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Vwudwhjlf Ex|huv dqg Sulydwho| Revhuyhg Sulfhv�

Glun Ehujhpdqq_ Mxxvr Yçolpçnlh

Dxjxvw 4<<<

Devwudfw

D prgho ri uhshdwhg sulfh frpshwlwlrq zlwk odujh ex|huv lv dq0
do|}hg1 Wkh vhoohuv duh doorzhg wr r�hu gl�huhqw sulfhv wr gl�huhqw
ex|huv dqg wkh ex|huv dfw vwudwhjlfdoo|1 Wkh vhw ri vxejdph shuihfw
htxloleuld lv lqyhvwljdwhg xqghu sxeolf dqg sulydwh prqlwrulqj1

Zlwk sxeolf prqlwrulqj wkh htxloleulxp vhw zlwk odujh ex|huv h{0
sdqgv uhodwlyh wr wkh vwdqgdug prgho zkhuh hdfk ex|hu lv vpdoo dqg
ehkdyhv p|rslfdoo|1

Zlwk sulydwh prqlwrulqj/ zkhuh sulfhv duh qrw revhuydeoh wr wkh
frpshwlqj vhoohuv/ wkh vhw ri htxloleulxp sd|r�v vkulqnv1 Lq wkh �qlwho|
uhshdwhg jdph zlwk sulydwh prqlwrulqj/ doo vdohv duh pdgh e| wkh hi0
�flhqw vhoohu1 Lq wkh lq�qlwho| uhshdwhg jdph wklv uhvxow lv suhvhuyhg
dv orqj dv wkh vhoohuv frqglwlrq wkhlu sulfhv rq wkh sxeolf klvwru|1 Lq
frqwudvw wr wkh �qlwh krul}rq jdph/ wkh vhw ri sxuh vwudwhj| htxloleuld
h{sdqgv li wkh vhoohuv duh doorzhg wr frqglwlrq rq wkhlu rzq sdvw sulfhv1
Frpsdulvrqv duh gudzq wr Pdunryldq htxloleuld ri vlplodu g|qdplf
jdphv1

WWkh dxwkruv judwhixoo| dfnqrzohgjh �qdqfldo vxssruw iurp QVI Judqw <:3<;;: dqg

<:3<673 uhvshfwlyho|1 Wkh vhfrqg dxwkru wkdqnv wkh Khovlqnl Vfkrro ri Hfrqrplfv iru lwv

krvslwdolw| gxulqj d ylvlw lq wkh vxpphu ri 4<<<1
_Ghsduwphqw ri Hfrqrplfv/ \doh Xqlyhuvlw|/ Qhz Kdyhq/ FW 398530;59;/

glun1ehujhpdqqC|doh1hgx1
hGhsduwphqw ri Hfrqrplfv/ Qruwkzhvwhuq Xqlyhuvlw|/ Hydqvwrq/ LO 9353;0533</ X1V1D1

dqg Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Vrxwkdpswrq/ Vrxwkdpswrq/ XN/ mx0

xvr1ydolpdnlCvrwrq1df1xn
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4 Lqwurgxfwlrq

