrqlqj/ h{sorlwlqj wkh

sduwlfxodu vwuxfwxuh ri wkh prgho1 Zkloh wkh frpelqdwlrq d{lrp lv udwkhu

sodxvleoh iru wkh �uvw/ lqgxfwlyh vwhs/ wkhuh lv qr uhdvrq iru lw wr krog dovr iru

wkh hqwluh lqgxfwlyh0ghgxfwlyh surfhvv1

Wr frqvlghu dqrwkhu h{dpsoh/ dvvxph wkdw d frlq lv derxw wr eh wrvvhg

lq dq l1l1g1 pdqqhu1 Wkh sdudphwhu ri wkh frlq lv qrw nqrzq/ exw rqh nqrzv

suredelolw| uxohv wkdw doorz rqh wr lqihu olnholkrrg udqnlqjv ri rxwfrphv jlyhq

dq| ydoxh ri wkh xqnqrzq sdudphwhu1 Djdlq/ zkhq rqh hqjdjhv lq lqihuhqfh

derxw wkh xqnqrzq sdudphwhu/ rqh shuirupv rqo| lqgxfwlyh uhdvrqlqj/ dqg

wkh frpelqdwlrq d{lrp vhhpv sodxvleoh1 Exw zkhq rqh lv dvnhg derxw sduwlf0

xodu rxwfrphv/ rqh xvhv lqgxfwlyh uhdvrqlqj dv zhoo dv ghgxfwlyh uhdvrqlqj1

Lq wkhvh fdvhv/ wkh frpelqdwlrq d{lrp lv wrr fuxgh143

Lq frqfoxvlrq/ wkhuh duh fodvvhv ri frxqwhuh{dpsohv wr rxu d{lrpv wkdw uh0

vxow iurp xqghu0vshfl�fdwlrq ri fdvhv/ ri hyhqwxdolwlhv/ ru ri phprulhv1 Wkhuh

duh rwkhuv wkdw duh pruh ixqgdphqwdo1 Dprqj wkhvh/ wzr vhhp wr ghvhuyh

vshfldo dwwhqwlrq1 Iluvw/ wkhuh duh vlwxdwlrqv zkhuh vhfrqg0rughu lqgxfwlrq

lv lqyroyhg/ dqg wkh vlplodulw| ixqfwlrq lwvhoi lv ohduqhg1 Lqghhg/ rxu prgho

ghdov zlwk dffxpxodwhg hylghqfh exw grhv qrw fdswxuh wkh hphujhqfh ri qhz

lqvljkwv1 Vhfrqg/ wkhuh duh sureohpv zkhuh vrph wkhruhwlfdo vwuxfwxuh lv dv0

vxphg/ dqg lw fdq eh xvhg iru ghgxfwlyh lqihuhqfhv1 Rxu prgho fdswxuhv vrph

irupv ri lqgxfwlyh uhdvrqlqj/ exw grhv qrw surylgh d ixoo dffrxqw ri lqihuhqwldo

surfhvvhv lqyroylqj d frpelqdwlrq ri lqgxfwlyh dqg ghgxfwlyh uhdvrqlqj1

43Zh kdyh uhfhlyhg vhyhudo frxqwhuh{dpsohv wr wkh frpelqdwlrq d{lrp wkdw duh/ lq rxu
ylhz/ ri wklv qdwxuh1 Lq sduwlfxodu/ zh zrxog olnh wr wkdqn Euxqr Mxoolhq/ Nodxv Qhkulqj/
dqg Dulho Uxelqvwhlq1
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8 Rwkhu Lqwhusuhwdwlrqv

Ghflvlrqv Wkhruhp 4 fdq dovr kdyh rwkhu lqwhusuhwdwlrqv1 Lq sduwlfxodu/ wkh

remhfwv wr eh udqnhg pd| eh srvvleoh dfwv/ zlwk wkh lqwhusuhwdwlrq ri udqnlqj

dv suhihuhqfhv1 Lq wklv fdvh/ �E%c S� ghqrwhv wkh vxssruw wkdw fdvh S ohqgv wr

wkh fkrlfh ri dfw %1 Wkh ghflvlrq uxoh wkdw uhvxowv jhqhudol}hv prvw ri wkh

ghflvlrq uxohv ri fdvh0edvhg ghflvlrq wkhru| +Jloerd dqg Vfkphlgohu +5334,,/

dv zhoo dv h{shfwhg xwlolw| pd{lpl}dwlrq/ li eholhiv duh jhqhudwhg iurp fdvhv

lq dq dgglwlyh zd| +vhh Jloerd dqg Vfkphlgohu +4<<<,,1 Jloerd/ Vfkphlgohu/

dqg Zdnnhu +4<<<, dsso| wklv wkhruhp/ dv zhoo dv dq dowhuqdwlyh dssurdfk/

wr d{lrpdwl}h d wkhru| ri fdvh0edvhg ghflvlrqv lq zklfk erwk wkh vlplodulw|

ixqfwlrq ehwzhhq sureohp0dfw sdluv dqg wkh xwlolw| ixqfwlrq ri rxwfrphv duh

ghulyhg iurp suhihuhqfhv1 Wklv prgho jhqhudol}hv Jloerd dqg Vfkphlgohu

+4<<:,/ lq zklfk wkh xwlolw| ixqfwlrq lv dvvxphg jlyhq dqg rqo| wkh vlplodulw|

ixqfwlrq lv ghulyhg iurp revhuyhg suhihuhqfhv1

Suredelolwlhv Wkh pdlq frqwulexwlrq ri Jloerd dqg Vfkphlgohu +4<<<, lv
wr jhqhudol}h wkh vfrsh ri suhglfwlrq iurp hyhqwxdolwlhv wr hyhqwv1 Wkdw lv/ lq

wkdw sdshu zh dvvxph wkdw wkh remhfwv wr eh udqnhg ehorqj wr dq dojheud ri

vxevhwv ri d jlyhq vhw1 Dgglwlrqdo dvvxpswlrqv duh lpsrvhg vr wkdw vlplodulw|

ydoxhv duh dgglwlyh zlwk uhvshfw wr wkh xqlrq ri glvmrlqw vhwv1 Ixuwkhu/ lw lv

vkrzq wkdw udqnlqj e| hpslulfdo iuhtxhqflhv fdq dovr eh d{lrpdwlfdoo| fkdu0

dfwhul}hg lq wklv vhw0xs1 Ilqdoo|/ w|lqj wkh ghulydwlrq ri suredelolwlhv zlwk

h{shfwhg xwlolw| pd{lpl}dwlrq/ rqh rewdlqv d fkdudfwhul}dwlrq ri vxemhfwlyh

h{shfwhg xwlolw| pd{lpl}dwlrq lq idfh ri xqfhuwdlqw|1 Dv rssrvhg wr wkh eh0

kdylrudo d{lrpdwlf ghulydwlrqv ri gh Ilqhwwl +4<6:, dqg Vdydjh +4<87,/ zklfk

lqihu eholhiv iurp ghflvlrqv/ wklv d{lrpdwlf ghulydwlrq iroorzv d suhvxphg frj0

qlwlyh sdwk ohdglqj iurp eholhi wr ghflvlrq1
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Dsshqgl{= Surriv

Surri ri Revhuydwlrq=
Lw lv reylrxv wkdw � lv uh h{lyh dqg v|pphwulf1 Wr vkrz wkdw lw lv wudq0

vlwlyh/ dvvxph wkdw S � _ dqg _ � e iru glvwlqfw Sc _c e1 Ohw � eh vxfk wkdw

Sc e *5 � 1 Li _ *5 � / wkhq (��tS�' (��t_� e| S � _ dqg (��t_�' (��tS�

e| _ � e/ dqg (��tS�' (��te� iroorzv1 Li _ 5 � / gh�qh � ' �qi_j1
Vlqfh Sc _ *5 � ^ iej/ S � _ lpsolhv (��te��tS�' (��te��t_�1 Vlploduo|/ vlqfh

_c e *5 �^iSj/ _ � e lpsolhv (��tS��t_�'(��tS��te�1 Lw iroorzv wkdw(��tS�'

(��tSc_�' (��tSce�' (��t_ce�' (��te�1�

Wkh Uhvxow lv sduw ri Wkhruhp 4/ dqg zdv vwdwhg rqo| iru h{srvlwru|

sxusrvhv� Zh wkhuhiruh suryh rqo| Wkhruhp 41

Surri ri Wkhruhp 4= Wkh vwudwhj| ri wkh surri lv dv iroorzv1 Wkh qrwlrq ri
fdvh htxlydohqfh doorzv xv wr uhgxfh wkh glvfxvvlrq wr yhfwruv ri qrq0qhjdwlyh

lqwhjhuv1 Zh gh�qh wkh vhw ri w|shv ri fdvhv wr eh wkh �0htxlydohqfh fodvvhv=
W ' F* �1 Dvvxph/ iru vlpsolflw|/ wkdw wkhuh duh �qlwho| pdq| w|shv dqg

�qlwho| pdq| hyhqwxdolwlhv1 Udwkhu wkdq uhihuulqj wr vhwv ri vshfl�f fdvhv

+phprulhv �,/ zh irfxv rq yhfwruv ri qrq0qhjdwlyh lqwhjhuv1 Vxfk d yhfwru

U G W $ ]n uhsuhvhqwv pdq| htxlydohqw phprulhv e| frxqwlqj krz pdq|

fdvhv ri hdfk w|sh duh lq hdfk ri wkhvh phprulhv1 Wkxv/ lqvwhdg ri ghdolqj

zlwk vxevhwv ri wkh vhw F/ prvw ri wkh glvfxvvlrq zloo eh frqgxfwhg lq wkh

vsdfh ]Wn1 Qh{w/ xvlqj wkh frpelqdwlrq d{lrp/ zh h{whqg wkh idplo| udqnlqjv

i�Uj iurp U 5 ]Wn wr U 5 TW
n1

Irfxvlqj rq wzr hyhqwxdolwlhv/ % dqg +/ zh glylgh wkh yhfwruv U 5 TW
n wr

wkrvh wkdw uhqghu % pruh olnho| wkdq +/ dqg wr wkrvh wkdw lqgxfh wkh rssrvlwh

udqnlqj1 Frpsohwhqhvv dqg frpelqdwlrq duh wkh nh| d{lrpv wkdw doorz xv wr

lqyrnh d vhsdudwlqj k|shusodqh wkhruhp1 Zlwk wkh dlg ri wkh Dufklphghdq

d{lrp/ rqh fdq suryh wkdw wkh vhsdudwlqj k|shusodqh suhflvho| fkdudfwhul}hv

wkh phprulhv iru zklfk % lv +vwurqjo| ru zhdno|, pruh olnho| wkdq +1

Li rqh kdv rqo| wzr hyhqwxdolwlhv/ wkh surri lv edvlfdoo| frpsohwh1 Prvw ri
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wkh zrun lv lq vkrzlqj wkdw wkh k|shusodqhv/ zklfk zhuh rewdlqhg iru hdfk

sdlu ri hyhqwxdolwlhv/ fdq eh uhsuhvhqwhg e| d vlqjoh pdwul{1 Pruh frqfuhwho|/

wkh vhsdudwlrq wkhruhp dssolhg wr d sdlu %c + |lhogv d yhfwru �%+/ xqltxh xs

wr pxowlsolfdwlrq e| d srvlwlyh frqvwdqw/ vxfk wkdw % lv dw ohdvw dv olnho| dv +

jlyhq phpru| U l� �%+ � U � f1 Rqh qrz zlvkhv wr �qg d yhfwru �% iru hdfk

hyhqwxdolw| % vxfk wkdw �%+ lv d srvlwlyh pxowlsoh ri E�%��+� +vlpxowdqhrxvo|

iru doo %c +,1

Wklv fdq eh grqh li dqg rqo| li wkhuh lv d vhohfwlrq ri yhfwruv i�%+j%c+
+zkhuh hdfk lv jlyhq rqo| xs wr d pxowlsolfdwlyh frqvwdqw, vxfk wkdw �%5 '

