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Vwuxfwxudo Fkdqjh lq Wdlo Ehkdylru dqg wkh Dvldq
Ilqdqfldo Fulvlv

Fduphod H1 TxlqwrvW

Qhz \run Xqlyhuvlw|
]khqkrqj Idq

Qhz \run Xqlyhuvlw|

Shwhu F1 E1 Skloolsv
\doh Xqlyhuvlw|/ Xqlyhuvlw| ri Dxfnodqg ) Xqlyhuvlw| ri \run

Devwudfw

Wklv sdshu h{soruhv whvwv ri wkh k|srwkhvlv wkdw wkh wdlo wklfnqhvv ri d glv0
wulexwlrq lv frqvwdqw ryhu wlph1 Xvlqj Kloo*v frqglwlrqdo pd{lpxp olnholkrrg
hvwlpdwru iru wkh wdlo lqgh{ ri d glvwulexwlrq/ whvwv ri wdlo vkdsh frqvwdqf| duh
frqvwuxfwhg wkdw doorz iru dq xqnqrzq euhdnsrlqw1 Wkh uhfxuvlyh whvw lv vkrzq
wr eh lqfrqvlvwhqw lq rqh gluhfwlrq/ dqg rqo| d rqh0vlghg whvw lv uhfrpphqghg1
Vshfl�fdoo|/ wkh whvw fdq eh xvhg zkhq wkh dowhuqdwlyh k|srwkhvlv lv wkdw wkh
wdlo lqgh{ ghfuhdvhv ryhu wlph1 D uroolqj dqg vhtxhqwldo yhuvlrq ri wkh whvw lv
frqvlvwhqw lq erwk gluhfwlrqv1 Wkh phwkrgv duh looxvwudwhg rq uhfhqw vwrfn sulfh
gdwd iru Wkdlodqg/ Pdod|vld dqg Lqgrqhvld1 Wkh shulrg fryhuv wkh uhfhqw Dvldq
�qdqfldo fulvlv dqg hqdeohv xv wr dvvhvv zkhwkhu euhdnsrlqwv lq grphvwlf dvvhw
uhwxuq glvwulexwlrqv duh uhodwhg wr nqrzq fkdqjhv lq lqvwlwxwlrqdo duudqjhphqwv
lq wkh iruhljq fxuuhqf| pdunhwv ri wkhvh frxqwulhv1

MHO Fodvvl�fdwlrq= F55 dqg J481

Nh|zrugv dqg Skudvhv= H{wuhph ydoxh wkhru|/ Kloo hvwlpdwru/ Vwuxfwxudo fkdqjh/
Wdlo lqgh{ hvwlpdwlrq1

WFruuhvsrqglqj dxwkru1 Rxu wkdqnv jr wr Urklw Ghr iru ydoxdeoh glvfxvvlrqv1 Zh dovr wkdqn
Rud}lr Dwwdqdvlr/ wkh Hglwru/ dqg wkuhh uhihuhhv iru h{whqvlyh frpphqwv1 Skloolsv wkdqnv wkh QVI
iru uhvhdufk vxssruw xqghu Judqw Qr1 VEU <:0635<81 Dgguhvvhv ri wkh dxwkruv duh dv iroorzv=
Qhz \run Xqlyhuvlw|/ 77 Zhvw 7wk Vw1/ NPHF ;0493/ Qhz \run/ Q\ 43343> Frzohv Irxqgdwlrq iru
Uhvhdufk lq Hfrqrplfv/ \doh Xqlyhuvlw|/ Qhz Kdyhq/ FW 398531
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4 Lqwurgxfwlrq

Wkh uroh ri h{wuhph rxwolhuv kdv orqj ehhq uhohydqw lq hfrqrplfv dqg lv qrz lpsruwdqw
lq pdq| �qdqfldo pdunhw dssolfdwlrqv1 Pruh vshfl�fdoo|/ wdlo vkdsh lv zhoo uhfrjqlvhg
dv d glvwlqjxlvklqj hpslulfdo ihdwxuh ri dvvhw sulfh dqg �qdqfldo uhwxuq gdwd1 H{fkdqjh
udwh dqg vwrfn pdunhw uhwxuq gdwd duh hvshfldoo| nqrzq wr h{klelw h{wuhph rxwolhu
ehkdylru +Pdqghoeurw/ 4<96> Errwkh�Jodvvpdq/ 4<;:,1 Hyhqwv olnh wkh Rfwrehu 4<;:
vwrfn pdunhw fudvk/ wkh Dvldq �qdqfldo fulvhv ri 4<<:�4<<;/ wkh khgjh ixqg fulvlv lq
4<<;/ dqg jhqhudo pdunhw frqfhuq ryhu ydoxh dw ulvn +YdU, xqghuvfruh wkh uhohydqfh ri
rxwolhu dfwlylw| dqg ehdu zlwqhvv wr wkh lpsruwdqfh ri wklv duhd ri vwxg| lq hpslulfdo
zrun1 Rqh dvshfw ri wdlo ehkdylru wkdw lv hvshfldoo| lqwhuhvwlqj gxulqj shulrgv ri
pdunhw wxuexohqfh lv zkhwkhu wkh wdlo vkdsh ri wkh glvwulexwlrq lwvhoi fkdqjhv/ wkhuhe|
lqfuhdvlqj +ru ghfuhdvlqj, wkh suredelolw| ri rxwolhuv1 Wkh Dvldq �qdqfldo fulvlv ryhu
4<<:�4<<; lv d srljqdqw uhfhqw h{dpsoh wkdw zh zloo frqvlghu/ zkhuh deuxsw fkdqjhv lq
wkh pdunhw fdxjkw lqiruphg revhuyhuv e| vxusulvh dqg zhuh ri d vx!flhqw pdjqlwxgh
wr vxjjhvw wkh srvvlelolw| ri d fkdqjh lq wkh xqghuo|lqj glvwulexwlrq1

Wkhuh lv hfrqrphwulf hylghqfh wkdw wkh wdlo ehkdylru ri vrph �qdqfldo vhulhv kdv
fkdqjhg ryhu wlph1 Dvvxplqj wkdw wkh euhdngdwh lv h{rjhqrxv ru nqrzq/ Skloolsv�
Oruhwdq +4<<3, dqg Nrhgmlfn/ hw do1 +4<<3, frqvwuxfw whvwv iru wkh qxoo k|srwkhvlv
wkdw wkh wdlo wklfnqhvv lv frqvwdqw ryhu wlph1 Wkh| �qg wkdw wkh qxoo ri frqvwdqf| lv
uhmhfwhg e| h{fkdqjh udwh gdwd iru wkh XV/ Mdsdq dqg d vxevhw ri Zhvwhuq Hxurshdq
frxqwulhv1 Rwkhu sdshuv/ olnh Sdjdq�Vfkzhuw +4<<3d/e,/ dsso| sdudphwhu frqvwdqf|
whvwv zlwk vwulfwhu prphqw uhtxluhphqwv +l1h1/ wkdw wkh irxuwk prphqw eh �qlwh, dqg
duulyh dw wkh vdph frqfoxvlrq1 Wkxv/ wkhuh lv d frqvhqvxv iurp sdvw hpslulfdo uhvhdufk
wkdw wkh wdlo ehkdylru ri fhuwdlq �qdqfldo vhulhv duh wlph ydu|lqj1

Wkh whvwv frqvlghuhg e| Skloolsv�Oruhwdq dqg Nrhgmlfn hw do1 duh edvhg rq Kloo*v
frqglwlrqdo pd{lpxp olnholkrrg hvwlpdwru ri wkh wdlo lqgh{ ri d glvwulexwlrq1 Kloo*v
hvwlpdwru grhv qrw pdnh xvh ri wkh ixoo vdpsoh wr hvwlpdwh wkh wdlo vorsh exw rqo|
wkh p odujhvw rughu vwdwlvwlfv1 Wklv hvwlpdwru kdv ehhq vkrzq wr shuirup zhoo lq
vlpxodwlrqv +Nhduqv�Sdjdq/ 4<<:,1 Rq wkhruhwlfdo jurxqgv/ lw kdv ehhq dujxhg wr eh
d pruh urexvw surfhgxuh iru wdlo vorsh hvwlpdwlrq frpsduhg zlwk rwkhu hvwlpdwruv
wkdw xvh wkh ixoo gdwd dqg/ lq frqvhtxhqfh/ orrn dw wkh fhqwhu ri wkh glvwulexwlrq dv
zhoo +GxPrxfkho/ 4<;6,1 Ixuwkhupruh/ Kloo*v hvwlpdwru dqg whvwv frqvwuxfwhg iurp lw
gr qrw uhtxluh �qlwhqhvv ri wkh irxuwk prphqw1

Xvlqj Kloo*v hvwlpdwru iru wdlo wklfnqhvv/ zh ghyhors whvwv iru wkh frqvwdqf| ri
wkh wdlo ehkdylru ryhu wlph zkhq wkh euhdngdwh lv hqgrjhqrxv ru xqnqrzq1 Zkloh
rwkhu sdshuv kdyh orrnhg dw wkh frqvwdqf| ri wkh wdlov xvlqj uhjuhvvlrq phwkrgv rq
wkh ixoo vdpsoh/ wklv lv wkh �uvw sdshu wr frqvwuxfw whvwv iru xqnqrzq euhdnsrlqwv
xvlqj dq h{wuhph ydoxh hvwlpdwru1 Wkh iudphzrun ri h{wuhph ydoxh wkhru| kdv wkh
sureohp ri vhohfwlqj wkh p odujhvw rughu vwdwlvwlfv wkdw jrhv lqwr wkh hvwlpdwlrq ri
wkh wdlov1 Lq sduwlfxodu/ wkh rswlpdo vhohfwlrq uxoh iru p kdv ehhq vkrzq wr ghshqg rq
surshuwlhv ri wkh wdlov +Kdoo/ 4<;5,1 Ehfdxvh ri wklv lqkhuhqw flufxodulw| lq wdlo vorsh
hvwlpdwlrq/ GxPrxfkho +4<;6, vxjjhvwhg wkh vlpsoh uxoh wkdw p eh fkrvhq dv d �{hg
iudfwlrq ri vdpsoh vl}h1 Wklv uxoh kdv ehhq vkrzq wr shuirup zhoo lq vlpxodwlrqv dqg lv
zlgho| xvhg e| sudfwlwlrqhuv lq �hogv vxfk dv �qdqfldo ulvn pdqdjhphqw/ hqjlqhhulqj/
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edqnuxswf| odz dqg lqvxudqfh1
Lw wxuqv rxw wkdw GxPrxfkho*v uxoh fdq ohdg wr wkh zurqj whvw vl}h iru vwdqgdug

whvwv ri vwuxfwxudo fkdqjh1 Zkhq wkh �{hg iudfwlrq lv vxfk wkdw wkh fruuhvsrqglqj p
jurzv wrr idvw zlwk wkh vdpsoh vl}h/ wkhq doo wkuhh irupv ri wkh whvw frqvlghuhg khuh
+uhfxuvlyh/ uroolqj dqg vhtxhqwldo whvwv, glyhujh xqghu wkh qxoo1 Xqghu wkh dowhuqdwlyh/
wkh prvw frpprqo| xvhg whvw/ wkh uhfxuvlyh whvw/ zklfk lv edvhg rq wkh  xfwxdwlrqv
whvw ri Sorehujhu�Nudphu�Nrqwuxv +4<;<, idlov dv d wzr0vlghg whvw zkhqp lv rswlpdo/
exw wkh uroolqj dqg vhtxhqwldo whvwv duh frqvlvwhqw dv wzr0vlghg whvwv1 Wkh srzhu
surshuwlhv ri wkhvh whvwv ghfuhdvh zlwk wkh zurqj fkrlfh ri p= Wklv kljkoljkwv wkh
lpsruwdqfh ri �qglqj dq hvwlpdwru irup udwkhu wkdq uho|lqj rq d uxoh wkdw glvuhjdugv
wdlo vkdsh1 Zh wkhuhiruh dovr vxjjhvw d surfhgxuh iru hvwlpdwlqj p frqvlvwhqwo|1

