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\rrvrrq Fkdqj

Ghsduwphqw ri Hfrqrplfv
Ulfh Xqlyhuvlw|

Mrrq \1 Sdun
Vfkrro ri Hfrqrplfv

Vhrxo Qdwlrqdo Xqlyhuvlw|

dqg

Shwhu F1E1 Skloolsv
Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv

\doh Xqlyhuvlw|

Devwudfw

Wklv sdshu ghyhorsv dq dv|pswrwlf wkhru| iru d jhqhudo fodvv ri qrqolqhdu qrqvwd0
wlrqdu| uhjuhvvlrqv/ h{whqglqj hduolhu zrun e| Skloolsv dqg Kdqvhq +4<<3, rq olqhdu
frlqwhjudwlqj uhjuhvvlrqv1 Wkh prgho frqvlghuhg dffrpprgdwhv d olqhdu wlph wuhqg
dqg vwdwlrqdu| uhjuhvvruv/ dv zhoo dv pxowlsoh L+4, uhjuhvvruv1 Zh hvwdeolvk frqvlv0
whqf| dqg ghulyh wkh olplw glvwulexwlrq ri wkh qrqolqhdu ohdvw vtxduhv hvwlpdwru1 Wkh
hvwlpdwru lv frqvlvwhqw xqghu idluo| jhqhudo frqglwlrqv exw wkh frqyhujhqfh udwh dqg
wkh olplwlqj glvwulexwlrq duh fulwlfdoo| ghshqghqw xsrq wkh w|sh ri wkh uhjuhvvlrq
ixqfwlrq1 Iru lqwhjudeoh uhjuhvvlrq ixqfwlrqv/ wkh sdudphwhu hvwlpdwhv frqyhujh dw d
uhgxfhg q�*e udwh dqg kdyh pl{hg qrupdo olplw glvwulexwlrqv1 Rq wkh rwkhu kdqg/ li
wkh uhjuhvvlrq ixqfwlrqv duh krprjhqhrxv dw lq�qlw|/ wkh frqyhujhqfh udwhv duh gh0
whuplqhg e| wkh ghjuhh ri wkh dv|pswrwlf krprjhqhlw| dqg wkh olplw glvwulexwlrqv
duh qrq0Jdxvvldq1 Lw lv vkrzq wkdw qrqolqhdu ohdvw vtxduhv jhqhudoo| |lhogv lqh�flhqw
hvwlpdwruv dqg lqydolg whvwv/ mxvw dv lq olqhdu qrqvwdwlrqdu| uhjuhvvlrqv1 Wkh sdshu
sursrvhv d phwkrgrorj| wr ryhufrph vxfk gl�fxowlhv1 Wkh dssurdfk lv vlpsoh wr
lpsohphqw/ surgxfhv h�flhqw hvwlpdwhv dqg ohdgv wr whvwv wkdw duh dv|pswrwlfdoo|
fkl0vtxduh1 Lw lv lpsohphqwhg lq hpslulfdo dssolfdwlrqv lq pxfk wkh vdph zd| dv wkh
ixoo| prgl�hg hvwlpdwru ri Skloolsv dqg Kdqvhq1

Nh|zrugv= Qrqolqhdu uhjuhvvlrqv/ lqwhjudwhg wlph vhulhv/ qrqolqhdu ohdvw vtxduhv/
Eurzqldq prwlrq/ Eurzqldq orfdo wlph

Ruljlqdo Gudiw= Mdqxdu|/ 4<<<1 Frpsohwhg Yhuvlrq= Rfwrehu/ 4<<<
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Prvw ri wkh zrun grqh rq qrqolqhdu hfrqrphwulf prghov vlqfh wkh hduo| 4<:3*v kdv
lqyroyhg qrqwuhqglqj yduldeohv dqg d vxevwdqwldo erg| ri wkhru| kdv ehhq ghyhorshg1
Pxfk ri wkh dv|pswrwlf wkhru| iru vxfk prghov lv uholdqw rq vwurqj odzv dqg fhqwudo
olplw wkhru| iru zhdno| ghshqghqw wlph vhulhv1 JPP hvwlpdwlrq wkhru|/ lq sduwlfxodu/
kdv ehhq hvshfldoo| uholdqw rq vxfk frqglwlrqv iru lwv ghyhorsphqw1 Wzr h{fhswlrqv
wr wkh jhqhudo wkuxvw ri wklv uhvhdufk duh Zrrogulgjh +4<<7, dqg Dqguhzv dqg Pf0
Ghuprww +4<<8,1 Zrrogulgjh ghyhorshg dv|pswrwlfv xqghu kljk ohyho frqglwlrqv wkdw
hqfrpsdvv vrph lqwhuhvwlqj fdvhv ri wuhqglqj yduldeohv/ dowkrxjk pxfk zrun lv qhhghg
lq yhuli|lqj wkh frqglwlrqv dqg lw lv rqo| lq grlqj vr wkdw wkh h�hfwv ri wkh wuhqgv
duh xqghuvwrrg1 Dqguhzv dqg PfGhuprww vrxjkw wr h{whqg wkh wkhru| ri h{wuhpxp
hvwlpdwlrq wr vlwxdwlrqv zkhuh ghwhuplqlvwlf wuhqgv +exw qrw vwrfkdvwlf wuhqgv, ds0
shdu lq wkh qrqolqhdu prgho e| xvlqj wuldqjxodu duud| dv|pswrwlfv1 Erwk sdshuv jdyh
txdolwdwlyho| vlplodu uhvxowv/ lqglfdwlqj wkdw wkh dv|pswrwlf glvwulexwlrqv ri h{wuhpxp
hvwlpdwruv duh jhqhudoo| wkh vdph +l1h1 qrupdo dqg fkl0vtxduhg, zlwk ghwhuplqlvwl0
fdoo| wuhqglqj yduldeohv dv iru qrqwuhqglqj yduldeohv +Dqguhzv dqg PfGhuprww/ 4<<8/
s1676,1

Rqh ri wkh pdlq gl�fxowlhv ri ghdolqj zlwk jhqhudo qrqolqhdu ixqfwlrqv ri wuhqglqj
yduldeohv lv wkdw wkh dv|pswrwlf ehkdylru ri vdpsoh sduwldo vxpv ri wkh ixqfwlrqv lv qr
orqjhu lpphgldwho| dssduhqw1 Iru lqvwdqfh/ li {| lv d vwulfwo| vwdwlrqdu| dqg hujrglf
wlph vhulhv/ wkhq wkh ixqfwlrq 4@+4.�{2| , lv phdvxudeoh dqg/ wkhuhiruh/ vwdwlrqdu| dqg
hujrglf1 Vlqfh wkh ixqfwlrq lv dovr dq lqwhjudeoh ixqfwlrq/ lw iroorzv e| wkh hujrglf
wkhruhp wkdw
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dqg wkh frqyhujhqfh lv fohduo| xqlirup ryhu � 5 �> iru dq| frpsdfw vhw � lq U
n1 Rq

wkh rwkhu kdqg/ zkhq {| @ w lv d olqhdu wuhqg zh kdyh wkh iroorzlqj txlwh gl�huhqw
ehkdylru
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iru doo � A 3> dqg xqlirupo| vr iru � lq d frpsdfw vhw � � U
n= Wkh vlwxdwlrq lv

pxfk pruh frpsoh{ zkhq {| lv d vwrfkdvwlf wuhqg dqg yhu| gl�huhqw uhvxowv dsso|1
Wkh dqdo|vlv ri vdpsoh phdq dv|pswrwlfv lq wklv fdvh zdv grqh uhfhqwo| lq Sdun
dqg Skloolsv +4<<;, xvlqj vrph qhz whfkqltxhv ri vsdwldo dqdo|vlv iru qrqvwdwlrqdu|
surfhvvhv1

Zkhq wkh qrqolqhdu ixqfwlrq ri d wuhqg lv krprjhqhrxv/ olnh d sro|qrpldo/ dq
dxwrpdwlf uhvwdqgdugl}dwlrq lv srvvleoh1 Wkxv/ li i+�w, @ �&i+w,> wkhq wkh vdpsoh
sduwldo vxpv ehkdyh olnh Ulhpdqq vxpv dqg fdq eh dssur{lpdwhg dv iroorzv
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Wklv vxjjhvwv wkdw rqh dssurdfk wr ghyhorslqj dq dv|pswrwlf wkhru| iru wuhqglqj
vhulhv lv wr cirufh* d qrqolqhdu ixqfwlrq lqwr d iudphzrun zkhuh wkh vdpsoh prphqwv
ehkdyh olnh Ulhpdqq vxpv1 Wkh wuldqjxodu duud| dssurdfk ri Dqguhzv dqg PfGhu0
prww +4<<8, fdq eh ylhzhg lq wklv oljkw1 Vrph ri wkh glvdgydqwdjhv ri wklv dssurdfk
duh phqwlrqhg lq wkhlu sdshu1 Lq wkh suhvhqw fdvh/ lw vx�fhv wr srlqw rxw wkdw wkh
dssurdfk lpsolhv wkdw vdpsoh phdqv olnh +5, fdq/ iru vrph jlyhq qf> eh zulwwhq lq
wkh dssur{lpdwh irup +iru odujh q dqg odujh �{hg qf,
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gu> +7,

dv q $ 4> lpso|lqj wkdw +6, lv ri rughu R+q,> zkhuhdv wkh ruljlqdo vdpsoh prphqw
+5, lv R+4,= Wkxv/ rqh srvvleoh h�hfw ri iruflqj vdpsoh sduwldo vxpv lqwr d Ulhpdqq
vxp iudphzrun lv wr pdwhuldoo| fkdqjh wkhlu rughu ri pdjqlwxgh21 Fohduo|/ wr wkh
h{whqw wkdw vxfk fkdqjhv lq�xhqfh wkh h{flwdwlrq surshuw| lq d uhjuhvvlrq/ wkh| fdq
d�hfw surshuwlhv/ olnh wkh frqvlvwhqf| ri dq hvwlpdwru1 Wklv lv lqghhg zkdw kdsshqv
lq d qrqolqhdu uhjuhvvlrq prgho ri wkh irup
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zkhuh wkh sdudphwhu � lv wr eh hvwlpdwhg dqg wkh huuruv x| duh llg +3> 4, = Iru/ lq +8,/
zkhq w lv odujh wkh prgho ehfrphv dv|pswrwlfdoo| htxlydohqw wr || @
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olwwoh lqirupdwlrq lq wkh gdwd || derxw wkh sdudphwhu �> dqg wkh shuvlvwhqw h{flwdwlrq
frqglwlrq idlov ehfdxvh
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3e ? 4> mxvw olnh +5,1 Rq wkh rwkhu kdqg/ zkhq zh
uhsodfh wkh wuxh prgho zlwk wkh dssur{lpdwh irupxodwlrq
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lw lv dssduhqw wkdw/ iru odujh w> wkh prgho uhwdlqv lwv irup dqg wkhuh frqwlqxhv wr eh
lqirupdwlrq lq wkh phdq ri || derxw �1 Lqghhg/ wkh pdujlqdo lqirupdwlrq lv frqwdlqhg
lq wkh ghulydwlyh
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dqg shuvlvwhqw h{flwdwlrq iroorzv�1 Lq vkruw/ � lv frqvlvwhqwo| hvwlpdeoh lq +9,/ exw
qrw frqvlvwhqw| hvwlpdeoh lq +8,1 Wkxv/ wkh qhw h�hfw ri iruflqj vdpsoh sduwldo vxp
ixqfwlrqv lqwr d Ulhpdqq vxppdeoh irup lv wr orvh vrph ri wkh hvvhqwldo ihdwxuhv
ri wkh qrqolqhdulw|1 Lq wkh fdvh ri +8,/ zkdw lv orvw lv wkdw wkh wuhqg lv hydsrudwlqj
+l1h1/ h�hfwlyho| whpsrudu|,/ vr wkdw wkh lqirupdwlrq wkdw lw fduulhv derxw � dovr
hydsrudwhv dv w ehfrphv odujh1 Zkdw +9, grhv/ lv uhirupxodwh wkh ixqfwlrq vr wkdw
hyhu| revhuydwlrq frqwlqxhv wr frxqw/ mxvw dv lw grhv lq wkh vwdwlrqdu| dqg hujrglf
fdvh +4,1 Wkxv/ zkhq zh irufh vdpsoh phdq ixqfwlrqv lqwr d Ulhpdqq Vwlhowmhv irup/
zh h�hfwlyho| irufh wkh dv|pswrwlfv lqwr wkh iudphzrun wkdw dssolhv lq wkh fdvh ri
zhdn ghshqghqfh dqg olwwoh wkdw lv qhz lv ohduqw derxw wkh h�hfw ri wkh qrqolqhdulw|
dqg/ lq vrph fdvhv/ olnh +5,/ vrph lpsruwdqw fkdudfwhulvwlfv duh orvw1

Wklv sdshu vhhnv wr ghyhors dq dv|pswrwlf wkhru| iru d jhqhudo w|sh ri qrqolqhdu
qrqvwdwlrqdu| uhjuhvvlrq zlwkrxw xvlqj wkh ghylfh ri d wuldqjxodu duud|1 Lw pd| eh
frqvlghuhg dv frqwlqxdwlrq ri wkh uhvhdufk surjudp ri Skloolsv dqg Gxuodxi +4<;9,/
Sdun dqg Skloolsv +4<;;/ 4<;<, dqg Skloolsv dqg Kdqvhq +4<<3, wr wkh qrqolqhdu fdvh1
Wkh odwwhu sdshu ghyhorshg dq h�flhqw hvwlpdwlrq whfkqltxh iru olqhdu frlqwhjudwlqj
uhjuhvvlrqv1 Wkdw phwkrg lv yhu| frqyhqlhqw lq sudfwlfh dqg lv qrz zlgho| xvhg lq hp0
slulfdo uhvhdufk1 Rqh ri wkh remhfwlyhv ri wkh suhvhqw sdshu lv wr h{whqg wkh pdfklqhu|
ri Skloolsv dqg Kdqvhq +4<<3, wr qrqolqhdu frlqwhjudwlqj uhjuhvvlrqv1 Lq sduwlfxodu/
wkh sdshu exlogv rq wkh wkhru| iru qrqolqhdu uhjuhvvlrq zlwk lqwhjudwhg wlph vhulhv
frqvwuxfwhg uhfhqwo| lq Sdun dqg Skloolsv +4<<<,1 Wkh wkhru| wkhuh zdv ghyhorshg
iru vfdodu L+4, uhjuhvvruv dqg qr ghwhuplqlvwlf ixqfwlrqv ri wlph zhuh lqfoxghg1 Wkdw
wkhru| lv h{whqghg khuh wr doorz iru pxowlsoh lqwhjudwhg uhjuhvvruv dqg iru wkh suhv0
hqfh ri erwk ghwhuplqlvwlf wuhqgv dqg vwdwlrqdu| uhjuhvvruv1 Lq grlqj vr/ lw ohdgv wr
d iudphzrun ri h�flhqw qrqolqhdu uhjuhvvlrq iru wlph vhulhv wkdw kdyh ghwhuplqlvwlf
dqg vwrfkdvwlf qrqvwdwlrqdulw| dv zhoo dv vwdwlrqdu| frpsrqhqwv1 Dv vxfk/ wkh wkhru|
vkrxog eh dssolfdeoh lq pdq| sudfwlfdo fdvhv ri qrqolqhdu hfrqrphwulf prghov zlwk
ghwhuplqlvwlf dqg vwrfkdvwlf wuhqgv1 Lq wklv vhqvh/ wkh hvwlpdwlrq phwkrg sursrvhg
khuh surylghv d qdwxudo jhqhudol}dwlrq ri wkh Skloolsv dqg Kdqvhq +4<<3, dssurdfk wr
qrqolqhdu frlqwhjudwlqj uhjuhvvlrqv1

Lq qrqolqhdu uhjuhvvlrqv zlwk lqwhjudwhg wlph vhulhv/ wkh dv|pswrwlf wkhru| iru
pxowlsoh uhjuhvvlrq wxuqv rxw wr eh gl�huhqw iurp wkdw ri vlpsoh uhjuhvvlrq lq d qrq0
wulyldo zd|1 Wklv lv vr/ vlqfh lqwhjudwhg wlph vhulhv ehkdyh olnh Eurzqldq prwlrq
dv|pswrwlfdoo|/ dqg/ dv lv nqrzq lq wkh wkhru| ri vwrfkdvwlf surfhvvhv/ wkh ehkdy0
lru ri qrqolqhdu ixqfwlrqdov ri d yhfwru Eurzqldq prwlrq fdq eh gudvwlfdoo| gl�huhqw
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iurp wkdw ri d rqh glphqvlrqdo Eurzqldq prwlrq1 Lw wudqvsluhv wkdw wkhvh gl�huhqfhv
vkrz xs lq lpsruwdqw zd|v lq uhjuhvvlrq dv|pswrwlfv zlwk qrqolqhdu ixqfwlrqv ri L+4,
surfhvvhv dqg duh ixuwkhu frpsolfdwhg e| wkh suhvhqfh ri ghwhuplqlvwlf wuhqgv1 Wkhvh
gl�huhqfhv duh h{soruhg lq wkh suhvhqw sdshu1

Wkh sodq ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 od|v rxw wkh prgho dqg dvvxps0
wlrqv1 Vhfwlrq 6 jlyhv vrph suholplqdu| dv|pswrwlf wkhru| iru vdpsoh prphqwv wkdw
surylghv wkh irxqgdwlrq ri rxu dqdo|vlv1 Wkh qrqolqhdu uhjuhvvlrq wkhru| lv ghyhorshg
lq Vhfwlrq 71 Vhfwlrq 8 frqvlghuv lvvxhv ri h�flhqw hvwlpdwlrq dqg ghyhorsv d sudfwl0
fdo dssurdfk wr hvwlpdwlrq wkdw lv vxlwdeoh iru lpsohphqwdwlrq lq hpslulfdo uhvhdufk1
Vhfwlrq 9 uhsruwv vrph vlpxodwlrqv wkdw vkrz krz wkh qhz phwkrgv zrun lq vrph
vlpsoh qrqolqhdu prghov ri frlqwhjudwlrq1 Vhfwlrq : frqfoxghv dqg surriv duh froohfwhg
wrjhwkhu lq Vhfwlrq ;1

