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QRQOLQHDU LQVWUXPHQWDO YDULDEOH
HVWLPDWLRQ RI DQ DXWRUHJUHVVLRQ4

Shwhu F1 E1 Skloolsv
Frzohv Irxqgdwlrq/ \doh Xqlyhuvlw|

Xqlyhuvlw| ri Dxfnodqg ) Xqlyhuvlw| ri \run

Mrrq \1 Sdun
Vfkrro ri Hfrqrplfv

Vhrxo Qdwlrqdo Xqlyhuvlw|

dqg

\rrvrrq Fkdqj
Ghsduwphqw ri Hfrqrplfv

Ulfh Xqlyhuvlw|

Dxjxvw 5334

4Frpsxwdwlrqv zhuh shuiruphg e| wkh dxwkruv lq JDXVV dqg wkh sdshu zdv w|shg e|
wkh dxwkruv lq VZ5181 Skloolsv wkdqnv wkh QVI iru uhvhdufk vxssruw xqghu Judqwv VEU <7�
55<55/ VEU<:0635<8 dqg VHV 33<583<1 Sdun dqg Fkdqj wkdqn wkh Frzohv Irxqgdwlrq iru
krvslwdolw| gxulqj d ylvlw lq Mxqh0Mxo| 4<<;1



Devwudfw

Lqvwuxphqwdo yduldeoh +LY, hvwlpdwlrq phwkrgv wkdw doorz iru fhuwdlq qrqolqhdu ixqf0
wlrqv ri wkh gdwd dv lqvwuxphqwv duh vwxglhg1 Wkh frqwh{w ri wkh glvfxvvlrq lv wkh
vlpsoh xqlw urrw prgho zkhuh fhuwdlq dgydqwdjhv wr wkh xvh ri qrqolqhdu lqvwuxphqwv
duh uhyhdohg1 Lq sduwlfxodu/ fhuwdlq fodvvhv ri LY hvwlpdwruv dqg dvvrfldwhg w0whvwv duh
vkrzq wr kdyh vlpsohu +vwdqgdug, olplw wkhru| lq frqwudvw wr wkh ohdvw vtxduhv hvwlpd0
wru/ surylglqj dq rssruwxqlw| iru wkh vwxg| ri rswlpdo hvwlpdwlrq lq fhuwdlq LY fodvvhv
dqg ixuqlvklqj whvwv dqg frq�ghqfh lqwhuydov wkdw doorz iru xqlw urrw dqg vwdwlrqdu|
dowhuqdwlyhv1 Wkh Fdxfk| hvwlpdwru vwxglhg lq uhfhqw zrun e| Vr dqg Vklq +4<<<, lv
vkrzq wr kdyh vxfk dq rswlpdolw| surshuw| lq wkh fodvv ri fhuwdlq LY surfhgxuhv zlwk
erxqghg lqvwuxphqwv1

Nh| zrugv dqg skudvhv= Fdxfk| hvwlpdwru/ lqvwuxphqwdo yduldeoh dxwruhjuhvvlrq/
qrqolqhdu lqvwuxphqwv/ vrmrxuq wlph/ xqlw urrw1

MHO Fodvvl�fdwlrq Qxpehuv= F55/ F58
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41 Lqwurgxfwlrq

Lqvwuxphqwdo yduldeoh +LY, hvwlpdwlrq lv d wudglwlrqdo wrro ri hfrqrphwulf dqdo|vlv
dqg kdv irxqg h{whqvlyh xvhv wkurxjkrxw wkh vxemhfw/ fryhulqj erwk plfurhfrqrphw0
ulf dqg wlph vhulhv dssolfdwlrqv1 Zlwk uhjdug wr wkh odwwhu/ wkh grplqdqw fodvv ri
prghov iru zklfk lqvwuxphqwdo yduldeoh phwkrgv kdyh ehhq dgyrfdwhg duh vwdwlrqdu|/
olqhdu v|vwhpv/ d vxemhfw rq zklfk wkhuh lv qrz d ydvw olwhudwxuh lq erwk hfrqrphwulfv
dqg vwdwlvwlfv/ d fodvvlf vwxg| ehlqj wkdw ri Ghlvwohu dqg Kdqqdq +4<;;,1 LY whfk0
qltxhv kdyh ehhq xvhg lq vrph qrqvwdwlrqdu| prghov/ lqfoxglqj frlqwhjudwlqj v|vwhp
hvwlpdwlrq +Skloolsv dqg Kdqvhq/ 4<<3,/ exw hyhq lq wkrvh fdvhv olqhdu lqvwuxphqwv
kdyh ehhq xvhg1

Wkh suhvhqw sdshu vwxglhv wkh xvh ri qrqolqhdu LY whfkqltxhv lq zklfk wkh lqvwux0
phqwv duh qrqolqhdu ixqfwlrqv ri lqwhjudwhg surfhvvhv1 Wkh frqwh{w ri rxu glvfxvvlrq
lv wkh vlpsoh xqlw urrw prgho dqg lw lv vkrzq wkdw khuh wkhuh duh fhuwdlq dgydqwdjhv wr
wkh xvh ri qrqolqhdu lqvwuxphqwv1 Wkh uhdvrq lv wkdw qrqolqhdu ixqfwlrqv ri lqwhjudwhg
surfhvvhv r�hu d yhu| zlgh udqjh ri dowhuqdwlyh wlph vhulhv ehkdylru/ doorzlqj iru erwk
dwwhqxdwlrq dqg h{djjhudwlrq ri wkh h�hfwv ri qrqvwdwlrqdulw|1 Wklv udqjh ri ehkdylru
lq srwhqwldo +qrqolqhdu, lqvwuxphqwv lq wxuq jlyhv ulvh wr d ydulhw| ri srvvleoh olplw
ehkdylru iru LY hvwlpdwruv ri wkh dxwruhjuhvvlyh frh!flhqw1 Dprqj wkhvh srvvlelo0
lwlhv duh lqfoxghg vrph lqwhuhvwlqj fdvhv zkhuh wkh LY hvwlpdwru dqg lwv dvvrfldwhg
w0udwlr kdyh vlplodu dv|pswrwlf ehkdylru lq xqlw urrw dqg vwdwlrqdu| dxwruhjuhvvlyh
prghov1 Vxfk fdvhv surylgh dq rssruwxqlw| iru ghyhorslqj qhz phwkrgv ri whvwlqj
dqg frq�ghqfh lqwhuydo frqvwuxfwlrq wkdw doorz iru erwk xqlw urrw dqg vwdwlrqdu|
dowhuqdwlyhv1

Lq uhfhqw zrun/ Vr dqg Vklq +4<<<, vxjjhvwhg wkh xvh ri wkh Fdxfk| +4;69, hvwlpd0
wru/ zklfk xvhv wkh vljq ixqfwlrq dv dq lqvwuxphqwdo yduldeoh/ lq sodfh ri wkh ruglqdu|
ohdvw vtxduhv +ROV, hvwlpdwru lq dxwruhjuhvvlrqv wkdw lqfoxghg erwk vwdwlrqdu| dqg
qrqvwdwlrqdu| fdvhv1 Rxu iudphzrun h{whqgv wkh dqdo|vlv ri wkhvh dxwkruv/ surylglqj
d pruh jhqhudo dqdo|vlv ri LY hvwlpdwlrq lq srwhqwldoo| qrqvwdwlrqdu| dxwruhjuhvvlrqv
dqg vkrzlqj wkdw wkh Fdxfk| hvwlpdwru kdv dq rswlpdolw| surshuw| lq wkh fodvv ri
fhuwdlq LY surfhgxuhv1 Rxu dqdo|vlv lv olplwhg wr wkh DU+4, prgho exw lw lv krshg
wkdw wkh uhvxowv duh vx!flhqwo| lqwhuhvwlqj wr zduudqw ixuwkhu lqyhvwljdwlrq ri wkhvh
whfkqltxhv1

Wkh sdshu lv rujdqlvhg dv iroorzv1 Vhfwlrq 5 od|v rxw wkh prgho/ dvvxpswlrqv dqg
jlyhv vrph edfnjurxqg wkhru|1 Vhfwlrq 6 fodvvl�hv fodvvhv ri LY hvwlpdwruv dffruglqj
wr wkh qdwxuh ri wkh lqvwuxphqw ixqfwlrqv dqg surylghv d olplw wkhru| iru wkh ydulrxv
fdvhv1 Vhfwlrq 7 frqvlghuv wkh lvvxh ri rswlpdolw| dqg ghulyhv rswlpdo hvwlpdwruv iru
wzr fodvvhv ri lqvwuxphqw ixqfwlrqv1 Vhfwlrq 8 glvfxvvhv whvwlqj dqg frq�ghqfh lqwhuydo
frqvwuxfwlrq1 Vrph �qlwh vdpsoh vlpxodwlrqv duh uhsruwhg lq Vhfwlrq 91 Vhfwlrq :
frqfoxghv wkh sdshu dqg ghulydwlrqv duh froohfwhg wrjhwkhu lq Vhfwlrq ;1 Qrwdwlrq lv
vxppdul}hg lq Vhfwlrq <1



5

51 Dvvxpswlrqv dqg Edfnjurxqg Wkhru|

Zh frqvlghu wkh xqlw urrw dxwruhjuhvvlrq

|| @ �||3� . x|> � @ 4 +4,

zlwk duelwudu| lqlwldo frqglwlrq |f @ RR+4,1 Wkh uhjuhvvlrq huuru x| lv dvvxphg wr
kdyh }hur phdq dqg vdwlvi| rqh ri wkh iroorzlqj frqglwlrqv1

514 Dvvxpswlrq ix|j lv d pduwlqjdoh gl�huhqfh vhtxhqfh zlwk �2 @ H+x2| mI|, dqg
vxs|D�H+mx|mRmI|, ?4 d1v1 iru vrph s A 5/ zkhuh I| @ �+ixrjr$|,1

515 Dvvxpswlrq ix|j lv dq llg +3> �2, vhtxhqfh ri udqgrp yduldeohv zlwk Hmx|mR ?
4 iru vrph s A 7/ dqg lwv glvwulexwlrq lv devroxwho| frqwlqxrxv zlwk uhvshfw wr
Ohehvtxh phdvxuh dqg kdv fkdudfwhulvwlf ixqfwlrq * vxfk wkdw olpb<" �o*+�, @ 3
iru vrph u A 31

Gh�qh E?+u, @ q3�*2
Sd?oo

|'� x|= Wkhq dq lqyduldqfh sulqflsoh krogv xqghu Dvvxps0
wlrq 514/ l1h1/

E? $_ E> +5,

zkhuh E lv Eurzqldq prwlrq zlwk yduldqfh �21 Zh zloo vrphwlphv eh frqyhqlhqw
wr zulwh E @ �Z / zkhuh Z lv vwdqgdug Eurzqldq prwlrq zlwk xqlw yduldqfh1 Rxu
dv|pswrwlf wkhru| dovr uholhv rq wkh Eurzqldq orfdo wlph surfhvv +h1j Fkxqj dqg
Zlooldpv/ 4<<3,1 Li O�+w> v, dqg O` +w> v, duh wkh orfdo wlphv ri E dqgZ / uhvshfwlyho|/
wkhq zh pd| zulwh

O�+w> v, @ +4@�,O` +w> v@�,=

Lw lv riwhq pruh frqyhqlhqw wr xvh wkh vfdohg yhuvlrq O+w> v, gh�qhg e|

O+w> v, @ +4@�2,O�+w> v, @ +4@��,O` +w> v@�,>

zklfk lv fdoohg fkurqrorjlfdo orfdo wlph +Skloolsv dqg Sdun/ 4<<;, ehfdxvh lw uhihuv wr
wkh dprxqw ri fdohqgdu wlph vshqw e| wkh surfhvv lq wkh ylflqlw| ri d vsdwldo srlqw v
ryhu wkh wlph lqwhuydo ^3> w`1 Lq whupv ri fkurqrorjlfdo orfdo wlph/ zh pd| uhsuhvhqw
wkh lqwhjudo ri dq| orfdoo| erxqghg ixqfwlrq W ri Eurzqldq prwlrq dv iroorzv] |

f
W +E,gu @

] |

f
W +�Z , gu @

] "