Zh qrwh wkdw rxu whvw surfhgxuhv duh ydolg iru erwk llg dqg vhuldoo| ghshqghqw
gdwd1 Vlqfh wkh fxuuhqw olwhudwxuh frqwdlqv wkh wkhru| ri Kloo*v hvwlpdwru iru llg dqg
olqhduo| ghshqghqw gdwd rqo|/ zh ghulyh lq wklv sdshu wkh wkhru| ri Kloo*v hvwlpdwru
iru qrqolqhdu ghshqghqw gdwd ri wkh JDUFK+4/4, irup1 Wklv wkhru| gudzv khdylo|
iurp Txlqwrv +4<<<,1

Dv dq hpslulfdo dssolfdwlrq ri rxu whvwv iru wlph ydu|lqj wdlo vorsh/ zh frqvlghu
vrph uhfhqw gdwd vhulhv zkrvh wdlo ehkdylru lv ri pxfk fxuuhqw lqwhuhvw dqg zklfk
kdyh qrw/ wr rxu nqrzohgjh/ ehhq vwxglhg lq wkh olwhudwxuh1 Rxu vdpsoh ri gdlo|
vwrfn pdunhw uhwxuqv fryhuv wkh shulrg iurp Mdqxdu| 5/ 4<<8 wr Rfwrehu 49/ 4<<;
zklfk lqfoxghv wkh uhfhqw Dvldq �qdqfldo fulvlv1 Zh dsso| rxu whvwv wr vwrfn pdunhw
lqglfhv iru wkh wkuhh Dvldq frxqwulhv wkdw zhuh prvw d�hfwhg e| wkh fulvlv � Wkdlodqg/
Pdod|vld dqg Lqgrqhvld1 Wkhvh wkuhh frxqwulhv kdg wkhlu fxuuhqf| udwhv shjjhg wr wkh
XV Groodu dqg vzlwfkhg wr d  rdwlqj udwh v|vwhp lq Mxo| 4<<:1 Wklv nqrzq vwuxfwxudo
fkdqjh lq wkh rshudwlrq ri wkh iruhljq h{fkdqjh pdunhw lq wkhvh hfrqrplhv surylghv
dq lqwhuhvwlqj edfngurs iru wkh hpslulfdo dssolfdwlrq ri rxu whvwlqj phwkrgv1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv dq ryhuylhz ri
wkh wkhru| ri Kloo*v hvwlpdwru iru llg khdy| wdlohg wlph vhulhv1 Vhfwlrq 6 frqwdlqv wkh
whvwv iru vwuxfwxudo fkdqjh dqg Vhfwlrq 7 h{whqgv wkh wkhru| wr dffrpprgdwh vhuldo
ghshqghqfh1 Vhfwlrq 8 frqwdlqv vlpxodwlrq uhvxowv dqg Vhfwlrq 9 uhsruwv rxu hpslulfdo
dssolfdwlrq wr wkh hphujlqj pdunhwv gdwd1 Vhfwlrq : r�huv vrph frqfoxvlrqv dqg wkh
�qdo vhfwlrq frqwdlqv doo surriv1

5 Suholplqdulhv

Frqvlghu wkh wkuhh wlph vhulhv ri vwrfn uhwxuqv iru Wkdlodqg/ Pdod|vld dqg Lqgrqhvld
vkrzq lq Iljxuh 31 Lw lv fohdu iurp wkhvh judskv wkdw wkh ghjuhh ri h{wuhph pryhphqw
lq wkh vhulhv ydulhv ehiruh dqg diwhu Mxo| 4<<:/ wkh wlph ri wkh rqvhw ri wkh Dvldq
�qdqfldo fulvlv1 Rqh vrxufh ri vxfk yduldwlrq lq wdlo dfwlylw| lq d vhulhv lv wkdw wkh wdlo
wklfnqhvv ri wkh xqghuo|lqj uhwxuq glvwulexwlrq lv qrw frqvwdqw ryhu wlph1 Rxu dlp lv
wr ghyhors whvw vwdwlvwlfv wkdw doorz xv wr whvw wkh k|srwkhvlv ri frqvwdqw wdlo vkdsh
vr zh fdq dgguhvv wklv txhvwlrq hpslulfdoo| lq wkh fdvh ri wkh Dvldq �qdqfldo fulvlv ri
4<<:�4<<;1

Wr foduli| lghdv/ zh �uvw frqvlghu dq l=l=g= vhtxhqfh i[�jA�'� zkrvh wdlo ehkdylru
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lv ri wkh Sduhwr�Ohy| irup/

S +[ A {, @ df{3k+4 . g{3q . r+{3q,,>
S +[ A �{, @ ef{3k+4 . g{3q . r+{3q,,> +4,

zlwk { A 3 zkhuh �> f> � A 3> g 5 ? dqg wkh v|pphwu| sdudphwhuv/ d> e � 3/ vdwlvi|
d . e @ 4= Wkh sdudphwhu f lv wkh vfdoh glvshuvlrq sdudphwhu1 Wkh sdudphwhu wkdw
ghwhuplqhv wdlo vkdsh lv wkh sdudphwhu �1 Lw lv dovr fdoohg wkh pd{lpdo prphqw
h{srqhqw ri wkh glvwulexwlrq vlqfh devroxwh prphqwv ri [ ri rughu ohvv wkdq � duh
�qlwh1

Zkhq 3 ? � � 5 wkhq [ lv vdlg wr eh �vwdeoh� Sduhwldq lq wkh vhqvh wkdw wkh
pd{lpdo h{srqhqw grhv qrw fkdqjh zlwk frqyroxwlrq1 Wkh vwdeoh Sduhwldq lqfoxghv dv
d vshfldo fdvh wkh Fdxfk| glvwulexwlrq +� @ 4, dqg wkh qrupdo glvwulexwlrq +� @ 5,=
Wkh fdvh 3 ? � ? 5 lv uhihuuhg wr dv wkh �lq�qlwh yduldqfh� prgho1 Li � A 5 wkhq [
lv lq wkh grpdlq ri dwwudfwlrq ri d qrupdo glvwulexwlrq dqg vwdqgdugl}hg sduwldo vxpv
ri [ frqyhujh lq glvwulexwlrq wr d qrupdo1

Zh uhvwulfw rxu glvfxvvlrq wr hvwlpdwlrq dqg lqihuhqfh iru wkh uljkw wdlo ri wkh
glvwulexwlrq dqg vhw d @ 4 +wkh ehkdylru ri wkh ohiw wdlo lv hdvlo| lqihuuhg e| suhpxowl0
solfdwlrq ri d qhjdwlyh vljq dvvxplqj v|pphwu|,1 Zh ohw [a

E�� ghqrwh wkh l*wk rughuhg

vwdwlvwlf ri wkh vdpsoh ri vl}h M / l1h1/ [a
E�� � � � � � [a

Ea�1 Kloo*v hvwlpdwru hvwlpdwhv �

xvlqj pa > wkh p odujhvw revhuydwlrqv ri d vdpsoh ri vl}h M / [a
Ea36an��

� � � � � [a
Ea�1

Iru wkh ixoo vdpsoh/ Kloo*v hvwlpdwru lv jlyhq e|

a�A @

#
4

pA

6A[
�'�

orj[A
EA3�n�� � orj[A

EA36An��

$3�
= +5,

Wkh dv|pswrwlf surshuwlhv ri a�A ghshqg rq wkh udwh dw zklfk pA jurzv zlwk W 1
Iurp Kdoo +4<;5, zh kdyh wkh iroorzlqj udwhv ri frqyhujhqfh=

+D, Li pA $ 4 dqg pA @ r+W 2q*2qnk, wkhq

p
�*2
A +a�A � �,

_$ Q+3> �2,= +6,

+E, Li pA � �W 2q*2qnk iru 3 ? � ? 4 wkhq

p
�*2
A +a�A � �,

_$ Q+�gf3q*k�+�. �,3��E2qnk�*2k> �2, @ Q+�*>�2, +7,

zkhuh � @
�
f2q*k+4 . �@�,2@+5g2+�@�,�,

��*E2Eq*k�n��
=

+F, Li g 9@ 3/ pA @ r+W , dqg pA @W
2q*2qnk $ 4 wkhq

+W@pA ,
q*k+a�A � �,

R$ gf3q*k��+�. �,3�=

Dv orqj dv pA jurzv vorzo| hqrxjk wkhq Kloo*v lqgh{ frqyhujhv wr d qrupdo glvwule0
xwlrq zlwk yduldqfh �2= Zkhq pA jurzv wrr idvw wkhq lwv glvwulexwlrq lv ghjhqhudwh1

Rxwfrphv +D,�+F, vkrz zk| whvwv iru wdlo vkdsh frqvwdqf| kdyh surshuwlhv wkdw
ghshqg rq wkh fkrlfh ri pA 1 Qrwh wkh flufxodu sureohp lq hvwlpdwlqj �= Zh qhhg
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pA wr hvwlpdwh � lq +5, exw zh dovr qhhg � wr vhohfw pA lq +D,�+F,1 GxPrxfkho
+4<;6, vxjjhvwhg wkdw pA eh fkrvhq dv d iudfwlrq ri W / yl}1 pA @ ^�W ` zlwk � @ =43/
zklfk lpsolflwo| vhohfwv dq h{srqhqw iru W= Wklv suhvhqwv d sureohp zkhq wkh fkrvhq
� ohdgv wr +E, ru +F, dqg whvwv duh frqvwuxfwhg dvvxplqj +D, krogv/ dv lv xvxdoo| grqh
lq sudfwlfh1

Zh frqvlghu whvwv zlwk d vlqjoh xqnqrzq euhdnsrlqw dqg ohdyh wkh h{whqvlrq wr
pxowlsoh euhdnv iru odwhu zrun1 Zh ohw w @ ^uW ` iru u 5 +3> 4, ghqrwh wkh hqgsrlqw
ri d vxevdpsoh ri vl}h z|1 Iru h{dpsoh/ iru wkh ixoo vdpsoh zh kdyh z| @ zA @ W 1
Fruuhvsrqglqjo|/ zh lqgh{ Kloo*v hvwlpdwru zlwk d wlph vxevfulsw dv a�| zkhuh

a�| @

#
4

p�|

6�|[
�'�

orj[�|
E�|3�n�� � orj[�|

E�|36�|n��

$3�
= +8,

GxPrxfkho*v uxoh lv wkhq zulwwhq dv p�| @ ^�z|`=
Wkh uhfxuvlyh/ uroolqj dqg vhtxhqwldo hvwlpdwruv duh prgl�fdwlrqv ri +8,1 Wkh

uhfxuvlyh hvwlpdwru a�| lv hvwlpdwhg iurp wkh vxevdpsoh ^4> ==> w`= Wkxv/ wkh uhfxuvlyh
hvwlpdwru lv jlyhq e| +8, zlwk vxevdpsoh vl}h z| @ w @ ^Wu`1 Wkh uroolqj hvwlpdwru
�{hv wkh vxevdpsoh vl}h z| dqg hvwlpdwhv � xvlqj z| uroohg wkurxjk wlph1 Ohw �f 5
+3> 4, ghqrwh wkh iudfwlrq ri wkh �{hg vdpsoh ohqjwk dqg uhvwulfw u 5 +�f> 4,= Wkh
fdofxodwlrq ri wkh wdlo lqgh{ � vwduwv iurp wf @ ^W +u � �f,` . 4= Hdfk vxevdpsoh lv
ri ohqjwk zW

| @ w� wf . 4 @ ^W�f` uroohg wkurxjk wkh ixoo vdpsoh e| holplqdwlqj sdvw
revhuydwlrqv dqg dgglqj ixwxuh revhuydwlrqv1 Wkxv/ wkh uroolqj hvwlpdwru lv +8, zlwk
vxevdpsoh vl}h zW

| > yl}1

a�W| @

3
C 4

p�W|

6�W|[
�'�

orj[
�W|
E�W|3�n�� � orj[

�W|
E�W|36�W|

n��

4
D
3�

=

Wkh vhtxhqwldo whvw lv frqvwuxfwhg iurp d suh0euhdn dqg d srvw0euhdn hvwlpdwru1 Wkh
vhtxhqwldo suh0euhdn hvwlpdwru lv mxvw wkh uhfxuvlyh hvwlpdwru1 Wkh srvw0euhdn hvwl0
pdwru/ ghqrwhg e| a�2|/ lv wkh uhyhuvh uhfxuvlyh hvwlpdwru zlwk vdpsoh vl}h z| @ z2| @
W � w1