Wklv sdshu frqvlghuv wkh lqirupdwlrqdo uroh ri sdvw sulfhv lq d prgho ri

uhshdwhg sulfh frpshwlwlrq iru odujh ex|huv1 Wkh edvlf prgho lv d uhshdwhg

h{whqvlyh irup jdph ehwzhhq wzr gl�huhqwldwhg vhoohuv dqg d vlqjoh ex|hu

zlwk d xqlw ghpdqg lq hdfk shulrg1 Dw wkh ehjlqqlqj ri hdfk vwdjh wkh vhoohuv

vhw sulfhv/ dqg wkh ex|hu vhohfwv wkh vhoohu diwhu kdylqj revhuyhg wkh sulfhv1

Wkh frpshwlqj vhoohuv pd| ru pd| qrw revhuyh wkh sulfhv r�huhg e| wkhlu

frpshwlwruv1

Zh ghvfuleh wkh h�hfwv ri lqirupdwlrqdo frqvwudlqwv lpsrvhg rq wkh uh0

shdwhg jdph1 Wkh fdvh ri sxeolf prqlwrulqj lv frpsduhg zlwk sulydwh prq0

lwrulqj zkhuh wkh vhoohuv revhuyh qr vljqdo ri wkhlu rssrqhqw*v sulfh1 Lq

frqvhtxhqfh/ wkh lghqwlw| ri d ghyldwru/ vhoohu ru ex|hu/ pd| qrw eh frpprq

nqrzohgjh dprqj wkh sod|huv1

Zh �uvw vkrz wkdw zlwk shuihfw prqlwrulqj/ wkh vhw ri vxejdph shuihfw

htxloleuld lv odujhu wkdq lq wkh vwdqgdug prgho zlwk vpdoo dqg khqfh p|rslf

ex|huv1 Lq idfw/ doo lqglylgxdoo| udwlrqdo sd|r�v duh vxssruwdeoh dv vxejdph

shuihfw htxloleuld ri wkh jdph1 Wklv lv lq frqwudvw wr wkh prgho zlwk vpdoo

ex|huv zkhuh rqo| wkh vhw ri vwdjh jdph lqglylgxdoo| udwlrqdo sd|r�v lv

vxssruwdeoh1

Zh wkhq frqvlghu sulydwh prqlwrulqj1 Lq �qlwho| uhshdwhg jdphv/ vdohv

duh pdgh rqo| e| wkh h!flhqw vhoohu lq dq| vhtxhqwldo htxloleulxp ri wkh

jdph1 Ixuwkhupruh/ erxqgv duh rewdlqhg iru wkh htxloleulxp sd|r�v wr wkh

ex|hu dqg wkh vhoohuv lq whupv ri wkh rxwvlgh rswlrq wkdw wkh ex|hu kdv lq

wkh irup ri wkh ohvv h!flhqw vhoohu1 Lq uhshdwhg jdphv/ doo vxejdph shuihfw

htxloleuld lqyroyh vdohv e| wkh h!flhqw vhoohu rqo|1 Lq g|qdplf jdphv +h1j1

jdphv zlwk ohduqlqj e| grlqj rq wkh sduw ri wkh vhoohuv,/ wkh p|rslfdoo|

vxshulru vhoohu qhhg qrw eh wkh h!flhqw lqwhuwhpsrudo fkrlfh1 Zh vkrz wkdw

lq g|qdplf jdphv zlwk d �qlwh krul}rq/ wkh vdohv lq doo vhtxhqwldo htxloleuld

frlqflgh zlwk wkh h!flhqw sdwk ri vdohv1 Khqfh zh revhuyh wkdw lqirupdwlrqdo

uhvwulfwlrqv rq wkh h{whqvlyh irup jdph kdyh d vlplodu h�hfw dv uhvwulfwlqj

dwwhqwlrq wr Pdunryldq htxloleuld lq wkh jdph1

Wr rewdlq vrph lqwxlwlrq lqwr wkh uhvxowv dqg wkh uroh ri wkh vwudwhjlf
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ex|hu/ frqvlghu wkh lqfhqwlyhv ri wkh vhoohuv dqg wkh ex|hu lq d sxuh vwudwhj|