3"
W +v,O+w> v,gv> +6,

d irupxod nqrzq dv wkh rffxsdwlrq wlphv irupxod1
Zh qrz lqwurgxfh wzr fodvvhv ri wudqvirupdwlrqv lq U zklfk sod| lpsruwdqw urohv

lq wkh vxevhtxhqw ghyhorsphqw ri rxu wkhru|1 Iluvw/ zh gh�qh wkh ixqfwlrqv wkdw zloo
eh uhihuuhg wr dv uhjxoduo| lqwhjudeoh lq wkh sdshu1
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516 Gh�qlwlrq D wudqvirupdwlrq W rq U lv vdlg wr eh uhjxoduo| lqwhjudeoh li W lv
d erxqghg lqwhjudeoh ixqfwlrq vxfk wkdw iru vrph frqvwdqwv f A 3 dqg n A 9@+s � 5,
zlwk s A 7 jlyhq lq Dvvxpswlrq 515 mW +{,�W +|,m � f m{� |m& rq hdfk slhfh D� ri lwv
vxssruw D @

V6
�'�D� � U1

Wkh vhfrqg fodvv ri ixqfwlrqv lv wkh fodvv ri uhjxodu ixqfwlrqv lqwurgxfhg lq Sdun
dqg Skloolsv +5334,1 Zh vd| wkdw d wudqvirupdwlrq W lv uhjxodu li dqg rqo| li +d, lw
lv frqwlqxrxv lq d qhljkerukrrg ri lq�qlw|/ dqg +e, iru dq| frpsdfw vxevhw N ri U
jlyhq/ wkhuh h{lvw iru hdfk % A 3 frqwlqxrxv ixqfwlrqv W 0> W 0 dqg �0 A 3 vxfk wkdw
W 0+{, � W +|, � W 0+{, iru doo m{�|m ? �0 rq N/ dqg vxfk wkdw

U
g+W 0�W 0,+{, g{ $ 3

dv % $ 31 Lw lv hdv| wr vhh wkdw d slhfhzlvh frqwlqxrxv ixqfwlrq kdv wklv surshuw|1
Wkh uhdghu lv uhihuuhg wr Sdun dqg Skloolsv +5334, iru d pruh ghwdlohg glvfxvvlrq rq
wklv fodvv ri uhjxodu ixqfwlrqv1

Lw lv dovr qhfhvvdu| wr gh�qh wkh rughu ri d ixqfwlrq V = U�Un $ U zlwk wzr
dujxphqwv +{> �,/ lq whupv ri d ixqfwlrq � = Un $ U zlwk dujxphqw �1 Zh vd| wkdw
V lv ri rughu vpdoohu wkdq � li dqg rqo| li zh pd| zulwh= hlwkhu

+d, V+{>�, @ d+�,S +{, zlwk

olp vxs
b<"

d+�,@�+�, @ 3

dqg zkhuh S lv orfdoo| erxqghg zlwk h{srqhqwldoo| erxqghg wdlov +l1h1/ mS +{,m � hS�%�

iru doo odujh m{m/ zkhuh f A 3 lv d frqvwdqw,> ru
+e, V+{>�, @ e+�,T+{, zlwk

olp vxs
b<"

e+�,@�+�, ?4>

dqg zkhuh T lv erxqghg dqg ydqlvkhv dw lq�qlw| +l1h1/ T+{, $ 3 dv m{m $ 4,1

517 Gh�qlwlrq D wudqvirupdwlrq W rq U lv vdlg wr eh dv|pswrwlfdoo| krprjhqhrxv
li lw fdq eh zulwwhq dv

W +�{, @ �+�,K+{, .U+{> �,>

zkhuh K lv uhjxodu dqg U lv ri rughu vpdoohu wkdq �1 Zh fdoo � wkh dv|pswrwlf
rughu dqg K wkh olplw krprjhqhrxv ixqfwlrq ri I 1

Urxjko| vshdnlqj/ uhjxoduo| lqwhjudeoh wudqvirupdwlrqv duh lqwhjudeoh ixqfwlrqv
wkdw duh uhdvrqdeo| vprrwk rq hdfk sduw ri wkhlu vxssruwv1 Wkh uhtxluhg vprrwkqhvv
ghshqgv rq wkh prphqw frqglwlrq ri wkh lqqrydwlrq vhtxhqfh x|1 Ohw s eh wkh pd{0
lpxp rughu ri wkh h{lvwlqj prphqwv1 Li s A ;/ dq| slhfhzlvh Olsvfklw} frqwlqxrxv
ixqfwlrq lv doorzhg1 Iru wkh lqglfdwru ixqfwlrq rq d frpsdfw lqwhuydo wr eh uhjxoduo|
lqwhjudeoh/ rq wkh rwkhu kdqg/ lw lv vx!flhqw wr kdyh s A 71

Dv|pswrwlfdoo| krprjhqhrxv wudqvirupdwlrqv duh ixqfwlrqv wkdw ehkdyh dv|ps0
wrwlfdoo| dv krprjhqhrxv ixqfwlrqv1 Ri frxuvh/ krprjhqhrxv ixqfwlrqv duh dv|pswrwl0
fdoo| krprjhqhrxv dqg/ wkhuhiruh/ ixqfwlrqv vxfk dv wkh vljq ixqfwlrq/ vjq+{,> dqg wkh
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srzhu ixqfwlrq/ m{m&> duh dv|pswrwlfdoo| krprjhqhrxv1 D pxfk zlghu fodvv ri wudqv0
irupdwlrqv/ krzhyhu/ duh dv|pswrwlfdoo| krprjhqhrxv1 Iru lqvwdqfh/ wkh ixqfwlrqv
orj+{, dqg dufwdq+{, duh dv|pswrwlfdoo| krprjhqhrxv/ zlwk uhvshfwlyh dv|pswrwlf ru0
ghuv �+�, @ orj� dqg 4/ dqg olplw krprjhqhrxv ixqfwlrqv K+{, @ 4 dqg +�@5, vjq+{,1
Dovr/ doo glvwulexwlrq ixqfwlrq0olnh wudqvirupdwlrqv duh dv|pswrwlfdoo| krprjhqhrxv
zlwk wkh vdph dv|pswrwlf rughu �+�, @ 4 dqg wkh vdph olplw krprjhqhrxv ixqfwlrq
K+{, @ 4 i{ � 3j1

Wkh dv|pswrwlf ehkdylru ri qrqolqhdu ixqfwlrqv ri dq lqwhjudwhg wlph vhulhv ||
jhqhudwhg dv lq +4, duh dqdo|}hg e| Sdun dqg Skloolsv +4<<</ 5334,1 Lq sduwlfxodu/
wkh| surylgh wkh uhohydqw dv|pswrwlf wkhru| iru wkh vdpsoh prphqwv

S?
|'� W +||, dqgS?

|'� W +||3�,x|/ zklfk duh uhihuuhg wr dv phdq dqg fryduldqfh dv|pswrwlfv/ uhvshf0
wlyho|/ iru ydulrxv w|shv ri ixqfwlrq W lqfoxglqj wkh uhjxoduo| lqwhjudeoh dqg dv|ps0
wrwlfdoo| krprjhqhrxv ixqfwlrqv frqvlghuhg khuh1

Wkh suhvhqw sdshu frqvlghuv LY hvwlpdwlrq ri wkh dxwruhjuhvvlrq +4, zlwk dq lq0
vwuxphqw jlyhq e| }| @ I +||3�, iru d qrqolqhdu ixqfwlrq I 1 Wkh wudqvirupdwlrq I
zloo eh fdoohg wkh lqvwuxphqw jhqhudwlqj ixqfwlrq +LJI, wkurxjkrxw wkh sdshu1 Rxu
wkhru| wkhuhiruh frqfhqwudwhv rq wkh fryduldqfh dv|pswrwlfv iru wkh LJI I / dqg wkh
phdq dv|pswrwlfv iru wkh ixqfwlrq I� jlyhq e|

I�+{, @ {I +{,= +7,

Qrwh wkdw zh qhhg wr dqdo|}h wkh surgxfw prphqw ri }| dqg x|> dqg wkdw ri }| dqg
||3�/ iru wkh LY hvwlpdwlrq11

Li I lv dv|pswrwlfdoo| krprjhqhrxv/ wkhq vr lv I�/ dqg ylfh yhuvd1 Iru dq dv|ps0
wrwlfdoo| krprjhqhrxv ixqfwlrq I zlwk dv|pswrwlf rughu � dqg olplw krprjhqhrxv
ixqfwlrq K/ wkh dvvrfldwhg I� ixqfwlrq gh�qhg lq +7, ehfrphv dv|pswrwlfdoo| krpr0
jhqhrxv zlwk dv|pswrwlf rughu ��/ ��+�, @ ��+�,/ dqg olplw krprjhqhrxv ixqfwlrq
K�/ K�+{, @ {K +{,1 Wklv lv qrw qhfhvvdulo| vr zkhq I lv uhjxoduo| lqwhjudeoh/ dqg wkh
ixqfwlrq I� lq +7, pd| qrw eh uhjxoduo| lqwhjudeoh1 Krzhyhu/ d uhjxoduo| lqwhjudeoh
I riwhq kdv d fruuhvsrqglqj I� ixqfwlrq wkdw lv uhjxoduo| lqwhjudeoh1 Iru lqvwdqfh/ li
I +{, lv d uhjxoduo| lqwhjudeoh ixqfwlrq vxfk wkdw

U"
3" vI +v,gv ?4 dqg lv slhfhzlvh

Olsvfkl} frqwlqxrxv zlwk s A ;/ wkhq I� gh�qhg lq +7, deryh lv uhjxoduo| lqwhjudeoh1
E| frqyhqwlrq lq wklv sdshu/ zh zloo fdoo wkh LJI I d uhjxoduo| lqwhjudeoh ixqfwlrq/
rqo| zkhq erwk I dqg wkh fruuhvsrqglqj I� duh uhjxoduo| lqwhjudeoh1 Wklv frqyhqwlrq
zloo eh pdgh wkurxjkrxw wkh sdshu1

Lq wkh ghyhorsphqw ri wkh dv|pswrwlf wkhru| iru LY hvwlpdwlrq zlwk dq dv|pswrw0
lfdoo| krprjhqhrxv LJI/ Dvvxpswlrq 514 zloo eh lqyrnhg wkurxjkrxw wkh sdshu1 Wkh
frqglwlrq lv idluo| zhdn dqg lv mxvw hqrxjk wr jxdudqwhh wkh lqyduldqfh sulqflsoh lq +5,1
Wr ghyhors wkh dv|pswrwlf wkhru| iru LY hvwlpdwlrq zlwk d uhjxoduo| lqwhjudeoh LJI/
krzhyhu/ zh uhtxluh wkh vwurqjhu frqglwlrqv lq Dvvxpswlrq 5151 Urxjko| vshdnlqj/
wklv lv ehfdxvh zh qhhg zhdn frqyhujhqfh wr dqg lqyduldqfh ri wkh vdpsoh orfdo wlph/
dv zhoo dv wkh lqyduldqfh sulqflsoh +5,/ lq rughu wr ghyhors dv|pswrwlfv iru lqwhjudeoh
wudqvirupdwlrqv ri lqwhjudwhg wlph vhulhv1
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61 LY Hvwlpdwlrq dqg Olplw Wkhru|

Lq wkh dxwruhjuhvvlrq +4,/ zh frqvlghu wkh LY hvwlpdwru ri � jlyhq e|

e� @

S?
|'� I +||3�, ||S?

|'� I +||3�, ||3�
= +8,

Khuh/ e� lv dq LY hvwlpdwru lq zklfk wkh lqvwuxphqw lv jhqhudwhg e| wkh LJI I 1 Lq
lwv jhqhudo irup/ wkh fodvv ri LY hvwlpdwruv wkdw fdq eh uhsuhvhqwhg e| +8, lqfoxghv/
ri frxuvh/ wkh frqyhqwlrqdo ROV hvwlpdwru dv d vshfldo fdvh zlwk wkh olqhdu LJI
I +{, @ {1 Krzhyhu/ wklv sdshu zloo frqfhqwudwh rq LY hvwlpdwruv frqvwuxfwhg zlwk
ydulrxv qrqolqhdu LJI*v1

Rqh lpsruwdqw h{dpsoh lv wkh LY hvwlpdwru zlwk wkh dv|pswrwlfdoo| krprjhqhrxv
LJI

I +{, @ vjq +{,=

Wkh uhvxowlqj hvwlpdwru lv wkh vr0fdoohg Fdxfk| hvwlpdwru/ zklfk ghulyhv iurp dq
ruljlqdo vxjjhvwlrq e| Fdxfk| +4;69,/ dqg zklfk kdv uhfhqwo| ehhq lqyhvwljdwhg e|
Vr dqg Vklq +4<<<,1 Dqrwkhu lv wkh LY hvwlpdwru xvlqj dv wkh LJI wkh uhjxoduo|
lqwhjudeoh ixqfwlrq