D zrug derxw rxu qrwdwlrq1 Iru d yhfwru { @ +{�,/ wkh qrwdwlrq n{n vwdqgv iru
wkh vwdqgdug Hxfolghdq qrup/ l1h1/ n{n2 @

S
� {

2
� 1 Zkhq dssolhg wr d pdwul{/ nDn

vljql�hv wkh rshudwru qrup gh�qhg e| nDn @ vxs% nD{n@n{n1 Wkh vdph qrwdwlrq
lv dovr xvhg wr ghqrwh wkh vxsuhpxp qrup iru d ixqfwlrq/ dqg wkhuhiruh/ zh zulwh
nin @ vxs% mi+{,m li i = U $ U1

2� A�i �L_i* @?_ �tt�4T|�L?t

Zh frqvlghu wkh qrqolqhdu uhjuhvvlrq prgho iru || jlyhq e|

|| @ i+}|> �f, . x|

@ �+w> �f, . s+z|> �f, . t+{|> �f, . x|> +;,

zkhuh z| dqg {| duh vwdwlrqdu| dqg lqwhjudwhg uhjuhvvruv/ uhvshfwlyho|/ dqg wkh ixqf0
wlrqv �> s dqg t duh dvvxphg wr eh doo nqrzq1 Wkh uhjuhvvlrq +;, jhqhudol}hv wkh
prgho vwxglhg suhylrxvo| e| Sdun dqg Skloolsv +4<<;/4<<<, lq wzr lpsruwdqw gluhf0
wlrqv1 Zkloh wkrvh sdshuv frqfhqwudwh rq elyduldwh qrqolqhdu uhjuhvvlrq/ zh doorz
iru pxowlsoh lqwhjudwhg uhjuhvvruv/ dqg iru wkh suhvhqfh ri d ghwhuplqlvwlf wuhqg dqg
vwdwlrqdu| uhjuhvvruv1 Zkhq vshfldol}hg wr olqhdu ixqfwlrqv/ +;, uhgxfhv wr d frq0
yhqwlrqdo frlqwhjudwlqj uhjuhvvlrq/ srvvleo| zlwk d wlph wuhqg dqg rwkhu vwdwlrqdu|
uhjuhvvruv1 Wkh vwdwlvwlfdo wkhru| iru vxfk uhjuhvvlrqv zdv ghyhorshg lq Skloolsv dqg
Gxuodxi +4<;9, dqg Sdun dqg Skloolsv +4<;;/4;;<,/ dqg lv qrz khdylo| xwlol}hg lq erwk
wkhruhwlfdo dqg sudfwlfdo zrun1

Wkh wkhru| ri uhjuhvvlrqv rq wlph wuhqgv dqg vwdwlrqdu| wlph vhulhv lv zhoo hvwde0
olvkhg dqg fdq eh irxqg/ h1j1/ lq Zrrogulgjh +4<<7,1 Khuh/ zh lqfoxgh vxfk uhjuhvvruv
lq rxu h{sdqghg prgho wr vwxg| wkh h�hfw ri wkhlu lqfoxvlrq lq qrqolqhdu uhjuhvvlrqv
zklfk dovr lqyroyh lqwhjudwhg uhjuhvvruv1 Wr kljkoljkw wkh dgglwlrqdo h�hfwv/ zh wdnh
wkh fdvh zkhuh erwk wkh ghwhuplqlvwlf dqg vwdwlrqdu| frpsrqhqwv ri wkh uhjuhvvlrq
ixqfwlrq duh olqhdu/ dqg zh vshfli| � dqg s vlpso| dv

�+w> �, @ ��g| dqg s+z|> �, @ ��z|> +<,
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zkhuh g| lv d ghwhuplqlvwlf vhtxhqfh vxfk dv frqvwdqw dqg d olqhdu wlph wuhqg1 Lw
vkrxog eh hpskdvl}hg khuh/ krzhyhu/ wkdw rxu vxevhtxhqw wkhru| pd| zhoo dsso| wr
prghov zlwk pruh jhqhudo vshfl�fdwlrqv ri � dqg s1 Ri frxuvh/ pxfk pruh jhqhudo
qrqdgglwlyh ixqfwlrqv ri w dqg z| wrjhwkhu zrxog eh dffrpprgdwhg li zh zhuh wr xvh
wkh vlpsoli|lqj dssurdfk rxwolqhg lq wkh lqwurgxfwlrq +dv lq +9,, dqg xvhg lq Dqguhzv
dqg PfGhuprww +4<<8,1

Iru rxu vxevhtxhqw wkhru| wr eh dssolfdeoh/ lw lv hvvhqwldo wr kdyh dgglwlylw| eh0
wzhhq wkh sduwv ri wkh uhjuhvvlrq ixqfwlrq gulyhq e| lqwhjudwhg surfhvvhv dqg e| rwkhu
ghwhuplqlvwlf dqg vwdwlrqdu| surfhvvhv1 Lq sduwlfxodu/ zh fdqqrw dffrpprgdwh qrq0
dgglwlyh ixqfwlrqv ri w> z| dqg {| lq rxu suhvhqw iudphzrun1 Lq rxu prgho +;,/ zh
ixuwkhu vshfli| t dv

t+{> �, @
[
�MU

t�+{�> ��, .
[
�MM

t�+{�> ��, +43,

zkhuh { @ +{�> = = = > {6,
� dqg � @ +���> = = = > �

�
6,

� zlwk �f @ +�f�� > = = = > �
f�
6,

�1 Wkh lqgh{
vhwv L dqg K duh pxwxdoo| h{foxvlyh dqg h{kdxvwlyh/ l1h1/ lw lv dvvxphg wkdw hlwkhu
l 5 L ru l 5 K iru hdfk dqg hyhu| l @ 4> = = = >p1 Wkhvh vhwv uhihu/ uhvshfwlyho|/ wr
jurxsv ri lqwhjudeoh dqg jurxsv ri dv|pswrwlfdoo| krprjhqhrxv ixqfwlrqv1 Wkdw lv/
t�+�> ��,> l 5 L/ lv dq lqwhjudeoh ixqfwlrq/ zkloh t�+�> ��,> l 5 K/ lv d ixqfwlrq zklfk
ehkdyhv dv|pswrwlfdoo| dv d krprjhqhrxv ixqfwlrq1

Wkh frqfhsw ri dq dv|pswrwlfdoo| krprjhqhrxv ixqfwlrq zdv �uvw lqwurgxfhg e|
Sdun dqg Skloolsv +4<<<, dv sduw ri wkhlu dv|pswrwlf dqdo|vlv ri qrqolqhdu wudqviru0
pdwlrqv ri lqwhjudwhg surfhvvhv1 Li W =U $ U& lv dv|pswrwlfdoo| krprjhqhrxv/ lw
kdv wkh uhsuhvhqwdwlrq

W +�v, � g+�,K+v,>

iru odujh �1 Wkh wudqvirupdwlrq W lv wkxv h{shfwhg wr ehkdyh dv|pswrwlfdoo| olnh d
krprjhqhrxv ixqfwlrq/ dv �$41 Zh fdoo g dqg K/ wkh dv|pswrwlf rughu dqg wkh
olplw krprjhqhrxv ixqfwlrq ri W> uhvshfwlyho|1 Wkh fodvv ri dv|pswrwlfdoo| krprjh0
qhrxv ixqfwlrqv lqfoxghv/ dprqj rwkhuv/ sro|qrpldov/ orjdulwkplf ixqfwlrqv dqg doo
glvwulexwlrq ixqfwlrq0olnh ixqfwlrqv1 Lq sduwlfxodu/ wkh dv|pswrwlfdoo| krprjhqhrxv
ixqfwlrqv W +v, @ mvm&> orj mvm> 4@+4 . h3r, kdyh dv|pswrwlf rughuv g+�, @ �&> orj�> 4
dqg olplw krprjhqhrxv ixqfwlrqv K+v, @ mvm&> 4> 4iv�3j/ uhvshfwlyho|1 Wkh uhdghu lv
uhihuuhg wr Sdun dqg Skloolsv +4<<<, iru ixuwkhu ghwdlov dqg glvfxvvlrq1

Lq rxu vshfl�fdwlrq +43,/ wkh qrqvwdwlrqdu| vwrfkdvwlf sduw ri wkh prgho lwvhoi lv
dovr dvvxphg wr eh dgglwlyho| vhsdudeoh1 Wkh dvvxpswlrq ri dgglwlyh vhsdudelolw|
khuh lv dovr lpsruwdqw iru rxu vxevhtxhqw uhvxowv wr krog/ dqg dv|pswrwlf uhvxowv iru
prghov zlwk qrqdgglwlyh ixqfwlrqv ri wzr lqwhjudwhg uhjuhvvruv fdq eh h{shfwhg wr eh
txlwh gl�huhqw1 Wklv lv ehfdxvh/ prphqwv ri ixqfwlrqv ri lqwhjudwhg surfhvvhv ehkdyh
dv|pswrwlfdoo| dv ixqfwlrqdov ri Eurzqldq prwlrqv dqg/ dv lv zhoo nqrzq/ wkh wkhru|
ri ixqfwlrqdov ri d yhfwru Eurzqldq prwlrq lv jhqhudoo| yhu| gl�huhqw iurp wkdw ri
d vfdodu Eurzqldq prwlrq1 Qrwh lq +43, wkdw {� lv vfdodu/ exw �� pd| eh d yhfwru1
Wkhuhiruh/ hdfk dgglwlyh whup pd| rqo| lqfoxgh d vlqjoh lqwhjudwhg uhjuhvvru/ exw fdq
kdyh pxowlsoh sdudphwhuv1
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Iru uhjuhvvlrq zlwk lqwhjudwhg uhjuhvvruv/ wkh L0 dqg K0uhjxodulwlhv lqwurgxfhg
lq Sdun dqg Skloolsv +4<<;, gh�qh dssursuldwh uhjxodulw| frqglwlrqv rq d uhjuhv0
vlrq ixqfwlrq/ zklfk lv d ixqfwlrq ri erwk d uhjuhvvru dqg d sdudphwhu1 Dv d ixqf0
wlrq ri wkh uhjuhvvru/ wkhvh frqglwlrqv uhtxluh wkdw wkh uhjuhvvlrq ixqfwlrq eh lq0
whjudeoh ru dv|pswrwlfdoo| krprjhqhrxv/ zkloh/ dv d ixqfwlrq ri wkh sdudphwhu/
vrph frqwlqxlw| dqg lghqwli|lqj frqglwlrqv duh qhhghg1 Urxjko| vshdnlqj/ doo uh0
juhvvlrq ixqfwlrqv wkdw duh lqwhjudeoh dv ixqfwlrqv ri wkh uhjuhvvru duh L0uhjxodu/ li
wkh| duh erxqghg dqg slhfhzlvh vprrwk1 Lqglfdwruv ryhu frpsdfw lqwhuydov vxfk dv
t�+{�> ��, @ ��4i3 � {� � 4j dqg rwkhu vprrwk ixqfwlrqv olnh t�+{�> ��, @ h3q�%

2

� duh
vrph reylrxv h{dpsohv1 Lq jhqhudo/ zh pd| doorz iru ohvv vprrwk ixqfwlrqv/ sur0
ylghg zh uhtxluh wkh h{lvwhqfh ri kljkhu prphqwv ri wkh xqghuo|lqj surfhvv1 Rq wkh
rwkhu kdqg/ uhjuhvvlrq ixqfwlrqv wkdw duh dv|pswrwlfdoo| krprjhqhrxv dv ixqfwlrqv ri
wkh uhjuhvvru duh K0uhjxodu xqghu yhu| plog frqglwlrqv1 H{dpsohv lqfoxgh uhjuhvvlrq
ixqfwlrqv vxfk dv t�+{�> ��,@{���> m{�mq� > �� orj m{�m> +m{�mq� � 4,@��> ��4i{��3j/ dprqj
pdq| rwkhuv1 Iru pruh h{dpsohv/ vhh Sdun dqg Skloolsv +4<<;,1

Wr lqwurgxfh rxu dvvxpswlrqv rq t�/ zh ohw bt�/ �t� dqg
���
t � ghqrwh/ uhvshfwlyho|/ wkh

�uvw/ vhfrqg dqg wklug ghulydwlyhv ri t� zlwk uhvshfw wr ��1 Zh dvvxph wkdw wkh| duh
doo yhfwrul}hg dqg duudqjhg e| oh{lfrjudsklf rughulqj ri wkhlu lqglfhv1 Iru K0uhjxodu
t�/ zh ghqrwh e| b��/ ��� dqg

���
�� wkh dv|pswrwlf rughuv ri bt�/ �t� dqg

���
t �/ uhvshfwlyho|/ dqg

bk� vljql�hv wkh olplw krprjhqhrxv ixqfwlrq ri bt�1 Lq jhqhudo/ wkh dv|pswrwlf rughuv
ri K0uhjxodu bt�/ �t� dqg

���
t � ghshqg rq ��1 Li wkh| duh wkh vdph iru doo ydoxhv ri ��/ wkhq

zh vd| wkdw wkh| duh Kf0uhjxodu1

Dvvxpswlrq L Wkh ixqfwlrqv t�> l 5 L> vdwlvi| wkh iroorzlqj frqglwlrqv1
+d, bt�> �t�>

���
t � duh L0uhjxodu1

+e,
U"
3" bt�+v> �f� , bt�+v> �

f
� ,
�gv A 31

Dvvxpswlrq K Wkh ixqfwlrqv t�> l 5 K> vdwlvi| hlwkhu +d�, ru +d2,/ dqg +e, ehorz1
+d�, bt�> �t�>

���
t � duh Kf0uhjxodu zlwk n+ b�� 
 b��,

3����n> n+ b�� 
 b�� 
 b��,
3�����n ? 41

+d2, li zh ohw Q�+�, @ i�� = n�� � �f� n ? �j iru � A 3/ wkhq wkhuh h{lvwv % A 3 vxfk
wkdw �3�n0n b��+�> �f� ,3�n $ 3 dqg

�0

�����+ b�� 
 b��,+�> �
f
� ,
3�

#
vxs
�r�$7r

vxs
q�M��EB�

m�t�+�v> ��,m
$����� $ 3>

iru dq| �v A 31
+e,

U
�r�	B

bk�+v> �
f
� ,
bk�+v> �

f
� ,
�gv A 3 iru doo � A 31

Lq erwk Dvvxpswlrq L dqg K/ frqglwlrq +d, jlyhv wkh uhjxodulw| frqglwlrqv rq wkh
uhjuhvvlrq ixqfwlrq/ zkloh frqglwlrq +e, lv iru lghqwl�fdwlrq sxusrvhv1 Wkurxjkrxw wkh
sdshu/ zh dvvxph wkdw t�> l 5 L dqg t�> l 5 K vdwlvi| wkh frqglwlrqv lq Dvvxpswlrqv L
dqg K deryh1 Wkh frqglwlrqv duh plog hqrxjk wr dffrpprgdwh yluwxdoo| doo ixqfwlrqv
xvhg lq sudfwlfdo qrqolqhdu dqdo|vhv/ h{fhsw iru h{srqhqwldo ixqfwlrqv1 Zh frxog



:

doorz iru h{srqhqwldo ixqfwlrqv lq rxu prgho dqg wklv zrxog lqyroyh qr qhz whfkqlfdo
gl�fxowlhv/ dv vkrzq lq Sdun dqg Skloolsv +4<<;,1 Krzhyhu/ lw lv qrw grqh lq wkh
suhvhqw sdshu wr pdnh rxu prgho/ dvvxpswlrqv dqg wkhruhwlfdo uhvxowv vlpsoh dqg
pruh suhvhqwdeoh1 Wkh jdlqv iurp lqfoxglqj h{srqhqwldo ixqfwlrqv vhhp voljkw/ dv
h{srqhqwldo ixqfwlrqv ri dq lqwhjudwhg surfhvv kdyh h{djjhudwhg h{sorvlyh ehkdylru
dqg wkh| vhhp wr eh ri olwwoh hpslulfdo uhohydqfh1

Zh qrz lqwurgxfh suhflvh dvvxpswlrqv rq wkh gdwd jhqhudwlqj surfhvvhv1 Dv
phqwlrqhg hduolhu/ {| lv dvvxphg wr eh dq lqwhjudwhg surfhvv/ vr zh ohw y| @ 7{| eh
d vwdwlrqdu| surfhvv zlwk fhuwdlq surshuwlhv1 Zh vshfli| y| dqg z| dv jhqhudo olqhdu
surfhvvhv jlyhq e|

y| @ �+O, %| @
"[
&'f

�&%|3& dqg z| @ �+O, �| @
"[
&'f

�&�|3&> +44,

zlwk �f @ L dqg �f @ L1 Gh�qh �| @ +��c|, @ +x|> %
�
|n�> �

�
|n�,

� dqg wkh �owudwlrq
I| @ �

�
+�r,

|
3"

�
/ l1h1/ wkh �0�hog jhqhudwhg e| +�r,r$|1 Wkh iroorzlqj frqglwlrqv duh

pdgh rq wkh lqqrydwlrq surfhvv �|=

514 Dvvxpswlrq
+d, +�|>I|, lv d vwdwlrqdu| dqg hujrglf pduwlqjdoh gl�huhqfh vhtxhqfh/
+e, H+�|�

�
|mI|3�, @ 	/

+f, vxs|D�H+n�|nomI|3�, ? 4 iru vrph u A 71
+g, H+�2�c|��c|3,, @ 3 iru doo l> m dqg iru doo o � 4=

Frqglwlrq +d, lpsolhv wkdw wkh uhjuhvvruv {| dqg z| duh suhghwhuplqhg/ l1h1/ H+{|mI|3�, @
H+z|mI|3�, @ 31 Zh wkhuhiruh kdyh H+||mI|3�, @ i+}|> �f,/ dv lq xvxdo qrqolqhdu uh0
juhvvlrq wkhru|1 Wkh prphqw frqglwlrqv lq +e, dqg +f, duh idluo| vwdqgdug1 Wkh wklug
prphqw frqglwlrq +g, krogv idluo| jhqhudoo|/ iru h{dpsoh/ iru doo DUFK surfhvvhv
zlwk H+���c|mI|3�, @ 3 +vhh Jxr dqg Skloolsv/ 4<<;,1 Zh sduwlwlrq 	 dv