�%+ n �+5 iru hyhu| wulsoh %c +c 51 Lw wxuqv rxw wkdw/ gxh wr wudqvlwlylw|/ wklv

fdq eh grqh iru hyhu| wulsoh %c +c 5 vhsdudwho|1 Wkh glyhuvlw| d{lrp jxdudqwhhv

wkdw wklv fdq dovr eh grqh iru vhwv ri irxu hyhqwxdolwlhv/ dqg wkh surri surfhhgv

e| lqgxfwlrq1

Wkh �qdo wzr vwhsv ri wkh surri ghdo zlwk h{whqvlrqv wr lq�qlwho| pdq|

w|shv dqg wr lq�qlwho| pdq| hyhqwxdolwlhv1

Zh �qdoo| wxuq wr wkh irupdo surri1 Ohw W ' F* � eh wkh vhw ri w|shv ri

fdvhv144 Zh suryh wkh wkhruhp lq wkuhh vwhsv1 Iluvw zh dvvxph wkdw wkhuh duh

�qlwho| pdq| w|shv/ wkdw lv/ wkdw mWm 	 41 Lq wklv fdvh wkh surri uholhv rq

dq dx{loldu| uhvxow wkdw lv ri lqwhuhvw lq lwv rzq uljkw1 Vlqfh wkh surri ri wklv

wkhruhp dssolhv wr dq lq�qlwh vhw ri hyhqwxdolwlhv f/ zh gr qrw uhvwulfw wkh

fduglqdolw| ri f lq wklv fdvh1 Vwhs 5 surfhhgv wr ghdo zlwk wkh fdvh lq zklfk

mWm lv xquhvwulfwhg/ exw f lv �qlwh1 Odvwo|/ Vwhs 6 ghdov zlwk wkh jhqhudo fdvh

lq zklfk erwk mfm dqg mWm duh xquhvwulfwhg1
Lq doo wkuhh vwhsv/ phprulhv lq P duh uhsuhvhqwhg e| yhfwruv ri qrq0

qhjdwlyh lqwhjhuv/ frxqwlqj krz pdq| fdvhv ri hdfk w|sh dsshdu lq phpru|1

Irupdoo|/ iru hyhu| A � W gh�qh MA ' ]A
n ' iU m U G A $ ]nj zkhuh ]n

vwdqgv iru wkh qrq0qhjdwlyh lqwhjhuv1 U 5 MA lv lqwhusuhwhg dv d frxqwhu

yhfwru/ zkhuh UE|� frxqwv krz pdq| fdvhv ri w|sh | dsshdu lq wkh phpru|

uhsuhvhqwhg e| U1 Iru U 5 MA / li i| m UE|� : fj lv �qlwh/ gh�qh (U � f �f

44F@ � lv wkh vhw ri htxlydohqfh fodvvhv ri �1
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dv iroorzv1 Fkrrvh � 5 P vxfk wkdw � � ^|MA | +uhfdoo wkdw | � F lv dq

htxlydohqfh fodvv ri fdvhv, dqg UE|� ' rE� _ |� iru doo | 5 A / dqg gh�qh

(U'(� 1 Vxfk d vhw � h{lvwv vlqfh/ e| wkh ulfkqhvv dvvxpswlrq/ m|m � Cf

iru doo | 5 W1 Iru wklv uhdvrq/ vxfk d vhw � lv qrw xqltxh1 Krzhyhu/ li erwk

��c�2 5 P vdwlvi| wkhvh surshuwlhv/ wkhq �� � �2 dqg (��
'(�2

1 Khqfh

(U lv zhoo0gh�qhg1

Pruhryhu/ wklv gh�qlwlrq lpsolhv wkh iroorzlqj surshuw|/ zklfk zloo suryh

xvhixo lq wkh vhtxho= li U 5 MA dqg U � 5 MA � zkhuh A � A �/ U �E|� ' UE|� iru

| 5 A dqg U �E|� ' f iru | 5 A �qA / wkhq (U'(U� 1 Dqrwkhu reylrxv revhuydwlrq/

wr eh xvhg odwhu/ lv wkdw iru hyhu| � 5 P wkhuh h{lvw d �qlwh A � W dqg

U 5 MA vxfk wkdw � � ^|MA | dqg UE|� ' rE� _ |� iru doo | 5 A 1

Vwhs 4= Wkh fdvh mWm 	 41

Ghqrwh wkh vhw ri doo frxqwhu yhfwruv e| M ' MA' ~W
n1 Iru U 5 M/ gh�qh

(U � f �f dv deryh1 Zh qrz uh0vwdwh wkh pdlq wkhruhp iru wklv fdvh/ lq

wkh odqjxdjh ri frxqwhu yhfwruv1 Lq wkh iroorzlqj/ dojheudlf rshudwlrqv rq M

duh shuiruphg srlqwzlvh1

D4- Rughu= Iru hyhu| U 5 M/ (U lv frpsohwh dqg wudqvlwlyh rq f1

D5- Frpelqdwlrq= Iru hyhu| Uc a 5 M dqg hyhu| %c + 5 f/ li % (U +

+% "U +, dqg % (a +/ wkhq % (Una + +% "Una +,1

D6- Dufklphghdq D{lrp= Iru hyhu| Uc a 5 M dqg hyhu| %c + 5 f/ li

% "U +/ wkhq wkhuh h{lvwv , 5 � vxfk wkdw % ",Una +1

Revhuyh wkdw lq wkh suhvhqfh ri D{lrp 5/ D{lrp 6 dovr lpsolhv wkdw iru

hyhu| Uc a 5 M dqg hyhu| %c + 5 f/ li % "U +/ wkhq wkhuh h{lvwv , 5 Q vxfk

wkdw iru doo & � ,/ % "&Una +1

D7- Glyhuvlw|= Iru hyhu| olvw E%c +c 5c �� ri glvwlqfw hohphqwv ri f wkhuh

h{lvwv U 5 M vxfk wkdw % "U + "U 5 "U �1 Li mfm 	 e/ wkhq iru dq| vwulfw

rughulqj ri wkh hohphqwv ri f wkhuh h{lvwv U 5 M vxfk wkdw "U lv wkdw rughulqj1

Wkhruhp 5= Ohw wkhuh eh jlyhq f/ W/ dqg i(UjUMM dv deryh1 Wkhq wkh

iroorzlqj wzr vwdwhphqwv duh htxlydohqw=
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+l, i(UjUMM vdwlvi| D4-0D7->

+ll, Wkhuh lv d glyhuvl�hg pdwul{ � G f � W $ U vxfk wkdw=

E���
;?
=

iru hyhu| U 5 M dqg hyhu| %c + 5 f/

% (U + �g
S

|MW UE|��E%c |� �
S

|MW UE|��E+c |� /

Ixuwkhupruh/ lq wklv fdvh wkh pdwul{ � lv xqltxh lq wkh iroorzlqj vhqvh= �

dqg � erwk vdwlvi| E��� l� wkhuh duh d vfdodu b : f dqg d pdwul{ q Gf�W $ U

zlwk lghqwlfdo urzv +l1h1/ zlwk frqvwdqw froxpqv, vxfk wkdw � ' b� n q 1

Wkhruhp 5 lv uhplqlvfhqw ri wkh pdlq uhvxow lq Jloerd dqg Vfkphlgohu

+4<<:,1 Lq wkdw zrun/ fdvhv duh dvvxphg wr lqyroyh qxphulfdo sd|r�v/ dqg

dojheudlf dqg wrsrorjlfdo d{lrpv duh irupxodwhg lq wkh sd|r� vsdfh1 Khuh/

e| frqwudvw/ fdvhv duh qrw dvvxphg wr kdyh dq| vwuxfwxuh/ dqg wkh dojheudlf

dqg wrsrorjlfdo vwuxfwxuhv duh jlyhq e| wkh qxpehu ri uhshwlwlrqv1 Wklv idfw

lqwurgxfhv wzr pdlq gl!fxowlhv1 Iluvw/ wkh vsdfh ri �frqwh{wv� iru zklfk

suhihuhqfhv duh gh�qhg lv qrw d Hxfolghdq vsdfh/ exw rqo| lqwhjhu srlqwv

wkhuhri1 Wklv uhtxluhv vrph fduh zlwk wkh dssolfdwlrq ri vhsdudwlrq wkhruhpv1

Vhfrqg/ uhshwlwlrqv fdq rqo| eh qrq0qhjdwlyh1 Wklv idfw lqwurgxfhv vhyhudo

frpsolfdwlrqv/ dqg/ lq sduwlfxodu/ fkdqjhv wkh dojheudlf lpsolfdwlrq ri wkh

glyhuvlw| frqglwlrq1

Ehiruh surfhhglqj zlwk wkh surri/ zh �qg lw xvhixo wr suhvhqw d frqglwlrq

wkdw lv htxlydohqw wr glyhuvl�fdwlrq ri d pdwul{1 Zh zloo xvh lw erwk iru wkh

pdwul{ � G f � W $ U ri Wkhruhp 5 dqg wkh pdwul{ � G f � F $ U ri

Wkhruhp 41 Zh wkhuhiruh vwdwh lw iru dq devwudfw vhw ri froxpqv=

Dx{loldu| Sursrvlwlrq= Ohw t eh d vhw� Dvvxph �uvw mfm � e1 D pdwul{

� G f � t $ - lv glyhuvl�hg l� iru hyhu| olvw E%c +c 5c �� ri glvwlqfw hohphqwv

ri f/ wkh frqyh{ kxoo ri gl�huhqfhv ri wkh urz0yhfwruv E�E%c �� � �E+c ���c
E�E+c �� � �E5c ���c dqg E�E5c �� � �E�c ��� grhv qrw lqwhuvhfw Ut