I +{, @ 4 im{m � 4j >
ru pruh jhqhudoo| dq| lqglfdwru ixqfwlrq rq d frpsdfw lqwhuydo1 Rqh pd| hdvlo|
vhh wkdw/ lq wklv fdvh/ wkh fruuhvsrqglqj LY hvwlpdwru lv vlpso| d wulpphg ROV
hvwlpdwru/ l1h1/ wkh ROV hvwlpdwru zklfk xvhv rqo| wkrvh revhuydwlrqv wdnlqj ydoxhv
lq vrph frpsdfw lqwhuydo1 Wkh ehkdylru ri LY hvwlpdwruv lq wkh jhqhudo fodvv ri +8,
ghshqgv rq wkh surshuwlhv ri wkh LJI/ dv zh qrz lqyhvwljdwh1

Iluvw/ zh suhvhqw phdq dqg fryduldqfh dv|pswrwlfv iru uhjxoduo| lqwhjudeoh dqg
wkh dv|pswrwlfdoo| krprjhqhrxv LJI I 1 Iru wklv sxusrvh/ lw lv frqyhqlhqw wr gh�qh
vrph dgglwlrqdo qrwdwlrq lq wkh fdvh ri d uhjxoduo| lqwhjudeoh LJI I 1 Ohw

I �+{, @
] %

3"
I�+|,g|>

zkhuh I� lv gh�qhg lq +7,/ dqg iru d wudqvirupdwlrq W rq U gh�qh

L+W , @

] "

3"
W +{,g{> dqg Lr+W , @

] "

3"
W +{,2g{=

Wkhvh qrwdwlrqv zloo eh xvhg uhshdwhgo| lq wkh uhvw ri wkh sdshu zlwkrxw ixuwkhu
uhihuhqfh1

614 Ohppd Ohw I eh uhjxoduo| lqwhjudeoh/ dqg ohw Dvvxpswlrq 515 krog1 Wkhq

q3�*e
?[
|'�

I +||3�,x| $_ � ^Lr+I ,O+4> 3,`�*2 X+4,> +9,

zkhuh X lv vwdqgdug Eurzqldq prwlrq lqghshqghqw ri O1 Zh dovr kdyh
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q3�*2
?[
|'�

I +||, || $_ L+I�,O+4> 3,> +:,

q3�*2
?[
|'�

I +||,
2 $_ Lr+I ,O+4> 3,= +;,

Pruhryhu/ li L+I�, @ 3/ wkhq

q3�*e
?[
|'�

I +||, || $_ +5@�,
k
Lr+I �,O+4> 3,

l�*2
Y +4,> +<,

zkhuh Y lv vwdqgdug Eurzqldq prwlrq lqghshqghqw ri O/ dqg Y kdv fruuhodwlrq
frh!flhqw � @ �L+II �,@^Lr+I ,Lr+I �,`

�*2 zlwk X> dv lqwurgxfhg deryh1

615 Ohppd Ohw I eh dv|pswrwlfdoo| krprjhqhrxv zlwk dv|pswrwlf rughu � dqg
olplw krprjhqhrxv ixqfwlrq K/ dqg ohw Dvvxpswlrq 514 krog1 Wkhq zh kdyh

q3�*2�+q�*2,3�
?[
|'�

I +||3�,x| $_

] �

f
K+E,gE> +43,

dqg

q3�*2�+q�*2,3�
?[
|'�

I +||, || $_

] �

f
K+E,E gu> +44,

q3��+q�*2,32
?[
|'�

I +||,
2 $_

] �

f
K+E,2 gu> +45,

zkhuh E lv Eurzqldq prwlrq zlwk yduldqfh �21

Iru vrph ghwdlohg glvfxvvlrq rq wkh dv|pswrwlfv khuh/ wkh uhdghu lv uhihuuhg wr Sdun
dqg Skloolsv +4<<</ 5334, dqg Skloolsv dqg Sdun +4<<;,1 Iru d uhjxoduo| lqwhjudeoh
ixqfwlrq I / wkh fryduldqfh dv|pswrwlfv |lhog pl{hg qrupdo olplwlqj glvwulexwlrqv
zlwk d pl{lqj yduldwh ghshqglqj xsrq wkh orfdo wlph O ri wkh olplw Eurzqldq prwlrq/
dv zhoo dv wkh lqwhjudo ri wkh vtxduh ri wkh wudqvirupdwlrq ixqfwlrq1 Qrwh wkdw wkh
Eurzqldq prwlrq Y lq wkh olplw yduldwh +<, lv lqghshqghqw ri wkh orfdo wlph O= Lq
frqwudvw/ wkh fryduldqfh dv|pswrwlfv iru dq dv|pswrwlfdoo| krprjhqhrxv ixqfwlrq I
lqyroyh olplwlqj glvwulexwlrqv wkdw duh jhqhudoo| qrq0Jdxvvldq h{fhsw iru vrph vshfldo
fdvhv1

616 Wkhruhp +d, Ohw LJI I eh uhjxoduo| lqwhjudeoh dqg ohw Dvvxpswlrq 515 krog1
Li L+I�, @ 3/ zh kdyh

e�� 4 $_
�2Lr+I ,�*2X+4,

5Lr+I �,�*2Y +4,
+46,
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zkhuh X dqg Y duh vwdqgdug Eurzqldq prwlrqv gh�qhg lq Ohppd 5181 Li/ rq wkh
rwkhu kdqg/ L+I�, 9@ 3/ wkhq

q�*e+e�� 4, $_
�Lr+I ,�*2X+4,

L+I�,O+4> 3,�*2
+47,

+e, Ohw LJI I eh dv|pswrwlfdoo| krprjhqhrxv dqg ohw Dvvxpswlrq 514 krog1 Wkhq
zh kdyh

q+e�� 4, $_

U �
f K+E, gEU �
f K+E,E gu

+48,

Iurp wklv wkhruhp lw lv dssduhqw wkdw LY hvwlpdwruv zlwk lqvwuxphqwv jhqhudwhg
iurp d eurdg fodvv ri ixqfwlrqv duh frqvlvwhqw1 Li wkh| duh frqvwuxfwhg iurp dv|ps0
wrwlfdoo| krprjhqhrxv LJI*v/ wkhlu frqyhujhqfh udwh lv q1 Wklv lv zhoo nqrzq iru wkh
fdvh ri wkh olqhdu LJI I +{, @ {/ zklfk |lhogv wkh ROV hvwlpdwru1 Wkhruhp 616 vkrzv
wkdw wklv uhvxow dssolhv dfurvv doo LY hvwlpdwruv frqvwuxfwhg xqghu wkh eurdg fodvv
ri dv|pswrwlfdoo| krprjhqhrxv LJI*v1 Wkh olplwlqj glvwulexwlrqv ri LY hvwlpdwruv
lq wklv fodvv duh jhqhudoo| qrq0Jdxvvldq/ mxvw dv lq wkh zhoo vwxglhg fdvh ri wkh ROV
hvwlpdwru1 Lq frqwudvw/ li uhjxoduo| lqwhjudeoh ixqfwlrqv duh xvhg wr jhqhudwh wkh lq0
vwuxphqwv wkh fruuhvsrqglqj LY hvwlpdwruv frqyhujh dw wkh uhgxfhg udwh q�*e/ dqg
wkhlu olplwlqj glvwulexwlrqv duh pl{hg qrupdo1

Krzhyhu/ wkhuh duh fdvhv zkhq LY hvwlpdwruv ri � duh lqfrqvlvwhqw1 Lq sduwlfxodu/
zkhq wkh lqvwuxphqw lv jhqhudwhg e| d uhjxoduo| lqwhjudeoh ixqfwlrq I iru zklfk] "

3"
{I +{, g{ @ 3 +49,

wkhq wkh uhvxowlqj LY hvwlpdwru ehfrphv lqfrqvlvwhqw/ dv hylghqfhg lq Wkhruhp 616+d,1
Wkh frqglwlrq +49, lpsolhv wkdw wkh LJI I lv lq wklv fdvh ruwkrjrqdo wr wkh uhjuhvvlrq
ixqfwlrq/ {/ lq wkh Kloehuw vsdfh O2+U, ri vtxduh lqwhjudeoh ixqfwlrqv1 Zh uhfdoo
iurp wkh wkhru| ri vwdqgdug vwdwlrqdu| uhjuhvvlrq wkdw dq lqvwuxphqw lv lqydolg dqg
wkh uhvxowlqj LY hvwlpdwru lv lqfrqvlvwhqw li wkh lqvwuxphqw idlov wkh cuhohydqfh* frqgl0
wlrq dqg lv dv|pswrwlfdoo| xqfruuhodwhg zlwk wkh uhjuhvvru1 Zh vhh iurp wkh suhvhqw
uhvxow wkdw vxfk lqvwuxphqw idloxuh fdq dovr dulvh lq qrqvwdwlrqdu| uhjuhvvlrq zlwk
dq lqwhjudwhg uhjuhvvru zkhq wkh lqvwuxphqw ixqfwlrq lv ruwkrjrqdo wr wkh uhjuhvvlrq
ixqfwlrq1

Xqghu wkh frqglwlrqv lq Dvvxpswlrq 514 ru 515/ wkh frqglwlrqdo yduldqfh ri wkh
qxphudwru ri wkh hvwlpdwlrq huuru

e�� � @
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lv jlyhq e| �2
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|'� I +||3�,
2= Fruuhvsrqglqjo|/ wkh dv|pswrwlf yduldwlrq ri e� ghshqgv

rq wkh dv|pswrwlf ehkdylru ri
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Wkh udwlr

S?+I , @
+
S?

|'� I +||3�,||3�,
2S?

|'� I +||3�,2

wkhuhiruh surylghv d phdvxuh ri wkh frqglwlrqdo suhflvlrq ri wkh LY hvwlpdwru zlwk
LJI I= Wkh iroorzlqj uhvxow jlyhv wkh dv|pswrwlf ehkdylru ri S?> zklfk zh zloo wdnh
dv d phdvxuh ri dv|pswrwlf suhflvlrq lq hvwlpdwlrq1

617 Wkhruhp +d, Ohw LJI I eh uhjxoduo| lqwhjudeoh dqg ohw Dvvxpswlrq 515 krog1
Li L+I�, @ 3/ wkhq

S?+I , $_
7Lr+I �,Y +4,2

�2Lr+I ,
= +4:,

Li L+I�, 9@ 3/ wkhq

q3�*2S?+I , $_
L+I�,2O+4> 3,

Lr+I ,
= +4;,

+e, Ohw wkh LJI I eh dv|pswrwlfdoo| krprjhqhrxv zlwk olplw krprjhqhrxv ixqfwlrq
K/ dqg ohw Dvvxpswlrq 514 krog1 Wkhq

q32S?+I , $_

�U �
f K+E,E gu

�2
U �
f K+E,2 gu

= +4<,

Qrw vxusulvlqjo|/ lw lv dssduhqw wkdw LY hvwlpdwruv lq xqlw urrw uhjuhvvlrqv zlwk
qrqolqhdu lqvwuxphqwv kdyh suhflvlrq wkdw ghshqgv fuxfldoo| rq wkh w|sh ri ixqfwlrqv
ehlqj xvhg wr jhqhudwh wkh lqvwuxphqwv1 Iru lqvwuxphqwv jhqhudwhg e| dv|pswrwl0
fdoo| krprjhqhrxv ixqfwlrqv/ LY suhflvlrq lqfuhdvhv dw d udwh ri RR+q

2, dffruglqj wr
wkh vljqdo iurp wkh lqvwuxphqw1 Li uhjxoduo| lqwhjudeoh ixqfwlrqv duh xvhg/ wkhq LY
suhflvlrq lv zhdnhu zlwk wkh uhgxfhg udwh ri glyhujhqfh RR+q�*2,> fruuhvsrqglqj wr d
zhdnhu vljqdo1 Li wkh LJI lv ruwkrjrqdo wr wkh lghqwlw| ixqfwlrq lq wkh vsdfh O2+U,
ri vtxduh lqwhjudeoh ixqfwlrqv/ wkhq suhflvlrq lv ri vwrfkdvwlf rughu RR+4,> dv lq wkh
fdvh ri lqvwuxphqw idloxuh phqwlrqhg hduolhu1

