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D Frpsxwdwlrqdo Dqdo|vlv ri wkh Fruh ri d
Wudglqj Hfrqrp| zlwk Wkuhh Frpshwlwlyh Htxloleuld

dqg d Ilqlwh Qxpehu ri Wudghuv�

Dorn Nxpdu_

Pduwlq Vkxeln h

Ghfhpehu 5333

Devwudfw

Lq wklv sdshu zh h{dplqh wkh vwuxfwxuh ri wkh fruh ri d wudglqj hfrqrp| zlwk wkuhh frp0
shwlwlyh htxloleuld dv wkh qxpehu ri wudghuv +Q, lv ydulhg1 Zh dovr h{dplqh wkh vhqvlwlylw| ri
wkh pxowlsolflw| ri htxloleuld dqg ri wkh fruh wr yduldwlrqv lq lqglylgxdo lqlwldo hqgrzphqwv1
Frpsxwdwlrqdo uhvxowv vkrz wkdw wkh fruh �uvw vsolwv lqwr wzr slhfhv dw Q @ 8 dqg wkhq vsolwv
d vhfrqg wlph lqwr wkuhh slhfhv dw Q @ 451 Erwk ri wkhvh vsolwv rffxu qrw dw d srlqw exw dv
d frqwljxrxv jds1 Dv Q lv lqfuhdvhg ixuwkhu/ wkh fruh vkulqnv e| Q @ 933 zlwk hvvhqwldoo|
rqo| wkh 6 frpshwlwlyh htxloleuld uhpdlqlqj1 Zh �qg wkdw wkh vshhg ri frqyhujhqfh ri wkh
fruh wrzdug wkh wkuhh frpshwlwlyh htxloleuld lv qrw xqlirup1 Lqlwldoo|/ iru vpdoo Q / lw lv qrw ri
wkh rughu 4@Q exw zkhq Q lv odujh/ wkh frqyhujhqfh udwh lv dssur{lpdwho| ri wkh rughu 4@Q 1
Vpdoo yduldwlrqv lq wkh lqlwldo lqglylgxdo hqgrzphqwv dorqj wkh sulfh ud|v wr wkh frpshwlwlyh
htxloleuld pdnh wkh uhvshfwlyh frpshwlwlyh htxloleulxp +FH, xqltxh dqg rqfh d FH ehfrphv
xqltxh/ lw uhpdlqv vr iru doo doorfdwlrqv rq wkh sulfh ud|1 Vhqvlwlylw| dqdo|vlv ri wkh fruh uhyhdov
wkdw lq wkh odujh sduw ri wkh hqgrzphqw vsdfh zkhuh wkh frpshwlwlyh htxloleulxp lv xqltxh/ wkh
fruh hlwkhu frqyhujhv wr wkh vlqjoh FH ru lw vsolwv lqwr wzr vhjphqwv/ rqh ri zklfk frqyhujhv
wr wkh FH dqg wkh rwkhu glvdsshduv1
Nh|zrugv= Fruh/ Pxowlsoh frpshwlwlyh htxloleuld/ Vshhg ri frqyhujhqfh/ Vhqvlwlylw| Dqdo|vlv1
MHO Fodvvl�fdwlrq= F95/ F:41

4 Lqwurgxfwlrq

Lq d eulhi qrwh Vkdsoh| dqg Vkxeln +4<::, suhvhqwhg dq h{dpsoh ri d wzr0frpprglw|/ wzr0wudghu
w|sh vprrwk wudglqj hfrqrp| zlwk pxowlsoh htxloleuld1 Iljxuh 4 vkrzv d judsklfdo uhsuhvhqwdwlrq
ri wklv hfrqrp| lq dq Hgjhzruwk er{ gldjudp1 Wkh h{dpsoh lv urexvw lq wkh vhqvh wkdw lwv
txdolwdwlyh ihdwxuhv zrxog vxuylyh vpdoo shuwxuedwlrqv wr wkh prgho sdudphwhuv1 Lq wklv sdshu
zh h{whqg wkh h{dpsoh wr shuirup d vhqvlwlylw| dqdo|vlv rq wkh fruh dv wkh qxpehu ri wudghuv
lv ydulhg1 Zh dovr h{dplqh wkh vhqvlwlylw| ri wkh pxowlsolflw| ri htxloleuld dqg ri wkh fruh wr
yduldwlrqv lq lqglylgxdo lqlwldo hqgrzphqwv1 Lq sduwlfxodu/ zh dgguhvv wkh iroorzlqj txhvwlrqv= +d,

WWkh PDWODE surjudpv xvhg iru shuiruplqj wkh frpsxwdwlrqv lq wklv sdshu duh dydlodeoh iurp wkh dxwkruv
xsrq uhtxhvw1

_\doh Xqlyhuvlw|/ Qhz Kdyhq/ FW 398441 hpdlo= dorn1nxpduC|doh1hgx1
hFrzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv/ Ghsduwphqw ri Hfrqrplfv/ \doh Xqlyhuvlw|/ Qhz Kdyhq/ FW

398531 hpdlo= pduwlq1vkxelnC|doh1hgx
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Figure 1. An Edgeworth box diagram with three competitive equilibria: I represents the initial allo-
cations to both trader types. O1 and O2 are the origins for type I and type II traders respectively. CE1, CE2

and CE3 are the three competitive equilibrium points and V is the value solution. IC1 and IC2 are the zero
gain indifference curves. O1D1C1D2C2O2 is the Pareto set which consists of the locus of the points of
tangency of the indifference curves of the two trader types (D1D12) and maximal points along the
perimeter of the Edgeworth box (O1D1 and O2D2). The portion of the Pareto set, C1C2, which lies between
the zero gain indifference curves is the contract curve. It includes a short piece D1C1 along the boundary
of the box. C1 and C2 represent the worst contracts for type I and type II traders respectively. The
response curve represents the optimal allocation of the trader type for an exogeneously specified
exchange ratio (or price).

Figure 2. Utility functions of the two trader types: The utility functions are concave, smooth C∞) and
each has an additively separable linear term.



Fruh Vsolw= iru zkdw ydoxhv ri Q +wkh qxpehu ri wudghuv ri hdfk w|sh, grhv wkh fruh vsolwB Grhv
wkh fruh vsolw dw d vlqjoh srlqw ru lv d jds iruphgB Grhv wkh fruh vsolw lqwr pruh vhjphqwv wkdq
wkhuh duh frpshwlwlyh htxoleuld +FHv,B +e, Vshhg ri frqyhujhqfh= Gr wkh vhjphqwv ri wkh fruh
frqwdlqlqj wkh FHv frqyhujh dw gl�huhqw udwhv wr wkhlu uhvshfwlyh FHB +f, Urexvwqhvv= Krz duh
wkh qxpehu ri FHv lq xhqfhg dv wkh lqlwldo hqgrzphqwv ri wudghuv duh ydulhg zkloh suhvhuylqj
wkh wrwdo hqgrzphqwB Xvlqj dqdo|wlfdo phwkrgv/ wkhvh w|shv ri txhvwlrqv fdq rqo| eh dssurdfkhg
dw d kljk ohyho ri jhqhudolw| dqg gr qrw shuplw xv wr h{dplqh wkh �qh vwuxfwxuh ri vshfl�f fdvhv1
Krzhyhu/ e| dgrswlqj d frpsxwdwlrqdo dssurdfk zh duh deoh wr �ylvxdol}h� wkh �qh vwuxfwxuh ri
wkh vshfl�f h{dpsoh glvfxvvhg lq Vkdsoh| dqg Vkxeln +4<::,1