31 Vlplodu

htxlydohqfh krogv iru wkh fdvh mfm 	 e1
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Surri = Zh suryh wkh ohppd iru wkh fdvh mfm � e1 Wkh surri iru mfm 	 e lv

vlplodu1 Dvvxph �uvw wkdw d pdwul{ � lv glyhuvl�hg1 Dvvxph wkdw wkh frqfox0

vlrq grhv qrw krog1 Khqfh/ wkhuh duh glvwlqfw %c +c 5c � 5 f dqg kc qc � � f

zlwk k n q n � ' � vxfk wkdw

kE�E%c ��� �E+c ��� n qE�E+c ��� �E5c ��� n �E�E5c ��� �E�c ��� � f1

Li k : f/ wkhq

�E%c �� � k3q
k

�E+c �� n q3�
k

�E5c �� n �

k
�E�c ��

zklfk phdqv wkdw �E%c �� lv grplqdwhg e| dq d!qh frpelqdwlrq ri i�E+c ��c �E5c ��c �E�c ��j/
lq frqwudglfwlrq wr wkh idfw wkdw � lv glyhuvl�hg1 Li k ' f/ wkhq/ e| d vlplodu

dujxphqw/ li q : f/ wkhq �E+c �� lv grplqdwhg e| dq d!qh frpelqdwlrq ri

i�E5c ��c �E�c ��j1 Ilqdoo|/ li k ' q ' f/ wkhq �E5c �� lv grplqdwhg e| �E�c ��1
Iru wkh frqyhuvh gluhfwlrq/ dvvxph wkdw wkh frqyh{ kxoo ri iE�E%c �� �

�E+c ���c E�E+c ����E5c ���c E�E5c ����E�c ���j +ryhu doo olvwv E%c +c 5c �� ri glvwlqfw
hohphqwv lq f, grhv qrw lqwhuvhfw Ut

3 exw wkdw/ frqwudu| wr glyhuvlw| ri �/

wkhuh duh glvwlqfw %c +c 5c � 5 f dqg bc >c w 5 U zlwk bn >n w ' � vxfk wkdw

En� �E%c �� � b�E+c �� n >�E5c �� n w�E�c ��1
Vlqfh b n > n w ' �/ dw ohdvw rqh ri bc >c w lv qrq0qhjdwlyh1 Dvvxph/

z1o1r1j1/ wkdw w � f1 Khqfh bn > ' �� w � �1 Wklv phdqv wkdw dw ohdvw rqh

ri bc > fdqqrw h{fhhg �1 Dvvxph/ z1o1r1j1/ wkdw b � �1 Lqhtxdolw| En� fdq eh

zulwwhq dv

�E%c ��� b�E+c ��� >�E5c ��� w�E�c �� � f

ru/ htxlydohqwo|/

E�E%c ��� �E+c ���n E��b�E�E+c ��� �E5c ���n E��b�>�E�E5c ��� �E�c ��� � f1

Vlqfh � � b � f dqg � � b � > ' w � f/ glylglqj e| wkh vxp ri wkh

frh!flhqwv |lhogv d frqwudglfwlrq wr wkh frqyh{ kxoo frqglwlrq1�
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Surri ri Wkhruhp 5= Zh suhvhqw wkh surri iru wkh fdvh mfm � e1 Wkh

surriv iru wkh fdvhv mfm ' 2 dqg mfm ' � zloo eh ghvfulehg dv e|0surgxfwv

dorqj wkh zd|1

Zh vwduw e| surylqj wkdw +l, lpsolhv +ll,1 Zh �uvw qrwh wkdw wkh iroorzlqj

krprjhqhlw| surshuw| krogv=

Fodlp 4 Iru hyhu| U 5 ]Wn dqg hyhu| & 5 Q/ (U'(&U1

Surri= Iroorzv iurp frqvhfxwlyh dssolfdwlrq ri wkh frpelqdwlrq d{lrp1 �
Lq ylhz ri wklv fodlp/ zh h{whqg wkh gh�qlwlrq ri (U wr ixqfwlrqv U zkrvh

ydoxhv duh qrq0qhjdwlyh udwlrqdov1 Jlyhq U 5 TW
n/ ohw & 5 Q eh vxfk wkdw

&U 5 ]Wn dqg gh�qh (U' (1 (U lv zhoo0gh�qhg lq ylhz ri Fodlp 41 E| wkh

gh�qlwlrq dqg Fodlp 4 zh dovr kdyh=

Fodlp 5 +Krprjhqhlw|, Iru hyhu| U 5 TW
n dqg hyhu| ^ 5 T / ^ : f G

(^U' (U �

Fodlp 5/ D4-/ dqg D5- lpso|=

Fodlp 6 +Wkh rughu d{lrp, Iru hyhu| U 5 TW
n / (U lv frpsohwh dqg wudq0

vlwlyh rq f/ dqg +wkh frpelqdwlrq d{lrp, iru hyhu| Uc a 5 TW
n dqg hyhu|

%c + 5 f dqg Rc ^ 5 T / Rc ^ : f= li % (U + E% "U +� dqg % (a +/ wkhq

% (RUn^a + E% "RUn^a +� 1

Wzr vshfldo fdvhv ri wkh frpelqdwlrq d{lrp duh ri lqwhuhvw= +l, R ' ^ ' �c

dqg +ll, Rn ^ ' �� Fodlpv 5 dqg 6/ dqg wkh Dufklphghdq d{lrp/ D6-/ lpso|

wkh iroorzlqj yhuvlrq ri wkh d{lrp iru wkh TW
n fdvh=

Fodlp 7 +Wkh Dufklphghdq d{lrp, Iru hyhu| Uc a 5 TW
n dqg hyhu| %c + 5

f/ li % "U +/ wkhq wkhuh h{lvwv o 5 dfc �� _T vxfk wkdw % "oUnE�3o�a +1

Lw lv hdv| wr frqfoxgh iurp Fodlp 6 dqg 7 wkdw iru hyhu| Uc a 5 TW
n

dqg hyhu| %c + 5 f/ li % "U +/ wkhq wkhuh h{lvwv o 5 dfc �� _ T vxfk wkdw

% "RUnE�3R�a + iru hyhu| R 5 Eoc �� _T1
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Wkh iroorzlqj qrwdwlrq zloo eh frqyhqlhqw iru vwdwlqj wkh �uvw ohppd1 Iru

hyhu| %c + 5 f ohw

�%+ � iU 5 TW
n m % "U +j dqg

�%+ � iU 5 TW
n m % (U +j�

Revhuyh wkdw e| gh�qlwlrq dqg D4-= �%+ � �%+c �%+ _ �+% ' >c dqg
�%+ ^ �+% ' TW

n1 Wkh �uvw pdlq vwhs lq wkh surri ri wkh wkhruhp lv=

Ohppd 4 Iru hyhu| glvwlqfw %c + 5 f wkhuh lv d yhfwru �%+ 5 UW vxfk wkdw/

+l, �%+ ' iU 5 'W
n m �%+ � U � fj>

+ll, �%+ ' iU 5 'W
n m �%+ � U : fj>

+lll, �+% ' iU 5 'W
n m �%+ � U � fj>

+ly, �+% ' iU 5 'W
n m �%+ � U 	 fj>

+y, Qhlwkhu �%+ � f qru �%+ � f>

+yl, ��%+ ' �+%1

Pruhryhu/ wkh yhfwru �%+ vdwlvi|lqj +l,0+ly,/ lv xqltxh xs wr pxowlsolfdwlrq e|

d srvlwlyh qxpehu1

Wkh ohppd vwdwhv wkdw zh fdq dvvrfldwh zlwk hyhu| sdlu ri glvwlqfw hyhq0

wxdolwlhv %c + 5 f d vhsdudwlqj k|shusodqh gh�qhg e| �%+ � 1 ' f +1 5 UW,/

vxfk wkdw % (U + l� U lv lq wkh kdoi vsdfh gh�qhg e| �%+ � U � f1 Revhuyh wkdw

li wkhuh duh rqo| wzr dowhuqdwlyhv/ Ohppd 4 frpsohwhv wkh surri ri vx!flhqf|=

iru lqvwdqfh/ rqh pd| vhw �% ' �%+ dqg �+ ' f1 Lw wkhq iroorzv wkdw % (U + l�

�%+ �U � f/ l1h1/ l� �% �U � �+ �U1 Pruh jhqhudoo|/ zh zloo vkrz lq wkh iroorzlqj

ohppdwd wkdw rqh fdq �qg d yhfwru �% iru hyhu| dowhuqdwlyh %/ vxfk wkdw/ iru

hyhu| %c + 5 f/ �%+ lv d srvlwlyh pxowlsoh ri E�% � �+�1

Ehiruh vwduwlqj wkh surri zh lqwurgxfh dgglwlrqdo qrwdwlrq= ohw e�%+ dqge�%+ ghqrwh wkh frqyh{ kxoov +lq UW, ri �%+ dqg �%+/ uhvshfwlyho|1 Iru d

vxevhw � ri UW ohw �?|E�� ghqrwh wkh vhw ri lqwhulru srlqwv ri ��

Surri ri Ohppd 4= Zh euhdn wkh surri lqwr vhyhudo fodlpv1
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Fodlp 8 Iru hyhu| glvwlqfw %c + 5 f/ �%+ _ �?|E e�%+� 9' > 1

Surri= E| wkh glyhuvlw| d{lrp �%+ 9' > iru doo %c + 5 fc % 9' +� Ohw U 5
�%+ _ ]Wn dqg ohw a 5 ]Wn zlwk aE|� : � iru doo | 5 W� E| wkh Dufklphghdq

d{lrp wkhuh lv dq , 5 Q vxfk wkdw g ' ,U n a 5 �%+� Ohw E1��2
�W�

�'� eh wkh

2�W� glvwlqfw yhfwruv lq UW zlwk frruglqdwhv � dqg ��� Iru �c E� ' �c ���c 2�W��c

gh�qh #� ' g n 1�1 Reylrxvo|/ #� 5 TW
n iru doo �1 E| Fodlp 7 wkhuh lv dq

o� 5 dfc �� _ T vxfk wkdw �� ' o�g n E� � o��#� 5 �%+ +iru doo �,1 Fohduo|/

wkh frqyh{ kxoo ri i �� m � ' �c ���c 2�W�j/ zklfk lv lqfoxghg lq e�%+/ frqwdlqv dq

rshq qhljkerukrrg ri g� �

Fodlp 9 Iru hyhu| glvwlqfw %c + 5 f/ e�+% _ �?|E e�%+� ' > 1

Surri= Vxssrvh/ e| zd| ri qhjdwlrq/ wkdw iru vrph 1 5 �?|E e�%+� wkhuh duh

E#��
&
�'� dqg Eb��

&
�'�/ & 5 Q vxfk wkdw iru doo �c #� 5 �+%c b� 5 dfc �oc P&

�'�b� ' �/

dqg 1 ' P&
�'�b�#�� Vlqfh 1 5 �?|E e�%+�c wkhuh lv d edoo ri udglxv 0 : f durxqg 1

