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Devwudfw

Fuhglwruv ri d glvwuhvvhg eruurzhu idfh d frruglqdwlrq sureohp1 Hyhq li
wkh ixqgdphqwdov duh vrxqg/ ihdu ri suhpdwxuh iruhforvxuh e| rwkhuv pd|
ohdg wr suh0hpswlyh dfwlrq/ xqghuplqlqj wkh surmhfw1 Uhfrjqlwlrq ri wklv
sureohp olhv ehklqg frusrudwh edqnuxswf| surylvlrqv dfurvv wkh zruog/ dqg
lw kdv ehhq lghqwl�hg dv d fxosulw lq lqwhuqdwlrqdo �qdqfldo fulvhv/ exw kdv uh0
fhlyhg vfdqw dwwhqwlrq iurp wkh olwhudwxuh rq ghew sulflqj1 Zlwkrxw frpprq
nqrzohgjh ri ixqgdphqwdov/ wkh lqflghqfh ri idloxuh lv xqltxho| ghwhuplqhg
surylghg wkdw sulydwh lqirupdwlrq lv suhflvh hqrxjk1 Wklv d�rugv d zd| wr
sulfh wkh frruglqdwlrq idloxuh1 Frpsdudwlyh vwdwlfv rq wkh xqltxh htxlole0
ulxp surylghv vhyhudo lqvljkwv rq wkh uroh ri lqirupdwlrq dqg wkh lqflghqfh
ri lqh!flhqw oltxlgdwlrq1

�Zh wkdqn wkh hglwru/ [dylhu Ylyhv dqg wzr uhihuhhv iru wkhlu jxlgdqfh lq uhylvlqj wklv sdshu1
Zh rzh pxfk wr Mhdq0Fkduohv Urfkhw/ hvshfldoo| iru klv lqvljkwv dv wkh glvfxvvdqw iru wklv sdshu
dw wkh 4<<< Hfrqrphwulf Vrflhw| Hxurshdq phhwlqj lq Vdqwldjr gh Frpsrvwhood1 Zh duh dovr
judwhixo wr pdq| froohdjxhv dqg vwxghqwv zkr kdyh khoshg xv xqghuvwdqg rxu uhvxowv ehwwhu dqg
zkr kdyh ghyhorshg wkh uhvxowv lq wklv sdshu lq ixuwkhu gluhfwlrqv/ lq sduwlfxodu Pd{ Euxfkh/
Iudqn Khlqhpdqq/ Fkulvwldq Khoozlj/ Jhukdug Loolqj/ Fkulvwlqd Phw}/ Dohvvdqgur Sudwl/ Pdvvlpr
Veudfld dqg Iodylr Wr{ydhug1



41 Lqwurgxfwlrq

Rxu suhplvh lq wklv sdshu lv wkdw fuhglwruv idfh d frruglqdwlrq sureohp zkhq
idflqj d eruurzhu lq glvwuhvv/ dqg wkdw wklv zloo eh uh hfwhg lq wkh sulfh ri ghew1
Wkh sureohp idfhg e| fuhglwruv lv dnlq wr wkdw idfhg e| ghsrvlwruv ri d edqn zklfk
lv yxoqhudeoh wr d uxq1 Hyhq li wkh surmhfw lv yldeoh/ vr wkdw wkh ydoxh dw pdwxulw|
lv hqrxjk wr sd| doo wkh fuhglwruv lq ixoo/ d fuhglwru pd| eh whpswhg wr iruhforvh
rq wkh ordq ru vhl}h dq| dvvhwv lw fdq/ ihdulqj vlplodu dfwlrqv e| rwkhu fuhglwruv1
Vxfk ihduv zrxog eh vhoi0ixo�oolqj/ vlqfh wkh glvrughuo| oltxlgdwlrq ri dvvhwv dqg
wkh frqvhtxhqw glvuxswlrq wr wkh surmhfw lv pruh olnho| wr ohdg wr idloxuh ri wkh
surmhfw1

Lw lv kdug wr ryhuvwdwh wkh lpsruwdqfh ri frruglqdwlrq idloxuhv1 Wkh uhfrjqlwlrq
ri wklv sureohp 0 nqrzq dv wkh �frpprq srro sureohp� dprqj odz|huv 0 olhv dw
wkh khduw ri frusrudwh edqnuxswf| surylvlrqv dfurvv wkh zruog/ wdnlqj rq lwv prvw
hoderudwh irup lq wkh fkdswhu 44 surylvlrqv ri wkh X1V1 edqnuxswf| frgh +Edlug
dqg Mdfnvrq +4<<3,/ Mdfnvrq +4<;9,,1 Dovr/ frruglqdwlrq idloxuh dprqj fuhglwruv
kdv �jxuhg surplqhqwo| lq wkh dffrxqwv ri hphujlqj pdunhw �qdqfldo fulvhv lq
uhfhqw |hduv/ prvwo| qrwdeo| wkh Dvldq fulvlv ri 4<<: +Udghohw dqg Vdfkv +4<<;,/
Ilvfkhu +4<<<,,1 Wkh h�hfwv rq frpplwphqw dulvlqj iurp frruglqdwlrq idloxuh kdyh
dovr ehhq uhfrjql}hg dv dq lpsruwdqw ghwhuplqdqw ri �qdqfldo frqwudfwv +Erowrq
dqg Vfkduivwhlq +4<<9,,1

Jlyhq wkh lpsruwdqfh ri wklv sureohp/ lw vhhpv lqfrqjuxrxv wkdw lw kdv uhfhlyhg
vxfk vfdqw dwwhqwlrq iurp wkh olwhudwxuh rq dvvhw sulflqj1 Wkh pdlq gl!fxow| lq
lqfrusrudwlqj frruglqdwlrq idloxuh lq d sulflqj wkhru| iru ghew lv wkdw frruglqdwlrq
sureohpv ohdg wr pxowlsoh htxloleuld/ lq wkh pdqqhu ri Gldprqg dqg G|eylj +4<;6,1
Zlwkrxw txdqwl�deoh lqirupdwlrq rq wkh lqflghqfh ri frruglqdwlrq idloxuh/ lw lv
lpsrvvleoh wr lqfrusrudwh wklv lqwr wkh h{ dqwh sulfh ri wkh ghew1 Lq wklv uhvshfw/
rxu dlp lq wklv sdshu fdq eh dfklhyhg rqo| li zh fdq surylgh d wkhru| zklfk
h{sodlqv wkh lqflghqfh ri fdvhv zkhuh d vroyhqw eruurzhu lv irufhg lqwr idloxuh1 Lq
rwkhu zrugv/ zh pxvw �uvw kdyh d wkhru| ri vroyhqw exw looltxlg eruurzhuv/ dnlq wr
wkh wkhru| ri vroyhqw exw looltxlg edqnv41 H{whqglqj wkh phwkrgv ri Fduovvrq dqg
ydq Gdpph +4<<6, rq cjoredo jdphv*/ dqg rxu hduolhu zrun rq fxuuhqf| dwwdfnv
+Pruulv dqg Vklq +4<<;,,/ zh ghyhors vxfk d wkhru| khuh1

Rxu vwxg| lv prwlydwhg e| wkuhh pdlq remhfwlyhv1 Wkh �uvw lv wkhruhwlfdo1 Wkh
joredo jdphv phwkrg vkrzv krz d ghsduwxuh iurp frpprq nqrzohgjh ri wkh ixq0

4Jrogvwhlq dqg Sdx}qhu +5333, dqg Urfkhw dqg Ylyhv +5333, xvh vlplodu phwkrgv wr wkdw
xvhg lq rxu sdshu wr ghyhors d wkhru| ri vroyhqw exw looltxlg edqnv1
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gdphqwdov pd| jhqhudwh d xqltxh htxloleulxp hyhq lq wkrvh jdphv wkdw w|slfdoo|
kdyh pxowlsoh htxloleuld xqghu frpprq nqrzohgjh1 Krzhyhu/ lq hfrqrplfdoo| uho0
hydqw vhwwlqjv zlwk lqirupdwlyh sxeolf vljqdov/ xqltxhqhvv ri htxloleulxp uhvwv rq
ghwdlohg ihdwxuhv ri wkh hqylurqphqw/ dv qrwhg lq Pruulv dqg Vklq +4<<<,/ zklfk h{0
whqgv wkh hduolhu fxuuhqf| dwwdfn prgho wr d g|qdplf hqylurqphqw zlwk qrupdoo|
glvwulexwhg ixqgdphqwdov1 Htxloleulxp lv xqltxh surylghg wkdw sulydwh lqirupd0
wlrq lv suhflvh hqrxjk/ uhodwlyh wr wkh sxeolf lqirupdwlrq1 Rxu �uvw remhfwlyh lv
wr surylgh d vhw ri frqglwlrqv wkdw duh qhfhvvdu| dqg vx!flhqw iru xqltxhqhvv ri
htxloleulxp1

Srolf| dqdo|vlv dqg rwkhu frpsdudwlyh vwdwlfv h{huflvhv duh pdgh srvvleoh zkhq
htxloleulxp lv xqltxh/ dqg rxu vhfrqg remhfwlyh lq wklv sdshu lv wr dgguhvv d qxpehu
ri lpsruwdqw srolf| ghedwhv frqfhuqlqj wkh uroh ri lqirupdwlrq lq fulvlv hslvrghv1
�Wudqvsduhqf|� kdv ehfrph d wrxfkvwrqh ri wkh srolf| uhvsrqvh iroorzlqj uhfhqw
�qdqfldo fulvhv1 Wkh qrwlrq ri wudqvsduhqf| lv pxowl0idfhwhg dqg wrxfkhv rq d
zlgh udqjh ri lvvxhv vxfk dv dffrxqwdelolw|/ ohjlwlpdf|/ dqg wkh h!fdf| ri wkh
ohjdo lqiudvwuxfwxuh lq hqiruflqj frqwudfwv1 Krzhyhu/ rqh qduurz lqwhusuhwdwlrq ri
wudqvsduhqf| irfxvhv rq wkh surylvlrq ri pruh dffxudwh dqg wlpho| lqirupdwlrq
wr pdunhw sduwlflsdqwv1 Rxu iudphzrun doorzv xv wr vxemhfw wkh dujxphqwv wr
pruh uljrurxv vfuxwlq|/ dqg uhyhdo vrph ri wkh vxewohwlhv lq wkh lqwhudfwlrq eh0
wzhhq xqfhuwdlqw| frqfhuqlqj wkh ixqgdphqwdov dqg xqfhuwdlqw| ryhu wkh dfwlrqv
ri rwkhuv1 Dq| vkliw lq wkh lqirupdwlyhqhvv ri vljqdov ru xqghuo|lqj glvwulex0
wlrq ri ixqgdphqwdov d�hfw erwk w|shv ri xqfhuwdlqw|/ dqg wkh uhvxowlqj h�hfw rq
wkh htxloleulxp uhvwv rq wkh frpsoh{ lqwhusod| ehwzhhq wkhvh wzr w|shv ri xq0
fhuwdlqw|1 Zh rxwolqh wkh pdlq idfwruv dw zrun1 Khlqhpdqq dqg Loolqj +4<<<,/
Khoozlj +5333,/ Phw} +5334, dqg Wdudvkhy +5334, kdyh surylghg ixuwkhu lqvljkwv
lqwr wklv txhvwlrq dqg dgguhvv srolf| lvvxhv rq wkh surylvlrq ri lqirupdwlrq1 Dovr/
lq d qrwdeoh hpslulfdo lqyhvwljdwlrq iru wkh 4<<:0; shulrg/ Sudwl dqg Veudfld +5334,
vkrz krz hqkdqfhg glvforvxuh ri sxeolf lqirupdwlrq kdyh dq dpeljxrxv h�hfw rq
wkh vshfxodwlyh suhvvxuh djdlqvw d fxuuhqf|1 Wkh vwuhqjwk ri ixqgdphqwdov gh0
whuplqh zkhwkhu glvforvxuhv duh ehqh�fldo ru ghwulphqwdo1 Wkhvh frqfoxvlrqv duh
frqvlvwhqw zlwk rxu wkhruhwlfdo suhglfwlrqv1