71 Rswlpdo LY Hvwlpdwruv

Lq wklv vhfwlrq/ zh frqvwuxfw vrph crswlpdo* hvwlpdwruv lq wkh fodvv ri LY hvwlpdwruv
jhqhudwhg e| ydulrxv LJI*v1 Khuh zh lqwhusuhw crswlpdolw|* lq whupv ri wkh suhflvlrq
txdqwlw| S?+I , lqwurgxfhg deryh1 LY hvwlpdwruv zlwk uhjxoduo| lqwhjudeoh LJI*v
fdqqrw eh rswlpdo djdlqvw zlghu fodvvhv ehfdxvh wkh| kdyh suhflvlrq wkdw lv ri d vpdoohu
rughu ri pdjqlwxgh frpsduhg wr wkdw ri dv|pswrwlfdoo| krprjhqhrxv LJI*v1 Zh
wkhuhiruh frqfhqwudwh rq hvwlpdwruv lq wkh LY fodvv zlwk dv|pswrwlfdoo| krprjhqhrxv
LJI*v1

Wr dqdo|}h wkh suhflvlrq ri LY hvwlpdwruv zlwk dv|pswrwlfdoo| krprjhqhrxv LJI*v/
zh �uvw qrwh wkdw wkh uhsuhvhqwdwlrq



<

�U �
f K+E,E gu
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�U"
3" vK+v,O+4> v,gv

�2U"
3"K+v,2O+4> v,gv

> +53,

zklfk iroorzv lpphgldwho| iurp wkh rffxsdwlrq wlphv irupxod +6,1 Iru wkh sxusrvh ri
rxu glvfxvvlrq/ dq rswlpdo LY hvwlpdwru zloo eh gh�qhg dv dq LY hvwlpdwru jhqhudwhg
e| dq dv|pswrwlfdoo| krprjhqhrxv ixqfwlrq zlwk olplw krprjhqhrxv ixqfwlrq K wkdw
pd{lpl}hv wkh dv|pswrwlf suhflvlrq dv jlyhq e| +53,1 Wkh olplw krprjhqhrxv ixqfwlrq
K zklfk |lhogv dq rswlpdo LY hvwlpdwru lv jlyhq rqo| xs wr vfdodu pxowlsolfdwlrq/ vlqfh
wkh pd{lpl}dwlrq sureohp lv lqyduldqw zlwk uhvshfw wr wkh vfdodu pxowlsolfdwlrq1

714 Ohppd Ohw Dvvxpswlrq 514 krog1
+d, Wkh dv|pswrwlf suhflvlrq lv pd{lpl}hg d1v1 iru LY hvwlpdwruv zlwk dv|pswrw0

lfdoo| krprjhqhrxv LJI*v kdylqj olplw krprjhqhrxv ixqfwlrq

K+{, @ {

lq wkh fodvv ri doo LY hvwlpdwruv zlwk dv|pswrwlfdoo| krprjhqhrxv LJI*v1
+e, Lq wkh uhvwulfwhg fodvv ri LY hvwlpdwruv zlwk dv|pswrwlfdoo| krprjhqhrxv dqg

erxqghg LJI* v kdylqj olplw krprjhqhrxv ixqfwlrq

K+{, @ d4i{ A 3j � e4i{ ? 3j>

dv|pswrwlf suhflvlrq lv pd{lpl}hg d1v1 zkhq

dW@eW @

U"
f mvmO+4> v,gvU f
3" mvmO+4> v, gv

/ U"
f O+4> v,gvU f
3" O+4> v, gv

=

Sduw +d, ri Ohppd 714 vkrzv wkdw wkh ROV hvwlpdwru/ l1h1/ wkh LY hvwlpdwru
zlwk wkh lqvwuxphqw jhqhudwhg e| wkh olqhdu LJI I +{, @ {/ lv rswlpdo lq wkh vhqvh
wkdw lw kdv orzhvw suhflvlrq dv zh kdyh gh�qhg lw1 Wklv lv vr/ luuhvshfwlyh ri wkh
dfwxdo uhdol}dwlrq ri wkh orfdo wlph O+4> �, dqg lv d uhvxow wkdw pd| eh h{shfwhg jlyhq
rxu gh�qlwlrq ri suhflvlrq1 Dv lv zhoo nqrzq/ wkh ROV hvwlpdwru lv wkh rswlpdo LY
hvwlpdwru iru wkh fodvvlfdo uhjuhvvlrq zlwk krprvnhgdvwlf huuruv zkhq zh frqglwlrq rq
wkh uhjuhvvruv1 Rxu gh�qlwlrq ri suhflvlrq lv edvhg rq wkh frqglwlrqdo yduldqfh ri wkh
+vfruh, frpsrqhqw

S?
|'� I +||3�,x|> zklfk kdv wkh vdph irup dv lw grhv lq wkh fodvvlfdo

uhjuhvvlrq prgho zlwk �{hg uhjuhvvruv1 Dffruglqjo|/ wkh dv|pswrwlf suhflvlrq ri wkh
LY hvwlpdwru zlwk K+{, @ { lv jlyhq e|] "

3"
v2O+4> v,gv>

dv lv lpphgldwho| dssduhqw iurp +53,1
Sduw +e, ri Ohppd 714 frqvlghuv LY hvwlpdwlrq lq d uhvwulfwhg fodvv1 Lq sduwlfxodu/

wkh LY fodvv lv uhvwulfwhg wr lqvwuxphqwv jhqhudwhg e| wudqvirupdwlrqv lq wkh fodvv I�
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ri erxqghg ixqfwlrqv1 Iurp wkh surri ri sduw +e, ri Ohppd 714/ zh pd| ghgxfh wkdw
wkh dv|pswrwlf suhflvlrq ri LY hvwlpdwruv lq wklv fodvv lv erxqghg e|

+
U"
f mvmO+4> v,gv,2U"
f O+4> v,gv

.

�U f
3" mvmO+4> v,gv

�2
U f
3" O+4> v,gv

=

Wklv erxqg lv dwwdlqhg zkhq wkh LJI kdv olplw krprjhqhrxv ixqfwlrq dv jlyhq lq
sduw +e, ri Ohppd 714 lv xvhg1 Qrwh wkdw wklv LJI lv sdwk0ghshqghqw1 Lq sduwlfxodu/
lw lv ghshqghqw xsrq wkh uhdol}hg ydoxh ri wkh orfdo wlph O+4> �, yld wkh udwlr dW@eW=
Wkhuhiruh/ wkh rswlpdo LY hvwlpdwru lq wklv fodvv lv qrw ihdvleoh/ dowkrxjk d ihdvleoh
yhuvlrq ri wkh surfhgxuh pd| eh frqvwuxfwhg e| hvwlpdwlqj wklv udwlr1

Vxevhtxhqw vhfwlrqv frqfhqwudwh rq wkh sduwlfxodu LY hvwlpdwru zkrvh LJI lv dv0
|pswrwlfdoo| krprjhqhrxv zlwk olplw krprjhqhrxv ixqfwlrq K+{, @ vjq+{,1 Wklv LY
hvwlpdwru lv wkh Fdxfk| hvwlpdwru/ phqwlrqhg hduolhu/ dqg lw lv wkh rswlpdo erxqghg
hvwlpdwru lq wkh vshfldo fdvh zkhuh

U"
f O+4> v,gv @

U f
3" O+4> v,gv dqg

U"
f mvmO+4> v,gv @U f

3" mvmO+4> v,gv= Wkhvh frqglwlrqv krog rq dyhudjh vlqfh wkh glvwulexwlrq ri O+4> �, lv
v|pphwulf derxw ruljlq/ l1h1/ wkh glvwulexwlrqv ri O+4> {, dqg O+4>�{, duh wkh vdph
iru doo { 5 U1 Wkhuhiruh/ wklv LY hvwlpdwru pd| eh uhjdughg dv dq rswlpdo erxqghg
hvwlpdwru zklfk grhv qrw xvh dq| dgglwlrqdo vdpsoh lqirupdwlrq1 Fohduo|/ wkh ixqf0
wlrq I +{, @ vjq +{, lv dq dv|pswrwlfdoo| krprjhqhrxv ixqfwlrq kdylqj lwvhoi dv wkh
olplw krprjhqhrxv ixqfwlrq1 Wkhuhiruh/ wkh Fdxfk| hvwlpdwru/ wkh LY hvwlpdwru zlwk
lqvwuxphqw vjq+||3�,/ lv dq rswlpdo LY lq wklv vhqvh1 Dq| rwkhu dv|pswrwlfdoo| krpr0
jhqhrxv ixqfwlrqv zlwk olplw krprjhqhrxv ixqfwlrq K+{, @ vjq+{, dovr |lhog rswlpdo
LY hvwlpdwruv1 Vrph reylrxv fkrlfhv lqfoxgh ixqfwlrqv vxfk dv I +{, @ �+{, � 4@5
zlwk dq| glvwulexwlrq ixqfwlrq �/ ru I +{, @ dufwdq+{,/ dprqj pdq| rwkhuv1 Lq zkdw
iroorzv/ zh fdoo dv|pswrwlf vljq ixqfwlrqv doo dv|pswrwlfdoo| krprjhqhrxv ixqfwlrqv
zkrvh olplw krprjhqhrxv ixqfwlrq lv K+{, @ vjq+{,=

Wkh erxqghg rswlpdo LY hvwlpdwru zlwk dv|pswrwlf vljq LJI kdv vrph qlfh surs0
huwlhv wkdw wkh frqyhqwlrqdo ROV hvwlpdwru grhv qrw kdyh1 Wkh hvwlpdwru |lhogv d
w0udwlr wkdw kdv d vwdqgdug qrupdo olplw glvwulexwlrq zkhq � @ 4/ dv zhoo dv zkhq
m�m ? 4= Wklv hqdeohv xv wr frqvwuxfw dqg lqwhusuhw wkh frq�ghqfh lqwhuydo iru � lq
d frqyhqwlrqdo zd|1 Rq wkh rwkhu kdqg/ ri frxuvh/ wkh w0udwlr edvhg rq wkh ROV
hvwlpdwru kdv d olplw qrupdo glvwulexwlrq rqo| zkhq m�m ? 4 dqg lwv olplw glvwulexwlrq
lv qrq0Jdxvvldq zkhq � @ 41 Wkh idfw wkdw wkh w0udwlr edvhg rq wkh Fdxfk| hvwlpd0
wru kdv d olplw qrupdo glvwulexwlrq kdv lpsolfdwlrqv iru whvwv ri d xqlw urrw1 Wkhvh
surshuwlhv duh h{soruhg lq Vr dqg Vklq +4<<<,/ zkhuh wkh Fdxfk| hvwlpdwru zdv �uvw
vxjjhvwhg1 Zh surylgh d eulhi ryhuylhz lq wkh qh{w vhfwlrq1

81 Xqlw Urrw Whvwv dqg Frq�ghqfh Lqwhuydov

Whvwlqj iru d xqlw urrw lq +4, fdq eh edvhg rq wkh LY w0udwlr

]UT @
e�� 4

v+e�, +54,
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zkhuh v+e�, lv wkh vwdqgdug huuru ri wkh LY hvwlpdwru e� jlyhq e|

v+e�,2 @ e�2
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@ e�2 S?
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2 = +55,

zlwk wkh xvxdo huuru yduldqfh hvwlpdwru e�2 @
S?

|'� ex2| > zlwk ex| @ || � e�||3�= Lw lv
qdwxudo khuh wr xvh wkh LY hvwlpdwh e� lq �wwlqj wkh uhvlgxdo ex|1 Krzhyhu/ rwkhu
hvwlpdwhv ri � fdq eh xvhg dv orqj dv wkh| |lhog frqvlvwhqw hvwlpdwhv ri �2=

814 Wkhruhp +d, Li wkh LJI lv uhjxoduo| lqwhjudeoh/ wkhq

]UT $_ Q+3> 4,

xqghu Dvvxpswlrq 5151
+e, Li wkh LJI lv dv|pswrwlfdoo| krprjhqhrxv/ wkhq

]UT $_
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f K+E, gE
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f K+E,2gu
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xqghu Dvvxpswlrq 5141

Wkh olplwlqj glvwulexwlrq ri wkh w0udwlr ]UT lv vwdqgdug qrupdo iru d uhjxoduo|
lqwhjudeoh LJI exw qrw jhqhudoo| vr zkhq wkh LJI lv dq dv|pswrwlfdoo| krprjhqhrxv
ixqfwlrq1 Krzhyhu/ wkhuh lv dq lpsruwdqw h{fhswlrq1 Wkh LY hvwlpdwru zlwk wkh
dv|pswrwlf vljq LJI lv glvwulexwhg dv qrupdo dv|pswrwlfdoo|1