lqfoxghg lq e�%+1 Ohw B ' 0*E2P&
�'�mm#�mm� dqg iru hdfk � ohw ^� 5 T_ dfc �o vxfk

wkdw m^�� b�m 	 B / dqg P&
�'�^� ' �1 Khqfh/ # ' P&

�'�^�#� 5 TW
n dqg mm#�1mm 	 0/

zklfk/ lq wxuq/ lpsolhv # 5 e�%+ _TW
n1 Vlqfh iru doo � G #� 5 �+%/ frqvhfxwlyh

dssolfdwlrq ri wkh frpelqdwlrq d{lrp +Fodlp 6, |lhogv # ' P&
�'�^�#� 5 �+%1

Rq wkh rwkhu kdqg/ # lv d frqyh{ frpelqdwlrq ri srlqwv lq �%+ � TW
n dqg wkxv

lw kdv d uhsuhvhqwdwlrq zlwk udwlrqdo frh!flhqwv +ehfdxvh wkh udwlrqdov duh

dq dojheudlf �hog,1 Dsso|lqj Fodlpv 6 frqvhfxwlyho| dv deryh/ zh frqfoxgh

wkdw # 5 �%+ � d frqwudglfwlrq1�
Wkh pdlq vwhs lq wkh surri ri Ohppd 4= Wkh odvw wzr fodlpv lpso| wkdw
+iru doo %c + 5 fc % 9' +, e�%+ dqg e�+% vdwlvi| wkh frqglwlrqv ri d vhsdudwlqj

k|shusodqh wkhruhp1 +Qdpho|/ wkhvh duh frqyh{ vhwv/ zkhuh wkh lqwhulru ri

rqh ri wkhp lv qrq0hpsw| dqg grhv qrw lqwhuvhfw wkh rwkhu vhw1, Vr wkhuh lv

d yhfwru �%+ 9' f dqg d qxpehu S vr wkdw

�%+ � U � S iru hyhu| U 5 e�%+

�%+ � U � S iru hyhu| U 5 e�+% �
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Pruhryhu/

�%+ � U : S iru hyhu| U 5 �?|E e�%+�

�%+ � U 	 S iru hyhu| U 5 �?|E e�+%� �

E| krprjhqhlw| +Fodlp 5,/ S ' f1 Sduwv +l,0+ly, ri wkh ohppd duh

uhvwdwhg dv d fodlp dqg suryhg ehorz1

Fodlp : Iru doo %c + 5 fc % 9' += �%+ ' iU 5 TW
n m �%+ � U � fj> �%+ ' iU 5

TW
n m �%+ �U : fj> �+% ' iU 5 'W

n m �%+ �U � fj> dqg �+% ' iU 5 TW
n m �%+ �U 	

fj1
Surri= +d, �%+ � iU 5 TW

n m �%+ � U � fj iroorzv iurp wkh vhsdudwlrq uhvxow

dqg wkh idfw wkdw 5 ' f1

+e, �%+ � iU 5 TW
n m �%+ � U : fj= dvvxph wkdw % "U +/ dqg/ e| zd| ri

qhjdwlrq/ �%+ � U � f1 Fkrrvh d a 5 �+%_ �?|E e�+%�1 Vxfk d a h{lvwv e| Fodlp

81 Vlqfh 5 ' f/ a vdwlv�hv �%+ � a 	 f1 E| Fodlp 7 wkhuh h{lvwv o 5 dfc �� vxfk

wkdw oUnE��o�a 5 �%+ � �%+1 E| +d,/ �%+ �EoUnE��o�a� � f1 Exw �%+ �U � f

dqg �%+ � a 	 f/ d frqwudglfwlrq1 Wkhuhiruh/ �%+ � iU 5 TW
n m �%+ � U : fj1

+f, �+% � iU 5 TW
n m �%+ �U 	 fj= dvvxph wkdw + "U % dqg/ e| zd| ri qhjd0

wlrq/ �%+ �U � f1 E| Fodlp 8 wkhuh lv d a 5 �%+ zlwk a 5 �?|E e�%+� � �?|E e�%+�1

Wkh lqfoxvlrq a 5 �?|E e�%+� lpsolhv �%+ � a : f1 Xvlqj wkh Dufklphghdq d{0

lrp/ wkhuh lv dq o 5 dfc �� vxfk wkdw oU n E� � o�a 5 �+%1 Wkh vhsdudwlrq

wkhruhp lpsolhv wkdw �%+ �EoUnE��o�a� � f/ zklfk lv lpsrvvleoh li �%+ �U � f

dqg �%+ �a : f1 Wklv frqwudglfwlrq suryhv wkdw �+% � iU 5 TW
n m �%+ � U 	 fj1

+g, �+% � iU 5 'W
n m �%+ � U � fj= dvvxph wkdw + (U %/ dqg/ e| zd|

ri qhjdwlrq/ �%+ � U : f1 Ohw a vdwlvi| + "a %1 E| +f,/ �%+ � a 	 f1 Gh�qh

o ' E�%+ �U�*E��%+ �a� : f1 E| krprjhqhlw| +Fodlp 5,/ + "oa %1 E| Fodlp 6/

U n oa 5 �+%1 Khqfh/ e| +f,/ �%+ � EU n oa� 	 f� Krzhyhu/ gluhfw frpsxwdwlrq

|lhogv �%+ � EU n oa� ' �%+ � U n o�%+ � a ' f/ d frqwudglfwlrq1 Lw iroorzv wkdw

�+% � iU 5 'W
n m �%+ � U � fj1

+h, �%+ � iU 5 TW
n m �%+ � U � fj= iroorzv iurp frpsohwhqhvv dqg +f,1
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+i, �%+ � iU 5 TW
n m �%+ � U : fj= iroorzv iurp frpsohwhqhvv dqg +g,1

+j, �+% � iU 5 TW
n m �%+ � U 	 fj= iroorzv iurp frpsohwhqhvv dqg +d,1

+k, �+% � iU 5 TW
n m �%+ � U � fj= iroorzv iurp frpsohwhqhvv dqg +e,1 �

Frpsohwlrq ri wkh surri ri wkh Ohppd1

Sduw +y, ri wkh Ohppd/ l1h1/ �%+ *5 UWn ^ UW3 iru % 9' +c iroorzv iurp

wkh idfwv wkdw �%+ 9' B dqg �+% 9' B1 Ehiruh surylqj sduw +yl,/ zh suryh

xqltxhqhvv1
Dvvxph wkdw erwk �%+ dqg �%+ vdwlvi| +l,0+ly,1 Lq wklv fdvh/ �%+ � 1 � f

lpsolhv �%+ � 1 � f iru doo 1 5 UWn1 +Rwkhuzlvh/ wkhuh h{lvwv U 5 TW
n zlwk

�%+ � U � f exw �%+ � U : f/ frqwudglfwlqj wkh idfw wkdw erwk �%+ dqg �%+

vdwlvi| +l,0+ly,1, Vlploduo|/ �%+ � 1 � f lpsolhv �%+ � 1 � f1 Dsso|lqj wkh

vdph dujxphqw iru �%+ dqg �%+/ zh frqfoxgh wkdw i1 5 UWn m �%+ � 1 ' fj '

i1 5 UWn m �%+ � 1 ' fj1 Pruhryhu/ vlqfh �?|E e�%+� 9' B dqg �?|E e�+%� 9' B/

lw iroorzv wkdw i1 5 UWn m �%+ � 1 ' fj _ �?|EUWn� 9' B1 Wklv lpsolhv wkdw

i1 5 UW m �%+ � 1 ' fj ' i1 5 UW m �%+ � 1 ' fj/ l1h1/ wkdw �%+ dqg �%+ kdyh

wkh vdph qxoo vhw dqg duh wkhuhiruh d pxowlsoh ri hdfk rwkhu1 Wkdw lv/ wkhuh

h{lvwv k vxfk wkdw �%+ ' k�%+1 Vlqfh erwk vdwlvi| +l,0+ly,/ k : f1

Ilqdoo|/ zh suryh sduw +yl,1 Revhuyh wkdw erwk �%+ dqg ��+% vdwlvi| +l,0

+ly, +vwdwhg iru wkh rughuhg sdlu E%c +�,1 E| wkh xqltxhqhvv uhvxow/ ��%+ '

k�+% iru vrph srvlwlyh qxpehu k1 Dw wklv vwdjh zh uhgh�qh wkh yhfwruv

i�%+j%c+Mf iurp wkh vhsdudwlrq uhvxow dv iroorzv= iru hyhu| xqrughuhg sdlu

i%c +j � f rqh ri wkh wzr rughuhg sdluv/ vd| E+c %�c lv duelwudu| fkrvhq dqg

wkhq �%+ lv uhvfdohg vxfk wkdw �%+ ' ��+%1 +Li f lv xqfrxqwdeoh wkh d{lrp ri

fkrlfh kdv wr eh xvhg1,�

Ohppd 5 Iru hyhu| wkuhh glvwlqfw hyhqwxdolwlhv/ %c +c 5 5 f/ dqg wkh fruuh0

vsrqglqj yhfwruv �%+c �+5c �%5 iurp Ohppd 4/ wkhuh duh xqltxh kc q : f vxfk

wkdw=

k�%+ n q�+5 ' �%5 �
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Wkh nh| dujxphqw lq wkh surri ri Ohppd 5 lv wkdw/ li �%5 lv qrw d olqhdu

frpelqdwlrq ri �%+ dqg �+5/ rqh pd| �qg d yhfwru U iru zklfk "U lv f|folfdo1

Li wkhuh duh rqo| wkuhh dowhuqdwlyhv %c +c 5 5 f/ Ohppd 5 doorzv xv wr

frpsohwh wkh surri dv iroorzv= fkrrvh dq duelwudu| yhfwru �%5 wkdw vhsdudwhv

ehwzhhq % dqg 51 Wkhq fkrrvh wkh pxowlsohv ri �%+ dqg ri �+5 gh�qhg e| wkh

ohppd1 Surfhhg wr gh�qh �% ' �%5/ �+ ' q�+5/ dqg �5 ' f1 E| frqvwuxfwlrq/

E�%��5� lv +htxdo dqg wkhuhiruh, sursruwlrqdo wr �%5/ khqfh % (U 5 l� �% �U �
�5 � U1 Dovr/ E�+ � �5� lv sursruwlrqdo wr �+5 dqg lw iroorzv wkdw + (U 5 l�

�+ � U � �5 � U1 Wkh srlqw lv/ krzhyhu/ wkdw/ e| Ohppd 5/ zh rewdlq wkh

vdph uhvxow iru wkh odvw sdlu= E�% � �+� ' E�%5 � q�+5� ' k�%+ dqg % (U + l�

�% � U � �+ � U iroorzv1

Surri ri Ohppd 5=

Iluvw qrwh wkdw iru hyhu| wkuhh glvwlqfw hyhqwxdolwlhv/ %c +c 5 5 f/ li �%+

dqg �+5 duh frolqhdu/ wkhq iru doo U hlwkhu % "U + / + "U 5 ru % "U + /
5 "U +1 Erwk lpsolfdwlrqv frqwudglfw glyhuvlw|1 Wkhuhiruh dq| wzr yhf0

wruv lq i�%+c �+5c �%5j duh olqhduo| lqghshqghqw1 Wklv lpphgldwho| lpsolhv wkh
xqltxhqhvv fodlp ri wkh ohppd1 Qh{w zh lqwurgxfh