5 D Wudglqj Hfrqrp| zlwk Wkuhh Frpshwlwlyh Htxloleuld

Frqvlghu d wzr0frpprglw|4/ wzr0wudghu w|sh h{fkdqjh hfrqrp| zlwk 5Q djhqwv zkhuh wkhuh duh
Q djhqwv ri hdfk w|sh1 Lq Iljxuh 4 zh uhsuhvhqw wklv hfrqrp| judsklfdoo| lq dq Hgjhzruwk er{1
Zh dvvxph wkdw doo wudghuv ri rqh w|sh kdyh lghqwlfdo suhihuhqfhv dqg lghqwlfdo hqgrzphqwv +lqlwldo
doorfdwlrqv, dw wkh ehjlqqlqj1 Ohw W uhsuhvhqw wkh vhw ri doo 5Q wudghuv lq wkh hfrqrp| dqg ohw W�
dqg W2 uhsuhvhqw wkh vhw ri wudghuv ri w|shv L dqg LL uhvshfwlyho|1 Doo wudghuv ri d jlyhq w|sh kdyh
lghqwlfdo suhihuhqfhv zklfk fdq eh uhsuhvhqwhg e| wkh iroorzlqj xwlolw| ixqfwlrqv +vhh Iljxuh 5 iru
d sorw ri wkh wzr xwlolw| ixqfwlrqv,=

x�+{> |, @ {. 433+4� h3+*�f,

x2+{> |, @ | . 443+4� h3%*�f,

Erwk wkh xwlolw| ixqfwlrqv duh qrw rqo| frqfdyh dqg vprrwk +F", exw dovr dgglwlyho| vhsdudeoh/
zlwk rqh jrrg hqwhulqj olqhduo| lq hdfk fdvh1 Lw lv zhoo nqrzq wkdw wkh frpshwlwlyh htxloleulxp
lv xqltxh li wkh vdph jrrg lv olqhdu dqg vhsdudeoh lq doo xwlolw| ixqfwlrqv/ surylghg rqo| wkdw
wklv jrrg lv lq vx!flhqw vxsso| dqg wkh suhihuhqfh vhwv duh vprrwk +F�, dqg vwulfwo| frqyh{/ dv
wkh| duh khuh1 Wkh Vkdsoh|�Vkxeln +4<::, h{dpsoh vkrzv wkdw wklv wudqvihudeoh xwlolw| ru zhoiduh
pd{lpl}lqj dssurdfk wr xqltxhqhvv grhv qrw doorz hyhq d prghvw wlqnhulqj zlwk wkh k|srwkhvhv1

Wkh Sduhwr vhw iru wklv hfrqrp| lv wkh orfxv ri wkh srlqwv ri wdqjhqf| ri wkh lqgl�huhqfh fxuyhv
ri wkh wzr wudghu w|shv dqg lw lv jlyhq e|=

| @ {. 83� 43orj+443, @ {. 5=<<8

Wklv lv uhsuhvhqwhg dv R�F�G�F2G2R2 lq Iljxuh 41 Lw lqfoxghv wkh pd{lpdo srlqwv dorqj wkh
shulphwhu ri wkh Hgjhzruwk er{ +R�G� dqg R2G2,1 Wkh sruwlrq ri wkh Sduhwr vhw/ F�F2/ zklfk
olhv ehwzhhq wkh }hur jdlq lqgl�huhqfh fxuyhv lv wkh frqwudfw fxuyh1 Lw lqfoxghv d vkruw slhfh G�F�

dorqj wkh erxqgdu| ri wkh er{1 F� dqg F2 uhsuhvhqw wkh zruvw frqwudfwv iru w|sh L dqg w|sh LL
wudghuv uhvshfwlyho|1

Wkh frqglwlrqv iru d frpshwlwlyh doorfdwlrq uhgxfh e| hohphqwdu| fdofxoxv wr wkh iroorzlqj
wudqvfhqghqwdo htxdwlrq=

{+4 . 44h%*�f, @ 43orj+443,

4Iru h{dpsoh/ euhdg dqg zlqh1
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Wdeoh 4= Qxphulfdo Gdwd iru Iljxuh 4

Srlqw lq Kroglqjv ri H{fkdqjh Xwlolw| Sd|r� wr Xwlolw| Sd|r� wr
wkh Iljxuh W|sh L Wudghuv Udwlr W|sh L Wudghuv W|sh LL Wudghuv
Lqlwldo Doorfdwlrq

L +83> 3, 73=33 83=33

Fruh Vroxwlrq= hqgsrlqwv ri wkh fruh
F� +73> 77=;<, 3=46 73=33 485=;;
F2 +7=;6> :=;6, ;=:6 466=9< 83=33

Frpshwlwlyh Vroxwlrqv
FH� +:=:7> 43=:7, 8=3: 463=5< :3=34
FH2 +59=;6> 5<=;5, 3=:8 <<=;; 465=63
FH� +69=:;> 6<=::, 3=5; 9:=5: 479=<<

Ydoxh Vroxwlrq
Y +56=33> 58=<<, 4=37 43:=<7 457=<9

Iru kroglqjv ri w|sh LL wudghuv/ vxewudfw wkh kroglqjv ri w|sh L wudghuv iurp Eefc Df�1

H{fkdqjh udwlr lv wkh sulfh ri wkh �uvw frpprglw| lq wkh xqlw ri wkh vhfrqg frpprglw|1

Wklv htxdwlrq kdv wkuhh urrwv lq wkh uhjlrq ri lqwhuhvw zklfk ghwhuplqh wkh wkuhh frpshwlwlyh
htxloleulxp vroxwlrqv/ FH�/ FH2 dqg FH�/ dv vkrzq lq Iljxuh 4 dqg Wdeoh 41 Wkh doorfdwlrqv
uhsuhvhqwhg e| wkh frpshwlwlyh htxloleulxp srlqwv duh rswlpdo iru erwk wkh wudghu w|shv/ jlyhq wkh
h{fkdqjh udwlr +ru wkh sulfh,1 Dw wkhvh doorfdwlrqv/ wkh uhvsrqvh fxuyhv ri wkh wzr wudghu w|shv
lqwhuvhfw1 Ri wkh wkuhh frpshwlwlyh htxloleuld/ wzr duh vwdeoh +FH� dqg FH�, dqg wkh wklug rqh
+FH2, lv xqvwdeoh lq wkh vhqvh wkdw udlvlqj wkh sulfh ri hlwkhu jrrg zrxog fuhdwh d srvlwlyh h{fhvv
ghpdqg iru wkdw jrrg1 Lq Wdeoh 4 wkh fruh dqg wkh ydoxh vroxwlrqv ri wkh wzr shuvrq wudglqj jdph
duh jlyhq lq rughu wr vxjjhvw rxwfrphv dowhuqdwlyh wr wkrvh ri wkh frpshwlwlyh htxloleulxp +vhh
Vkdsoh| dqg Vkxeln/ 4<9<,1

Lqlwldo Frqglwlrqv= Zh dvvxph wkdw doo wudghuv ri rqh w|sh ehjlq zlwk dq lghqwlfdo lqlwldo
hqgrzphqw ri frpprglwlhv= +d> 3, iru w|sh L wudghuv dqg +3> e, iru w|sh LL wudghuv1 Iru d @ 73> e @
83/ wkh lqlwldo xwlolwlhv duh +x�> x2, @ +73> 83,1

6 Wkh Frpsxwdwlrqdo Dssurdfk

Wkh fruh ri dq Q0wlphv uhsolfdwhg h{fkdqjh hfrqrp| frqyhujhv wr wkh vhw ri frpshwlwlyh htxloleuld
dv wkh qxpehu ri djhqwv ehfrph odujh +Gheuhx dqg Vfdui/ 4<96,1 Wkh fruh vkulqnv lq wklv pdqqhu
ehfdxvh iru d jlyhq fruh doorfdwlrq/ d jurxs ri wudghuv ru dq +p>q, frdolwlrq5 pd| eh deoh wr
uhglvwulexwh wkhlu uhvrxufhv vxfk wkdw vrph +dw ohdvw rqh, phpehuv ri wkh frdolwlrq lpsuryh wkhlu
xwlolwlhv zkloh qr phpehu*v xwlolw| ghwhulrudwhv1 Wklv phdqv=

xS+{� > |�, � xS+{�> |�,>;f 5 W�+Q, dqg <f 5 W�+Q, v=w= xS+{�> |�, A xS+{�> |�,

zkhuh +{�> |�, lv wkh doorfdwlrq sulru wr h{fkdqjh/ +{�> |�, lv wkh doorfdwlrq diwhu wkh h{fkdqjh dqg
W�+Q, � W lv wkh vhw ri doo wudghuv lq wkh frdolwlrq1 Wklv surfhvv ri h{fkdqjh lv nqrzq dv d
uhfrqwudfw1 Dq doorfdwlrq [ lv vdlg wr eh �eorfnhg� li d sur�wdeoh uhfrqwudfw h{lvwv iru dq +p>q,

5Dq E6c?� frdolwlrq lv d vxevhw ri wkh vhw ri wudghuv 9 / zkhuh wkhuh duh 6 wudghuv ri w|sh L dqg ? wudghuv ri
w|sh LL1
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frdolwlrq16 Wkh eorfndeoh vhw ghshqgv rqo| xsrq wkh w|sh0frpsuhvvlrq udwlr +wkh uhodwlyh qxpehu
ri sod|huv ri w|shv L dqg LL, ri wkh frdolwlrqv1