815 Fruroodu| Ohw Dvvxpswlrq 514 krog1 Wkhq zh kdyh

]UT $_ Q+3> 4,

zkhq wkh LJI lv wkh dv|pswrwlf vljq ixqfwlrq1

Wkxv/ w0udwlrv edvhg rq LY hvwlpdwruv zlwk uhjxoduo| lqwhjudeoh dqg dv|pswrwlf
vljq LJI*v duh dv|pswrwlfdoo| vwdqgdug qrupdo xqghu wkh qxoo1 Wklv lv lq frqwudvw wr
wkh xvxdo xqlw urrw glvwulexwlrq ri wkh ROV w0udwlr/ zklfk lv dv|pphwulf dqg vnhzhg
wr wkh ohiw +f1i Ixoohu/ 4<<9,1 Wkh vwdqgdug qrupdo LY w0udwlrv duh frqyhqlhqw dqg
xvhixo lq xqlw urrw whvwlqj dv glvfxvvhg lq Vr dqg Vklq +4<<<,1

Iluvw/ xqghu wkh dowhuqdwlyh ri vwdwlrqdulw|/ l1h1/ m�m ? 4/ zh kdyh

q�*2 +e�� �, $_ Q+3>  2,>

zkhuh

 2 @ solp
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q3�
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|'� I +||3�,
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S?
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Frqvhtxhqwo|/ li zh ohw

]UT +�, @
e�� �

v+e�, > +56,

zkhuh v+e�, lv gh�qhg lq +55,/ wkhq

]UT +�, $_ Q+3> 4,= +57,

Wkhuhiruh/ wkh LY w0udwlrv duh qrupdoo| glvwulexwhg dv|pswrwlfdoo| zlwk dq| fkrlfh ri
LJI/ iru doo m�m ? 41

Wkh dv|pswrwlf qrupdolw| lq +57, dovr dssolhv wr wkh vwdqgdug w0udwlr edvhg rq wkh
ROV hvwlpdwru iru doo m�m ? 41 Krzhyhu/ zkhq � @ 4/ wkh xqlw urrw olplw glvwulexwlrq
lv qrq0Jdxvvldq dqg ohdqv wrzdugv wkh dowhuqdwlyh glvwulexwlrqv wkdw dsso| xqghu
vwdwlrqdulw| zklfk dgyhuvho| d�hfwv wkh srzhu ri wkh xqlw urrw whvw1 Lq frqwudvw/ wkh
LY w0udwlrv frqvlghuhg khuh kdyh qr vxfk dvshfw dqg wkhuh lv qr glvfrqwlqxlw| lq wkh
dv|pswrwlfv/ vlqfh wkh| duh dv|pswrwlfdoo| qrupdo dqg v|pphwulf durxqg wkh wuxh
ydoxh ri � xqghu erwk wkh qxoo dqg dowhuqdwlyh k|srwkhvlv1 Lw lv wkhuhiruh uhdvrqdeoh wr
h{shfw wkdw wkh| pd| kdyh vrph dgydqwdjh ryhu frqyhqwlrqdo ROV edvhg surfhgxuhv
wkdw uho| rq xqlw urrw olplw wkhru|1 Wkh vlpxodwlrqv lq Vr dqg Vklq +4<<<, vxssruw
wklv ylhz dqg wkh| ixuwkhu lqglfdwh wkdw frq�ghqfh lqwhuydov frqvwuxfwhg iurp wkh
Fdxfk| hvwlpdwh dqg lwv olplw glvwulexwlrq kdyh vkruwhu dyhudjh ohqjwkv wkdq wkrvh
edvhg rq wkh phgldq xqeldvhg hvwlpdwhv vxjjhvwhg lq Dqguhzv +4<<6,1

Iru whvwlqj d xqlw urrw lq wlph vhulhv zlwk qrq}hur phdq ru ghwhuplqlvwlf wuhqg/ zh
pd| xvh ghphdqhg ru ghwuhqghg ||1 Lq wklv hyhqw/ zh pxvw xvh uhfxuvlyh ghphdqlqj
ru ghwuhqglqj wr pdlqwdlq wkh pduwlqjdoh surshuw| dqg wkh vxevhtxhqw Jdxvvldq olplw
wkhru| iru wkh LY w0udwlrv1 Lq wkh fdvh ri d �wwhg phdq/ wklv lpsolhv xvlqj

|| � 4

w� 4

|3�[
�'�

|� dqg ||3� � 4

w� 4

|3�[
�'�

|� +58,

lq sodfh ri || dqg ||3�/ uhvshfwlyho|/ iru w � 51 Lq +58,/ erwk || dqg ||3� duh ghphdqhg
xvlqj wkh odjjhg uhfxuvlyh phdq �|3�/ dv lq Vr dqg Vklq +4<<<,1 Lq wkh suhvhqfh ri d
olqhdu wlph wuhqg/ zh pd| xvh
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w+w� 4,
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l|� +59,

uhvshfwlyho| iru || dqg ||3�/ w � 51 Lw lv qrw gl!fxow wr vhh wkdw wkh uhfxuvlyh ghwuhqg0
lqj lq +59, lqghhg h�hfwlyho| ghwuhqg erwk || dqg ||3�1

Zlwk wklv frqyhqwlrq/ wkh suhylrxv uhvxowv frqwlqxh wr dsso|1 Wkdw lv/ li zh ghqrwh
e| ]UT wkh LY w0udwlr gh�qhg iurp uhfxuvlyho| ghphdqhg ru ghwuhqghg || lq wkh vdph
zd| dv ]UT lq +54,/ wkhq zh kdyh wkh iroorzlqj uhvxow1
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816 Fruroodu| Li wkh LJI lv d uhjxoduo| lqwhjudeoh ixqfwlrq ru wkh dv|pswrwlf vljq
ixqfwlrq/ wkhq zh kdyh

]UT $_ Q+3> 4,

xqghu Dvvxpswlrq 515 ru 514 uhvshfwlyho|1

Frqwlqxlw| ri wkh glvwulexwlrq dfurvv � ri wkh w0udwlr ]UT +�, gh�qhg lq +56, dovr
doorzv xv wr frqvwuxfw frq�ghqfh lqwhuydov iru � lq d frqyhqlhqw zd| iurp LY hvwlpd0
wruv1 Djdlq wkh dssurdfk iroorzv Vr dqg Vklq +4<<<,1 Vlqfh ]UT +�, $_ Q+3> 4, iru
doo ydoxhv ri � lqfoxglqj xqlw|/ zkhq wkh LJI lv d uhjxoduo| lqwhjudeoh ixqfwlrq ru wkh
dv|pswrwlf vljq ixqfwlrq/ zh fdq frqvwuxfw 433 +4� �,( frq�ghqfh olplwv iru � dvke�� }�*2 v+e�,> e�. }�*2 v+e�,l +5:,

zkhuh }�*2 lv wkh wzr0wdlohg 433�( shufhqwdjh srlqw ri wkh vwdqgdug qrupdo glvwule0
xwlrq1 Reylrxvo|/ wkh LY hvwlpdwru zlwk kljkhvw suhflvlrq kdv wkh vkruwhvw frq�ghqfh
lqwhuydo lq +5:,1

91 Vlpxodwlrqv

Zh uhsruw wkh rxwfrph ri d vlpxodwlrq h{huflvh lqyhvwljdwlqj wkh �qlwh vdpsoh shuiru0
pdqfhv ri ydulrxv LY hvwlpdwruv dqg LY edvhg w0udwlrv iru wkh dxwruhjuhvvlrq +4,1 Iru
hdfk vhw ri vlpxodwlrqv/ wkh lqqrydwlrqv x| zhuh gudzq dv llg Q+3> 3=4, zlwk vdpsoh
vl}hv q @ 433 dqg 833 dqg zlwk 43/333 uhsolfdwlrqv1 Iru whvwlqj Kf = � @ 4 djdlqvw
vwdwlrqdu| dowhuqdwlyhv/ zh h{soruh wkh vl}h ri wkh LY edvhg w0udwlrv lq uhodwlrq wr wkhlu
qrplqdo vl}h iurp wkh Q+3> 4, olplw glvwulexwlrq/ dqg uhsruw vrph srzhu frpsdulvrqv
djdlqvw wkh Glfnh|0Ixoohu +GI, whvw1 Zh dovr h{dplqh wkh fryhudjh suredelolwlhv dqg
wkh dyhudjh ohqjwkv ri wkh frq�ghqfh lqwhuydov ri � frpsxwhg iurp wkh LY edvhg
w0udwlrv1

Iru hvwlpdwlrq ri �/ zh wrrn vl{ LY hvwlpdwruv jhqhudwhg e| ydulrxv erxqghg
LJI*v1 Wkuhh ri wkh LY hvwlpdwruv zhuh frqvwuxfwhg iurp LJI*v wkdw duh dv|pswrwl0
fdoo| htxlydohqw wr wkh vljq ixqfwlrq/ dqg wkh uhvw iurp lqwhjudeoh LJI*v1 Wkh wdeoh
ehorz olvwv wkhvh LY hvwlpdwruv dqg wkh dvvrfldwhg LJI*v1 Zh ghqrwh e| LYk wkh LY
hvwlpdwruv iru zklfk wkh LJI lv dv|pswrwlfdoo| wkh vljq ixqfwlrq/ dqg e| LYl wkrvh
fruuhvsrqglqj wr lqwhjudeoh LJI*v1 Wkh wuxqfdwlrq sdudphwhu N dsshdulqj lq wkh
gh�qlwlrqv ri wkh lqvwuxphqwv iru LYl4/ LYl5 dqg LYk5 duh vhw dw 5 iru wkh vdpsoh
vl}h q @ 433 dqg dw 6 iru q @ 8331 Wkh vkdshv ri wkhvh LY jhqhudwlqj ixqfwlrqv duh
slfwxuhg lq Iljxuh 41
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Iljxuh 4= Ixqfwlrqdo Irupv ri Ydulrxv LJI*v

LY Hvwlpdwruv Lqvwuxphqw Jhqhudwlqj Ixqfwlrqv

LYk4 vjq+{,
LYk5 { 4im{m � Nj. vjq+{,N 4im{m A Nj
LYk6 dufwdq+{,

LYl4 vjq+{, 4im{m � Nj
LYl5 { 4im{m � Nj
LYl6 {h3�%�

Iljxuhv 5�8 suhvhqw nhuqho ghqvlw| hvwlpdwhv ri wkh �qlwh vdpsoh glvwulexwlrqv ri
wkh ROV dqg wkhvh vl{ LY hvwlpdwruv ri wkh fhqwhuhg xqlw urrw frh!flhqw dqg wkh qxoo
glvwulexwlrqv ri wkh w0udwlrv edvhg rq wkrvh hvwlpdwruv1 Wkh ghqvlw| hvwlpdwhv iurp
wkh vlpxodwlrqv zlwk wkh vdpsoh vl}hv q @ 433 dqg q @ 833 iru wkh prgho zlwkrxw dq
lqwhufhsw duh jlyhq lq Iljxuhv 5 dqg 6> dqg wkrvh iru wkh prgho zlwk dq lqwhufhsw duh
jlyhq lq Iljxuhv 7 dqg 81

Wdeohv 4 dqg 5 suhvhqw iru wkh prghov zlwkrxw dqg zlwk dq lqwhufhsw/ uhvshf0
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Iljxuh 5= Ghqvlwlhv iru Prghov zlwkrxw Frqvwdqw/ q @ 433

wlyho|/ wkh eldvhv/ yduldqfhv dqg phdq0vtxduhg0huuru*v +PVH*v, ri wkh ROV dqg wkh
LY hvwlpdwruv1 Wdeoh 6 uhsruwv wkh �qlwh vdpsoh vl}hv dqg wkh orfdo srzhuv ri wkh GI
whvw dqg wkh LY edvhg w0udwlrv1 Wkh qrplqdo vl}hv ri wkh whvwv duh vhw dw 8(1 Wkh
fulwlfdo ydoxhv iru wkh GI whvwv duh rewdlqhg iurp Ixoohu +4<;8,= �4=<8 dqg �5=;9
iru wkh prghov zlwkrxw dqg zlwk dq lqwhufhsw/ uhvshfwlyho|1 Wkh fulwlfdo ydoxhv iru
wkh LY edvhg xqlw urrw whvwv duh doo vhw dw �4=978 iurp wkhlu vwdqgdug qrupdo olplw
glvwulexwlrqv1