Fodlp ; Iru hyhu| glvwlqfw %c +c 5 5 f/ dqg hyhu| bc > 5 U/ li b�%+n>�+5 �
f/ wkhq b ' > ' f1

Surri= Revhuyh wkdw Ohppd 4+y, lpsolhv wkdw li rqh ri wkh qxpehuv bc

dqg > lv }hur/ vr lv wkh rwkhu1 Qh{w/ vxssrvh/ shu devxugxp/ wkdw b> 9' f/dqg

frqvlghu b�%+ � >�5+1 Li/ vd|/ bc > : f/ wkhq �%+ �U � f qhfhvvlwdwhv �5+ �U � f1

Khqfh wkhuh lv qr U iru zklfk % "U + "U 5/ lq frqwudglfwlrq wr wkh glyhuvlw|

d{lrp1 Vlploduo|/ b : f : > suhfoxghv % "U 5 "U +> > : f : b suhfoxghv

+ "U % "U 5> dqg bc > 	 f lpsolhv wkdw iru qr U 5 TW
n lv lw wkh fdvh wkdw

5 "U + "U %1 Khqfh wkh glyhuvlw| d{lrpv krogv rqo| li b ' > ' f1 �
Zh qrz wxuq wr wkh pdlq sduw ri wkh surri1 Vxssrvh wkdw �%+c �+5c dqg

�5% duh froxpq yhfwruv dqg frqvlghu wkh mWm � � pdwul{ E�%+c �+5c �5%� dv d

50shuvrq 30vxp jdph1 Li lwv ydoxh lv srvlwlyh/ wkhq wkhuh lv dq 1 5 {EW� vxfk
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wkdw �%+ � 1 : f/ �+5 � 1 : f/ dqg �5% � 1 : f1 Khqfh wkhuh lv dq U 5 TW
n _{EW�

wkdw vdwlv�hv wkh vdph lqhtxdolwlhv1 Wklv/ lq wxuq/ lpsolhv wkdw % "U +/ + "U 5/

dqg 5 "U % 0 d frqwudglfwlrq1

Wkhuhiruh wkh ydoxh ri wkh jdph lv }hur ru qhjdwlyh1 Lq wklv fdvh wkhuh duh

bc >c l � f/ vxfk wkdw b�%+ n >�+5 n l�5% � f dqg b n > n l ' �� Wkh fodlp

deryh lpsolhv wkdw li rqh ri wkh qxpehuv bc > dqg l lv }hur/ vr duh wkh rwkhu

wzr1 Wkxv bc >c l : f� Zh wkhuhiruh frqfoxgh wkdw wkhuh duh k ' b*l : f

dqg q ' >*l : f vxfk wkdw

E�� k�%+ n q�+5 � �%5

Dsso|lqj wkh vdph uhdvrqlqj wr wkh wulsoh 5c +/ dqg %/ zh frqfoxgh wkdw

wkhuh duh �c B : f vxfk wkdw

E2� ��5+ n B�+% � �5%1

Vxppdwlrq |lhogv

E�� Ek� B��%+ n Eq � ���+5 � f1

Fodlp ; dssolhg wr lqhtxdolw| E�� lpsolhv k ' B dqg q ' �1 Khqfh

lqhtxdolw| E2� pd| eh uhzulwwhq dv k�%+ n q�+5 � �%5/ zklfk wrjhwkhu zlwk

E�� |lhogv wkh ghvluhg uhsuhvhqwdwlrq1�
Ohppd 5 vkrzv wkdw/ li wkhuh duh pruh wkdq wkuhh dowhuqdwlyhv/ wkh olnh0

olkrrg udqnlqj ri hyhu| wulsoh ri dowhuqdwlyhv fdq eh uhsuhvhqwhg dv lq wkh

wkhruhp1 Wkh txhvwlrq wkdw uhpdlqv lv zkhwkhu wkhvh vhsdudwh uhsuhvhqwd0

wlrqv +iru gl�huhqw wulsohv, fdq eh �sdwfkhg� wrjhwkhu lq d frqvlvwhqw zd|1

Ohppd 6 Wkhuh duh yhfwruv i�%+j%c+Mfc%�'+/ dv lq Ohppd 4/ vxfk wkdw iru

dq| wkuhh glvwlqfw dfwv/ %c +c 5 5 f/ wkh Mdfrel lghqwlw| �%+ n �+5 ' �%5 krogv1
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Surri = Wkh surri lv e| lqgxfwlrq/ zklfk lv wudqv�qlwh lif lv xqfrxqwdeo|

lq�qlwh1 Wkh pdlq lghd ri wkh surri lv wkh iroorzlqj1 Dvvxph wkdw rqh kdv

uhvfdohg wkh yhfwruv �%+ iru doo dowhuqdwlyhv %c + lq vrph vxevhw ri dfwv � � f/

dqg rqh qrz zlvkhv wr dgg dqrwkhu dfw wr wklv vxevhw/ � 9 5�1 Fkrrvh % 5 �

dqg frqvlghu wkh yhfwruv �%�c �+� iru %c + 5 �1 E| Ohppd 5/ wkhuh duh xqltxh

srvlwlyh frh!flhqwv kc q vxfk wkdw �%+ ' k�%� n q��+ 1 Rqh zrxog olnh wr

vkrz wkdw wkh frh!flhqw k ' k+ grhv qrw ghshqg rq wkh fkrlfh ri + 5 �1

Zh zloo vkrz wkdw/ li k+ glg ghshqg rq +/ rqh zrxog �qg wkdw wkhuh duh

%c +c 5 5 � vxfk wkdw wkh yhfwruv �%�c �+�c �5� duh olqhduo| ghshqghqw/ dqg

wklv zrxog frqwudglfw wkh glyhuvlw| d{lrp1

Fodlp < Ohw � � f/ m�m � �/ � 5 fq�1 Vxssrvh wkdw wkhuh duh yhfwruv

i�%+j%c+M�c%�'+/ dv lq Ohppd 4/ dqg iru dq| wkuhh glvwlqfw dfwv/ %c +c 5 5 f/

�%+n�+5 ' �%5 krogv1 Wkhq wkhuh duh yhfwruv i�%+j%c+M��t��c%�'+/ dv lq Ohppd

4/ dqg iru dq| wkuhh glvwlqfw dfwv/ %c +c 5 5 f/ �%+ n �+5 ' �%5 krogv1

Surri = Fkrrvh glvwlqfw %c +c 5 5 �1 Ohw 	�%�/	�+�/ dqg 	�5� eh wkh yhfwruv

surylghg e| Ohppd 4 zkhq dssolhg wr wkh sdluv E%c ��/ E+c ��/ dqg E5c ��/

uhvshfwlyho|1 Frqvlghu wkh wulsoh i%c +c �j1 E| Ohppd 5 wkhuh duh xqltxh

frh!flhqwv bEi%c �jc +�c bEi+c�jc %� : f vxfk wkdw

+L, �%+ ' bEi%c �jc +�	�%� n bEi+c �jc %�	��+

Dsso|lqj wkh vdph uhdvrqlqj wr wkh wulsoh i%c 5c �j/ zh �qg wkdw wkhuh

duh xqltxh frh!flhqwv bEi%c �jc 5�c bEi5c �jc %� : f vxfk wkdw

�%5 ' bEi%c�jc 5�	�%� n bEi5c �jc %�	��51

ru

+LL, �5% ' bEi%c �jc 5�	��% n bEi5c �jc %�	�5�1
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Zh zlvk wr vkrz wkdw bEi%c�jc +� ' bEi%c �jc 5�1 Wr vhh wklv/ zh frq0

vlghu dovr wkh wulsoh i+c 5c �j dqg frqfoxgh wkdw wkhuh duh xqltxh frh!flhqwv

bEi+c�jc 5�c bEi5c �jc +� : f vxfk wkdw

+LLL, �+5 ' bEi+c �jc 5�	�+� n bEi5c �jc +�	��51

Vlqfh %c +c 5 5 �/ zh kdyh

�%+ n �+5 n �5% ' f

dqg lw iroorzv wkdw wkh vxppdwlrq ri wkh uljkw0kdqg vlghv ri +L,/ +LL,/ dqg

+LLL, dovr ydqlvkhv=

dbEi%c �jc +�� bEi%c�jc 5�o	�%� n dbEi+c �jc 5�� bEi+c �jc %�o	�+�n
dbEi5c �jc %�� bEi5c �jc +�o	�5� ' f1

Li vrph ri wkh frh!flhqwv deryh duh qrw }hur/ wkh yhfwruv i	�%�c 	�+�c 	�5�j
duh olqhduo| ghshqghqw/ dqg wklv frqwudglfwv wkh glyhuvlw| d{lrp1 Iru lqvwdqfh/

li 	�%� lv d qrq0qhjdwlyh olqhdu frpelqdwlrq ri 	�+� dqg 	�5�/ iru qr U zloo lw eh

wkh fdvh wkdw + "U 5 "U � "U %1

Zh wkhuhiruh rewdlq bEi%c �jc +� ' bEi%c �jc 5� iru hyhu| +c 5 5 �qi%j1
Khqfh iru hyhu| % 5 � wkhuh h{lvwv d xqltxh bEi%c �j� : f vxfk wkdw/ iru

hyhu| glvwlqfw %c + 5 � �%+ ' bEi%c�j�	�%� n bEi+c�j�	��+1 Gh�qlqj �%� '

bEi%c �j�	�%� frpsohwhv wkh surri ri wkh fodlp1�
Wr frpsohwh wkh surri ri wkh ohppd/ zh dsso| wkh fodlp frqvhfxwlyho|1

Lq fdvh f lv qrw frxqwdeoh/ wkh lqgxfwlrq lv wudqv�qlwh +dqg dvvxphv wkdw f

fdq eh zhoo rughuhg,1�

Qrwh wkdw Ohppd 6/ xqolnh Ohppd 5/ jxdudqwhhv wkh srvvlelolw| wr uhvfdoh

vlpxowdqhrxvo| doo wkh �%+0v iurp Ohppd 4 vxfk wkdw wkh Mdfrel lghqwlw| zloo

krog rq f1
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Zh qrz frpsohwh wkh surri wkdw +l, lpsolhv +ll,1 Fkrrvh dq duelwudu| dfw/

vd|/ } lq f1 Gh�qh �} ' f/ dqg iru dq| rwkhu dowhuqdwlyh/ %/ gh�qh �% ' �%}/

zkhuh wkh �%}0v duh iurp Ohppd 61

Jlyhq U 5 TW
n dqg %c + 5 f zh kdyh=

% (U + / �%+ � U � f / E�%} n �}+� � U � f /
E�%} � �+}� � U � f / �% � U � �+ � U � f / �% � U � �+ � U

