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Shuihfwo| Idlu Doorfdwlrqv
zlwk Lqglylvlelolwlhv

Qlqj Vxq dqg ]dlix \dqj

Pd| 59/ 5334

Devwudfw

Rqh vhw ri q remhfwv ri w|sh L/ dqrwkhu vhw ri q remhfwv ri w|sh LL/
dqg dq dprxqw P ri prqh| lv wr eh frpsohwho| doorfdwhg dprqj
q djhqwv lq vxfk d zd| wkdw hdfk djhqw jhwv rqh remhfw ri hdfk
w|sh zlwk vrph dprxqw ri prqh|1 Zh sursrvh d qhz vroxwlrq
frqfhsw wr wklv sureohp fdoohg d shuihfwo| idlu doorfdwlrq1 Lw lv d
uh�qhphqw ri wkh frqfhsw ri idlu doorfdwlrq1 Dq dsshdolqj dqg
lqwhuhvwlqj surshuw| ri wklv frqfhsw lv wkdw hyhu| shuihfwo| idlu
doorfdwlrq lv Sduhwr rswlpdo1 Lw lv dovr vkrzq wkdw d shuihfwo| idlu
doorfdwlrq lv hqy| iuhh dqg jlyhv hdfk djhqw zkdw kh olnhv ehvw/
dqg wkdw d idlu doorfdwlrq qhhg qrw eh shuihfwo| idlu1 Ixuwkhupruh/
zh jlyh d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri
d shuihfwo| idlu doorfdwlrq1 Suhflvho|/ zh vkrz wkdw wkhuh h{lvwv
d shuihfwo| idlu doorfdwlrq li dqg rqo| li wkh ydoxdwlrq pdwul{ lv
dq rswlpdolw| suhvhuyhg pdwul{1 Rswlpdolw| suhvhuyhg pdwulfhv
duh d fodvv ri qhz dqg lqwhuhvwlqj pdwulfhv1 Dq h{whqvlrq ri wkh
prgho lv dovr glvfxvvhg1

Nh|zrugv= Shuihfwo| idlu doorfdwlrq/ lqglylvlelolw|/ glvfuhwh rswl0
pl}dwlrq/ pxowl0shuvrq ghflvlrq/ h{lvwhqfh wkhruhp/ rswlpdolw|
suhvhuyhg pdwul{

MHO Fodvvl�fdwlrq= G6/ G64/ G9/ G94/ G96/ G:/ G:7

3Wklv uhvhdufk lv vxssruwhg e| Judqwv0lq0Dlg ri wkh Mdsdqhvh Plqlvwu| ri Hgxfdwlrq/
Fxowxuh/ Vsruwv/ Vflhqfh dqg Whfkqrorj|1
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4 Lqwurgxfwlrq

Wkh vxemhfw ri wklv sdshu lv wkh glvwulexwlrq ri d froohfwlrq ri remhfwv +vxfk
dv krxvhv dqg fduv, dqg dq dprxqw ri prqh| dprqj d jurxs ri shrsoh1 Lw lv
frqfhuqhg zlwk idluqhvv/ htxlw|/ mxvwlfh/ dqg h!flhqf| ri vxfk glvwulexwlrqv1
Wkhvh sureohpv dulvh qdwxudoo| lq pdq| vlwxdwlrqv/ dqg duh erwk gl!fxow dqg
frqwuryhuvldo1 Uhfdoo wkdw jlyhq dq doorfdwlrq/ zh vd| djhqw l hqylhv djhqw
m li djhqw l suhihuv wkh exqgoh ri djhqw m wr klv ru khu rzq1 Dq doorfdwlrq
lv hqy| iuhh ru idlu li qr djhqw hqylhv dq| rwkhu1 Dv lw kdv ehhq qrwhg/
wkh frqfhsw ri idluqhvv pd| qrw h{dfwo| fruuhvsrqg wr wkh hyhu|gd| qrwlrq
ri idluqhvv1 Lq idfw/ krz zh gh�qh htxlw|/ idluqhvv/ dqg mxvwlfh kdv ehhq/
dqg uhpdlqv d prvw suryrfdwlyh txhvwlrq lq wkh frxuvh ri pdqnlqg*v hqgohvv
txhvw iru htxlw|/ idluqhvv/ dqg mxvwlfh1 Wkh jrdo ri wklv sdshu lv wr sursrvh d
qhz vroxwlrq frqfhsw wr d fodvv ri idlu doorfdwlrq sureohpv dqg wr lqyhvwljdwh
zkdw frqglwlrqv fdq hqvxuh wkh h{lvwhqfh ri vxfk d vroxwlrq zklfk lv erwk
idlu dqg Sduhwr rswlpdo1

Wkh vwxg| ri idlu glylvlrq sureohp fdq gdwh edfn dw ohdvw wr Vwhlqkdxv
+4<7;,1 Exw prvw ri wkh olwhudwxuh kdv hyryohg iurp Iroh| +4<9:, lq zklfk
wkh frqfhsw ri hqy| iuhh doorfdwlrq lv suhflvho| irupxodwhg1 D pdmru ghihfw
ri wklv frqfhsw lv wkdw dq hqy| iuhh doorfdwlrq pd| qrw eh h!flhqw +l1h1/
Sduhwr rswlpdo,1 Ydulrxv fulwhuld rq htxlw| dqg mxvwlfh duh glvfxvvhg lq
Udzov +4<:4,1 Ixuwkhupruh/ lq Yduldq +4<:7, d jhqhudo irupxodwlrq ri idlu
glylvlrq ri glylvleoh jrrgv lv jlyhq1 Kh suryhg wkh h{lvwhqfh ri dq hqy| iuhh
dqg h!flhqw doorfdwlrq e| lpsrvlqj fhuwdlq frqglwlrqv rq wkh prgho1

Wkh idlu doorfdwlrq sureohp ri lqglylvleoh remhfwv lv lqyhvwljdwhg e| Vyhqv0
vrq +4<;6,/ dqg ixuwkhu vwxglhg e| Pdvnlq +4<;:,/ Dondq/ Ghpdqjh dqg Jdoh
+4<<4,/ Vx +4<<<,/ dqg \dqj +4<<;,1 Lq wkhvh sdshuv lw lv vkrzq wkdw lq dq
hfrqrp| li hdfk djhqw frqvxphv rqo| rqh lqglylvleoh remhfw dqg wkhuh lv d
glylvleoh jrrg +vd| prqh|,/ wkhq wkh vhw ri hqy| iuhh dqg h!flhqw doorfdwlrqv
lv qrw hpsw| xqghu fhuwdlq plog frqglwlrqv1 Lq wkhvh prghov d ixqgdphqwdo
dvvxpswlrq lq frpprq lv wkdw hdfk djhqw kdv qr xvh iru pruh wkdq rqh
lqglylvleoh remhfw1 Dv qrwhg e| Vyhqvvrq +4<;6, wklv dvvxpswlrq ohdgv wr
d qlfh frqfoxvlrq wkdw dq hqy| iuhh doorfdwlrq pxvw dovr eh h!flhqw1 Xq0
iruwxqdwho|/ wklv surshuw| grhv qrw dxwrpdwlfdoo| fduu| lqwr pruh jhqhudo
vlwxdwlrqv zkhuh djhqwv duh doorzhg wr frqvxph pruh wkdq rqh lqglylvleoh
remhfw1 Vxq dqg \dqj +5333, kdyh uhfhqwo| ghyhorshg d pruh jhqhudo prgho
lq zklfk wkhuh duh qr uhvwulfwlrqv rq wkh djhqwv* frqvxpswlrq ri lqglylvleoh
remhfwv1 D vx!flhqw frqglwlrq lv lqwurgxfhg iru wkh h{lvwhqfh ri dq hqy|
iuhh dqg h!flhqw doorfdwlrq1 Rq wkh rwkhu kdqg/ dq dojrulwkplf surfhgxuh lv
sursrvhg e| Nolmq +5333, wr �qg dq hqy| iuhh doorfdwlrq lq d vhwwlqj zkhuh
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djhqwv kdyh txdvl0olqhdu xwlolwlhv lq prqh| dqg wkhuh duh wkh vdph qxpehu
ri djhqwv dv remhfwv1 Ixuwkhupruh/ Dondq hw do1 +4<<4, dqg Wdghqxpd dqg
Wkrpvrq +4<<4, kdyh jlyhq wzr gl�huhqw vhwv ri fulwhuld iru vhohfwlqj ghvlu0
deoh hqy| iuhh doorfdwlrqv zkhq wkhuh h{lvw pxowlsoh hqy| iuhh doorfdwlrqv1