Rxu wklug remhfwlyh lv wr frqwulexwh wr wkh hpslulfdo ghedwh rq wkh sulflqj ri
ghidxowdeoh vhfxulwlhv1 D fodvvlf uhihuhqfh lq wkh wkhru| ri wkh sulflqj ri ghidxowdeoh
ghew lv Phuwrq +4<:7,/ zkr prghov frpsdq| dvvhw ydoxh dv d jhrphwulf Eurzqldq
prwlrq/ dqg dvvxphv wkdw edqnuxswf| rffxuv zkhq dvvhw ydoxh uhdfkhv vrph jlyhq
�{hg ohyho uhodwlyh wr oldelolwlhv1 Wkhq/ wkh sulfh ri ghew fdq eh rewdlqhg iurp
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rswlrq sulflqj whfkqltxhv51 Krzhyhu/ wkh hpslulfdo vxffhvv ri wklv dssurdfk kdv
ehhq pl{hg1 Rqh hduo| vwxg| lv Mrqhv/ Pdvrq dqg Urvhqihog +4<;7,/ zklfk xvhv
gdwd iurp 4<:8 wr 4<;4 dqg �qgv wkdw wkh dfwxdo revhuyhg sulfhv ri frusrudwh
erqgv duh ehorz wkrvh suhglfwhg e| wkh wkhru|/ dqg wkdw wkh suhglfwlrq huuru lv
odujhu iru orzhu udwhg erqgv1 Iru lqyhvwphqw judgh erqgv/ wkh huuru lv durxqg 318(/
zkloh iru qrq0lqyhvwphqw judgh erqgv/ wkh huuru lv pxfk odujhu/ dw durxqg 43(1
Vxevhtxhqw zrun kdv vxjjhvwhg wkdw ryhu0sulflqj lv uhvlolhqw wr ydulrxv uh�qhphqwv
ri wkh wkhru|/ dqg dowhuqdwlyhv kdyh ehhq sursrvhg61 E| phdqv ri frpsdudwlyh
vwdwlfv dqdo|vlv rq wkh ghidxow srlqw/ zh fdq xqghuvwdqg krz wkh ghidxow wuljjhu
ohyhov iru dvvhw ydoxhv dfwxdoo| vkliw dv wkh xqghuo|lqj dvvhw fkdqjhv lq ydoxh1 Lw
wkxv surylghv d srvvleoh wkhruhwlfdo iudphzrun wkdw dffrpprgdwhv wkh hpslulfdo
dqrpdolhv ri wkh Phuwrq prgho1 Euxfkh +5334, ghyhorsv d irupdo frqwlqxrxv
wlph h{whqvlrq ri rxu prgho hpehgglqj wkh fuhglwru frruglqdwlrq sureohp/ dqg
frpsduhv wkh hpslulfdo shuirupdqfh ri klv prgho djdlqvw wkh dowhuqdwlyhv1

Pruh jhqhudoo|/ vwxglhv ri �qdqfldo uhfrqwudfwlqj ri �upv xqghu glvwuhvv vxjjhvw
wkdw lqvwdqfhv ri glvrughuo| oltxlgdwlrq dqg ghyldwlrqv iurp sulrulw| ri ghewruv sod|
d vljq�fdqw uroh +vhh/ iru lqvwdqfh/ Iudqnv dqg Wrurxv +4<<7,,1 Qrwdeo|/ Euxqqhu
dqg Nudkqhq +5333, grfxphqw hylghqfh iurp wkh ordq errnv ri wkh pdmru Jhupdq
edqnv wkdw wkh slyrwdo idfwru zklfk ghwhuplqhv wkh vxffhvv ri wkh uhrujdql}dwlrq
ri d glvwuhvvhg �up lv wkh irupdwlrq ri d �fuhglwru srro� wkdw frruglqdwhv wkh
lqwhuhvwv ri wkh fuhglwruv +vhh dovr Kxehuw dqg Vfkçihu +5333,,1 Wkh uroh ri
fuhglwru frruglqdwlrq lq vryhuhljq ghew fulvhv lv htxdoo| lpsruwdqw/ li qrw pruh vr1
Zh eholhyh wkdw ixuwkhu uh�qhphqwv ri wkh iudphzrun lq rxu sdshu pd| frqwulexwh
wr d ehwwhu xqghuvwdqglqj ri wkh hpslulfdo olwhudwxuh1

Wkh sodq ri wkh sdshu lv dv iroorzv1 Zh suhvhqw wkh prgho lq wkh qh{w vhfwlrq/
dqg vroyh iru wkh htxloleulxp lq vhfwlrq 61 D glvfxvvlrq ri wkh frqglwlrqv iru
xqltxhqhvv iroorzv lq vhfwlrq 7/ diwhu zklfk zh jr wr wkh pdlq sduw ri rxu sdshu
rq wkh frpsdudwlyh vwdwlfv txhvwlrqv frqfhuqlqj wkh uroh ri lqirupdwlrq dqg wkh
hpslulfdo lpsolfdwlrqv iru wkh sulflqj ri ghew1

5Pruh uh�qhg wuhdwphqwv ri wklv dssurdfk lqfoxgh Ohodqg +4<<7, 0 uhfrjql}lqj ghew ohyho dv
d ghflvlrq e| wkh �up 0 dqg Orqjvwd� dqg Vfkzduw} +4<<8, 0 zklfk doorzv lqwhuhvw udwh ulvn1
Dqghuvrq dqg Vxqgduhvdq +4<<9, dgmxvwv iru ydu|lqj edujdlqlqj srzhu ehwzhhq wkh �up dqg
fuhglwruv1

6Dq dowhuqdwlyh dssurdfk lv wr dvvxph wkdw ghidxow lv dq h{rjhqrxv hyhqw zklfk iroorzv vrph
kd}dug udwh surfhvv1 Wkhq/ wkh ghidxow ulvn lv uh hfwhg lq d kljkhu glvfrxqw udwh1 Gx!h dqg
Vlqjohwrq +4<<<, ghyhors wklv dssurdfk1
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51 Wkh Prgho

D jurxs ri fuhglwruv duh �qdqflqj d surmhfw1 Hdfk fuhglwru lv vpdoo lq wkdw dq
lqglylgxdo fuhglwru*v vwdnh lv qhjoljleoh dv d sursruwlrq ri wkh zkroh1 Dw wkh hqg
ri lwv whup/ wkh surmhfw |lhogv d oltxlgdwlrq ydoxh �/ zklfk lv xqfhuwdlq dw wkh wlph
ri lqyhvwphqw1 Wkh �qdqflqj lv xqghuwdnhq yld d vwdqgdug ghew frqwudfw1 Wkh
idfh ydoxh ri wkh uhsd|phqw lv u/ dqg hdfk fuhglwru uhfhlyhv wklv ixoo dprxqw li wkh
uhdol}hg ydoxh ri � lv odujh hqrxjk wr fryhu uhsd|phqw ri ghew1

Dw dq lqwhulp vwdjh/ ehiruh wkh �qdo uhdol}dwlrq ri �/ wkh fuhglwruv kdyh dq
rssruwxqlw| wr uhylhz wkhlu lqyhvwphqw1 Wkh ordq lv vhfxuhg rq froodwhudo/ zkrvh
oltxlgdwlrq ydoxh lv gW 	 u li lw lv oltxlgdwhg dw wkh lqwhulp vwdjh/ exw kdv wkh
orzhu ydoxh gW li lw lv oltxlgdwhg iroorzlqj wkh surmhfw*v idloxuh/ vr wkdw

gW 	 gW 	 u

Dw wkh lqwhulp vwdjh/ hdfk fuhglwru kdv d fkrlfh ri hlwkhu uroolqj ryhu wkh ordq xqwlo
wkh surmhfw*v pdwxulw|/ ru vhl}lqj wkh froodwhudo dqg vhoolqj lw iru gW1 Wkh ydoxh ri
wkh surmhfw dw pdwxulw| ghshqgv rq wzr idfwruv 0 wkh xqghuo|lqj vwdwh w/ dqg wkh
ghjuhh ri glvuxswlrq fdxvhg wr wkh surmhfw e| wkh hduo| oltxlgdwlrq e| fuhglwruv1
Ghqrwlqj e| � wkh sursruwlrq ri fuhglwruv zkr iruhforvh rq wkh ordq dw wkh lqwhulp
vwdjh/ wkh uhdol}hg ydoxh ri wkh surmhfw lv jlyhq e|

� Ewc �� '

�
T li 5� � w
gW li 5� : w

+514,

zkhuh T lv d frqvwdqw juhdwhu wkdq u/ dqg 5 : f lv d sdudphwhu wkdw lqglfdwhv wkh
vhyhulw| ri glvxswlrq fdxvhg e| wkh lqdelolw| wr frruglqdwh1

Zh fdq jlyh wkh iroorzlqj lqwhusuhwdwlrq wr wkh sd|r� ixqfwlrq �1 Wkh xq0
ghuo|lqj ixqgdphqwdo w lv d phdvxuh ri wkh delolw| ri wkh �up wr phhw vkruw whup
fodlpv iurp fuhglwruv/ zkloh 5 lv wkh pdvv ri wkh fuhglwru jurxs1 Wkxv/ zkhq sur0
sruwlrq � ri wkh fuhglwruv iruhforvh/ wkh wrwdo lqflghqfh ri iruhforvxuh lv 5�1 Wkh
�up uhpdlqv lq rshudwlrq surylghg wkdw w lv odujh hqrxjk wr phhw wklv iruhforvxuh1
Rwkhuzlvh/ wkh �up lv sxvkhg lqwr ghidxow1 Wkh vlpsoh irup ri rxu sd|r� ixqfwlrq
lpsolhv wkdw wkh uhfryhu| udwh frqglwlrqdo rq ghidxow grhv qrw ghshqg rq w1 D
ulfkhu prgho dlphg dw hpslulfdo lqyhvwljdwlrqv zrxog qhhg wr uhod{ wklv ihdwxuh ri
rxu iudphzrun1

E| qrupdol}lqj wkh sd|r�v vr wkdw u ' � dqg gW ' f/ wkh sd|r�v wr d fuhglwru
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duh jlyhq e| wkh iroorzlqj pdwul{/ zkhuh b � EgW �gW� * Eu�gW�1

Surmhfw
vxffhhgv

Surmhfw
idlov

Uroo ryhu ordq � f
Iruhforvh rq ordq b b

Wkh erog olqhv lq �jxuh 514 ghslfw wkh sd|r� wr d fuhglwru dulvlqj iurp wkh ordq
zkhq sursruwlrq � iruhforvh rq wkh ordq1
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Iljxuh 514= Sd|r� wr Uroo0ryhu

Wr dyrlg qrwdwlrqdo foxwwhu/ zh dvvxph wkdw li uroolqj ryhu wkh ordq |lhogv wkh
vdph h{shfwhg sd|r� dv iruhforvlqj rq wkh ordq/ wkhq d fuhglwru suhihuv wr iruhforvh1
Wklv dvvxpswlrq sod|v qr vxevwdqwldo uroh1

Li wkh fuhglwruv nqrz wkh ydoxh ri w shuihfwo| ehiruh ghflglqj rq zkhwkhu wr
uroo ryhu wkh ordq/ wkhlu rswlpdo vwudwhj| fdq eh dqdo|vhg wkxv1 Li w : 5/ wkhq lw lv
rswlpdo wr frqwlqxh zlwk wkh surmhfw/ luuhvshfwlyh ri wkh dfwlrqv ri wkh rwkhu fuhg0
lwruv1 Wklv lv vr/ vlqfh hyhq li hyhu| rwkhu fuhglwru iruhforvhv/ wkh surmhfw vxuylyhv1
Frqyhuvho|/ li w 	 f/ wkhq lw lv rswlpdo wr iruhforvh rq wkh ordq luuhvshfwlyh ri wkh
dfwlrqv ri wkh rwkhuv1 Hyhq li doo rwkhu fuhglwruv uroo ryhu wkhlu ordqv/ wkh surmhfw
idlov1

Zkhq w olhv lq wkh lqwhuydo Efc 5�/ wkhuh lv d frruglqdwlrq sureohp dprqj wkh
fuhglwruv1 Li doo rwkhu fuhglwruv uroo ryhu wkhlu ordqv/ wkhq wkh sd|r� wr uroolqj
ryhu wkh ordq lv �/ vr wkdw uroolqj ryhu wkh ordq |lhogv pruh wkdq wkh suhpdwxuh
oltxlgdwlrq ydoxh b1 Krzhyhu/ li hyhu|rqh hovh uhfdoov wkh ordq/ wkh sd|r� lv f 	 b/