Wkh iroorzlqj Wkhruhp jlyhv lqyduldqfh sulqflsohv iru wkh uhfxuvlyh/ uroolqj dqg
vhtxhqwldo hvwlpdwruv1 Wkh udwhv ri frqyhujhqfh ri +D, dqg +E, duh dovr jlyhq zlwk
uhvshfw wr wkh fkrlfh ri �1

Wkhruhp 4 Ohw w @ ^Wu`> p�| @ ^�z|` dqg ohw Z +u, ghqrwh d vwdqgdug Zlhqhu
surfhvv1

+D,� Li p�| @ r

�
z

2q
2qnk

|

�
ru � @ r

�
z

2q
2qnk

3�
|

�
wkhq

+l,
�
wp|

W

��*2

+a�| � �,
_$ �Z +u,

+ll,
�
zW
|p�W|

W

��*2

+a�W| � �,
_$ �Z +u> �f,

+lll,
�z2|p�2|

W

��*2
+a�2| � �,

_$ �Z +4� u,=

8



zkhuh Z +u> �f, @ Z +u,�Z +v, zlwk v @ u � �f lq +ll,1

+E,� Li p�| @ �z
2q

2qnk

| ru � @ �z
2q

2qnk
3�

| wkhq

+l,
�
wp|

W

��*2

+a�| � �,
_$ �^Z +u, . *u�*2`

+ll,
�
zW
|p�W|

W

��*2

+a�W| � �,
_$ �^Z +u> �f, . *�

�*2
f `

+lll,
�z2|p�2|

W

��*2
+a�2| � �,

_$ �^Z +4� u, . *+4� u,�*2`=

Frqglwlrqv +D, dqg +E, fdq eh ghulyhg dv d vshfldo fdvh ri +l, zlwk w @ W vr u @ 41
Frqglwlrq +F,� uhtxluhv wkdw +F, eh prgl�hg e| uhsodflqj W @ z| dqg pA @ p�| 1

6 Wkh Whvwv

Rxu qxoo k|srwkhvlv lv wkdw wkh wdlo lqgh{ � lv frqvwdqw ryhu wlph1 Pruh vshfl�fdoo|/
ohw �| eh wkh wdlo lqgh{ ri wkh glvwulexwlrq ri [|= Zh irfxv rq revhuydwlrqv w @ ^Wu`
iru u 5 UZ @ ^�> 4� �`> d suhvshfl�hg frpsdfw vxevhw ri +3> 4, iru vrph vpdoo � A 3=
Wkh qxoo k|srwkhvlv ri frqvwdqf| wkhq wdnhv wkh irup

Kf = �dAoo @ � ; u 5 UZ +9,

zlwk wkh dowhuqdwlyh K� = �dAoo 9@ � iru vrph u 5 UZ= Vhwv olnh UZ duh frpprqo| xvhg
lq wkh frqvwuxfwlrq ri sdudphwhu frqvwdqf| whvwv +h1j1/ Kdznlqv/ 4<;:/ dqg Dqguhzv/
4<<6, dqg uhsuhvhqw vrph frqvwdqw iudfwlrq ri wkh ryhudoo qxpehu ri revhuydwlrqv/
zkloh ehlqj erxqghg dzd| iurp }hur dqg xqlw|1

Vlqfh wkh rswlpdo � dvvxphv nqrzohgjh ri wkh wdlov lq +E,� zh dvvxph wkdw � lv vhw
duelwudulo| +vd| wr =43, dqg dvvxph wkdw +D,� lv vdwlv�hg1 Rxu whvwv duh frqvwuxfwhg
iurp wkh txdqwlwlhv

\A +w, @

�
wp|

W

��*2� a�|

a�A
� 4

�
>

YA +w, @

�
zW
|p�W|

W

��*2�
a�W|
a�A

� 4

�
>

]A +w, @

�
wp|

W

��*2� a�|

a�2|
� 4

�
=

Qrwh wkdw wkh uhfxuvlyh whvw \A +w, lv edvhg rq wkh  xfwxdwlrqv whvw ri Sorehujhu�

Nudphu�Nrqwuxv vlqfh
�

	k|
	kA

� 4
�
@ a�3�A +a�| � a�A ,= Wkh vdph dssolhv wr wkh uroolqj

whvw/ vlqfh lw lv wkh uhfxuvlyh whvw uroohg wkurxjk wkh ixoo vdpsoh1 Wkh vhtxhqwldo
whvw phdvxuhv wkh  xfwxdwlrq ri wkh uhfxuvlyh hvwlpdwru djdlqvw wkh uhyhuvh uhfxuvlyh
hvwlpdwru dv rssrvhg wr wkh ixoo vdpsoh hvwlpdwru1
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Wkhruhp 5 Ohw p�| @ ^�z|` dqg ohw +D,� krog1 Wkhq/ xqghu Kf =

+l, T @ vxsoM-Z
\A +^Wu`,

2 _$ vxs
oM-Z

Z +u,2

+ll, TW @ vxsoM-Z
YA +^Wu`,

2 _$ vxs
oM-Z

Z +u> �f,
2

+lll, Tr @ vxsoM-Z
]A +^Wu`,

2 _$ vxs
oM-Z

Z
r
+u,2=

zkhuh Z +u, @ Z +u,� uZ +4,> Z +u> �f, @ Z +u> �f,� +u � v,Z +4> 4, dqg Z
r
+u, @

Z +u,� o
�3oZ +4� u,1

Wkh fulwlfdo ydoxhv ri wkh whvwv duh wdexodwhg lq Dsshqgl{ D1 Zlwk Wkhruhp 4 dqg
wkh FPW/ lw lv srvvleoh wr frqvwuxfw whvwv iru vwuxfwxudo fkdqjh rwkhu wkdq wkh vxs
whvw1 Ohw KA +w, fruuhvsrqg wr \A +w,> YA +w, ru ]A +w, wkhq wkh phdq0vfruh whvw dqg
phdq0h{srqhqwldo whvw ri Dqguhzv0Sorehujhu +4<<7, duh/ uhvshfwlyho|/]

-Z

KA +^Wu`,
2gu

_$
]
-Z

��+u,2gu

dqg

orj

�]
-Z

h{s
�
K2

A +^Wu`,
2
�
gu

�
_$ orj

�]
-Z

h{s+��+u,2,gu

�

zkhuh ��+u, fruuhvsrqgv wr wkh Zlhqhu ixqfwlrqdov jlyhq lq Wkhruhp 51
Xqghu wkh dowhuqdwlyh k|srwkhvlv/ zh qhhg wkh iroorzlqj uhvxow rq wkh ehkdylru ri

Kloo*v hvwlpdwru zlwk lqghshqghqw dqg qrq0lghqwlfdoo| glvwulexwhg +l1ql1g, gdwd1 Ohw
� eh wkh euhdnsrlqw dqg ghqrwh wkh vxevdpsohv dv 
� @ ^4> �, dqg 
2 @ ^� > W `1 Wkh
wkhruhp ehorz lv iru wkh fdvh zkhuh wkh gdwd lv vhjphqwhg lqwr wzr sduwv +l1h1/ d vlqjoh
euhdnsrlqw,/ exw wkh uhvxow zloo krog pruh jhqhudoo| iru pxowlsoh euhdnv1

Wkhruhp 6 +Kloo*v Hvwlpdwru xqghu l1ql1g1 Gdwd,1 Ohw a�A fruuhvsrqg wr wkh hvwlpdwh
ri � rewdlqhg iurp xvlqj wkh ixoo vdpsoh i[|j> w 5 ^4> W ` @ 
 +yl}1/ htxdwlrq +5,,1
Iru l1ql1g gdwd i[|j vxfk wkdw w 5 
� kdv lqgh{ �� dqg w 5 
2 kdv lqgh{ �2 zh kdyh

a�A
R$ plq+��> �2, @ �= +:,

Dffruglqj wr +:,/ wklfn wdlov grplqdwh lq wkh vhqvh wkdw

S +[|MC2 A {,

S +[|MC� A {,
@ +fk2@fk�,{

k�3k2 $ 3>

dv { $ 4 l� �� ? �2 +dqg ylfh yhuvd iru �2 ? ��,1 Wkh lpsolfdwlrq ri Wkhruhp 6
lv wkdw Kloo*v hvwlpdwru frqyhujhv wr wkh grplqdqw wdlo vorsh iru vdpsohv z| lq zklfk
wkhuh duh gl�huhqw wdlo lqglfhv1

Wkh frqvlvwhqf| ri wkh whvwv lq Wkhruhp 5 qrz iroorz xvlqj Wkhruhp 61

:



Wkhruhp 7 Dvvxph +D,� lv vdwlv�hg1 Vxssrvh � lv wkh euhdnsrlqw1 Zh dvvxph wkdw
�| @ �� iru w 5 
� dqg �| @ �2 iru w 5 
21 Wkhq/ xqghu K� = K�� ^K�2>

K�� = �� A �2 K�2 = �� ? �2
T @ RR+p|, T @ RR +4,
TW @ RR+p�W|

, TW @ RR+p�W|
,

Tr @ RR+p|, Tr @ RR+p|,

Fdvh D4 kdv wkh wdlov ydu|lqj iurp wklqqhu wr wklfnhu dqg Fdvh D5 kdv wkh wdlov
ydu|lqj iurp wklfnhu wr wklqqhu1

Uhpdun 41 Xqghu wkh dowhuqdwlyh/ wkh uhfxuvlyh whvw lv frqvlvwhqw rqo| xqghu D41 Lw
fdq wkhuhiruh rqo| eh xvhg dv d rqh0vlghg whvw1 Wkh lqwxlwlrq ehklqg wklv uhvxow lv wkdw
Kloo*v hvwlpdwru lv frqglwlrqdo rq wkh p odujhvw revhuydwlrqv/ vr wkdw rxwolhu ehkdylru
wkdw dsshduv lq wkh lqlwldo vdpsoh uhpdlqv lq wkh vhohfwlrq ri wkh p revhuydwlrqv lq
wkh odwwhu sduw ri wkh vdpsoh1 Wklv lv qrw wuxh iru wkh uroolqj hvwlpdwru vlqfh rxwolhu
ehkdylru wkdw rffxuv lq wkh lqlwldo vdpsoh lv uhpryhg lq wkh vhohfwlrq ri wkh p odujhvw
revhuydwlrqv dv wkh vdpsoh lv uroohg wkurxjk e| holplqdwlqj sdvw revhuydwlrqv1 Wkh
vhtxhqwldo whvw lv frqvlvwhqw ehfdxvh lw lv frqvwuxfwhg iurp wkh vxp ri wkh uhfxuvlyh
dqg uhyhuvh uhfxuvlyh hvwlpdwru/ hdfk ri zklfk lv frqvlvwhqw lq rssrvlwh gluhfwlrqv1

Uhpdun 51 Wkhruhpv 5 dqg 7 dvvxph wkdw � lv fkrvhq vr wkdw +D,� lv vdwlv�hg1

Fruroodu| 8 Vxssrvh � vdwlv�hv +E,� wkhq xqghu Kf =

+l, T @ vxs
oM-Z

\A +^Wu`,
2 _$ vxs

oM-Z

�
Z +u, . *u�*2+4� u�*2,

�2
+ll, TW @ vxs

oM-Z

YA +^Wu`,
2 _$ vxs

oM-Z

k
Z +u> �f, .*�

�*2
f +4� �

�*2
f ,

l2
+lll, Tr @ vxs

oM-Z

]A +^Wu`,
2 _$ vxs

oM-Z

�
Z

r
+u, . *u�*2

�
4�

�
o

�3o
��*2��2

=

Li � vdwlv�hv +F,� wkhq xqghu Kf>

T> TW> Tr $ 4=

Li � lv vxfk wkdw p�| kdv wkh rswlpdo udwh/ wkhq doo wkuhh whvwv kdyh wkh zurqj vl}h li
fulwlfdo ydoxhv xqghu +D,� duh xvhg +yl}1 Dsshqgl{ D,1 Ixuwkhupruh/ li � lv vxfk wkdw
+F,� lv vdwlv�hg wkhq wkh whvwv glyhujh dqg wkh qxoo lv idovho| uhmhfwhg zlwk suredelolw|
rqh1

Uhpdun 61 Wkh fxuuhqw olwhudwxuh kdv whvwv ri wdlo vkdsh frqvwdqf| wkdw dvvxph
wkh vdpsoh vsolwv duh nqrzq1 Vxssrvh wkh vdpsoh vl}h W lv glylghg lqwr j nqrzq
vxevdpsohv dffruglqj wr d zlqgrz ohqjwk z�/