	 @

3
C �2� ��0 ��#

�0� 	00 	0#

�#� 	#0 	##

4
D >

frqirupdeo| zlwk �|1
Wkh pduwlqjdoh gl�huhqfh dvvxpswlrq rq wkh huuru surfhvv fdq eh uhod{hg xq0

ghu fhuwdlq flufxpvwdqfhv1 Iru lqvwdqfh/ wkh dvvxpswlrq zrxog eh xqqhfhvvdu| iru
wkh frqvlvwhqf| ri wkh OV hvwlpdwru li wkhuh zhuh rqo| olqhdu ixqfwlrqv ri lqwhjudwhg
uhjuhvvruv lq zklfk fdvh rxu prgho +;, zrxog uhgxfh wr d vlpsoh frlqwhjudwlqj uhjuhv0
vlrq1 Wklv lv/ ri frxuvh/ zhoo nqrzq1 Dovr/ frqvlvwhqf| ri wkh QOV hvwlpdwru xqghu
pruh jhqhudo huuruv fdq eh hvwdeolvkhg li wkh uhjuhvvlrq lqfoxghv rqo| fhuwdlq fodvvhv ri
dv|pswrwlfdoo| krprjhqhrxv uhjuhvvlrq ixqfwlrqv vxfk dv sro|qrpldov1 Rq wkh rwkhu
kdqg/ d ixoo jhqhudol}dwlrq ri rxu wkhru| doorzlqj iru fruuhodwhg huuruv zrxog lqyroyh
d vxevwdqwldo dgglwlrqdo ohyho ri frpsoh{lw| dqg lv qrw dwwhpswhg khuh1 Krzhyhu/ lw



;

grhv qrw vhhp ryhuo| uhvwulfwlyh dw wklv srlqw wr dvvxph wkh devhqfh ri vhuldo fruuhod0
wlrq lq wkh huuruv/ hvshfldoo| jlyhq rxu �h{leoh qrqolqhdu vshfl�fdwlrq ri wkh uhjuhvvlrq
ixqfwlrq dqg wkh suhvhqfh ri vwdwlrqdu| uhjuhvvruv lq wkh prgho1

515 Dvvxpswlrq
+d, �+4, 9@ 3/

S"
&'f nn�&n ? 4/ dqg

+e,
S"

&'f n
�*2n�&n ?41

Vxppdelolw| frqglwlrqv olnh wkrvh iru �& dqg �& lq Dvvxpswlrq 515 duh vwdqgdug/ dqg
duh urxwlqho| lpsrvhg lq vwdwlrqdu| wlph vhulhv dqdo|vlv1 Ri frxuvh/ 4@5~vxppdelolw|
lq +e, lv zhdnhu wkdq 4~vxppdelolw| lq +d,1 Wkh frqglwlrq �+4, 9@ 3 hqvxuhv wkdw {| lv
lqwhjudwhg ri rughu rqh1 Iru wkh lqqrydwlrq surfhvv %| ri {|/ zh lpsrvh vrph vwurqjhu
frqglwlrqv1

516 Dvvxpswlrq %| lv llg zlwk Hn%|no ? 4 iru vrph u A ;/ dqg lwv glvwulexwlrq lv
devroxwho| frqwlqxrxv zlwk uhvshfw wr Ohehvtxh phdvxuh dqg kdv fkdudfwhulvwlf ixqfwlrq
* iru zklfk *+�,@r+n�n3B, dv �$4 iru vrph �A31

Dvvxpswlrq 516 lv vwurqj/ exw lv vwloo vdwlv�hg e| d zlgh fodvv ri gdwd jhqhudwlqj
surfhvvhv/ lqfoxglqj doo lqyhuwleoh Jdxvvldq DUPD prghov1

Iru x| dqg y|/ zh gh�qh vwrfkdvwlf surfhvvhv

X?+u, @
4s
q

d?oo[
|'�

x| dqg Y?+u, @
4s
q

d?oo[
|'�

y| +45,

rq ^3> 4`/ zkhuh ^v` ghqrwhv wkh odujhvw lqwhjhu qrw h{fhhglqj v1 Wkh surfhvv +X?> Y?,
wdnhv ydoxhv lq G^3> 4`�n6/ zkhuh G^3> 4` lv wkh vsdfh ri fdgodj ixqfwlrqv rq ^3> 4`1
Xqghu Dvvxpswlrqv 514 dqg 515+d,/ dq lqyduldqfh sulqflsoh krogv iru +X?> Y?,1 Wkdw
lv/ zh kdyh dv q $ 4

+X?> Y?, $_ +X>Y , +46,

zkhuh +X>Y , lv +4.p,0glphqvlrqdo yhfwru Eurzqldq prwlrq/ dv vkrzq lq Skloolsv dqg
Vror +4<<5,1 Iru pruh jhqhudo lqyduldqfh sulqflsohv uhohydqw wr wkh dqdo|vlv ri prghov
zlwk lqwhjudwhg surfhvvhv/ wkh uhdghu lv uhihuuhg wr Skloolsv dqg Gxuodxi +4<;9, dqg
Kdqvhq +4<<5,/ dqg wkh uhihuhqfhv flwhg wkhuh1

Wkh fryduldqfh pdwul{ ri wkh olplw Eurzqldq prwlrq +X>Y , lv zulwwhq dv


 @

�
$2
� $��

$�� 
��

�
=

Qrwh wkdw $2
� @ �2�/ vlqfh x| lv d pduwlqjdoh gl�huhqfh vhtxhqfh1 Zh dovr kdyh

$�� @ �+4,�0� dqg 
�� @ �+4,	00�+4,
� +47,

dv lv hdvlo| fkhfnhg1
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517 Dvvxpswlrq Wkhuh h{lvwv d qrqvlqjxodu vhtxhqfh ri qrupdol}lqj pdwulfhv �?_
vxfk wkdw li g?+u, @ �3�?_gd?oo rq ^3> 4`/ wkhq

+d, vxs?D� vxsf$o$� ng?+u,n ? 4/ dqg

+e, g? $u2 g dv q $ 4 iru vrph g 5 O2^3> 4` vxfk wkdw
U �
f g+u,g+u,� gu A 31

Wkh frqglwlrqv lq Dvvxpswlrq 517 duh jhqhudo hqrxjk wr doorz iru ghwhuplqlvwlf uh0
juhvvruv vxfk dv frqvwdqw dqg wlph sro|qrpldov/ srvvleo| zlwk euhdnv/ zklfk duh
frpprqo| xvhg lq wlph vhulhv dqdo|vhv +vhh Sdun/ 4<<5/ iru wkh dv|pswrwlfv ri lq0
whjudwhg surfhvvhv zlwk vxfk wlph wuhqgv,1 Frqglwlrq +e, lv txlwh zhdn/ dv lq prvw
fdvhv ri sudfwlfdo lqwhuhvw zh zloo kdyh xqlirup frqyhujhqfh ng? � gn $ 3=

�� �hi*�4�?@h) +it�*|t

Wklv vhfwlrq rxwolqhv vrph edfnjurxqg wkhru| dqg jlyhv vrph suholplqdu| uhvxowv wkdw
duh fuxfldo iru wkh dv|pswrwlf dqdo|vlv ri rxu prgho1 Wkh �uvw dv|pswrwlf wkhru| iru
qrqolqhdu uhjuhvvlrqv zlwk lqwhjudwhg surfhvvhv zdv ghyhorshg lq Sdun dqg Skloolsv
+4<<;/4<<<,1 Wkhlu uhvxowv surylgh wkh hvvhqwldo wrrov iru wkh dqdo|vlv ri wkh dv|pswrwlf
surshuwlhv ri wkh QOV hvwlpdwru/ exw duh dssolfdeoh rqo| wr uhjuhvvlrqv zlwk d vlqjoh
lqwhjudwhg uhjuhvvru1 Khuh/ zh h{whqg wkrvh uhvxowv wr doorz iru pxowlsoh lqwhjudwhg
surfhvvhv dv zhoo dv d wlph wuhqg dqg vwdwlrqdu| uhjuhvvruv1

Wkh wkhru| uholhv khdylo| rq wkh orfdo wlph ri Eurzqldq prwlrq/ zklfk lv ghvfulehg
eulh�| iru frqyhqlhqfh khuh/ zkloh uhihuulqj wkh uhdghu wr d vwdqgdug vrxufh vxfk dv
Uhyx} dqg \ru +4<<7, iru d ghwdlohg glvfxvvlrq1 Wkh orfdo wlph ri d Eurzqldq prwlrq
E lv d wzr sdudphwhu surfhvv/ zulwwhq dv O�+w> v,/ zlwk w dqg v uhvshfwlyho| ehlqj
wkh wlph dqg vsdwldo sdudphwhuv/ vdwlvi|lqj wkh lpsruwdqw +vr0fdoohg rffxsdwlrq wlph,
irupxod ] |

f
W +E+u,,g^E`o @

] "

3"
W +v,O�+w> v,gv> +48,

iru orfdoo| lqwhjudeoh W = U $ U&/ zkhuh ^E`o lv wkh txdgudwlf yduldwlrq surfhvv ri
E1 Li zh dsso| +48, wr wkh ixqfwlrq W +{, @ 4id � { � ej iru d> e 5 U/ wkhq

] |

f
4id � E+u, � ej g^E`o @

] K

@
O�+w> v,gv>

dqg/ fruuhvsrqglqjo|/ zkhq wkh orfdo wlph O�+w> v, lv wuhdwhg dv d ixqfwlrq ri lwv
vsdwldo sdudphwhu v> lw fdq eh ylhzhg dv dq rffxsdwlrq wlph +ru vrxmrxuq, ghqvlw|1
Wkh wlph wkdw E vwd|v lq wkh lqwhuydo ^d> e` lv phdvxuhg e| g^E`o/ zklfk fdq eh wkrxjkw
ri dv d qdwxudo wlph vfdoh iru E1 Dovr/ gxh wr wkh frqwlqxlw| ri O�+w> �,/ zh kdyh

O�+w> v, @ olp
0<f

4

5%

] |

f
4imE+u,� vm ? %jg ^E`o =

Wkhuhiruh/ O�+w> v, phdvxuhv wkh wlph +lq xqlwv ri txdgudwlf yduldwlrq, wkdw E vshqgv
lq wkh qhljkerukrrg ri v/ xs wr wlph w1
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Zulwh Y +u, @ +Y�+u,> = = = > Y6+u,,�> dqg ghqrwh e| OT� wkh orfdo wlph ri Y�/ iru
l @ 4> = = = >p1 Gh�qh

O�+w> v, @ +4@$2
� ,OT�+w> v, @ olp

0<f

4

5%

] |

f
4imY�+u,� vm ? %j gu>

zkhuh $2
� lv wkh yduldqfh ri Y�/ iru l @ 4> = = = >p1 Fohduo|/ O� lv mxvw d vfdohg orfdo

wlph ri Y� wkdw phdvxuhv wlph lq fkurqrorjlfdo xqlwv1 Rxu dv|pswrwlf uhvxowv zloo eh
suhvhqwhg xvlqj O�/ lqvwhdg ri OT� 1 Xvlqj O�/ wkh rffxsdwlrq wlph irupxod +48, lv
uhzulwwhq dv ] |

f
W +Y�+u,, gu @

] "

3"
W +v,O�+w> v, gv> +49,

vlqfh g^Y�`o @ $2
� gu1 Lq wkh uhvw ri wkh sdshu/ zh uhihu wr +49, dv wkh rffxsdwlrq wlph

irupxod1
Lq dgglwlrq wr wkh Eurzqldq prwlrqv X dqg Y @ +Y�> = = = > Y6,

�/ zh qhhg wr lq0
wurgxfh dqrwkhu vhw ri lqghshqghqw Eurzqldq prwlrqv Z�> = = = >Z61 Wkurxjkrxw wkh
sdshu/ wkh Eurzqldq prwlrqv Z� zloo doo eh lqghshqghqw ri X dqg Y�/ dqg doo zloo
kdyh wkh vdph yduldqfh �2 @ �2�1

Pxfk ri rxu vxevhtxhqw wkhru| lv edvhg rq wkh iroorzlqj ohppd/ zklfk frqwdlqv
vhyhudo qhz uhvxowv dqg fkdudfwhul}hv wkh dv|pswrwlf ehkdylru ri ydulrxv vdpsoh surg0
xfw prphqwv lqyroylqj qrqolqhdu ixqfwlrqv ri lqwhjudwhg surfhvvhv1

614 Ohppd Vxssrvh wkdw {|> x|> z| dqg g| vdwlvi| Dvvxpswlrqv 514 ~ 517/ dqg
d�> e� = U $ U&� iru l @ 4> = = = >p1 Ohw d� eh L0uhjxodu/ dqg e� eh K0uhjxodu zlwk
dv|pswrwlf rughu �� dqg olplw krprjhqhrxv ixqfwlrq k�1 Dvvxph wkdw �?� @ ��+

s
q,

lv qrqvlqjxodu/ dqg k� lv slhfhzlvh gl�huhqwldeoh zlwk orfdoo| erxqghg ghulydwlyh1 Gh0
�qh e?� @ �3�?� e� dqg g?| @ �3�?_g|1 Wkhq/ wkh iroorzlqj krog dv q $ 4 =

+d,
4s
q

?[
|'�

d�+{�|, $_ O�+4> 3,

] "

3"
d�+v, gv=

+e,
4

q

?[
|'�

e?�+{�|, $_

] �

f
k�+Y�+u,, gu=

+f,
4
e
s
q

?[
|'�

d�+{�|,x| $_

�
O�+4> 3,

] "

3"
d�+v,d�+v,

� gv

��*2

Z�+4,=

+g,
4s
q

?[
|'�

e?�+{�|,x| $_

] �

f
k�+Y�+u,,gX+u,=

+h,
4

q�*e

?[
|'�

d�+{�|,z
�
| $R 3=

+i,
4

q

?[
|'�

e?�+{�|,z
�
| $R 3=

+j,
4s
q

?[
|'�

g?|d�+{�|, @ RR+4,=
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+k,
4

q

?[
|'�

g?|e?�+{�|, $_

] �

f
g+u,k�+Y�+u,,gu=

+l,
4s
q

?[
|'�

d�+{�|,d�+{�|,
� $_ O�+4> 3,

] "

3"
d�+v,d�+v,

� gv=

+m,
4s
q

?[
|'�

d�+{�|,d�+{�|,
� $R 3 iru l 9@ m=

+n,
4s
q

?[
|'�

d�+{�|,e?�+{�|,
� @ RR+4,=

+c,
4

q

?[
|'�

e?�+{�|,e?�+{�|,
� $_

] �

f
k�+Y�+u,,k�+Y�+u,,

� gu=

Wkh zhdn frqyhujhqfh lq +d,/ +e,/ +f,/ +g,/ +k,/ +l, dqg +c, krogv mrlqwo|1

Wkh uhvxowv lq sduwv +d,/ +e,/ +g, dqg +l, ri Ohppd 614 duh vkrzq lq Sdun dqg Skloolsv
+4<<;/4<<<,/ dqg duh lqfoxghg khuh iru frpsohwhqhvv1 Iru hdfk l/ sduw +f, lv dovr
ghulyhg wkhuh1 Rxu uhvxow vkrzv wkdw/ lq dgglwlrq wr wkh zhdn frqyhujhqfh/ wkh olplw
surfhvvhv Z� duh lqghshqghqw ri X iru doo l/ dqg Z� dqg Z� duh lqghshqghqw iru l 9@ m
lq wkh uhsuhvhqwdwlrq ri wkh olplwlqj glvwulexwlrq1 Dv lqglfdwhg deryh/ wkhuh duh dovr
vrph xvhixo qhz uhvxowv lq Ohppd 6141 Lq sduwlfxodu/ sduwv +h, ~ +k, duh qhhghg wr
rewdlq rxu olplw wkhru| iru prghov zlwk wlph wuhqgv dqg vwdwlrqdu| uhjuhvvruv1 Dovr/
sduwv +l, ~ +c, duh xvhg lq ghdolqj zlwk pxowlsoh lqwhjudwhg uhjuhvvruv1 Hdfk ri wkhvh
lv qhz1

Sdun dqg Skloolsv +4<;<, vkrz wkdw lqwhjudwhg uhjuhvvruv duh dv|pswrwlfdoo| ru0
wkrjrqdo wr vwdwlrqdu| uhjuhvvruv lq olqhdu uhjuhvvlrq prghov1 Wkdw wklv uhvxow dovr
dssolhv ehwzhhq qrqolqhdu ixqfwlrqv ri lqwhjudwhg uhjuhvvruv dqg vwdwlrqdu| uhjuhvvruv
lv dq lqwhuhvwlqj frqvhtxhqfh ri sduwv +h, dqg +i, ri Ohppd 6141 Dv|pswrwlf ruwkrj0
rqdolw| dssolhv qrw rqo| ehwzhhq lqwhjudwhg uhjuhvvruv dqg vwdwlrqdu| uhjuhvvruv1 Lq
qrqolqhdu uhjuhvvlrqv/ lw dovr dssolhv ehwzhhq gl�huhqw w|shv ri ixqfwlrqv ri lqwhjudwhg
uhjuhvvruv1 Lqghhg/ wkh uhvxow lq sduw +n, vkrzv wkdw lqwhjudeoh dqg dv|pswrwlfdoo|
krprjhqhrxv ixqfwlrqv gr qrw lqwhudfw lq wkh olplw1 Li wkh ixqfwlrqv lqyroyhg duh lq0
whjudeoh/ zh hyhq kdyh dv|pswrwlf ruwkrjrqdolw| ehwzhhq dq| wudqvirupdwlrqv ri wzr
lqwhjudwhg uhjuhvvruv/ uhjdugohvv ri krz fruuhodwhg wkhvh lqglylgxdo uhjuhvvruv pd| eh1
Wklv iroorzv iurp sduw +m,1 Dv zloo ehfrph dssduhqw lq wkh qh{w vhfwlrq ri wkh sdshu/
wkhvh ruwkrjrqdolwlhv khos wr vlpsoli| wkh dv|pswrwlfv ri qrqolqhdu uhjuhvvlrqv zlwk
pxowlsoh lqwhjudwhg dqg vwdwlrqdu| surfhvvhv1