Dv Q lqfuhdvhv/ pruh doorfdwlrqv lq wkh fruh fdq eh eorfnhg/ l1h1/ srlqwv rq wkh fruh wkdw
fdqqrw eh uhfrqwudfwhg ghfuhdvhv dqg wkh fruh vkulqnv1 Iru d yhu| odujh Q / doo srlqwv lq wkh fruh
fdq eh eorfnhg h{fhsw wkh frpshwlwlyh htxloleulxp srlqwv1 Wkh fruh w|slfdoo| vkulqnv dw d xqlirup
udwh zlwk wkh udwh ri frqyhujhqfh ri wkh rughu 4@Q +Gheuhx/ 4<:8> Vkdsoh|/ 4<:8,1 Zkhq wkhuh
lv rqh frpshwlwlyh htxloleulxp/ wkh fruh xqlirupo| frqyhujhv wr wkh FH1 Zlwk pxowlsoh htxloleuld/
krzhyhu/ wkh fruh pxvw vsolw lqwr vhyhudo slhfhv dw vrph ydoxh ri Q dqg wkhq lw pxvw uhpdlq
glvfrqqhfwhg iru doo odujhu Q 1 Zh duh lqwhuhvwhg lq lghqwli|lqj wkh vsolw srlqwv ri wkh fruh dv wkh
qxpehu ri wudghuv lq wkh hfrqrp| lqfuhdvhv dqg wkh vxevhtxhqw frqyhujhqfh ri wkh vhjphqwv1

Lq rughu wr lghqwli| wkh srlqwv rq wkh fruh wkdw fdq eh eorfnhg dv Q lqfuhdvhv/ wkh fruh lv �uvw
glvfuhwl}hg1 Wkhq/ hdfk doorfdwlrq lq wkh fruh +vd| [, lv h{dplqhg vhtxhqwldoo| wr fkhfn li lw fdq
eh eorfnhg e| dq +p>q, frdolwlrq1 Wkh v|pphwulf doorfdwlrqv dfklhydeoh e| dq +p>q, frdolwlrq olh
rq wkh olqh +sulfh ud| L[V lq Iljxuh 6, mrlqlqj wkh lqlwldo doorfdwlrq srlqw +uhsuhvhqwhg e| L, dqg
wkh srlqw rq wkh fruh xqghu lqyhvwljdwlrq1 Li S dqg T duh wkh doorfdwlrqv ri wkh wzr wudghu w|shv
dorqj wkh sulfh ud| diwhu dq h{fkdqjh/ wkhq wkh iroorzlqj uhodwlrq pxvw krog lq rughu wr vdwlvi|
wkh uhvrxufh frqvwudlqw dqg wkh htxdo wuhdwphqw7 surshuw|=

LS

LT
@

q

p

Dw wkh frpshwlwlyh doorfdwlrqv/ wkh wzr lqgl�huhqfh fxuyhv dqg wkh sulfh ud| duh wdqjhqw wr hdfk
rwkhu dqg wkxv qr sur�wdeoh uhfrqwudfw lv srvvleoh1 Krzhyhu/ li [ lv d qrq0frpshwlwlyh doorfdwlrq/
wkh sulfh ud| L[V lv qrw wdqjhqw wr wkh wzr lqgl�huhqfh fxuyhv wkurxjk [ dqg fxwv wkhp djdlq
dw D dqg E uhvshfwlyho|1 Wkh p w|sh L wudghuv fdq lpsuryh e| uhfrqwudfwlqj wr dq doorfdwlrq rq
wkh olqh vhjphqw D[ dqg wkh q w|sh LL wudghuv fdq lpsuryh e| prylqj wr dq doorfdwlrq rq wkh
olqh vhjphqw E[1 Vhjphqwv D[ dqg E[ duh erwk qrq0hpsw| dqg khqfh/ d sur�wdeoh uhfrqwudfw
fdq wdnh sodfh li wkh udwlr p@q lv vxfk wkdw ihdvleoh doorfdwlrqv iru w|sh L dqg w|sh LL wudghuv
+doorfdwlrqv S dqg T uhvshfwlyho|, olh rq vhjphqwv D[ dqg E[ uhvshfwlyho|1 Dv zh pryh forvhu
wr wkh FHv/ wkh olqh vhjphqwv D[ dqg E[ ehfrph vpdoohu dqg lq wkh olplw/ dw wkh FHv/ erwk
wkh vhjphqwv frqyhujh wr wkh frpshwlwlyh htxloleulxp srlqw1 Zkhq zh duh ghdolqj zlwk yhu| odujh
frdolwlrqv/ wkh udwlr p@p � 4 dqg e| uhfrqwudfwlqj/ doorfdwlrqv yhu| forvh wr [ dorqj wkh sulfh ud|
+L[V, duh dwwdlqdeoh1 Khqfh/ iru odujh Q / dv wkh vl}h ri wkh frdolwlrqv lqfuhdvh/ wkh fruh frqwdlqv
olwwoh pruh wkdq wkh FHv1

Wkh iroorzlqj dojrulwkp ghvfulehv wkh frpsxwdwlrqdo surfhgxuh xvhg iru frpsxwlqj wkh fruh
ri wkh h{fkdqjh hfrqrp| iru d jlyhq ydoxh ri Q =

Dq Dojrulwkp iru frpsxwlqj wkh Fruh= Jlyhq Q @ Q4@ / frpsxwh wkh fruh ri wkh h{fkdqjh
hfrqrp|1
Ohw

Q4@ @ pd{lpxp qxpehu ri wudghuv lq wkh hfrqrp|1

L @ lqlwldo lqglylgxdo hqgrzphqwv wr wkh wudghuv1

F+Q> L, @ fruh ri wkh hfrqrp| zlwk Q wudghuv ri hdfk w|sh1

6Iru ghwdlov ri wkh eorfnlqj surfhgxuh/ vhh Vkxeln +4<;7/ ss1 648�64:,1
7Doo wudghuv ri rqh w|sh pxvw kdyh wkh vdph doorfdwlrq ehfdxvh wkh| doo vwduw zlwk wkh vdph lqlwldo hqgrzphqwv

dqg wkh| kdyh lghqwlfdo suhihuhqfhv1 Jlyhq frqyh{ suhihuhqfhv/ wkh wudghuv ri rqh w|sh fdq dozd|v hqjdjh lq d
pxwxdoo| ehqh�fldo h{fkdqjh li wklv frqglwlrq grhv qrw krog1
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Figure 3. A schematic diagram illustrating the blocking of a non-competitive core allocation by a
process of recontracting: IXS is the price ray and AXZ1 and BXZ2 are the two indifference curves through
X. Since the two indifference curves are not tangent to the price ray, a profitable recontract is possible.

Figure 4. First split of the core. At N = 5, coalition (5,4) is able to dominate a continuous sequence of
points in the core that lie between CE1 and CE2. The core splits into two pieces and a "gap’’ is created
between CE1 and CE2. The points in the darker segments of D2C2D1C1 are inside the core while the points
in the lighter segments can be blocked and hence they are no longer a part of the core. The co-ordinates of
the end points of the contiguous hole are (10.20, 13.20) and (17.52, 20.52). Discretization parameters for
the computation: δcc = 0.001 (1049 points on the core), δpr = [0.0001,0.0001f], where f = min(m/n, n/m).



O+Q> L, @ d glvfuhwh uhsuhvhqwdwlrq ri F+Q> L,1

R+Q, @ d vhw ri doo srvvleoh frdolwlrqv iru d jlyhq Q 1

�UU @ vwhs vl}h iru glvfuhwl}lqj wkh frqwudfw fxuyh1

�Th @ vwhs vl}h iru glvfuhwl}lqj wkh sulfh ud|1

Vwhs 4= Fkrrvh dq dssursuldwh vwhs vl}h +iru h{dpsoh/ �UU @ 3=334, dqg glvfuhwl}h wkh
fruh zklfk lv d sduw ri wkh Sduhwr vhw uhsuhvhqwhg e| | @ {.5=<<81 O+4> L, lv d glvfuhwh
uhsuhvhqwdwlrq ri wkh fruh iru Q @ 41

Vwhs 5= Fkrrvh Q/ wkh qxpehu ri wudghuv ri hdfk w|sh lq wkh hfrqrp|1 Vwduw zlwk Q
@ 51

Vwhs 6= Jhqhudwh doo srvvleoh +p>q, frdolwlrqv iru d jlyhq ydoxh ri Q 1 Iru h{dpsoh/
iru Q @ 6/ wkh vhw ri frdowlrqv duh +4> 4,> +4> 5, dqg +5> 4,1

Vwhs 7= Vhtxhqwldoo| frqvlghu hdfk srlqw +vd| [, lq wkh vhw O+Q � 4> L, dqg fkhfn li
dq| ri wkh frdolwlrq iurp R+Q, fdq eorfn lw1 Li wkh srlqw [ fdq eh eorfnhg/ uhpryh lw
iurp wkh vhw O+Q � 4> L,1

Vwhs 8= Li Q � Q4@ / vhw Q @ Q .4 dqg jr wr Vwhs 51 Rwkhuzlvh/ surfhhg wr Vwhs 91