S}
�'�z� @ W dqg � lv fdofxodwhg iru

hdfk vxevdpsoh1 Zh ohw vxevfulswv ilj ghqrwh wkh vxevdpsohv l @ 4> 5> ===> j1 Wkh qxoo
k|srwkhvlv zlwk nqrzq euhdnsrlqw lv

Kf = �t�� @ � � � @ ��}� @ �= +;,

;



Nrhglmn hw do1 uhfrpphqg wkh vwdwlvwlf

Tf @ pt��

�
a�t��
�t��

� 4

�2

. � � �.p�}�

�
a��}�
��}�

� 4

�2
_$ "2}= +<,

Krzhyhu/ wr lpsohphqw wklv whvw rqh qhhgv wr vshfli| �= Dowhuqdwlyho|/ rqh frxog xvh
wkh whvw ri Skloolsv�Oruhwdq +4<<3, edvhg rq gl�huhqfhv1 Iru j @ 5 dqg dq htxdo
vdpsoh vsolw zkhuh zt�� @ zt2� wkh| uhfrpphqg wkh vwdwlvwlf

Sf @
pt��+a�t�� � a�t2�,2

+a�2t�� . a�2t2�,
_$ "2�=

Iru dq xqhyhq vdpsoh vsolw wkh h{whqvlrq iru Sf lv vwudljkwiruzdug1 Dvvxplqj pt�� @
^�t2�pt2�` zlwk �t2� A 3 zh kdyh

p
�*2
t��+a�t�� � a�t2�, @ p

�*2
t��+a�t�� � �,�

�
pt��
pt2�

��*2

p
�*2
t2�+a�t2� � �,

_$ Q+3> �2t��,� �
�*2
t2�Q+3> �2t2�, @ +�2t�� . �t2��2t2�,

�*2Q+3> 4,>

+43,
vr Sf ehfrphv

S� @
pt��+a�t�� � a�t2�,2�
a�2t�� .

�
pt��
pt2�

�
a�2t2�

� @

pt��a�2t2�

�
a�t��
a�t2�

� 4

�2

�
a�2t�� .

�
pt��
pt2�

�
a�2t2�

� _$ "2�= +44,

Wkh uhylvhg whvw S� lv wkh srlqwzlvh yhuvlrq ri wkh vhtxhqwldo whvw Tr+u, zkhq euhdn0
srlqwv duh nqrzq dqg Tr+u, lv qrupdol}hg e| lwv 50shulrg yduldqfh1 Wkh whvw Tf zlwk
j @ 4 lv wkh srlqwzlvh yhuvlrq ri wkh uhfxuvlyh whvw zlwk � hvwlpdwhg e| a�A 1

Uhpdun 71 Ydoxh0dw0Ulvn1 Wlph0ydu|lqj wdlov kdyh lpsolfdwlrqv iru Ydoxh0dw0Ulvn
+YdU, fdofxodwlrq1 YdU lv gh�qhg dv wkh pd{lpxp orvv h{shfwhg zlwk +4 � s,(
suredelolw| +w|slfdoo| wdnhq dv 8( ru 4(, ryhu d suhvshfl�hg shulrg ri wlph +w|slfdoo|
4 gd| ru 43 gd|v,1 Wkh YdU*v uhsruwhg e| �qdqfldo lqvwlwxwlrqv ghwhuplqh wkhlu fdslwdo
uhtxluhphqwv dqg dovr lqirup lqyhvwruv ri wkh +h{wuhph, ulvn dvvrfldwhg zlwk wkhlu
lqyhvwphqwv1 Xqghu wkh h{wuhph ydoxh wkhru| iudphzrun/ wkh h�hfw ri wlph0ydu|lqj
wdlov lv fohduo| vhhq iurp wkh YdU irupxod/

Y dUR @

�
W

p
+4� s,

�3�*k
[EA36n��1

Uhpdun 81 Rswlpdo Whvwv dqg Dgdswdwlrq1 Wkh uhvxowv lq Wkhruhpv 5 dqg 7
duh ghulyhg xqghu udwhv wkdw vdwlvi| +D,� dqg Uhpdun 5 glvfxvvhv wkh frqvhtxhqfhv
ri plvvshfl�fdwlrq1 Lw lv srvvleoh wr xvh wkh rswlpdo udwh +E,� dqg wr hvwlpdwh p�| 1
Frqvlghu wkh iroorzlqj uhfxuvlyh hvwlpdwru iru p|/

ap| @ a�|3�z
2	q|3�*E2

	q|3�n	k|3��
| @ a�|3�z

2	4|3�*E2	4|3�n��
| > a�| @

a�|@a�|> +45,

<



zkhuh a�|3� @ plq+4> a�|3�, dqg a�|3� @
�
af
2	4|3�
|3� +4 . a�|3�,2@++5 ag2|3�a�

�
|3�,

��*E2	4|3�n��
zlwk af|3� @ + ap|3�@z|3�,+[

�|3�
E 	6|3�n��

,	k|3� dqg ag|3� @ af|3�@51 Wkh lqlwldo vhohfwlrq ri

p| fdq eh grqh xvlqj d �{hg iudfwlrq1 Wkhq/ xqghu wkh qxoo k|srwkhvlv ap| �p|
R$ 3

zkhuh p| @ �z
2q*E2qnk�
| = Vlploduo|/ zh fdq gh�qh wkh uroolqj hvwlpdwru ap�W|

dqg wkh
uhyhuvh uhfxuvlyh hvwlpdwru ap�2| =

Wkhruhp 9 Dvvxph +E,� lv vdwlv�hg dqg ap�| �p�|
R$ 3= Wkhq

�K @ vxs
oM-Z

+
KA +^Wu`,�

�zdAoo

W

��*2#
a*�dAoo �

�
ap�dAoo

apA

��*2

a*A

$,2
_$ vxs

oM-Z

��+u,2

zkhuhKA +w, lv hlwkhu \A +w,> YA +w, ru ]A +w, dqg ��+u,2 lv wkh fruuhvsrqglqj glvwulexwlrq
lq Wkhruhp 51 Iru ]A +w, uhsodfh wkh vxevfulsw W e| z2| lq wkh fruuhfwlrq whupv1

Wkh fruuhfwlrq whup frphv iurp wkh qrqfhqwudo whup * lq +E,�/ zklfk lv gh�qhg lq
+E,1 Qrwh wkdw zlwk wkh fkrlfh ri �/ * vlpsol�hv wr * @ 4@

s
5�@�1 Wkxv/

a*�| @
4t

5a��|@a��|

R$ *�oM-Z

xqghu Kf zkhuh a��| / a��| fruuhvsrqg wr wkh uhfxuvlyh/ uroolqj ru vhtxhqwldo hvwlpdwhv1
Wkh wlph0ydu|lqj hvwlpdwruv ap| dqg ap�W|

�dgdsw� wr wkh ehkdylru ri wkh wdlo sd0
udphwhuv �| dqg �|= Wkh| duh dowhuqdwlyhv wr wkh dgdswlyh hvwlpdwru iru p jlyhq e|
Kdoo�Zhovk +4<;8, dqg wr wkh errwvwuds hvwlpdwru ri Gdqlhovvrq0GhYulhv +4<<:d/e,1
Wkh uhvwulfwlrq �| @ plq+4> �|, lv wkh vdph dv wkh uhvwulfwlrq xvhg e| Kdoo�Zhovk
+4<;8, lq dgdswlyho| hvwlpdwlqj p1 Lw lv ydolg iru vwdeoh glvwulexwlrqv dqg v|pphw0
ulf glvwulexwlrqv iru zklfk �| @ �|1 Dq lpsruwdqw glvwulexwlrq wkdw wkh uhvwulfwlrq
h{foxghv lv wkh w0glvwulexwlrq zkhuh �| @ 5 dqg �| htxdov wkh ghjuhhv ri iuhhgrp1

7 Wlph Vhulhv H{whqvlrqv

Wkh whvwv lq Vhfwlrq 6 dvvxph wkdw i[�j lv l=l=g= Lw lv srvvleoh wr prgli| wkh whvwv
xvlqj Kvlqj*v +4<<4, uhvxowv iru vhuldoo| ghshqghqw gdwd1 Kloo*v hvwlpdwru lv vwloo frq0
vlvwhqw dqg dv|pswrwlfdoo| qrupdo zlwk wkh vdph udwhv ri frqyhujhqfh xqghu vhuldoo|
ghshqghqw gdwd/ exw zlwk gl�huhqw yduldqfh1 Zh ohw {n @ pd{+{> 3, lq zkdw iroorzv1
Dvvxph d frqvlvwhqw hvwlpdwru iru [A

EA36An��
vxfk wkdw

orj[A
EA36An��

@ orj e+W@pA , . �@
s
pA > � 5 ?

dqg e+W@pA , @ I3�+4�pA @W , lv wkh txdqwloh ixqfwlrq zklfk vdwlv�hv

W

pA
S +[ A e+W@pA ,, $ 4= +46,

Ohw

FA� @
�
orj[A

� � orj e+W@pA ,
�
n

dqg GA� @ L
�
orj[A

� A orj e+W@pA , . �@
s
pA

�
=

43



Ohppd : +Kloo*v hvwlpdwru iru olqhduo| ghshqghqw gdwd> Kvlqj +4<<4,/ Wkhruhp 616,1
Ohw i[|j eh d vwulfwo| vwdwlrqdu|/ o0ghshqghqw vhtxhqfh zlwk o A 31 Vxssrvh wkhuh h{lvw
frqvwdqwv "/ # dqg $ vxfk wkdw iru doo � 5 ?>

5�2
W

pA

U[
�'2

HFA�FA� $ ">

�
W

pA

,[
�'2

+HFA�GA� .HFA�GA�, $ #> +47,

5
W

pA

,[
�'2

HGA�GA� $ $=

Wkhq
p

�*2
A +a�A � �,

_$ Q+3> �2+4 . ". $ � 5#,, @ Q+3> �2�,> +48,

xqghu +D,1 Xqghu +E,/ wkh vdph qrqfhqwudo whup hqwhuv lqwr wkh olplwlqj glvwulexwlrq1

Zh qrz h{whqg Kvlqj*v uhvxow wr wkh fdvh zkhuh qrqolqhdu ghshqghqfh lv doorzhg1
Wkhruhp ; dqg Fruroodu| < ehorz gudz khdylo| iurp Txlqwrv +4<<<,1 Zh frqfhqwudwh
rq wkh vwdwlrqdu| DUFK dqg JDUFK surfhvv zklfk fdq eh dssur{lpdwhg e| dq
o0ghshqghqw vhtxhqfh1 Ohw i[|j iroorz d JDUFK+4/4, surfhvv/

[| @ �|]|> ]| � llg Q+3> 4,

�2| @ �f . ���
2
|3� . �[2

|3�>
+49,

zlwk dq DUFK+4, surfhvv ehlqj d vshfldo fdvh zlwk �� @ 31 Zh zrun zlwk d vwrfkdvwlf
gl�huhqfh htxdwlrq ri wkh irup

\| @ D|\|3� .E| +4:,

zkhuh iD|>E|j duh l1l1g1 sdluv1 E| vxevwlwxwlrq/ zh fdq zulwh +49, lq whupv ri +4:,/

�2| @ +�� . �]2
|3�,�

2
|3� . �f @ D|�

2
|3� .E| +4;,

zlwk \| @ �2| / ru iru dq DUFK+4,/

[2
| @ +�]2

| ,[
2
|3� . �f]

2
| @ D|[

2
|3� .E| +4<,

zlwk \| @ [2
| = Qrwh wkdw [2

| kdv wdlo lqgh{ �@51 Wkxv/ zkhq zh frqvwuxfw Kloo*v
hvwlpdwru lq whupv ri \| zh kdyh
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dqg 3 ? � ? 4 iru dq DUFK+4, dqg �f A 3 dqg 3 ? �� . � ? 4 iru d JDUFK+4/4,1
Zh ixuwkhu dvvxph wkdw wkh surfhvv vwduwv dw ]f +l1h1/ +]3�> ===> ]3", @ 3,= Zh fdq
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Ohppd : dqg Wkhruhp ; vkrz wkdw Kloo*v hvwlpdwru lv dv|pswrwlfdoo| qrupdo
vr wkdw wkh whvwv lq Vhfwlrq 6 qhhg rqo| eh prgl�hg e| vfdolqj zlwk d fryduldqfh
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pdwul{1 Udwkhu wkdq frqvwuxfw hpslulfdo hvwlpdwhv ri wkh uljkw kdqg whupv lq +d,0+i,/
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Uhpdun 91 Wkh sdudphwhu � xqghu wkh JDUFK gdwd jhqhudwlqj surfhvv lv d ixqfwlrq
ri wkh sdudphwhuv ri wkh prgho1 Wkxv/ dq dowhuqdwlyh wr Kloo*v hvwlpdwru lv wr �qg �
dv wkh xqltxh vroxwlrq wr

