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Vwdwlrqdu| Pxowl Fkrlfh Edqglw Sureohpv�

Glun Ehujhpdqq_ Mxxvr Yçolpçnlh

Iluvw Yhuvlrq= Pd| 4<<<
Uhylvhg Yhuvlrq= Rfwrehu 4<<<

Devwudfw

Wklv qrwh vkrzv wkdw wkh rswlpdo fkrlfh ri n vlpxowdqhrxv h{shul0
phqwv lq d vwdwlrqdu| pxowl0duphg edqglw sureohp fdq eh fkdudfwhul}hg
lq whupv ri wkh Jlwwlqv lqgh{ ri hdfk dup1 Wkh lqgh{ fkdudfwhul}dwlrq
uhpdlqv htxdoo| ydolg diwhu wkh lqwurgxfwlrq ri vzlwfklqj frvwv1

Nh|zrugv= Pxowl0duphg edqglwv/ Jlwwlqv lqgh{/ vwdwlrqdu| edq0
glwv/ mre vhdufk1

MHO Fodvvlilfdwlrq= G;4/ G;61

WWkh dxwkruv wkdqn wkh uhihuhhv dqg wkh hglwru iru frpphqwv zklfk lpsuryhg wkh

h{srvlwlrq ri wkh sdshu1 Ilqdqfldo vxssruw iurp QVI Judqw VEU <:3<;;: dqg <:3<673/

uhvshfwlyho|/ lv judwhixoo| dfnqrzohgjhg1
_Ghsduwphqw ri Hfrqrplfv/ \doh Xqlyhuvlw|/ Qhz Kdyhq/ FW 398530;59;/ X1V1D1/

glun1ehujhpdqqC|doh1hgx1
hGhsduwphqw ri Hfrqrplfv/ Qruwkzhvwhuq Xqlyhuvlw|/ Hydqvwrq/ LO 9353;0533</ X1V1D1

dqg Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Vrxwkdpswrq/ Vrxwkdpswrq/ VR4: 4EM/ XN/

mxxvr1ydolpdnlCvrwrq1df1xn1
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4 Lqwurgxfwlrq