Vwhs 9= Wkh srlqwv lq vhw O+Q4@ > L, frqvwlwxwh wkh fruh ri wkh h{fkdqjh hfrqrp| iru
Q @ Q4@ 1 Qrwh wkdw F+Q4@ > L, � O+Q4@ > L,1

Wkh ghwdlov ri wkh surfhgxuh dqg wkh sdudphwhuv xvhg iru glvfuhwl}lqj wkh fruh dqg wkh sulfh
ud|v duh surylghg lq Dsshqgl{ D141

7 Frpsxwdwlrqdo Uhvxowv

Zh frpsxwh wkh fruh ri wkh hfrqrp| iru gl�huhqw ydoxhv ri Q / vwduwlqj dw Q @ 41 Dw wkh
ehjlqqlqj/ dv Q lv lqfuhdvhg/ wkh fruh lv ixoo| frqqhfwhg dqg vkulqnv iurp erwk wkh hqgv/ wkrxjk
qrw xqlirupo|1 Dw Q @ 8/ wkh fruh vsolwv iru wkh �uvw wlph lqwr wzr slhfhv ehwzhhq wkh �uvw dqg
wkh vhfrqg frpshwlwlyh htxloleuld +FH� dqg FH2,1 Lq idfw/ d frqwljxrxv vhfwlrq iurp wkh fruh
+vhh Iljxuh 7, glvdsshduv dw Q @ 81 Wkh eorfnlqj frdolwlrq wkdw dfklhyhv wklv lv +8> 7,1 Wkh
fr0ruglqdwhv ri wkh hqg srlqwv ri wkh frqwljxrxv jds8 duh +43=53> 46=53, dqg +4:=85> 53=85,1

Lq Iljxuh 8 zh surylgh vrph ghwdlov ri wkh jds fuhdwhg dw wkh �uvw vsolw1 Wkh �jxuh vkrzv wkh
doorfdwlrqv ri wkh wudghuv dqg wkh dvvrfldwhg xwlolw| sd|r�v diwhu uhfrqwudfwlqj iurp doorfdwlrqv
lqvlgh wkh jds1 Zkhq vhyhudo sur�wdeoh uhfrqwudfwv duh srvvleoh/ uhfrqwudfwlqj fdq eh fduulhg rxw
lq pdq| gl�huhqw zd|v1 Lq wkh �jxuh zh vkrz wkh uhvxowv iurp wzr srvvleoh uhfrqwudfwlqj phwkrgv=
+d, doorfdwlrqv duh fkrvhq vxfk wkdw w|sh L wudghuv pd{lpl}h wkhlu sd|r�v zkhq pxowlsoh sur�wdeoh
uhfrqwudfwv duh srvvleoh/ +e, w|sh LL wudghuv pd{lpl}h wkhlu sd|r�v1 Iljxuh 8+l, vkrzv wkdw zkhq
w|sh L wudghuv pd{lpl}h wkhlu sd|r�v gxulqj d uhfrqwudfw/ wkh fruuhvsrqglqj sd|r�v wr w|sh LL

8Zh kdyh glvfuhwl}hg wkh fruh dqg zh fkhfn iru grplqdwlrq rqo| dw glvfuhwh orfdwlrqv rq wkh fruh1 Vr lw lv srvvleoh
iru wkh uhjlrqv lq ehwzhhq wkh fkrvhq srlqwv wr kdyh doorfdwlrqv wkdw duh qrw eorfnhg e| wkh EDc e� frdolwlrq dqg wkh
fruh pd| vsolw lqwr pxowlsoh slhfhv1 Krzhyhu/ hyhq zlwk d yhu| vpdoo vwhs vl}h ri �f3D zklfk jhqhudwhv �fec .�b
srlqwv rq wkh fruh/ zh �qg wkdw doo frqvhfxwlyh srlqwv lqvlgh wkh �uvw jds duh eorfnhg e| wkh EDc e� frdolwlrq1 Wkh
lvvxh ri zkhwkhu d fruh dozd|v vsolwv dv d jds dqg lqwr wzr slhfhv lv dq rshq txhvwlrq1
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wudghuv duh dovr srvlwlyh1 Krzhyhu/ zkhq uhfrqwudfwlqj lv shuiruphg vxfk wkdw w|sh LL wudghuv
pd{lpl}h wkhlu sd|r�v +vhh Iljxuh 8+ll,,/ wkh fruuhvsrqglqj h{wud sd|r�v wr w|sh L wudghuv duh
qhjoljleoh +doprvw }hur,1 Wdeoh 5 surylghv wkh qxphulfdo ydoxhv iru d ihz uhfrqwudfwv gxulqj wkh
�uvw vsolw ri wkh fruh1

Zlwk d ixuwkhu lqfuhdvh lq wkh qxpehu ri wudghuv/ d vhfrqg vsolw lq wkh fruh rffxuv dw Q @ 45
zlwk d eorfnlqj frdolwlrq +44> 45,1 Vlplodu wr wkh �uvw vsolw/ wklv vsolw dovr lqwurgxfhv d jds ehwzhhq
wkh vhfrqg dqg wkh wklug frpshwlwlyh htxloleulxp srlqwv wkrxjk wkh vl}h ri wklv jds lv vpdoohu wkdq
wkh jds lq wkh �uvw vsolw +vhh Iljxuh 9,1 Wkh fr0ruglqdwhv ri wkh hqg srlqwv ri wkh frqwljxrxv jds
duh +65=45> 68=45, dqg +66=;7> 69=;7,1

Wdeoh 5= Vrph ghwdlov ri wkh �uvw vsolw ri wkh fruh1 Wkh �uvw jds frqwdlqv 4;7 srlqwv dqg
wkh fr0ruglqdwhv ri wkh hqg srlqwv ri wkh jds duh +43=53> 46=53, dqg +4:=85> 53=85, uhvshfwlyho|1
Qxphulfdo ydoxhv iru rqo| 4; ri wkhvh 4;7 srlqwv duh vkrzq lq wkh wdeoh1 Iru wkh gdwd vkrzq lq
wkh wdeoh/ zkhq pxowlsoh sur�wdeoh uhfrqwudfwv duh srvvleoh/ uhfrqwudfwlqj lv shuiruphg vxfk wkdw
w|sh L wudghuv pd{lpl}h wkhlu sd|r�v1

Eorfnlqj Fruh Doorfdwlrqv Fruh Sd|r�v iurp
Frdolwlrq Doorfdwlrqv diwhu Uhfrqwudfwlqj Xwlolwlhv Uhfrqwudfwlqj

Iluvw 9 srlqwv iurp wkh jds
+8/7, +5<1;3/691;3,/+43153/46153, +63163/671<<,/+45145/9159, +45:15;/;6186, +3134/3133,
+8/7, +5<1:9/691:9,/+43157/46157, +63158/68133,/+4514;/9159, +45:156/;61:6, +3134/3133,
+8/7, +5<1:5/691:5,/+4315;/4615;, +63153/68133,/+45158/9159, +45:14;/;61<6, +3134/3133,
+8/7, +5<19;/6919;,/+43165/46165, +63149/671<<,/+45164/9159, +45:146/;7145, +3134/3133,
+8/7, +5<197/69197,/+43169/46169, +63144/671<<,/+45169/915:, +45:13;/;7165, +3134/3133,
+8/7, +5<193/69193,/+43173/46173, +63139/671<;,/+45175/915:, +45:136/;7185, +3134/3133,

9 srlqwv iurp wkh plggoh ri wkh jds
+8/7, +5:133/67133,/+46133/49133, +5:185/65197,/+48193/<153, +456199/<9135, +3136/3139,
+8/7, +591<9/661<9,/+46137/49137, +5:17;/65193,/+48197/<158, +456194/<914;, +3136/3139,
+8/7, +591<5/661<5,/+4613;/4913;, +5:178/65189,/+4819</<163, +456189/<9167, +3136/3139,
+8/7, +591;;/661;;,/+46145/49145, +5:174/65184,/+481:7/<169, +456183/<917<, +3136/3139,
+8/7, +591;7/661;7,/+46149/49149, +5:16:/6517:,/+481:;/<174, +456178/<9198, +3137/3139,
+8/7, +591;3/661;3,/+46153/49153, +5:167/65176,/+481;6/<179, +456173/<91;4, +3137/3139,