Wkh �uvw lpsolfdwlrq iroorzv iurp Ohppd 4+l,/ wkh vhfrqg iurp wkh Mdfrel

lghqwlw| ri Ohppd 6/ wkh wklug iurp Ohppd 4+yl,/ dqg wkh irxuwk iurp wkh

gh�qlwlrq ri wkh �%0v1 Khqfh/ E��� ri wkh wkhruhp kdv ehhq suryhg1

Lw uhpdlqv wr eh vkrzq wkdw wkh yhfwruv gh�qhg deryh duh vxfk wkdw

SJ?�Ei�% � �+c �+ � �5c �5 � ��j� _ UW3 ' >1 Lqghhg/ lq Ohppd 4+y, zh kdyh

vkrzq wkdw �% � �+ *5 UW31 Wr vhh wklv rqh rqo| xvhv wkh glyhuvlw| d{lrp iru

wkh sdlu i%c +j1 Ohppd 5 kdv vkrzq/ dprqj rwkhu wklqjv/ wkdw d qrq0}hur

olqhdu frpelqdwlrq ri �%��+ dqg �+��5 fdqqrw eh lq UW3/ xvlqj wkh glyhuvlw|

d{lrp iru wulsohv1 Olqhdu lqghshqghqfh ri doo wkuhh yhfwruv zdv hvwdeolvkhg

lq Ohppd 61 Krzhyhu/ wkh ixoo lpsolfdwlrq ri wkh glyhuvlw| frqglwlrq zloo eh

fodul�hg e| wkh iroorzlqj ohppd1 Ehlqj d frpsohwh fkdudfwhul}dwlrq/ zh zloo

dovr xvh lw lq surylqj wkh frqyhuvh lpsolfdwlrq/ qdpho|/ wkdw sduw +ll, ri wkh

wkhruhp lpsolhv sduw +l,1 Wkh surri ri wkh ohppd ehorz ghshqgv rq Ohppd

41 Lw wkhuhiruh krogv xqghu wkh dvvxpswlrqv wkdw iru dq| glvwlqfw %c + 5 f

wkhuh lv dq U vxfk wkdw % "U +�

Ohppd 7 Iru hyhu| olvw E%c +c 5c �� ri glvwlqfw hohphqwv ri f/ wkhuh h{lvwv

U 5 M vxfk wkdw

% "U + "U 5 "U � l� SJ?�Ei�%+c �+5c �5�j� _ UW3 ' > �

Surri= Wkhuh h{lvwv U 5 M vxfk wkdw % "U + "U 5 "U � l� wkhuh h{lvwv U 5 M

vxfk wkdw �%+ � Uc �+5 � Uc �5� � U : f1 Wklv lv wuxh l� wkhuh h{lvwv d suredelolw|

yhfwru R 5 {EW� vxfk wkdw �%+ � Rc �+5 � Rc �5� � R : f1
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Vxssrvh wkdw �%+c �+5c dqg �5� duh froxpq yhfwruv dqg frqvlghu wkh mWm��

pdwul{ E�%+c �+5c �5�� dv d 50shuvrq 30vxp jdph1 Wkh dujxphqw deryh lpsolhv

wkdw wkhuh h{lvwv U 5 M vxfk wkdw % "U + "U 5 "U � l� wkh pd{lplq lq wklv

jdph lv srvlwlyh1 Wklv lv htxlydohqw wr wkh plqlpd{ ehlqj srvlwlyh/ zklfk

phdqv wkdw iru hyhu| pl{hg vwudwhj| ri sod|hu 5 wkhuh h{lvwv | 5 W wkdw

jxdudqwhhv sod|hu 4 d srvlwlyh sd|r�1 Lq rwkhu zrugv/ wkhuh h{lvwv U 5 M vxfk

wkdw % "U + "U 5 "U � l� iru hyhu| frqyh{ frpelqdwlrq ri i�%+c �+5c �5�j dw

ohdvw rqh hqwu| lv srvlwlyh/ l1h1/ SJ?�Ei�%+c �+5c �5�j� _ UW3 ' >1 �
Wklv frpsohwhv wkh surri wkdw +l, lpsolhv +ll,1 �

Sduw 5= +ll, lpsolhv +l,
Lw lv vwudljkwiruzdug wr yhuli| wkdw li i(Uj�MTW

n
duh uhsuhvhqwdeoh e| i�%j%Mf

dv lq E���/ wkh| kdyh wr vdwlvi| D{lrpv 4061 Wr vkrz wkdw D{lrp 7 krogv/ zh

txrwh Ohppd 7 ri wkh suhylrxv sduw1 �
Sduw 6= Xqltxhqhvv

Lw lv reylrxv wkdw li �% ' k�%n q iru vrph vfdodu k : f/ d yhfwru q 5 UW/

dqg doo % 5 f/ wkhq sduw +ll, ri wkh wkhruhp krogv zlwk wkh pdwul{ � uhsodflqj

��

Vxssrvh wkdw i�%j%Mf dqg i�%j%Mf erwk vdwlvi| E���/ dqg zh zlvk wr

vkrz wkdw wkhuh duh d vfdodu k : f dqg d yhfwru q 5 UW vxfk wkdw iru doo

% 5 f/ �% ' k�% n q1 Uhfdoo wkdw/ iru % 9' +/ �% 9' b�+ dqg �% 9' b�+ iru doo

f 9' b 5 U e| D71

Fkrrvh % 9' } +%c } 5 f/ } vdwlv�hv �} ' f,1 Iurp wkh xqltxhqhvv sduw ri

Ohppd 4 wkhuh h{lvwv d xqltxh k : f vxfk wkdw E�%��}� ' kE�%��}� ' k�%1

Gh�qh q ' �}1

Zh qrz zlvk wr vkrz wkdw/ iru dq| + 5 f/ �+ ' k�+ n q1 Lw krogv iru

+ ' } dqg + ' %/ khqfh dvvxph wkdw % 9' + 9' }1 Djdlq/ iurp wkh xqltxhqhvv

sduw ri Ohppd 4 wkhuh duh xqltxh �c B : f vxfk wkdw

E�+ � �%� ' �E�+ � �%�

E�} � �+� ' BE�} � �+� 1
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Vxpplqj xs wkhvh wzr zlwk E�% � �}� ' kE�% � �}�/ zh jhw

f ' kE�% � �}� n �E�+ � �%� n BE�} � �+� ' k�% n �E�+ � �%�� B�+1

Wkxv

Ek� ���% n E� � B��+ ' f 1

Vlqfh �% 9' �} ' f/ �+ 9' �} ' f/ dqg �% 9' b�+ li f 9' b 5 U/ zh

jhw k ' � ' B1 Soxjjlqj k ' � lqwr E�+ � �%� ' �E�+ � �%� suryhv wkdw

�+ ' k�+ n q1 �
Wklv frpsohwhv wkh surri ri Wkhruhp 51 ��
Zh qrz wxuq wr frpsohwh wkh surri ri Vwhs 41 Iluvw zh suryh wkdw +l,

lpsolhv +ll,1 Dvvxph wkdw i?�j� vdwlvi| D40D71 Lw iroorzv wkdw i?UjU
vdwlvi| D4-0D7-1 Wkhuhiruh/ wkhuh lv d uhsuhvhqwdwlrq ri i?UjU e| d pdwul{

� G f � W $ U dv lq E��� ri Wkhruhp 51 Zh dexvh qrwdwlrq dqg h{whqg

� wr vshfl�f fdvhv1 Irupdoo|/ zh gh�qh � G f � F $ U dv iroorzv1 Iru

% 5 f dqg S 5 F/ gh�qh �E%c S� ' �E%c |� iru | 5 W�F* � vxfk wkdw

S 5 |1 Zlwk wklv gh�qlwlrq/ E�� ri Wkhruhp 4 krogv1 Reylrxvo|/ S � _

lpsolhv �E�c S� ' �E�c _�1 Wkh frqyhuvh dovr krogv= li �E�c S� ' �E�c _�/ E��
lpsolhv wkdw S � _1 Ilqdoo|/ revhuyh wkdw/ iru hyhu| glvwlqfw irxu hyhqwxdolwlhv

%c +c 5c � 5 f/ wkh yhfwruv �E%c ��c �E+c ��c �E5c ��c �E�c �� 5 UF duh rewdlqhg

iurp wkh fruuhvsrqglqj yhfwruv lq UW e| uhsolfdwlrq ri froxpqv1 Vlqfh � G

f � W $ U lv glyhuvl�hg/ zh dovr jhw wkdw � G f �F $ U lv glyhuvl�hg1

Zh qrz wxuq wr suryh wkdw +ll, lpsolhv +l,1 Dvvxph wkdw d glyhuvl�hg

pdwul{ � G f � F $ U/ uhvshfwlqj fdvh htxlydohqfh/ lv jlyhq1 Rqh pd| wkhq

gh�qh � G f � W $ U e| �E%c |� ' �E%c S� iru | 5 W ' F* � vxfk wkdw S 5 |/

zklfk lv xqdpeljxrxv ehfdxvh �E�c S� ' �E�c _� zkhqhyhu S � _1 Reylrxvo|/

E��� ri Wkhruhp 5 iroorzv iurp E�� ri Wkhruhp 4/ dqg � G f � W $ U lv

glyhuvl�hg dv zhoo1 Gh�qlqj i?UjU e| wkh pdwul{ � G f�W $ U dqg E���/ zh
�qg wkdw i?UjU vdwlvi| D4-0D7-1 Dovr/ ?�'?U� iru hyhu| � 5 P1 Khqfh

i?�j� vdwlvi| D40D71
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Wr vhh wkdw xqltxhqhvv krogv/ dvvxph wkdw �c � G f �F $ U erwk vdwlvi|