9



vr wkdw hduo| oltxlgdwlrq lv rswlpdo1 Wklv w|sh ri frruglqdwlrq sureohp dprqj
fuhglwruv lv dqdorjrxv wr wkh edqn uxq sureohp +Gldprqg dqg G|eylj +4<;6,,/
dqg ohdgv wr pxowlsoh htxloleuld lq wkh vlpsoh shuihfw lqirupdwlrq jdph lq zklfk
fuhglwruv fkrrvh wkhlu dfwlrqv zkhq w lv frpprq nqrzohgjh71

Wkh ydoxh ri w lv qrupdoo| glvwulexwhg zlwk phdq +/ dqg suhflvlrq k +wkdw lv/
zlwk yduldqfh �*k,1 Dw wkh lqwhulp vwdjh/ zkhq hdfk fuhglwru ghflghv rq zkhwkhu
wr uroo ryhu wkh ordq/ hdfk fuhglwru uhfhlyhv lqirupdwlrq frqfhuqlqj w/ exw wklv
lqirupdwlrq lv lpshuihfw1 Fuhglwru � revhuyhv wkh uhdol}dwlrq ri wkh qrlv| vljqdo

%� ' w n 0� +515,

zkhuh 0� lv qrupdoo| glvwulexwhg zlwk phdq 3 dqg suhflvlrq q1 Iru � 9' �/ 0� dqg
0� duh lqghshqghqw1 D vwudwhj| iru fuhglwru � lv d ghflvlrq uxoh zklfk pdsv hdfk
uhdol}dwlrq ri %� wr dq dfwlrq +l1h1 wr uroo ryhu wkh ordq/ ru wr iruhforvh,1 Dq
htxloleulxp lv d sur�oh ri vwudwhjlhv 0 rqh iru hdfk fuhglwru 0 vxfk wkdw d fuhglwru*v
vwudwhj| pd{lpl}hv klv h{shfwhg sd|r� frqglwlrqdo rq wkh lqirupdwlrq dydlodeoh/
zkhq doo rwkhu fuhglwruv duh iroorzlqj wkh vwudwhjlhv lq wkh sur�oh1 Zh qrz vroyh
iru htxloleulxp vwudwhjlhv ri wklv jdph1

61 Htxloleulxp

Rxu wdvn ri vroylqj iru htxloleulxp zloo eh glylghg lqwr wzr sduwv1 Zh �uvw vroyh
iru htxloleuld lq zklfk wkh fuhglwruv xvh d vlpsoh �vzlwfklqj vwudwhj|� lq zklfk
wkh| uroo ryhu zkhqhyhu wkhlu hvwlpdwh ri wkh xqghuo|lqj ixqgdphqwdov lv kljkhu
wkdq vrph jlyhq wkuhvkrog ohyho/ dqg iruhforvh li wkhlu hvwlpdwh ri wkh ixqgdphqwdov
idoov ehorz wklv wkuhvkrog1 Lq wkh qh{w vhfwlrq/ zh zloo lghqwli| frqglwlrqv iru wkh
xqltxhqhvv ri htxloleulxp1 Lw wxuqv rxw wkdw wkhuh lv qr orvv ri jhqhudolw| e|
frq�qlqj rxu dwwhqwlrq wr vzlwfklqj vwudwhjlhv1

Zkhq fuhglwru � revhuyhv wkh uhdol}dwlrq ri wkh vljqdo %�/ klv srvwhulru glvwule0
xwlrq ri w lv qrupdo zlwk phdq

1� �
k+ n q%�
kn q

+614,

dqg suhflvlrq knq1 Zkhq fuhglwruv xvh d vzlwfklqj vwudwhj|/ wkh| kdyh d wkuhvkrog
ohyho 1 +wkh cvzlwfklqj srlqw*, iru wkhlu vzlwfklqj vwudwhjlhv/ dqg uroo ryhu wkh ordq

7Zh gr qrw kdyh pxfk wr dgg wr wkh ghedwh rq zkhwkhu d vhfrqgdu| pdunhw zloo plwljdwh
lqh!flhqflhv/ h{fhsw wr qrwh wkdw dq| dwwhpsw wr lqwhuqdol}h wkh h{whuqdolwlhv duh frqiurqwhg e|
frruglqdwlrq2iuhh0ulghu sureohpv dw d kljkhu ohyho1 Vhh Jhuwqhu dqg Vfkduivwhlq +4<<4,1

:



li dqg rqo| li wkh sulydwh vljqdo % lv juhdwhu wkdq

% E1c +� � k n q

q
1 � k

q
+� +615,

Wkh fulwlfdo ydoxh ri wkh ixqgdphqwdov dw zklfk wkh surmhfw lv rq wkh pdujlq
ehwzhhq idlolqj dqg vxffhhglqj lv dw wkh vwdwh w iru zklfk w ' 5�/ zkhuh � lv wkh
sursruwlrq ri fuhglwruv zkr iruhforvh uhvxowlqj iurp wkh vzlwfklqj vwudwhj| durxqg
11 Zh ghqrwh e| � wkh fulwlfdo vwdwh w dw zklfk wkh surmhfw lv rq wkh pdujlq ri
vxffhvv dqg idloxuh1 Vlqfh � ' 5�/ zh kdyh

� ' 5x
�s

q E%� ��
�

' 5x
�s

q
�
knq

q
1 � k

q
+ � �

��
' 5x

�
kI
q
E1 � +� n

s
q E1 � ��

�
+616,

Wklv jlyhv xv rxu �uvw htxdwlrq lq whupv ri 1 dqg �1
Iru rxu vhfrqg htxdwlrq/ zh dsshdo wr wkh idfw wkdw dw wkh vzlwfklqj srlqw

1/ d fuhglwru lv lqgl�huhqw ehwzhhq uroolqj ryhu dqg iruhforvlqj1 Wkh sd|r� wr
iruhforvxuh lv b/ zkloh wkh h{shfwhg sd|r� wr uroolqj ryhu lv wkh suredelolw| wkdw
wkh surmhfw vxffhhgv1 Vlqfh wkh surmhfw vxffhhgv zkhqhyhu w : �/ dqg vlqfh
wkh frqglwlrqdo ghqvlw| ryhu w lv qrupdo zlwk phdq 1 dqg suhflvlrq k n q/ wklv
lqgl�huhqfh frqglwlrq lv jlyhq e|

��x
�s

kn q E� � 1�
�
' b +617,

zklfk lpsolhv

� � 1 '
x3� E�� b�s

k n q
� +618,

Wklv jlyhv xv rxu vhfrqg htxdwlrq1 Iurp wklv sdlu ri htxdwlrqv/ zh fdq vroyh iru
rxu wzr xqnqrzqv/ � dqg 11 Vroylqj iru �/ zh kdyh

� ' 5x
�

kI
q

�
� � + n x3� Eb�

I
knq

k

��
� +619,

Wkh idloxuh srlqw � lv rewdlqhg dv wkh lqwhuvhfwlrq ehwzhhq wkh 78� olqh dqg
d vfdohg0xs fxpxodwlyh qrupdo glvwulexwlrq zkrvh phdq lv + �x3� Eb�

I
knq

k
/ dqg

zkrvh suhflvlrq lv k2*q1 Wkh lqwhuydo dfc �o uhsuhvhqwv wkh lqflghqfh ri lqh!flhqw

;



�3 + � x3� Eb�
I
knq

k

5

78�

5x
�

kI
q

�
� � + nx3� Eb�

I
knq

k
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Iljxuh 614= Ghidxow srlqw �

oltxlgdwlrq1 Wkhvh duh wkh vwdwhv dw zklfk oltxlgdwlrq lv lqh!flhqw/ exw oltxlgdwlrq
lv irufhg rq wkh eruurzhu1 Lq wklv vhqvh/ wkh lqwhuydo dfc �o uhsuhvhqwv wkrvh vwdwhv
zkhuh wkh eruurzhu lv vroyhqw/ exw looltxlg1 Zkhq 5 lv odujh/ wkh ghvwuxfwlrq ri
ydoxh fdq eh yhu| vxevwdqwldo1

Htxdwlrq +619, kdv d xqltxh vroxwlrq li wkh h{suhvvlrq rq wkh uljkw kdqg vlgh
kdv d vorsh wkdw lv ohvv wkdq rqh hyhu|zkhuh1 Wkh vorsh ri wkh uljkw kdqg vlgh lv
jlyhq e| 5� � kI

q
zkhuh � lv wkh ghqvlw| ri wkh vwdqgdug qrupdo hydoxdwhg dw wkh

dssursuldwh srlqw1 Vlqfh � � �*
s
2Z/ d vx!flhqw frqglwlrq iru d xqltxh vroxwlrq

iru � lv jlyhq e|
ks
q
�

s
2Z

5
+61:,

Vlqfh k lv wkh suhflvlrq ri wkh h{ dqwh glvwulexwlrq ri w/ zkloh q lv wkh suhflvlrq
ri wkh fuhglwruv* vljqdov/ frqglwlrq +61:, lv vdwlv�hg zkhqhyhu wkh sulydwh vljqdov
duh suhflvh hqrxjk uhodwlyh wr wkh xqghuo|lqj xqfhuwdlqw|1 Zh srvwsrqh dq lq0
whusuhwdwlrq ri wklv frqglwlrq xqwlo vhfwlrq 8/ zkhq zh zloo eh deoh wr h{sodlq wkh
vljql�fdqfh ri lqirupdwlrq suhflvlrq lq whupv ri wkhlu h�hfwv rq wzr w|shv ri xq0
fhuwdlqw| 0 frqfhuqlqj ixqgdphqwdov/ dqg frqfhuqlqj dfwlrqv ri rwkhuv1 Iluvw/ zh
zloo vkrz zk| +61:, lv wkh nh| wr xqltxhqhvv ri htxloleulxp/ zkhwkhu lq vzlwfklqj
vwudwhjlhv ru lq dq| rwkhu vwudwhj|1

<



71 Xqltxhqhvv ri Htxloleulxp

Zh fdq vwdwh rxu uhvxow rq xqltxhqhvv dv iroorzv1

Wkhruhp1 Li k*
s
q � s

2Z*5/ wkhuh lv d xqltxh htxloleulxp1 Frqyhuvho|/ li
k*

s
q :

s
2Z*5/ wkhuh lv d ydoxh ri b vxfk wkdw wkhuh lv pruh wkdq rqh

htxloleulxp1 Zkhq htxloleulxp lv xqltxh/ wkh htxloleulxp vwudwhj| lv wkh
rqo| vwudwhj| wkdw vxuylyhv wkh lwhudwhg ghohwlrq ri grplqdwhg vwudwhjlhv1

Lq rwkhu zrugv/ wkh frqglwlrq k*
s
q � s

2Z*5 lv qhfhvvdu| dqg vx!flhqw iru
wkh xqltxhqhvv ri htxloleulxp 0 zkhwkhu lq vzlwfklqj vwudwhjlhv ru lq dq| rwkhu
vwudwhj|1 Ixuwkhupruh/ wkh xqltxh htxloleulxp lv grplqdqfh vroydeoh1 Wkh
dujxphqw iru rxu wkhruhp fdq eh suhvhqwhg lq vhyhudo vpdoohu vwhsv1 Frqvlghu wkh
h{shfwhg sd|r� ri uroolqj ryhu wkh ordq zkhq rqh*v srvwhulru eholhi lv 1/ zkhq doo
rwkhu fuhglwruv duh xvlqj wkh vzlwfklqj vwudwhj| durxqg 11 Ghqrwh wklv sd|r� e|
L E1�1 Rxu uhvxow rq xqltxhqhvv lv d frqvhtxhqfh ri wkh iroorzlqj sdlu ri uhvxowv1

Ohppd 41 Li 1 vroyhv L E1� ' b/ wkhq wkhuh lv dq htxloleulxp lq zklfk hyhu|rqh
xvhv wkh vzlwfklqj vwudwhj| durxqg 11 Li wkhuh lv d xqltxh 1 wkdw vroyhv
L E1� ' b/ wkhq wkh vzlwfklqj vwudwhj| durxqg 1 lv wkh rqo| vwudwhj| wkdw
vxuylyhv wkh lwhudwhg ghohwlrq ri grplqdqwhg vwudwhjlhv1