Odvw 9 srlqwv iurp wkh jds
+8/7, +5519;/5<19;,/+4:165/53165, +5713:/5:164,/+4<1<5/481;9, +44:187/4431;8, +3134/3133,
+8/7, +55197/5<197,/+4:169/53169, +57137/5:159,/+4<1<8/481<6, +44:17;/4431<:, +3134/3133,
+8/7, +55193/5<193,/+4:173/53173, +57134/5:153,/+4<1<;/49133, +44:175/44413<, +3134/3133,
+8/7, +55189/5<189,/+4:177/53177, +561<</5:148,/+53135/4913:, +44:169/444154, +3134/3133,
+8/7, +55185/5<185,/+4:17;/5317;, +561<9/5:13<,/+53138/49147, +44:163/444165, +3134/3133,
+8/7, +5517;/5<17;,/+4:185/53185, +561<7/5:137,/+5313;/49154, +44:157/444177, +3134/3133,

Glvfuhwl}dwlrq sdudphwhuv iru wkh frpsxwdwlrq= BUU ' f�ff� +�feb srlqwv rq wkh fruh,/ BTh ' df�fff�c f�fff�s o/ zkhuh

s ' 4�?E6*?c ?*6�1

Zh frqwlqxh wr lqfuhdvh Q dqg revhuyh wkdw wkh wzr jdsv lq wkh fruh frqwlqxh wr zlghq/
wkrxjk dw gl�huhqw udwhv1 Wkh vshhg ri frqyhujhqfh ri wkh fruh wrzdugv FH� lv wkh idvwhvw dqg lw
lv vorzhvw wrzdugv FH21 Lq Iljxuh :/ wkh vwuxfwxuh ri wkh glvdsshdulqj fruh fdq eh �ylvxdol}hg�
txlwh fohduo|1 Hdfk krul}rqwdo olqh lq wkh �jxuh uhsuhvhqwv wkh fruh iru d jlyhq Q 1 Wkh wrs olqh
vkrzv wkh fruh dw Q @ 4 dqg wkh erwwrp olqh uhsuhvhqwv wkh fruh dw Q @ :81 Prylqj iurp wkh wrs
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Figure 5. Second split of the core: At N = 12, with coalitions (11,12) and (12,11), the core splits again
between the second and the third competitive equilibrium points. The second split in the core also occurs
as a gap though the size of this gap is smaller than the gap in the first split. The co-ordinates of the end
points of the contiguous hole are (32.60,35.60) and (33.40, 36.40). Discretization parameters for the
computation: δcc = 0.001 (1049 points on the core), δpr = [0.0001,0.0001f], where f = min(m/n, n/m).



Figure 6. Some details of the first split of the core: (i-ii) Payoffs to the two trader types from recon-
tracting. When multiple profitable recontracts are possible, recontracting can be carried out in many
different ways. In case (i), when multiple recontracts are possible, recontracting is performed such that
type I traders maximize their payoffs while in (ii) type II traders maximize their payoffs. (iii-iv) The allo-
cations to the trader types after recontracting from points inside the "gap’’ created at the first split of the
core. Discretization parameters for the computation: δcc = 0.01 (106 points on the core), δpr =
[0.001,0.001f], where f = min(m/n, n/m). A coarse discretization is intentionally chosen for this
illustration so that the payoffs from recontracting and the corresponding allocations can be seen clearly.



wr wkh erwwrp/ zh fdq revhuyh wkh hphujhqfh ri wkh fruh jdsv dqg wkhlu vxevhtxhqw vsuhdg dv Q
lqfuhdvhv1 Iljxuh ; vkrzv wkh udwhv ri frqyhujhqfh ri wkh fruh wrzdug wkh wkuhh htxoleulxp srlqwv
lq wkh xwlolw| vsdfh1 Wkh glvwdqfh ehwzhhq wkh xwlolwlhv ri wkh wudghu w|shv dw wkh hqg srlqwv ri wkh
fruh slhfh durxqg wkh FH lv xvhg wr phdvxuh wkh vshhg ri frqyhujhqfh19 E| Q @ 458/ wkh fruh kdv
frqyhujhg frpsohwho| wrzdugv FH� iru wkh fkrvhq ohyho ri glvfuhwl}dwlrq1 Rqo| wzr srlqwv uhpdlq
durxqg wklv FH1: Dw Q @ 483/ frqyhujhqfh wrzdugv FH� lv frpsohwh dv zhoo1 Wkh frqyhujhqfh
wrzdugv FH2 lv yhu| vorz dqg wkh fruh grhv qrw frqyhujh frpsohwho| xqwlo Q @ 9331 Wkhvh uhvxowv
lqglfdwh wkdw lqlwldoo|/ iru vpdoohu ydoxhv ri Q / wkh udwh ri frqyhujhqfh lv vorzhu wkdq Q exw iru
odujhu Q / wkh udwh ri frqyhujhqfh lv forvh wr 4@Q 1

714 Vhqvlwlylw| ri Frpshwlwlyh Htxloleuld wr Fkdqjhv lq Lqlwldo Doorfdwlrqv

Rxu h{dpsoh looxvwudwhv wkuhh frpshwhwlyh htxloleuld dqg pxowlsoh lqwhuvhfwlrqv ri wkh elg dqg
r�hu fxuyhv1 Wkh wkuhh FHv dqg wkh fxuyhv duh edvhg rq wkh lqlwldo doorfdwlrqv ri +83> 3, wr w|sh
L wudghuv dqg +3> 73, wr w|sh LL wudghuv1 Frqvhuylqj wkh wrwdo dprxqw ri erwk jrrgv/ zh looxvwudwh
krz wkh htxloleuld fkdqjh zlwk wkh fkdqjh lq wkh glvwulexwlrq ri wkh lqlwldo hqgrzphqwv1 Lw lv zhoo
nqrzq wkdw doo srlqwv rq wkh Sduhwr vxuidfh duh FHv iru vrph glvwulexwlrq ri lqlwldo hqgrzphqwv1
Ixuwkhupruh/ wkhuh lv d qhljkerukrrg durxqg hyhu| FH iru zklfk wkdw FH lv xqltxh1 Wkh lqwxlwlrq
ehklqg wklv revhuydwlrq fdq eh vhhq lpphgldwho| iurp wkh revhuydwlrq wkdw li wkh lqlwldo uhvrxufhv
ri wkh wudghuv duh vhohfwhg dw d srlqw rq wkh +lqglylgxdoo| udwlrqdo vhjphqw, Sduhwr vxuidfh wkdw
srlqw lv d FH zlwk qr wudgh exw d vkdgrz sulfh lv jlyhq zklfk vxssruwv wkh FH1

Lq rughu wr dqdo|}h wkh vhqvlwlylw| ri wkh FHv/ zh qrwh wkdw iru hdfk wudghu w|sh/ d uhvsrqvh
fxuyh/ zklfk lv d orfxv ri wkh rswlpdo doorfdwlrqv ri wkh wudghu iru ydulrxv sulfhv +ru h{fkdqjh
udwlrv,/ fdq eh gh�qhg1 Iru d jlyhq sulfh ohyho/ wkh lqwhuvhfwlrq ri wkh ehvw uhvsrqvh fxuyh zlwk wkh
sulfh ud| ghwhuplqhv wkh rswlpdo doorfdwlrq iru wkh wudghu1 Lq wkh suhvhqfh ri pxowlsoh wudghuv +ru
wudghu w|shv lq w|sh hfrqrplhv,/ wkh uhvsrqvh fxuyhv ri wkh wudghu w|shv pd| lqwhuvhfw dw d frpprq
srlqw rq wkh sulfh ud| zklfk jlyhv xv wkh frpshwlwlyh htxloleulxp doorfdwlrq1 Lq rxu h{dpsoh/ zlwk
wkh lqlwldo doorfdwlrqv ri +73> 3, dqg +3> 83, wr wkh wzr wudghu w|shv/ wkh uhvsrqvh fxuyhv lqwhuvhfw dw
wkuhh orfdwlrqv zklfk fruuhvsrqg wr wkh wkuhh frpshwlwlyh htxloleulxp vroxwlrqv1 Krzhyhu/ zkhq
wkh lqlwldo doorfdwlrqv duh shuwxuehg/ wkh ehvw uhvsrqvh ixqfwlrqv fkdqjh vkdsh dqg wkh| qr orqjhu
lqwhuvhfw dw wkuhh srlqwv1 Iljxuh < vkrzv wkh vhqvlwlylw| ri wkh wkuhh frpshwlwlyh htxloleulxp
vroxwlrqv wr fkdqjhv lq wkh lqlwldo doorfdwlrqv1 Zh �uvw frqvlghu rxu vhqvlwlylw| dqdo|vlv dorqj wkh
sulfh ud| iurp L wr FH21 Doo srlqwv rq wklv ud| kdyh dw ohdvw FH2 dv d frpshwlwlyh htxloleulxp1
Jhqhulfdoo| wkh qxpehu ri FHv lq dq h{fkdqjh hfrqrp| lv rgg dv kdv ehhq hvwdeolvkhg e| Kduvdq|l
+4<:6,1 Wkxv dv zh pryh iurp ^+83> 3,> +73> 3,` wrzdugv FH2 zh h{shfw wkdw dw vrph hqgrzphqw
ohyho/ wkh frpshwlwlyh htxloleulxp ehfrphv xqltxh dqg lv dw FH21 Vlploduo|/ li zh jr iurp wkh
lqlwldo hqgrzphqw lq wkh gluhfwlrq ri FH� ru FH�/ zh h{shfw wkh pxowlsolflw| ri htxloleuld wr
glvdsshdu1