Lq wklv sdshu zh frqvlghu wkh iroorzlqj sureohp= Rqh vhw ri q remhfwv ri
w|sh L/ dqrwkhu vhw ri q remhfwv ri w|sh LL/ dqg dq dprxqw P ri prqh|/ duh
wr eh frpsohwho| doorfdwhg dprqj q djhqwv lq vxfk d zd| wkdw hdfk djhqw
jhwv rqh remhfw ri hdfk w|sh zlwk vrph dprxqw ri prqh|1 Zh sursrvh d
qhz vroxwlrq frqfhsw wr wklv sureohp fdoohg d shuihfwo| idlu doorfdwlrq1 Lw lv
d uh�qhphqw ri wkh frqfhsw ri idlu doorfdwlrq1 Dq dsshdolqj dqg lqwhuhvwlqj
surshuw| ri wklv frqfhsw lv wkdw hyhu| shuihfwo| idlu doorfdwlrq lv Sduhwr
rswlpdo1 Lw lv dovr vkrzq wkdw d shuihfwo| idlu doorfdwlrq lv hqy| iuhh dqg
jlyhv hdfk djhqw zkdw kh olnhv ehvw/ dqg wkdw d idlu doorfdwlrq qhhg qrw eh
shuihfwo| idlu1 Ixuwkhupruh/ zh jlyh d qhfhvvdu| dqg vx!flhqw frqglwlrq iru
wkh h{lvwhqfh ri d shuihfwo| idlu doorfdwlrq1 Wr eh pruh suhflvh/ zh vkrz wkdw
wkhuh h{lvwv d shuihfwo| idlu doorfdwlrq li dqg rqo| li wkh ydoxdwlrq pdwul{ lv dq
rswlpdolw| suhvhuyhg pdwul{1 Zh vwuhvv wkdw rswlpdolw| suhvhuyhg pdwulfhv
duh d fodvv ri qhz dqg lqwhuhvwlqj pdwulfhv dqg pljkw eh zruwk ehlqj vwxglhg
lq wkhlu rzq uljkw1 Dq h{whqvlrq ri wkh prgho lv dovr glvfxvvhg1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 edvlf frq0
fhswv duh lqwurgxfhg/ dqg wkh irupdo prgho lv gh�qhg1 Lq Vhfwlrq 6 vhyhudo
h{lvwhqfh wkhruhpv duh hvwdeolvkhg1 Ilqdoo| lq Vhfwlrq 7 dq h{whqvlrq ri wkh
edvlf prgho lv glvfxvvhg dqg h{lvwhqfh uhvxowv duh ghulyhg1

5 Wkh Prgho ri Shuihfwo| Idlu Doorfdwlrq

Zh �uvw lqwurgxfh vrph qrwdwlrq1 Ohw L& eh wkh vhw ri �uvw n srvlwlyh lqwhjhuv
dqg LU& wkh n0glphqvlrqdo Hxfolghdq vsdfh1

Rxu prgho frqvlvwv ri d �qlwh qxpehu +q, ri djhqwv/ ghqrwhg e| L?/
wkh vdph qxpehu ri lqglylvleoh remhfwv ri w|sh L/ ghqrwhg e| R�/ wkh vdph
qxpehu ri lqglylvleoh remhfwv ri w|sh LL/ ghqrwhg e| R2/ dqg d �{hg dprxqw
ri prqh|/ ghqrwhg e| P 1 Rqh pljkw wklqn ri R� dqg R2 dv wkh froohfwlrqv
ri krxvhv dqg fduv/ uhvshfwlyho|1 Khuh P fdq eh dq| uhdo qxpehu1 Li P lv
qhjdwlyh/ wklv zloo eh wkh fdvh lq frvw vkdulqj sureohpv1 Khuh prqh| zloo eh
wuhdwhg dv d shuihfwo| glylvleoh jrrg1 Lw lv dvvxphg wkdw hdfk djhqw ghpdqgv
ru frqvxphv h{dfwo| rqh ri wkh lqglylvleoh remhfwv ri hdfk w|sh dqg d fhuwdlq
dprxqw ri prqh|1 Wkh suhihuhqfh uhodwlrq ri hdfk djhqw l 5 L? fdq eh
uhsuhvhqwhg e| d xwlolw| ixqfwlrq x� = R� �R2 � LU :$ LU1 Wkurxjkwrxw wkh
sdshu lw zloo eh dvvxphg wkdw x�+k> f>p, lv d qrqghfuhdvlqj dqg frqwlqxrxv
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ixqfwlrq lq prqh| +l1h1/ lq p,1
D ihdvleoh doorfdwlrq lv d 60wxsoh ri yhfwruv +�> �> } @ +{> |,, zkhuh

� @ +�+4,> � � � > �+q,, dqg � @ +�+4,> � � � > �+q,, duh wkh shupxwdwlrqv ri wkh
hohphqwv lq R� dqg R2/ uhvshfwlyho|/ dqg zkhuh

S?
�'�+{� . |�, @ P 1 Wkxv/

dw d ihdvleoh doorfdwlrq/ doo remhfwv dqg prqh| zloo eh frpsohwho| glvwulexwhg
wr wkh djhqwv lq d zd| wkdw hyhu| djhqw jhwv h{dfwo| rqh lqglylvleoh remhfw
ri hdfk w|sh dqg d fhuwdlq dprxqw ri prqh|1 Pruh suhflvho|/ hdfk djhqw l
uhfhlyhv d exqgoh ri jrrgv +�+l,> �+l,> {ZE�� . |4E��, frqvlvwlqj ri remhfw �+l,
ri w|sh L dqg remhfw �+l, ri w|sh LL dqg wkh dprxqw {ZE��.|4E�� ri prqh|1 Li
{ZE��.|4E�� ? 3/ wkhq djhqw l sd|v rwkhuv wkh dprxqw m{ZE��.|4E��m ri prqh|1

Ohw W @ i} @ +{> |, 5 LU2? m S?
�'�+{� . |�, @ P jeh wkh +5q � 4,0

glphqvlrqdo k|shusodqh dqg ohw � @ i� m � @ +�+4,> � � � > �+q,, d shupx0
wdwlrq ri L?j= Wkxv d ihdvleoh doorfdwlrq +�> �> }, lv phuho| dq hohphqw ri
���� W 1