Lw lv zhoo nqrzq wkdw lq d pxowl0duphg edqglw vlwxdwlrq/ wkh rswlpdolw| ri

wkh Jlwwlqv lqgh{ srolf| lv vhqvlwlyh wr fkdqjhv lq wkh qxpehu ri h{shulphqwv

shuiruphg lq hdfk shulrg14 D gl�huhqw jhqhudol}dwlrq wr zklfk wkh lqgh{

srolf| lv qrw urexvw lv wkh lqwurgxfwlrq ri vzlwfklqj frvwv ehwzhhq wkh dupv

dv vkrzq lq Edqnv ) Vxqgdudp +4<<7,1 Wkh sxusrvh ri wklv qrwh lv wr vkrz

wkdw zlwk d frxqwdeoh lq�qlw| ri h{ dqwh lghqwlfdo dupv/ wkh sureohp lv pxfk

ehwwhu ehkdyhg1 Wklv vhwxs zdv fdoohg d vwdwlrqdu| edqglw sureohp lq Edqnv

) Vxqgdudp +4<<5,/ zkr dqdo|}hg wkh rswlpdolw| ri wkh lqgh{ srolf| zlwk

ghqxphudeo| pdq| dupv1 Pruh suhflvho|/ zh �qg wkdw wkh pdlq sureohp lq

wkh fdvh zlwk �qlwho| pdq| dupv lv wkh srvvleoh qhhg wr uhyhuw edfn wr dupv

wkdw zhuh rqfh dedqgrqhg1 Lq d vwdwlrqdu| edqglw sureohp/ rqfh dq dup lv

dedqgrqhg/ lw zloo qhyhu eh uhylvlwhg lq hlwkhu ri wkh wzr hqylurqphqwv mxvw

phqwlrqhg1

Wkh edvlf vhwxs ri d vwdwlrqdu| edqglw kdv ehhq xvhg lq wkh wkhru| ri mre

vhdufk dv d ghvfulswlrq ri d oderu pdunhw1 Khqfh lw lv ri lqwhuhvw wr qrwh wkdw

wkh vlpsoh lqgh{ uxohv fkdudfwhul}lqj rswlpdo vhdufk fdq eh jhqhudol}hg iru

vwdwlrqdu| edqglwv1 Zlwklq wkh frqwh{w ri d mre pdunhw/ wkh jhqhudol}dwlrq wr

pxowlsoh vhdufkhv lq hdfk wlph shulrg vhhpv uhohydqw wr prghov zkhuh d �up lv

vhdufklqj iru wkh prvw surgxfwlyh zrunhuv wr �oo n ydfdqflhv ru/ dowhuqdwlyho|/

d prgho ri mre vhdufk dprqj idplo| phpehuv zkhq wkh uhvrxufhv zlwklq d

idplo| duh srrohg1 Lq wkh frqwh{w ri doorfdwlqj uhvhdufk dqg ghyhorsphqw

h{shqglwxuh/ rqh fdq lpdjlqh d prgho zkhuh n vhsdudwh uhvhdufk whdpv gluhfw

wkhlu h�ruwv dprqj d frxqwdeoh vhw ri h{ dqwh htxdoo| sur�wdeoh surmhfwv1 Lq

hdfk ri wkhvh fdvhv/ rxu uhvxowv ghprqvwudwh wkdw vhohfwlqj wkh dowhuqdwlyhv

zlwk wkh kljkhvw lqglylgxdo lqglfhv lv dq rswlpdo vwudwhj|1 Zh dovr vkrz

wkdw wkh xvh ri d jhqhudol}hg lqgh{ uxoh zlwk d odujh exw �qlwh vhw ri dupv lv

dssur{lpdwho| rswlpdo1

4Vhh wkh h{whqvlyh glvfxvvlrq lq Jlwwlqv +4<;<,/ Fkdswhu 5144 rq pxowlsoh surfhvvruv1
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5 Edvlf Prgho

Wkh jhqhudo sureohp lq wklv qrwh lv wr rshudwh n dupv lq d pxowl0duphg edqglw

vlpxowdqhrxvo| vr dv wr pd{lpl}h wkh h{shfwhg glvfrxqwhg vxp ri uhwxuqv

iurp doo rshudwhg dupv lq doo ixwxuh wlph shulrgv1 Wlph lv glvfuhwh dqg

lqgh{hg e| w 5 i3> 4> ===j1 Wkh vhw ri dydlodeoh dupv lv jlyhq e| Q @ i4> 5> ===j
dqg d sduwlfxodu hohphqw ri wkh vhw lv lqgh{hg e| l1 Doo dupv duh dvvxphg wr

eh h{ dqwh lghqwlfdo dqg vwdwlvwlfdoo| lqghshqghqw1 Lq shulrg w> dup l |lhogv

d uhzdug {�| li rshudwhg dqg }hur rwkhuzlvh1 Lq wkh prvw jhqhudo vhwxs/ wkh

uhzdug iurp dup l iroorzv d vwrfkdvwlf surfhvv/ qrw qhfhvvdulo| Pdunry/ wkdw

ghshqgv rqo| rq sdvw uhdol}dwlrqv iurp dup l=5 Iru hdvh ri qrwdwlrq/ zh

irfxv rq wkh fdvh zkhuh hdfk dup lv d vdpsolqj surfhvv1 Lq rwkhu zrugv/

{�| � J +� m �, > zkhuh � 5 � � U
? lv dq xqnqrzq sdudphwhu1 Dvvxph dovr

wkdw lqiw HJ +{ m �, A 3 vr wkdw vhohfwlqj dq dup lv dozd|v vwulfwo| ehwwhu wkdq

qrw vhohfwlqj rqh dqg dovr wkdw vxsw HJ +{ m �, ? 41 Ohw ��f eh wkh sulru rq

� +frpprq wr doo l,1 Wkh srvwhulru eholhi ��| lv xsgdwhg xvlqj Ed|hv* uxoh lq

wkh shulrgv zkhq dup l lv rshudwhg1 Ohw �| @
�
��| > �

2
| > �

�
| > ===

�
dqg revhuyh

wkdw iru doo w/ ��| @ ��f iru doo exw �qlwho| pdq| l1 Ohw � 5 +3> 4, eh wkh

glvfrxqw idfwru ehwzhhq shulrgv1 Wkh sureohp lv wkhq wr fkrrvh iru hdfk w

dqg �| d vxevhw D| +�|, ri Q wr vroyh wkh iroorzlqj=

pd{
�|EZ|�aQ

HZf

5
7 "[
|'f

�|
[

�M�|EZ|�

{�|

6
8

vxemhfw wr

mD| +�|,m � n>

zkhuh mD| +�|,m ghqrwhv wkh fduglqdolw| ri wkh vhw D| +�|, =

Zh eulh | uhfdoo wkh gh�qlwlrq ri wkh Jlwwlqv lqgh{ lq lwv  rz fkdudfwhu0

l}dwlrq1 Iru dup l dw srvwhulru ��|> wkh Jlwwlqv lqgh{ lv jlyhq e| p�
�
��|
�
li

d ghflvlrq pdnhu lv lqgl�huhqw lq shulrg w ehwzhhq wkh iroorzlqj wzr sd|r�

 rzv= +l, vkh fdq hlwkhu uhfhlyh d �{hg uhzdug ri p�
�
��|
�
lq wkh fxuuhqw sh0

ulrg dv zhoo dv lq doo ixwxuh shulrgv ru +ll, vkh fdq uhfhlyh wkh udqgrp sd|r�

5Vhh Ydudl|d/ Zdoudqg ) Ex|xnnrf +4<;8, iru wkh h{whqvlrq wr wkh qrq0Pdunryldq

fdvh1
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{�| lq wkh fxuuhqw shulrg dqg pdlqwdlq wkh rswlrq wr frqwlqxh vdpsolqj iurp