Lqyhvwljdwlqj wkh wkuhh ud|v zh �qg xqltxhqhvv vwduwv dw shuwxuedwlrqv vkrzq lq Wdeoh 61
Lq Iljxuhv <+l0ly,/ wkh lqlwldo doorfdwlrqv duh fkrvhq dw ydulrxv srlqwv dorqj wkh olqh +sulfh ud|,
mrlqlqj L dqg wkh vhfrqg frpshwlwlyh htxloleulxp +FH2,1 Dw ^+77=43> 7=77,> +8=<3> 78=89,`/ FH2

ehfrphv xqltxh1 Zkhq wkh lqlwldo doorfdwlrqv duh fkrvhq rq wkh olqh mrlqlqj L dqg FH�/ FH�

9 Li E���c ��2� dqg E�2�c �22� duh wkh xwlolwlhv dw wkh hqg srlqwv ri d fruh slhfh/ wkh frqyhujhqfh phwulf/ _ 's
E��� 3 �2��2 n E��2 3 �22�21 Frqyhujhqfh ri wkh fruh wrzdugv d FH lv frpsohwh li _ ' f1
: Lw lv fhuwdlqo| srvvleoh iru wkh srlqwv durxqg wkh FHv wr glvdsshdu exw zh glg qrw revhuyh wklv skhqrphqrq

hyhq zlwk d yhu| �qh glvfuhwl}dwlrq ri wkh frqwudfw fxuyh +BUU ' �f3D, dqg yhu| odujh frdolwlrqv +E�fffc bbb� dqg
Ebbbc �fff�,1

:



   

Figure 8. Speed of convergence of the core (in utility space) toward the CEs: The core converges
toward the three competitive equilibrium points at different speeds. Initially, for smaller values of N, the
rate of convergence is not of the order 1/N but for larger N, the rate of convergence is close to 1/N.



Figure 9. Influence of changes in the initial individual allocations on the number of competitive
equilibria: (i) Original configuration: the three competitive equilibria and the response curves when the
initial allocation is [(40,0), (0,50)]. (ii) The initial individual endowments are perturbed slightly and
moved along the line (price ray) joining I and the second competitive equilibrium (CE2): multiple
equilibria are still present though both CE1 and CE3 have moved inward. (iii) Further perturbation along I-
CE2 to (5.90, 45.56): CE2 becomes unique. (iv) Uniqueness of CE2 is maintained everywhere beyond
point (5.90,45.56) on the price ray, even after crossing the contract curve. (v) Initial allocations are
chosen on the line joining I and CE1: CE1 becomes unique at (0.19, 49.06) with a very small perturbation
to the initial allocations. (vi) Initial allocations are chosen on the line joining I and CE3: CE3 becomes
unique at (2.68, 49.25).



Figure 10. Identifying the region in the Edgeworth box where multiple competitive equilibria exist:
The initial individual allocations are chosen in a small rectangular region at the top-left corner of the
Edgeworth box. We discretize the rectangular region using step sizes of (0.05, 0.04) which gives a total of
10201 points (101 × 101) inside the rectangle. For each grid point, the number of competitive equilibria is
computed and a color is assigned to the point depending upon the number of the CEs. The following color
scheme is used: blue stars (the darker shade) for 3 CEs, red circles for 2 CEs and green plus marks (the
lighter shade) for 1 CE. The 2-CE region is a narrow band around the 3-CE region. Some of the points in
the 2-CE band are due to the computational error introduced by the combined effects of the discretization
procedure and the interpolation technique used to identify the points of intersection of the response
curves. See Appendix A.1 for details of the computational procedure.



ehfrphv xqltxh dw ^+7<=;4> 3=;7,> +3=4<> 7<=39,` zlwk d yhu| vpdoo shuwxuedwlrq wr wkh lqlwldo do0
orfdwlrqv1 Ilqdoo|/ prylqj dorqj wkh sulfh ud| L0FH�/ zh �qg wkdw FH� ehfrphv xqltxh dw
^+7:=65> 3=:8,> +5=9;> 7<=58,`1 Rqfh d FH ehfrphv xqltxh iru d fhuwdlq lqlwldo doorfdwlrq fkrvhq
dorqj wkh sulfh ud|/ lw uhpdlqv xqltxh iru doo doorfdwlrqv rq wkh sulfh ud|/ hyhq diwhu furvvlqj wkh
frqwudfw fxuyh +iru dq h{dpsoh/ vhh Iljxuh <+ly,,1

H{whqglqj wklv vhqvlwlylw| dqdo|vlv/ zh lqyhvwljdwh wkh fkdqjhv lq wkh qxpehu ri htxloleuld dv
wkh lqlwldo lqglylgxdo hqgrzphqwv duh shuwxuehg wr d vpdoo uhfwdqjxodu uhjlrq +vd| U, durxqg
wkh ruljlqdo lqlwldo hqgrzphqw srlqw L1 Wkh qxpehu ri srlqwv ri lqwhuvhfwlrq ri wkh wzr uhvsrqvh
fxuyhv ghwhuplqh wkh qxpehu ri frpshwlwlyh htxloleuld1 Zh �qg wkdw wkhuh lv rqo| d yhu| vpdoo
uhjlrq +vhh Iljxuh 43, durxqg L zkhuh 6 FHv h{lvw1 Zh dovr �qg 5 FHv lq d qduurz edqg durxqg
wkh 60FH uhjlrq1 Krzhyhu/ vrph ri wkh srlqwv lq wkh 50FH edqg duh gxh wr wkh frpsxwdwlrqdo
huuru lqwurgxfhg e| wkh frpelqhg h�hfwv ri wkh glvfuhwl}dwlrq surfhgxuh dqg wkh lqwhusrodwlrq
whfkqltxh xvhg wr lghqwli| wkh srlqwv ri lqwhuvhfwlrq ri wkh uhvsrqvh fxuyhv1 Dw doo orfdwlrqv
rxwvlgh wkh uhfwdqjxodu uhjlrq U wkh frpshwlwlyh htxloeulxp lv xqltxh1

Wdeoh 6= Lqlwldo lqglylgxdo hqgrzphqwv iru xqltxhqhvv
ri wkh frpshwlwlyh htxloleulxp

Htxloleulxp Kroglqjv ri Kroglqjv ri
Srlqw W|sh L Wudghuv W|sh LL Wudghuv
FH� +7<=;4> 3=;7, +3=4<> 7<=49,
FH2 +77=43> 7=77, +8=<3> 78=89,
FH� +7:=65> 3=:8, +5=9;> 7<=58,