Zh fdq qrz lqwurgxfh wkh pdmru vroxwlrq frqfhsw ri wkh sdshu1

Gh�qlwlrq 514 D ihdvleoh doorfdwlrq +�> �> }, lv d shuihfwo| idlu doorfdwlrq li
lw krogv

x�+�+l,> �+l,> {ZE�� . |4E��, � x�+�+m,> �+n,> {ZE�� . |4E&�,> ;l> m> n 5 L?=

Uhfdoo wkdw d ihdvldeoh doorfdwlrq lv idlu ru hqy| iuhh li qr djhqw suhihuv
dq| rwkhu djhqw*v exqgoh wr klv rzq1 Fohduo| d shuihfwo| idlu doorfdwlrq pxvw
eh d idlu doorfdwlrq exw wkh uhyhuvh lv qrw wuxh lq jhqhudo1 Ixuwkhupruh/ d
shuihfwo| idlu doorfdwlrq jlyhv hdfk djhqw zkdw kh olnhv ehvw1 Wkh frqfhsw
ri shuihfwo| idlu doorfdwlrq fdq eh dovr h{sodlqhg dv iroorzv1 Dq dxfwlrqhhu
fkrrvhv d frpshqvdwlrq vfkhph yhfwru } @ +{> |, 5 W iru wkh sdluv ri remhfwv
lq R��R2 lq vxfk d zd| wkdw hyhu| djhqw fdq slfn xs d sdlu ri krxvh dqg fdu
zlwk wkhlu frpshqvdwlrq zklfk kh olnhv ehvw zlwkrxw frq lfwlqj klv lqwhuhvw
zlwk dq| rwkhu*v1 Wkh iroorzlqj frqfhsw lv d idploldu rqh1

Gh�qlwlrq 515 D ihdvleoh doorfdwlrq lv h!flhqw ru Sduhwr rswlpdo li wkhuh
lv qr rwkhu ihdvleoh doorfdwlrq zklfk pdnhv hyhu|rqh dw ohdvw dv zhoo dv ehiruh
dqg dw ohdvw rqh djhqw vwulfwo| ehwwhu r�1

Wkh sureohp ri wkh frqfhsw ri idlu doorfdwlrq olhv lq wkh idfw wkdw lw lv qrw
qhfhvvdulo| h!flhqw1 Wkh iroorzlqj h{dpsoh lqglfdwhv wkdw d idlu doorfdwlrq
lqghhg qhhg qrw eh h!flhqw1

H{dpsoh 41 Frqvlghu wkh fdvh lq zklfk wkhuh duh wzr djhqwv 4/ 5 dqg wkhuh
duh wzr krxvhv k4/ k5/ dqg wzr fduv f4/ f5/ dqg wrwdo prqh| +vd|/ groodu,
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P lv htxdo wr }hur1 Erwk djhqwv kdyh txdvl0olqhdu xwlolwlhv lq prqh| +l1h1/
x�+k> f>p, @ �+l> k> f, .p/ l @ 4/ 5, dqg wkh ydoxhv ri wkh djhqwv iru wkh
gl�huhqw sdluv ri krxvh dqg fdu duh jlyhq lq Wdeoh 41

Lq wklv h{dpsoh zkhq djhqw 4 jhwv krxvh k4 dqg fdu f5 zlwk '4 dqg djhqw
5 jhwv krxvh k5 dqg fdu f4 e| sd|lqj '4/ wklv doorfdwlrq lv idlu exw qrw Sduhwr
rswlpdo/ ehfdxvh dqrwkhu doorfdwlrq lq zklfk djhqw 4 jhwv krxvh k5 dqg fdu
f5 e| sd|lqj '3=8 dqg djhqw 5 jhwv krxvh k4 dqg fdu f4 zlwk '3=8 pdnhv
erwk djhqwv vwulfwo| ehwwhu r�1

Wdeoh 4= Wkh ydoxhv ri remhfwv iru erwk djhqwv

�+4> k> f, F4 F5 �+5> k> f, f4 f5

k4 5 6 k4 6 5

k5 7 8 k5 7 7

Rqh ri wkh prvw dsshdolqj dqg lqwhuhvwlqj surshuwlhv ri shuihfwo| idlu
doorfdwlrq lv wkdw lw lv dovr h!flhqw dv vkrzq ehorz1

Wkhruhp 516 Hyhu| shuihfwo| idlu doorfdwlrq lv Sduhwr rswlpdo1

Surri= Ohw +�> �> }, eh d shuihfwo| idlu doorfdwlrq1 Wkhq lw iroorzv wkdw

x�+�+l,> �+l,> {ZE��.|4E��, � x�+�+m,> �+n,> {ZE��.|4E&�,>;l> m> n 5 L?>+514,

Qrz vxssrvh wr wkh frqwudu| wkdw +�> �> }, lv qrw h!flhqw1 Wkhq wkhuh zrxog
h{lvw d ihdvleoh doorfdwlrq +��> ��> �}, zhdno| suhihuuhg e| doo djhqwv dqg vwulfwo|
suhihuuhg e| dw ohdvw rqh djhqw1 Wkdw lv/ lw krogv

x�+��+l,> ��+l,> �{7ZE�� . �|74E��, � x�+�+l,> �+l,> {ZE�� . |4E��,>;l 5 L?> +515,

dqg wkhuh lv vrph m 5 L? vdwlvi|lqj

x�+��+m,> ��+m,> �{7ZE�� . �|74E��, A x�+�+m,> �+m,> {ZE�� . |4E��,= +516,

Lqhtxdolwlhv +514,/ +515, dqg +516, lpso| wkdw iru doo l 5 L?/

x�+��+l,> ��+l,> �{7ZE�� . �|74E��, � x�+��+l,> ��+l,> {7ZE�� . |74E��,>

dqg

x�+��+m,> ��+m,> �{7ZE�� . �|74E��, A x�+��+m,> ��+m,> {7ZE�� . |74E��,=
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Vlqfh x�+m> n> �,/ l> m> n 5 L?/ duh qrqghfuhdvlqj lq prqh|/ zh kdyh wkdw iru doo
l 5 L?/

�{7ZE�� . �|74E�� � {7ZE�� . |74E��>

dqg

�{7ZE�� . �|74E��, A {7ZE�� . |74E��=

Wklv lpsolhv wkdw

P @
?[

�'�

+�{� . �|�, A
?[

�'�

+{� . |�, @ P>

|lhoglqj d frqwudglfwlrq1 Wkhuhiruh/ +�> �> }, pxvw eh h!flhqw dv zhoo1 �

Lq H{dpsoh 4 wkhuh lv d shuihfwo| idlu doorfdwlrq/ qdpho|/ djhqw 4 jhwv
krxvh f5 dqg fdu f5 e| sd|lqj '4 dqg djhqw 5 jhwv krxvh k4 dqg fdu f4 zlwk
'41 Krzhyhu/ shuihfwo| idlu doorfdwlrqv pd| qrw dozd|v h{lvw dv vkrzq lq wkh
iroorzlqj h{dpsoh1

H{dpsoh 51 Frqvlghu wkh fdvh lq zklfk wkhuh duh wzr djhqwv 4/ 5 dqg
wkhuh duh wzr krxvhv k4/ k5/ dqg wzr fduv f4/ f5/ dqg wrwdo prqh| +vd|/
groodu, P lv htxdo wr }hur1 Wkh ydoxhv ri wkh djhqwv iru wkh gl�huhqw sdluv
ri krxvh dqg fdu duh jlyhq lq Wdeoh 5/ dqg xwlolw| ixqfwlrqv duh jlyhq e|
x�+k> f>p, @ �+l> k> f, .p/ l @ 4/51