htxloleulxp ri d wzr shulrg yhuvlrq ri wkh prgho1 Lq wkh vhfrqg shulrg/

wkh vhoohuv pxvw sulfh lq vxfk d zd| wkdw wkh ex|hu lv lqgl�huhqw ehwzhhq

wkh vhoohuv1 Li dq| frooxvlrq lq wkh �uvw shulrg lv wr eh dwwhpswhg/ wkh vhoohuv

pxvw kdyh d phwkrg iru sxqlvklqj hdfk rwkhu iru dq| ghyldwlrq lq wkh vhfrqg

shulrg1 Wkh rqo| h�hfwlyh lqvwuxphqw iru sxqlvkphqw lv wkh frruglqdwlrq rq

d orzhu vhoolqj sulfh r� wkh htxloleulxp sdwk wkdq rq wkh htxloleulxp sdwk1

Qrwlfh/ krzhyhu/ wkdw d orzhu sulfh ehqh�wv wkh ex|hu wr wkh vdph h{whqw

dv lw kxuwv wkh vhoohuv1 Vlqfh wkh lqwhuwhpsrudo wudgh0r�v ehwzhhq wkh vhoo0

huv dqg wkh ex|hu edodqfh rxw h{dfwo|/ wkh h!flhqw vhoohu fdq dozd|v �qg d

sur�wdeoh sulfh ghyldwlrq wkdw ehqh�wv wkh ex|hu dv zhoo dw dq| qrgh zkhuh

dq lqh!flhqw vhoohu lv vxssrvhg wr pdnh wkh vdoh1 Lq Vhfwlrq 6/ zh vkrz

krz wklv orjlf h{whqgv wr doo vhtxhqwldo htxloleuld ri wkh �qlwho| uhshdwhg

jdph1 Wkh frqwudvw wr wkh jdph zlwk d frqwlqxxp ri vpdoo lghqwlfdo ex|huv

lv lpphgldwh1 Li wkh ex|huv dfw edvhg rq wkhlu p|rslf sd|r�v rqo|/ wkhq lw lv

hdv| iru wkh vhoohuv wr ghwhfw ghyldwlrqv e| hdfk rwkhu dqg dv d frqvhtxhqfh/

wkh ixoo lqglylgxdoo| udwlrqdo sd|r� vhw lv dfklhydeoh lq htxloleulxp zkhq0

hyhu wkh surgxfwv duh gl�huhqwldwhg dqg wkh glylvlrq ri vxusoxv ehwzhhq wkh

ex|hu dqg wkh h!flhqw vhoohu lv qrw xqltxho| ghwhuplqhg lq wkh vwdjh jdph

vxejdph shuihfw htxloleuld1 Zlwk pxowlsoh vwudwhjlf ex|huv/ pruh rxwfrphv

duh ihdvleoh dv zhoo1 Wkh nh| revhuydwlrq khuh lv wkdw zlwk pdq| ex|huv/

xqh{shfwhg vdohv wr d jlyhq ex|hu fdq eh sxqlvkhg e| orzhu ixwxuh sulfhv

lq wkh frpshwlwlrq iru doo ex|huv1 Khqfh wkh ex|huv* vwudwhjlf prwlyhv iru

ghyldwlrqv fdq eh plqlpl}hg1

Lq wkh lq�qlwho| uhshdwhg yhuvlrq ri wkh jdph zlwk sulydwh prqlwrulqj/

wkh vhw ri sxuh vwudwhj| htxloleulxp sd|r�v lv h{sdqghg e| doorzlqj wkh

vhoohuv wr frqglwlrq rq wkhlu rzq sdvw dfwlrqv1 Lq sduwlfxodu/ zh vkrz wkdw

zkhq wkh vhoohuv fkdujh sulfhv wkdw ghshqg rq wkhlu rzq sulfhv/ wkh hqwluh

lqglylgxdoo| udwlrqdo vhw ri sd|r�v lv dfklhydeoh1

Lq wkh lq�qlwh krul}rq prgho/ d glvfuhsdqf| dulvhv ehwzhhq vwudwhjlhv

edvhg rq sxeolf klvwrulhv/ zklfk lqfoxghv wkh vdohv klvwru|/ dqg wkrvh edvhg

rq sulydwh klvwrulhv/ zklfk lqfoxgh wkh sdvw sulfhv1 Vlqfh wkhuh lv qr odvw

shulrg/ wkh ex|hu*v lqgl�huhqfh ehwzhhq wkh vhoohuv fdq eh eurnhq grzq1 Lq
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Vhfwlrq 7/ zh vkrz wkdw wkh rxwfrphv lq wkh jdph ehwzhhq d vlqjoh vhoohu

dqg wkh ex|hu duh lqghwhuplqdwh lq wkh lq�qlwh krul}rq prgho/ zkhq vhoohuv

dqg ex|hu frqglwlrq wkhlu vwudwhjlhv rq sdvw sulfhv1 Zh xvh wklv uhvxow wr

rewdlq d iron wkhruhp iru wkh lq�qlwho| uhshdwhg jdph1 Wkh edvlf lghd lv

wr wuhdw wkh shulrgv zkhq wkh wzr vhoohuv duh wr pdnh vdohv dv vwudwhjlfdoo|

lqghshqghqw iurp hdfk rwkhu dqg xvh wkh vwudwhjlhv iurp wkh rqh vhoohu 0 rqh

ex|hu prgho vhsdudwho| iru erwk vhoohuv1 Zkhq fxuuhqw sulfhv ghshqg rqo|

rq sdvw sxeolf vljqdov/ l1h1 wkh ex|hu*v sdvw sxufkdvlqj ghflvlrqv/ wkh vhoohuv

fdqqrw frooxgh dw doo1 Lq frqvhtxhqfh doo htxloleuld duh h!flhqw dv duh wkh

Pdunryldq htxloleuld1 Khqfh zh �qg rxw wkdw lq wkh lq�qlwh krul}rq prgho/

wkh uhvwulfwlrq wr Pdunryldq htxloleuld lv sd|r� htxlydohqw wr d vwurqjhu

lqirupdwlrqdo uhvwulfwlrq wkdq lq wkh �qlwh krul}rq fdvh1

D qxpehu ri sdshuv kdyh dqdo|}hg wkh sureohp ri frooxvlrq xqghu lpshu0

ihfw prqlwrulqj1 Vwduwlqj zlwk Juhhq ) Sruwhu +4<;7,/ d srsxodu dssurdfk

kdv ehhq rqh lq zklfk wkh dfwlrqv wdnhq e| wkh vhoohuv jhqhudwh d sxeolfo|

revhuydeoh vljqdo1 Doo sod|huv pd| wkhq frqglwlrq wkhlu frqwlqxdwlrq sod| rq

wklv vljqdo1 Wklv olqh ri zrun fxoplqdwhv lq wkh sdshuv e| Deuhx/ Shdufh )