{� ru uhfhlyh p�
�
��|
�
lq doo ixwxuh shulrgv16 Dq dowhuqdwlyh fkdudfwhul}dwlrq

ri wkh lqgh{ p�
�
��|
�
lv jlyhq e|=

p�
�
��|
�
@ pd{

�

HZ�

|

S�
r'| �

r3|{�r

HZ�

|

S�
r'| �

r3|
> +4,

zkhuh � lv d vwrsslqj wlph1 Lq zrugv/ wkh lqgh{ p�
�
��|
�
lv wkh pd{lpdo

h{shfwhg dyhudjh glvfrxqwhg sd|r� shu xqlw ri h{shfwhg glvfrxqwhg wlph1

Zh ghqrwh wkh Jlwwlqv lqgh{ ri dq| dup lq shulrg 3 e|=

pf / p�
�
��f

�
=

Wkh iroorzlqj uhfxuvlyh gh�qlwlrq h{whqgv wkh Jlwwlqv lqgh{ uxoh wr wkh fdvh

zkhuh n dupv duh vhohfwhg vlpxowdqhrxvo|1 Ohw

Df +�f, @ i4> ===> nj >

dqg dvvrfldwhg zlwk Df/ ohw

E� +��, @
�
l 5 Df +�f, m p�

�
���

� � pf

�
=

Wkh vhtxhqfh iD| +�|, >E|n� +�|n�,j"|'f lv wkhq h{whqghg uhfxuvlyho| e|=

D� +��, @ E� +��, ^ in . 4> ===> 5n � mE� +��,mj =

dqg

E2 +�2, @
�
l 5 D� +��,

��p�
�
��2

� � pf

�
>

dqg iru dq| duelwudu| w e|=

D| +�|, @ E| +�|, ^
;?
=wn . 4�

|3�[
�'�

mE� +��,m > ===> +w. 4,n �
|[

�'�

mE� +��,m
<@
> >

6Iru d pruh frpsohwh h{srvlwlrq ri wkh wkhru| ri pxowl0duphg edqglw surfhvvhv dqg

wkh rswlpdolw| ri lqgh{ srolflhv/ vhh Jlwwlqv +4<;<,/ Zklwwoh +4<;5, ru Edqnv ) Vxqgdudp