Ohppd 51 L � E1� � f iru doo 1 li dqg rqo| li k*
s
q � s

2Z*51

Wkh �uvw ohppd gudzv rq wkh zrun rq vxshuprgxodu jdphv ri Ylyhv +4<<3,
dqg Plojurp dqg Urehuwv +4<<3,1 Wkh jhqhudo vwuxfwxuh ri rxu prgho frqirupv wr
d sduwlfxoduo| vlpsoh fodvv ri vxshuprgxodu jdphv lq zklfk wkh lwhudwhg ghohwlrq
ri grplqdwhg vwudwhjlhv |lhogv wkh xqltxh htxloleulxp1 Wkh ghwdlov duh suhvhqwhg
lq wkh dsshqgl{1 Khlqhpdqq dqg Loolqj +4<<<, kdyh dovr h{soruhg grplqdqfh
dujxphqwv lq d fxuuhqf| fulvlv vhwwlqj1

Dv iru wkh vhfrqg ohppd/ zh jlyh wkh surri khuh1 Wkh sd|r� L E1� lv jlyhq e|

L E1� '

] "

�

�
�s

k n q Ew � 1�
�
_w +714,

' ��x
�s

kn q E� � 1�
�

vr wkdw
L � E1� ' �

s
k n q � �

�s
k n q E� � 1�

�
�
�
Y�

Y1
� �

�
+715,
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zkhuh � E�� lv wkh ghqvlw| ri wkh vwdqgdug qrupdo1 Khqfh L � E1� � f li dqg rqo| li
Y�

Y1
� �1 Wkh fulwlfdo vwdwh � vdwlv�hv

� ' 5x
�s

q E%� ��
�

+716,

E| lpsolflw gl�huhqwldwlrq ri +716, zlwk uhvshfw wr 1/

Y�

Y1
' 5

s
q

�
k n q

q
� Y�

Y1

�
�
�s

q E%� ��
�

Vroylqj iru Y�

Y1
/ zh kdyh Y�

Y1
' �

I
q

�

5
n�
I
q
� knq

q
1 Wkxv/ Y�

Y1
� � li dqg rqo| li

�
s
q

�

5
n �

s
q
� q

k n q
+717,

Vlqfh wkh ohiw kdqg vlgh lv pd{lpl}hg dw � ' �*
s
2Z/ d vx!flhqw frqglwlrq iru

Y�

Y1
� � lv

s
q*

�I
2Z
5

n
s
q
�
� q* Ek n q� zklfk erlov grzq wr k*

s
q � s

2Z*51

Frqyhuvho|/ vxssrvh k*
s
q :

s
2Z*5� Wkhq/ iurp +717,/ Y�

Y1
: � zkhq % ' �1 Wklv

suryhv wkh ohppd1

81 Wudqvsduhqf|

Kdylqj ghdow zlwk wkh whfkqlfdo lvvxhv frqfhuqlqj xqltxhqhvv/ zh duh qrz lq d
srvlwlrq wr dgguhvv srolf| txhvwlrqv dqg rwkhu frpsdudwlyh vwdwlfv lvvxhv1 Zh
ehjlq zlwk wkh uroh ri lqirupdwlrq lq lq xhqflqj wkh htxloleulxp1 Lq dgguhvvlqj
wklv lvvxh/ zh krsh wr kljkoljkw wkh lpsruwdqfh ri wkh lqwhusod| ehzhhq wzr w|sv ri
xqfhuwdlqw| 0 ixqgdphqwdo xqfhuwdlqw| yhuvxv vwudwhjlf xqfhuwdlqw|1 Ixqgdphqwdo
xqfhuwdlqw| uhihuv wr xqfhuwdlqw| frqfhuqlqj wkh sd|r� uhohydqw vwdwh ri qdwxuh/
zklfk lq rxu prgho lv jlyhq e| w1 Vwudwhjlf xqfhuwdlqw| uhihuv wr wkh xqfhuwdlqw|
frqfhuqlqj wkh dfwlrqv ri rwkhu fuhglwruv1 Zkhq wkh lqirupdwlrqdo hqylurqphqw
ri wkh hfrqrp| fkdqjhv iru vrph uhdvrq/ erwk w|shv ri xqfhuwdlqw| zloo xqghujr
fkdqjhv1 Wkh qhw h�hfw rq wkh htxloleulxp rxwfrph ghshqgv rq wkh frpsoh{
lqwhusod| ehwzhhq wkh wzr w|shv ri xqfhuwdlqw|1

Lq rughu wr irfxv rxu lqyhvwljdwlrq/ ohw xv �uvw vhh zkdw kdsshqv lq wkh olplw
zkhq wkh sulydwh vljqdov ri wkh fuhglwruv ehfrph yhu| suhflvh/ dqg qrlvh ehfrphv
qhjoljleoh1 Wklv fruuhvsrqgv wr wkh fdvh zkhuh q $ 41 Iurp +619,/ wkh idloxuh
srlqw � vdwlv�hv

� $ 5x
�
x3� Eb�

�
' 5b +814,
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Iru odujh 5/ wkh h!flhqf| orvv lv vl}hdeoh1 Wklv uhvxow pd| vhhp sx}}olqj dw �uvw/
vlqfh wkh sulydwh vljqdo %� qrz uhyhdov zkdw wkh xqghuo|lqj vwdwh w lv1 Lq rwkhu
zrugv/ wkhuh lv qr orqjhu dq| ixqgdphqwdo xqfhuwdlqw|1 Krzhyhu/ wkh nh| wr
xqghuvwdqglqj wklv uhvxow lv wr qrwh wkdw vwudwhjlf xqfhuwdlqw| lv qrw uhvroyhg hyhq
zkhq wkh sulydwh vljqdo ehfrphv yhu| suhflvh1

Rqh zd| wr srvh wkh txhvwlrq lv wr dvn zkdw lv wkh vxemhfwlyh suredelolw| glv0
wulexwlrq ryhu �/ wkh sursruwlrq ri fuhglwruv zkr iruhforvh1 Iurp wkh srlqw ri ylhz
ri dq| fuhglwru/ wkh htxloleulxp � lv d udqgrp yduldeoh/ dqg kdv d ghqvlw| ryhu wkh
xqlw lqwhuydo dfc �o1 Rqh frxog vd| vrphwklqj derxw wkh ghjuhh ri vwudwhjlf xqfhu0
wdlqw| lq whupv ri wkh vkdsh ri wkh ghqvlw| ryhu dfc �o1 Iru lqvwdqfh/ li wkh ghqvlw|
lv d ghjhqhudwh vslnh dw f/ wklv zrxog vxjjhvw wkdw wkhuh lv qr vwudwhjlf xqfhuwdlqw|/
vlqfh qr0rqh iruforvhv1 Vlploduo| li wkh ghqvlw| lv wkh ghjhqhudwh vslnh dw �/ wkhq
hyhu|rqh iruhforvhv/ vr wkdw djdlq/ wkhuh lv qr vwudwhjlf xqfhuwdlqw|1 Krzhyhu/
li wkh ghqvlw| lv pruh gl�xvh/ wkhq wkhuh lv xqfhuwdlqw| ryhu wkh zkdw wkh rwkhu
fuhglwruv zloo gr1 Iru wkh fdvh zkhuh q $ 4/ zh kdyh wkh uhpdundeoh uhvxow wkdw
wkh vxemhfwlyh ghqvlw| iru � khog e| d sod|hu dw wkh htxloleulxp vzlwfklqj srlqw lv
jlyhq e| wkh xqlirup ghqvlw|1 Vlqfh wkh xqlirup ghqvlw| lv wkh prvw gl�xvh ri
doo ghqvlwlhv ryhu wkh xqlw lqwhuydo/ wklv vxjjhvwv wkdw vwudwhjlf xqfhuwdlqw| lv dw lv
juhdwhvw zkhq q $ 41 Lq rxu vxuyh| sdshu ri joredo jdphv +Pruulv dqg Vklq
+5333/ vhfwlrq 5,,/ zh vkrz wkdw wklv ihdwxuh dulvhv dv d jhqhudo ihdwxuh ri elqdu|
dfwlrq joredo jdphv/ qrw phuho| wkrvh wkdw dvvxph qrupdoo| glvwulexwhg ixqgd0
phqwdov dqg vljqdov1 Khuh/ zh zloo vkrz wklv uhvxow iru wkh qrupdoo| glvwulexwhg
fdvh1

Vxssrvh wkdw d fuhglwru lv lqgl�huhqw ehwzhhq uroolqj ryhu dqg iruhforvlqj/
kdylqj uhfhlyhg vljqdo %1 Frqvlghu wkh suredelolw| wkdw sursruwlrq V ru ohvv kdyh
d vljqdo kljkhu wkdq wklv fulwlfdo vljqdo1 Wkhq V lv wkh sursruwlrq ri fuhglwruv zkr
uroo ryhu1 Ohw wW eh wkh pdujlqdo vwdwh vxfk wkdw/ dw wW/ wkh sursruwlrq ri sod|huv
zlwk d vljqdo kljkhu wkdq wkh fulwlfdo ohyho lv V1 Wkdw lv

x
�s

q E%� wW�
�
' �� V

lpso|lqj

wW ' %� x3� E�� V�s
q

Qrz/ zkdw lv wkh suredelolw| wkdw wkh wuxh w olhv ehorz wklv wW frqglwlrqdo rq vljqdo
%B Lw lv jlyhq e|
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� ' x
�s

k n q EwW � 1�
�

zkhuh 1 ' k+nq%

knq
1 Vxevwlwxwlqj lq/ zh kdyh

� ' x

#
ks
k n q

E%� +��
v

k n q

q
�x3� E�� V�

$
+815,

Dv q $ 4/ zh kdyh

� $ x
��x3� E�� V�

�
' �� x

�
x3� E�� V�

�
' V

Vr wkdw � lv wkh lghqwlw| ixqfwlrq1 Vlqfh � lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq
ryhu V/ wklv lpsolhv wkdw wkh ghqvlw| ixqfwlrq ryhu V lv xqlirup1 Vlqfh � ' �� V/
wklv phdqv wkdw � lv dovr xqlirupo| glvwulexwhg1

Wkh xqlirup ghqvlw| ryhu � jlyhv d gluhfw lqwhusuhwdwlrq ri zk| zh kdyh � ' 5b
lq wkh olplw dv q $ 41 Wkh sd|r� wr iruhforvxuh lv b/ zkloh wkh sd|r� wr uroolqj
ryhu lv � li � � w*5/ dqg lv }hur li � : w*51 Vlqfh � lv xqlirupo| glvwulexwhg
ryhu dfc �o iru wkh pdujlqdo fuhglwru zkr lv lqgl�huhqw ehwzhhq uroolqj ryhu dqg
iruhforvlqj/ wkh h{shfwhg sd|r� wr uroolqj ryhu lv jlyhq e|

w

5

Lqgl�huhqfh ehwzhhq uroolqj ryhu dqg iruhforvxuh lpsolhv b ' w*5/ iurp zklfk zh
fdq ghgxfh wkh fulwlfdo vwdwh dv ehlqj 5b1

Wkh dqdo|vlv ri wklv olplwlqj fdvh ghprqvwudwhv txlwh vwduno| krz hyhq zkhq
lqirupdwlrq frqfhuqlqj wkh xqghuo|lqj ixqgdphqwdov ehfrphv yhu| suhflvh/ wkh
vwudwhjlf xqfhuwdlqw| frqfhuqlqj wkh dfwlrqv ri rwkhu sod|huv pd|/ qhyhuwkhohvv/
eh yhu| vhyhuh1 Lw lv wkh lqwhusod| ehwzhhq wkhvh wzr w|shv ri xqfhuwdlqw| wkdw
ghwhuplqhv wkh htxloleulxp rxwfrph/ dqg wklv lqwhusod| fdq eh txlwh vxewoh1

Zh fdq sxuvxh wklv wkhph d olwwoh ixuwkhu1 Ohw xv qrz h{dplqh d udwkhu
gl�huhqw irupdol}dwlrq ri wkh lpsuryhphqw lq lqirupdwlrq1 Khuh/ zh hqylvdjh wkh
txdolw| ri wkh sxeolf lqirupdwlrq lpsurylqj zlwkrxw erxqg lq wkh vhqvh wkdw wkh