Wkh olplwlqj glvwulexwlrq lq sduw +f, lv pl{hg qrupdo1 Qrwh wkdw/ iru hdfk l> Z�

lv lqghshqghqw ri Y�> dv phqwlrqhg hduolhu/ dqg khqfh Z� lv dovr lqghshqghqw ri O�1
Krzhyhu/ wkh olplwlqj glvwulexwlrq jlyhq lq sduw +g, lv d qrupdo pl{wxuh rqo| lq wkh
vshfldo fdvh zkhuh Y� lv lqghshqghqw ri X 1 Li wklv lv wkh fdvh/ wkhq zh kdyh

] �

f
k�+Y�+u,,gX+u, @_

�] �

f
k�+Y�+u,,k�+Y�+u,,

�gu

��*2

Z�+4,=
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Lqghshqghqfh ri X dqg Y� krogv zkhq x| lv xqfruuhodwhg zlwk ixwxuh ydoxhv ri y|/ dv
zhoo dv lwv suhvhqw dqg sdvw ydoxhv1 Wklv zloo/ ri frxuvh/ uduho| eh vdwlv�hg lq sudfwlfdo
dssolfdwlrqv1 Vr/ lq jhqhudo/ wkh glvwulexwlrq lv qrw pl{wxuh qrupdo dqg zloo ghshqg
rq wkh fruuhodwlrq ehwzhhq X dqg Y�1

Lq dgglwlrq wr wkh uhvxowv olvwhg lq Ohppd 614/ rxu vxevhtxhqw wkhru| dovr uholhv
rq wkh olplwv

4s
q

?[
|'�

g?|x| $_

] �

f
g+u, gX+u, @_ Q

�
3> �2

] �

f
g+u,g+u,�gu

�
+4:,

dqg
4s
q

?[
|'�

z|x| $_ Q+3> �2	��,= +4;,

Lq ylhz ri Dvvxpswlrqv 514/ +4:, dqg +4;, iroorz gluhfwo| iurp wkh pduwlqjdoh fhqwudo
olplw wkhruhp ri PfOhlvk +4<:7,1 Pruhryhu/ vlqfh x| lv d pduwlqjdoh gl�huhqfh/ dqg
z| lv I|3� phdvxudeoh zh kdyh H+z|x|xr, @ 3 iru doo w> v�4 lq ylhz ri Dvvxpswlrq
514 +g,1 Dovr/ xqghu Dvvxpswlrq 514+d, dqg +e,/ zh kdyh H+x|y|n�n&mI|3�, @ �&�0�
iru doo n � 3 dqg 3 rwkhuzlvh/ dqg lw iroorzv iurp wklv dqg Dvvxpswlrq 514 +g, wkdw
H+z|x|yr, @ 3 iru doo w> v�41 Wkh olplw glvwulexwlrq lq +4;, dqg +X+u,> Y +u,,> 3�u�4/
duh wkhuhiruh xqfruuhodwhg dqg/ ehlqj Jdxvvldq/ duh lqghshqghqw1 Frqvhtxhqwo|/ wkh
olplw glvwulexwlrq lq +4;, lv lqghshqghqw ri wkh olplw glvwulexwlrqv lq +f,/ +g,/ +k,/ +l,
dqg +m, ri Ohppd 614/ dqg wkdw lq +4:,1

e� �t)4T|L|�U A�iLh)

Zh vxssrvh wkdw prgho +;, lv hvwlpdwhg e| qrqolqhdu ohdvw vtxduhv +QOV, dqg ohw

a�? @ +a��?> a�
�
?>

a��?,
�

eh wkh QOV hvwlpdwru ri � @ +��> ��> ��,�/ l1h1/

a�? @ dujplq
wMX

?[
|'�

+|| � i+}|> �,,
2>

rewdlqhg lq wkh xvxdo zd| e| qxphulfdo rswlpl}dwlrq1 Iroorzlqj frqyhqwlrq/ zh dv0
vxph khuh wkdw wkh sdudphwhu vhw � lv frqyh{ dqg frpsdfw/ dqg wkdw wkh wuxh ydoxh/
�f> lv dq lqwhulru srlqw ri �1

Ohw

T?+�, @
4

5

?[
|'�

+|| � i+}|> �,,
2>

dqg gh�qh bT? @ CT?@C� dqg �T? @ C2T?@C�C�
�1 Wkh �uvw rughu Wd|oru h{sdqvlrq

ri bT?+a�?, durxqg �f |lhogv

bT?+a�?, @ bT?+�f, . �T+�?,+a�? � �f,>
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zkhuh �? olhv rq wkh olqh frqqhfwlqj �f dqg a�?1 Iurp wklv h{sdqvlrq zh pd| rewdlq
wkh dv|pswrwlf glvwulexwlrq ri a�?/ xqghu vxlwdeoh uhjxodulw| frqglwlrqv1

Wr ghulyh wkh dv|pswrwlf glvwulexwlrq ri a�?/ zh qhhg wr lqwurgxfh vrph dgglwlrqdo
qrwdwlrq1 Ohw bi dqg bt @ + bt�, eh wkh ghulydwlyhv ri i / t dqg t� uhvshfwlyho| zlwk uhvshfw
wr �/ � dqg ��1 Qrwlfh wkdw

bi+}|> �, @ +g�|> z
�
|> bt+{|> �,

�,�=

Zh ohw �?� @ e
s
q dqg

s
q�?� uhvshfwlyho| iru l 5 L dqg l 5 K1 Ohw

�? @ gldj +�?�> = = = > �?6,>

dqg vxevhtxhqwo| gh�qh

G? @ gldj
�s

q�?_>
s
qL> �?

�
>

zkhuh wkh sduwlwlrq lv pdgh frqirupdeo| zlwk bi jlyhq deryh1
Gh�qh

P? @ G3�
?

?[
|'�

bi+}|> �f, bi+}|> �f,
�G3�

? dqg U? @ G3�
?

?[
|'�

�I +}|> �f,x|G
3�
? >

zkhuh �I @ C2I@C�C��/ vr wkdwP? @ G3�
?

�T?+�f,G
3�
? .U?/ dqg ohw ]? @ �G3�

?
bT?+�f,1

Pruhryhu/ ohw G?B @ q3BG? iru � A 3/ dqg gh�qh

�? @
�
� =

��G3�
?B +� � �f,

�� � 4
�
=

Rxu prgho +;, lqfoxghv lqwhjudwhg uhjuhvvruv/ exw wkh dssurdfk e| Zrrogulgjh +4<<7,
iru qrqvwdwlrqdu| uhjuhvvlrqv lv vwloo dssolfdeoh1 D wulyldo prgl�fdwlrq ri klv uhvxow lv
lqwurgxfhg ehorz dv d ohppd iru hdv| uhihuhqfh1

714 Ohppd Vxssrvh wkdw

+d, +P?> ]?, $_ +P>],/
+e, U? @ rR+4,/
+f, P A 3 d1v1/ dqg

+g, G3�
?B

�
�T?+�,� �T?+�f,

�
G3�
?B $R 3 xqlirupo| lq � 5 �? iru vrph � A 31

Wkhq zh kdyh G?+a�? � �f, $_ P
3�] dv q $ 41

Rqfh zh vkrz wkdw wkh frqglwlrqv ri Ohppd 714 duh phw iru rxu prgho/ wkh olplwlqj
glvwulexwlrq ri a�? fdq eh rewdlqhg uhdglo|1 Frqglwlrqv +d, dqg +e, iroorz lpphgldwho|
iurp wkh uhvxowv lq Ohppd 6141 Frqglwlrq +f, lv jxdudqwhhg e| d vxlwdeoh lghqwl�fdwlrq
frqglwlrq1 Wkh prvw gl�fxow sduw lv wr hvwdeolvk frqglwlrq +g,1

Wr uhsuhvhqw wkh olplwlqj glvwulexwlrqv ri + a��,�MM frpsdfwo|/ zh ohw

�M @ +��,�MM dqg btM+{> �, @ + bt�+{�> ��,,�MM



47

zklfk duh yhfwrul}hg lqwr froxpq yhfwruv e| yhuwlfdo vwdfnlqj1 Dovr/ zh gh�qh a�?M
dqg �fM dffruglqjo| iurp a�?� dqg �f� / uhvshfwlyho|/ iru l 5 K1 Pruhryhu/ iru l 5 K ohw

bt�+�v> ��, � b��+�> ��, bk�+v> ��,>

dqg ohw b�?� @ b��+
s
q> �f� ,1 Wkhq zh gh�qh

b�? @ gldj + b�?�,�MM dqg bk+{> �, @
�
bk�+{�> ��,

�
�MM

=

vr wkdw b�? lv d eorfn gldjrqdo pdwul{ zlwk b�?�/ l 5 K/ rq wkh l0wk eorfn gldjrqdo/ dqg
bk+{> �, vwdfnv bk�+{�> ��,/ l 5 K/ dv d froxpq yhfwru1 Wkh iroorzlqj wkhruhp suhvhqwv
wkh dv|pswrwlf glvwulexwlrq ri a�?1

715 Wkhruhp Xqghu Dvvxpswlrqv 514 ~ 517/ zh kdyh dv q $ 4
+d,

s
q+a�? � �f, $_ Q

�
3> �2	3���

�
+e, e

s
q+ a�?� � �f� , $_

�
O�+3> 4,

] "

3"
bt�+v> �

f
� , bt�+v> �

f
� ,
�gv

�3�*2
Z�+4,

+f,
s
q

�
�?_+a�? � �f,

b�?+a�
?
M � �fM,

�
$_

�] �

f
Q+u,Q+u,�gu

�3� ] �

f
Q+u, gX+u,

zkhuh l 5 L dqg Q+u, @ +g+u,�> bk+Y +u,> �f,
�,�1 Wkh frqyhujhqfhv lq +d, ~ +f, krog

mrlqwo|/ dqg wkh olplw glvwulexwlrq lq +d, lv lqghshqghqw ri wkrvh lq +e, dqg +f,1

Wkh frqyhujhqfh udwhv ri wkh QOV hvwlpdwhv iru wkh frh�flhqwv ri wkh vwdwlrqdu|
dqg ghwhuplqlvwlf uhjuhvvruv duh jlyhq uhvshfwlyho| e|

s
q dqg

s
q�?_/ dv lq vwdqgdug

uhjuhvvlrqv1 Wkrvh iru wkh QOV hvwlpdwhv ri wkh sdudphwhuv lq ixqfwlrqv ri wkh lqwh0
judwhg uhjuhvvruv duh gl�huhqw/ krzhyhu/ dqg wkh| duh ghshqghqw xsrq wkh w|shv ri
ixqfwlrqv lqyroyhg1 Iru lqwhjudeoh ixqfwlrqv ri lqwhjudwhg uhjuhvvruv/ wkh udwh lv e

s
q/

l1h1/ dq rughu ri pdjqlwxgh vpdoohu wkdq wkh xvxdo udwh
s
q iru wkh QOV hvwlpdwhv lq

wkh vwdqgdug vwdwlrqdu| uhjuhvvlrqv1 Iru wkh dv|pswrwlfdoo| krprjhqhrxv ixqfwlrqv/
wkh frqyhujhqfh udwhv duh ghwhuplqhg e| wkhlu dv|pswrwlf rughuv/ dqg duh jlyhq e|s
q b�?1 Iru ixqfwlrqv zlwk lqfuhdvlqj dv|pswrwlf rughuv/ wkh| duh wkhuhiruh idvwhu wkdq

wkh xvxdo udwh
s
q1

Wkh olplwlqj glvwulexwlrq ri wkh QOV hvwlpdwh ri wkh frh�flhqwv ri wkh vwdwlrq0
du| uhjuhvvruv lv qrupdo1 Wkh QOV hvwlpdwruv iru wkh sdudphwhuv lq wkh lqwhjudeoh
ixqfwlrqv ri wkh lqwhjudwhg uhjuhvvruv kdyh dv|pswrwlf glvwulexwlrqv wkdw duh pl{hg
qrupdo zlwk pl{lqj yduldwhv hvvhqwldoo| jlyhq e| wkh orfdo wlphv ri wkhlu olplw Eurzq0
ldq prwlrqv1 Wkdw wkh hvwlpdwruv kdyh olplwlqj qrupdo ru pl{hg qrupdo glvwulexwlrqv
kdv lpsruwdqw lpsolfdwlrq iru dv|pswrwlf lqihuhqfh/ l1h1/ lw lpsolhv wkdw wkh xvxdo fkl0
vtxduh whvwv duh srvvleoh1 Rq wkh rwkhu kdqg/ wkh dv|pswrwlf glvwulexwlrqv ri wkh QOV
hvwlpdwruv ri wlph wuhqg frh�flhqwv ru wkh sdudphwhuv lq wkh dv|pswrwlfdoo| krpr0
jhqhrxv ixqfwlrqv ri wkh lqwhjudwhg uhjuhvvruv duh jhqhudoo| qrq0Jdxvvldq1 Rqo| lq
wkh yhu| vshfldo fdvh zkhuh wkh lqwhjudwhg uhjuhvvruv duh vwulfwo| h{rjhqrxv/ gr wkh|
kdyh pl{hg qrupdo glvwulexwlrqv1 Wkh olplwlqj glvwulexwlrqv duh wkxv eldvhg/ dqg wkh
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xvxdo fkl0vtxduhg dssurdfk wr lqihuhqfh lv qrw srvvleoh1 Wkh fulwlfdo ydoxhv ri wkh
whvwv duh ghshqghqw xsrq qxlvdqfh sdudphwhuv1

Wr orrn dw wkh dv|pswrwlf uhvxowv lq Wkhruhp 715 pruh forvho|/ zh frqvlghu wkh
iroorzlqj uhjuhvvlrqv

|| @ ��z| . x|

|| @ t�+{�|> ��, . x| iru hdfk l 5 L +4<,

|| @ ��g| .
[
�MM

t�+{�|> ��, . x|=

Wkh vhw ri uhjuhvvlrqv lqwurgxfhg lq +4<, duh qrwklqj exw uhjuhvvlrqv rq vrph ri wkh
dgglwlyh whupv lq +;, vhsdudwho|1 Wkh �uvw uhjuhvvlrq lv rqh h{foxvlyho| rq vwdwlrq0
du| uhjuhvvruv/ wkh vhfrqg vhw ri uhjuhvvlrqv duh wkrvh rq hdfk L0uhjxodu ixqfwlrq ri
dq lqwhjudwhg uhjuhvvru/ dqg wkh wklug lv wkh pxowlsoh uhjuhvvlrq rq d ghwhuplqlvwlf
wuhqg dqg doo K0uhjxodu ixqfwlrqv ri lqwhjudwhg uhjuhvvruv1 Zh ghqrwh e| ��? wkh OV
hvwlpdwruv ri wkh sdudphwhuv lq wkh uhjuhvvlrqv +4<,1

716 Fruroodu| Xqghu Dvvxpswlrqv 514 ~ 517/ wkh olplwlqj glvwulexwlrqv ri a�? dqg
��? duh lghqwlfdo1

Fruroodu| 716 lpsolhv wkdw ydulrxv dv|pswrwlf ruwkrjrqdolwlhv krog iru wkh uhjuhvvruv
lqfoxghg lq rxu prgho +;,1 Iluvw/ wkh vwdwlrqdu| uhjuhvvruv duh dv|pswrwlfdoo| ru0
wkrjrqdo wr dq| ixqfwlrq ri wkh lqwhjudwhg uhjuhvvruv/ dv zhoo dv wr wkh ghwhuplqlvwlf
wuhqgv1 Wkhuhiruh/ wkh QOV hvwlpdwru ri wkh frh�flhqwv ri vwdwlrqdu| uhjuhvvruv lq
rxu prgho +;, ehkdyh dv|pswrwlfdoo| dv li lw zhuh iurp d uhjuhvvlrq zlwk rqo| wkhvh
yduldeohv1 Qdwxudoo|/ wkh xvxdo qrupdo dv|pswrwlfv dsso| wr vxfk uhjuhvvlrqv1 Vhfrqg/
lqwhjudeoh ixqfwlrqv ri lqwhjudwhg surfhvvhv duh ruwkrjrqdo lq wkh olplw qrw rqo| wr
rwkhu dv|pswrwlfdoo| krprjhqhrxv ixqfwlrqv ri lqwhjudwhg uhjuhvvruv/ exw wkh| wkhp0
vhoyhv dovr ehfrph ruwkrjrqdo hdfk dqrwkhu1 Wkh QOV hvwlpdwru ri d sdudphwhu lq
dq| lqwhjudeoh ixqfwlrq ri dq lqwhjudwhg uhjuhvvru wkxv ehkdyhv dv li wkhuh zhuh qr
rwkhu ixqfwlrqv ri lqwhjudwhg uhjuhvvruv lq wkh uhjuhvvlrq1

Dv dq looxvwudwlyh h{dpsoh/ zh orrn dw wkh uhjuhvvlrq zlwk ghwhuplqlvwlf sduw
g�|� @ �� . �2w dqg

t�+{�> ��, @ h3q�%
2

� > t2+{2> �2, @ �2{2> t�+{�> ��, @
4

4 . h3q�%�
> +53,

zkhuh ��> �2> �� 5 Un1 Zh pd| dvvxph z1o1r1j1 wkdw wkhuh duh qr vwdwlrqdu| uhjuhv0
vruv/ vlqfh wkh| duh dv|pswrwlfdoo| lqghshqghqw ri wkh lqwhjudwhg sduwv ri wkh prgho1
Wr ghulyh wkh dv|pswrwlfv iru wkh a��*v/ lw lv pruh frqyhqlhqw wr frqvlghu wkh uhjuhvvlrq
zlwk t�> t2 dqg

tW�+{�> ��, @ t�+{�> ��,� 4i{� � 3j
@

4

4 . h3q�%�
4i{� ? 3j � h3q�%�

4 . h3q�%�
4i{� � 3j +54,
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lq sodfh ri t�1
Wkh uhjuhvvlrq ixqfwlrq t�/ lqghhg/ grhv qrw vdwlvi| wkh uhjxodulw| frqglwlrqv lq

Sdun dqg Skloolsv +4<<;,1 Dv rqh fdq hdvlo| vhh/ t�+�> ��, lv dv|pswrwlfdoo| krprjh0
qhrxv zlwk dv|pswrwlf rughu 4 dqg olplw krprjhqhrxv ixqfwlrq 4i� � 3j1 Wklv lv wuxh
iru doo ydoxhv ri ��1 Wkh olplw krprjhqhrxv ixqfwlrq wkxv grhv qrw ghshqg xsrq ��/
zklfk lpsolhv wkdw �� lv qrw dv|pswrwlfdoo| lghqwl�hg lq t�1 Rq wkh rwkhu kdqg/ ��
lv lghqwl�hg lq tW�1 Reylrxvo|/ wkh QOV hvwlpdwruv iurp wkh uhjuhvvlrq zlwk t�> t2 dqg
t� duh lghqwlfdo wr wkrvh iurp wkh uhjuhvvlrq zlwk t�> t2 dqg tW�1

Qrz lw lv lpphgldwh iurp Wkhruhp 715+e, wkdw

e
s
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O�+4> 3,
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zkhuh zh zulwh ��f @ �f� dqg ��f @ �f� 1 Pruhryhu/ zh kdyh

3
C q�*2+a�?� � �f�,
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q+a�?2 � �f2,

4
D $_
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f
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f
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iurp Wkhruhp 715+f,/ zkhuh Q+u, @ +4> u> Y2+u,
�,�1

Qrqolqhdu prghov riwhq lqfoxgh d ixqfwlrq olnh

�et�+{�> ��, @
�e

4 . h3q�%�
> +55,

lqvwhdg ri t�1 Sdun dqg Skloolsv +4<<;, vkrz wkdw wkh uhjuhvvlrq zlwk �et�+{�> ��, lq
+55, lv wkh vdph dv wkh uhjuhvvlrq zlwk wzr ixqfwlrqv

�fet
W
�+{�> ��, @ �fe

�
4

4 . h3q�%�
4i{� ? 3j � h3q�%�

4 . h3q�%�
4i{� � 3j

�
te+{�> �e, @ �e4i{� � 3j

zkhuh tW� lv gh�qhg lq +54,1 Wkhlu uhvxow hdvlo| h{whqgv wr rxu jhqhudo uhjuhvvlrq/
zklfk rqh fdq hdvlo| vhh iurp wkh surri ri Wkhruhp 7151 Wkdw lv/ wkh uhjuhvvlrq zlwk
t�+{�> ��,> t2+{2> ��, dqg �et�+{�> ��, uhvshfwlyho| lq +53, dqg +55, ehkdyhv dv|pswrw0
lfdoo| wkh vdph dv wkh uhjuhvvlrq rq t�+{�> ��,> t2+{2> �2,> �fet

W
�+{�> ��, dqg te+{�> �e,1

Wkh olplwlqj glvwulexwlrqv ri wkh sdudphwhuv fdq wkhuhiruh eh hdvlo| rewdlqhg1

D� ,�U�i?| ,t|�4@|�L?