E�� ri Wkhruhp 4/ dqg uhvshfw fdvh htxlydohqfh1 Gh�qh �c � G f � W $ U dv

deryh1 Wkh xqltxhqhvv uhvxow lq Wkhruhp 5 |lhogv wkh ghvluhg uhvxow1 ��

Vwhs 5= Wkh fdvh ri duelwudu| mWm dqg �qlwh mfm1
Zh �uvw suryh wkdw +l, lpsolhv +ll,1 Revhuyh wkdw d uhsuhvhqwdwlrq dv lq +ll,

lv jxdudqwhhg iru hyhu| �qlwh A � W/ surylghg wkdw A lv ulfk hqrxjk wr vdwlvi|

wkh glyhuvlw| d{lrp D71 Zh wkhuhiruh uhvwulfw dwwhqwlrq wr vxfk vhwv A / dqg

vkrz wkdw wkh uhsuhvhqwdwlrqv rewdlqhg iru hdfk ri wkhp fdq eh �sdwfkhg�

wrjhwkhu1

Iru hyhu| rughuhg olvw E%c +c 5c �� 5 f/ fkrrvh � 5 P vxfk wkdw % "�

+ "� 5 "� �1 Vxfk dq � h{lvwv e| D71 Ohw �f eh wkh xqlrq ri doo vhwv �

vr rewdlqhg1 Vlqfh f lv �qlwh/ vr lv �f/ l1h1/ �f 5 P1 Ohw Af eh wkh vhw ri

w|shv +htxlydohqfh fodvvhv, ri fdvhv lq �f1 Fkrrvh } 5 f1 Dsso| Wkhruhp

5 wr rewdlq d uhsuhvhqwdwlrq ri i?UjUMMAf e| �Af G f � Af dqg E��� iru doo
U 5 MAf � ]Af

n / vxfk wkdw �AfE}c �� ' f1 Iru hyhu| �qlwh A � W vxfk wkdw

Af � A / dsso| Wkhruhp 5 djdlq wr rewdlq d uhsuhvhqwdwlrq ri i?UjUMMA e|

�A G f � A dqg E��� iru doo U 5 MA � ]A
n/ vxfk wkdw �A E}c �� ' f dqg vxfk

wkdw �A h{whqgv �Af1 �A lv xqltxho| gh�qhg e| wkhvh frqglwlrqv1 Pruhryhu/

li A � A� _ A2c Af � A / dqg A� dqg A2 duh �qlwh/ wkhq wkh uhvwulfwlrq ri �A�
dqg ri �A2 wr A frlqflgh1 Wkh xqlrq ri i�Aj�A �	" gh�qhv � G f � W $ U

vdwlvi|lqj E��� iru doo U 5 MA iru vrph �qlwh A � W1 Gh�qlqj � rq f � F

dv deryh |lhogv d ixqfwlrq wkdw vdwlv�hv E�� ri Wkhruhp 4 dqg wkdw uhvshfwv

fdvh htxlydohqfh1

Zh qrz wxuq wr suryh wkdw +ll, lpsolhv +l,1 Jlyhq d uhsuhvhqwdwlrq yld

d pdwul{ � G f � F $ U dv lq E��/ lw iroorzv wkdw i?�j� vdwlvi| D4 dqg

D51 D6 dovr krogv vlqfh � uhvshfwv fdvh htxlydohqfh1 Lw uhpdlqv wr vkrz

wkdw wkh deryh/ iru d glyhuvl�hg �/ lpso| D71 Dvvxph qrw1 Wkhq wkhuh duh

glvwlqfw E%c +c 5c �� 5 f vxfk wkdw iru qr �qlwh phpru| � lv lw wkh fdvh wkdw

% "� + "� 5 "� �1 Zh zlvk wr vkrz wkdw wklv frqglwlrq frqwudglfwv wkh

idfw wkdw � lv glyhuvl�hg1
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E| glyhuvl�fdwlrq ri � zh nqrz wkdw

SJ?�iE�E%c ��� �E+c ���c E�E+c ��� �E5c ���c E�E5c ��� �E�c ���j _UF3 ' B1

Wklv lpsolhv wkdw/ iru hyhu| yhfwru Ekc qc �� lq wkh wzr0glphqvlrqdo vlpsoh{

{2/ lw lv qrw wkh fdvh wkdw

kE�E%c ��� �E+c ��� n qE�E+c ��� �E5c ��� n �E�E5c ��� �E�c ��� � f1

Lq rwkhu zrugv/ iru hyhu| Ekc qc �� 5 {2 wkhuh h{lvwv d fdvh S 5 F vxfk

wkdw

kE�E%c S�� �E+c S�� n qE�E+c S�� �E5c S�� n �E�E5c S�� �E�c S�� : f1

Wkxv

i Ekc qc �� 5
{2mkE�E%c S�� �E+c S�� n qE�E+c S�� �E5c S�� n �E�E5c S�� �E�c S�� : fjSMF

lv dq rshq fryhu ri {2 lq wkh uhodwlyh wrsrorj|1 Exw {2 lv frpsdfw lq wklv

wrsrorj|1 Khqfh lw kdv dq rshq vxe0fryhu1 Exw wklv lpsolhv wkdw wkhuh lv d

�qlwh phpru| � 5 P vxfk wkdw/ uhvwulfwlqj � wr f �� /

SJ?�iE�E%c ��� �E+c ���c E�E+c ��� �E5c ���c E�E5c ��� �E�c ���j _U�
3 ' B1

Ohw A eh wkh vhw ri w|shv ri fdvhv dsshdulqj lq � 1 Gh�qh � G f�A $ U

dv deryh1 Lw dovr iroorzv wkdw

SJ?�iE�E%c ��� �E+c ���c E�E+c ��� �E5c ���c E�E5c ��� �E�c ���j _UA
3 ' B1

E| Wkhruhp 5 wklv lpsolhv wkdw wkhuh h{lvwv U 5 MA iru zklfk % "U + "U

5 "U �1 Ohw� � eh d vhw ri fdvhv vxfk wkdw UE|� ' rE� �_|�/ dqg� � � ^|MA |1

Lw iroorzv wkdw % "� � + "� � 5 "� � �/ d frqwudglfwlrq1

Ilqdoo|/ xqltxhqhvv iroorzv iurp wkh xqltxhqhvv uhvxow lq Vwhs 41 ��
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Vwhs 6= Wkh fdvh ri lq�qlwh f/ W1

Zh �uvw suryh wkdw +l, lpsolhv +ll,1 Fkrrvh ec sc }c � 5 f1 Iru �f '

iec sc }c �j wkhuh h{lvwv d glyhuvl�hg ixqfwlrq ��f G �f�F $ U vdwlvi|lqj E��
dqg uhvshfwlqj fdvh htxlydohqfh/ dv zhoo dv ��fEec �� ' f1 Pruhryhu/ doo vxfk

ixqfwlrqv gl�hu rqo| e| d pxowlsolfdwlyh srvlwlyh frqvwdqw1 Il{ vxfk d ixqfwlrq

e��f1 Iru hyhu| �qlwh vhw � � f vxfk wkdw �f � �/ wkhuh h{lvwv d glyhuvl�hg

ixqfwlrq �� G � � F $ U vdwlvi|lqj E�� dqg uhvshfwlqj fdvh htxlydohqfh1

Pruhryhu/ wkhuh h{lvwv d xqltxh �� wkdw h{whqgv e��f1 Ohw xv ghqrwh lw e| e��1
Zh qrz gh�qh � G f � F $ U1 Jlyhq % 5 f/ ohw � eh d �qlwh vhw vxfk

wkdw �f^i%j � �1 Gh�qh �E%c �� ' e��E%c ��1 Wklv gh�qlwlrq lv xqdpeljxrxv/
vlqfh/ iru hyhu| wzr �qlwh vhwv �� dqg �2 vxfk wkdw �f^i%j � ��c �2/ zh kdyh

e���E%c �� ' e�����2E%c �� ' e��2E%c ��1 Wr vhh wkdw � vdwlv�hv E��/ fkrrvh %c + 5 f

dqg frqvlghu � ' �f ^ i%c +j1 Vlqfh �E%c �� ' e��E%c ��/ �E+c �� ' e��E+c �� dqg
e�� vdwlv�hv E�� rq �/ � vdwlv�hv E�� rq f1 Qh{w frqvlghu uhvshfwlqj fdvh

htxlydohqfh/ qdpho|/ wkdw �E�c S� ' �E�c _� l� S � _1 Wkh �li� sduw iroorzv

iurp wkh idfw wkdw/ li S � _/ wkhq iru hyhu| �qlwh �/ e��E�c S� ' e��E�c _�1 Dv

iru wkh �rqo| li� sduw/ lw iroorzv iurp wkh uhsuhvhqwdwlrq e| E�� dv lq Vwhs 41

Ilqdoo|/ wr vhh wkdw � lv glyhuvl�hg/ ohw wkhuh eh jlyhq %c +c 5c � dqg fkrrvh

� ' �f ^ i%c +c 5c �j1 Vlqfh e�� lv glyhuvl�hg/ wkh ghvluhg frqfoxvlrq iroorzv1

Wkh wkdw +ll, lpsolhv +l, lv iroorzv iurp wkh fruuhvsrqglqj surri lq Vwhs 5/

ehfdxvh hdfk ri wkh d{lrpv D40D7 lqyroyhv rqo| �qlwho| pdq| hyhqwxdolwlhv1

Ilqdoo|/ xqltxhqhvv lv suryhq dv lq Vwhs 41 ���

Surri ri Sursrvlwlrq � Lqvx!flhqf| ri D406=
Wr vhh wkdw zlwkrxw wkh glyhuvlw| d{lrp uhsuhvhqwdelolw| lv qrw jxdudqwhhg/

ohw f ' dfc �o2 dqg ohw (u eh wkh oh{lfrjudsklf rughu rq f145 Gh�qh/ iru

hyhu| qrq0hpsw| � 5 P/ (�'(u/ dqg (B' f � f1 Lw lv hdv| wr vhh

wkdw i(�j�MP vdwlvi| D4061 Krzhyhu/ wkhuh fdqqrw eh d uhsuhvhqwdwlrq dv

45D406 gr qrw vx!fh iru wkh h{lvwhqfh ri d uhsuhvhqwdwlrq dv lq +�, hyhq li [ lv �qlwh1 Vhh
Jloerd dqg Vfkphlgohu +4<<:, iru dq h{dpsoh zlwk m[m @ 7/ zklfk fdq eh hdvlo| dgdswhg
wr wkh suhvhqw vhw0xs1
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lq E�� vlqfh iru dq| qrq0hpsw| � / (� lv qrw uhsuhvhqwdeoh e| d uhdo0ydoxhg

ixqfwlrq1�

Surri ri Uhpdun=
Frqvlghu dq h{dpsoh lq zklfk i(�j� udqn hyhqwxdolwlhv e| uhodwlyh iuh0

txhqflhv/ zlwk d wlh0euhdnlqj uxoh wkdw lv uh hfwhg e| vpdoo dgglwlrqv wr wkh

ydoxh ri �1 Wkhvh vpdoo dgglwlrqv/ krzhyhu/ ydu| iurp fdvh wr fdvh dqg wkhlu

vxp frqyhujhv1 Vshfl�fdoo|/ ohw f ' i�c 2c �c ej1 Gh�qh W ' i�c 2c �c ej1 W

zloo lqghhg hqg xs wr eh wkh vhw ri w|shv ri fdvhv/ dv zloo ehfrph fohdu rqfh

zh gh�qh i(�j� 1 Iru wkh wlph ehlqj zh zloo dexvh wkh whup dqg zloo uhihu

wr hohphqwv ri W dv �w|shv�1 Ohw wkh vhw ri fdvhv eh F� A �� 1 Zh qrz

wxuq wr gh�qh � G f � F$ U1 Iru % 5 f/ | 5 W/ dqg � 5 Q/ li % 9' |/

�E%c E|c ��� ' f1 Rwkhuzlvh +l1h1/ li % ' |,/ li % 5 i�c 2c �j/ wkhq �E%c E|c ��� ' �1