Lq wklv h{dpsoh wkhuh lv rqo| rqh idlu dqg h!flhqw doorfdwlrq/ qdpho|/
djhqw 4 jhwv krxvh k4 dqg fdu f4 dqg {' zlwk 5 � { � 5=8/ dqg djhqw 5 jhwv
krxvh k5 dqg fdu f5 e| sd|lqj {'1 Vxssrvh wkdw wklv doorfdwlrq lv shuihfwo|
idlu1 Wkhq iru djhqw 5/ wkh iroorzlqj v|vwhp ri lqhtxdolwlhv pxvw kdyh d
vroxwlrq1

8 . {2 . |2 � {� . |�
8 . {2 . |2 � 7=8 . {� . |2
8 . {2 . |2 � 7=8 . {2 . |�

{� . |� @ �+{2 . |2,
{� . |� @ {

5 � { � 5=8

Lw iroorzv iurp wkh vhfrqg dqg wklug lqhtxdolwlhv wkdw { � 3=8/ |lhoglqj d
frqwudglfwlrq wr wkh vl{wk lqhtxdolw|1 Wkxv wkhuh grhv qrw h{lvw dq| shuihfwo|
idlu doorfdwlrq lq wklv h{dpsoh1
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Wdeoh 5= Wkh ydoxhv ri remhfwv iru erwk djhqwv

�+4> k> f, f4 f5 �+5> k> f, f4 f5

k4 8 7=8 k4 3 7=8

k5 7=8 < k5 7=8 8

Lq wkh qh{w vhfwlrq zh zloo hvwdeolvk vhyhudo h{lvwhqfh wkhruhpv iru shu0
ihfwo| idlu doorfdwlrqv lq wkh fdvh wkdw djhqwv kdyh txdvl0olqhdu xwlolwlhv lq
prqh|1 Uhod{lqj wkh dvvxpswlrq ri txdvl0olqhdulw| lq prqh| vwloo srvhv d
gl!fxow fkdoohqjh wr xv1

6 H{lvwhqfh Wkhruhpv

Jlyhq dq q�q�q wulpdwul{ D @ +�+l> k> f,,/ dq dvvljqphqw +�> �, 5 ���
lv dq rswlpdo dvvljqphqw li

S
�MU?

�+l> �+l,> �+l,, � S
�MU?

�+l> �+l,> �+l,, iru
hyhu| +� > �, 5 � � �1 Vlploduo|/ jlyhq dq q � q pdwul{ E @ +�+l> r,,/
zh fdoo dq dvvljqphqw � 5 � dq rswlpdo dvvljqphqw li

S
�MU?

�+l> �+l,, �S
�MU?

�+l> �+l,, iru hyhu| � 5 �1
Zkhq zh uhvwulfw wr wkh fdvh zkhuh hyhu| djhqw kdv txdvl0olqhdu xwlolwlhv

lq prqh|/ wkhq wkh prgho ghvfulehg lq Vhfwlrq 5 fdq eh vlpso| uhsuhvhqwhg
dv H @ ++�+l> k> f,,> q>P, zkhuh +�+l> k> f,, lv dq q � q � q wulpdwul{/ q lv
wkh qxpehu ri djhqwv/ dqg P lv wkh wrwdo dprxqw ri prqh|1 Uhfdoo wkdw
�+l> k> f, lv wkh ydoxh ri d sdlu ri krxvh k dqg fdu f wr djhqw l1 Zh fdoo
+�+l> k> f,, wkh ydoxdwlrq pdwul{1 Ixuwkhupruh/ iru d vshfl�f prgho zkhuh
remhfwv duh rqo| krxvhv ru fduv/ zh zloo vlpso| uhsuhvhqw vxfk d prgho e|
H @ ++�+l> r,,> q>P,/ zkhuh +�+l> r,, lv dq q� q pdwul{/ q lv wkh qxpehu ri
djhqwv/ dqg P lv wkh wrwdo dprxqw ri prqh|1 �+l> r, lv wkh ydoxh ri remhfw r
wr djhqw l1

Uhfdoo wkh iroorzlqj gxdolw| wkhruhp iurp olqhdu surjudpplqj/ zklfk
kdv ehhq xvhg e| Vkdsoh| dqg Vkxeln +4<:5,/ dqg Dondq hw do1 +4<<4, iru
uhodwhg prghov1

Ohppd 614 Ohw E @ +�+l> r,, eh dq q� q pdwul{1 Li � 5 � lv dq rswlpdo
dvvljqphqw/ wkhuh h{lvw wzr q0yhfwruv y dqg z vxfk wkdw

y� .zJ � �+l> r,> ;l 5 L?> r 5 R�

dqg

y� .zZE�� @ �+l> �+l,,> ;l 5 L?=

:



Ohppd 615 Jlyhq d prgho H @ ++�+l> r,,> q>P,/ wkhq wkhuh h{lvwv dw ohdvw
rqh rswlpdo dvvljqphqw zlwk uhvshfw wr wkh pdwul{ +�+l> r,,1 Iru hdfk rswlpdo
dvvljqphqw �/ wkhuh h{lvwv d glvwulexwlrq q0yhfwru { ri prqh| P vxfk wkdw
+�> {, lv dq h!flhqw dqg idlu doorfdwlrq1

Surri= Wkh �uvw vwdwhphqw lv reylrxv/ vlqfh wkhuh duh rqo| d �qlwh qxpehu
ri dvvljqphqwv1 Wkh vhfrqg vwdwhphqw fdq eh vhhq dv iroorzv1 Vlqfh � lv dq
rswlpdo dvvljqphqw/ lw iroorzv iurp Ohppd 614 wkdw wkhuh h{lvwv y dqg z
vxfk wkdw

y� .zJ � �+l> r,> ;l 5 L?> r 5 R�

dqg

y� .zZE�� @ �+l> �+l,,> ;l 5 L?=

Iurp wkh deryh lqhtxdolwlhv zh rewdlq

�+l> �+l,,�zZE�� � �+l> r,�zJ> ;l 5 L?> r 5 R�=

Ohw |� @ �z�/ � @ +P �S
�MU?

|�,@q/ dqg {� @ |�. � iru hdfk l 5 L?1 Gh�qh
{ @ +{�> � � � > {?,1 Wkhq zh kdyh

�+l> �+l,, . {ZE�� � �+l> r, . {J> ;l 5 L?> r 5 R�

dqg
[

�MU?

{� @ P=

Wkxv/ +�> {, lv dq h!flhqw dqg idlu doorfdwlrq1 �

Xvlqj wkh vdph dujxphqw ri wkh deryh ohppd ru Wkhruhp 714 ri Vxq
dqg \dqj +5333,/ zh kdyh

Wkhruhp 616 Jlyhq d prgho H @ ++�+l> k> f,,> q>P,/ wkhq wkhuh h{lvwv dw
ohdvw rqh rswlpdo dvvljqphqw zlwk uhvshfw wr wkh pdwul{ +�+l> k> f,,1 Iru
hdfk rswlpdo dvvljqphqw +�> �,/ wkhuh h{lvwv d glvwulexwlrq 5q0yhfwru +{> |,
ri prqh| P vxfk wkdw +�> �> +{> |,, lv dq h!flhqw dqg idlu doorfdwlrq1

Dv H{dpsoh 5 lqglfdwhv wkdw shuihfwo| idlu doorfdwlrqv pd| qrw dozd|v
h{lvw/ wklv prwlydwhv d qdwxudo txhvwlrq= Xqghu zkdw flufxpvwdqfh grhv d
shuihfwo| idlu doorfdwlrq h{lvwB Wkh uhpdlqlqj vhfwlrq lv wr suhvhqw d qhfhv0
vdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri d shuihfwo| idlu doorfdwlrq1

;