46



xqghuo|lqj xqfhuwdlqw| rq wkh ixqgdphqwdov ehfrphv yhu| vpdoo1 Irupdoo|/ zh ohw
wkh suhflvlrq k ri wkh h{ dqwh glvwulexwlrq ri w ehfrph odujh/ exw zkhuh q nhhsv
sdfh idvw hqrxjk vr dv wr hqvxuh xqltxhqhvv ri htxloleulxp1 Lq sduwlfxodu/ zh
ohw q lqfuhdvh dw wkh udwh ri k21 Wklv nhhsv wkh udwlr k*

s
q frqvwdqw 0 zkhuh wkh

frqvwdqw lv vpdoo hqrxjk wr jxdudqwhh xqltxhqhvv ri htxloleulxp1 Wkxv/ frqvlghu
d vhtxhqfh ri sdluv Ekc q� zkhuh/ iru frqvwdqw S/

k $ 4c q $ 4c exw
ks
q
' S �

s
2Z

5

Wkhq/
s
q* Ek n q� ' �*

s
� n S*

s
q $ �/ vr wkdw wkh olplw ri � lv

� ' 5x

�
S

�
� � + n

x3� Eb�

S

��
+816,

Qrwlfh wkh dsshdudqfh ri wkh h{ dqwh phdq + lq wklv h{suhvvlrq1 Hyhq wkrxjk wkh
sulydwh vljqdo lv h{wuhpho| suhflvh vr wkdw wkhuh lv qr ixqgdphqwdo xqfhuwdlqw|/
wkh h{ dqwh phdq ri w vwloo pdwwhuv iru htxloleulxp1 Djdlq/ wklv pd| dsshdu
vrphzkdw sx}}olqj/ vlqfh wkh lqirupdwlrq frqwdlqhg lq wkh h{ dqwh phdq rxjkw wr
eh grplqdwhg e| wkh h{wuhpho| dffxudwh sulydwh vljqdo1 Krzhyhu/ wklv lv wr qhjohfw
wkh glvwlqfwlrq ehwzhhq ixqgdphqwdo xqfhuwdlqw| dqg vwudwhjlf xqfhuwdlqw|1 Wkh
h{ dqwh phdq + lv ydoxdeoh lq pdnlqj lqihuhqfhv frqfhuqlqj wkh eholhiv ri rwkhu
fuhglwruv/ dqg khqfh rq zkdw wkh| gr1 Lw lv wklv zklfk lv fuxfldo lq vwudwhjlf
vlwxdwlrqv vxfk dv rxuv1 Zh zloo glvfxvv vrph srolf| uhodwhg lvvxhv wkdw dulvh iurp
rxu dqdo|vlv lq wkh frqfoxglqj vhfwlrq1

91 Sulflqj ri Ghidxowdeoh Ghew

Zh zloo qrz wxuq wr dqrwkhu vhw ri frpsdudwlyh vwdwlfv txhvwlrqv dqg gudz vrph
ohvvrqv rq wkh sulflqj ri ghidxowdeoh vhfxulwlhv1 Wkh uhohydqw frpsdulvrq lv eh0
wzhhq wkh fdvh zkhuh wkhuh lv d vlqjoh fuhglwru +vr wkdw wkhuh lv qr frruglqdwlrq
idloxuh, yhuvxv wkh htxloleulxp rxwfrph lq rxu prgho zkhuh wkhuh lv lqh!flhqw
oltxlgdwlrq gxh wr frruglqdwlrq sureohpv1 Iurp +619, zh qrwh wkh iroorzlqj frp0
sdudwlyh vwdwlfv ihdwxuhv ri rxu prgho1

� � lv lqfuhdvlqj lq 5

� � lv ghfuhdvlqj lq +
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Wkh lqwhusuhwdwlrq jlyhq wr 5 lq vhwwlqj xs wkh prgho zdv lq whupv ri wkh pdvv
ri wkh jurxs ri fuhglwruv/ dqg khqfh wklv uhvxow fdq eh lqwhusuhwhg dv vd|lqj wkdw
wkh surmhfw lv pruh yxoqhudeoh wr ghidxow zkhq wkhuh duh pruh fuhglwruv1 Wkh
vwdwlf qdwxuh ri rxu prgho fdqqrw glvwlqjxlvk ehwzhhq vkruw dqg orqj whup fodlpv
rq wkh surmhfw/ exw wr wkh h{whqw wkdw wkh fuhglwruv kdyh d fkrlfh ehwzhhq uroolqj
ryhu dqg iruhforvlqj/ zh fdq uhjdug wkh fuhglwruv dv ehlqj vkruw whup fodlp kroghuv1
Wklv vxjjhvwv wkh k|srwkhvlv wkdw wkh juhdwhu wkh sursruwlrq ri vkruw whup ghew lq
wkh fdslwdo vwuxfwxuh/ wkh pruh iudjloh lv wkh surmhfw wr fuhglwru uxqv1 Wklv kdv d
frxqwhusduw lq wkh sudfwlfdo xvh ri wkh Phuwrq prgho lq wkh lqgxvwu|1 Wkh Phuwrq
prgho kdv ehhq lpsohphqwhg e| frqvxowlqj �upv vxfk dv NPY Frusrudwlrq zkr
xvh wkh Phuwrq prgho lq wkhlu hvwlpdwlrq ri ghidxow suredelolwlhv1 Lq sudfwlfh/
NPY kdyh irxqg lw rswlpdo wr gh�qh wkh ghidxow srlqw +wkh uhrujdql}dwlrq srlqw,
e| dgglqj xs wkh zkroh ri vkruw whup ghew/ dqg kdoi ri wkh orqj whup ghew +vhh
Furxk|/ Jdodl dqg Pdun +5333,,1 Wklv lqgxvwu| sudfwlfh vhhpv wr eh frqvlvwhqw
zlwk rxu frpsdudwlyh vwdwlfv uhvxow iru 51

Pruh lqwhuhvwlqj lv wkh frpsdudwlyh vwdwlfv ri � zlwk uhvshfw wr +1 Ohw xv ehjlq
e| yhuli|lqj wkdw wkh idloxuh srlqw � grhv lqghhg pryh lq wkh rssrvlwh gluhfwlrq
wr +1 Gl�huhqwldwh +619, wr rewdlq

Y�

Y+
' 5

ks
q

�
Y�

Y+
� �

�
�

vr wkdw
Y�

Y+
' �

kI
q
5�

�� kI
q
5�

+914,

Exw wkh ghqrplqdwru lv srvlwlyh/ vlqfh xqltxhqhvv lpsolhv +e| rxu wkhruhp, k*
s
q �s

2Z*5/ dqg � lv erxqghg deryh e| �*
s
2Z1 Khqfh/

Y�

Y+
	 f�

Wkh iroorzlqj �jxuh looxvwudwhv wklv frpsdudwlyh vwdwlfv h�hfw1
Wkh idfw wkdw wkh idloxuh srlqw pryhv xs dv wkh ixqgdphqwdov ghwhulrudwh uh0

 hfwv wkh idfw wkdw vwudwhjlf xqfhuwdlqw| ehfrphv pruh dqg pruh lpsruwdqw lq wkh
uhdvrqlqj ri wkh fuhglwruv1 Lqwxlwlyho|/ zkhq + lv orz/ d orz vljqdo revhuyhg e|
ph lv pruh olnho| wr lpso| orz vljqdov revhuyhg e| rwkhu fuhglwruv1 Wklv pdnhv lw
pruh olnho| wkdw rwkhu fuhglwruv zloo iruhforvh/ dqg wkhuhe| xqghuplqh wkh surmhfw1

Wkh h{ dqwh sulfh ri vhfxuhg ghew zloo uh hfw wkh uhfryhu| udwh lq wkh fdvh ri
ghidxow dv zhoo dv wkh suredelolw| ri ghidxow1 Lq rxu prgho/ wkhuh lv wkh dgghg
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Iljxuh 914= Vkliw lq �

frpsolfdwlrq ri zkhwkhu d fuhglwru iruhforvhv ru qrw zkhq wkh surmhfw idlov81 Lq
rughu wr looxvwudwh wkh frpsdudwlyh vwdwlfv h�hfwv pruh vxfflqwo|/ zh frqvlghu wkh
ydoxh ri d orqj whup xqvhfxuhg ordq wr wkh surmhfw zlwk idfh ydoxh 41 Wkh ohqghu
lq wklv fdvh lv hvvhqwldoo| sdvvlyh1 Wkh ohqghu uhfhlyhv 4 zkhqhyhu w � �/ exw
uhfhlyhv }hur zkhq w 	 �1 Wkh h{ dqwh sulfh ri vxfk d ordq jlyhq h{ dqwh phdq +
lv

` E+� '

] "

�

�
�s

k Ew � +�
�
_w ' �� x

�s
k E� � +�

�
+915,

Wkh fkdqjh lq wkh dvvhw ydoxh ri wkh ordq wr d vkliw lq wkh phdq ri wkh glvwulexwlrq
lv

Y`

Y+
'

s
k � �� Y�

Y+

s
k � � +916,

Wkh �uvw whup frxog eh gxeehg wkh frqyhqwlrqdo h�hfw lq wkdw lw uh hfwv wkh fkdqjh
lq wkh zhljkw ri wkh ohiw wdlo ri wkh glvwulexwlrq gxh wr d vkliw lq wkh fhqwuh ri wkh
glvwulexwlrq1 Wkh vhfrqg whup lv wkh qryho ihdwxuh1 Lw dulvhv iurp wkh idfw wkdw wkh
wkuhvkrog iru wkh wdlo dovr vkliwv1 Zh frxog fdoo wklv wkh frruglqdwlrq h�hfw1 Vlqfh
Y�*Y+ 	 f/ wkh frruglqdwlrq h�hfw uhlqirufhv wkh frqyhqwlrqdo h�hfw1

8Wkh h{ dqwh sd|r� ri d sduwlfxodu fuhglwru ghshqgv rq wkh suredelolw| ri irxu hyhqwv= surmhfw
idlov dqg kh iruhforvhv/ surmhfw idlov exw kh grhv qrw iruhforvh/ wkh surmhfw vxffhhgv exw kh
iruhforvhv dqg wkh surmhfw vxffhhgv dqg kh grhv qrw iruhforvh1
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Iru wkh fuhglwru/ d ghwhulrudwlrq lq wkh ixqgdphqwdov lq whupv ri d idoo lq +
lpsolhv wkdw wkh dvvhw ydoxh ri wkh ordq lv idoolqj dw d udwh pruh wkdq sursruwlrqdo
wr wkh idoo lq +1 Wkxv/ lw lv suhflvho| zkhq ulvn pdqdjhphqw lv prvw lpsruwdqw 0
zkhq + lv idoolqj 0 wkdw lw lv lpsruwdqw qrw wr qhjohfw wkh frruglqdwlrq h�hfw1 E|
qhjohfwlqj wkh frruglqdwlrq h�hfw/ wkh fuhglwru lv xqghuhvwlpdwlqj wkh wuxh ydoxh
dw ulvn1 Qrwh dovr wkdw vxfk dq h�hfw lv fdsdeoh ri uhfrqflolqj wkh sulflqj gdwd iru
ghidxowdeoh ghew dqg wkh Phuwrq prgho1 Wkh juhdwhu lqflghqfh ri frruglqdwlrq
idloxuh iru orzhu txdolw| ghew lpsolhv d kljkhu ghidxow wuljjhu1 Zh fdq looxvwudwh
wklv e| phdqv ri wkh iroorzlqj qxphulfdo h{dpsoh1

Gh�qlqj wkh |lhog rq wkh xqvhfxuhg ordq dv

\lhog '
Sdu� Sulfh

Sulfh
c

zh fdq frpsduh wkh |lhogv jhqhudwhg e| wkh wuxh prgho +zlwk idloxuh rffxulqj dw
�, zlwk wkh |lhogv jlyhq e| wkh qdlyh prgho zklfk dvvxphv dzd| frruglqdwlrq
ulvn1 Wkh iroorzlqj wdeoh lv jhqhudwhg iurp wkh fdvh zkhuh

k ' �c q ' Dc 5 ' �c b ' f�D�

Qrwh wkdw wkh uhfryhu| udwh b lv uhohydqw rqo| lq ghwhuplqlqj wkh idloxuh srlqw �1
Wkh xqvhfxuhg ohqghu uhfhlyhv }hur lq wkh fdvh zkhuh wkh surmhfw idlov1 Wkh �uvw
froxpq jlyhv wkh h{ dqwh phdq ri wkh sd|r� glvwulexwlrq dqg wkh vhfrqg froxpq
jlyhv wkh |lhog rq wkh ordq iru wkh qdlyh prgho +qr frruglqdwlrq ulvn,1 Wkh qdlyh
prgho dssolhv wr wkh fdvh zkhuh wkhuh lv d vlqjoh odujh fuhglwru/ vr wkdw wkhuh lv
qr frruglqdwlrq idloxuh1 Wkh wklug froxpq jlyhv wkh |lhog dulvlqj iurp wkh wuxh
prgho/ dqg wkh ydoxh ri wkh euhdn srlqw � E+� dsshduv lq wkh odvw froxpq1 Vlqfh
k ' �/ wkh ydoxhv ri + duh lq xqlwv ri vwdqgdug ghyldwlrqv1 Vr/ wkh �uvw urz ri wkh
wdeoh shuwdlqv wr wkh fdvh zkhuh wkh h{ dqwh phdq + lv wkuhh vwdqgdug ghyldwlrqv
iurp }hur1 Wkh odvw hohphqw ri wklv urz whoov xv wkdw wkh wuxh idloxuh srlqw lv
� E�� ' f�fb./ dqg wkh wuxh |lhog lv 314<(/ udwkhu wkdq wkh |lhog jlyhq e| wkh
qdlyh prgho ri 3147(1 Wklv gl�huhqfh lq |lhog lv qrw odujh/ vlqfh wkh ordq lv d yhu|
vdih rqh 0 wkh phdq ehlqj wkuhh vwdqgdug ghyldwlrqv dzd| iurp }hur1
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H{ dqwh
phdq
+

\lhog iurp
qdlyh prgho

\lhog iurp
wuxh prgho

Idloxuh
srlqw
�

+ ' � f� ff�e f� ff�b f�fb.
+ ' 2 f� f2�� f� f�H� f� 2�2
+ ' ��D f� f.�S f� �2HH f� 2bD
+ ' ��2D f� ��H� f� 222S f� �e2
+ ' � f� �HHS f� �.�D f� �b�
+ ' f�.D f� 2b� f� S�e� f� eeS
+ ' f�D f� eeS2 ��f f� D
+ ' f�2D f� S.f� �� S2.b f� DDe
+ ' f ��f 2� S..e f� Sf.