Lq wklv vhfwlrq/ zh ghyhors dq h�flhqw phwkrg ri hvwlpdwlqj rxu prgho +;,1 Wkh
xvxdo QOV hvwlpdwru a�? frqvlghuhg lq Vhfwlrq 7 lv jhqhudoo| qrw h�flhqw/ ehfdxvh lw
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grhv qrw xwlol}h wkh suhvhqfh ri wkh xqlw urrw lq wkh uhjuhvvruv1 Zh pd| rewdlq d
pruh h�flhqw hvwlpdwru li vxfk lqirupdwlrq lv xvhg/ lq wkh vdph pdqqhu dv vkrzq
e| Skloolsv +4<<4, iru olqhdu frlqwhjudwlqj uhjuhvvlrqv1 Lqh�flhqf| ri wkh hvwlpdwru
dovr uhvxowv lq lqydolglw| ri wkh xvxdo w0 ru fkl0vtxduhg whvw rq wkh sdudphwhu lq wkh
dv|pswrwlfdoo| krprjhqhrxv uhjuhvvlrq ixqfwlrqv1 Zh qrz lqwurgxfh d pruh h�flhqw
hvwlpdwru +lq wkh vhqvh ri Skloolsv/ 4<<4, dorqj wkh olqhv ri Skloolsv dqg Kdqvhq +4<<3,
dqg Sdun +4<<5,1 Wkh hvwlpdwru kdv d pl{hg qrupdo olplw glvwulexwlrq dqg wkxv |lhogv
dv|pswrwlfdoo| ydolg w0 ru fkl0vtxduh whvwv lq wkh xvxdo pdqqhu1

Khuh zh frqfhqwudwh rq wkh sdudphwhu lq wkh qrqolqhdu ixqfwlrqv ri lqwhjudwhg
uhjuhvvruv/ wrjhwkhu zlwk wkrvh ri wkh ghwhuplqlvwlf uhjuhvvruv1 Dv vkrzq lq Vhfwlrq
7/ wkh olplwlqj glvwulexwlrq iru wkh hvwlpdwhg frh�flhqw ri wkh vwdwlrqdu| uhjuhvvruv
lv qrw d�hfwhg e| wkh lqfoxvlrq ri wkh uhjuhvvruv zlwk wuhqgv1 Gxh wr wklv dv|pswrwlf
ruwkrjrqdolw|/ zh pd| qrw lqfuhdvh wkh h�flhqf| ri wkh frh�flhqw hvwlpdwru iru wkh
vwdwlrqdu| uhjuhvvruv e| xwlol}lqj lqirupdwlrq rq wkh suhvhqfh ri wkh xqlw urrw lq
wkh qrqvwdwlrqdu| uhjuhvvruv1 Lq zkdw iroorzv/ zh vlpso| dvvxph wkdw s+z|> �f, @ 3
dqg lv nqrzq lq +;,1 Wklv lv mxvw wr pdnh rxu h{srvlwlrq vlpsoh1 Rxu vxevhtxhqw
phwkrgrorj| lv dssolfdeoh iru wkh uhjuhvvlrq zlwk vwdwlrqdu| uhjuhvvruv/ li zh uxq wkh
�uvw vwhs uhjuhvvlrq wr jhw a�? dqg frqvlghu wkh uhjuhvvlrq

|| � s+z|> a�?, @ �+w> �, . t+{|> �, . x|

wr h�flhqwo| hvwlpdwh � dqg �1
Iru wkh ghyhorsphqw ri rxu phwkrg/ zh qhhg wr lqwurgxfh vrph dgglwlrqdo dvvxps0

wlrqv rq wkh lqqrydwlrq surfhvv y| @ �+O,%| ri wkh lqwhjudwhg uhjuhvvru {| gh�qhg lq
+44,1

814 Dvvxpswlrq Zh dvvxph wkdw

+d, �+}, lv erxqghg dqg erxqghg dzd| iurp }hur iru m}m � 4/ dqg

+e, li zh zulwh �+},3� @ 4�
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&/ wkhq cr

"[
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n�&n2 ? 4 iru vrph v � <1

Wr hvwlpdwh rxu prgho h�flhqwo|/ zh �uvw uxq wkh uhjuhvvlrq

y| @ a��y|3� . � � �. a��y|3� . a%�c|

zkhuh zh ohw c lqfuhdvh dv q $ 41 Pruh suhflvho|/ zh ohw c @ qB/ dqg vhohfw � vr wkdw

u . 5

5u+v� 6,
? � ?

u

9 . ;u
> +56,

zkhuh u lv jlyhq e| wkh prphqw frqglwlrq iru +%|,/ l1h1/ Hn%|no ? 4 iru vrph u A ;
dv jlyhq lq Dvvxpswlrq 5161 Lw lv hdv| wr vhh wkdw � vdwlvi|lqj frqglwlrq +56, h{lvwv
iru doo u A ;/ li v � < dv lv dvvxphg lq Dvvxpswlrq 8141 Iru Jdxvvldq DUPD prghov/
Dvvxpswlrqv 516 dqg 814 krog iru dq| �qlwh u dqg v1 Wkhq/ zh pd| fkrrvh dq| � vxfk
wkdw 3 ? � ? 4@;1
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zlwk wkh �uvw vwhs QOV uhvlgxdo ax|1 Wkhq frqvlghu wkh uhjuhvvlrq

|W| @ i+}|> �f, . xW| > +57,

lq sodfh ri +;,1
Wkh h�flhqw hvwlpdwru wkdw zh sursrvh lv wkh QOV hvwlpdwru a�W? ri �f frpsxwhg

iurp wkh wudqviruphg uhjuhvvlrq +57,/ zklfk zh fdoo h�flhqw qrqvwdwlrqdu| qrqolqhdu
ohdvw vtxduhv +HQ0QOV, hvwlpdwru1 Lq lwv prwlydwlrq/ wkh HQ0QOV lv forvho| uhodwhg
wr wkh IP0ROV phwkrg e| Skloolsv dqg Kdqvhq +4<<3, dqg wkh FFU phwkrg e| Sdun
+4<<5,/ zklfk erwk |lhog h�flhqw hvwlpdwhv iru wkh frh�flhqwv lq wkh olqhdu frlqwh0
judwlqj uhjuhvvlrq1 Mxvw dv iru wkh IP0ROV dqg FFU phwkrgv/ wkh HQ0QOV fruuhfwv
wkh orqj0uxq ghshqghqf| ehwzhhq wkh uhjuhvvlrq huuruv dqg wkh lqqrydwlrqv ri wkh
lqwhjudwhg uhjuhvvruv1 Krzhyhu/ wkh HQ0QOV dfklhyhv wkh jrdo zkloh pdlqwdlqlqj wkh
pduwlqjdoh gl�huhqfh frqglwlrq rq wkh uhjuhvvlrq huuruv1 Wkh odwwhu frqglwlrq lv pruh
lpsruwdqw iru qrqolqhdu qrqvwdwlrqdu| uhjuhvvlrqv/ lq frqwudvw wr olqhdu frlqwhjudwlqj
uhjuhvvlrqv zkhuh zh pd| doorz iru pruh jhqhudo huuru surfhvvhv lq IP0ROV dqg
FFU uhjuhvvlrqv1

Wkhruhp 815 ehorz suhvhqwv wkh olplw wkhru| iru wkh HQ0QOV hvwlpdwru a�W?1 Ohw
a�W? @ +a�W�? >

a�W�? ,
� dqg gh�qh a�?W� dqg a�?WM vlploduo| dv ehiruh1 Uhfdoo wkdw zh dvvxph

wkhuh duh qr vwdwlrqdu| uhjuhvvruv lq wkh uhjuhvvlrq1 Dovr/ gh�qh
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815 Wkhruhp Xqghu Dvvxpswlrqv 514 ~ 517 dqg 814/ zh kdyh
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Dv|pswrwlf yduldqfhv duh vhhq wr eh uhgxfhg iru wkh HQ0QOV hvwlpdwhv ri wkh
sdudphwhuv lq wkh lqwhjudeoh ixqfwlrqv ri lqwhjudwhg uhjuhvvruv1 Vwulfw yduldqfh uhgxf0
wlrq rffxuv zkhqhyhu wkh uhjuhvvlrq huuruv duh fruuhodwhg zlwk wkh ixwxuh ru sdvw dv
zhoo dv wkh suhvhqw ydoxhv ri wkh lqqrydwlrqv ri wkh lqwhjudwhg uhjuhvvruv1 Zh kdyh
vlplodu uhgxfwlrqv lq wkh dv|pswrwlf yduldqfhv ri wkh HQ0QOV hvwlpdwruv iru wkh wlph
wuhqg frh�flhqwv dqg wkh sdudphwhuv lq wkh dv|pswrwlfdoo| krprjhqhrxv ixqfwlrqv
ri lqwhjudwhg uhjuhvvruv1 Lq sduwlfxodu/ wkh hvwlpdwruv kdyh olplw glvwulexwlrqv wkdw
duh xqeldvhg dqg pl{hg qrupdo1 Wkhlu dv|pswrwlf eldv dqg qrq0qrupdolw| duh wkxv
uhpryhg e| wkh HQ0QOV phwkrg1 Wklv/ lq sduwlfxodu/ lpsolhv wkdw wkh xvxdo w0 dqg
fkl0vtxduh whvwv duh qrz srvvleoh iru doo sdudphwhuv xvlqj wkhvh HQ0QOV hvwlpdwruv1

Wkhuh duh rwkhu zd|v ri rewdlqlqj dv|pswrwlfdoo| h�flhqw hvwlpdwruv iru wkh sd0
udphwhuv lq wkh qrqolqhdu uhjuhvvlrq +;,1 Lw lv lqghhg hdv| wr vhh wkdw zh zrxog jhw
dq hvwlpdwru zklfk lv dv|pswrwlfdoo| htxlydohqw wr wkh HQ0QOV hvwlpdwru li zh zhuh
wr �w wkh qrqolqhdu uhjuhvvlrq

|| @ i+}|> �f, . a%��c|n��f . h| +58,

Qrwh wkdw zh pd| vhw h| � xW| zlwk �f @ 	3�00 �0�/ vlqfh x| @ a%��c|n��f . h|1 Krzhyhu/
�wwlqj +58, lqyroyhv wkh hvwlpdwlrq ri d qrqolqhdu uhjuhvvlrq zlwk dq dgglwlrqdo uh0
juhvvru/ dqg vhhpv ohvv suhihudeoh wr HQ0QOV zklfk gluhfwo| fruuhfwv wkh uhjuhvvdqg1
Lw lv dovr srvvleoh/ dw ohdvw wkhruhwlfdoo|/ wr jhw dq dv|pswrwlfdoo| h�flhqw hvwlpdwru
e| lqfoxglqj ohdgv dqg odjv ri 7{| lq wkh uhjuhvvlrq +dv lq Skloolsv dqg Oruhwdq/ 4<<4/
Vdlnnrqhq/ 4<<4/ dqg Vwrfn dqg Zdwvrq/ 4<<6,1 Vxfk d vfkhph/ krzhyhu/ uhtxluhv
wkdw wkh qxpehu ri lqfoxghg ohdgv dqg odjv ri7{| lqfuhdvhv dv wkh vdpsoh vl}h q $ 41
Wklv pdnhv lw qhfhvvdu| wr hvwlpdwh odujh glphqvlrqdo qrqolqhdu uhjuhvvlrqv/ zklfk
vhhpv xqghvludeoh dqg lpsudfwlfdo hvshfldoo| zkhq wkh vdpsoh vl}h lv odujh1

S� 5�4�*@|�L?t

Wklv vhfwlrq lqyhvwljdwhv wkh �qlwh vdpsoh shuirupdqfh ri wkh QOV dqg wkh HQ0QOV
hvwlpdwruv lq d vshfl�f qrqolqhdu uhjuhvvlrq prgho1 Zh fkrrvh wkh iroorzlqj dggl0
wlyh qrqolqhdu prgho wkdw frpelqhv erwk lqwhjudeoh dqg dv|pswrwlfdoo| krprjhqhrxv
ixqfwlrqv/ wkhuhe| kdylqj vrph ri wkh hohphqwv ri rxu jhqhudo wkhru|1 Wkh prgho kdv
wkh irup
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zkhuh +%f|,> +%�|, dqg +%2|, duh gudzq iurp lqghshqghqw Q+3> �2, glvwulexwlrqv zlwk
�2 @ 3=421 Wkh wuxh ydoxhv ri wkh sdudphwhuv duh vhw dw �f @ 3> �f� @ 4 dqg �f2 @ 31

E| frqvwuxfwlrq/ wkh uhjuhvvlrq huuru x| lv d pduwlqjdoh gl�huhqfh vhtxhqfh dqg lv
dv|pswrwlfdoo| fruuhodwhg zlwk wkh lqqrydwlrqv wkdw jhqhudwh wkh lqwhjudwhg surfhvvhv
{|1 Wkh Jdxvvldq ixqfwlrq h{s+���{

2
�|, dsshdulqj lq wkh vlpxodwlrq prgho +59, eh0

orqjv wr wkh L0uhjxodu fodvv1 Wkh orjlvwlf ixqfwlrq �2@+4 . h3%2|, lq wkh prgho lv
dv|pswrwlfdoo| krprjhqhrxv zlwk dv|pswrwlf rughu 4 dqg zlwk olplw krprjhqhrxv
ixqfwlrq �24i{2 � 3j dqg lw ehorqjv wr wkh K0uhjxodu fodvv1 Dv vkrzq lq Wkhruhp
715/ wkh QOV hvwlpdwru iru wkh sdudphwhu �� lqvlgh wkh lqwhjudeoh ixqfwlrq frqyhujhv
dw d vorzhu udwh q�*e wr d pl{hg qrupdo glvwulexwlrq/ hyhq zkhq wkh fruuhvsrqglqj lq0
whjudwhg surfhvv {�| lv dv|pswrwlfdoo| fruuhodwhg zlwk wkh uhjuhvvlrq huuru1 Krzhyhu/
gxh wr wkh dv|pswrwlf fruuhodwlrq ri x| dqg {2|/ wkh QOV hvwlpdwru iru wkh frqvwdqw
whup � dqg wkh frh�flhqw �2 rq wkh orjlvwlf ixqfwlrq frqyhujh dw wkh udwh

s
q wr

qrq0Jdxvvldq olplw glvwulexwlrqv/ zklfk duh eldvhg1
Dv vkrzq lq Wkhruhp 815/ wkh olplw glvwulexwlrqv ri wkh HQ0QOV hvwlpdwruv iru �

dqg �2/ dv zhoo dv wkdw iru ��/ duh phdq0}hur pl{hg qrupdo1 Pruhryhu/ wkh HQ0QOV
hvwlpdwruv iru doo wkuhh sdudphwhuv �> �� dqg �2 kdyh uhgxfhg yduldqfhv/ frpsduhg
zlwk wkh QOV hvwlpdwruv1 Pruh suhflvho|/ iru wkh GJS xvhg iru rxu vlpxodwlrq/
zh kdyh �2 @ 3=42 dqg �2W @ 3=42@51 Wklv lpsolhv wkdw wkh yduldqfh ri wkh huuruv
lq wkh wudqviruphg uhjuhvvlrq +57, lv rqh0kdoi lq pdjqlwxgh ri wkdw lq wkh ruljlqdo
uhjuhvvlrq +;,1 Wkh xwlol}dwlrq ri wkh lqirupdwlrq rq wkh suhvhqfh ri wkh xqlw urrw lq
wkh uhjuhvvruv pd| wkxv uhgxfh wkh huuru yduldqfh lq kdoi1