Frqglwlrq 617 Wkh wulpdwul{ +�+l> k> f,, kdv wkh iroorzlqj surshuw|= Iru
hyhu| l 5 L?/ lw krogv

�+l> k4> f4, . �+l> k5> f5, @ �+l> k4> f5, . �+l> k5> f4,>
;k4> k5 5 R�> f4> f5 5 R2=

Frqglwlrq 618 Wkh wulpdwul{ +�+l> k> f,, kdv wkh iroorzlqj surshuw|= Iru
hyhu| l 5 L?/ wkhuh h{lvw wzr q yhfwruv K+l, @ +K�+l,> � � � >K?+l,, dqg F+l, @
+F�+l,> � � � > F?+l,, vxfk wkdw lw krogv

�+l> k> f, @ K�+l, .FS+l,> ;k 5 R�> f 5 R2=

Ohppd 619 Frqglwlrqv 617 dqg 618 duh htxlydohqw1

Surri= Frqglwlrq 618 fohduo| lpsolhv Frqglwlrq 6171 Qrz zh suryh wkdw
Frqglwlrq 617 lpsolhv Frqglwlrq 6181 Iurp Frqglwlrq 617/ zh vhh wkdw

�+l> 4> 4, . �+l> k> f, @ �+l> 4> f, . �+l> k> 4, iru doo k 5 R� dqg f 5 R2=

Wkxv zh rewdlq wkdw

�+l> k> f,� �+l> k> 4, @ �+l> 4> f,� �+l> 4> 4, iru doo k 5 R� dqg f 5 R2=

Iru hdfk k 5 R� dqg f 5 R2/ ohw

K�+l, @ �+l> k> 4,> dqg FS+l, @ �+l> 4> f,� �+l> 4> 4,=

Wkhq zh kdyh wkdw �+l> k> f, @ K�+l, . FS+l, iru doo k 5 R� dqg f 5 R21
Wkdw lv/ Frqglwlrq 618 krogv1 �

Gh�qlwlrq 61: Jlyhq dq q�q�q wulpdwul{ D @ +�+l> k> f,, dqg dq dvvljq0
phqw +�> �, 5 ���/ wkh iroorzlqj surfhvv lv fdoohg dq P0wudqvirupdwlrq ri
D iurp +�> �, li hdfk hohphqw �+l> k> f, h{fhsw iru �+l> �+l,> �+l,,/ l 5 L?
lv dgghg zlwk d qrqqhjdwlyh qxpehu �+l> k> f, vr wkdw wkh qhz wulpdwul{
W @ +�+l> k> f, . �+l> k> f,, vdwlv�hv Frqglwlrq 6171

Wkh wulpdwul{ W deryh zloo eh fdoohg dq P0pdwul{ uhvxowhg iurp +�> �,1

Gh�qlwlrq 61; Dq q�q�q wulpdwul{ +�+l> k> f,, lv dq rswlpdolw| suhvhuyhg
pdwul{ li wkhuh h{lvw dq rswlpdo dvvljqphqw +�> �, 5 � � � dqg dq P0
wudqvirupdwlrq iurp +�> �, vxfk wkdw +�> �, lv vwloo dq rswlpdo dvvljqphqw lq
wkh P0pdwul{ uhvxowhg iurp +�> �,1

<



Reylrxvo|/ d wulpdwul{ vdwlvi|lqj Frqglwlrq 617 lv dq rswlpdolw| suhvhuyhg
pdwul{1 Zh duh qrz uhdg| wr lqwurgxfh wkh pdlq h{lvwhqfh uhvxow ri wklv
sdshu zklfk vwdwhv d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri
d shuihfwo| idlu doorfdwlrq1

Wkhruhp 61< Jlyhq d prgho H @ ++�+l> k> f,,> q>P,/ wkhuh h{lvwv d shu0
ihfwo| idlu doorfdwlrq li dqg rqo| li wkh ydoxdwlrq wulpdwul{ +�+l> k> f,, lv dq
rswlpdolw| suhvhuyhg pdwul{1

Surri= Vlqfh +�+l> k> f,, lv dq rswlpdolw| suhvhuyhg pdwul{/ wkhq wkhuh h{lvw
dq rswlpdo dvvljqphqw +�> �, 5 ��� dqg dq P0wudqvirupdwlrq iurp +�> �,
vxfk wkdw +�> �, lv vwloo dq rswlpdo dvvljqphqw lq wkhP0pdwul{ uhvxowhg iurp
+�> �,1 Ohw W @ +��+l> k> f,, eh wkh q� q� q P0pdwul{ uhvxowhg iurp +�> �,1
Vr zh kdyh

��+l> k> f, � �+l> k> f,

��+l> �+l,> �+l,, @ �+l> �+l,> �+l,,

iru doo l 5 L?/ +k> f, 5 R� �R2/ dqg
[

�MU?

��+l> �+l,> �+l,, �
[

�MU?

��+l> �+l,> �+l,,>;+� > �, 5 ���= +617,

Vlqfh W vdwlv�hv Frqglwlrq 617/ wkhq wkhuh h{lvw wzr q0yhfwruv K+l, dqg F+l,
iru hdfk l 5 L? vr wkdw ��+l> k> f, @ K�+l, . FS+l, iru hyhu| k 5 R�/ f 5 R21
Wkhq zh fdq uhzulwh htxdwlrq +617, dv

[

�MU?

+K�+�+l,,.F�+�+l,, �
[

�MU?

+K�+�+l,,.F�+�+l,,,>;+� > �, 5 ���=+618,

Lw iroorzv iurp htxdwlrq +618, wkdw
[

�MU?

K�+�+l,, �
[

�MU?

K�+�+l,,

[

�MU?

F�+�+l,, �
[

�MU?

F�+�+l,,

iru doo +� > �, 5 ���= E| Ohppd 615 wkhuh h{lvw wzr q0yhfwruv { dqg | vxfk
wkdw

S
�MU?

{� @ P@5/
S

�MU?
|� @ P@5/ dqg

K�+�+l,, . {ZE�� � K�+m, . {�
F�+�+l,, . |4E�� � F�+o, . |,
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iru doo l> m> o 5 L?1 Lw iroorzv wkdw

�+l> �+l,> �+l,, . {ZE�� . |4E�� @ ��+l> �+l,> �+l,, . {ZE�� . |4E��
@ K�+�+l,, .F�+�+l,, . {ZE�� . |4E��
� K�+m, . {� .F�+o, . |,
@ ��+l> m> o, . {� . |,
� �+l> m> o, . {� . |,

iru doo l> m> o 5 L?1 Wkxv +�> �> +{> |,, lv d shuihfwo| idlu doorfdwlrq1
Qrz vxssrvh wkdw +�> �> +{> |,, lv d shuihfwo| idlu doorfdwlrq1 Wkhq lw

krogv wkdw

�+l> �+l,> �+l,, . {ZE�� . |4E�� � �+l> k> f, . {� . |S

iru doo l 5 L?/ k 5 R�/ f 5 R21 Lw lv uhdglo| vhhq wkdw +�> �, lv dq rswlpdo
dvvljqphqw zlwk uhvshfw wr +�+l> k> f,,1 Ohw D� @ �+l> �+l,> �+l,,.{ZE��.|4E��
iru hdfk l 5 L?1 Ohw g�+k> f, @ D���+l> k> f,�{��|S iru hyhu| k 5 R�/ f 5 R21
Fohduo|/ g�+k> f, � 31 Ixuwkhupruh/ g�+�+l,> �+l,, @ 3 iru doo l 5 L?1 Ohw
K�+l, @ D��{� dqg FS+l, @ �|S1 Qrz gh�qh ��+l> k> f, @ �+l> k> f,.g�+k> f,1
Fohduo| ��+l> k> f, @ K�+l, . FS+l, dqg ��+l> �+l,> �+l,, @ �+l> �+l,> �+l,, iru
doo l 5 L?1 Wkxv +��+l> k> f, vdwlv�hv Frqglwlrq 6171 Ixuwkhupruh/ iru dq|
+� > �, 5 ���/ zh kdyh

[

�MU?