Vwdffkhwwl +4<<3, dqg Ixghqehuj/ Ohylqh ) Pdvnlq +4<<7, zkhuh lw lv vkrzq

wkdw dv orqj dv d plqlpdo vwdwlvwlfdo uhtxluhphqw rq wkh txdolw| ri wkh vljqdo

lv vdwlv�hg/ d frooxvlyh duudqjhphqw pd| eh vxssruwhg lq d shuihfw sxe0

olf htxloleulxp1 D qxpehu ri uhfhqw sdshuv lqfoxglqj Vhnljxfkl +4<<:, dqg

Ekdvndu ) Gdpph +4<<<, txhvwlrq wkh dssursuldwhqhvv ri dvvxplqj wkh h{0

lvwhqfh ri sxeolf vljqdov1 Li d frpprq vljqdo fdq eh frqvwuxfwhg wkurxjk h1j1

suhsod| frppxqlfdwlrq/ wkhq Ndqgrul ) Pdwvxvklpd +4<<;, dqg Frpswh

+4<<;, vkrz wkdw frooxvlyh htxloleuld duh srvvleoh lq jdphv zlwk lpshuihfw

sulydwh prqlwrulqj zkloh Ehq0Srudwk ) Ndkqhpdq +4<<9, rewdlq wkh uhvxow

iru sxuh sulydwh prqlwrulqj1 Dqk +4<<:, kdv frqvlghuhg uhshdwhg jdphv zlwk

sulydwh prqlwrulqj zkhuh rqh sod|hu revhuyhv wkh pryhv ri doo rwkhu sod|huv1

Klv vwdjh jdphv duh/ krzhyhu/ lq qrupdo irup dqg wkhuhiruh klv uhvxowv +dv

zhoo dv klv prwlydwlrq, duh txlwh gl�huhqw iurp rxuv1 Wkh fxuuhqw sdshu lv

wkh �uvw wr rxu nqrzohgjh wr dqdo|}h d uhshdwhg jdph zlwk dq h{whqvlyh

irup vwdjh jdph lq wkh frqwh{w ri sulydwh prqlwrulqj1
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5 Edvlf Prgho

Wzr vhoohuv/ m 5 i4> 5j vhoo d surgxfw wr d vlqjoh ex|hu zlwk xqlw ghpdqg

uhshdwhgo| ryhu wlph14 Wkh pd{lpxp dprxqw wkdw wkh ex|hu lv zloolqj wr

sd| iru vhoohu m�v surgxfwv lv ghqrwhg e| y� iru m 5 i4> 5j = Dw wkh ehjlqqlqj

ri shulrg w 5 i3> 4> ===j > wkh vhoohuv dqqrxqfh vlpxowdqhrxvo| sulfhv s�| dqg

wkh ex|hu fkrrvhv ehwzhhq wkh vhoohuv1 Wkh ex|hu*v qhw sd|r� lq shulrg w lv

jlyhq e| y��s�| zkhq ex|lqj iurp vhoohu m=Zh qrupdol}h wkh surgxfwlrq frvw

wr }hur vr wkdw wkh shu shulrg sd|r� wr wkh vhoohu lv htxdo wr wkh uhyhqxh1

Doo sod|huv glvfrxqw ixwxuh zlwk d frpprq glvfrxqw idfwru � 5 ^3> 4` dqg

pd{lpl}h wkh vxp ri wkhlu h{shfwhg ixwxuh sd|r�v1 Qrwlfh wkdw lq rxu prgho/

wkh sd|r�v wr doo sduwlhv duh txdvlolqhdu lq wkh sd|phqw/ s|> dqg dv d uhvxow/

Sduhwr h!flhqf| frlqflghv zlwk vxusoxv pd{lpl}dwlrq1

6 Ilqlwh Krul}rq

614 Shuihfw Prqlwrulqj

Frqvlghu �uvw wkh ehqfkpdun fdvh ri ixoo lqirupdwlrq1 Lq wklv fdvh/ vhfuhw

sulfh fxwv duh qrw srvvleoh dv doo sod|huv kdyh shuihfw lqirupdwlrq derxw doo

suhylrxv pryhv e| doo suhylrxv sod|huv dw hdfk ghflvlrq qrgh +dsduw iurp wkh

vlpxowdqhrxv sulflqj ghflvlrqv/ ri frxuvh,1 Ohw W ghqrwh wkh ohqjwk ri wkh

krul}rq lq wklv jdph1 Zkhq ghflglqj khu sulfh lq shulrg w � W / vhoohu m kdv

revhuyhg klvwru| k�| @
�
s�f> s

2
f> gf> ===> s

�
|3�> s

2
|3�> g|3�

�
zkhuh g| 5 i4> 5>Uj lv

wkh ex|hu*v fkrlfh ri wkh vhoohu lq shulrg w> dqg U ghqrwhv wkh uhmhfwlrq ri

erwk vhoohuv* r�huv1 Lq dgglwlrq wr wkh klvwru| dydlodeoh wr wkh wzr vhoohuv lq

shulrg w> wkh ex|hu dovr nqrzv wkh shulrg w sulfhv fkrvhq e| wkh wzr vhoohuv

dqg wkxv khu lqirupdwlrq lv jlyhq e| kK| @ k�| ^
�
s�| > s

2
|

�
= Wkh +ehkdylru,

vwudwhjlhv lq shulrg w dydlodeoh wr vhoohu m duh wkhq wkh ixqfwlrqv iurp wkh vhw

ri srvvleoh shulrg w klvwrulhv/ K�
| wr uhdo qxpehuv1 Wkh ex|hu*v +ehkdylru,

vwudwhjlhv lq shulrg w duh ixqfwlrqv iurp doo srvvleoh shulrg w klvwrulhv/ KK
|

4Wklv uhvwulfwlrq wr mxvw wzr vhoohuv lv zlwkrxw orvv ri jhqhudolw| lq wkh fxuuhqw uhshdwhg

jdph iudphzrun1 Lw kdv lpsolfdwlrqv lq wkh pruh jhqhudo g|qdplf jdph vhwwlqj lq vhfwlrq