Lq wkh vlpxodwlrq/ wkh vdpsohv ri vl}hv 583 dqg 833 duh gudzq 8333 wlphv wr
hvwlpdwh wkh QOV dqg HQ0QOV hvwlpdwruv dqg w0vwdwlvwlfv edvhg rq wkhvh hvwlpdwruv1
Iru wkh frqvwuxfwlrq ri wkh HQ0QOV fruuhfwlrq whupv/ zh xvh rqh0shulrg dkhdg �wwhg
lqqrydwlrqv a%�c|n�/ zklfk lv rewdlqhg iurp wkh c0wk rughu yhfwru dxwruhjuhvvlrqv ri y|
zlwk c @ 4> 5/ uhvshfwlyho| iru q @ 583 dqg q @ 8331 Iru wkh qrqolqhdu hvwlpdwlrq/
zh xvh wkh JDXVV Rswlpl}dwlrq urxwlqh dqg wkh Jdxvv0Qhzwrq dojrulwkp1 Wkh
vlpxodwlrq uhvxowv duh vxppdul}hg lq Iljxuhv 4~61 Iljxuhv 4 dqg 5 suhvhqw wkh ghqvlw|
hvwlpdwhv iru wkh QOV dqg HQ0QOV hvwlpdwruv iru vdpsoh vl}hv q @ 583 dqg q @ 833/
uhvshfwlyho|1 Wkh hvwlpdwruv duh vfdohg zlwk wkhlu uhvshfwlyh frqyhujhqfh udwhv/ dqg
wkh ghqvlw| hvwlpdwhv iru wkh vfdohg hvwlpdwruv duh lqfoxghg dovr lq Iljxuhv 4 dqg 51

Wkh �qlwh vdpsoh shuirupdqfhv ri wkh QOV dqg wkh HQ0QOV hvwlpdwruv duh pxfk
dv zrxog eh h{shfwhg iurp wkh olplw wkhru|1 Dv fdq eh vhhq iurp Iljxuhv 4 dqg 5/
wkh vdpsolqj glvwulexwlrqv ri wkh hvwlpdwruv zhoo uh�hfw wkhlu wkhruhwlfdo frqyhujhqfh
udwhv1 Wkh hvwlpdwruv iru wkh sdudphwhu �� lqvlgh wkh lqwhjudeoh ixqfwlrq frqyhujh
vorzhu wkdq wkh hvwlpdwruv iru wkh lqwhufhsw � dqg wkh frh�flhqw �2 rq wkh orjlvwlf
ixqfwlrq1 Dv h{shfwhg/ wkh �qlwh vdpsoh glvwulexwlrq ri wkh QOV hvwlpdwru iru �� lv
v|pphwulf dqg zhoo fhqwhuhg1 Krzhyhu/ wkrvh iru � dqg �2 duh vnhzhg dqg vx�hu iurp
eldv wkdw grhv qrw vhhp wr ydqlvk dv wkh vdpsoh vl}h lqfuhdvhv1 Rq wkh rwkhu kdqg/ wkh
hpslulfdo glvwulexwlrqv ri wkh HQ0QOV iru � dqg �2 dv zhoo dv iru �� duh doo v|pphwulf
dqg qrwlfhdeo| pruh frqfhqwudwhg durxqg }hur erwk lq wkh vpdoo dqg odujh vdpsohv1
Rxu HQ0QOV hvwlpdwruv wkxv vhhp pruh h�flhqw wkdq wkhlu QOV frxqwhusduwv1
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Wkh vdpsolqj ehkdylru ri wkh w0vwdwlvwlfv edvhg rq wkh QOV dqg HQ0QOV hvwlpd0
wruv dovr fruurerudwh rxu olplw wkhru|1 Dv fdq eh vhhq fohduo| iurp Iljxuh 6/ wkh �qlwh
vdpsoh glvwulexwlrqv ri wkh w0vwdwlvwlfv edvhg rq wkh QOV hvwlpdwruv iru � dqg �2 duh
qrwlfhdeo| eldvhg/ zkloh wkrvh edvhg rq wkh QOV hvwlpdwruv iru �� duh v|pphwulf dqg
zhoo fhqwhuhg/ uhdvrqdeo| zhoo dssur{lpdwlqj wkhlu olplw Q+3> 4, glvwulexwlrq1 Wklv
lv dv h{shfwhg iurp wkh olplw wkhru| ri wkh QOV hvwlpdwruv1 Rq wkh rwkhu kdqg/
wkh vdpsolqj glvwulexwlrqv ri wkh w0vwdwlvwlfv edvhg rq doo ri wkh HQ0QOV hvwlpdwruv
dssur{lpdwh forvho| wkhlu olplw Q+3> 4, glvwulexwlrq/ dqg wkh dssur{lpdwlrq ehfrphv
hyhq forvhu dv wkh vdpsoh vl}h lqfuhdvhv1 Wklv lqglfdwhv wkdw rxu HQ0QOV fruuhfwlrq
zrunv lq qrqvwdwlrqdu| qrqolqhdu uhjuhvvlrqv/ zklfk lq wxuq lpsolhv wkdw zh fdq frq0
gxfw frqyhqwlrqdo k|srwkhvlv whvwlqj xvlqj vwdwlvwlfv/ vxfk dv w0vwdwlvwlfv ru "2 whvwv/
frqvwuxfwhg iurp wkh HQ0QOV hvwlpdwruv1

.� �L?U*�t�L?t

Wklv sdshu ghyhorsv dq dv|pswrwlf wkhru| ri uhjuhvvlrq iru prghov zlwk ghwhuplqlvwlf
wuhqgv/ vwdwlrqdu| uhjuhvvruv/ dqg qrqvwdwlrqdu| lqwhjudwhg uhjuhvvruv1 Lq pdq| uh0
vshfwv/ wklv zrun frqwlqxhv wkh surjudp ri uhvhdufk wkdw vwduwhg zlwk wkh Skloolsv dqg
Gxuodxi +4<;9, vwxg| ri pxowlsoh uhjuhvvlrqv zlwk lqwhjudwhg wlph vhulhv1 Rqh ri wkh
frqfoxvlrqv ri wkhlu vwxg| zdv wkdw zkloh ohdvw vtxduhv uhjuhvvlrq lq prghov zlwk qrq0
vwdwlrqdu| uhjuhvvruv surgxfhv frqvlvwhqw hvwlpdwhv/ dqg dw wkh idvwhu RR+q

3�, udwh
wkdq lq prghov zlwk vwdwlrqdu| uhjuhvvruv/ wkh olplw glvwulexwlrq wkhru| lv qrqqrupdo
dqg vwdqgdug whvwv qr orqjhu w|slfdoo| |lhog dv|pswrwlf "2 fulwhuld1 Wkh suhvhqw sd0
shu vkrzv wkdw/ zkhq wkh prghov duh qrqolqhdu/ ohdvw vtxduhv uhjuhvvlrq frqwlqxhv wr
eh frqvlvwhqw/ exw wkh udwhv ri frqyhujhqfh fdq eh vorzhu dv zhoo dv idvwhu wkdq wkh
frqyhqwlrqdo RR+q

3�*2, udwh ri vwdwlrqdu| wlph vhulhv uhjuhvvlrq1 Wkxv/ wkh qdwxuh ri
wkh qrqolqhdulw| sod|v d pdmru uroh lq wkh dv|pswrwlf wkhru|/ vrphwlphv dwwhqxdwlqj
wkh vljqdo dqg vrphwlphv vwuhqjwkhqlqj wkh vljqdo iurp d qrqvwdwlrqdu| uhjuhvvru1
Pruhryhu/ dv lq wkh olqhdu wkhru|/ ohdvw vtxduhv uhjuhvvlrq |lhogv hvwlpdwruv wkdw duh
jhqhudoo| lqh�flhqw dqg surgxfh lqydolg vwdwlvwlfdo whvwv1 Wkh qh{w vwhs iruzdug iurp
wkh Skloolsv0Gxuodxi uhjuhvvlrq wkhru| zdv wkh ghyhorsphqw ri prgl�hg olqhdu uhjuhv0
vlrqv wkdw surgxfhg h�flhqw hvwlpdwhv dqg dv|pswrwlf "2 whvw fulwhuld1 Wkdw vwhs
zdv wdnhq lq wkh zrun ri Skloolsv dqg Kdqvhq +4<<3, dqg Sdun +4<<5, zlwk ixoo|
prgl�hg ohdvw vtxduhv uhjuhvvlrq dqg FFU hvwlpdwlrq/ dqg lw kdv kdg pdq| hpslu0
lfdo dssolfdwlrqv1 Wkh suhvhqw sdshu sursrvhv d uhodwhg phwkrgrorj| iru qrqolqhdu
uhjuhvvlrq/ ohdglqj wr wkh HQ0QOV hvwlpdwru glvfxvvhg lq Vhfwlrq 81 Wkh dssurdfk lv
vlpsoh wr lpsohphqw/ surgxfhv h�flhqw hvwlpdwhv dqg ohdgv wr whvw vwdwlvwlfv wkdw duh
dv|pswrwlfdo "2 whvw fulwhuld1

Wkh dqdo|wlf iudphzrun ri Skloolsv dqg Gxuodxi +4<;9, dovr pdgh khdgzd| e| do0
orzlqj iru wkh qrqsdudphwulf wuhdwphqw ri zhdn ghshqghqfh lq wkh uhjuhvvlrq huuruv1
Wkh wkhru| zdv wkhuhiruh dssolfdeoh lq wkh frqwh{w ri txlwh jhqhudo frlqwhjudwlqj uh0
juhvvlrqv zlwk vwdwlrqdu| huuruv1 Wkh suhvhqw wkhru| iru wkh qrqolqhdu fdvh lv pruh
gholplwhg1 Rxu dqdo|wlf iudphzrun doorzv iru pduwlqjdoh gl�huhqfh uhjuhvvlrq huuruv
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dqg lv wkhuhiruh pruh gluhfwo| vxlwhg wr wkh hvwlpdwlrq ri qrqolqhdu htxdwlrqv wkdw
dulvh iurp wkh vroxwlrq ri udwlrqdo h{shfwdwlrqv ru g|qdplf vwrfkdvwlf jhqhudo htxlole0
ulxp prghov1 Lq vxfk fdvhv/ lw lv pruh qdwxudo wr wdnh wkh lqqrydwlrqv rq dq h�flhqw
pdfurhfrqrplf htxloleulxp/ iru h{dpsoh/ wr eh pduwlqjdoh gl�huhqfhv1 H{whqvlrqv
ri rxu wkhru| wr dffrpprgdwh wkh pruh jhqhudo frqwh{w ri eurdg hpslulfdo uhodwlrq0
vklsv ehwzhhq wlph vhulhv yduldeohv wkdw pryh wrjhwkhu ryhu wlph/ exw srvvleo| lq d
qrqolqhdu pdqqhu/ lv lpsruwdqw dqg lw lv dq rqjrlqj duhd ri uhvhdufk iru wkh dxwkruv1

H� �@|�i4@|�U@* �hLLut

;14 Surri ri Ohppd 614

Lq wkh surriv ri sduwv +h,/ +i,/ +j,/ +k,/ +m, dqg +n,/ zh dvvxph wkdw d� dqg e� duh
vfdodu0ydoxhg1 Wkh surriv iru wkh yhfwru0ydoxhg d� dqg e� fdq eh grqh vlpso| e|
orrnlqj dw hdfk frpsrqhqw ri wkhp vhsdudwho|1

Surriv ri +d,0+g, Wkh surriv duh lq Sdun dqg Skloolsv +4<<<,1 Iru +f,/ zh pxvw
vkrz wkdw Z� lv lqghshqghqw ri Y�/ m 9@ l/ dv zhoo dv ri Y�1 Wklv/ krzhyhu/ lv vwudljkw0
iruzdug iurp wkhlu ghulydwlrq1

Surri ri +h, Xqghu Dvvxpswlrq 514+f,/ zh kdyh

Hnz|no ? 4>

dv lv zhoo nqrzq1 Ohw f? @ qB zlwk vrph � vxfk wkdw 4@7 ? � ? 4@7+v� 4,/ dqg zulwh

4

q�*e

?[
|'�

d�+{�|,z| @
4

q�*e

?[
|'�

d�+{�|,z| 4inz|n�f?j

.
4

q�*e

?[
|'�

d�+{�|,z| 4inz|nAf?j= +5:,

Zh kdyh

4

q�*e

?[
|'�

nd�+{�|,z|n 4inz|n�f?j � f?
e
s
q

4s
q

?[
|'�

md�+{�|,m $R 3> +5;,

vlqfh � ? 4@71 Pruhryhu/

4

q�*e

?[
|'�

nd�+{�|,z|n 4inz|nAf?j � nd�n 4

q�*e

?[
|'�

nz|n4inz|nAf?j

� e
s
q

vxs
�$|$?

nz|no

fo3�?
$ 3> +5<,

vlqfh � A 4@7+u � 4,1 Wkh vwdwhg uhvxow iroorzv lpphgldwho| iurp +5;, dqg +5<,/ gxh
wr +5:,1
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Surri ri +i, Iluvw dvvxph wkdw k� lv gl�huhqwldeoh zlwk orfdoo| erxqghg ghulydwlyh
bk�/ dqg gh�qh

N� @

�
plq
f$o$�

Y�+u,� 4> pd{
f$o$�

Y�+u, . 4

�
= +63,

Zh kdyh
4

q

?[
|'�

e?�+{�|,z| @
4

q

?[
|'�

k�

�
{�|s
q

�
z| . rR+4,> +64,

dv vkrzq lq Sdun dqg Skloolsv +4<<;,1 Dovr/ li zh ohw

P? @
4

q

?[
|'�

k�

�
{�c|3�s

q

�
z|>

wkhq lw iroorzv wkdw
4

q

?[
|'�

k�

�
{�|s
q

�
z| @ P? . rR+4,> +65,

vlqfh

4

q

?[
|'�

����
�
k�

�
{�|s
q

�
�k�

�
{�c|3�s

q

��
z|

���� � 4s
q

��� bk����
g�

4

q

?[
|'�

ny�|z|n $R 3>

dv q $ 41
Gxh wr +64, dqg +65,/ lw vx�fhv wr vkrz

P? $R 3 +66,

wr hvwdeolvk wkh vwdwhg uhvxow1 Wr suryh +66,/ zh ohw

z| @ �+4, �| . + �z|3�� �z|, >

dv lq Skloolsv dqg Vror +4<<5,/ dqg zulwh P? @ D? .E? zlwk

D? @ �+4,
4

q

?[
|'�

k�

�
{�c|3�s

q

�
�|

E? @
4

q

?[
|'�

k�

�
{�c|3�s

q

�
+ �z|3�� �z|,

@
4

q

?[
|'�

�
k�

�
{�|s
q

�
�k�

�
{�c|3�s

q

��
�z| � 4

q
k�

�
{�?s
q

�
�z?=

Lw iroorzv gluhfwo| iurp Sdun dqg Skloolsv +4<<;, wkdw D? $R 31 Pruhryhu/ lw lv qrw
gl�fxow wr vhh wkdw E? $R 3/ vlqfh

4

q

?[
|'�

����
�
k�

�
{�|s
q

�
�k�

�
{�c|3�s

q

��
�z|

���� � 4s
q

��� bk����
g�

4

q

?[
|'�

ny�| �z|n $R 3>
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dqg
4

q

����k�
�
{�?s
q

�
�z?

���� � nk�ng�

4

q
n �z?n $R 3=

Wkh uhvxow lq +66, lv wkhuhiruh suryhg1
Qh{w/ zh vkrz wkdw +64, ~ +66, krog iru k�+{, @ 4i{ � 3j1 Fohduo|/ wkh vwdwhg

uhvxow zrxog wkhq iroorz iru slhfhzlvh gl�huhqwldeoh ixqfwlrqv zlwk orfdoo| erxqghg
vxssruw1 Lw iroorzv iurp Sdun dqg Skloolsv +4<<;, wkdw +64, krogv1 Wr ghgxfh +65,/ lw
vx�fhv wr vkrz wkdw U? $R 3/ zkhuh

U? @
4

q

?[
|'�

4i{�| � 3> {�c|3� ? 3j. 4i{�| ? 3> {�c|3� � 3j=

Wklv lv ehfdxvh

4

q

?[
|'�

����
�
k�

�
{�|s
q

�
�k�

�
{�c|3�s

q

��
z|

����
�

#
4

q

?[
|'�

����k�
�
{�|s
q

�
�k�

�
{�c|3�s

q

�����2
$�*2#

4

q

?[
|'�

nz|n2
$�*2

>

e| Fdxfk|0Vfkzdu}/ dqg +4@q,
S?

|'� nz|n2 @ RR+4,1
Wr vkrz U? $R 3/ zh ohw f? @ q3B iru vrph 3 ? � ? 4@5/ dqg erxqg U? e|

U? � V? . W?/ zkhuh

V? @
4

q

?[
|'�

4

�����{�c|3�s
q

���� ? f?

�
dqg W? @

4

q

?[
|'�

4

����� y�|s
q

���� � f?

�
>

vlqfh/ li my�|m ? f?
s
q/ {�| fdq fkdqjh vljq iurp {�c|3� rqo| zkhq m{�c|3�m ? f?

s
q1

Qrwh wkdw

V? @_

] �

f
4 imY?�+u,m�f?j gu

@

] �

f
4 imY�+u,m�f?j gu . rR+4, $R 3>

gxh/ lq sduwlfxodu/ wr Ohppd 518+e, lq Sdun dqg Skloolsv +4<<<,1 Pruhryhu/

H mW?m � 4

q

?[
|'�

Su

����� y�|s
q

���� � f?

�
�

vxs
�$|$?