Iru wkh LY edvhg w0udwlrv/ zh dovr frqvwuxfw <3( frq�ghqfh lqwhuydov +FL*v, iru �
dffruglqj wr +5:, iru ydulrxv ydoxhv ri �/ dqg frpsxwh wkhlu dyhudjh ohqjwkv dqg wkhlu
hpslulfdo fryhudjh suredelolwlhv +FS*v,1 Wkh frq�ghqfh lqwhuydov iru wkh GI whvwv duh
qrw frpsxwhg gxh wr wkh glvfrqwlqxlw| ri wkhlu olplw glvwulexwlrq dw wkh qxoo1 Wkh
shufhqw FS*v dqg wkh dyhudjh ohqjwk +d1o1, ri wkh FL*v duh frpsxwhg dqg duh olvwhg lq
Wdeoh 71 Iru wkh sxusrvh ri frpsdulvrq/ zh dovr olvw lq Wdeoh 7 wkh shufhqw FS*v dqg
wkh dyhudjh ohqjwk ri wkh FL*v iru wkh h{dfwo| phgldq xqeldvhg +HPX, hvwlpdwru ri
Dqguhzv +4<<6, iru wkh prgho zlwk dq lqwhufhsw iru q @ 4331

Wkh �qlwh vdpsoh shuirupdqfh ri wkh LY hvwlpdwruv lv odujho| dv h{shfwhg iurp
wkh olplw wkhru|1 Wkh ROV hvwlpdwru iru wkh xqlw urrw frh!flhqw lv nqrzq wr frqyhujh
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dw wkh q udwh wr d qrq0Jdxvvldq olplw glvwulexwlrq wkdw lv vnhzhg wr wkh uljkw/ exw
lv dq rswlpdo LY hvwlpdwru lq wkh xquhvwulfwhg fodvv ri LY jhqhudwlqj ixqfwlrqv1 Wkh
LYk hvwlpdwruv frqyhujh dw wkh vdph frqyhujhqfh udwh q/ exw wkhlu dv|pswrwlf glvwul0
exwlrqv duh frqwudvwlqjo| pl{hg qrupdo1 Wkh LYl hvwlpdwruv dovr kdyh pl{hg qrupdo
olplw glvwulexwlrqv1 Krzhyhu/ wkh| kdyh vorzhu q�*e frqyhujhqfh udwhv dqg orzhu wkhlu
suhflvlrq udwhv wkdq wkh LYk*v/ dqg wkxv duh vxerswlpdo1

Iljxuh 6= Ghqvlwlhv iru Prghov zlwkrxw Frqvwdqw/ q @ 833

Iurp Iljxuhv 5�8/ zh fdq vhh wkdw wkh hpslulfdo glvwulexwlrqv ri wkh ROV dqg
wkh LYk hvwlpdwruv gr orrn qrqvwdqgdug/ exw duh pruh frqfhqwudwhg wkdq wkrvh ri
wkh LYl*v/ uh hfwlqj wkhlu idvwhu udwhv ri frqyhujhqfh1 Wkh �qlwh vdpsoh glvwulexwlrqv
ri ROV duh vnhzhg wr wkh ohiw/ dqg vnhzqhvv ehfrphv pruh dssduhqw lq wkh prgho
zlwk dq lqwhufhsw1 Wkh ghqvlw| hvwlpdwhv ri wkh LYl*v/ wkrxjk pruh glvshuvhg/ duh
ehwwhu fhqwhuhg dqg pruh v|pphwulf durxqg }hur1 Wdeohv 4 dqg 5 frq�up wkhvh
revhuydwlrqv1 Wkh ROV dqg LYk hvwlpdwruv kdyh odujhu �qlwh vdpsoh yduldwlrqv/ exw
kdyh qrwlfhdeo| vpdoohu yduldwlrq wkdq wkh LYl*v1 Ri wkh ROV dqg wkh LYk*v/ wkh LYk*v
vhhp ohvv eldvhg/ exw kdyh odujhu �qlwh vdpsoh yduldwlrq wkdq ROV1 Iru wkh prgho
zlwk dq lqwhufhsw/ wkh eldv uhgxfwlrq lq LYk*v lv odujh hqrxjk wr r�vhw wkh odujhu
yduldqfhv/ dqg frqvhtxhqwo| wkhlu PVH*v duh vpdoohu wkdq wkrvh ri ROV1 Dprqj wkh
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LYk*v/ LYk4 +wkh Fdxfk| hvwlpdwru, kdv pxfk vpdoohu eldv exw kdv vljql�fdqwo| odujhu
yduldwlrq dqg PVH wkdq LYk5 dqg LYk61

Wkh vlpxodwlrq vwxg| iru wkh vdpsolqj ehkdylru ri wkh w0udwlrv dovr frq�upv rxu
wkhruhwlfdo �qglqjv1 Wkh olplw glvwulexwlrq ri wkh GI whvw lv nqrzq wr eh qrq0
Jdxvvldq dqg vnhzhg wrzdug wkh vwdwlrqdu| glvwulexwlrqv1 Lq frqvwudvw/ wkh olplwlqj
glvwulexwlrqv ri wkh LY edvhg w0udwlrv duh vwdqgdug qrupdo1 Wkxv/ zh h{shfw wkdw wkh
�qlwh vdpsoh vl}hv ri wkh LY edvhg xqlw urrw whvwv/ frpsxwhg e| xvlqj fulwlfdo ydoxhv
iurp wkh vwdqgdug qrupdo glvwulexwlrq/ wr eh forvh wr qrplqdo vl}h/ dqg wr eh pruh
srzhuixo wkdq wkh GI whvw/ dw ohdvw zkhq wkh wuxh ydoxh ri � lv qhdu xqlw|1

Iljxuh 7= Ghqvlwlhv iru Prghov zlwk Frqvwdqw/ q @ 433

Dv lv dssduhqw iurp Iljxuhv 5�8/ wkh hpslulfdo glvwulexwlrqv ri wkh GI whvwv duh
vnhzhg wr wkh ohiw/ dqg wkh vnhzqhvv lv pxfk pruh vhulrxv lq wkh prgho zlwk d �wwhg
lqwhufhsw1 Wkh �qlwh vdpsoh glvwulexwlrqv ri doo ri rxu LY edvhg w0udwlrv/ krzhyhu/ duh
pxfk ehwwhu fhqwhuhg dqg duh v|pphwulf durxqg }hur/ dssur{lpdwlqj uhdvrqdeo| zhoo
wkhlu olplwQ+3> 4, glvwulexwlrqv1 Wkh ghqvlw| hvwlpdwhv ri wkh LYl edvhg w0udwlrv ehwwhu
dssur{lpdwh wkh olplwQ+3> 4, glvwulexwlrq/ wkrxjk duh qrwlfhdeo| pruh glvshuvhg wkdq
wkrvh edvhg rq LYk*v1 Wkh dssur{lpdwlrqv gr lpsuryh dv wkh vdpsoh vl}h lqfuhdvhv1

Zh wkhuhiruh h{shfw wkdw wkh LYl edvhg w0udwlrv vx�hu ohvv vl}h glvwruwlrqv dqg
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pd| eh uhodwlyho| pruh srzhuixo lq whvwlqj djdlqvw orfdo dowhuqdwlyhv1 Dovr h{shfwhg
lv wkdw wkh LYk edvhg w0udwlrv kdyh kljkhu glvfulpdwru| srzhuv zlwk pruh qrwlfhdeoh
vl}h glvwruwlrqv1 Zh fdq vhh iurp Wdeoh 6 wkdw wkh LY edvhg w0udwlrv gr/ lq jhqhudo/
vx�hu iurp vl}h glvwruwlrqv1 Wkh w0udwlrv edvhg rq wkh LYk*v whqg wr kdyh odujhu vl}h
glvwruwlrqv wkdq wkhlu LYl frxqwhusduwv/ h{fhsw iru wkrvh edvhg rq wkh LY*v frqvwuxfwhg
iurp wkh vljq ixqfwlrq1 Wkh w0udwlrv edvhg rq LYk4 wxuq rxw wr kdyh wkh ohdvw vl}h
glvwruwlrqv1 Vl}h glvwruwlrqv lq doo fdvhv vhhp wr ghfuhdvh dv wkh vdpsoh vl}h lqfuhdvhv1

Iljxuh 8= Ghqvlwlhv iru Prghov zlwk Frqvwdqw/ q @ 833

Dv idu dv srzhu lv frqfhuqhg/ wkh w0udwlrv edvhg rq wkh LYk*v duh pruh srzhuixo
wkdq wkhlu LYl frxqwhusduwv1 Frpsduhg wr wkh GI whvw/ wkh LY edvhg w0udwlrv duh
uhodwlyho| pruh srzhuixo lq wkh prgho zlwk d �wwhg lqwhufhsw/ zkhuh wkh glvwulexwlrqv
ri wkh GI whvwv duh pruh vhulrxvo| vnhzhg wrzdug wkh dowhuqdwlyh glvwulexwlrqv1 Doo
ri wkh LY edvhg w0udwlrv duh qrwlfhdeo| pruh srzhuixo wkdq wkh GI whvw zkhq � lv
qhdu xqlw|1 Wkh LYk edvhg w0udwlrv/ h{fhsw iru wkh LYk4 edvhg w0udwlr/ uhpdlq pruh
srzhuixo wkdq wkh GI whvw iru doo dowhuqdwlyhv iru erwk vpdoo dqg odujh vdpsohv1 Wkh
LYl edvhg w0udwlrv duh dovr pruh srzhuixo wkdq wkh GI whvw zkhq � lv qhdu xqlw|/
exw ehfrph ohvv srzhuixo dv � pryhv dzd| iurp rqh1 Iru wkh prgho zlwkrxw wkh
frqvwdqw/ wkh LY edvhg w0udwlrv dovr vhhp pruh srzhuixo iru � qhdu rqh lq vpdoo
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vdpsohv1 Krzhyhu/ h{fhsw iru wkh LYk5 edvhg w0udwlr/ wkh| doo ehfrph ohvv srzhuixo
wkdq wkh GI whvwv dv � pryhv dzd| iurp rqh dqg wkh vdpsoh vl}h lqfuhdvhv1 Wkh
w0udwlr edvhg rq wkh LYk5 wxuqv rxw wr eh voljkwo| pruh srzhuixo wkdq wkh GI whvwv
lq erwk vpdoo dqg odujh vdpsohv iru doo dowhuqdwlyhv1

Dv fdq eh vhhq iurp Wdeoh 7/ wkh hpslulfdo fryhudjh suredelolwlhv ri wkh FL*v iru
� frqvwuxfwhg iurp doo ri rxu LY edvhg w0udwlrv txlwh zhoo dssur{lpdwh wkh qrplqdo
<3( fryhudjh iru ydulrxv ydoxhv ri �1 Wkh dyhudjh ohqjkwv ri wkh FL*v iurp wkh prgho
zlwkrxw wkh frqvwdqw duh vrphzkdw vkruwhu dqg wkhlu hpslulfdo FS*v vhhp wr ehwwhu
dssur{lpdwh wkh qrplqdo <3( wkdq wkrvh iurp wkh prgho zlwk d frqvwdqw1 Wkh
hpslulfdo FS*v ri wkh FL*v frqvwuxfwhg iurp wkh LYk edvhg w0udwlrv duh forvhu wr wkh
qrplqdo <3( wkdq wkrvh iru wkh FL*v frqvwuxfwhg iurp wkh LYl*v zkhq � lv qhdu xqlw|/
exw wkh gl�huhqfhv ehwzhhq wzr FS*v ehfrph qhjoljleoh dv � pryhv dzd| iurp rqh1
Wkh dyhudjh ohqjwkv ri wkh LYk edvhg FL*v duh vkruwhu wkdq wkrvh ri wkh LYl edvhg
FL*v zkhq � lv qhdu xqlw|/ exw djdlq wkh| ehfrph forvhu dv � pryhv dzd| iurp rqh1
Dv wkh vdpsoh vl}h lqfuhdvhv erwk FS*v ehfrph forvhu wr wkh qrplqdo <3( dqg wkh
dyhudjh ohqjwkv ri wkh LY edvhg FL*v ehfrph vkruwhu1 Wkh shuirupdfh ri rxu LY edvhg
FL*v dqg wkhlu FS*v duh ryhudoo txlwh vdwlvidfwru| dv rqh fdq vhh iurp frpsdulqj wkhp
zlwk wkh shuirupdqfh ri wkh FL*v edvhg rq Dqguhzv* +4<<6, h{dfwo| phgldq xqeldvhg
hvwlpdwru xvlqj Wdeoh 71 Rxu LY edvhg FL*v kdyh voljkwo| vpdoohu FS*v/ zkloh wkh FL
edvhg rq Dqguhzv* +4<<6, HPX hvwlpdwru kdv voljkwo| eljjhu FS*v wkdq wkh qrplqdo
FS1 Krzhyhu/ wkh dyhudjh ohqjwkv ri rxu LY edvhg FL*v duh lq jhqhudo vkruwhu wkdq
wkdw ri wkh HPX edvhg FL*v1