H+�]2,k*2 @ 4 ru H+�]2 . ��,
k*2 @ 4 +55,

iru dq DUFK+4, ru JDUFK+4/4, uhvshfwlyho| +vhh Hpeuhfkwv/ hw1do1 4<<:/ dqgPlnrvfk�
Vwdulfd/ 4<<;,1 Iru h{dpsoh/ wkh uhodwlrq ri wkh wdlo lqgh{ ri dq DUFK+4, surfhvv dqg
lwv frqglwlrqdo sdudphwhu � lv wdexodwhg lq Hpeuhfkwv/ hw1 do1 +4<<:, dqg lv uhshdwhg
khuh1

� 16458 317 318 318::6 319 31: 31; 31< 4 418:
� ;133 913< 71:7 7133 61;5 614: 519; 5163 5133 4133

Zh revhuyh/ lq sduwlfxodu/ wkdw wkh vhfrqg prphqw lv lq�qlwh zkhq � � 41

Uhpdun :1 Frqglwlrqdo yhuvxv Xqfrqglwlrqdo Wdlo Whvwlqj1 Dq lpsruwdqw lpsol0
fdwlrq ri +55, lv wkdw lqvwdelolw| lq wkh DUFK2JDUFK sdudphwhu � lpsolhv lqvwdelolw|
lq wkh wdlo sdudphwhu � ri wkh xqfrqglwlrqdo glvwulexwlrq/ dqg ylfh yhuvd1 Wkxv/ wkh
xqfrqglwlrqdo glvwulexwlrq ri i[|j kdv yhu| idw wdlov zkhq � lv juhdwhu wkdq 41 Rxu
frqglwlrqdo glvwulexwlrq kdv Jdxvvldq +wklq, wdlov luuhvshfwlyh ri �/ yl}1/

i+[|m�|, @ ]| � Q+3> 4,=

Wkh uhodwlrq ri � dqg � jlyhq lq Uhpdun 9 uholhv rq wklv dvvxpswlrq1 Rxu olplw wkhru|
lv qrw mxvwl�hg e| wkh dqdo|vlv jlyhq khuh zkhq wklfn wdlov dsshdu lq wkh frqglwlrqdo
glvwulexwlrq/ iru h{dpsoh/ zkhq i]|j lv w0glvwulexwhg1 Vxfk fdvhv pd| eh dqdo|vhg e|
dq h{whqvlrq ri rxu phwkrgv exw zh kdyh qrw grqh vr1

8 Vlpxodwlrqv

Wklv vhfwlrq h{soruhv wkh �qlwh vdpsoh surshuwlhv ri wkh sdudphwhu frqvwdqf| whvwv
xvlqj 8333 Prqwh Fduor vlpxodwlrqv1 Vhfwlrqv 814 dqg 815 frqvlghu rqo| wkh l1l1g fdvh
wr kljkoljkw wkh uhvxowv ri Wkhruhp 71 Vhfwlrq 816 h{whqgv wkh vlpxodwlrqv wr wkh
ghshqghqw fdvh1 Doo vlpxodwlrqv zhuh grqh xvlqj Ylvxdo F.. yhuvlrq 7131

814 Gdwd Jhqhudwlqj Surfhvv

Zh vsolw rxu vdpsoh lqwr wzr shulrgv ri ohqjwk W� @ ^uW ` +u 5 +3> 4,, dqg W2 @ W �
W�.41 Iru hdfk vxe0shulrg/ zh jhqhudwh wkh [ �

�v udqgrpo| iurp d vwdeoh glvwulexwlrq
zlwk lqgh{ � xvlqj wkh phwkrg ri Vdprurgqlwvn|0Wdttx +4<<7,/ yl}1 zh vhw

[� @
vlq���

+frv ��,
�*k

�
frv++4� �,��,

Z�

�E�3k�*k
>

zkhuh � lv xqlirup rq +��@5> �@5, dqg Z lv h{srqhqwldo zlwk phdq 41 Gl�huhqw
ydoxhv ri wkh vkdsh sdudphwhu � zhuh fkrvhq wr olh lq wkh lqwhuydo 3 ? � ? 4 +zkhuh
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wkh phdq dqg yduldqfh duh lq�qlwh, dqg 4 ? � ? 5 +zkhuh wkh yduldqfh lv lq�qlwh, iru
hdfk shulrg1 Erwk Fdvhv D4 dqg D5 duh whvwhg/ l1h1/ iurp wklq wr wklfn wdlov dqg iurp
wklfn wr wklq wdlov1 Euhdnsrlqwv duh lpsrvhg h{ dqwh1 Vshfl�fdoo|/ zh vhw u @ 3=58> 3=8
dqg 3=:81 Vdpsoh vl}h W lv vhw wr 833>dqg 5333> wzr vdpsoh vl}hv uhsuhvhqwdwlyh ri
wkrvh frpprqo| irxqg lq �qdqfldo gdwd dssolfdwlrqv1 Zh xvh 8333 lwhudwlrqv1

815 Vwuxfwxudo Fkdqjh Whvwv iru k

Vlqfh zh vshfl�hg � lq rxu vlpxodwlrq zh fdq hqvxuh wkdw +D,� lv vdwlv�hg1 Wkh
sureohp wkhq lv krz wr vhohfw p vlqfh erwk hvwlpdwruv a� dqg af duh frqvwuxfwhg
frqglwlrqdo rq wkh p odujhvw revhuydwlrqv1 GxPrxfkho +4<;6, vxjjhvwv wkh vlpsoh
uxoh p � 3=4W / l1h1/ wkdw wkh xsshu 43 shufhqwloh eh xvhg dv h{wuhph ydoxhv1 Kdoo
+4<;5, dqg Kdoo�Zhovk +4<;8, �qg wkh rswlpdo udwh wr eh p @ 5W 2*�1 Lq wklv sdshu/
zh vhw � @ 3=43 dqg vhohfw � vxfk wkdw p�| @ ^3=43z|` ? �|z

2q|*E2q|nk|�
| 1

Wdeoh 3 jlyhv wkh vl}h surshuwlhv ri wkh whvwv1 Qrwh wkh jrrg vl}h surshuwlhv lq
erwk wkh �qlwh dqg lq�qlwh yduldqfh fdvh1 Wkh whvwv shuirup ehwwhu wkh ixuwkhu rxw
lq wkh wdlov/ dv h{shfwhg iurp h{wuhph ydoxh wkhru|1

Wdeoh 41D uhsruwv wkh srzhu surshuwlhv ri wkh uhfxuvlyh whvw1 Iru wkh srzhu surs0
huw| ri wkh whvwv/ zh orrn dw 5 fdvhv= Fdvh D4 � zkhuh wkh fkdqjh jrhv iurp wklq wr
wklfnhu wdlov dqg Fdvh D5 � zkhuh wkh wdlov ehfrph wklqqhu dv W jhwv odujhu1 Qrwlfh
wkh gurs lq srzhu iru T iurp Fdvh D4 wr Fdvh D51 Wklv lv/ lq idfw/ lqwxlwlyho| uhd0
vrqdeoh vlqfh wkh whvwv duh edvhg rq hvwlpdwruv wkdw xvh rqo| wkh odujhvw revhuydwlrqv1
Lq Fdvh D5/ zkhuh wkh wklfnhu wdlov rffxu lq wkh lqlwldo shulrg/ wkh rxwolhuv lq wklv wdlo
hqwhu lqwr wkh fdofxodwlrq ri vxffhvvlyh whvwv dv orqj dv wkh| ehorqj lq wkh p odujhvw
revhuydwlrqv1 Iru h{dpsoh/ li wkh pd{lpxp srlqw lq wkh gdwd rffxuv lq wkh �uvw
vxevdpsoh/ wklv srlqw zloo hqwhu lqwr wkh fdofxodwlrq ri hdfk vxffhvvlyh whvw/ wkhuhe|
pdnlqj wkh wdlov dsshdu wklfnhu wkdq wkh| uhdoo| duh1 Wklv zloo qrw eh wkh fdvh zkhq
wkh rxwolhu ehkdylru rffxuv lq wkh odwwhu sduw ri wkh vdpsoh/ dv hylghqfhg e| Fdvh D41
Wkhvh uhvxowv vxssruw wkh wkhruhwlfdo �qglqjv lq Wkhruhp 71

Wdeoh 41E dqg Wdeoh 41F uhsruw wkh srzhu surshuwlhv ri wkh uroolqj whvw TWdqg
vhtxhqwldo whvw Tr1 Frpsduhg zlwk wkh uhfxuvlyh whvw/ wkh uroolqj whvw kdv pruh
srzhu lq erwk gluhfwlrqv= iurp wklfn wr wklq wdlov/ dqg iurp wklq wr wklfn wdlov zklfk
frlqflghv zlwk Wkhruhp 71 Wkh vhtxhqwldo whvw vhhpv wr gr srruo| zkhq wkh vdpsoh
vl}h lv vpdoo +W @ 833,1 Lwv srzhu dovr ghshqgv rq wkh orfdwlrq ri wkh euhdnsrlqw
dqg wkh gluhfwlrq wkdw wkh wdlo ydulhv1 Wklv lv/ ri frxuvh/ gxh wr wkh idfw wkdw wkh
whvw lv frqvwuxfwhg iurp wzr vwdwlvwlfv zklfk duh frqvlvwhqw lq rssrvlwh gluhfwlrqv1 Dw
W @ 5333 iru D4> wkh uhfxuvlyh whvw lv frqvlvwhqw +dqg wkh uhyhuvh uhfxuvlyh whvw lv
lqfrqvlvwhqw, exw wkh srzhu ri wkh whvw lv orz ehfdxvh ri vdpsoh vl}h +l1h1/ rqo| 58(
ri wkh vdpsoh lv xvhg iru wkh uhfxuvlyh whvw,1 Dw 3=:8 wkh srzhu ri wkh uhfxuvlyh whvw
grplqdwhv1 Wkh v|pphwu| lq wkh srzhu ri D4 dqg D5 ghshqglqj rq wkh euhdnsrlqw
lv hylghqw lq wkh wdeoh1

Wdeoh 5 uhsruwv hvwlpdwhv ri wkh euhdnsrlqw/ l1h1/ wkh orfdwlrq ri wkh vxs ydoxh ri
wkh whvw1 Wkh uhfxuvlyh whvw grhv zhoo lq hvwlpdwlqj wkh euhdnsrlqw iru Fdvh D41 Iru
Fdvh D5/ wkh vxs ydoxhv rffxu idu iurp wkh orfdwlrq ri wkh wuxh euhdnsrlqwv1 Vlqfh wkh
whvw lv lqfrqvlvwhqw lq wklv gluhfwlrq wkh orfdwlrq ri wkh euhdnsrlqw lv dovr lqfrqvlvwhqw1
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Wkh euhdnsrlqw hvwlpdwhv ri T lpsuryh dv W ehfrphv odujhu/ erwk lq whupv ri phdq
dqg vwdqgdug huuru1

Zkloh wkh uroolqj whvw lv frqvlvwhqw/ lwv hvwlpdwh ri wkh euhdnsrlqwv gr qrw frlqflgh
zlwk wkh wuxh euhdnsrlqwv1 Wkh vhtxhqwldo whvw Tr/ krzhyhu/ vhhpv wr shuirup zhoo
lq hvwlpdwlqj wkh euhdnsrlqwv iru erwk Fdvh D4 dqg D5 zkhq W @ 53331 Lwv zhdnqhvv
olhv lq lwv srru vpdoo vdpsoh ehkdylru1 Lq rxu h{dpsoh/ lw idlov zkhq W @ 833=