+4<<5,1
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dqg

E|n� +�|n�, @
�
l 5 D| +�|,

��p�
�
��|n�

� � pf

�
=

Zh fdoo wkh vhtxhqfh iD| +�|,j"|'f wkh Jlwwlqv lqgh{ n0uxoh1 Zh pd| rplw wkh

reylrxv ghshqghqfh rq wkh vdpsoh sdwk dqg srvwhulru eholhi dqg vlpso| zulwh

iD|j"|'f1 Wkh vhtxhqfh D| rshudwhv doo wkrvh dupv zkrvh Jlwwlqv lqglfhv duh

deryh wkh frpprq lqgh{ ri wkh xqwulhg dupv dqg dedqgrqv wkrvh dupv zlwk

lqglfhv ehorz wkdw ydoxh1 Qhz dupv duh wulhg lq wkh rughu ri wkhlu odehov1

Lq wkh qh{w vhfwlrq/ zh suryh wkdw wklv uxoh lv rswlpdo dqg zh dovr hvwdeolvk

wkh olplw uhvxow wkdw d �qlwh yhuvlrq ri wklv uxoh dfklhyhv dssur{lpdwho| wkh

rswlpdo sd|r� lq dq hfrqrp| zlwk Q dupv dv Q jhwv odujh1

6 Rswlpdolw| ri wkh Lqgh{ Uxoh

614 Dq H{dpsoh zlwk Ilqlwho| Pdq| Dupv

Zh vwduw e| jlylqj dq h{dpsoh ri wkh idloxuh ri wkh lqgh{ uxoh zkhq n dupv

duh wr eh vhohfwhg lq hyhu| shulrg dqg wkhuh duh rqo| �qlwho| pdq| dupv1 Iru

vlpsolflw|/ zh dvvxph wkdw wkh dupv duh qrw lghqwlfdo dw wkh ehjlqqlqj ri wkh

sureohp1 Wkh uhdghu pd| zdqw wr wklqn ri wklv vlwxdwlrq dv rqh dulvlqj dv d

frqwlqxdwlrq sureohp lq dq lqlwldoo| v|pphwulf vlwxdwlrq1

Frqvlghu wkuhh dupv/ ri zklfk dw prvw wzr fdq eh hpsor|hg lq dq| jlyhq

shulrg= Wkh uhzdugv ri wkh dupv duh jlyhq e|=

{� @ 4 zlwk suredelolw| s� @ 4 iru doo w=

{2 @

+
5 zlwk s2 @ �

� >

3 zlwk 4� s2 @ 2
� >

iru doo w=

{� @

+
6 zlwk s� @ �

D >

3 zlwk 4� s� @ e
D >

iru doo w=

Ixwxuh sd|r�v duh glvfrxqwhg zlwk d glvfrxqw idfwru � @ �
2 = Gxh wr wkh

vlpsoh vwuxfwxuh ri wkh xqfhuwdlq dupv 5 dqg 6/ doo xqfhuwdlqw| lv uhvroyhg

lq d vlqjoh wuldo17

7Wklv lv dvvxphg rqo| wr pdnh wkh h{dpsoh frpsxwdwlrqdoo| vlpsoh1 Wkh txdolwdwlyh

qdwxuh ri wkh h{dpsoh grhv qrw ghshqg rq wklv1
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Lw lv vwudljkwiruzdug wr yhuli| wkdw p� @ p2 @ p� @ 4/ dv wkh Jlwwlqv

lqgh{ ri hdfk dup l fdq eh frpsxwhg e|=

p� @ pd{

+
pm s�{� . �s�{�

4� �
.

�
�
4� s�

�
p

4� �
� p

4� �

,
=

Wkh Jlwwlqv lqgh{ uxoh lv khqfh frpsohwho| lqgl�huhqw derxw wkh whpsrudo

rughu lq zklfk wkh dupv duh vhohfwhg1 Krzhyhu d vlpsoh fdofxodwlrq vkrzv

wkdw wkh ydoxhv wr wkh ghflvlrq pdnhu duh gl�huhqw ghshqglqj rq wkh rughu

e| zklfk vkh fkrrvhv dprqj wkh dupv1 Lq sduwlfxodu/ vhwwlqj Df @ i4> 5j
ru Df @ i4> 6j |lhogv dq ryhudoo ydoxh ri DS

�D zkloh vwduwlqj zlwk wkh wzr

xqfhuwdlq dupv/ Df @ i5> 6j |lhogv rqo| D2
�D = Li zh sdudphwul}h wkh ydoxh/

Y / ri wkh hqwluh surjudp e| wkh uhzdug/ dqg wkxv wkh Jlwwlqv lqgh{/ ri

wkh fhuwdlq dowhuqdwlyh/ {�> lw lv hdv| wr vkrz wkdw Y +{�, lv d frqwlqxrxv

ixqfwlrq ri {�1 Exw wklv whoov xv lpphgldwho| wkdw iru vpdoo hqrxjk � dqg

{� @ p� @ 4��> wkh rswlpdo fkrlfh ri Df lqfoxghv dowhuqdwlyh 4 hyhq wkrxjk

lw kdv d orzhu Jlwwlqv lqgh{ wkdq wkh rwkhu dowhuqdwlyhv1

Wkh orvv uhvxowlqj iurp wkh fkrlfh ri i5> 6j udwkhu wkdq i4> 5j ru i4> 6j
fdq eh xqghuvwrrg dv iroorzv1 Li dq xqfhuwdlq dup idlov/ l1h1 jhqhudwhv d

uhzdug ri 3 lq wkh �uvw shulrg/ wkhq lw lv rswlpdo wr dedqgrq wkdw dup

dqg fkrrvh wkh vdih dup lq wkh iroorzlqj shulrg1 Wkh rswlrq ydoxh ri dq

xqfhuwdlq dup lv gh�qhg dv wkh +h{shfwhg, jdlq uhvxowlqj iurp d vzlwfk wr

wkh vdih dup1 Li erwk xqfhuwdlq dupv duh fkrvhq lq wkh lqlwldo shulrg/ wkhq

wkh rswlrq ydoxh ri rqh ri wkh dupv lv orvw lpphgldwho|1 Vlqfh/ li erwk dupv

idlo lq wkh lqlwldo shulrg/ rqo| rqh ri wkh dupv fdq kdyh d srvlwlyh rswlrq

ydoxh1 Wkh suredelolw| ri idlolqj lv 2
� iru dup 5 dqg e

D iru dup 61 Li i4> 5j duh
fkrvhq lq wkh lqlwldo shulrg/ wkhq wklv orvv lq rswlrq ydoxh lv ghod|hg e| rqh