:1 Frqfoxvlrqv

Wklv sdshu lqwurgxfhv d fodvv ri qhz dxwruhjuhvvlyh frh!flhqw hvwlpdwruv wkdw kdyh
vrph jrrg dv|pswrwlf dqg �qlwh vdpsoh surshuwlhv1 Wkh hvwlpdwruv duh dv|pswrw0
lfdoo| phgldq xqeldvhg dqg fdq eh xvhg wr surgxfh vlpsoh v|pphwulf frq�ghqfh
lqwhuydov1 Wkhuh duh qr sureohpv ri glvfrqwlqxlw| lq wkh frq�ghqfh lqwhuydov lq wkh
wudqvlwlrq iurp vwdwlrqdu| wr qrqvwdwlrqdu| fdvhv1 Wkh rswlpdo LY hvwlpdwru lv vkrzq
wr eh wkh Fdxfk| hvwlpdwru iru zklfk wkh lqvwuxphqw lv vlpso| vjq+||3�,= Wkhvh jrrg
surshuwlhv frq�up hduolhu �qglqjv e| Vr dqg Vklq +4<<<, zkhuh wkh Fdxfk| hvwlpdwru
zdv �uvw vxjjhvwhg1

;1 Whfkqlfdo Dsshqgl{ dqg Surriv

;14 Surri ri Ohppd 614 Wkh uhvxowv lq +9, 0 +;, duh vkrzq lq Sdun dqg Skloolsv
+4<<</ 5334,1 Wr vkrz wkh uhvxow lq +<,/ qrwh wkdw

q3�*e
?[
|'�

I +||,|| @_ q
�*e

] �

f
I�

�
q�*2E?+u,

�
gu>

zklfk fdq eh dssur{lpdwhg e|

V? @ q�*e
] �

f
I�

�
q�*2E+u,

�
gu. r@�r�+4,>
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dv vkrzq lq Skloolsv dqg Sdun +4<<;,1
Ohw

P? @ �q�*e
] �

f
I �

�
q�*2E+u,

�
gE+u,=

Wkhq lw iroorzv iurp Lwr*v irupxod wkdw

V? @ +5@�2,P? . r@�r�+4,=

Wkh vwdwhg uhvxow fdq qrz eh ghgxfhg/ vlqfh

^P?` @ q�*2�2
] �

f
I �

�
q�*2E+u,

�2
gu $@�r� �

2Lr+I �,O+4> 3,>

zkhuh ^P?` lv wkh txdgudwlf yduldwlrq ri P?/ dqg

P? $_ Y
�
�2Lr+I �,O+4> 3,

�
>

dv vkrzq lq Sdun dqg Skloolsv +4<<</ 5334,
Wr vhh wkdw wkh Eurzqldq prwlrqv X dqg Y gh�qhg uhvshfwlyho| lq +9, dqg +;,

kdyh wkh jlyhq fruuhodwlrq frh!flhqw/ zh ohw

Q? @ q�*e
] �

f
I

�
q�*2E+u,

�
gE+u,=

Dv vkrzq lq Sdun dqg Skloolsv +4<<</ 5334,/ Q? kdv wkh vdph olplwlqj glvwulexwlrq
dv

q3�*e
?[
|'�

I +||3�,x|=

Wkh txdgudwlf fryduldwlrq ehwzhhq P? dqg Q? lv

^P?>Q?` @ �q�*2�2
] �

f
+II �,

�
q�*2E+u,

�
gu $@�r� ��2L+II �,O+4> 3,>

dqg wkhq wkh vwdwhg uhvxow iroorzv e| vwudljkwiruzdug fdofxodwlrq1

;15 Surri ri Ohppd 615 Iru wkh surriv ri wkh uhvxowv lq +43, 0 +45,/ vhh Sdun dqg
Skloolsv +4<<</ 5334,1

;16 Surri ri Wkhruhp 616 Zh pd| hdvlo| ghgxfh +46, iurp +9, dqg +<,1 Wkh
uhvxow lq +47, iroorzv vlploduo| iurp +9, dqg +:,1 Olnhzlvh/ +48, lv lpphgldwh iurp
+43, dqg +44,1

;17 Surri ri Wkhruhp 617 Wkh vwdwhg uhvxowv iroorz uhdglo| iurp Ohppd 6141
Wkh uhvxow lq +4:, fdq eh ghgxfhg iurp +;, dqg +<,1 Vlploduo|/ +4;, iroorzv iurp +:,
dqg +;,1 Ilqdoo|/ zh pd| jhw +4<, iurp +44, dqg +45,1
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;18 Surri ri Ohppd 714 Sduw +d, lv hdvlo| ghgxfhg iurp wkh Fdxfk|0Vfkzdu}
lqhtxdolw| �]

ij g�

�2

�
�]

i2g�

��]
j2g�

�
=

Vhw i+{, @ K+{,> j+{, @ {> gh�qh wkh phdvxuh

g� @ O+4> v, gv

sdwkzlvh/ dqg dsso| wkh Fdxfk|0Vfkzdu} lqhtxdolw| wr jhw�U"
3" vK+v,O+4> v,gv

�2U"
3"K+v,2O+4> v,gv

�
] "

3"
v2O+4> v,gv=

Htxdolw| krogv l�
K+{, @ {

d1v1 zlwk uhvshfw wr wkh phdvxuh O+4> v,gv/ xs wr vfdodu pxowlsolfdwlrq1 Wkh vwdwhg
uhvxow iroorzv lpphgldwho|1

Iru wkh surri ri sduw +e,/ zh ohw

K+{, @ d4i{ A 3j � e4i{ ? 3j=
Wkh olplw krprjhqhrxv ixqfwlrqv ri erxqghg dv|pswrwlfdoo| krprjhqhrxv ixqfwlrqv
fdq eh uhsuhvhqwhg lq wklv zd|1 Reylrxvo|/ zh pd| ohw d> e A 31 Pruhryhu/ vlqfh wkh
pd{lpl}dwlrq ri +53, lv lqyduldqw zlwk uhvshfw wr vfdodu pxowlsolfdwlrq/ zh pd| vhw] "

3"
K+v,2O+4> v,gv @ d2

] "

f
O+4> v,gv. e2

] f

3"
O+4> v,gv @ 4

zlwkrxw orvv ri jhqhudolw|1 Qrz zh vlpso| pd{lpl}h] "

3"
vK+v,O+4> v,gv @ d

] "

f
mvmO+4> v,gv. e

] f

3"
mvmO+4> v,gv

zlwk uhvshfw wr d> e A 3 wr jhw wkh vwdwhg uhvxow1 Wkh dfwxdo ghulydwlrq ri dW dqg eW

lqyroyhv vrph dojheud/ exw lw lv vwudljkwiruzdug dqg rplwwhg1

;19 Surri ri Wkhruhp 814 Zh kdyh

]UT @
e�� 4

v+e�, @

S?
|'� I +||3�,x|S?

|'� I +||3�,||3�

/e� �S?
|'� I +||3�,

2
��*2

mS?
|'� I +||3�,||3�m

@

S?
|'� I +||3�,x|e� +

S?
|'� I +||3�,2,

�*2
>

iurp zklfk wkh vwdwhg uhvxowv iroorz lpphgldwho|/ dv vkrzq lq Sdun dqg Skloolsv +4<<</
5334,1
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;1: Surri ri Fruroodu| 815 Lq wkh sduwlfxodu fdvh wkdw K +{, @ vjq+{,/ zh kdyhU �
f K+E, gE

�
�U �

f K+E,2gu
��*2 @

U �
f vjq+E, gE

�
@

] �

f
vjq+Z ,gZ

Zh qrz gh�qh d frqwlqxrxv pduwlqjdoh P| e|

P| @
] |

f
vjq+Zr, gZr=

Wkhq ^P `| @ w> dqg lw iroorzv gluhfwo| iurp Ohy|*v fkdudfwhul}dwlrq wkhruhp wkdw P|

lv d Eurzqldq prwlrq1 Zh lpphgldwho| kdyh P� @_ Q+3> 4,/ dv zdv wr eh vkrzq1

;1; Surri ri Fruroodu| 816 Lw lv reylrxv wkdw doo rxu suhylrxv uhvxowv krog zlwk
E uhsodfhg e|

E+u, @ E+u,�
] o

f
E+v, gv

zkhq wkh uhfxuvlyh ghphdqlqj lv dssolhg1 Wr suryh wkh uhvxow iru wkh fdvh ri uhfxuvlyh
ghwuhqglqj/ zh �uvw zulwh

|| @ �. �w. |f|

zkhuh |f| @ |f|3� . x|1 Qrwh wkdw

||3� .
5

w� 4

|3�[
�'�

|� � 9

w+w� 4,

|3�[
�'�

l|� @ |f|3� .
5

w� 4

|3�[
�'�

|f� �
9

w+w� 4,

|3�[
�'�

l|f�

Pruhryhu/

|| � 4

q� w. 4
+|? � ||3�, .

5

w� 4

|3�[
�'�

|� � 9

w+w� 4,

|3�[
�'�

l|�

@ ||3� .
5

w� 4

|3�[
�'�

|� � 9

w+w� 4,

|3�[
�'�

l|� . x| �
�

4

q� w. 4
+|? � ||3�,� �

�

@ |f|3� .
5

w� 4

|3�[
�'�

|f� �
9

w+w� 4,

|3�[
�'�

l|f� . x| � 4

q� w. 4

?[
�'|

x�

Qrz lw lv qrw gl!fxow wr vhh wkdw doo rxu suhylrxv uhvxowv krog zlwk E uhsodfhg e|

E+u, @ E+u, .
5

u

] o

f
E+v,gv� 9

u2

] o

f
vE+v,gv

lq wklv fdvh1
Ohw

|f|3� @ |f|3� .
5

w� 4

|3�[
�'�

|f� �
9

w+w� 4,

|3�[
�'�

l|f�
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dqg

y?c| @
4

q� w. 4

?[
�'|

x�

Wkhq zh kdyh s
q+a�� 4, @ S?@T?

zkhuh

S? @
4s
q

?[
|'�

vjq+|f|3�,x| .
4s
q

?[
|'�

vjq+|f|3�,y?c|

dqg

T? @
4

q

?[
|'�

m|f|3�m

Krzhyhu/
4s
q

?[
|'�

vjq+|f|3�,y?c| $R 3

vlqfh
4

q

?[
|'�

y2?c| @ RR+q
3�,

Wkh vwdwhg uhvxow qrz iroorzv lpphgldwho|1

<1 Qrwdwlrq

$@�r� doprvw vxuh frqyhujhqfh
$_ zhdn frqyhujhqfh
r@�r�+4, whqgv wr }hur doprvw vxuho|

$R frqyhujhqfh lq suredelolw|
@_ glvwulexwlrqdo htxlydohqfh
^�` lqwhjhu sduw ri

431 Uhihuhqfhv

Fdxfk|/ D1 +4;69,1 �Rq d qhz irupxod iru vroylqj wkh sureohp ri lqwhusrodwlrq
lq d pdqqhu dssolfdeoh wr sk|vlfdo lqyhvwljdwlrqv1� Sklorvrsklfdo Pdjd}lqh/ ;/
78<079;1

Kdqqdq H1 M1 dqg P1 Ghlvwohu +4<;;,1 Wkh vwdwlvwlfdo wkhru| ri olqhdu v|vwhpv1 Qhz
\run= Zloh|1

Sdun/ M1\1 dqg S1F1E1 Skloolsv +4<<<,1 �Dv|pswrwlfv iru qrqolqhdu wudqvirupdwlrqv
ri lqwhjudwhg wlph vhulhv/� Hfrqrphwulf Wkhru| 48=59<05<;1

Sdun/ M1\1 dqg S1F1E1 Skloolsv +5334,1 �Qrqolqhdu uhjuhvvlrqv zlwk lqwhjudwhg wlph
vhulhv/� Hfrqrphwulfd 9<= 4785047<;1