��+l> �+l,> �+l,, @
[

�MU?

�+l> �+l,> �+l,,

@
[

�MU?

+D� � {ZE�� � |4E��,

@
[

�MU?

+��+l> �+l,> �+l,, . {�E�� . |�E�� � {ZE�� � |4E��,

@
[

�MU?

��+l> �+l,> �+l,,�
[

�MU?

{ZE��

�
[

�MU?

|4E�� .
[

�MU?

{�E�� .
[

�MU?

|�E��

@
[

�MU?

��+l> �+l,> �+l,,=

Wklv phdqv wkdw +�+l> k> f,, lv dq rswlpdolw| suhvhuyhg pdwul{1 Wklv frp0
sohwhv wkh surri1 �

Rqh fdq hdvlo| yhuli| wkdw wkh pdwul{ +�+l> k> f,, lq H{dpsoh 4 lv dq
rswlpdolw| suhvhuyhg pdwul{ dqg wkxv wkhuh h{lvwv d shuihfwo| idlu doorfdwlrq/
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zkhuhdv wkh pdwul{ +�+l> k> f,, lq H{dpsoh 5 lv qrw dq rswlpdolw| suhvhuyhg
pdwul{ dqg wkhuhiruh wkhuh lv qr shuihfwo| idlu doorfdwlrq lq wkh h{dpsoh1

Wr pdnh wkh uhdghu pruh dftxdlqwhg zlwk rswlpdolw| suhvhuyhg pdwulfhv/
zh jlyh rqh pruh h{dpsoh1

H{dpsoh 61 Frqvlghu wkh fdvh lq zklfk wkhuh duh wzr djhqwv 4/ 5 dqg wkhuh
duh wzr krxvhv k4/ k5/ dqg wzr fduv f4/ f5/ dqg wrwdo prqh| +vd|/ groodu, P 1
Wkh ydoxhv ri wkh djhqwv iru wkh gl�huhqw sdluv ri krxvh dqg fdu duh jlyhq lq
Wdeoh 61

Wdeoh 6= Wkh ydoxhv ri remhfwv iru erwk djhqwv

�+4> k> f, f4 f5 �+5> k> f, f4 f5

k4 7 8 k4 6 7=8

k5 7 3 k5 8 8

Wkh pdwul{ +�+l> k> f,, lv dq rswlpdolw| suhvhuyhg pdwul{1 Wklv fdq eh
vhhq iurp wkh rswlpdo dvvljqphqw ++4> 5,> +5> 4,, zklfk lv xqghuolqhg lq wkh
wdeohv 6 dqg 71 Wkh wudqvirupdwlrq rshudwlrqv duh lqglfdwhg lq Wdeoh 71

Wdeoh 7= Wkh fkdqjhg ydoxhv ri remhfwv iru erwk djhqwv

�+4> k> f, f4 f5 �+5> k> f, f4 f5

k4 7 8 k4 6 . 4=8 7=8

k5 7 3 . 8 k5 8 8

Xs wr wklv srlqw/ dv wkh uhdghu pd| kdyh qrwlfhg/ wkh fodvv ri rswlpdolw|
suhvhuyhg pdwulfhv lv idluo| odujh dqg lqfoxghv wkh pdwulfhv uhvxowlqj iurp
vhsdudeoh dqg dgglwlyh ydoxh ixqfwlrqv dv lwv vshfldo vxefodvv1

7 Dq H{whqvlrq

Lq wklv vhfwlrq zh frqvlghu dq h{whqvlrq ri wkh suhylrxv prgho1 Vxssrvh wkhuh
duh p gl�huhqw w|shv ri remhfwv1 Wkhuh duh q remhfwv ri hdfk w|sh/ ghqrwhg
e| R�/ m 5 L61 Iru h{dpsoh/ rqh pljkw wklqn ri R� dv wkh froohfwlrq ri
krxvhv/ ri R2 dv fduv/ ri R� dv wuxfnv/ dqg vr rq1 Wkh xwlolw| ixqfwlrq ri
hdfk djhqw lv gh�qhg dv x� = R��R2�� � ��R6�LU :$ LU zklfk lv dvvxphg wr
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eh d qrqghfuhdvlqj dqg frqwlqxrxv ixqfwlrq lq prqh|1 Wkhq zh fdq h{whqg
wkh gh�qlwlrq ri shuihfwo| idlu doorfdwlrq dv iroorzv1

Gh�qlwlrq 714 Dq doorfdwlrq +��> � � � > �6> {�> � � � > {6, lv d shuihfwo| idlu do0
orfdwlrq li lw krogv wkdw �� 5 �/ m 5 L6/

S
�MU?

S
�MU6

{�� @ P / dqg

x�+�
�+l,> � � � > �6+l,> {�Z�E�� . � � �. {6Z6E��, � x�+k�> � � � > k6> {��� . � � �. {6�6,

;l 5 L?> k� 5 R� > m 5 L6=

Rqh fdq vkrz wkdw hyhu| shuihfwo| idlu doorfdwlrq lv dovr Sduhwr rswlpdo1
Wr rewdlq dq h{lvwhqfh uhvxow/ rqfh djdlq zh zloo irfxv rxu dwwhqwlrq rq
wkh fdvh zkhuh hyhu| djhqw kdv txdvl0olqhdu xwlolwlhv lq prqh|1 Lq wklv fdvh
zh fdq uhsuhvhqw wkh prgho e| H @ ++�+l> k�> k2> � � � > k6,,> q>P, zkhuh wkh
pdwul{ +�+l> k�> � � � > k6,, lv dq q6n�0pdwul{/ q lv wkh qxpehu ri djhqwv dqg
P lv wkh wrwdo dprxqw ri prqh|1 Hdfk hqwu| �+l> k�> � � � > k6, uhsuhvhqwv wkh
ydoxh ri wkh frpelqdwlrq ri remhfwv k�/ k2/ � � �/ k6 wr djhqw l1

Frqglwlrqv 617 dqg 618 fdq eh dssursuldwho| prgl�hg dv iroorzv=

Frqglwlrq 715 Wkh q6n�0pdwul{ +�+l> k�> � � � > k6,, kdv wkh iroorzlqj surs0
huw|= Iru hyhu| l 5 L? dqg m> n 5 L6 zlwk 4 � m ? n � p/ lw krogv

�+l> k�> � � � > k�> � � � > k&> � � � > k6, . �+l> k�> � � � > k��> � � � > k�&> � � � > k6,
@ �+l> k�> � � � > k�> � � � > k�&> � � � > k6, . �+l> k�> � � � > k��> � � � > k&> � � � > k6,>

; +k�> � � � > k6, 5 R� � � � � �R6 k�� 5 R� > k
�

& 5 R&

Frqglwlrq 716 Wkh q6n�0pdwul{ +�+l> k�> � � � > k6,, kdv wkh iroorzlqj surs0
huw|= Iru hyhu| l 5 L? dqg m 5 L6/ wkhuh h{lvwv dq q0yhfwru K�+m, @
+K�+m> 4,> � � � >K�+m> q,, vxfk wkdw lw krogv