shulrg dqg khqfh wkh gl�huhqfh lq wkh orvvhv lv jlyhq e| +4� �, 2
�
e
D @ e

�D = Li

wkh ghflvlrq pdnhu kdg wzr fhuwdlq dupv dydlodeoh/ hdfk |lhoglqj d uhzdug

ri 4 shu shulrg/ wkhq doo srolflhv qrw xvlqj grplqdwhg dupv zrxog |lhog d

sd|r� ri 71 Wkh vlpxowdqhrxv xvh ri wkh xqfhuwdlq dupv zrxog qrw uhvxow lq

dq| orvvhv lq whupv ri wkh rswlrq ydoxh dv wkhuh zrxog eh vx!flhqwo| pdq|

vdih dupv dydlodeoh diwhu doo klvwrulhv1 Lq d vwdwlrqdu| edqglw sureohp/ wkh

xqolplwhg vxsso| ri xqwulhg dupv jxdudqwhhv wkdw wkh rswlrq ydoxh ri dq|

jlyhq dup lv qrw ghshqghqw rq wkh sdvw fkrlfhv ri dupv1

9



615 Rswlpdolw| zlwk Lq�qlwho| Pdq| Lghqwlfdo Dupv

Wkh fuxfldo srlqw lq wkh iroorzlqj surri lv wkh revhuydwlrq wkdw/ zlwk lq0

�qlwho| pdq| lghqwlfdo dupv/ dq dup wkdw lv dedqgrqhg rqfh/ zloo qhyhu eh

hpsor|hg djdlq1 Wklv irup ri lqghshqghqfh iurp wkh vwdwh ri wkh rwkhu dupv

lv vx!flhqw wr vkrz wkdw wkh lqgh{ srolf| lv dq rswlpdo srolf|1

Wkhruhp 4 Wkh Jlwwlqv lqgh{ n�uxoh lv rswlpdo1 Wkh lqlwldo ydoxh ri wkh

vwdwlrqdu| n0fkrlfh edqglw lv jlyhq e|=

Y +�f, /
npf

4� �
= +5,

Surri1 Wkh surri surfhhgv lq wzr vwhsv1 Lq vwhs 4/ zh vkrz wkdw wkh ydoxh

Y +�f, fdq eh dfklhyhg e| wkh Jlwwlqv lqgh{ n�uxoh dqg wkhq/ lq vwhs 5/ zh

vkrz wkdw qr rwkhu srolf| fdq dfklhyh d odujhu h{shfwhg sd|r�1

Vwhs 41 Frqvlghu dq| ri wkh dydlodeoh n vorwv1 Wkh iroorzlqj srolf|

dfklhyhv pf@ +4� �, iru hyhu| vorw1 Vwduw zlwk dq xqwulhg dup l dqg frq0

wlqxh zlwk lw xqwlo lwv Jlwwlqv lqgh{ p�
�
��|
�
gursv ehorz pf1 Dw wkh �uvw

rffxuuhqfh ri wklv hyhqw vzlwfk wr dq xqwulhg dup dqg sod| dffruglqj wr wkh

vdph vwudwhj|1 Zh fodlp wkdw wklv vwudwhj| dfklhyhv pf@ +4� �, = Wkh fodlp

lv suryhg li zh vkrz wkdw wkh vwrsslqj wlph=

� � @ plq
�
w m p�

�
��|
�
? pf

�
vroyhv wkh rswlpl}dwlrq sureohp rq wkh uljkw kdqg vlgh ri +4,1 Exw wklv

iroorzv lpphgldwho| iurp wkh rswlpdolw| ri wkh lqgh{ srolf| iru n @ 41 Dv

wkh vdph dujxphqw fdq eh jlyhq iru doo vorwv/ zh frqfoxgh wkdw wklv srolf|

uhvxowv lq d sd|r� ri npf@ +4� �, =

Vwhs 51 Wkh dujxphqw lv e| frqwudglfwlrq1 Vxssrvh wkdw wkhuh lv dqrwkhu

srolf| zklfk dfklhyhv d vwulfwo| kljkhu sd|r� wkdq npf@ +4� �,1 Wkhq wkhuh

pxvw h{lvw dw ohdvw rqh dup l iru zklfk wkh h{shfwhg dyhudjh sd|r� vwulfwo|

h{fhhgvpf1 Ghqrwh e| wkh lqglfdwru ixqfwlrq L� +�|, wkh hpsor|phqw ri dup

l xqghu wklv srolf|=

L� +�|, @

+
4> li l 5 D| +�|, >

3> li l @5 D| +�|, =

:



Uhvwdwlqj wkh fodlp mxvw pdgh/ lw pxvw eh wkdw wkhuh h{lvwv dw ohdvw rqh l

vxfk wkdw iru vrph p� 5 Un zlwk p� A pf=

HZf

S"
|'f L

� +�|, �
|{�|

HZf

S"
|'f L

� +�|, �
|

@ p� A pf1 +6,

Qrwlfh wkdw wkh lqglfdwru ixqfwlrq ghshqgv rq �|/dqg qrw rqo| rq ��|/ dqg wkdw

wkh lqglfdwru pd| vzlwfk duelwudulo| riwhq ehwzhhq 3 dqg 41 Iru hyhu| srolf|

dqg lwv uhsuhvhqwdwlrq wkurxjk wkh lqglfdwru ixqfwlrq L� +�|,zh fdq frqvwuxfw

dqrwkhu srolf| dqg dvvrfldwhg lqglfdwru ixqfwlrq aL�
�
��|> w

�
/ ghshqglqj rq ��|

dqg wlph w rqo|/ vxfk wkdw

Su
�
L� +�|, @ 4

����|> w� @ Su
�
aL�
�
��|> w

�
@ 4

����|> w�
iru hyhu| ��| dqg w18 Lw iroorzv wkdw wkh udwlr iruphg e| wkh qhz lqglfdwru
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Frqvlghu qh{w d prgl�hg vwuhdp ri sd|r�v/ ix|j"|'f > edvhg rq aL�
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@ 4 / x| @ {�|>

aL�
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Qrwlfh wkdw ix|j"|'f fdq eh wkrxjkw ri dv wkh uhdol}hg sd|r�v lq d wzr0

duphg edqglw sureohp zlwk rqh fhuwdlq dqg rqh xqfhuwdlq dup1 Ghqrwh

wkh glvfrxqwhg h{shfwhg sd|r� iurp wkh srolf| aL �
�
��|> w

�
lq wklv prgl�hg

sureohp e| Y
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8Dw wklv srlqw/ zh duh xvlqj wkh vwrfkdvwlf lqghshqghqfh ri wkh dupv/ l1h1 wkh idfw wkdw
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dqg iru doo p ? p�/ zh kdyh
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Lqvwhdg ri wkh doorfdwlrq srolf| aL�
�
��|> w

�
frqvlghu qrz wkh rswlpdo doorfd0

wlrq srolf| ehwzhhq wkh xqfhuwdlq dup {� dqg wkh fhuwdlq dup p�1 Ilqglqj

wkh rswlpdo doorfdwlrq srolf| lq wklv fdvh lv d vwdqgdug wzr0duphg edqglw

sureohp1 D vwdwlrqdu| vroxwlrq wr wklv sureohp h{lvwv1 Ghqrwh wklv srolf|

e| L�W
�
��|
�
1 E| gh�qlwlrq=

Y
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Dv wkh rswlpdo srolf| lv vwdwlrqdu|/ wkhuh h{lvwv d vwrsslqj srolf| �W edvhg

rqo| rq ��| wkdw dfklhyhv wkh vdph sd|r� dv wkh rswlpdo srolf|1 Exw e| wkh

lqhtxdolw| +8,/ wklv lpsolhv wkdw
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zklfk |lhogv wkh ghvluhg frqwudglfwlrq dv wkh lqlwldo k|srwkhvlv vwdwhg wkdw
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dqg wklv frqfoxghv wkh surri1

Dq lpphgldwh frqvhtxhqfh ri Wkhruhp 4 lv wkh iroorzlqj

Fruroodu| 4 Wkh Jlwwlqv lqgh{ n�uxoh lv rswlpdo lq dq| edqglw sureohp

zlwk lq�qlwho| pdq| dupv zkhuh doo exw n� ? n dupv kdyh lqlwldoo| wkh vdph

Jlwwlqv lqgh{1

Zh frqfoxgh wklv vhfwlrq e| surylglqj d olplw uhvxow iru dssur{lpdwh

rswlpdolw| ri wkh Jlwwlqv lqgh{ n�uxoh zkhq wkhuh duh Q dupv dqg Q jrhv

wr lq�qlw|1 Ohw Y +n>Q, ghqrwh wkh rswlpdo ydoxh lq d sureohp zlwkQ dupv1

Ghqrwh wkh ydoxh lq wkh fdvh zlwk dq lq�qlwh qxpehu ri lghqwlfdo dupv e|

Y +n, =

<



Ohppd 4 Y +n>Q, lv lqfuhdvlqj lq Q=

Surri1 Ohw Q � ? Q= Wkhq Y +n>Q �, � Y +n>Q, dv/ zlwk Q dupv/ lw lv

dozd|v srvvleoh wr uhvwulfw doo fkrlfhv wr i4> ===>Q �j =
Lq ylhz ri wklv ohppd/ wkh ydoxh ri wkh sureohp zlwk d frxqwdeoh lq�qlw|