715 Vhqvlwlylw| ri wkh Fruh wr Fkdqjhv lq Lqlwldo Doorfdwlrqv

Vlplodu wr wkh vhqvlwlylw| dqdo|vlv ri wkh frpshwlwlyh htxloleuld/ zh lqyhvwljdwh wkh vhqvlwlylw| ri
wkh fruh dv wkh lqlwldo lqglylgxdo hqgrzphqwv duh shuwxuehg dorqj wkh olqhv mrlqlqj L dqg wkh
wkuhh frpshwlwlyh htxloleulxp srlqwv/ FH�/ FH2 dqg FH�1 Zh revhuyh wkdw hyhq zkhq wkh lqlwldo
frqglwlrqv olh lq wkh sduw ri wkh hqgrzphqw vsdfh zkhuh wkh FH lv xqltxh/ wkh fruh grhv qrw
dozd|v vkulqn xqlirupo| iurp wkh wzr hqg0srlqwv dv Q lv lqfuhdvhg1 Wkh fruh pd| �uvw vsolw lqwr
wzr slhfhv dqg dv Q lv lqfuhdvhg ixuwkhu/ wkh fruh vhjphqw frqwdlqlqj wkh FH frqyhujhv wrzdugv
wkh FH zkloh wkh rwkhu sduw glvdsshduv1 Iljxuhv 44 dqg 46 vkrz wkh fruh vsolwwlqj skhqrphqrq
dv wkh lqlwldo hqgrzphqwv duh shuwxuehg dorqj wkh sulfh ud|v L0FH� dqg L0FH� uhvshfwlyho|1 Lq
Iljxuh 44/ prylqj wkh lqlwldo doorfdwlrqv wr ^+7<=94> 4=<9,> +3=6<> 7;=37,` rq L0FH� zh �qg wkdw wkh
fruh vsolwv lqwr wzr slhfhv dw Q @ 71 Wkh vsolw rffxuv dv d frqwljxrxv jds zkhuh wkh hqg0srlqwv
ri wkh jds duh +43=97> 46=97, dqg +4<=65> 55=65,1 Wkh eorfnlqj frdolwlrq lq wklv fdvh lv +7> 6,1 Zlwk
d ixuwkhu lqfuhdvh lq Q / wkh wzr vhjphqwv ri wkh fruh frqyhujh ixuwkhu dqg dw Q @ ;/ wkh fruh
vhjphqw frqwdlqlqj FH� frqyhujhv wrzdugv wkh FH zkloh wkh rwkhu sduw glvdsshduv frpsohwho|1
D vlplodu fruh frqyhujhqfh gldjudp lv vkrzq lq Iljxuh 46 zkhuh wkh fruh frqyhujhv wrzdugv FH�1
Zkhq wkh lqlwldo frqglwlrq olh lq wkh sduw ri wkh hqgrzphqw vsdfh zkhuh FH2 lv xqltxh/ wkh fruh
vkulqnv xqlirupo| iurp wkh wzr hqg0srlqwv dv Q lv lqfuhdvhg dqg wkhuh lv qr vsolw lq wkh fruh1
Wklv lv vkrzq lq Iljxuh 451 Wkh vhqvlwlylw| dqdo|vlv ri wkh fruh dovr lqglfdwhv wkdw dv zh pryh
lqzdug dorqj wkh sulfh ud|v wrzdug wkh frqwudfw fxuyh/ wkh fruh vsolwv dw vpdoohu ydoxhv ri Q dqg
lq dgglwlrq/ wkh udwh ri frqyhujhqfh ri wkh fruh wrzdugv d FH lv idvwhu1

;



Figure 11. Convergence of the core when the initial individual endowments are such that CE1 is the
unique competitive equilibrium:  The initial individual endowment is at [(49.61, 1.96), (0.39, 48.04)].
(i) At N = 3, the core is a continuous unit.  (ii) At N = 4, the core splits for the first time into two pieces.
The blocking coalition (4, 3) is able to dominate a continuous sequence of points in the core and creates a
gap.   The co-ordinates of the end points of the contiguous hole are (10.64, 13.64) and (19.32, 22.32).
(iii) By N = 7, both pieces of the core has converged and only a very small part of both of them remain.
(iv) At N = 8, the part of the core containing CE1 converges towards it while the segment not containing
CE1 disappears completely. Discretization parameters for the computation: δcc = 0.001 (1049 points on the
core), δpr = [0.0001,0.0001f], where f = min(m/n, n/m).



Figure 12. Convergence of the core when the initial individual endowments are such that CE2 is the
unique competitive equilibrium: The initial individual endowment is at [(44.10, 4.44), 5.90, 5.56)]. As
N is increased, the core converges uniformly towards CE2 from the two end-points.



Figure 13. Convergence of the core when the initial individual endowments are such that CE3 is the
unique competitive equilibrium: The initial individual endowment is at [(46.32, 1.02), (3.68, 48.98)].
As N is increased, the core splits into two segments, one of which converges to CE3 while the other
disappears completely.



8 G|qdplfv= Yluwxdo dqg Uhdo

Wkh eurdghu irfxv ri rxu uhvhdufk lv rq xqghuvwdqglqj wkh g|qdplfv ri dgmxvwphqw lq dq h{fkdqjh
hfrqrp| zlwk d odujh qxpehu ri wudghuv1 Iru h{dpsoh/ zh zdqw wr lqyhvwljdwh li wkhuh lv dq|
vljql�fdqw uhodwlrqvkls ehwzhhq wkh elqdu| vhdufk prghov ri wudgh dqg wkh fruhB Zh dovr zdqw
wr frqvlghu rwkhu vwudwhjlf dqg qrq0vwudwhjlf wudglqj ehkdylruv1 Hdfk w|sh ri wudglqj ehkdylru
vshfl�fdwlrq gh�qhv d frpsohwh g|qdplf surfhvv prgho dqg zh zdqw wr lqyhvwljdwh li wkhvh prghov
kdyh dq| qdwxudo �dwwudfwruv� +srlqw dwwudfwruv vxfk dv wkh frpshwlwlyh htxloleulxp srlqwv ru
uhjlrqv rq ru durxqg wkh Sduhwr vxuidfh,B Li wkh| gr/ fdq zh lghqwli| wkh grpdlqv ri dwwudfwlrq ri
wkh dwwudfwru srlqwv +ru vhwv,B Lq jhqhudo/ wkh txhvwlrq �lv wkhuh d g|qdplf surfhvv zklfk vwduwv
dw wkh lqlwldo srlqw L dqg frqyhujhv wr rqh ri FH�/ FH2 ru FH�� lv qrw dv zhoo gh�qhg dv lw
pljkw dsshdu wr eh1 Lq sduwlfxodu/ duh zh frqfhuqhg zlwk d g|qdplfv lq zklfk diwhu hyhu| pryh
wkh lqlwldo hqgrzphqwv duh uhqrupdol}hg exw sulfh pd| kdyh fkdqjhg ru duh zh frqfhuqhg zlwk
d ixoo g|qdplfv zkhuh wkhuh pd| eh lqfuhphqwv ri wudglqj dw hdfk vwhs xqwlo d �qdo htxloleulxp
lv uhdfkhg1 Wkh �uvw surfhvv kdv d yluwxdo wudgh lq jrrgv xqwlo d �qdo sulfh lv uhdfkhg1 Wkh
wåwrqqhphqw surfhgxuh iruphuo| xvhg lq wkh Iuhqfk vwrfn0pdunhw zdv ri wklv irup1 Wkh vhfrqg
surfhvv/ krzhyhu/ wdnhv lqwr dffrxqw wkh idfw wkdw wkh frpshwlwlyh htxloleuld pljkw wkhpvhoyhv
fkdqjh dv wkh wudglqj surfhvv hyroyhv1 Lq d uhodwhg sdshu zh hqodujh rq wkhvh frpphqwv rq
g|qdplfv dqg looxvwudwh zk| sdwk0ghshqghqw g|qdplfv pd| qrw ohdg wr wkh vwdwlf frpshwlwlyh
htxloleuld1

<



D Dsshqgl{= Ghwdlov ri wkh Frpsxwdwlrqdo Surfhgxuh

D14 Glvfuhwl}dwlrq Surfhgxuh

Wkh fruh dqg wkh sulfh ud|v pxvw eh glvfuhwl}hg lq rughu wr frpsxwh wkh fruh ri wkh hfrqrp| iru
d jlyhq ydoxh ri Q+A 4,1 Wkh iroorzlqj surfhgxuh lv xvhg wr jhqhudwh srlqwv dorqj dq| jlyhq olqh=

41 Fkrrvh d vwhs vl}h iru glvfuhwl}lqj wkh olqh= � @ 3=3341

51 Jhqhudwh d vhw ri srlqwv +fdoo lw �, ehwzhhq 3 dqg 4 xvlqj wkh vwhs vl}h ri �=

� @ ^3 = � = 4`

Wkh wrwdo qxpehu ri srlqwv jhqhudwhg lqvlgh wkh +3> 4, lqwhuydo lv Q, @ 4 . 4@�1

61 Wkh srlqwv rq wkh olqh duh rewdlqhg xvlqj wkh nqrzq fr0ruglqdwhv ri wkh hqg srlqwv ri wkh
olqh/ ^{+4,> |+4,` dqg ^{+Q,,> |+Q,,`=

{+n, @ {+4, . �+n,^{+Q,,� {+4,`

|+n, @ |+4, . �+n,^|+Q,,� |+4,`

zkhuh n @ 5> 6> = = = > +Q, � 4,1

Iru glvfuhwl}lqj wkh fruh/ zh xvh d vwhs vl}h ri �UU @ 3=334 zklfk jlyhv xv d wrwdo ri 437<
srlqwv1 Qrwh wkdw 7< srlqwv duh jhqhudwhg dorqj wkh vpdoo yhuwlfdo vhfwlrq +G�F�, ri wkh frqwudfw
fxuyh1 Wkh sulfh ud| lv glvfuhwl}hg pruh �qho| xvlqj vwhs vl}hv ri �Th @ ^3=3334> 3=3334i `/ zkhuh
i @ plq+p@q> q@p,1 Zkhq p 9@ q/ wkh ihdvleoh doorfdwlrqv jhqhudwhg dorqj wkh sulfh ud| gr qrw
frlqflgh iru wkh wzr wudghu w|shv1 D vwhs vl}h ri 3=3334 lv fkrvhq iru wkh idvwhu prylqj srlqwv
dqg wkh vorzhu prylqj srlqwv duh jhqhudwhg xvlqj d vwhs vl}h ri 3=3334i 1 Wkh wrwdo qxpehu ri
doorfdwlrqv jhqhudwhg dorqj d sulfh ud| ghshqgv xsrq lwv ohqjwk zklfk ydulhv dv wkh vorsh ri wkh
olqh fkdqjhv1