61
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wr i4> 5> Uj = Ohw KR
| @ K�

| _K2
| ghqrwh wkh sxeolf klvwru| lq shulrg w1

Wr vlpsoli| qrwdwlrq/ zh dvvxph wkdw wkhuh lv qr glvfrxqwlqj ehwzhhq

wkh shulrgv1 Wkh uhvxowv zh rewdlq krog iru doo � vx!flhqwo| forvh wr 41

Ghqrwh wkh W�irog uhshwlwlrq ri wkh vwdjh jdph e| �+W , = Revhuyh �uvw wkdw

wkh vwdjh jdph kdv d frqwlqxxp ri vxejdph shuihfw htxloleulxp sd|r�v li

y� 9@ y21 Zlwkrxw orvv ri jhqhudolw|/ ohw y� A y2 dqg gh�qh �y @ y� � y2=5

Dq| sdlu ri sulfhv/
�
s�> s2

�
vxfk wkdw 3 � s� � �y> s2 @ s� � �y> dqg

ex|hu*v vwudwhj|/

g @

;A?A=
4 zkhqhyhu s2 � s� ��y dqg s� � y�>

5 zkhqhyhu s2 ? s� ��y dqg s� � y�>

U rwkhuzlvh/

+4,

lv d vxejdph shuihfw htxloleulxp ri wklv h{whqvlyh irup jdph1 Ghqrwh wkh

ex|hu*v vwdjh jdph vwudwhj| ghvfulehg deryh e| gW= Qrwlfh wkdw lq doo vwdjh

jdph htxloleuld/ vhoohu 4 pdnhv wkh vdohv/ dqg dv d frqvhtxhqfh/ vhoohu 5

kdv d vxusoxv ri 31 Vlqfh zh kdyh pxowlsoh vwdjh jdph sd|r� yhfwruv/ wkh

frqwlqxdwlrq sd|r�v fdq eh pdgh ghshqghqw rq wkh dfwlrqv fkrvhq/ dqg

wkhuh lv d fkdqfh wkdw d zlgh ydulhw| ri rxwfrphv pljkw eh vxssruwdeoh lq

vxejdph shuihfw htxloleulxp1

Li wkh ex|huv duh p|rslf/ lw lv hdv| wr vkrz wkdw wkh sd|r� yhfwru lq hdfk

vwdjh pxvw olh lq

X @ fr
�
+3> 3> 3, >

�
y�> 3> 3

�
>
�
3> y2> 3

�
>
�
3> 3> y�

��
>

zkhuh x @ +x�> x2> xK, 5 X= Dv d frqvhtxhqfh/ doo vxejdph shuihfw htxlole0

ulxp sd|r� yhfwruv zlwk p|rslf ex|huv pxvw dovr olh lq X=

Wkh forvxuh ri wkh vhw ri lqglylgxdoo| udwlrqdo ihdvleoh sd|r� yhfwruv lq

wkh vwdjh jdph lv/ krzhyhu/ jlyhq e|=

X8 @ ix � 3 m x� . x2 . xK � y�j=

Dsduw iurp ghdolqj zlwk dq h{whqvlyh irup vwdjh jdph/ wkh vwdjh jdph

vxejdph shuihfw htxloleuld duh qrw glvwlqfw lq sd|r�v iru vhoohu 51 Khqfh zh
5 Li �� ' �2c wkhq wkh vwdjh jdph kdv d vlqjoh vxejdph shuihfw htxloleulxp sd|r�/ dqg

e| edfnzdug lqgxfwlrq/ wkh �qlwho| uhshdwhg jdph kdv d xqltxh sd|r� yhfwru dv zhoo1
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fdqqrw dsshdo gluhfwo| wr wkh uhvxow lq Ehqrlw ) Nulvkqd +4<;8, wr frqfoxgh

wkh h{lvwhqfh ri frooxvlyh htxloleuld lq wklv jdph1 Rxu �uvw uhvxow vkrzv wkdw

wkh vhw ri htxloleulxp sd|r�v lq �+W , frqyhujhv wr X8 dv W $41 Vwudwhjlhv

uhplqlvfhqw wr wkrvh lq Ehqrlw ) Nulvkqd +4<;8, duh xvhg wr hvwdeolvk wklv1

Sursrvlwlrq 4 Il{ x 5 X8 dqg � A 3= Wkhq wkhuh lv d eW vxfk wkdw zkhqhyhu

W � eW> �+W , kdv d vxejdph shuihfw htxloleulxp +lq sxuh vwudwhjlhv, zlwk wkh

dyhudjh sd|r�v ri wkh sod|huv lq E" +x, =

S urri1 Zh vkrz krz sd|r�v duelwudulo| forvh wr wkh yhuwlfhv ri X8 fdq

eh vxssruwhg lq VSH iru W odujh hqrxjk1 Vlqfh

X8 @ fri+3> 3> 3, > �y�> 3> 3� > �3> y�> 3� > �3> 3> y��j>
wkh uhvxow iroorzv xsrq revhuylqj wkdw hdfk x 5 X8 fdq eh dssur{lpdwhg e|