Krzhyhu/ dv + idoov/ zh fdq vhh wkdw wkh |lhog gl�huhqfh ehfrphv odujh1 Dw rqh
vwdqgdug ghyldwlrq dzd| iurp }hur +l1h1 iru + ' �,/ wkh qdlyh prgho suhglfwv d
|lhog ri 4<(/ exw wkh wuxh |lhog lv dfwxdoo| doprvw grxeoh wkdw qxpehu/ dw 6:(1
Wklv fruuhvsrqgv wr wkh euhdn srlqw ri � ' f��b�1 Wkxv/ wkh lqwhuydo dfc f��b�o
uhsuhvhqwv wkh vl}h ri lqh!flhqw oltxlgdwlrq1 Iru hyhq orzhu ydoxhv ri +/ wkh |lhog
gl�huhqfh lv hyhq kljkhu1 Zkhq + ' f/ wkh qdlyh prgho suhglfwv d |lhog ri 433(/
exw wkh wuxh |lhog lv 59;(1

Vxfk d sdwwhuq ri glvfuhsdqflhv ehwzhhq wkh ehqfkpdun prgho dqg wkh wuxh
prgho lv txlwh vxjjhvwlyh1 Wkh ryhusulflqj ri ghidxowdeoh erqgv uhodwlyh wr pdunhw
sulfhv +dqg wkh xqghusulflqj ri lwv |lhog,/ dv zhoo dv wkh idfw wkdw vxfk glvfuhsdqflhv
duh odujhu iru orzhu txdolw| erqgv/ kdv ehhq rqh ri wkh shuvlvwhqw sureohpv zlwk
hpslulfdo lpsohphqwdwlrqv ri wkh Phuwrq prgho1 Rxu wkhru| suhglfwv wkdw wkh
ghidxow srlqw zloo dfwxdoo| eh d ixqfwlrq ri wkh txdolw| ri wkh erqg/ dqg wkdw wkh
ghidxow srlqw zloo eh kljkhu iru orzhu txdolw| erqgv1 Zkhq wklv dgglwlrqdo h�hfw lv
wdnhq lqwr dffrxqw/ wkh dssduhqw dqrpdolhv fdq eh dffrpprgdwhg1 Euxfkh +5334,
ghyhorsv d frqwlqxrxv wlph yhuvlrq ri rxu prgho wkdw surylghv d pruh vwdqgdugl}hg
sodwirup iru frpsdulqj wkh sulflqj lpsolfdwlrqv ri dowhuqdwlyh prghov1

Ixuwkhupruh/ dowkrxjk wkh sdudphwhuv k dqg q duh udwkhu devwudfw txdqwlwlhv
shuwdlqlqj wr lqirupdwlrq/ wkh| kdyh dq lqgluhfw hpslulfdo frxqwhusduw lq whupv ri
wkh uhodwlrqvkls ehwzhhq wkh ixqgdphqwdo ydoxh + dqg wkh idloxuh srlqw �1 Wkxv/
lq sulqflsoh/ lw zrxog eh srvvleoh wr h{wudfw vrph lqirupdwlrq rq k dqg q li zh
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kdg vx!flhqwo| ghwdlohg gdwd rq wkh uhodwlrqvkls ehwzhhq wkh glvwdqfh wr ghidxow
dqg wkh ghidxow suredelolw|1

:1 Frqfoxglqj Uhpdunv

Wkh whup �wudqvsduhqf|� kdv wdnhq rq juhdw vljql�fdqfh lq wkh srolf| ghedwh diwhu
wkh pdunhw wxuprlo ri 4<<:2;/ dqg kdv �jxuhg surplqhqwo| lq qxphurxv r!fldo
sxeolfdwlrqv +vxfk dv LPI +4<<;e,/ ELV +4<<<,,1 Wkh qrwlrq ri wudqvsduhqf| kdv
pdq| vxewohwlhv/ dqg lw zrxog eh zurqj wr jlyh wrr vlpsolvwlf dq lqwhusuhwdwlrq ri
lw1 Krzhyhu/ wr wkh h{whqw wkdw lpsuryhg wudqvsduhqf| fdq eh jlyhq d vwudljkw0
iruzdug lqwhusuhwdwlrq lq whupv ri surylvlrq ri pruh lqirupdwlrq/ rxu dqdo|vlv
vxjjhvwv wkdw wkh h�hfwv fdq eh frxqwhulqwxlwlyh1 Wklv revhuydwlrq krogv vrph
lpsruwdqw ohvvrqv iru wkh frqgxfw ri sxeolf srolf| lq glvvhplqdwlrq ri lqirupd0
wlrq1 Zkhq fdoolqj iru lpsuryhg wudqvsduhqf|/ lw lv lpsruwdqw wr eh fohdu dv wr
krz wkh lpsuryhg lqirupdwlrq zloo lpsuryh wkh rxwfrph1 Wkh phuh surylvlrq ri
lqirupdwlrq zloo qrw eh hqrxjk1 Krzhyhu/ li wkh lpsuryhg lqirupdwlrq lv rqh hoh0
phqw ri ehwwhu frruglqdwlrq ri wkh glvsdudwh pdunhw sduwlflsdqwv/ wkh lqirupdwlrq
pd| kdyh vrph ehqh�fldo h�hfw1 Wklv vxjjhvwv wkdw frqfuhwh lqvwlwxwlrqdo fkdqjhv
pxvw dffrpsdq| wkh surylvlrq ri lqirupdwlrq li wkh lqirupdwlrq lv wr eh h�hfwlyh1

Lq vslwh ri wkh dfnqrzohgjhg vlpsolflw| ri wkh prgho/ zh pd| qhyhuwkhohvv gudz
vrph ohvvrqv iru wkh fxuuhqw ghedwh frqfhuqlqj wkh uhirup ri wkh lqwhuqdwlrqdo
�qdqfldo v|vwhp1 Zlwk wkh ehqh�w ri wkhruhwlfdo klqgvljkw/ lw lv shukdsv qrw
vxusulvlqj wkdw wkh surylvlrq ri pruh lqirupdwlrq wr pdunhw sduwlflsdqwv grhv qrw
plwljdwh wkh sureohp1 Diwhu doo/ zh vkrxog gudz d glvwlqfwlrq ehwzhhq d vlqjoh0
shuvrq ghflvlrq sureohp dqg d vwudwhjlf vlwxdwlrq1 Lq d vlqjoh0shuvrq ghflvlrq
sureohp/ pruh lqirupdwlrq lv dozd|v pruh ydoxdeoh1 Zkhq L ghedwh zkhwkhu wr
fduu| dq xpeuhood lqwr zrun/ dq dffxudwh zhdwkhu iruhfdvw zloo plqlpl}h erwk wkh
lqfrqylhqfh ri fduu|lqj d exon| xpeuhood rq d vxqq| gd|/ dqg dovr wkh rssrvlwh
lqfrqyhqlhqfh ri jhwwlqj fdxjkw lq d vkrzhu zlwkrxw vkhowhu1 Lq vxfk lqvwdqfhv/
�wudqvsduhqf|� zrunv1

Krzhyhu/ lw lv idu iurp fohdu zkhwkhu ehwwhu lqirupdwlrq zloo plwljdwh d frrugl0
qdwlrq sureohp1 Wkhuh lv olwwoh jxlgdqfh iurp hfrqrplf wkhru| wkdw ehwwhu lqiru0
pdwlrq derxw sd|r�v wr sod|huv ri d frruglqdwlrq jdph ohdgv wr juhdwhu lqflghqfh
ri vxffhvvixo frruglqdwlrq1 Lqghhg/ wkh lqwxlwlrq frqyh|hg e| h{lvlwlqj wkhru| lv ri
d pxfk pruh survdlf vruw 0 w|sl�hg e| wkh ghedwh rq wkh Frdvh Wkhruhp 0 lq zklfk
doo wkh hpskdvlv lv sodfhg rq wkh lpshglphqwv wr h!flhqw edujdlqlqj1 Zkhq wkh
lqwhuhvwhg sduwlhv duh gl�xvh dqg idfh xqfhuwdlqw| erwk derxw wkh ixqgdphqwdov
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dqg wkh lqirupdwlrq ri rwkhuv/ lw zrxog eh ryhuo| rswlplvwlf wr h{shfw h{ srvw
h!flhqw edujdlqv wr eh vwuxfn1

Zh kdyh douhdg| qrwhg krz lqvwdqfhv ri vxffhvvixo frruglqdwlrq e| fuhglwruv 0
vxfk dv wkh uhrujdql}dwlrq ri Orqj Whup Fdslwdo Pdqdjhphqw lq Vhswhpehu 4<<;
0 kdyh kdg d irufhixo idflolwdwru rufkhvwudwlqj wkh uhvfxh1 Lq wkh fdvh ri OWFP/
wklv uroh zdv sod|hg e| wkh Qhz \run Ihg1 Wkh X1 V1 Wuhdvxu| kdv dovr sod|hg d
nh| uroh lq d qxpehu ri hslvrghv lq uhfhqw |hduv +Eud}lo lq 4<<</ Nruhd lq 4<<:2;,1
Dowkrxjk jryhuqphqwv dqg fhqwudo edqnv duh ehvw sodfhg wr sod| vxfk d uroh/ wkhuh
lv qr uhdvrq zk| d qrq0jryhuqphqwdo sduw| fdqqrw sod| d vlplodu uroh1 Wkh dffrxqw
ri M1 S1 Prujdq*v uroh lq frruglqdwlqj wkh 4<3: edlorxw lv dq lqvwuxfwlyh h{dpsoh91
Sursrqhqwv ri pruh hoderudwh pxowlodwhudo lqvwlwxwlrqv zrxog gr zhoo wr sdxvh iru
wkrxjkw rq krz wkh qhz lqvwlwxwlrq zloo iduh lq wkh uroh ri idflolwdwru1

Dsshqgl{

Lq wklv dsshqgl{/ zh surylgh dq dujxphqw iru ohppd 41 Frqvlghu �uvw wkh
h{shfwhg sd|r� wr uroolqj ryhu wkh ordq frqglwlrqdo rq 1 zkhq doo rwkhuv duh xvlqj
wkh vzlwfklqj vwudwhj| durxqg vrph srlqw 	11 Ghqrwh wklv sd|r� dv

�
�
1c 	1

�
+:14,

Wklv sd|r� lv jlyhq e| � � x
�s

k n q E� � 1�
�
/ zkhuh � lv wkh idloxuh srlqw gh0

�qhg dv wkh xqltxh vroxwlrq wr wkh htxdwlrq � ' 5x
�s

q
�
%
�
	1c +

�
� �

��
1 Wkh

frqglwlrqdo sd|r� �
�
1c 	1

�
fdq eh vhhq wr vdwlvi| wkh iroorzlqj wkuhh surshuwlhv1

Prqrwrqlflw|1 � lv vwulfwo| lqfuhdvlqj lq lwv �uvw dujxphqw/ dqg lv vwulfwo| gh0
fuhdvlqj lq lwv vhfrqg dujxphqw1