Skloolsv/ S1 F1 E1 dqg E1 H1 Kdqvhq +4<<3,1 �Vwdwlvwlfdo lqihuhqfh lq lqvwuxphqwdo
yduldeohv uhjuhvvlrq zlwk L+4, surfhvvhv/� Uhylhz ri Hfrqrplf Vwxglhv 8:/ <<�
4581
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Skloolsv/ S1 F1 E1 dqg M1 \1 Sdun +4<<;,1 �Qrqvwdwlrqdu| ghqvlw| hvwlpdwlrq dqg
nhuqho dxwruhjuhvvlrq/� Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu &44;4/ \doh Xql0
yhuvlw|1

Vr/ E1V1 dqg G1Z1 Vklq +4<<<,1 �Fdxfk| hvwlpdwruv iru dxwruhjuhvvlyh surfhvvhv zlwk
dssolfdwlrqv wr xqlw urrw whvwv dqg frq�ghqfh lqwhuydov/� Hfrqrphwulf Wkhru|
48=49804:91
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Wdeoh 41 Eldvhv/ Yduldqfhv dqg PVH*v= Prgho zlwkrxw Frqvwdqw

q@433 q@833
� q�eldv q�ydu q�PVH � q�eldv q�ydu q�PVH

41333 0419<7 31386 313;5 41333 041:83 31344 3134:
31<<3 041:8; 313:3 31434 31<<3 051354 31363 3136;

GI 31<:8 041;54 313<: 31463 31<;3 041<39 3137< 31389
31<83 041;9: 31476 314:; 31<:3 041<49 3139< 313:9
31<33 041:83 31563 31594 31<93 041<;3 313;; 313<9

41333 0413;5 313;3 313<5 41333 041437 31349 3134<
31<<3 0413;4 31439 3144: 31<<3 0414;9 31379 3137<

LYk4 31<:8 0413<7 3147: 3148< 31<;3 041479 313:9 313:;
31<83 0414:9 31553 31566 31<:3 041473 31439 3143<
31<33 031<7: 31689 31698 31<93 041565 3146: 31473

41333 041768 31387 313:8 41333 04166: 31344 31348
31<<3 041875 313:4 313<8 31<<3 041:86 31364 3136:

LYk5 31<:8 0419:8 313<; 31459 31<;3 041:9; 3137< 31389
31<83 041:<9 31476 314:9 31<:3 041;7; 3139< 313:8
31<33 041:69 31563 31593 31<93 041<7; 313;; 313<9

41333 04169< 31388 313:7 41333 0415:: 31345 31348
31<<3 041757 313:6 313<6 31<<3 041838 31366 3136:

LYk6 31<:8 0417<; 31433 31456 31<;3 041767 31385 31389
31<83 0418;3 3147: 314:5 31<:3 0417<3 313:5 313::
31<33 041833 31567 31589 31<93 0418<3 313<5 313<:

41333 31<:: 31636 31645 41333 518:3 314;6 314<:
31<<3 31537 31566 31566 31<<3 031753 313;5 313;5

LYl4 31<:8 031797 31545 31547 31<;3 031;49 313<7 313<8
31<83 031<34 3157< 3158; 31<:3 031<95 31449 3144;
31<33 031;<5 31697 316:5 31<93 04147< 31475 31477

41333 31:5< 31535 3153: 41333 51598 3145: 3146:
31<<3 031456 3148: 3148; 31<<3 031:96 3138: 3138;

LYl5 31<:8 031;:4 31476 31484 31<;3 041536 31396 31399
31<83 041673 31498 314;6 31<:3 041798 313:9 313;3
31<33 04193; 31569 31595 31<93 041:57 313<5 313<;

41333 0317;3 313;7 313;9 41333 31<:; 313:3 313:5
31<<3 031:3< 313<< 31437 31<<3 031894 31398 31399

LYl6 31<:8 031<5: 31459 31468 31<;3 031:69 313;7 313;8
31<83 04145: 314:7 314;: 31<:3 031<39 31437 31438
31<33 041435 31596 315:8 31<93 0413:6 31457 31459
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Wdeoh 51 Eldvhv/ Yduldqfhv dqg PVH*v= Prgho zlwk Frqvwdqw

q@433 q@833
� q�eldv q�ydu q�PVH � q�eldv q�ydu q�PVH

41333 08144< 313<< 31694 41333 081678 31354 313:;
31<<3 081556 31454 316<7 31<<3 071<5: 31374 313<3

GI 31<:8 081343 3147< 31733 31<;3 071784 3138< 313<<
31<83 07193; 314<3 31735 31<:3 071565 313:: 31446
31<33 07148< 315:4 31777 31<93 071548 313<9 31465

41333 041437 3148< 314:4 41333 041489 31366 31369
31<<3 041688 314<9 31547 31<<3 0415<5 31398 3139;

LYk4 31<:8 041763 31575 31595 31<;3 0319<6 313<6 313<7
31<83 041549 3163< 31657 31<:3 0315:8 31456 31456
31<33 031;45 31775 3177< 31<93 031587 31486 31486

41333 041:73 31435 31465 41333 041963 31355 3135:
31<<3 051343 31458 31498 31<<3 041;38 31375 3137;

LYk5 31<:8 051398 31487 314<9 31<;3 041683 3138< 31396
31<83 041;95 314<8 31563 31<:3 04138: 313:; 313;3
31<33 0417:5 315:< 31633 31<93 031<84 313<: 313<<

41333 041886 31437 3145; 41333 041794 31356 3135:
31<<3 041:<< 3145; 31493 31<<3 04186: 31377 3137<

LYk6 31<:8 041;74 3148: 314<4 31<;3 041347 31396 31398
31<83 041968 314<< 31559 31<:3 031:33 313;5 313;6
31<33 04158< 315;5 315<; 31<93 03193< 31434 31435

41333 031689 31576 31578 41333 31543 31436 31436
31<<3 031<74 31585 31594 31<<3 031;85 313<7 313<9

LYl4 31<:8 04148: 315:; 315<4 31<;3 03176: 3143< 3143<
31<83 041393 3165< 31673 31<:3 03145: 31464 31464
31<33 031::< 3177; 31787 31<93 0314;; 3148: 3148:

41333 031:74 3148: 31496 41333 031395 313:3 313:3
31<<3 041696 31496 314;4 31<<3 0413<6 31396 31398

LYl5 31<:8 0418<3 314:; 31536 31<;3 031;75 313:4 313:6
31<83 041897 3153< 31567 31<:3 031:56 313;8 313;9
31<33 0416;4 315;6 31635 31<93 031:96 31434 31435

41333 031;;9 31467 31474 41333 03148; 31399 31399
31<<3 041587 3148; 314:6 31<<3 031;77 313:< 313;4

LYl6 31<:8 0416:: 314;: 31539 31<;3 0316<; 313<9 313<:
31<83 041568 31563 31578 31<:3 031467 31448 31448
31<33 031<5: 31648 31656 31<93 031473 31467 31467
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Wdeoh 61 Vl}hv dqg Dgmxvwhg Orfdo Srzhuv

Prgho zlwkrxw Frqvwdqw

q@433 f1y1 vl}h h1f1y1 �@=<< �@=<:8 �@=<8 �@=<3

GI 041<83 3137: 041<55 313;3 3147; 31677 31:;9
LYk4 041978 31385 041994 313:7 31466 3159; 3186:
LYk5 041978 313;; 041<48 313;3 3147< 31677 31:;9
LYk6 041978 313:9 041;78 313;3 3147; 31673 31::7
LYl4 041978 3137: 041938 313:6 3145< 3159: 31885
LYl5 041978 313:8 041;;6 313:< 31478 31664 31:95
LYl6 041978 3138: 041:34 313;3 3147: 31646 31:38

q@833 f1y1 vl}h h1f1y1 �@=<< �@=<; �@=<: �@=<9

GI 041<83 3137; 041<66 31664 31::3 31<:3 31<<<
LYk4 041978 3137; 04195: 3158: 31886 31::9 31<35
LYk5 041978 313;3 041;9< 31667 31::6 31<:4 31<<<
LYk6 041978 31399 041;33 3163; 31:53 31<76 31<<9
LYl4 041978 31373 04186< 31536 317;; 31:76 31;<;
LYl5 041978 31385 041998 31594 3196; 31;<: 31<;9
LYl6 041978 31375 041863 31565 31853 31:;9 31<66

Prgho zlwk Frqvwdqw

q@433 f1y1 vl}h h1f1y1 �@=<< �@=<:8 �@=<8 �@=<3

GI 051;93 31387 051<49 3138; 313:3 31449 31649
LYk4 041978 31386 0419:6 313;3 31455 31539 31759
LYk5 041978 313;4 041;;< 313:< 31468 31588 318<8
LYk6 041978 313:7 041;66 313:; 3146: 31589 318<7
LYl4 041978 31385 041997 313:: 31453 31536 31758
LYl5 041978 313:< 041;;8 313:; 31465 31585 318;<
LYl6 041978 3138< 041:58 313:< 31469 31585 31893

q@833 f1y1 vl}h h1f1y1 �@=<< �@=<; �@=<: �@=<9

GI 051;93 31385 051;:; 31455 315<9 318<6 31;7;
LYk4 041978 3137: 04194; 3154; 31753 31959 31;36
LYk5 041978 313:; 041;84 31583 318:7 31;87 31<:9
LYk6 041978 31397 041:99 31578 3187< 31;55 31<97
LYl4 041978 31376 0418:7 314<6 316;6 31935 31:<9
LYl5 041978 31394 041:7< 31557 31837 31:;: 31<84
LYl6 041978 31377 04189< 31543 3174< 31996 31;88
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Wdeoh 7= Fryhudjh Suredelolwhv dqg Dyhudjh Ohqjwk ri FL*v

Prgho zlwkrxw Frqvwdqw

q@433 q@833
� 4133 31<< 31<8 31<3 31;3 4133 31<< 31<; 31<: 31<9

LYk4 ;<18 ;<1< ;<1; ;<19 ;<1< ;<1< <318 ;<1< <313 ;<19
LYk5 ;919 ;:16 ;;1< ;<1< <316 ;:13 ;;1: ;<14 ;<1; <316

FS LYk6 ;;13 ;;1: ;;1; ;<19 <313 ;;19 ;<1; ;<18 ;<1< <313
+(, LYl4 ;:15 ;:1< ;<18 ;<18 ;<1; ;:19 ;<17 ;<1: ;<1< ;<18

LYl5 ;815 ;916 ;:1< ;<16 <316 ;:15 ;;16 ;<14 ;<14 ;<1;
LYl6 ;815 ;916 ;;1; ;<14 ;<1: ;815 ;<13 ;<1; <315 ;<16

LYk4 13;5 13<; 147< 14<6 1588 1349 1363 1373 137: 1387
LYk5 139< 13;4 1454 1488 1537 1347 1358 1365 136; 1376

FL LYk6 139< 13;5 1455 1489 1538 1347 1359 1366 136< 1377
+d1o1, LYl4 149: 1484 1493 14<8 1588 138: 1375 1378 1383 1388

LYl5 146< 1459 1464 148: 1537 137; 1368 136: 1373 1377
LYl6 13<4 13<< 1467 1499 1546 136: 136: 1375 137: 1384

Prgho zlwk Frqvwdqw

q@433 q@833
� 4133 31<< 31<8 31<3 31;3 4133 31<< 31<; 31<: 31<9

LYk4 ;<14 <318 ;<15 ;;17 ;<14 ;<1; ;<1: ;<15 ;;19 ;<19
LYk5 ;:1< ;<16 ;<14 ;;17 ;<14 ;:17 ;;18 ;;18 ;<13 ;<17

FS LYk6 ;;19 <313 ;;1< ;;17 ;;19 ;;1< ;;1< ;;1< ;;18 ;<14
+(, LYl4 ;;15 ;<1; ;<13 ;;16 ;<14 ;<14 ;<1; ;<15 ;;1; ;<1:

LYl5 ;918 ;;15 ;;13 ;;15 ;<14 ;;14 ;;19 ;;19 ;;18 ;<16
LYl6 ;:17 ;<1< ;;1: ;;14 ;;18 ;;18 ;<17 ;<17 ;;19 ;;1<
HPX <517 <41: <316 <415 <415

LYk4 1456 146< 14:; 1548 15:4 1358 1369 1377 1384 138:
LYk5 13<< 1444 1475 14:4 1548 1353 135< 1368 1374 1378

FL LYk6 1433 1446 1476 14:5 1549 1354 1363 1369 1375 1379
+d1o1, LYl4 148: 1494 14;8 154: 15:4 1379 1378 137; 1386 138;

LYl5 145: 1463 147; 14:5 1548 136; 136: 136< 1375 1379
LYl6 1449 145: 1488 14;5 1558 136: 1374 1378 1383 1387
HPX 1488 148< 14:8 14<: 1569