d frqyh{ frpelqdwlrq ri wkh yhuwlfhv zlwk udwlrqdo frh!flhqwv1 Wklv fruuh0

vsrqgv wr vwdfnlqj wrjhwkhu lqghshqghqw frslhv ri wkh htxloleuld vxssruwlqj

wkh yhuwlfhv lq dssursuldwh sursruwlrqv1

+l, Wkh vwdjh jdph VSH sur�oh
�
s�> s2> g

�
@ +3>��y> gW, |lhogv wkh sd|0

r�
�
3> 3> y�

�
dqg plqpd{hv erwk ri wkh vhoohuv1 Sod|lqj +3>��y> gW, lq doo

vxewuhhv uhjdugohvv ri klvwru| lv reylrxvo| d vxejdph shuihfw htxloleulxp1

Zh fdq wkhq dovr xvh wklv sur�oh wr sxqlvk erwk vhoohuv iru dq| ghyldwlrqv1

+ll, Wr �qg dq htxloleulxp sd|r� forvh wr
�
y�> 3> 3

�
> frqvlghu wkh iro0

orzlqj vwudwhjlhv1 Lq wkh odvw N shulrgv/ wkh sod| frqvlvw ri
�
s�> s2> g

�
@

+�y> 3> gW, = Lq wkh suhylrxv urxqg/ sod|
�
s�> s2> g

�
@

�
y2 .�y . 4> y2> gW

�
dqg lq wkh �uvw W�N�4 shulrgv/ sod| �

s�> s2> g
�
@

�
y�> y�> gW

�
= FkrrvhN wr

vdwlvi|N A ��

{�
1 Dq| ghyldwlrq e| wkh ex|hu lv ljqruhg dqg dq| ghyldwlrq e|

hlwkhu ri wkh �upv ohdgv wr shupdqhqw uhyhuvlrq wr
�
s�> s2> g

�
@ +3>��y> gW, =

Li W lv fkrvhq wr eh odujh hqrxjk/ wkhq wkh dyhudjh sd|r�v wr wkh sod|huv

duh dssur{lpdwho|
�
y�> 3> 3

�
=

+lll, Iru
�
3> y�> 3

�
> ohw N eh dv ehiruh/ dqg ohw wkh htxloleulxp dfwlrqv

lq wkh �uvw shulrg eh
�
+W �N � 5, y� .�y> +W �N � 5, y�> 5

�
= Lq wkh qh{w

W �N � 4 shulrgv/
�
s�> s2> g

�
@ +3>��y> gW, rq wkh htxloleulxp sdwk dqg

lq wkh odvw N shulrgv/
�
s�> s2> g

�
@ +�y> 3> gW, = Dq| ghyldwlrq e| hlwkhu ri

wkh �upv ohdgv wr wkh sod| ri
�
s�> s2> g

�
@ +3>��y> gW, xqwlo wkh hqg ri wkh

:



jdph dqg dq| ghyldwlrq e| wkh ex|hu lq wkh �uvw shulrg ohdgv wr wkh sod|

ghvfulehg lq +ll,1

+ly, Ilqdoo|/ vwudwhjlhv vxssruwlqj d sd|r� forvh wr +3> 3> 3, duh rewdlqhg

e| vxevwlwxwlqj
�
y2 .�y . 4> y2 . 4> gW

�
iru wkh �uvw W �N � 4 shulrgv lq

+ll,1 Rwkhuzlvh wkh ghvfulswlrq ri wkh vwudwhjlhv lv lghqwlfdo wr +ll,1

Vlqfh wkh uhvxow deryh lv dovr ydolg iru � vx!flhqwo| forvh wr 4/ lw lv fohdu

wkdw wkh vdph vhw ri htxloleuld fdq eh vxssruwhg lq vhtxhqwldo htxloleulxp ri

wkh lq�qlwho| uhshdwhg yhuvlrq ri wkh jdph1

615 Sulydwh Prqlwrulqj

Lq wklv vhfwlrq/ zh frqvlghu wkh jdph zlwk sulydwh lqirupdwlrq derxw sdvw

pryhv1 Lq sduwlfxodu/ zh dvvxph wkdw hdfk s�| lv revhuydeoh wr vhoohu m dqg

wkh ex|hu/ exw qrw wr wkh rwkhu vhoohu1 Wkh ex|hu*v lqirupdwlrq vhwv duh xq0

fkdqjhg iurp wkh ixoo lqirupdwlrq fdvh/ exw wkh vhoohuv kdyh ohvv lqirupdwlrq

dydlodeoh= k�| @
q
s�f> gf> ===> s

�
|3�> g|3�

r
iru m 5 i4> 5j = Khqfh d sulfh fxw e|

rqh ri wkh vhoohuv lv qrw gluhfwo| revhuydeoh wr lwv frpshwlwru1 Lq zkdw iro0

orzv/ zh orrn iru vhtxhqwldo htxloleuld ri wklv jdph1 Qrwlfh dovr wkdw wkh sduw

ri klvwru| wkdw lv frpprq nqrzohgjh ehwzhhq wkh sod|huv lv wkh vhtxhqfh ri

sxufkdvhv pdgh e| wkh ex|hu1

Lq rughu wr dqdo|}h wklv jdph/ lw lv xvhixo wr gh�qh d frqfhsw uhodwhg wr

wkh fruuhodwhg htxloleuld ri wkh vwdjh jdph1 Zh pdlqwdlq wkh uhtxluhphqw

wkdw wkh ex|hu*v fkrlfh pxvw eh lqglylgxdoo| udwlrqdo jlyhq wkh sulfhv e| wkh

vhoohuv/ exw zh doorz wkh vhoohuv wr fruuhodwh wkhlu fkrlfhv ri sulfhv1 Qrwlfh

wkdw wkh frqfhsw gl�huv iurp wkh fruuhodwhg htxloleulxp vlqfh d qxpehu ri

Qdvk htxloleuld ri wkh vwdjh jdph duh h{foxghg e| wkh vhtxhqwldo udwlrqdo

ehkdylru ri wkh ex|hu1

;



Gh�qlwlrq 4 D VSH zlwk fruuhodwlrq lv d suredelolw| glvwulexwlrq I
�
s�> s2

�
rq U�U dqg d ixqfwlrq g = U�U$ �i4> 5>Uj vxfk wkdw=

41 li g @ gW dv lq +4,>

51 iru m 5 i4> 5j dqg iru doo s� 5 surm�
�
vxssI

�
s�> s2

��
=

s� 5 dujpd{
R

sSuig+s> s3�, @ mj=

Revhuyh wkdw lq wkh �uvw sduw ri wkh gh�qlwlrq/ zh duh vshfli|lqj wkh wlh

euhdnlqj uxoh wr eh lq idyru ri wkh h!flhqw vhoohu1 Wkh iroorzlqj uhvxow zrxog

eh xqfkdqjhg li wkh ex|hu zhuh wr dgrsw dq| duelwudu| wlh0euhdnlqj uxoh1

Ohppd 4 Hyhu| VSH zlwk fruuhodwlrq lv sd|r� htxlydohqw wr d VSH lq wkh

vwdjh jdph1

S urri1 Revhuyh �uvw wkdw d sulfh ri 3 |lhogv sur�w 3/ dqg wkxv s� ? 3

dqg s� 5 vxssI
�
s�> s2

�
lpsolhv Suiy� � s� � y3� � s3�j @ 4= Vlqfh wklv

krogv vlpxowdqhrxvo| iru erwk vhoohuv/ zh frqfoxgh/ uhfdoolqj y� A y2/ wkdw lq

doo fruuhodwhg htxloleuld/ s2 � ��y dqg s� � 3=

E| fdofxodwlqj wkh sur�w iru vhoohu 5/ zh frqfoxgh wkdw I �
�
��y m s2� ?