Frqwlqxlw|1 � lv frqwlqxrxv1

Ixoo Udqjh1 Iru dq| 	1 5 U^i�4c4j/ �
�
1c 	1

�
$ f dv 1 $ �4/ dqg �

�
1c 	1

�
$

� dv 1 $ 41
9Vhh/ iru lqvwdqfh/ Qhz \runhu Pdjd}lqh/ Qry 56/ 4<<; +sdjh 95,1 Zh duh judwhixo iru Dulmlw

Pxnkhuml iru wklv uhihuhqfh1
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E| dsshdolqj wr wkhvh ihdwxuhv/ zh fdq gh�qh wzr vhtxhqfhv ri uhdo qxpehuv1
Iluvw/ gh�qh wkh vhtxhqfh

1�c 12c � � � c 1&c � � � +:15,

dv wkh vroxwlrqv wr wkh htxdwlrqv=

�
�
1�c�4�

' b

�
�
12c 1�

�
' b

111

�
�
1&n�c 1&

�
' b

111

Lq dq dqdorjrxv zd|/ zh gh�qh wkh vhtxhqfh

71
�
c 71

2
c � � � c 71&c � � � +:16,

dv wkh vroxwlrqv wr wkh htxdwlrqv=

�
�
71
�
c4

�
' b

�
�
71
2
c 71

�
�

' b

111

�
�
71
&n�

c 71
&
�

' b

111

Zh fdq wkhq suryh=

Ohppd D41 Ohw 1 vroyh L E1� ' b1 Wkhq

1� 	 12 	 � � � 	 1& 	 � � � 	 1 +:17,

71
�

: 71
2
: � � � : 71

&
: � � � : 1 +:18,

Pruhryhu/ li 1 dqg 71 duh/ uhvshfwlyho|/ wkh vpdoohvw dqg odujhvw vroxwlrqv wr
L E1� ' b/ wkhq

1 ' *�4
&<"

1& dqg 71 ' *�4
&<"

71
&
� +:19,
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Surri1 Vlqfh �
�
1�c�4�

' �
�
12c 1�

�
' b/ prqrwrqlflw| lpsolhv 1� 	 121 Wkxv/

vxssrvh 1&3� 	 1&1 Vlqfh �
�
1&c 1&3�

�
' �

�
1&n�c 1&

�
' b/ prqrwrqlflw|

lpsolhv 1& 	 1&n�1 Ilqdoo|/ vlqfh L E1� ' � E1c 1� ' �
�
1&n�c 1&

�
/ dqg 1& 	

1&n�/ prqrwrqlflw| lpsolhv wkdw 1& 	 11 Wkxv/ 1� 	 12 	 � � � 	 1& 	 � � � 	 1�

Dq h{dfwo| dqdorjrxv dujxphqw vkrzv wkdw 71� : 71
2
: � � � : 71

&
: � � � : 1�

Qrz/ vxssrvh 1 lv wkh vpdoohvw vroxwlrq wr � E1c 1� ' b1 E| +:17, dqg wkh
prqrwrqlflw| ri �/ 1 lv wkh vpdoohvw xsshu erxqg iru wkh vhtxhqfh

�
1&
�
1

Vlqfh
�
1&
�
lv dq lqfuhdvlqj/ erxqghg vhtxhqfh/ lw frqyhujhv wr lwv vpdoohvw

xsshu erxqg1 Wkxv 1 ' *�4&<" 1&1 Dqdorjrxvo|/ li 71 lv wkh odujhvw vroxwlrq

wr � E1c 1� ' b/ wkhq +:18, dqg prqrwrqlflw| ri � lpsolhv wkdw 71 ' *�4&<" 71
&
�

Wklv suryhv wkh ohppd1

Ohppd D51 Li j lv d vwudwhj| zklfk vxuylyhv & urxqgv ri lwhudwhg ghohwlrq ri
lqwhulp grplqdwhg vwudwhjlhv/ wkhq

j E1� '

+
8 li 1 	 1&

- li 1 : 71
& +:1:,

Wkh dujxphqw lv dv iroorzv1 Ohw j3� eh wkh vwudwhj| sur�oh xvhg e| doo sod|huv
rwkhu wkdq �/ dqg ghqrwh e| ��� E1c j3�� wkh sd|r� wr � ri uroolqj ryhu wkh ordq
frqglwlrqdo rq 1 zkhq wkh rwkhuv* vwudwhj| sur�oh lv jlyhq e| j3�1 Wkh lqflghqfh
ri idloxuh lv plqlpl}hg zkhq hyhu|rqh lv uroolqj ryhu wkh ordq luuhvshfwlyh ri wkh
vljqdo/ dqg wkh wkh lqflghqfh ri idloxuh lv pd{lpl}hg zkhq hyhu|rqh lv iruhforvlqj
rq wkh ordq luuhvshfwlyh ri wkh vljqdo1 Wkxv/ iru dq| 1 dqg dq| j3�/

� E1c4� � ���
�
1c j3�

� � � E1c�4� +:1;,

Iurp wkh gh�qlwlrq ri 1� dqg prqrwrqlflw|/

1 	 1� ', iru dq| j3�/ ���
�
1c j3�

� � � E1c�4� 	 �
�
1�c�4�

' b� +:1<,

Lq rwkhu zrugv/ 1 	 1� lpsolhv wkdw uroolqj ryhu wkh ordq lv vwulfwo| grplqdwhg e|

iruhforvlqj1 Vlploduo|/ iurp wkh gh�qlwlrq ri 71� dqg prqrwrqlflw|/

1 : 71
�
', iru dq| j3�/ ���

�
1c j3�

� � � E1c4� : �
�
71
�
c4

�
' b� +:143,
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Lq rwkhu zrugv/ 1 : 71
� lpsolhv wkdw iruhforvlqj rq wkh ordq lv vwulfwo| grplqdwhg e|

uroolqj ryhu1 Wkxv/ li vwudwhj| j� vxuylyhv wkh lqlwldo urxqg ri ghohwlrq ri grplqdwhg
vwudwhjlhv/

j� E1� '

�
8 li 1 	 1�

- li 1 : 71
� +:144,

vr wkdw +:1:, krogv iru & ' �1
Iru wkh lqgxfwlyh vwhs/ vxssrvh wkdw +:1:, krogv iru &/ dqg ghqrwh e| L& wkh

vhw ri vwudwhjlhv zklfk vdwlvi| +:1:, iru &1 Zh pxvw qrz vkrz wkdw/ li sod|hu � idfhv
d vwudwhj| sur�oh frqvlvwlqj ri wkrvh gudzq iurp L&/ wkhq dq| vwudwhj| zklfk lv
qrw lq L&n� lv grplqdwhg1 Wkxv/ vxssrvh wkdw sod|hu � eholhyhv wkdw kh idfhv d
vwudwhj| sur�oh j3� frqvlvwlqj ri vwudwhjlhv iurp L&1 Jlyhq wklv/ wkh lqflghqfh ri
idloxuh lv plqlpl}hg zkhq j3� lv wkh +frqvwdqw, sur�oh frqvlvwlqj ri wkh 71&0wuljjhu
vwudwhj|/ dqg wkh wkh lqflghqfh ri idloxuh lv pd{lpl}hg zkhq j3� lv wkh +frqvwdqw,
sur�oh frqvlvwlqj ri 1&0wuljjhu vwudwhj|1 Wkxv/ iru dq| 1 dqg dq| vwudwhj| sur�oh
j3� frqvlvwlqj ri wkrvh iurp L&/

�
�
1c 71

&
�
� ���

�
1c j3�

� � �
�
1c 1&

�
+:145,

Iurp wkh gh�qlwlrq ri 1& dqg prqrwrqlflw|/ zh kdyh wkh iroorzlqj lpsolfdwlrq iru
dq| vwudwhj| sur�oh j3� gudzq iurp L&1

1 	 1&n� ', ���
�
1c j3�

� � �
�
1c 1&

�
	 �

�
1&n�c 1&

�
' b� +:146,

Lq rwkhu zrugv/ zkhq 1 	 1& dqg zkhq doo rwkhuv duh xvlqj vwudwhjlhv iurp L&/
uroolqj ryhu wkh ordq lv vwulfwo| grplqdwhg e| iruhforvlqj1 Vlploduo|/ iurp wkh gh�0
qlwlrq ri 71& dqg prqrwrqlflw|/ zh kdyh wkh iroorzlqj lpsolfdwlrq iru dq| vwudwhj|
sur�oh j3� frqvlvwlqj ri wkrvh iurp L&1

1 : 71
&n�

', ���
�
1c j3�

� � �
�
1c 71

&
�
: �

�
71
&n�

c 71
&
�
' b� +:147,

Lq rwkhu zrugv/ zkhq 1 : 71
&n� dqg doo rwkhuv duh xvlqj vwudwhjlhv iurp L&/ iruh0

forvlqj rq wkh ordq lv vwulfwo| grplqdwhg e| uroolqj ryhu1 Wkxv/ li vwudwhj| j�

vxuylyhv & n � urxqgv ri lwhudwhg ghohwlrq ri grplqdwhg vwudwhjlhv/

j� E1� '

+
8 li 1 	 1&n�

- li 1 : 71
&n� +:148,
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Wklv suryhv wkh ohppd1
Zlwk wkhvh suholplqdu| uhvxowv/ zh fdq frpsohwh wkh surri ri Ohppd 41 Iluvw/

ohw xv vkrz wkdw li 1 vroyhv L E1� ' b/ wkhq wkhuh lv dq htxloleulxp lq wuljjhu
vwudwhjlhv durxqg 11 Vlqfh L E1� ' � E1c 1� ' b/ li hyhu|rqh hovh lv xvlqj wkh 10
wuljjhu vwudwhj|/ wkh sd|r� wr uroolqj ryhu frqglwlrqdo rq 1 lv wkh vdph dv wkdw iru
iruhforvlqj1 Vlqfh � lv vwulfwo| lqfuhdvlqj lq lwv �uvw dujxphqw/

1W 	 1 	 1W +, � E1Wc 1� 	 b 	 � E1Wc 1�

vr wkdw wkh 10wuljjhu vwudwhj| lv wkh vwulfw ehvw uhso|1
Ilqdoo|/ ohw xv vkrz wkdw li 1 lv wkh xqltxh vroxwlrq wr L E1� ' b/ wkhq wkhuh lv

qr rwkhu htxloleulxp1 Iurp Ohppd D4/ zh nqrz wkdw

1 ' *�4
&<"

1& ' *�4
&<"

71
& +:149,

vr wkdw wkh rqo| vwudwhj| zklfk vxuylyhv wkh lwhudwhg ghohwlrq ri grplqdwhg vwudwh0
jlhv lv wkh 10wuljjhu vwudwhj|1 Dprqj rwkhu wklqjv/ wklv lpsolhv wkdw wkh htxloleulxp
lq 10wuljjhu vwudwhjlhv lv wkh xqltxh htxloleulxp1

Wkh edvlf surshuwlhv ri rxu prgho frqirup wr wkh fodvv ri vxshuprgxodu jdphv
h{dplqhg e| Plojurp dqg Urehuwv +4<<3, dqg Ylyhv +4<<3,/ lq wkdw wkh sd|r�v
h{klelw vwudwhjlf frpsohphqwdulwlhv/ dqg wkh vwudwhj| vhw fdq eh vhhq dv d odwwlfh
iru wkh dssursuldwh rughulqj ri vwudwhjlhv1 Wkh iroorzlqj ihdwxuhv ri rxu prgho
hfkr wkh jhqhudo uhvxowv rewdlqhg lq wklv olwhudwxuh1

� Wkhuh lv d �vpdoohvw� dqg �odujhvw� htxloleulxp/ fruuhvsrqglqj wr wkh vpdoo0
hvw dqg odujhvw vroxwlrqv wr wkh htxdwlrq L E1� ' b1