816 H{whqvlrq wr DUFK+4,

Rxu gdwd jhqhudwlqj surfhvv lv dq DUFK+4, dv jlyhq lq +49,1 Zh vhw �f @ 4 dqg ydu|
� vlqfh/ iurp Uhpdun 9/ wklv jlyhv wkh ydoxh iru wkh wdlo lqgh{ �1 Wdeoh 6 frqwdlqv
wkh vlpxodwlrq rxwfrphv iru wkh vl}h dqg srzhu surshuwlhv ri rxu whvwv1 Zh jlyh
uhvxowv rqo| iru W @ 833 vlqfh d odujhu vdpsoh zloo jlyh rqo| ehwwhu uhvxowv1 Wkh whvwv
kdyh wkh fruuhfw vl}h exw wkh srzhu lv orzhu wkdq lq Wdeoh 4 iru wkh llg fdvh1 Wkh
sdwwhuq ri lqfrqvlvwhqf| wkdw dsshduv lq Wdeoh 4 fdq eh vhhq khuh1 Wkh uhfxuvlyh
whvw kdv vljql�fdqwo| orzhu srzhu iru Fdvh D5 wkdq D4 dqg wklv lv uhyhdohg dv zhoo lq
wkh vhtxhqwldo whvw1 Uhfdoo wkdw wkh vhtxhqwldo whvw lv frqvwuxfwhg iurp wkh uhfxuvlyh
dqg uhyhuvh uhfxuvlyh whvw1 Wkh uroolqj whvw kdv wkh ehvw srzhu lq erwk gluhfwlrqv dv
h{shfwhg1 Wkh vdpsoh vl}h iudfwlrq xvhg lq wkhvh vlpxodwlrqv lv �f @ 3=531

9 Dssolfdwlrq wr wkh Wdlo Ehkdylru ri Dvldq Ilqdqfldo
Pdunhwv

914 Gdwd

Rxu gdwdvhw frqvlvwv ri wkh gdlo| vwrfn sulfh lqgh{ vhulhv ri Wkdlodqg/ Pdod|vld/ dqg
Lqgrqhvld/ grzqordghg iurp Eorrpehuj Ilqdqfldo Pdunhwv1 Wkh vdpsoh fryhuv wkh
shulrg iurp Mdqxdu| 5/ 4<<8 wr Rfwrehu 49/ 4<<;/ zklfk lqfoxghv <64 gdlo| uhwxuq
revhuydwlrqv iru wkh Edqjnrn VHW Lqgh{ ri Wkdlodqg +VHW,/ <66 gdlo| uhwxuq revhu0
ydwlrqv iru wkh Nxdod Oxpsxu Frpsrvlwh Lqgh{ ri Pdod|vld +NOFL, dqg <6: gdlo|
uhwxuq revhuydwlrqv iru wkh Mdnduwd Frpsrvlwh Lqgh{ +MFL,1 Wklv vdpsoh fryhuv wkh
shulrg ri wkh uhfhqw �qdqfldo fulvlv1

Wkhvh vwrfn pdunhw gdwd suhvhqw lqwhuhvwlqj fdvhv iru vwxg|lqj wdlo ehkdylru dv
doo wkuhh frxqwulhv h{shulhqfhg �qdqfldo hfrqrplf wxuprlo vlqfh Pd| 4<<:1 Iroorzlqj
LPI uhfrpphqgdwlrqv/ doo wkuhh frxqwulhv vzlwfkhg iurp d shjjhg h{fkdqjh udwh v|v0
whp wr d  rdwlqj udwh v|vwhp lq Mxo| 4<<:1 Rxu lqwhuhvw lv lq zkhwkhu htxlw| pdunhwv
uhdfwhg gl�huhqwo| xqghu wkh wzr fxuuhqf| uhjlphv lq whupv ri h{wuhph pryhphqwv
lq htxlw| uhwxuqv1 Zkhq h{fkdqjh udwhv  rdw/ h{whuqdo vkrfnv duh sduwo| devruehg
e| fxuuhqf| h{fkdqjh udwh  xfwxdwlrqv1 Wkh lqvwlwxwlrq ri d  rdwlqj fxuuhqf| vkrxog
wkhuhiruh sod| d uroh lq lq xhqflqj wkh h{whqw ri h{wuhph sulfh pryhphqwv lq rwkhu
pdunhwv/ vxfk dv wkh grphvwlf htxlw| pdunhw1
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915 Uhvxowv

Zh duh lqwhuhvwhg lq zkhwkhu wkhuh zdv d fkdqjh lq wkh wdlo ehkdylru ri wkh vwrfn
pdunhw gxulqj wklv shulrg1 D ulvh +idoo, lq � zrxog lpso| d uhgxfwlrq +dq lqfuhdvh,
ri h{wuhph pdunhw pryhphqwv1 Iljxuh 3 judskv fkdqjhv lq wkh vwrfn sulfhv dqg
vhhpv wr lqglfdwh wkdw doo wkuhh frxqwulhv h{klelw d fkdqjh lq wkh ghjuhh ri h{wuhph
pryhphqwv ryhu wlph1 Zh �uvw dsso| rxu yhuvlrq ri wkh Skloolsv0Oruhwdq whvw ri
xqhtxdo vdpsoh vsolw +yl}1/ S�, rq wkh wkuhh gdwd vdpsohv xvlqj Mxo| 4<<: dv rxu
euhdnsrlqw wr whvw wklv dvvhuwlrq/ wkhq shuirup wkh vhtxhqwldo/ uhfxuvlyh dqg uroolqj
whvwv dvvxplqj qr nqrzohgjh ri wkh euhdnsrlqwv1 Zh xvh rxu prvw jhqhudo uhvxow/
Wkhruhp ; dqg Fruroodu| </ wkurxjkrxw wklv h{huflvh +Wkhruhpv ; dqg < uhgxfh wr
wkh llg whvwv ri Vhfwlrq 6,1 Wkh whvw vl}h lv vhw wr 8(1

91514 Vhtxhqwldo Whvw

Zh vsolw hdfk gdwd vhulhv lqwr wzr shulrgv dffruglqj wr wkh gdwhv zkhq hdfk ri wkh
wkuhh frxqwulhv dqqrxqfhg wkdw wkh| zrxog qr orqjhu vxssruw wkhlu shjjhg h{fkdqjh
udwh v|vwhpv1 Doo frxqwulhv zlghqhg wkh wudglqj edqg �uvw ehiruh wkh| ohw wkhlu
fxuuhqflhv  rdw1 Zh wuhdw wkh zlghqlqj ri wkh wudglqj edqg dv dq lqwhulp vwhs wrzdug
wkh  rdw v|vwhp1 Wkhuhiruh/ zh slfnhg wkh lqlwldo fhqwudo edqn dqqrxqfhphqw gdwh ri
zlghqlqj wkh wudglqj edqg dv wkh euhdnsrlqw iru rxu vdpsoh1 Vshfl�fdoo|/ wkh VHW
lqgh{ lv glylghg lqwr wzr vxevdpsohv e| Mxo| 5/ 4<<: zkhq wkh Edqn ri Wkdlodqg
dqqrxqfhg d pdqdjhg  rdw ri wkh edkw1 NOFL lqgh{ lv vhsdudwhg rq Mxo| 47/ 4<<:
zkhq wkh Pdod|vldq fhqwudo edqn/ Edqn Qhjdud/ dedqgrqhg wkh ghihqvh ri wkh ulqjjlw/
dqg zh vsolw wkh MFL lqgh{ lqwr wzr e| Mxo| 44/ 4<<: zkhq Mdnduwd zlghqhg lwv uxsldk
wudglqj edqg iurp ;( wr 45(1

Wkh uhvxowv iru d nqrzq euhdnsrlqw duh uhsruwhg lq Wdeoh 71 Wkh �uvw dqg vhfrqg
froxpq jlyh Kloo*v hvwlpdwhv ri wkh wdlo lqgh{ iru wkh suh dqg srvw euhdn shulrgv1
Wkh qxpehuv lq sduhqwkhvhv duh wkh fruuhvsrqglqj <8( frq�ghqfh lqwhuydo1 Iurp
Wkhruhp ;/ rxu frq�ghqfh lqwhuydo lv frqvwuxfwhg dv

��A� 	 +}vl}h*2,

�
��A��A�
pA�

��*2
/ l @ 4> 5

zkhuh }vl}h*2 @ }f�fD*2 @ 4=<9/ l ghqrwhv wkh suh dqg srvw vdpsoh shulrgv dqg W� wkh
fruuhvsrqglqj vdpsoh vl}h1 Qrwh wkdw doo wkuhh lqglfhv duh kljkhu lq wkh �uvw shulrg
dqg wkh frq�ghqfh lqwhuydov vkrz wkdw doo wkuhh lqglfhv kdyh d srlqw hvwlpdwh ri �
deryh 5 xqghu wklv uhjlph1 Wkh hvwlpdwhv ri wkh vhfrqg shulrg duh orzhu dqg duh
lqglfdwlyh ri idwwhu wdlov1

Wkh uhylvhg Skloolsv�Oruhwdq whvw S� iru wkh qxoo k|srwkhvlv wkdw �� @ �2 iru doo
wkuhh vhulhv lv jlyhq lq wkh wklug froxpq1 Iroorzlqj wkh qrwdwlrq ri Vhfwlrq 6/ wkh whvw
lv uhylvhg wr dffrprgdwh ghshqghqfh dv

T� @
pt��+�t�� ���t2�,2

+��2t���t�� .
�
pt��
pt2�

�
��2t2��t2� � 5�t�2�,

_$ "2�= +56,

4:



Wkh yduldqfhv �t�� dqg �t2� duh fdofxodwhg xvlqj +54, zlwk fruuhvsrqglqj vdpsoh vl}h
W� dqg W21 Wkh fryduldqfh whup �t�2� lv frqvwuxfwhg iurp

a"A? @
5��24�?

p4�?

A?[
�'�

A%[
�'�

�
orj[2A?

� � orj[2A?
EA?36A?n��

�
n

�
orj[2A%

� � orj[2A%
EA%36A%n��

�
n

a#A? @
��4�?

p4�?

A?[
�'�

A%[
�'�

�
orj[2A?

� � orj[2A?
EA?36A?n��

�
n
L+orj[2A%

� A orj[2A%
EA%36A%n��

,

a$A? @
5

p4�?

A?[
�'�

A%[
�'�

L+orj[2A?
� A orj[2A?

EA?36A?n��
,L+orj[2A%

� A orj[2A%
EA%36A%n��

,

zkhuh W% @ pd{+W�> W2,/ W? @ plq+W�> W2,/ ��4�? @ plq+��t��> ��t2�, dqg p4�? lv wkh
qxpehu ri rughu vwdwlvwlfv xvhg wr fdofxodwh ��4�?= Zlwk d "2� fulwlfdo ydoxh ri 6=;7/ wkh
whvw S� uhmhfwv wkh qxoo ri wdlo frqvwdqf| iru erwk Pdod|vld dqg Lqgrqhvld dw wkh 8(
ohyho1

Iljxuh 4 sorwv wkh vhtxhqwldo whvw Tr iru doo wkuhh vhulhv1 Iurp Dsshqgl{ D/
wkh <8( fulwlfdo ydoxh lv 4;=64 dqg wkh <3( fulwlfdo ydoxh lv 46=<;1 Iljxuh 4 vkrzv
wkdw zh duh rqfh djdlq deoh wr uhmhfw wkh qxoo ri wdlo frqvwdqf| iru Pdod|vld/ exw
qrw iru Lqgrqhvld hyhq dw wkh 43( ohyho +whvw vwdwlvwlf lv 45=93,1 D srvvleoh uhdvrq
iru wkh idloxuh ri wkh whvw lv wkdw zh gr qrw kdyh d odujh vdpsoh vl}h dqg zh nqrz
iurp wkh vlpxodwlrqv wkdw Tr grhv qrw shuirup zhoo lq vpdoo vdpsohv1 Wkh hvwlpdwhg
euhdnsrlqwv duh olvwhg lq Wdeoh 71