Hmy�|m
f?
s
q

$ 3>

vlqfh f?
s
q $ 41

Ilqdoo|/ zh vkrz wkdw D?>E? $R 3 wr ghgxfh +66, iru k�+{, @ 4i{ � 3j1 Wkdw
D? $R 3 iroorzv gluhfwo| iurp Sdun dqg Skloolsv +4<<;,1 Lw lv dovr qrw gl�fxow wr vhh
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wkdw E? $R 31 Zh wkhq kdyh/ e| Fdxfk|0Vfkzdu}

4

q

?[
|'�

����
�
k�

�
{�|s
q

�
�k�

�
{�c|3�s

q

��
�z|

����
�

#
4

q

?[
|'�

����k�
�
{�|s
q

�
�k�

�
{�c|3�s

q

�����2
$�*2#

4

q

?[
|'�

n �z|n2
$�*2

>

zklfk/ wrjhwkhu zlwk U? $R 3/ lpsolhv wkdw wkh �uvw whup ri E? frqyhujhv lq sured0
elolw| wr }hur1 Qrwh wkdw Hn �z|n2 ? 4 xqghu Dvvxpswlrqv 514 dqg 515/ dqg zh kdyh
+4@q,

S?
|'� n �z|n2 @ RR+4,1 Reylrxvo|/ wkh vhfrqg whup ri E? lv ri rughu rR+4, vlqfh

k�+{, @ 4i{ � 3j lv erxqghg1

Surri ri +j, Wklv lv lpphgldwh vlqfh

4s
q

?[
|'�

ng?|d�+{�|,n �
�
vxs
?D�

vxs
�$|$?

ng?|n
�

4s
q

?[
|'�

md�+{�|,m>

gxh wr Dvvxpswlrq 5171

Surri ri +k, Zh kdyh

4

q

?[
|'�

g?|e?�+{�|, @
4

q

?[
|'�

g?|k�

�
{�|s
q

�
. rR+4,>

zklfk iroorzv hdvlo| iurp wkh surri ri Sdun dqg Skloolsv +4<<<,/ vlqfh vxs�$|$? ng?|n
? 41 Pruhryhu/ zh kdyh

4

q

?[
|'�

g?|k�

�
{�|s
q

�
@

] �

f
g+u,k�+Y?�+u,,gu . rR+4,>

ehfdxvh g? frqyhujhv lq O21 Wkh vwdwhg uhvxow qrz iroorzv lpphgldwho| iurp wkh
frqwlqxrxv pdsslqj wkhruhp1

Surri ri +l, dqg +c, Wkh surriv duh lq Sdun dqg Skloolsv +4<<;,1

Surri ri +m, Wkh surri khdylo| uholhv rq wkh uhvxowv lq wkh surri ri Wkhruhp 814 lq
Sdun dqg Skloolsv +4<<;,/ zklfk zloo vlpso| eh uhihuuhg wr SS lq zkdw iroorzv1 Ohw
�? dqg �? eh jlyhq dv lq SS/ dqg ghqrwh e| d?� wkh vlpsoh ixqfwlrq dssur{lpdwlqj
d� ryhu wkh wuxqfdwhg vxssruw ^��?> �?,/ l1h1/

d?�+{, @
V?3�[
&'3V?

d�+n�?,4in�? � { ? +n.4,�?j=
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Zh pd| hdvlo| ghgxfh

4s
q

?[
|'�

d�+{�|,d�+{�|, @_

s
q

] �

f
d�+

s
qY?�+u,,d�+

s
qY?�, gu

@
s
q

] �

f
d?�+

s
qY?�+u,,d?�+

s
qY?�,gu . rR+4,> +67,

dv lq +64,~+66, ri SS/ vlqfh d� dqg d� duh erwk erxqghg1
Wr vlpsoli| qrwdwlrq lq wkh vxevhtxhqw ghulydwlrq ri rxu uhvxow/ zh pdnh wkh

frqyhqwlrq m U 4+D, � U
4+E,m @ U m4+D, � 4+E,m iru lqglfdwruv 4+D, dqg 4+E, rq D

dqg E1 Doo wkh dssur{lpdwlrq uhvxowv rq wkh lqwhjudov ri lqglfdwruv lq SS/ zklfk duh
lq wxuq edvhg rq Dnrqrp +4<<6,/ krog lq wkh vhqvh ri

U m4+D,� 4+E,m dv zhoo dv wkdw
ri m U 4+D,� U

4+E,m1 Li zh ohw

Q?�+n> �?, @

] �

f
4in�?�

s
qY?�+u,?+n.4,�?j

Q?+n> c> �?, @

] �

f
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s
qY?�+u,?+n.4,�?j4ic�?�

s
qY?�+u,?+c.4,�?j gu>

wkhq zh kdyh

mQ?+n> c> �?,�Q?+3> 3> �?,m � mQ?�+n> �?,�Q?�+3> �?,m�*2Q?�+c> �?,
�*2

.Q?�+3> �?,
�*2 mQ?�+c> �?,�Q?�+3> �?,m�*2 > +68,

gxh wr rxu frqyhqwlrq1 Pruhryhu/ li zh gh�qh
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f
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s
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wkhq lw iroorzv wkdw

mQ?+3> 3> �?,�Q+3> 3> �?,m � mQ?�+3> �?,�Q�+3> �?,m�*2Q?�+3> �?,
�*2

.Q�+3> �?,
�*2 mQ?�+3> �?,�Q�+3> �?,m�*2 > +69,

xqghu wkh frqyhqwlrq1
Lw lv whglrxv/ exw udwkhu vwudljkwiruzdug/ wr vkrz wkdw
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3"

] "

3"
d�+u,d�+v, gu gv

�
+
s
q@�2?,Q?+3> 3> �?, . rR+4,> +6:,
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lq wkh vdph zd| dv +67, dqg wkh �uvw olqh ri +68, lq SS/ xvlqj +68,1
Qrz fkrrvh �? vr wkdw

+
s
q@��?, mQ?�+3> �?,�Q�+3> �?,m @ rR+4,=

Wkhq vlqfh
+
s
q@�?, mQ?�+3> �?,m > +

s
q@�?, mQ�+3> �?,m @ RR+4,>

zh kdyh iurp +69, wkdw

+
s
q@�2?, mQ?+3> 3> �?,�Q+3> 3> �?,m $R 3= +6;,

Krzhyhu/ iru odujh q/

Q+3> 3> �?, � Q+3> 3> 4, @ RR+orjq@q, +6<,

dv vkrzq lq Ndvdkdud dqg Nrwdql +4<:<,1 Wkh vwdwhg uhvxow qrz iroorzv hdvlo| iurp
+67,/ +6:,/ +6;, dqg +6<,1

Surri ri +n, Ohw N� eh gh�qhg dv lq wkh surri ri +i,/ dqg qrwh wkdw

4s
q

?[
|'�

md�+{�|,e?�+{�|,m @
4s
q

?[
|'�

md�+{�|,m
����k�

�
{�|s
q

�����. rR+4,

� nk�ng�

4s
q

?[
|'�

md�+{�|,m. rR+4, @ RR+4,>

dv zdv wr eh vkrzq1

;15 Surri ri Ohppd 714

Vhh Wkhruhp ;14 ri Zrrogulgjh +4<<7,1

;16 Surri ri Wkhruhp 715

Zh rqo| qhhg wr suryh wkdw wkh frqglwlrq lq Ohppd 714+g, krogv1 Wkh frqglwlrqv
+d,~+f, duh hdv| wr vkrz/ jlyhq wkh uhvxowv lq Ohppd 6141 Wkh vwdwhg dv|pswrwlf
glvwulexwlrqv wkhq iroorz lpphgldwho| iurp Ohppd 614 dqg Ohppd 7141

Ohw %� eh jlyhq e| Dvvxpswlrq K+d, li t� vdwlv�hv wkh frqglwlrq wkhuh/ dqg ohw
rwkhuzlvh lw eh dq| qxpehu vdwlvi|lqj 3 ? %� ? 4@5/ iru l @ 4> = = = >p1 Vxevhtxhqwo|/
zh gh�qh % @ plq+%�> = = = > %6, dqg � wr eh d qxpehu vxfk wkdw 3 ? � ? %@91 Lw lv
vkrzq lq Sdun dqg Skloolsv +4<<;/ surri ri Ohppd 916, wkdw

?[
�'�

���3��? bt�+{�|> �
f
� ,
��2 @ RR+4,

q0 vxs
wMX?

?[
|'�

��+�?� 
 �?�,
3��t�+{�|> ��,

��2 @ rR+4,> +73,
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dqg wkdw/ gxh wr Fdxfk|0Vfkzdu}/

q0*2 vxs
wMX?

?[
|'�

���3�?� bt�+{�|> �
f
� ,
����+�?� 
 �?�,

3��t�+{�|> ��,
�� @ rR+4,= +74,

Ixuwkhupruh/ vlqfh

?[
|'�

���q3�*2�3�?_g|���2 @ R+4, dqg
?[
|'�

���q3�*2z|

���2 @ RR+4,>

zh pd| hdvlo| ghgxfh wkdw

q0*2 vxs
wMX?

?[
|'�

���q3�*2z|

�����+�?� 
 �?�,
3��t�+{�|> ��,

�� @ rR+4, +75,

q0*2 vxs
wMX?

?[
|'�

���q3�*2�3�?_g|�����+�?� 
 �?�,
3��t�+{�|> ��,

�� @ rR+4,> +76,

e| vlpsoh dssolfdwlrqv ri Fdxfk|0Vfkzdu}1
Zh qrz ohw

�T?+�,� �T?+�f, @ +U?�+�, .U?�+�,
�, .U?2+�, .U?�+�, .U?e+�,

zkhuh

U?�+�, @
?[
|'�

bi+}|> �f,
�
bi+}|> �,� bi+}|> �f,

��

U?2+�, @
?[
|'�

�
bi+}|> �,� bi+}|> �f,

��
bi+}|> �,� bi+}|> �f,

��

U?�+�, @
?[
|'�

�I +}|> �, +i+}|> �,� i+}|> �f,,

U?e+�, @ �
?[
|'�

�
�I +}|> �,� �I +}|> �f,

�
x|

dqg �I +}|> �, @ C2i+}|> �,@C�C�
�1

Li zh gh�qh �T+{|> �, @ C2t+{|> �,@C�C�
� dqg �T�+{�|> ��, @ C2t�+{�|> ��,@C��C�

�
�

vlploduo| dv �I / wkhq zh kdyh

�I +}|> �, @

3
C 3 3 3

3 3 3

3 3 �T+{|> �,

4
D dqg �T+{|> �, @

3
EC

�T�+{�|> ��, 3
1 1 1

3 �T6+{6|> �6,

4
FD =

Lw iroorzv wkdw
G3�
?B

�I +}|> �,G
3�
?B @ q2B�3�?

�T+{|> �,�
3�
? > +77,
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dqg wkdw ����3�?
�T+{|> �,�

3�
?

��� �
6[
�'�

��+�?� 
 �?�,
3��t�+{�|> ��,

�� +78,

����3�?
�T+{|> �,�

3�
?

���2 �
6[
�'�

��+�?� 
 �?�,
3��t�+{�|> ��,

��2 = +79,

Khuh zh xvh wkh idfw wkdw nDn2 � wu +D�D, � n yhf Dn2 iru dq| vtxduh pdwul{ D/ dqg
wkdw nDn � S6

�'� nD�n iru D @ gldj +D�> = = = > D6, zlwk dq| vtxduh pdwulfhv D�1
Zh zdqw wr vkrz

vxs
wMX?

��G3�
?B U?&+�,G

3�
?B

�� $R 3> +7:,

iru n @ 4> = = = > 71 Wr hvwdeolvk +7:, iru n @ 4/ zh qrwh wkdw

��G3�
?B U?�+�,G

3�
?B

�� �
?[
|'�

���G3�
?B

bi+}|> �f,
������G3�

?B
�I +}|> ��,G

3�
?B

��� >
iru doo � 5 �?/ zkhuh �� lv rq wkh olqh vhjphqw frqqhfwlqj � dqg �f/ dqg wkdw

���G3�
?B

bi+}|> �f,
��� � qB

#���q3�*2�3�?_g|���.
���q3�*2z|

���.
6[
�'�

���3�?� bt�+{�|> �
f
� ,
��$ =

Wkhuhiruh/ +7:, iroorzv lpphgldwho| iurp +74,/ +75, dqg +76,/ dorqj zlwk +77, dqg
+78,1

Wr ghgxfh +7:, iru n @ 5/ revhuyh wkdw iru doo � 5 �?

��G3�
?B U?2+�,G

3�
?B

�� �
?[
|'�

���G3�
?B

�I +}|> ��,G
3�
?B

���2 >
zkhuh �� olhv/ dv deryh/ ehwzhhq � dqg �f1 Zh wkhq kdyh +7:, iurp +73,/ +77, dqg +79,1
Wr suryh +7:, iru n @ 6/ zh zulwh

��G3�
?B U?�+�,G

3�
?B

�� �
?[
|'�

���G3�
?B

�I +}|> �,G
3�
?B

��� mi+}|> �,� i+}|> �f,m >

dqg xvh wkh idfw wkdw

mi+}|> �,� i+}|> �f,m � qB

#���q3�*2z|

���.
���q3�*2�3�?_g|���.

6[
�'�

���3�?� bt�+{�|> �
f
� ,
��

.
4

5

6[
�'�

��+�?� 
 �?�,
3��t�+{�|> ���,

��$ >

wrjhwkhu zlwk +74, ~ +78,1 Gxh wr +77,/ wkh uhvxow +7:, iru wkh fdvh n @ 7 iroorzv
lpphgldwho| iurp Sdun dqg Skloolsv +4<<;,1
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;17 Surri ri Fruroodu| 716

Wklv lv reylrxv iurp wkh surri ri Wkhruhp 715/ dqg lv rplwwhg1

;18 Surri ri Wkhruhp 815

Gh�qh

%�c| @ %| .
"[

&'�n�

�&y|3&

y�c| @ +y�|3�> = = = > y
�
|3�,

�>

dqg
�+c, @ +��> = = = >��,> a�+c, @ +a��> = = = > a��,=

Wkhq/ zh kdyh
a%�c|n� @ %�c|n� � +a�+c,��+c,,y�c|n�=

Iru wkh surri ri wkh pdlq uhvxowv/ zh �uvw qhhg wr vkrz

4s
q

?[
|'�

g?|a%
�
�c|n� @

4s
q

?[
|'�

g?|%
�
|n� . rR+4, +7;,

4
e
s
q

?[
|'�

d�+{�|,a%
�
�c|n� @

4
e
s
q

?[
|'�

d�+{�|,%
�
|n� . rR+4, +7<,

4s
q

?[
|'�

e?�+{�|,a%
�
�c|n� @

4s
q

?[
|'�

e?�+{�|,%
�
|n� . rR+4, +83,

lq wkh qrwdwlrq gh�qhg lq Ohppd 6141
Zh surfhhg e| surylqj d vhw ri whfkqlfdo uhvxowv wkdw duh qhhghg iru wkh surri ri

+7;, ~ +83,1 Wkurxjkrxw wkh surri/ zh dvvxph wkdw Dvvxpswlrqv 514 ~ 517 dqg 814
krog1

Ohppd D4 Ohw c @ r+
s
q,1 Wkhq

���a�+c,��+c,
��� @ RR+c

E�3r�*2, .RR+q
3�*2c�*2,=

Surri ri Ohppd D4 Wkh vwdwhg uhvxow iroorzv iurp Ehun +4<:7/ Htxdwlrq 514:/
sdjh 7<6,1

Ohppd D5 H n%�c| � %|no @ R+c3or*2, iru odujh c1

Surri ri Ohppd D5 Zulwh

%�c| � %| @
"[

&'�n�

�&y|3& @
"[

&'�n�

�&%|3&=
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Zh kdyh/ dv vkrzq lq Ehun +4<:7/ Surri ri Ohppd 5,/

"[
&'�n�

n�&n2 � f
"[

&'�n�

n�&n2>

iru vrph frqvwdqw f1 Krzhyhu/ iru doo p/

H

�����
6[

&'�n�

�&%|3&

�����
o

� fH

#
6[

&'�n�

n�&n2n%|3&n2
$o*2

� f

#
6[

&'�n�

n�&n2
$o*2

Hn%|no

� f

#
"[

&'�n�

m�&m2
$o*2

Hn%|no>

zlwk vrph frqvwdqw f/ e| Exunkroghu*v lqhtxdolw| +Kdoo dqg Kh|gh +4<;3,/ sdjh 56,
dqg Plqnrzvnl*v lqhtxdolw|1 Wkh vwdwhg uhvxow qrz iroorzv lpphgldwho|1

Ohppd D6 +d,
?[
|'�

d�+{�|,y
�
|3& @ RR+q

E�no�*2o, xqlirupo| iru n @ 4> = = = > c1

+e,
?[
|'�

d�+{�|,+%�c|n� � %|n�,
� @ RR+q

E�no�*2oc3r*2,1

Surri ri Ohppd D6 Zh pd| dvvxph wkdw d� lv vfdodu0ydoxhg dv lq wkh surri ri
Ohppd 6141 Ohw h| @ y|3& dqg %�c|n� � %|n� uhvshfwlyho| iru sduwv +d, dqg +e,/ dqg
zulwh

?[
|'�

nd�+{�|,h|n � D? .E?>

zkhuh

D? @ f?

?[
|'�

md�+{�|,m dqg E? @ nd�n
?[
|'�

nh|n4inh|n A f?j>

iru d vhtxhqfh f? ri qxpehuv1 Lw iroorzv gluhfwo| iurp Ohppd 614+d, wkdw D? @
RR+f?

s
q,1 Qrwlfh iru E? wkdw

H+E?, @ nd�n
?[
|'�

Hnh|n4inh|n A f?j

� qnd�nvxs|Hnh|n
o

fo3�?
>

e| Wfkhe|vkhy*v lqhtxdolw|1 Sduw +d, iroorzv lpphgldwho| li zh ohw f? @ q�*2o/ vlqfh
Hny|3&no ? 4 xqlirupo| iru n @ 4> = = = > c1 Iru sduw +e,/ zh vhw f? @ q�*2oc3r*2 dqg
qrwh wkdw Hn%�c|n� � %|n�no @ R+c3or*2, gxh wr Ohppd D51
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Ohppd D7 +d,
?[
|'�

e?�+{�|,y
�
|3& @ RR+q

Een�o�*eE�no�co*2E�no�, xqlirupo| iru n @

4> = = = > c1

+e,
?[
|'�

e?�+{�|,+%�c|n� � %|n�,
� @ RR+qc

3r*2,1

Surri ri Ohppd D7 Dv lq wkh surri ri Ohppd D6/ zh dvvxph wkdw e� lv vfdodu0
ydoxhg1 Lw lv vkrzq lq Sdun dqg Skloolsv +4<<;, wkdw

?[
|'�

e?�+{�|,y|3& @
?[
|'�

k�

�
{�|s
q

�
y|3&+4 . rR+4,,>

xqlirupo| lq n @ 4> = = = > c1 Zh qrz vkrz wkdw

?[
|'�

k�

�
{�|s
q

�
y|3& @

?[
|'�

k�

�
{�|s
q

�
y|n� .RR+q

E�one�*eEon��co*2Eon��,= +84,

Wr ghgxfh +84,/ zh zulwh

?[
|'�

k�

�
{�|s
q

�
y|n� @

?[
|'&n�

k�

�
{�c|3&3�s

q

�
y|3& .