� Dq| vwudwhj| rwkhu wkdq wkrvh o|lqj ehwzhhq wkh vpdoohvw dqg odujhvw htxlole0
ulxp vwudwhjlhv fdq eh holplqdwhg e| lwhudwhg ghohwlrq ri grplqdwhg vwudwh0
jlhv1 Wkxv/ li 1 dqg 71 duh/ uhvshfwlyho|/ wkh vpdoohvw dqg odujhvw vroxwlrqv
wr L E1� ' b/ wkhq udwlrqdol}delolw| uhpryhv doo lqghwhuplqdf| lq d sod|hu*v
vwudwhj| h{fhsw iru wkh lqwhuydo

�
1c 71

�
1

� Li wkhuh lv d xqltxh vroxwlrq wr L E1� ' b/ wkhq wkhuh lv d xqltxh htxloleulxp/
dqg wklv lv rewdlqhg dv wkh xqltxho| udwlrqdol}deoh vwudwhj|1

Uhihuhqfhv

^4` Dqghuvrq/ U1 dqg V1 Vxqgduhvdq +4<<9, �Ghvljq dqg Ydoxdwlrq ri Ghew Frq0
wudfwv� Uhylhz ri Ilqdqfldo Vwxglhv/ </ 6:09;1
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^5` Edlug/ G1 dqg W1 Mdfnvrq +4<<3, Fdvhv/ Sureohpv dqg Pdwhuldov rq Edqn0
uxswf|/ Olwwoh Eurzq dqg Frpsdq|/ Ervwrq1

^6` Edvho Frpplwwhh rq Edqnlqj Vxshuylvlrq +4<<<, Uhfrpphqgdwlrqv iru Sxe0
olf Glvforvxuh ri Wudglqj dqg Ghulydwlyhv Dfwlylwlhv ri Edqnv dqg Vhfxulwlhv
Ilupv/ Edqn ri Lqwhuqdwlrqdo Vhwwohphqwv/ Edvho1

^7` Erowrq/ S1 dqg G1 Vfkduivwhlq +4<<9, �Rswlpdo Ghew Vwuxfwxuh dqg wkh Qxp0
ehu ri Fuhglwruv�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ 437/ 40581

^8` Euxfkh/ P1 +5334, �D Vwuxfwxudo Prgho ri Frusrudwh Erqg Sulflqj zlwk Fr0
ruglqdwlrq Idloxuh� Ilqdqfldo Pdunhwv Jurxs/ Orqgrq Vfkrro ri Hfrqrplfv1

^9` Euxqqhu/ D1 dqg M1 Nudkqhq +5333, �Frusrudwh Ghew Uhvwuxfwxulqj= Hy0
lghqfh rq Frruglqdwlrq Ulvn lq Ilqdqfldo Glvwuhvv/� Fhqwhu iru Ilqdqfldo
Vwxglhv/ Iudqnixuw1

^:` Fduovvrq/ K1 dqg H1 ydq Gdpph +4<<6d,1 �Joredo jdphv dqg htxloleulxp
vhohfwlrq�/ Hfrqrphwulfd 94/ <;<0434;1

^;` Fduovvrq/ K1 dqg H1 ydq Gdpph +4<<6e,1 �Htxloleulxp Vhohfwlrq lq Vwdj Kxqw
Jdphv/� lq Iurqwlhuv ri Jdph Wkhru|/ hglwhg e| N1 Elqpruh/ D1 Nlupdq dqg
S1 Wdql1 PLW Suhvv1

^<` Furxk|/ P1 G1 Jdodl dqg U1 Pdun +5333, �D Frpsdudwlyh Dqdo|vlv ri Fxuuhqw
Fuhglw Ulvn Prghov� Mrxuqdo ri Edqnlqj dqg Ilqdqfh/ 57/ 8<044:1

^43` Gldprqg/ G1 dqg S1 G|eylj +4<;6, �Edqn Uxqv/ Ghsrvlw Lqvxudqfh dqg Olt0
xlglw|� Mrxuqdo ri Srolwlfdo Hfrqrp|/ <4/ 734074<1

^44` Gx!h/ G1 dqg N1 Vlqjohwrq +4<<<, �Prgholqj Whup Vwuxfwxuhv ri Ghidxowdeoh
Erqgv� Uhylhz ri Ilqdqfldo Vwxglhv/ 45/ 9;:0:531

^45` Ilvfkhu/ V1 +4<<<, �Rq wkh Qhhg iru dq Lqwhuqdwlrqdo Ohqghu ri Odvw Uh0
vruw�/ sdshu gholyhuhg dw wkh DHD2DID phhwlqj ri Mdqxdu| 4<<</ kwws=22
zzz1lpi1ruj2 h{whuqdo2qs2vshhfkhv 24<<<23436<<1kwp1

^46` Iudqnv/ M1 dqg Z1 Wrurxv +4<<7, �D Frpsdulvrq ri Ilqdqfldo Uhfrqwudfwlqj
lq Glvwuhvvhg H{fkdqjhv dqg Fkdswhu 44 Uhrujdql}dwlrqv� Mrxuqdo ri Ilqdq0
fldo Hfrqrplfv/ 68/ 67<06:31
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^47` Jhuwqhu/ U1 dqg G1 Vfkduivwhlq +4<<4, �D Wkhru| ri Zrunrxwv dqg wkh H�hfwv
ri Uhrujdql}dwlrq Odz� Mrxuqdo ri Ilqdqfh/ 79/ 44;< 0 45551

^48` Jrogvwhlq/ L1 dqg D1 Sdx}qhu +5333, �Ghpdqg Ghsrvlw Frq0
wudfwv dqg wkh Suredelolw| ri Edqn Uxqv/� Who Dyly Xqlyhuvlw|/
kwws=22zzz1wdx1df1lo2�sdx}qhu1

^49` Khlqhpdqq/ I1 dqg J1 Loolqj +4<<<, �Vshfxodwlyh Dwwdfnv= Xqltxh Htxlole0
ulxp dqg Wudqvsduhqf|� zrunlqj sdshu Qr1 <:/ Jrhwkh Xqlyhuvlw|/ Iudqnixuw/
iruwkfrplqj lq Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv1

^4:` Khoozlj/ F1 +5333, �Sxeolf Lqirupdwlrq/ Sulydwh Lqirupdwlrq/ dqg wkh Pxo0
wlsolflw| ri Htxloleuld lq Frruglqdwlrq Jdphv�/ Ilqdqfldo Pdunhwv Jurxs
glvfxvvlrq sdshu 694/ Orqgrq Vfkrro ri Hfrqrplfv1

^4;` Kxehuw/ I1 dqg G1 Vfkçihu +5333, �Frruglqdwlrq Idloxuh zlwk Pxowl0
soh Vrxufh Ohqglqj/� Kxperogw Xqlyhuvlw|/ Ehuolq/ kwws=22zzz1zlzlvv1ix0
ehuolq1gh2�kxehuw1

^4<` Lqwhuqdwlrqdo Prqhwdu| Ixqg +4<<;d, Zruog Hfrqrplf Rxworrn dqg Lqwhu0
qdwlrqdo Fdslwdo Pdunhwv= Lqwhulp Dvvhvvphqw/ kwws=22zzz1lpi1ruj 2h{whu0
qdo2sxev2iw2 zhr2zhr45<;2 lqgh{1kwp

^53` Lqwhuqdwlrqdo Prqhwdu| Ixqg +4<<;e, Uhsruw ri wkh Pdqdjlqj Gluhfwru wr
wkh Lqwhulp Frpplwwhh rq Vwuhqjwkhqlqj wkh Dufklwhfwxuh ri wkh Lqwhuqdwlrqdo
Prqhwdu| V|vwhp/ kwws=22zzz1lpi1ruj2h{whuqdo2qs2rpg24334<;1kwp

^54` Mdfnvrq/ W1 +4<;9, Wkh Orjlf dqg Olplwv ri Edqnuxswf|/ Kduydug Xqlyhuvlw|
Suhvv/ Fdpeulgjh1

^55` Mrqhv/ H1/ V1 Pdvrq dqg H1 Urvhqihog +4<;7, �Frqwlqjhqw Fodlpv Dqdo|vlv ri
Frusrudwh Fdslwdo Vwuxfwxuhv= dq Hpslulfdo Dqdo|vlv� Mrxuqdo ri Ilqdqfh/
6</ 94409581

^56` Ohodqg/ K1 +4<<7, �Frusrudwh Ghew Ydoxh/ Erqg Fryhqdqwv/ dqg Rswlpdo
Fdslwdo Vwuxfwxuh� Mrxuqdo ri Ilqdqfh/ 7</ 4546 0 45851

^57` Orqjvwd�/ I1 dqg H1 Vfkzduw} +4<<8, �D Vlpsoh Dssurdfk wr Ydoxlqj Ulvn|
Il{hg dqg Iordwlqj Udwh Ghew� Mrxuqdo ri Ilqdqfh/ 83/ :;< 0 ;4<1
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^58` Phuwrq/ U1 F1 +4<:7, �Rq wkh Sulflqj ri Frusrudwh Ghew= wkh Ulvn Vwuxfwxuh
ri Lqwhuhvw Udwhv� Mrxuqdo ri Ilqdqfh/ 5</ 77<07:3/ uhsulqwhg lq Frqwlqxrxv
Wlph Ilqdqfh/ Eodfnzhoo/ R{irug 4<<31

^59` Phw}/ F1 +5334, �Sxeolf dqg Sulydwh Lqirupdwlrq lq Vhoi0Ixo�oolqj Fxuuhqf|
Fulvhv� Xqlyhuvlw| ri Ndvvho1

^5:` Plojurp/ S1 dqg M1 Urehuwv +4<<3, �Udwlrqdol}delolw|/ Ohduqlqj dqg Htxlole0
ulxp lq Jdphv zlwk Vwudwhjlf Frpsohphqwdulwlhv� Hfrqrphwulfd/ 8;/ 4588 0
45:;1

^5;` Pruulv/ V1 dqg K1 V1 Vklq +4<<;,/ �Xqltxh Htxloleulxp lq d Prgho ri Vhoi0
Ixo�oolqj Fxuuhqf| Dwwdfnv� Dphulfdq Hfrqrplf Uhylhz/ ;;/ 8;: 0 8<:1

^5<` Pruulv/ V1 dqg K1 V1 Vklq +4<<<, �D Wkhru| ri wkh Rqvhw ri Fxuuhqf| Dwwdfnv�
lq Wkh Dvldq Ilqdqfldo Fulvlv +hglwhg e| S10U1 Djhqru/ P1 Ploohu/ G1 Ylqhv
dqg D1 Zhehu,/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1

^63` Pruulv/ V1 dqg K1 V1 Vklq +5333, �Joredo Jdphv= Wkhru| dqg Dssolfdwlrqv�
iruwkfrplqj lq Dgydqfhv lq Hfrqrplfv dqg Hfrqrphwulfv/ wkh Hljkwk Zruog
Frqjuhvv +hglwhg e| P1 Ghzdwulsrqw/ O1 Kdqvhq dqg V1 Wxuqryvn|,/ Fdp0
eulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1

^64` Sudwl/ D1 dqg P1 Veudfld +5334, �Fxuuhqf| Fulvhv dqg Xqfhuwdlqw| Derxw
Ixqgdphqwdov� plphr/ Edqn ri Lwdo|1

^65` Udghohw/ V1 dqg M1 Vdfkv +4<<;, �Wkh Rqvhw ri wkh Hdvw Dvldq Ilqdqfldo
Fulvlv� zrunlqj sdshu/ Kduydug Lqvwlwxwh iru Lqwhuqdwlrqdo Ghyhorsphqw1

^66` Urfkhw/ M10F1 dqg [1 Ylyhv +5333, �Frruglqdwlrq Idloxuhv dqg wkh Ohqghu ri
Odvw Uhvruw= zdv Edjhkrw uljkw diwhu dooB� Xqlyhuvlw| ri Wrxorxvh1

^67` Uxelqvwhlq/ D1 +4<;<,1 �Wkh hohfwurqlf pdlo jdph= Vwudwhjlf ehkdylru xqghu
doprvw frpprq nqrzohgjh/� Dphulfdq Hfrqrplf Uhylhz :</ 6;806<41

^68` Wdudvkhy/ Q1 +5334, �Fxuuhqf| Fulvhv dqg wkh Lqirupdwlrqdo Uroh ri Lqwhuhvw
Udwhv� plphr/ Sulqfhwrq Xqlyhuvlw|1

^69` Ylyhv/ [1 +4<<3, �Qdvk Htxloleulxp zlwk Vwudwhjlf Frpsohphqwdulwlhv�/
Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 4</ 6/ 4<<3/ 6380654
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