�+l> k�> � � � > k6, @
[

�MU6

K�+m> k�,> ; +k�> � � � > k6, 5 R� � � � � � R6=

Ohppd 717 Frqglwlrqv 715 dqg 716 duh htxlydohqw1

Surri= Wkdw Frqglwlrq 716 lpsolhv Frqglwlrq 715 lv reylrxv1 Qrz zh suryh
wkdw Frqglwlrq 715 lpsolhv Frqglwlrq 716 e| lqgxfwlrq1 Zh kdyh suryhg wkh
fdvh ri p @ 5 lq Vhfwlrq 61 Vxssrvh wkdw wkh fdvh ri p� 4 lv wuxh1 Qrz ohw
xv suryh wkh fdvh ri p1 Lw iroorzv iurp Frqglwlrq 715 dqg wkh dvvxpswlrq
wkdw iru hyhu| l 5 L?/ m 5 L6 q ipj/ dqg hdfk �{hg k6 5 R6 wkhuh h{lvwv dq
q0yhfwru K �

�+m> k6, @ +K �

�+m> 4> k6,> � � � >K �

�+m> q> k6,, vxfk wkdw

�+l> k�> � � � > k63�> k6, @
63�[

�'�

K �

�+m> k�> k6,> ;+k�> � � � > k63�, 5 R� � � � � � R63�=
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Qrwh wkdw= iru hdfk �{hg m 5 L6/ +K �

�+m> k� > k6,, fdq eh orrnhg dv d wulpdwul{
iru doo l 5 L?/ k� 5 R� / dqg k6 5 R61 Uhfdoo wkdw iurp Frqglwlrq 715 zh
kdyh= iru hyhu| m+9@ p, 5 L6

�+l> k�> � � � > k�> � � � > k6, . �+l> k�> � � � > k��> � � � > k�6,
@ �+l> k�> � � � > k�> � � � > k�6, . �+l> k�> � � � > k��> � � � > k6,=

Wklv lpsolhv wkdw

K �

�+m> k�> k6, .K �

�+m> k
�

�> k
�

6, @ K �

�+m> k� > k
�

6, .K �

�+m> k
�

�> k6,>

iru doo k� > k�� 5 R�/ dqg k6> k
�

6 5 R61 Wkhq e| Ohppd 619/ zh vhh wkdw
iru hdfk m+9@ p, 5 L6 wkhuh h{lvw wzr q0yhfwruv K�+m, dqg K �

�+m, vxfk wkdw
K �

�+m> k� > k6, @ K�+m> k�, .K �

�+m> k6, iru doo k� 5 R� dqg k6 5 R61 Gh�qh
K�+p, @

S63�
�'� K �

�+m,1 Wkhq zh rewdlq wkdw

�+l> k�> � � � > k6, @
[

�MU6

K�+m> k�,> ; +k�> � � � > k6, 5 R� � � � � � R6=

Wklv vd|v wkdw Frqglwlrq 716 lv wuxh iru wkh fdvh ri p1 �

Gh�qlwlrq 718 Jlyhq dq q6n�0pdwul{ D @ +�+l> k�> � � � > k6,, dqg dq dv0
vljqphqw +��> � � � > �6, 5 �� � � � ��/ wkh iroorzlqj surfhvv lv fdoohg dq
P0wudqvirupdwlrq ri D iurp +��> � � � > �6, li hdfk hohphqw �+l> k�> � � � > k6,
h{fhsw iru �+l> ��+l,> � � � > �6+l,,/ l 5 L? lv dgghg zlwk d qrqqhjdwlyh qxp0
ehu �+l> k�> � � � > k6, vr wkdw wkh qhz q6n�0pdwul{ W @ +�+l> k�> � � � > k6, .
�+l> k�> � � � > k6,, vdwlv�hv Frqglwlrq 7151

Wkh q6n�0pdwul{ W deryh zloo eh fdoohg dq P0pdwul{ uhvxowhg iurp
+��> � � � > �6,1

Gh�qlwlrq 719 Dq q6n�0pdwul{ +�+l> k�> � � � > k6,, lv dq rswlpdolw| suhvhuyhg
pdwul{ li wkhuh h{lvw dq rswlpdo dvvljqphqw +��> � � � > �6, 5 �� � � � �� dqg
dq P0wudqvirupdwlrq iurp +��> � � � > �6, vxfk wkdw +��> � � � > �6, lv vwloo dq
rswlpdo dvvljqphqw lq wkh P0pdwul{ uhvxowhg iurp +��> � � � > �6,1

Fohduo|/ dq q6n�0pdwul{ vdwlvi|lqj Frqglwlrq 715 lv dq rswlpdolw| suh0
vhuyhg pdwul{1

Kdylqj wkhvh suhsdudwlrqv/ zh fdq qrz hvwdeolvk wkh iroorzlqj h{lvwhqfh
wkhruhp rq wklv pruh jhqhudo prgho1 Khuh zh uhqghu d frpsohwh surri/ zklfk
zh eholhyh zloo surylgh vrph dgglwlrqdo lqvljkw lqwr wkh sureohp/ dowkrxjk
vrph sduw ri wkh surri lv vlplodu wr wkdw jlyhq lq Wkhruhp 61<1
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Wkhruhp 71: Jlyhq d prgho H @ ++�+l> k�> � � � > k6,,> q>P,/ wkhuh h{lvwv d
shuihfwo| idlu doorfdwlrq li dqg rqo| li wkh ydoxdwlrq q6n�0pdwul{ +�+l> k�> � � � > k6,,
lv dq rswlpdolw| suhvhuyhg pdwul{1

Surri= Vlqfh +�+l> k�> � � � > k6,, lv dq rswlpdolw| suhvhuyhg pdwul{/ wkhq
wkhuh h{lvw dq rswlpdo dvvljqphqw +��> � � � > �6, 5 � � � � � � � dqg dq
P0wudqvirupdwlrq iurp +��> � � � > �6, vxfk wkdw +��> � � � > �6, lv vwloo dq rs0
wlpdo dvvljqphqw lq wkh P0pdwul{ uhvxowhg iurp +��> � � � > �6,1 Ohw W @
+��+l> k�> � � � > k6,, eh wkh q6n� P0pdwul{ uhvxowhg iurp +��> � � � > �6,1 Vr zh
kdyh

��+l> k�> � � � > k6, � �+l> k�> � � � > k6,

��+l> ��+l,> � � � > �6+l,, @ �+l> ��+l,> � � � > �6+l,,

iru doo l 5 L?/ +k�> � � � > k6, 5 R� � � � � � R6/ dqg[

�MU?

��+l> ��+l,> � � � > �6+l,, �
[

�MU?

��+l> ��+l,> � � � > �6+l,,> +719,

iru doo +��> � � � > �6, 5 �� � � � ��1 Vlqfh W vdwlv�hv Frqglwlrq 715/ wkhq iru
hyhu| l 5 L? dqg m 5 L6 wkhuh h{lvwv dq q0yhfwruK�+m, vr wkdw ��+l> k�> � � � > k6, @S

�MU6
K�+m> k�, iru hyhu| +k�> � � � > k6, 5 R��� � ��R61 Wkhq zh fdq uhzulwh

htxdwlrq +719, dv
[

�MU?

[

�MU6

K�+m> �
�+l,, �

[

�MU?

[

�MU6

K�+m> �
�+l,,> +71:,

iru doo +��> � � � > �6, 5 �� � � � ��1 Lw iroorzv iurp htxdwlrq +71:, wkdw
[

�MU?

K�+m> �
�+l,, �

[

�MU?