ri dupv h{fhhgv +zhdno|, wkh ydoxh ri dq| �qlwh dup sureohp1 Wkh odvw uhvxow

lq wklv vhfwlrq vkrzv wkdw wkh wuxqfdwhg Jlwwlqv lqgh{ n�uxoh dfklhyhv wkh
ydoxh ri wkh frxqwdeoh dup sureohp lq wkh olplw1 E| wkh wuxqfdwhg uxoh/ zh

phdq wkh uxoh wkdw vhohfwv dupv D| _i4> ===>Qj lq shulrg w1 Ghqrwh wklv uxoh

e| aD dqg wkh ydoxh fruuhvsrqglqj wr wklv uxoh e| Y
	� +n>Q, =

Ohppd 5

41 olp�<"Y
	� +n>Q, @ Y +n, >

51 olp�<"Y +n>Q, @ Y +n, =

Surri1 +4, Ohw s� +n>Q, @ Su iQ . 4 5 D| iru vrph wj = Wkhq zlwk sure0

delolw| 4 � s� +n>Q, > wkh uhdol}dwlrqv ri D dqg aD frlqflgh1 Lq wkh frp0

sohphqwdu| fdvh/ wkh sd|r� gl�huhqfh lv erxqghg vlqfh doo wkh vwdjh jdph

sd|r�v duh erxqghg dqg glvfrxqwhg1 Khqfh zh duh grqh li zh fdq vkrz

wkdw olp�<" s� +n>Q, @ 3= Exw wklv iroorzv uhdglo| iurp wkh revhuydwlrq

wkdw lq d vdpsolqj edqglw surfhvv/ Su
�
p�

�
��|
�
A pf>;w

�
A 3/ dv suryhq lq

Fruroodu| 815 lq Edqnv ) Vxqgdudp +4<<5, dqg wkh idfw wkdw wkh dupv duh

vwdwlvwlfdoo| lqghshqghqw1

+5, Vlqfh wkh rswlpdo ydoxh Y +n>Q, � Y
	� +n>Q,/ wkh frqyhujhqfh ri

Y
	� +n>Q, lpsolhv gluhfwo| wkh frqyhujhqfh dqg dv|pswrwlf rswlpdolw| ri

Y +n>Q,1

7 Vzlwfklqj Frvwv

Lq wklv vhfwlrq/ zh vkrz wkdw wkh uhvxow ri Edqnv ) Vxqgdudp +4<<7, rq wkh

qrq0h{lvwhqfh ri dq rswlpdo lqgh{ srolf| zlwk vzlwfklqj frvwv glvdsshduv lq

wkh vwdwlrqdu| edqglw vhwwlqj1 Wkh edvlf lqwxlwlrq lv wkdw wkh dydlodelolw| ri

xqwulhg dupv pdnhv lw xqqhfhvvdu| wr hyhu vzlwfk edfn wr dupv zklfk zhuh
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dedqgrqhg hduolhu1 Wklv revhuydwlrq frpelqhg zlwk wkh uhvxow e| Zhlw}pdq