Ilqdoo|/ �Eec Eec ��� ' � n �
2�
iru � 5 Q1 Gh�qh i(�j� e| � yld E��1

Zh fodlp wkdw wzr fdvhv E|c ��c Erc �� 5 W� Q duh htxlydohqw +E|c �� � Erc ��,

l� | ' r1 Lw lv hdv| wr vhh wkdw li | 9' r/ wkhq E|c �� dqg Erc �� duh qrw htxlydohqw1

+Iru lqvwdqfh/ | "tE|c��� r exw r "tErc��� |1, Pruhryhu/ li | ' r 5 i�c 2c �j/ wkhq
�E�c E|c ��� ' �E�c Erc ���1 E| E��/ E|c �� � Erc ��1 Lw uhpdlqv wr vkrz wkdw/ iru doo

�c � 5 Q/ Eec �� � Eec �� ghvslwh wkh idfw wkdw �E�c Eec ��� 9' �E�c Eec ���1
Revhuyh/ �uvw/ wkdw i(�j� djuhh zlwk uhodwlyh iuhtxhqf| udqnlqjv1 Vshfli0

lfdoo|/ frqvlghu d phpru|� 5 P1 Ohw U� 5 ]e
n eh gh�qhg e| U�E|� ' ri � 5

Q m E|c �� 5 � j iru | 5 i�c 2c �c ej1 Iru dq| rc | 5 i�c 2c �c ej/ li U�E|� : U�Er�/

lw iroorzv wkdw | "� r1 Dovr/ li U�E|� ' U�Er� dqg rc | 	 e/ wkhq | �� r1

Ilqdoo|/ li/ iru | 5 i�c 2c �j/ U�E|� ' U�Ee�/ wkhq e "� |1

Ohw wkhuh eh jlyhq � 5 P vxfk wkdw Eec ��c Eec �� *5 � 1 Wkh phprulhv

�^iEec ��j dqg�^iEec ��j djuhh rq uhodwlyh iuhtxhqflhv ri wkh w|shv/ wkdw lv/
U��tEec��� ' U��tEec���1 Khqfh (��tEec���'(��tEec��� dqg Eec �� � Eec �� iroorzv1

Wkxv � vdwlv�hv E�� exw grhv qrw uhvshfw fdvh htxlydohqfh146�
46Revhuyh wkdw wkh uhodwlrqv i(PjP vdwlvi| D4 dqg D5 +dv wkh| gr zkhqhyhu wkh| duh

gh�qhg e| vrph y yld +�,,/ dv zhoo dv D7/ exw qrw D61 Lqghhg/ vxfk dq h{dpsoh fdqqrw eh
jhqhudwhg li D6 krogv dv zhoo1 Vshfl�fdoo|/ rqh fdq suryh wkh iroorzlqj uhvxow= li i(PjP
duh gh�qhg e| y yld +�,/ dqg vdwlvi| D6 dqg D7/ wkhq y+{> f,� y+|> f, @ y+{> g,� y+|> g,
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Uhihuhqfhv
Dndlnh/ K1 +4<87,/ �Dq Dssur{lpdwlrq wr wkh Ghqvlw| Ixqfwlrq�/ Dqqdov ri

wkh Lqvwlwxwh ri Vwdwlvwlfdo Pdwkhpdwlfv/ 9= 45:04651

Fryhu/ W1 dqg S1 Kduw +4<9:,/ �Qhduhvw Qhljkeru Sdwwhuq Fodvvl�fdwlrq�/

LHHH Wudqvdfwlrqv rq Lqirupdwlrq Wkhru| 46= 5405:1

gh Ilqhwwl/ E1 +4<6:,/ �Od Suhylvlrq= Vhv Orlv Orjltxhv/ Vhv Vrxufhv Vxemhf0

wlyhv�/Dqqdohv gh o*Lqvwlwxwh Khqul Srlqfduh/ := 409;1

gh Jurrw/ P1 K1 +4<:8,/ Suredelolw| dqg Vwdwlvwlfv/ Uhdglqj/ PD= Dgglvrq0

Zhvoh| Sxeolvklqj Fr1

Ghyur|h/ O1/ O1 J|ru�/ dqg J1 Oxjrvl +4<<9,/ D Suredelolvwlf Wkhru| ri Sdw0

whuq Uhfrjqlwlrq/ Qhz \run= Vsulqjhu0Yhuodj1

Il{/ H1 dqg M1 Krgjhv +4<84,/ �Glvfulplqdwru| Dqdo|vlv1 Qrqsdudphwulf Glv0

fulplqdwlrq= Frqvlvwhqf| Surshuwlhv�1 Whfkqlfdo Uhsruw 7/ Surmhfw Qxpehu

5407<0337/ XVDI Vfkrro ri Dyldwlrq Phglflqh/ Udqgrosk Ilhog/ W[1

Il{/ H1 dqg M1 Krgjhv +4<85,/ �Glvfulplqdwru| Dqdo|vlv= Vpdoo Vdpsoh Shu0

irupdqfh�1 Whfkqlfdo Uhsruw 5407<0337/ XVDI Vfkrro ri Dyldwlrq Phglflqh/

Udqgrosk Ilhog/ W[1

Iruv|wk/ U1/ dqg U1 Udgd +4<;9,/ Pdfklqh Ohduqlqj= Dssolfdwlrqv lq H{shuw

V|vwhpv dqg Lqirupdwlrq Uhwulhydo/ Qhz0\run= Mrkq Zloh| dqg Vrqv1

Jloerd/ L1 dqg G1 Vfkphlgohu +4<<8,/ �Fdvh0Edvhg Ghflvlrq Wkhru|�/ Txdu0

whuo| Mrxuqdo ri Hfrqrplfv/ 443= 938096<1

Jloerd/ L1/ dqg G1 Vfkphlgohu +4<<:,/ �Dfw Vlplodulw| lq Fdvh0Edvhg Ghflvlrq

Wkhru|�/ Hfrqrplf Wkhru|/ <= 7:0941

Jloerd/ L1 dqg G1 Vfkphlgohu +4<<<,/ �Frjqlwlyh Irxqgdwlrqv ri Suredelolw|�/

Uhylvhg/ 53341 Iruwkfrplqj lq Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk1

zkhqhyhu f � g1 Li/ iru lqvwdqfh/ y+h> �, � 3 iru vrph h 5 [/ wkhq y uhvshfwv fdvh
htxlydohqfh1
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Jloerd/ L1 dqg G1 Vfkphlgohu +5334,/ D Wkhru| ri Fdvh0Edvhg Ghflvlrqv/

pdqxvfulsw1

Jloerd/ L1/ G1 Vfkphlgohu/ dqg S1 S1 Zdnnhu +4<<<,/ �Xwlolw| lq Fdvh0Edvhg

Ghflvlrq Wkhru|�/ Irhughu Lqvwlwxwh iru Hfrqrplf Uhvhdufk Zrunlqj Sdshu

Qr1 640<<1

Kdfnlqj/ L1 +4<:8,/ Wkh Hphujhqfh ri Suredelolw|1 Fdpeugljh/ Fdpeugljh

Xqlyhuvlw| Suhvv1

Kxph/ G1 +4:7;,/ Hqtxlu| lqwr wkh Kxpdq Xqghuvwdqglqj1 R{irug/ Foduhq0

grq Suhvv1

P|huvrq/ U1 E1 +4<<8,/ �D{lrpdwlf Ghulydwlrq ri Vfrulqj Uxohv Zlwkrxw wkh

Rughulqj Dvvxpswlrq�/ Vrfldo Fkrlfh dqg Zhoiduh/ 45/ 8<0:71

yrq Qhxpdqq/ M1 dqg R1 Prujhqvwhuq +4<77,/ Wkhru| ri Jdphv dqg Hfr0

qrplf Ehkdylru1 Sulqfhwrq/ QM= Sulqfhwrq Xqlyhuvlw| Suhvv1

Sdu}hq/ H1 +4<95,/ �Rq wkh Hvwlpdwlrq ri d Suredelolw| Ghqvlw| Ixqfwlrq dqg

wkh Prgh�/ Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 66= 4398043:91

Udpvh|/ I1 S1 +4<64,/ �Wuxwk dqg Suredelolw|�/ Wkh Irxqgdwlrq ri Pdwkh0

pdwlfv dqg Rwkhu Orjlfdo Hvvd|v1 Qhz \run= Kdufrxuw/ Eudfh dqg Fr1

Ulhvehfn/ F1 N1 dqg U1 F1 Vfkdqn +4<;<,/ Lqvlgh Fdvh0Edvhg Uhdvrqlqj1

Kloovgdoh/ QM/ Odzuhqfh Huoedxp Dvvrfldwhv/ Lqf1

Urvhqeodww/ P1 +4<89,/ �Uhpdunv rq Vrph Qrqsdudphwulf Hvwlpdwhv ri d

Ghqvlw| Ixqfwlrq�/ Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 5:= ;650;6:1

Ur|doo/ U1 +4<99,/ D Fodvv ri Qrqsdudphwulf Hvwlpdwruv ri d Vprrwk Uhjuhv0

vlrq Ixqfwlrq1 Sk1G1 Wkhvlv/ Vwdqirug Xqlyhuvlw|/ Vwdqirug/ FD1

Vdydjh/ O1 M1 +4<87,/ Wkh Irxqgdwlrqv ri Vwdwlvwlfv1 Qhz \run= Mrkq Zloh|

dqg Vrqv1

Vfkdqn/ U1 F1 +4<;9,/ H{sodqdwlrq Sdwwhuqv= Xqghuvwdqglqj Phfkdqlfdoo|

dqg Fuhdwlyho|1 Kloovgdoh/ QM= Odzuhqfh Huoedxp Dvvrfldwhv1
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Vfrww/ G1 Z1 +4<<5,/Pxowlyduldwh Ghqvlw| Hvwlpdwlrq= Wkhru|/ Sudfwlfh/ dqg

Ylvxdol}dwlrq1 Qhz \run= Mrkq Zloh| dqg Vrqv1

Vloyhupdq/ E1 Z1 +4<;9,/ Ghqvlw| Hvwlpdwlrq iru Vwdwlvwlfv dqg Gdwd Dqdo|0

vlv1 Orqgrq dqg Qhz \run= Fkdspdq dqg Kdoo1

Vwrqh/ F1 +4<::,/ �Frqvlvwhqw Qrqsdudphwulf Uhjuhvvlrq�/ Dqqdov ri Vwdwlv0

wlfv 8= 9;<0:381

\rxqj/ K1 S1 +4<:8,/ �Vrfldo Fkrlfh Vfrulqj Ixqfwlrqv�/ VLDP Mrxuqdo ri

Dssolhg Pdwkhpdwlfv/ 5;= ;570;6;1
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