?[
|'?3&

k�

�
{�|s
q

�
y|n�>

zlwk wkh frqyhqwlrq wkdw k+{�f@
s
q, @ 31 Lw iroorzv wkdw

?[
|'�

k�

�
{�|s
q

�
y|n� �

?[
|'&n�

k�

�
{�|s
q

�
y|3&

@
?[

|'?3&

k�

�
{�|s
q

�
y|n� �

?[
|'&n�

�
k�

�
{�|s
q

�
� k�

�
{�c|3&3�s

q

��
y|3&=

Fohduo|/
?[

|'?3&

����k�
�
{�|s
q

�
y|n�

���� � nkng�

?[
|'?3&

ny|n�n @ RR+c,> +85,

xqlirupo| lq n @ 4> = = = > c1
Iru k gl�huhqwldeoh zlwk orfdoo| erxqghg ghulydwlyh/ zh kdyh

?[
|'&n�

����
�
k�

�
{�|s
q

�
� k�

�
{�c|3&3�s

q

��
y|3&

����
� 4s

q
n bk�ng�

?[
|'&n�

3
C &[

�'f

ny|3�n
4
D ny|3&n @ RR+q

�*2c,> +86,

xqlirupo| lq n @ 4> = = = > c1 Qrz +84, iroorzv lpphgldwho| iurp +85, dqg +86,/ vlqfh
c @ R+q�*e,1
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Iru k�+{, @ 4i{ � 3j/ zh vwduw e| orrnlqj dw

4

q

?[
|'�

����
�
k�

�
{�|s
q

�
�k�

�
{�c|3&3�s

q

��
y|3&

����
�

#
4

q

?[
|'�

����k�
�
{�|s
q

�
�k�

�
{�c|3&3�s

q

�����2
$�*2#

4

q

?[
|'�

ny|3&n2
$�*2

= +87,

Vlqfh
S?

|'&n� ny|3&n2 @ RR+q, xqlirupo| lq n @ 4> = = = > c/ zh pd| frqfhqwudwh rq wkh
�uvw whup lq +87,1 Gh�qh

U?& @
4

q

?[
|'&n�

4i{�| � 3> {�c|3&3� ? 3j. 4i{�| ? 3> {�c|3&3� � 3j>

dqg erxqg lw e| V?& . W?&/ zkhuh

V?& @
?[

|'&n�

4

�����{�c|3&3�s
q

���� ? f?

�
dqg W?& @

?[
|'�

4

+�����
S&

�'f y�c|3�s
q

����� � f?

,
=

Zh kdyh

V?& �
?[
|'�

4

����� {�|s
q

���� ? f?

�

@ +qf?,
4

f?

] �

f
4 imY?�+u,m ? f?j @ RR+qf?,=

Pruhryhu/

HW?& @
?[
|'�

Su

+�����
S&

�'f y�c|3�s
q

����� � f?

,
� q�3o*2f3o? H

������
&[

�'f

y�c|3�

������
o

>

dqg e| Plqnrzvnl*v lqhtxdolw|/ zh kdyh

H

������
&[

�'f

y�c|3�

������
o

� coHmy�|mo>

iru doo n @ 4> = = = > c1 Wkh vwdwhg uhvxow lq sduw +d, qrz iroorzv lpphgldwho|/ li zh ohw
f? @ q3o*2Eon��co*Eon��1

Wr vkrz sduw +e,/ zh qrwh wkdw�����
?[
|'�

e?�+{�|,+%�c|n� � %|n�,

����� � ne?�ng�

?[
|'�

n+%�c|n� � %|n�,n>
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iurp zklfk zh pd| hdvlo| ghgxfh wkh vwdwhg uhvxow/ vlqfh ne?�ng�
@ RR+4, dqg

Hn%�c|n� � %|n�n2 @ R+c3r,>

dv vkrzq lq Ohppd D51

Zh pd| qrz vkrz +7;, ~ +83,1 Wr suryh +7;,/ zulwh

a%�c|n� @ %|n� � +%�c|n� � a%�c|n�, . +%�c|n� � %|n�,>

dqg xvh wklv wr uhzulwh +7;, dv

4s
q

?[
|'�

g?|a%
�
�c|n� @

4s
q

?[
|'�

g?|%
�
|n� �D? .E?>

zkhuh

D? @
4s
q

?[
|'�

g?|y
�
�c|n�+

a�+c,��+c,,�

E? @
4s
q

?[
|'�

g?|+%�c|n� � %|n�,
�=

Wr hvwdeolvk +7;,/ lw vx�fhv wr vkrz D? @ E? @ rR+4,1 Lw iroorzv gluhfwo| iurp
Ohppd D5 dqg Dvvxpswlrq 517 wkdw

E? � 4s
q

[
|

ng?|n
?[
|'�

n%�c|n� � %|n�n @ R+q3�*2,RR+qc
3r*2, @ rR+4,>

iru � A 4@v1 Wr vkrz D? @ rR+4,/ zh pd| �uvw vkrz

?[
|'�

g?|y
�
|3& @ RR+

s
q,> xqlirupo| lq n @ 4> = = = > c= +88,

Wr ghgxfh +88,/ qrwlfh wkdw

?[
|'�

g?|y
�
|n� @

?[
|'&n�

g?|y
�
|3& .

?[
|'?3&

g?|y
�
|n�>

zlwk wkh frqyhqwlrq g?f @ 31 Wkhq/ lw iroorzv wkdw

?[
|'�

g?|y
�
|n� �

?[
|'&n�

g?|y
�
|3& @

?[
|'?3&

g?|y
�
|n� �

?[
|'&n�

+g?| � g?|3&3�, y
�
|3&= +89,

Zh kdyh
?[

|'?3&

ng?|y�|n�n � vxs
|

ng?|n
?[

|'?3&

ny|n�n @ RR+c,> +8:,
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xqlirupo| lq n @ 4> = = = > c/ dqg

?[
|'&n�

n+g?|�g?|3&3�,ny�|3&n �
?[

|'&n�

ng?|�g?|3&3�n ny|3&n @ qr+c@q,RR+4, @ rR+c,=

+8;,
Pruhryhu/ iroorzlqj Surri ri Ohppd 614 +i,/ lw fdq eh vkrzq wkdw

?[
|'�

g?|y
�
|n� @ RR+

s
q,= +8<,

Qrz zh pd| hdvlo| ghgxfh +88, iurp +89,~+8<,1 Wkhq lw iroorzv wkdw

D? @ R+q3�*2,RR+cq
�*2,

�
RR+c

E�3r�*2, .RR+q
3�*2c�*2,

�
@ rR+4,>

iru 3 ? � ? 4@6/ gxh wr Ohppd D4/ dqg wkhuhiruh D? @ E? @ rR+4, krogv iru
4@v ? � ? 4@61

Iru +7<,/ zh �uvw vkrz wkdw

4
e
s
q

?[
|'�

d�+{�|,+%�c|n� � %|n�,
� $R 3 +93,
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a�+c,��+c,

�
$R 3= +94,

Rqh pd| hdvlo| ghgxfh +93, iurp Ohppd D6+e,/ vlqfh

R+q3�*e,RR+q
E�no�*2oc3r*2, @ rR+4,>

zkhqhyhu � A +u.5,@5uv1 Wkh frqglwlrq krogv ehfdxvh zh vhw � A +u.5,@5u+v� 6,1
Iru +94,/ dsso| Ohppdv D4 dqg D5+d,/ dqg qrwh wkdw

R+q3�*e,RR+q
E�no�*2oc,RR+c

E�3r�*2, @ rR+4,>

dqg
R+q3�*e,RR+q

E�no�*2oc,RR+q
3�*2c�*2, @ rR+4,>

uhvshfwlyho| li � A +u.5,@5u+v�6, dqg � ? +u�5,@9u/ zklfk duh vdwlv�hg xqghu rxu
frqglwlrq iru �1 Qrwh wkdw +u� 5,@9u A u@+9 . ;u, iru doo u A ;1 Wkh vwdwhg uhvxow lq
+7<, lv lpphgldwh iurp +93, dqg +94,1

Wr suryh +83,/ zh �uvw ghgxfh iurp Ohppd D7 wkdw
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$R 3> +96,
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iurp zklfk +83, uhdglo| iroorzv1 Wr vkrz +95,/ qrwh wkdw

R+q3�*2,RR+qc
3r*2, @ rR+4,>

zkhqhyhu � A 4@v/ zklfk krogv ehfdxvh � A 4@5+v�6, xqghu rxu frqglwlrq1 Iru +96,/
zh qrwh wkdw

R+q3�*2,RR+cq
Een�o�*eE�no�co*2E�no�,RR+c

E�3r�*2, @ rR+4,>

zkhqhyhu +v�7.4@+4.u,,� A +u.5,@5+u.4,1 Wkh frqglwlrq krogv li � A +u.5,@5u+v�7,/
zklfk lv lq wxuq vdwlv�hg xqghu rxu dvvxpswlrq � A +u . 5,@5u+v� 6,1 Pruhryhu/

R+q3�*2,RR+cq
Een�o�*eE�no�co*2E�no�,RR+q

3�*2c�*2, @ rR+4,>

iru � ? u@+9.;u,1

Ilqdoo|/ zh uhwxuq wr wkh surri ri wkh pdlq uhvxowv1

Surri ri +d, Iurp +7<,/ zh kdyh

4
e
s
q

?[
|'�

bt�+{�|> �
f
� ,a%�c|n� @

4
e
s
q

?[
|'�

bt�+{�|> �
f
� ,%�c|n� . rR+4,>
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00 %�c|n�
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Qrwlfh wkdw

4s
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d?oo[
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%| $_ �
3�+4,Y +u,> +97,

dqg +x| � ��0	
3�
00 %�c|n�, lv d pduwlqjdoh gl�huhqfh vhtxhqfh zlwk yduldqfh

ydu+x| � ��0	
3�
00 %�c|n�, @ �2� � ��0	

3�
00 �0� @ �2� � $��


3�
�� $0�>

gxh wr +47,1 Qrz wkh vwdwhg uhvxow iroorzv gluhfwo| iurp Ohppd 614 +f,1
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Surri ri +e, Lw lv lpphgldwh iurp +7;, dqg +44, wkdw
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x| � a��0 a	
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$_
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X+u,� ��0	

3�
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3�+4,Y +u,
�
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f
g+u,gXW+u,> +98,

vlqfh
X+u,� ��0	

3�
00 �

3�+4,Y +u, @ X+u,� $��

3�
�� Y +u, @ XW+u,>

gxh wr +97, dqg +47,1 Pruhryhu/ lw iroorzv gluhfwo| iurp +83,/ Ohppd 614+g, dqg +97,
wkdw

4s
q

?[
|'�

b�3�? btM+{|> �f,x
W
| @

4s
q

?[
|'�

b�3�? btM+{|> �f,
�
x| � ��0	

3�
00 %�c|n�
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. rR+4,

$_
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bk+Y +u,> �f,gXW+u,= +99,

Qrz wkh vwdwhg uhvxow iroorzv lpphgldwho| iurp +98, dqg +99,1

b� +iuihi?Uit

Dnrqrp/ M1 +4<<6,1 _Frpsruwhphqw dv|pswrwltxh gx whpsv g*rffxsdwlrq gx surfhv0
vxv ghv vrpphv sduwlhoohv/% Dqqdohv gh o*Lqvwlwxw Khqul Srlqfdu�h 5<= 8:0;41

Dqguhzv/ G1Z1N dqg F1M1 PfGhuprww +4<<8,1 _Qrqolqhdu hfrqrphwulf prghov zlwk
ghwhuplqlvwlfdoo| wuhqglqj yduldeohv/% Uhylhz ri Hfrqrplf Vwxglhv 95= 67606931

Ehun/ N1Q1 +4<:7,1 _Frqvlvwhqw dxwruhjuhvvlyh vshfwudo hvwlpdwhv/% Dqqdov ri Vwd0
wlvwlfv 5= 7;<08351

Jxr/ E1E1 dqg S1F1E1 Skloolsv +4<<;,1 _Whvwlqj iru dxwrfruuhodwlrq dqg xqlw urrwv
lq wkh suhvhqfh ri frqglwlrqdo khwhurvnhgdvwlflw| ri xqnqrzq irup/% \doh Xql0
yhuvlw|/ plphrjudskhg1

Kdoo/ S1 dqg F1F1 Kh|gh +4<;3,1 Pduwlqjdoh Olplw Wkhru| dqg Lwv Dssolfdwlrqv1
Dfdghplf Suhvv/ Qhz \run1

Kdqvhq/ E1H1 +4<<5,1 _Frqyhujhqfh wr vwrfkdvwlf lqwhjudov iru ghshqghqw dqg khw0
hurjhqhrxv surfhvvhv/% Hfrqrphwulf Wkhru| ;= 7;<08331
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Ndvdkdud/ \1 dqg V1 Nrwdql +4<:<,1 _Rq olplw surfhvvhv iru d fodvv ri dgglwlyh ixqf0
wlrqdov ri uhfxuuhqw gl�xvlrq surfhvvhv/% ]1 Zdkuvfkhlqolfknhlwvwkhrulh yhuz1
Jhelhwh 7<= 46604861

PfOhlvk/ G1O1 +4<:7,1 _Ghshqghqw fhqwudo olplw wkhruhpv dqg lqyduldqfh sulqflsohv/%
Dqqdov ri Suredelolw| 5= 953095;1

Sdun/ M1\1 +4<<5,1 _Fdqrqlfdo frlqwhjudwlqj uhjuhvvlrqv/% Hfrqrphwulfd 93= 44<04761

Sdun/ M1\1 dqg S1F1E1 Skloolsv +4<;;,1 _Vwdwlvwlfdo lqihuhqfh lq uhjuhvvlrqv zlwk
lqwhjudwhg surfhvvhv= Sduw 4/% Hfrqrphwulf Wkhru| 7= 79;07<:1

Sdun/ M1\1 dqg S1F1E1 Skloolsv +4<;<,1 _Vwdwlvwlfdo lqihuhqfh lq uhjuhvvlrqv zlwk
lqwhjudwhg surfhvvhv= Sduw 5/% Hfrqrphwulf Wkhru| 8= <804641

Sdun/ M1\1 dqg S1F1E1 Skloolsv +4<<;,1 _Qrqolqhdu uhjuhvvlrqv zlwk lqwhjudwhg wlph
vhulhv/% \doh Xqlyhuvlw|/ plphrjudskhg1

Sdun/ M1\1 dqg S1F1E1 Skloolsv +4<<<,1 _Dv|pswrwlfv iru qrqolqhdu wudqvirupdwlrqv
ri lqwhjudwhg wlph vhulhv/% Hfrqrphwulf Wkhru|/ 48/ 59<05<;1

Sdun/ M1\1 dqg S1F1E1 Skloolsv +5333,1 _Qrqvwdwlrqdu| elqdu| fkrlfh/% Hfrqrphw0
ulfd/ iruwkfrplqj1

Skloolsv/ S1F1E1 +4<<4,1 _Rswlpdo lqihuhqfh lq Frlqwhjudwhg v|vwhpv/% Hfrqrphwulfd
8<= 5;606391

Skloolsv/ S1F1E1 dqg V1Q1 Gxuodxi +4<;9,1 _Pxowlsoh wlph vhulhv zlwk lqwhjudwhg
yduldeohv/% Uhylhz ri Hfrqrplf Vwxglhv 86= 7:607<91

Skloolsv/ S1F1E1 dqg E1H1 Kdqvhq +4<<3,1 _Vwdwlvwlfdo lqihuhqfh lq lqvwuxphqwdo
yduldeohv uhjuhvvlrqv zlwk L+4, surfhvvhv/% Uhylhz ri Hfrqrplf Vwxglhv 8:= <<0
4581

Skloolsv/ S1F1E1 dqg P1 Oruhwdq +4<<4,1 _Hvwlpdwlqj orqj0uxq hfrqrplf htxloleuld/%
Uhylhz ri Hfrqrplf Vwxglhv 8</ 73:~7691

Skloolsv/ S1F1E1 dqg K1U1 Prrq +4<<<,1 _Olqhdu Uhjuhvvlrq Olplw Wkhru| iru Qrq0
vwdwlrqdu| Sdqho Gdwd/% Hfrqrphwulfd/ 9:/ 438:04444

Skloolsv/ S1F1E1 dqg Y1 Vror +4<<5,1 _Dv|pswrwlfv iru olqhdu surfhvvhv/% Dqqdov ri
Vwdwlvwlfv 53= <:4043341

Uhyx}/ G1 Dqg P1 \ru +4<<7,1 Frqwlqxrxv Pduwlqjdoh dqg Eurzqldq Prwlrq1 Qhz
\run= Vsulqjhu~Yhuodj1

Vdlnnrqhq/ S1 +4<<4,1 _Dv|pswrwlfdoo| h�flhqw hvwlpdwlrq ri frlqwhjudwlrq uhjuhv0
vlrqv/% Hfrqrphwulf Wkhru| :/ 4~541
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Vwrfn/ M1K1 dqg P1Z1 Zdwvrq +4<<6,1 _D vlpsoh hvwlpdwru ri frlqwhjudwlqj yhfwruv
lq kljkhu rughu lqwhjudwhg v|vwhpv/% Hfrqrphwulfd 94/ :;6~;531

Zrrogulgjh/ M1P1 +4<<7,1 _Hvwlpdwlrq dqg lqihuhqfh iru ghshqghqw surfhvvhv/% lq
Kdqgerrn ri Hfrqrphwulfv Yro1 LY/ U1 Hqjoh dqg G1O1 PfIdgghq +hgv1,= 596<0
5:6;/ Qruwk0Kroodqg/ Dpvwhugdp1
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Iljxuh 4= Ghqvlwlhv ri QOV dqg HQ0QOV Hvwlpdwruv/ q @ 583
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Iljxuh 5= Ghqvlwlhv ri QOV dqg HQ0QOV Hvwlpdwruv/ q @ 833
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Iljxuh 6= Ghqvlwlhv ri w0Vwdwlvwlfv/ q @ 583 dqg 833