K�+m> �
�+l,,

iru hyhu| m 5 L6 dqg doo � � 5 �1 E| Ohppd 615 iru hdfk m 5 L6 wkhuh h{lvwv
dq q0yhfwru {� vxfk wkdw

S
��MU?

{��� @ P@p/ dqg

K�+m> �
�+l,, . {�

Z�E��
� K�+m> k�, . {���

iru doo l 5 L?/ m 5 L6 dqg k� 5 R� 1 Lw iroorzv wkdw

�+l> ��+l,> � � � > �6+l,, .S
�MU6

{�
Z�E��

@ ��+l> ��+l,> � � � > �6+l,, .
S

�MU6
{�
Z�E��

@
S

�MU6
K�+m> �

�+l,, .
S

�MU6
{�
Z�E��

@
S

�MU6
+K�+m> �

�+l,, . {�
Z�E��

,

� S
�MU6

+K�+m> k�, . {���,

@ ��+l> k�> � � � > k6, .S
�MU6

{���

� �+l> k�> � � � > k6, .S
�MU6

{���

48



iru doo l 5 L? dqg +k�> � � � > k6, 5 R��� � ��R61 Wkxv +��> � � � > �6> {�> � � � > {6,
lv d shuihfwo| idlu doorfdwlrq1

Qrz vxssrvh wkdw +��> � � � > �6> {�> � � � > {6, lv d shuihfwo| idlu doorfdwlrq1
Wkhq lw krogv wkdw

�+l> ��+l,> � � � > �6+l,, .
[

�MU6

{�
Z�E��

� �+l> k�> � � � > k6, .
[

�MU6

{���

iru doo l 5 L? dqg +k�> � � � > k6, 5 R� � � � � � R61 Lw lv uhdglo| vhhq wkdw
+��> � � � > �6, lv dq rswlpdo dvvljqphqw zlwk uhvshfw wr +�+l> k�> � � � > k6,,1 Ohw
D� @ �+l> ��+l,> � � � > �6+l,,.

S
�MU6

{�
Z�E��

iru hdfk l 5 L?1 Ohw g�+k�> � � � > k6, @
D� � �+l> k�> � � � > k6, �S

�MU6
{��� iru hyhu| +k�> � � � > k6, 5 R� � � � � � R61

Fohduo|/ g�+k�> � � � > k6, � 31 Ixuwkhupruh/ g�+��+l,> � � � > �6+l,, @ 3 iru doo l 5
L?1 OhwK�+m, @ �{� iru doo m 5 L6qipj dqgK�+p, @ +D��{6� > � � � >D��{6? ,1
Qrz gh�qh ��+l> k�> � � � > k6, @ �+l> k�> � � � > k6, . g�+k�> � � � > k6,1 Fohduo|
��+l> k�> � � � > k6, @

S
�MU6

K�+m> k�, dqg ��+l> ��+l,> � � � > �6+l,, @ �+l> ��+l,> � � � > �6+l,,
iru doo l 5 L?1 Wkxv +��+l> k�> � � � > k6,, vdwlv�hv Frqglwlrq 7151 Ixuwkhupruh/
iru dq| +��> � � � > �6, 5 �� � � � ��/ zh kdyh

S
�MU?

��+l> ��+l,> � � � > �6+l,,
@

S
�MU?

�+l> ��+l,> � � � > �6+l,,
@

S
�MU?

+D� �S
�MU6

{�
Z�E��

,

@
S

�MU?
+��+l> ��+l,> � � � > �6+l,, .

S
�MU6

{�
��E��

�S
�MU6

{�
Z�E��

,

@
S

�MU?
��+l> ��+l,> � � � > �6+l,, .S

�MU?

S
�MU6

{�
��E�� �

S
�MU?

S
�MU6

{�
Z�E��

@
S

�MU?
��+l> ��+l,> � � � > �6+l,,

Wklv phdqv wkdw +�+l> k�> � � � > k6,, lv dq rswlpdolw| suhvhuyhg pdwul{1 Wklv
frpsohwhv wkh surri1 �
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Uhihuhqfhv

Dondq/ D1/ Ghpdqjh/ J1/ Jdoh/ G1/ 4<<41 Idlu doorfdwlrq ri lqglylvleoh remhfwv
dqg fulwhuld ri mxvwlfh/ Hfrqrphwulfd 8</ 4356�436<1

Iroh|/ G1/ 4<9:1 Uhvrxufh doorfdwlrq dqg wkh sxeolf vhfwru/ \doh Hfrqrplf
Hvvd|v :/ 78�<;1

Nolmq/ I1/ 53331 Dq dojrulwkp iru hqy|0iuhh doorfdwlrqv lq dq hfrqrp| zlwk
lqglylvleoh remhfwv dqg prqh|/ Vrfldo Fkrlfh dqg Zhoiduh 4:/ 53405491

Pdvnlq/ H1/ 4<;:1 Rq wkh idlu doorfdwlrq ri lqglylvleoh remhfwv1 Lq Duurz dqg
wkh Irxqgdwlrqv ri wkh Wkhru| ri Hfrqrplf Srolf|/ PdfPloodq/ Orqgrq/ ss1
674067<1

Udzov/ M1/ 4<:41 D Wkhru| ri Mxvwlfh1 Kduydug Xqlyhuvlw| Suhvv/ Fdpeulgjh/
PD1

Vkdsoh|/ O1V1/ Vkxeln/ P1/ 4<:51 Wkh dvvljqphqw jdph/ L= wkh fruh/ Lqwhuqd0
wlrqdo Mrxuqdo ri Jdph Wkhru| 4/ 44404631

Vwhlqkdxv/ K1/ 4<7;1 Wkh sureohp ri idlu glylvlrq/ Hfrqrphwulfv 49/ 434�
4371

Vx/ I1H1/ 4<<<1 Uhqwdo kduprq|= Vshuqhu*v ohppd lq idlu glylvlrq/ Dphulfdq
Pdwkhpdwlfdo Prqwko| 439/ <63�<751

Vxq/ Q1/ \dqj/ ]1/ 53331 Rq idlu doorfdwlrqv dqg lqglylvlelolwlhv1 Suhsulqw/
Idfxow| ri Exvlqhvv Dgplqlvwudwlrq/ \rnrkdpd Qdwlrqdo Xqlyhuvlw|/ \rnr0
kdpd1

Vyhqvvrq/ O1/ 4<;61 Odujh lqglylvlelolwlhv= dq dqdo|vlv zlwk uhvshfw wr sulfh
htxloleulxp dqg idluqhvv/ Hfrqrphwulfd 84/ <6<�<871

Wdghqxpd/ N1/ Wkrpvrq/ Z1/ 4<<41 Qr0hqy| dqg frqvlvwhqf| lq hfrqrplhv
zlwk lqglylvlelolwlhv/ Hfrqrphwulfd 8</ 4:88�4:9:1

Yduldq/ K1/ 4<:71 Htxlw|/ hqy|/ dqg h!flhqf|/ Mrxuqdo ri Hfrqrplf Wkhru|
</ 96�<41

\dqj/ ]1/ 4<<;1 Dq lqwhuvhfwlrq wkhruhp rq dq xqerxqghg vhw dqg lwv dssol0
fdwlrq wr wkh idlu doorfdwlrq sureohp1 Suhsulqw/ Idfxow| ri Exvlqhvv Dgplqlv0
wudwlrq/ \rnrkdpd Qdwlrqdo Xqlyhuvlw|/ \rnrkdpd/ iruwkfrplqj lq Mrxuqdo
ri Rswlpl}dwlrq Wkhru| dqg Dssolfdwlrqv/ 443/ Dxjxvw/ 53341
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