+4<:<, vwdwlqj wkdw dq rswlpdo lqgh{ srolf| h{lvwv li vzlwfklqj frvwv duh sdlg

rqo| rq wkh �uvw wuldo zlwk d jlyhq dup vkrzv wkdw wkh Jlwwlqv lqgh{ uxoh

uhpdlqv rswlpdo lq wkh vwdwlrqdu| edqglw vhwwlqj1 Wkhruhp 4 wkhq doorzv

xv wr frqfoxgh wkdw wkh Jlwwlqv lqgh{ n�uxoh lv rswlpdo lq wkh vlpxowdqhrxv

doorfdwlrq sureohp ri n dupv xqghu vzlwfklqj frvwv1

Ohw f ghqrwh wkh vzlwfklqj frvw wr dq dup dqg g ghqrwh wkh vzlwfklqj

frvw iurp dq dup1

Wkhruhp 5 Wkh dssursuldwho| gh�qhg Jlwwlqv lqgh{ n�uxoh lv rswlpdo lq d

vwdwlrqdu| edqglw sureohp zlwk vzlwfklqj frvwv1

Surri1 Lw lv lpphgldwho| yhul�hg wkdw wkh lqgh{ fdq eh dssursuldwho| prg0

l�hg e| ghgxfwlqj +f. g, iurp wkh sd|r� ri dq| xqwulhg dup lq wkh lqlwldo

shulrg ri lwv xvh1 E| Wkhruhp 4/ zh nqrz wkdw dq dup vkrxog eh dedq0

grqhg iruhyhu rqfh lwv lqgh{ idoov ehorz wkh +prgl�hg, lqgh{ ri wkh xqwulhg

dupv1 Diwhu dedqgrqlqj dq dup/ vzlwfklqj frvwv ri +f. g, zrxog kdyh wr eh

ghgxfwhg li wkh dup zhuh wr eh uhxvhg lq dq| ixwxuh shulrg1 D iruwlrul/ wkh

vwudwhj| ri Wkhruhp 4 uhpdlqv rswlpdo dqg lw lv ehvw wr qhyhu idoo edfn wr dq

hduolhu dedqgrqhg dup zkrvh Jlwwlqv lqgh{ lv vwulfwo| ehorz wkh +prgl�hg,

rqh ri wkh xqwulhg dupv1 Vlqfh xqwulhg dupv duh dydlodeoh lq doo shulrgv/ wkh

rswlpdo vwudwhj| lv wr frqwlqxh zlwk dq dup li dqg rqo| li lwv lqgh{ h{fhhgv

wkh +prgl�hg, rqh ri wkh xqwulhg dupv1

8 Frqfoxvlrq

Lq pdq| hfrqrplf sureohpv vxfk dv wkh doorfdwlrq ri zrunhuv wr �upv/ d

vwdwlrqdu| edqglw vlwxdwlrq lv wkh prvw qdwxudo lghdol}hg ghvfulswlrq ri wkh

pdunhw1 Wklv qrwh vkrzv wkdw zkloh wkh Jlwwlqv lqgh{ uxoh lq d �qlwh pxowl0

duphg edqglw sureohp lv qrw urexvw wr pdq| hfrqrplfdoo| phdqlqjixo shu0

wxuedwlrqv/ wkh sureohp zlwk lq�qlwho| pdq| dupv lv pxfk ehwwhu ehkdyhg1

D jhqhudol}dwlrq ri wkh Jlwwlqv lqgh{ uxoh uhpdlqv rswlpdo lq wkh doorfdwlrq

sureohp ri n vlpxowdqhrxv h{shulphqwv dv zhoo dv lq d sureohp zlwk vzlwfk0

lqj frvwv1 Zh dovr vkrz wkdw wkh jhqhudol}hg Jlwwlqv lqgh{ uxoh shuirupv zhoo
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lq edqglw sureohpv zlwk d odujh exw �qlwh qxpehu ri dupv1 Lq sduwlfxodu/

wkh sd|r� iurp wkh jhqhudol}hg Jlwwlqv lqgh{ uxoh frqyhujhv wr wkdw ri wkh

rswlpdo srolf| dv wkh qxpehu ri dupv whqgv wr lq�qlw|1

Rq d pruh whfkqlfdo ohyho/ wklv qrwh fodul�hv wkh uhdvrq iru wkh idloxuh

ri wkh Jlwwlqv lqgh{ srolf| lq �qlwh dup edqglwv zlwk pxowlsoh h{shulphqwv1

Lq wkh fodvvlfdo pxowl0duphg edqglw/ d fuxfldo uhtxluhphqw lv wkdw wkh hp0

sor|phqw ri rqh dup ohdyhv doo rwkhu dupv xqd�hfwhg1 Zlwk pxowlsoh h{0

shulphqwv/ wkh ehvw dydlodeoh dowhuqdwlyh lq wkh qh{w shulrg wr dq lqglylgxdo

dup ghshqgv rq wkh fkrlfh ri rwkhu h{shulphqwv lq wkh fxuuhqw shulrg1 Exw

wkh Jlwwlqv lqgh{ lv fdofxodwhg xqghu wkh dvvxpswlrq wkdw wkh sd|r�v iurp

doo exw rqh dup duh qrw d�hfwhg e| wkh fkrlfhv lq wkh fxuuhqw shulrg1 Dv d

uhvxow/ wkh Jlwwlqv lqgh{ uxoh lv qrw rswlpdo zlwk pxowlsoh h{shulphqwv dqg

�qlwho| pdq| dupv1 Dq lq�qlwh vxsso| ri h{ dqwh lghqwlfdo dupv jxdudqwhhv

wkdw wkh uhohydqw dowhuqdwlyhv zkhq dq dup lv wr eh dedqgrqhg gr qrw gh0

shqg rq wkh sdvw fkrlfhv ri dupv dqg khqfh wkh rswlpdolw| ri wkh Jlwwlqv

lqgh{ uxoh lv uhvwruhg1
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