D15 Jhqhudwlqj Ihdvleoh Doorfdwlrqv rq wkh Sulfh Ud|v

Frqvlghu dq +p>q, frdolwlrq zklfk frqvlvwv ri p w|sh L wudghuv dqg q w|sh LL wudghuv1 Li wkh
lqlwldo lqglylgxdo hqgrzphqwv ri wkh wzr wudghu w|shv duh +d> 3, dqg +3> e, uhvshfwlyho|/ wkh wrwdo
uhvrxufhv lq wklv hfrqrp| lv +pd>qe,1 Iljxuh 47 vkrzv wkh ihdvleoh h{wuhph doorfdwlrqv wr erwk
wudghu w|shv1 Rq rqh kdqg/ dw srlqw W�/ w|sh L wudghuv glylgh wkh wrwdo uhvrxufhv htxdoo| dprqj
wkhpvhoyhv dqg rewdlq +d> eq@p, zkloh w|sh LL wudghuv jhw qrwklqj1 Rq wkh rwkhu kdqg/ dw srlqw
W2/ w|sh LL wudghuv glylgh wkh wrwdo uhvrxufhv htxdoo| dprqj wkhpvhoyhv dqg rewdlq +dp@q> e, zkloh
w|sh L wudghuv jhw qrwklqj1 Lqwhuphgldwh ihdvleoh doorfdwlrqv duh rewdlqhg e| prylqj dorqj olqhv
R2W2 +w|sh LL doorfdwlrqv lqfuhdvh, dqg W�R� +w|sh L doorfdwlrqv ghfuhdvh, lq vxfk d zd| wkdw wkh
udwlr W�S@R2T @ q@p1 Wkh sulfh ud| LSTV uhsuhvhqwv wkh h{fkdqjh udwlr wkdw idflolwdwhv wklv
h{fkdqjh1 Sdudooho vkliwv ri olqhv R�W� dqg R2W2 jhqhudwh gl�huhqw ihdvleoh doorfdwlrqv rq wkh
jlyhq sulfh ud|1

D16 Lghqwli|lqj wkh Pxowlsoh Htxloleuld Uhjlrq lq wkh Hgjhzruwk Er{

Lq wklv vhfwlrq zh ghvfuleh wkh frpsxwdwlrqdo surfhgxuh xvhg iru lghqwli|lqj wkh pxowlsoh htxloleuld
uhjlrq lq wkh Hgjhzruwk er{ dqg glvfxvv vrph ri wkh gl!fxowlhv lqyroyhg lq wkh frpsxwdwlrqv1
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Figure 14. An illustration of how the feasible allocations are generated along the price rays for a
given (m, n) coalition: In this figure, m = 2, n = 1, a = 40, b = 50. The allocations of type I traders are
shown relative to the origin at O1 while for type II traders the origin is at O1.

Figure 15. Typical distance functions: (i) Clearly there are three competitive equilibria and the com-
putational procedure is able to identify them correctly. (ii) The intersection points have moved closer but
three CEs can still be identified without any difficulty. (iii) In this situation it is not clear whether there
are two CEs or three.  The computational procedure identifies 2 CEs in cases such as these. (iv) There is
only one CE and we are able to detect is correctly.



Iluvw ri doo/ wkh fruh lv glvfuhwl}hg +xvlqj d vwhs vl}h ri �UU @ 3=34, dqg d glvfuhwh uhsuhvhqwdwlrq
ri wkh fruh +zlwk 439 srlqwv, lv rewdlqhg1 Vhfrqgo|/ dq lqlwldo lqglylgxdo doorfdwlrq lv fkrvhq dqg
sulfh ud|v sdvvlqj wkurxjk wklv srlqw dqg wkh srlqwv rq wkh glvfuhwl}hg fruh duh gudzq1 Qh{w/ doo
sulfh ud|v duh glvfuhwl}hg +xvlqj d vwhs vl}h �Th @ 3=334, dqg wkh xwlolwlhv ri erwk wudghu w|shv duh
frpsxwhg dw glvfuhwh orfdwlrqv rq wkh sulfh ud|v1 Ilqdoo|/ iru hdfk wudghu w|sh/ wkh doorfdwlrq zlwk
pd{lpxp xwlolw| lv lghqwl�hg rq hdfk ri wkh sulfh ud|v1 Wkh froohfwlrq ri wkhvh rswlpdo doorfdwlrqv
iru hdfk wudghu w|sh surylghv dq dssur{lpdwh uhsuhvhqwdwlrq ri wkhlu uhvsrqvh fxuyh1

Diwhu rewdlqlqj d glvfuhwh uhsuhvhqwdwlrq ri wkh wzr uhvsrqvh fxuyhv iru d fkrvhq lqlwldo frq0
glwlrq/ zh lghqwli| wkh srlqwv ri lqwhuvhfwlrq ri wkhvh wzr fxuyhv dqg ghwhuplqh wkh qxpehu ri
frpshwlwlyh htxloleuld +Qxpehu ri FHv @ qxpehu ri lqwhuvhfwlrqv,1 D sdudphwhu %_ lv fkrvhq wr
lghqwli| wkh srlqwv ri lqwhuvhfwlrq1 Ohw ^+{��> |��,> +{2�> |2�,`> l @ 4> = = = > qhU uhsuhvhqw wkh srlqwv rq
wkh wzr uhvsrqvh fxuyhv1 Glvwdqfh +g�, ehwzhhq fruuhvsrqglqj sdluv ri srlqwv rq wkh wzr uhvsrqvh
fxuyhv duh rewdlqhg dqg li g� ? %_/ ^{�+@ {�� @ {��,> |�+@ |�� @ |��,` lv dq lqwhuvhfwlrq srlqw dqg
uhsuhvhqwv d FH1 Wkh sdudphwhu %_ pxvw eh fkrvhq yhu| fduhixoo|1 Li zh fkrrvh d yhu| vpdoo ydoxh
ri %_/ zh pd| plvv wkh dfwxdo lqwhuvhfwlrq srlqwv +gxh wr wkh glvfuhwl}dwlrq ri wkh fruh, dqg li zh
pdnh %_ odujh/ zh pd| lghqwli| vsxulrxv lqwhuvhfwlrq srlqwv1 Xvlqj d wuldo0dqg0huuru surfhgxuh/
%_ @ 3=338 lv fkrvhq dqg xvhg lq wkh frpsxwdwlrqv1

Wkh fruh lv glvfuhwl}hg frduvho| wr nhhs wkh wrwdo wlph ri frpsxwdwlrq zlwklq uhdvrqdeoh olplwv1
Zlwk d vwhs vl}h ri �UU @ 3=34/ hydoxdwlrq ri rqh lqlwldo frqglwlrq wdnhv 3=38 plqxwh +6 vhfrqgv,
rq dq ;83 PK}/ gxdo0surfhvvru/ Shqwlxp LLL frpsxwhu1 Zlwk 43534 lqlwldo frqglwlrqv +434� 434
srlqwv,/ wkh wrwdo frpsxwdwlrq wlph lv dssur{lpdwho| 843 plqxwhv +� ;=8 krxuv,1 Zkhq wkh vwhs
vl}h xvhg iru glvfuhwl}lqj wkh fruh lv uhgxfhg e| kdoi/ wkh wrwdo frpsxwdwlrq wlph grxeohv dqg vr
d yhu| �qh glvfuhwl}dwlrq ri wkh fruh lv qrw ihdvleoh1 D frduvh fruh uhvxowv lq d frduvhu uhvsrqvh
fxuyh dqg wklv ohdgv wr lqdffxudflhv lq wkh frpsxwdwlrq ri wkh lqwhuvhfwlrq srlqwv1 Zh xvh d olqhdu
lqwhusrodwlrq vfkhph wr jhqhudwh dgglwlrqdo srlqwv ehwzhhq doo frqvhfxwlyh sdluv ri srlqwv rq wkh
wzr uhvsrqvh fxuyhv dqg wkhuhe| lpsuryh wkh dffxudf| ri wkh frpsxwdwlrqdo surfhgxuh1 Krzhyhu/
lw lv txlwh gl!fxow wr dyrlg wkh huuru lqwurgxfhg e| wkh glvfuhwl}dwlrq surfhvv dowrjhwkhu dqg vrph
vsxulrxv FHv zloo qhyhuwkhohvv eh lghqwl�hg1 Iljxuh 48 looxvwudwhv wklv skhqrphqrq1
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