91515 Uhfxuvlyh Whvw

Iru rxu uhfxuvlyh whvw ri Wkhruhp 5/ zh vwduw zlwk d zlqgrz vl}h ri 833 revhuydwlrqv
dqg vxffhvvlyho| lqfuhdvh wkh vdpsoh vl}h e| d vlqjoh revhuydwlrq1 Iljxuh 5 vkrzv wkh
hyroxwlrq ri wkh wdlo lqgh{ vwduwlqj iurp Mdqxdu| 4<<:1 Lw vkrzv wkdw wkh wdlo lqgh{
iru doo wkuhh vhulhv wuhqg grzqzdug wkurxjk wkh shulrg dqg vwd|v uhodwlyho| vwdeoh
dw d orzhu ohyho gxulqj 4<<;1 Wkh wudqvlwlrq wdnhv sodfh lq wkh plg dqg odwh kdoi ri
4<<:/ zklfk lv urxjko| derxw wkh wlph zkhq wkh Dvldq �qdqfldo fulvlv rffxuhg1 Wkh
grzqzdug wuhqg ri � lqglfdwhv wkdw wkhuh lv dq lqfuhdvh lq h{wuhph pryhphqw lq doo
wkuhh pdunhwv gxulqj wkh shulrg1

Wkh uhfxuvlyh whvw vwdwlvwlf T iru doo wkuhh htxlw| lqglfhv gxulqj wkh shulrg duh
sorwwhg lq Iljxuh 61 Zh duh deoh wr vwurqjo| uhmhfw wkh rqh vlghg qxoo ri frqvwdqw �
+l1h1/ Kf = �| � �A yhuvxv K� = �| A �A , iru doo wkuhh lqghfhv/ zlwk pxfk vwurqjhu
uhmhfwlrq iru erwk Pdod|vld dqg Lqgrqhvld1 Vxsuhpd ri wkh whvw vwdwlvwlfv dqg khqfh
wkh euhdnsrlqw gdwhv ghwhfwhg e| wkh whvw duh uhsruwhg lq Wdeoh 81 Qrwh wkdw iru
Pdod|vld dqg Lqgrqhvld/ wkh vhohfwhg euhdnsrlqwv duh forvh wr Mxo| 4<<:1

91516 Uroolqj Whvw

Wkh uroolqj whvw TW lv d prgl�fdwlrq ri wkh uhfxuvlyh whvw/ iru zklfk zh nhhs wkh
zlqgrz vl}h �{hg dw 833 revhuydwlrqv dqg uroo lw wkurxjk wkh vdpsoh1 Rxu uhvxowv

4;



duh vxppdul}hg lq Iljxuh 7 dqg Iljxuh 81 Iljxuh 7 frq�upv wkh grzqzdug wuhqg
ri �1 Wkh gl�huhqfh ehwzhhq wkh uroolqj � dqg wkh uhfxuvlyh � lv wkdw wkh h{wuhph
pryhphqwv gxulqj wkh suhylrxv shulrg zloo eh fduulhg ryhu lq fdofxodwlqj wkh uhfxuvlyh
�/ exw qrw vr pxfk lq fdofxodwlqj wkh uroolqj �1 Wkh fkduw vxjjhvwv wkdw wkhuh whqgv
wr eh dq lqfuhdvh lq h{wuhph pryhphqwv lq doo wkuhh htxlw| pdunhwv1

Wkh uroolqj whvw vwdwlvwlf TW iru doo wkuhh gdwd vhulhv duh sorwwhg lq Iljxuh 81
Vxsuhpd ri wkh whvw vwdwlvwlf dqg wkh euhdnsrlqw gdwhv ghwhfwhg e| wkh whvw duh djdlq
vxppdul}hg lq Wdeoh 81 Olnh wkh uhfxuvlyh whvw/ wkh uroolqj whvw vwurqjo| uhmhfwv wkh qxoo
k|srwkhvlv ri frqvwdqw � iru erwk NOFL dqg MFL lqglfhv1 Pruhryhu/ wkh euhdnsrlqwv
slfnhg e| wkh uroolqj whvw duh forvh wr wkrvh slfnhg e| wkh uhfxuvlyh whvw1 Qrwh wkdw
wkh uroolqj whvw surgxfhv pruh � dw� vxuidfhv gxh wr wkh frqvwuxfwlrq ri wkh whvw vr
wkdw lw fdq uhdfk lwv vxsuhpd rq pxowlsoh gdwhv1

: Frqfoxvlrq

Wklv sdshu kdv frqvwuxfwhg whvwv iru wdlo vkdsh frqvwdqf| xvlqj Kloo*v hvwlpdwru1 Lw lv
wkh �uvw wr gr vr zlwk xqnqrzq euhdnsrlqwv1 Wkh uhvxowv vkrz wkdw vwdqgdug whvwv iru
vwuxfwxudo fkdqjh kdyh txlwh gl�huhqw srzhu surshuwlhv lq wklv frqwh{w1 Ixuwkhupruh/
xqohvv wkh whvwv duh qrupdol}hg dw wkh fruuhfw udwh/ wkh whvwv fdq glyhujh xqghu wkh
qxoo dqg kdyh qr srzhu1 Wklv kljkoljkwv wkh lpsruwdqfh ri wkh rswlpdo2dgdswlyh whvwv
glvfxvvhg lq Uhpdun 81

Wkh vlpxodwlrqv fruurerudwh wkh olplw wkhru| wkdw wkh uhfxuvlyh whvw lv d rqh0
vlghg whvw1 Iru fdvhv zkhuh lw lv ydolg/ wkh uhfxuvlyh whvw rxwshuirupv wkh uroolqj dqg
vhtxhqwldo whvwv erwk lq srzhu dqg lq hvwlpdwlrq ri wkh euhdnsrlqw1 Dq dowhuqdwlyh
wr wkh vhtxhqwldo whvw lv wkhuhiruh vlpso| wr wuhdw wkh uhfxuvlyh dqg uhyhuvh uhfxuvlyh
whvwv vhsdudwho| dv rqh0vlghg whvwv1

Zkhq rxu phwkrgrorj| lv dssolhg wr Dvldq vwrfn pdunhw lqgh{hv wkh hpslulfdo
hylghqfh vkrzv wkdw erwk wkh uhfxuvlyh whvw dqg wkh uroolqj whvw uhmhfw wkh qxoo ri
wdlo vkdsh frqvwdqf| iru Pdod|vld dqg Lqgrqhvld1 Wkh euhdnsrlqwv slfnhg e| erwk
whvwv pdwfk zhoo zlwk vxvshfwhg euhdnsrlqwv dulvlqj iurp nqrzq fkdqjhv lq lqvwlwx0
wlrqdo duudqjhphqwv1 Krzhyhu/ xqolnh wkh uhfxuvlyh whvw dqg gxh wr wkh qdwxuh ri lwv
frqvwuxfwlrq/ wkh uroolqj whvw riwhq grhv qrw surgxfh d vlqjohwrq vxsuhpxp iru wkh
hvwlpdwlrq ri wkh euhdn srlqw1 Wkhuhiruh/ vhsdudwh rqh0vlghg whvwv ri wkh uhfxuvlyh
dqg uhyhuvh uhfxuvlyh whvwv vhhp suhihudeoh zkhq wkh euhdnsrlqw gdwh lv ri lqwhuhvw/
dv lw lv lq wklv dssolfdwlrq1
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; Surriv

Surri ri Wkhruhp 41
Iurp Kdoo +4<;5/ s1 74, dqg Kdoo�Zhovk +4<;8/ s1 66;, zh kdyh iru +l,

�+a�3�| � �3�, @ p3�
|

|[
�'|36|n�

+]|
� � 4,� gf34�+4 . �,3�+p|@z|,

4 . rR+4, +57,

zkhuh � @ �@�> ]|
� duh lqghshqghqw h{srqhqwldo udqgrp yduldeohv zlwk phdq 4> dqg

wkh rR+4, huuru krogv xqlirupo| lq w1 Vhw

p| @ ^�w` @ ^�uW ` @ ^oW `= +58,

E| Grqvnhu*v Wkhruhp dqg zlwk w @ ^uW ` zh jhw

VA @ W3�*2
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�'|36|n�
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� � 4,

_$ Z +o,=

Ohw � @ gf34�+4 . �,3�> vr wkdw zh fdq zulwh
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+59,
Wkhq/ vlqfh �+a�3�| � �3�, @ �a�3�| +a�| � �, > zh kdyh

�
w
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��*2

p
�*2
| �3�+a�| � �,

_$ �Z +u, @_ Z +u,
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w

W
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R$ *u�*2>

dv uhtxluhg1
Iru wkh uroolqj hvwlpdwru/ rxu vxevdpsoh vl}h lv zW

| @ ^Wu` � ^W +u � �f,`1 Wkhq/
lqvwhdg ri +58,/ vhw p�W|

@ ^�zW
| ` @ ^�uW `� ^�vW `1 Wkh uhvxowv iroorz dv ehiruh zlwk

VWA @ W3�*2
|[

�'|36�W|
n�

+]|
� � 4,

_$ Z +�u,�Z +�v, @_ �
�*2Z +u> �f,=

Iru +E,� +ll, wkh qrqfhqwudo whup iroorzv iurp zW
| @W $ u � v @ �f= Wkh srvw0euhdn

vhtxhqwldo hvwlpdwru iroorzv e| vhwwlqj +58, dv p�2| @ ^�z2|` @ ^�+4� u,W `= �
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Surri ri Wkhruhp 51
Wkh uhvxow iru T iroorzv iurp

\A +w, @
�z|p|

W

��*2
a�3�A +a�| � �,�

�z|
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��*2�p|
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vlqfh +p�W|
@W ,@+pA @W , @ +^�uW ` � ^�vW `@W ,@+^�W `@W , $ u � v= Vlploduo| iru Tr/

qrwlqj wkdw a�3�2A
R$ � xqghu wkh qxoo/
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dqg wkh uhvxow iroorzv e| wkh frqwlqxrxv pdsslqj wkhruhp1 �

Surri ri Wkhruhp 61
Ohw i[�j�3��'� dqg i[�jA�'� kdyh lqglfhv �� dqg �2> uhvshfwlyho|/ zkhuh W� @ � � 4

dqg W2 @ W � � . 41 Zh zrun zlwk wkh pA odujhvw rughu vwdwlvwlfv ri wkh ixoo vdpsoh
ri zklfk pA� dqg pA2 duh hdfk wdnhq iurp 
� @ ^4> �, dqg 
2 @ ^� > W `1 Zh ohw
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EA36An��

5 
�/ vd|1 Wkhq/ Kloo*v hvwlpdwru lv zulwwhq dv
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Iroorzlqj Kdoo +4<;5/ htxdwlrq +6,, dqg Kdoo�Zhovk +4<;8/ htxdwlrq +414,,/ zh pdnh
wkh wudqvirupdwlrq { $ {3� vr +4, ehfrphv

I +{, @ f{k+4 . g{q . r+{q,, dv { & 3 +5:,
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@ D�E=

Wkh iroorzlqj ohppd lv xvhg lq wkh surri ri Wkhruhp 61 Lw jhqhudol}hv +57,/ wkh
uhsuhvhqwdwlrq ri Kloo*v hvwlpdwru lq whupv ri vwdqgdug h{srqhqwldo udqgrp yduldeohv/
wr wkh fdvh ri lqlg gdwd1 Wkh uhvxow +57, lv d vshfldo fdvh ri rxu ohppd zlwkpA @ pA�

+dqg pA2 @ 3,1
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Ohppd 43 Iru lqlg gdwd vxfk wkdw i[�j�3��'� dqg i[�jA�'� kdyh lqglfhv �� dqg �2>
uhvshfwlyho|/ zh kdyh
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� duh lqghshqghqw h{srqhqwldo udqgrp yduldeohv zlwk phdq

4 frqvwuxfwhg iurp wkh rughu vwdwlvwlfv lq shulrg 
�/ l @ 4> 51

Surri ri Ohppd 431
Zh pdnh xvh ri wkh iroorzlqj uhsuhvhqwdwlrq iru [A�

Eu� iurp Kdoo�Zhovk +htxdwlrqv
+61<, dqg +6143,,=
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Wkh surri ri Wkhruhp 6 iroorzv iurp Ohppd 431 Ohw
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Surri ri Wkhruhp ;1
Zh zulwh wkh surfhvv \ A
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< Uhihuhqfhv

Dqguhzv/ G1Z1N1 +4<<6,1 �Whvwv iru Sdudphwhu Vwdelolw| dqg Vwuxfwxudo Fkdqjh
zlwk Xqnqrzq Fkdqjh Srlqw/� Hfrqrphwulfd/ 8</ ;4:�;8;1

Dqguhzv/ G1Z1N1 qg Z1 Sorehujhu +4<<7,1 �Rswlpdo Whvwv Zkhq d Qxlvdqfh Sd0
udphwhu lv Suhvhqw rqo| Xqghu wkh Dowhuqdwlyh/� Hfrqrphwulfd/ 95/ 46;6�47471

Edqhumhh/ D1/ Oxpvgdlqh/ O1 dqg M1 Vwrfn +4<<5,1 �Uhfxuvlyh dqg Vhtxhqwldo Whvwv
ri wkh Xqlw0Urrw dqg Wuhqg0Euhdn K|srwkhvhv= Wkhru| dqg Lqwhuqdwlrqdo Hyl0
ghqfh/� Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 43=6/ 5:4�5;:1

Errwkh/ S1 dqg G1 Jodvvpdq +4<;:,1 �Wkh Vwdwlvwlfdo Glvwulexwlrq ri H{fkdqjh
Udwhv/� Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ 55/ 5<:�64<1

Gdqlhovvrq/ M1 dqg F1J1 gh Yulhv +4<<:d,1 �Eh|rqg wkh Vdpsoh= H{wuhph Txdqwloh
dqg Suredelolw| Hvwlpdwlrq/� Pdqxvfulsw/ Wlqehujhq Lqvwlwxwh/ Urwwhugdp1

Gdqlhovvrq/ M1 dqg F1J1 gh Yulhv +4<<:e,1 �Wdlo Lqgh{ dqg Txdqwloh Hvwlpdwlrq zlwk
yhu| kljk Iuhtxhqf| Gdwd/� Mrxuqdo ri Hpslulfdo Ilqdqfh/ 7/ 574�58:1

Gdylv/ U1G1 dqg W1 Plnrvfk +4<<;,1 �Wkh Vdpsoh DFI ri Khdy|0Wdlohg Vwdwlrqdu|
Surfhvvhv zlwk Dssolfdwlrqv wr DUFK/� Dqqdov ri Vwdwlvwlfv/ +4<<;,/ 59=8/ 537<�
53;31

GxPrxfkho/ Z1K1 +4<;6,1 �Hvwlpdwlqj wkh Vwdeoh Lqgh{ � lq Rughu wr Phdvxuh Wdlo
Wklfnqhvv= D Fulwltxh/� Dqqdov ri Vwdwlvwlfv/ 44/ 434<�43641

Hpeuhfkwv/ S1/ Noxsshoehuj/ F1 dqg W1 Plnrvfk +4<<:,1 Prghoolqj H{wuhpdo Hyhqwv1
Vsulqjhu Yhuodj1

Kdhxvohu/ H1 dqg M1O1 Whxjhov +4<;8,1 �Rq Dv|pswrwlf Qrupdolw| ri Kloo*v Hvwlpdwru
iru wkh H{srqhqw ri Uhjxodu Yduldwlrq/� Dqqdov ri Vwdwlvwlfv/ 46=5/ :76�:891

Kdoo/ S1 +4<;5,1 �Rq Vrph Vlpsoh Hvwlpdwhv ri dq H{srqhqw ri Uhjxodu Yduldwlrq/�
Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw| E/ 77=4/ 6:�751

Kdoo S1 dqg D1K1 Zhovk +4<;8,1 �Dgdswlyh Hvwlpdwhv ri Sdudphwhuv ri Uhjxodu
Yduldwlrq/� Wkh Dqqdov ri Vwdwlvwlfv/ 46=4/ 664�6741

Kdznlqv/ G1O1 +4<;:,1 �D Whvw iru d Fkdqjh Srlqw lq d Sdudphwulf Prgho Edvhg rq
d Pd{lpdo Zdog0w|sh Vwdwlvwlf/� Vdqnk|d/ 7</ 69;�6:91

Kloo/ E1P1 +4<:8,1 �D Vlpsoh Jhqhudo Dssurdfk wr Lqihuhqfh derxw wkh Wdlo ri d
Glvwulexwlrq/� Dqqdov ri Vwdwlvwlfv/ 6=8/ 4496�44:71

Kvlqj/ W1 +4<<4,1 �Rq Wdlo Lqgh{ Hvwlpdwlrq Xvlqj Ghshqghqw Gdwd/� Dqqdov ri
Vwdwlvwlfv/ 4<=6/ 487:�489<1

Kvlqj/ W1 +4<<6,1 �H{wuhpdo Lqgh{ Hvwlpdwlrq iru d Zhdno| Ghshqghqw Vwdwlrqdu|
Vhtxhqfh/� Dqqdov ri Vwdwlvwlfv/ 54=7/ 5376�53:41
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Nhduqv/ S1 dqg D1 Sdjdq +4<<:e,1 �Hvwlpdwlqj wkh Wdlo Ghqvlw| Wdlo Lqgh{ iru
Ilqdqfldo Wlph Vhulhv/� Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ 4:4�4:81

Nrhglmn/ N1J1 hw do1 +4<<3,1 �Wkh Wdlo Lqgh{ ri H{fkdqjh Udwh Uhwxuqv/� Mrxuqdo
ri Lqwhuqdwlrqdo Hfrqrplfv/ 5</ <6�43;1

Oruhwdq/ P1 dqg S1F1E1 Skloolsv +4<<7,1 �Whvwlqj Fryduldqfh Vwdwlrqdulw| ri Khdy|
Wdlohg Wlph Vhulhv= Dq Ryhuylhz ri wkh Wkhru| zlwk Dssolfdwlrqv wr Vhyhudo
Ilqdqfldo Gdwdvhwv/� Mrxuqdo ri Hpslulfdo Ilqdqfh/ 4/ 544�7;1

Pdqghoeurw/ E1E1 +4<96,1 �Wkh Yduldwlrq ri Fhuwdlq Vshfxodwlyh Sulfhv/� Mrxuqdo
ri Exvlqhvv/ 69/ 6<7�74<1

Plnrvfk/ W1 dqg F1 Vwdulfd +4<<;,1 �Olplw Wkhru| iru wkh Vdpsoh Dxwrfruuhodwlrqv
dqg H{wuhphv ri d JDUFK+4/4, Surfhvv/� zrunlqj sdshu1

Sdjdq/ D1U1 dqg J1Z1Vfkzhuw +4<<3d,1 �Whvwlqj iru Fryduldqfh Vwdwlrqdulw| lq
Vwrfn Pdunhw Gdwd/� Hfrqrplfv Ohwwhuv/ 66/ 498�4:31

Sdjdq/ D1U1 dqg J1Z1Vfkzhuw +4<<3e,1 �Dowhuqdwlyh Prghov iru Frqglwlrqdo Vwrfn
Yrodwlolw|/ Mrxuqdo ri Hfrqrphwulfv/ 78/ 59:�5<31

Skloolsv/ S1F1E1 dqg P1 Oruhwdq +4<<3,1 �Whvwlqj Fryduldqfh Vwdwlrqdulw| xqghu
Prphqw Frqglwlrq Idloxuh zlwk dq Dssolfdwlrq wr Frpprq Vwrfn Uhwxuqv/�
Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu Qr1 <7:1

Skloolsv/ S1F1E1 dqg P1 Oruhwdq +4<<7,1 �Rq wkh Wkhru| ri Whvwlqj Fryduldqfh Vwd0
wlrqdulw| xqghu Prphqw Frqglwlrq Idloxuh1� Lq J1V1 Pdggdod/ S1F1E1 Skloolsv
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Figure 2
Hill’s Index: Recursive
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Figure 4 
Hill’s Index: Rolling
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Appendix A
     Critical Values for Recursive, Rolling and Sequential Tests

Tests 0.50 0.60 0.70 0.80 0.90 0.95 0.975 0.99
Q( r ) 0.67 0.79 0.94 1.14 1.46 1.78 2.11 2.54

Q*( r )
γ0 = .15 0.73 0.81 0.92 1.05 1.26 1.46 1.65 1.90
γ0 = .20 0.82 0.93 1.06 1.23 1.49 1.75 2.01 2.30
γ0 = .25 0.88 1.00 1.14 1.32 1.67 1.98 2.23 2.55
γ0 = .30 0.90 1.04 1.21 1.43 1.78 2.12 2.45 2.86
γ0 = .35 0.91 1.05 1.22 1.46 1.79 2.14 2.52 2.96
γ0 = .40 0.89 1.04 1.20 1.44 1.84 2.23 2.57 3.09
γ0 = .45 0.88 1.02 1.21 1.45 1.89 2.27 2.62 3.06
γ0 = .50 0.89 1.04 1.23 1.47 1.87 2.25 2.64 3.11

Q#( r ) 4.62 5.73 7.20 9.48 13.98 18.31 22.94 28.82

Table 0
Size of Q( r ), Q*( r ), Q#( r )

T = 500 T = 2000
Nominal Size Nominal Size

Recursive 0.01 0.05 0.01 0.05
α = .5 0.02 0.08 0.01 0.06

α = 1.5 0.01 0.06 0.01 0.05

Rolling(γ0=.15)
α = .5 0.03 0.07 0.02 0.07

α = 1.5 0.02 0.07 0.01 0.06

Sequential
α = .5 0.03 0.08 0.01 0.07

α = 1.5 0.02 0.06 0.01 0.05

6:



Table 2
Estimates of Breakpoints

T = 500 T = 2000
Breakpoints Breakpoints

r=0.25 r=0.50 r=0.75 r=0.25 r=0.50 r=0.75
Recursive Test

(.8, .5) .2897 (.1195) .4492 (.1446) .5908 (.2140) .2687 (.0650) .4945 (.0663) .7031 (.0984)
A1 (1.8,1.2) .2826 (.1075) .4646 (.1296) .6162 (.1978) .2608 (.0477) .4971 (.0468) .7182 (.0746)

(1.5,.8) .2653 (.0848) .4654 (.1166) .6500 (.1753) .2509 (.0284) .4953 (.0335) .7306 (.0510)

(.5, .8) .2922 (.1956) .2268 (.0961) .2540 (.1256) - .1625 (--) .3388 (.1766)
A2 (1.2, 1.8) .3084 (.2578) .2242 (.1160) .2442 (.1130) .4898 (.0551) .5276 (.0384) .1878 (.0103)

(.8, 1.5) .1941 (.0520) .2126 (.0676) .2668 (.1236) .4709 (.0519) .5550 (--) .2243 (.0712)

Rolling Test
(.8, .5) .3868 (.2509) .3966 (.1907) .4821 (.2028) .2129 (.0661) .3336 (.1145) .4566 (.1780)

A1 (1.8,1.2) .3161 (.2147) .3633 (.1574) .4676 (.1966) .2070 (.0443) .3293 (.1151) .4543 (.1828)
(1.5,.8) .2941 (.1978) .3589 (.1538) .4620 (.1924) .2060 (.0412) .3305 (.1138) .4537 (.1843)

(.5, .8) .6619 (.2024) .7387 (.1918) .7494 (.2530) .6897 (.1823) .8195 (.1185) .9366 (.0710)
A2 (1.2, 1.8) .6774 (.1949) .7828 (.1591) .8386 (.2058) .6909 (.1833) .8157 (.0132) .9444 (.0418)

(.8, 1.5) .6781 (.1934) .7874 (.1508) .8511 (.1975) .6951 (.1844) .8196 (.1152) .9460 (.0417)

Sequential Test
(.8, .5) .8240 (--) .8086 (.0367) .8113 (.0393) .3469 (.1803) .5254 (.0827) .7416 (.0656)

A1 (1.8,1.2) .8310 (.0246) .7735 (.0806) .7978 (.0434) .2906 (.0919) .5182 (.0594) .7505 (.0501)
(1.5,.8) .8440 (--) .7093 (.1037) .7886 (.0459) .2599 (.0343) .4987 (.0391) .7264 (.0557)

(.5, .8) .1926 (.0411) .2042 (.0491) - .2586 (.0650) .4781 (.0799) .6843 (.1458)
A2 (1.2, 1.8) .1999 (.0416) .2074 (.0679) .1920 (.0279) .2497 (.0499) .4836 (.0565) .7122 (.0860)

(.8, 1.5) .2145 (.0438) .2506 (.1064) .1740 (--) .2737 (.0563) .5018 (.0386) .7397 (.0389)

1. All computation of Hill index use k = 0.10.
2. Table shows mean estimate of r over 5000 iterations. Standard errors are in parentheses.
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