4 lpsolhv s2 A 3= Khqfh iru hdfk s2 5 surm2
�
vxssI

�
s�> s2

��
> hlwkhu s2 �

plqis� =
�
s�> s2

� 5 vxssI
�
s�> s2

�j ��y ru s2 A 3= Qrwlfh wkdw wkh �uvw

lqhtxdolw| vwdwhv wkdw lw lv qrw srvvleoh wr kdyh ryhuodsslqj vxssruwv iru s2

iru d vhw ri srvlwlyh +pdujlqdo, suredelolw| ri s�= Wkxv zkhqhyhu s2 ? 3> zh

duh +hvvhqwldoo|, uhvwulfwhg wr wkh �gldjrqdo� s2 @ s� ��y=

Wkh fdvh zkhuh s2 A 3 zlwk srvlwlyh pdujlqdo suredelolw| lv uxohg rxw

e| xvxdo xqghufxwwlqj dujxphqwv1 Wkh fodlp iroorzv rqfh zh revhuyh wkdw

hyhu| sdlu ri sulfhv rq wkh�gldjrqdo� s2 @ s���y lv dovr d VSH ri wkh vwdjh

jdph1

Dqrwkhu zd| ri vwdwlqj Ohppd 4 lv wkdw wkh vhw ri vwdjh jdph htxloleuld

lv xqfkdqjhg hyhq li sulydwh vljqdov duh doorzhg iru vlqfh doo ri wkh fruuhodwhg

htxloleuld duh sxeolf udqgrpl}dwlrqv ri wkh Qdvk htxloleuld1 Vlqfh sulydwho|

revhuyhg klvwrulhv jhqhudwh sulydwh vljqdov wr wkh vhoohuv/ Ohppd 4 vkrzv wkdw

wkh sulydwh vljqdov fdqqrw eh xvhg lq d qrqwulyldo pdqqhu lq wkh frqwlqxdwlrq

<



sod|1 Wkh qh{w sursrvlwlrq vkrzv wkdw uhvwulfwlqj wkh revhuydelolw| lq wkh

jdph uhgxfhv gudpdwlfdoo| wkh vhw ri htxloleulxp rxwfrphv1

Sursrvlwlrq 5 Zlwk sulydwh prqlwrulqj/ wkh vhw ri vhtxhqwldo htxloleulxp

dyhudjh sd|r�v uhgxfhv wr

XR @
q�

x�> 3> xK
�
m x� . xK @ y� dqg 3 � x� � �y

r
=

Lq sduwlfxodu/ doo vhtxhqwldo htxloleuld duh Sduhwr h!flhqw1

S urri1 Wkh fodlp lv suryhg e| edfnzdugv lqgxfwlrq1 Lq wkh odvw shulrg/

uhjdugohvv ri klvwru|/ d vwdjh jdph fruuhodwhg htxloleulxp pxvw eh sod|hg1

Ohppd 4 lpsolhv wkhq wkdw wkh odvw shulrg sxufkdvh pxvw eh iurp vhoohu 4

dqg wkhuhiruh wkh odvw shulrg sd|r� idoov lqwr wkh vhw XR=

Dvvxph qh{w wkdw lq wkh odvw q shulrgv/ wkh frqwlqxdwlrq sd|r�v diwhu

doo suhylrxv klvwrulhv fdq eh jhqhudwhg e| xvlqj vxejdph shuihfw vwdjh jdph

vwudwhjlhv lq wkh odvw q shulrgv1 E| Ohppd 4/ zh pd| zulwh wkh frqwlqxdwlrq

sd|r�v wr wkh sod|huv dv
�
x� +m, > x2 +m, > xK +m,

�
iru wkh ex|hu*v ghflvlrq m 5

i4> 5>Uj lq shulrg q. 4= E| wkh lqgxfwlrq k|srwkhvlv/

x� +m, . xK +m, @ qy� dqg 3 � x� � �y=

Dvvxph wkdw vhoohu 5 pdnhv wkh vdoh dw vrph qrgh zlwk q . 4 shulrgv ohiw1

Ghqrwh wkh sulydwh klvwru| ri vhoohu m frqvlvwhqw zlwk uhdfklqj wkdw qrgh e|

k� iru m 5 i4> 5j= Dw wkdw qrgh/ s2 �k2� � 3 dv x2 +5, @ 3 e| wkh lqgxfwlrq

k|srwkhvlv1 Wkh ex|hu suhihuv vhoohu 5 li

y� � s�
�
k�
�
. xK +4, � y2 � s2

�
k2

�
. xK +5, ru

s�
�
k�

� � y� � y2 . s2
�
k2
�� xK +5, . xK +4, =

Exw xvlqj wkh lqgxfwlrq k|srwkhvlv/ wklv lpsolhv wkdw wkh ex|hu suhihuv vhoohu

5 li

s�
�
k�
� � s2

�
k2

�
. y� � y2 � x� +4, . x� +5, > ru

s�
�
k�
�
. x� +4, � s2

�
k2
�
. y� � y2 . x� +5, =
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Wkhuhiruh/ vlqfh �y A 3 dqg s2
�
k2

� � 3> vhoohu 4 kdv d vwulfw lqfhqwlyh wr

xqghufxw dqg wkhuhiruh wkh ex|hu pxvw ex| iurp wkh h!flhqw vhoohu lq hdfk

shulrg dw d sulfh qrw h{fhhglqj �y1

Vlqfh doo x 5 XR fdq eh vxssruwhg dv vwdjh jdph vxejdph shuihfw htxl0

oleuld/ wkh fodlp iroorzv1

Wkh hfrqrplf vljql�fdqfh ri wklv uhvxow lv lpphgldwh1 Li wkh ex|hu suhihuv

wkh surgxfw ri vhoohu 4 wr wkh surgxfw ri vhoohu 5> wkhq wkh htxloleulxp sulfh

ri wkh h!flhqw vhoohu lv ehwzhhq 3 dqg wkh txdolw| gl�huhqfh lq doo shulrgv/

dqg wkh h!flhqw vhoohu pdnhv doo wkh vdohv lq wkh prgho1 Dv d uhvxow/ zh vhh

wkdw wkh srvvlelolwlhv iru frooxvlrq duh vhyhuho| olplwhg e| wkh xqrevhuydelolw|

ri rssrqhqwv* sulfhv lq wkh �qlwh krul}rq prgho1

Wkh �qdo sursrvlwlrq lq wklv vhfwlrq h{whqgv wkh deryh uhvxow wr wkh fdvh

zkhuh wkh vwdjh jdph sd|r�v pd| eh fkdqjlqj iurp shulrg wr shulrg1 Zh

pdlqwdlq wkh dvvxpswlrq ri frpprq nqrzohgjh ri wkh sd|r�v ehwzhhq wkh

sod|huv dw doo qrghv ri wkh jdph dqg dv d uhvxow/ zh doorz wkh vwdjh jdph

sd|r�v wr ghshqg rqo| rq wkh sxeolfo| revhuyhg klvwru|/ l1h1 wkh vhtxhqfh ri

sxufkdvhv e| wkh ex|hu1 Wkh ex|hu kdv d ydoxdwlrq ri y�+kR| , iru wkh surgxfw

ri vhoohu m diwhu sxeolf klvwru| kR| = Wkh fkdqjhv lq wkh ydoxdwlrqv frxog eh

lqwhusuhwhg dv uhvxowlqj iurp ohduqlqj e| wkh ex|hu ru iurp ohduqlqj e| grlqj

e| wkh vhoohuv +lq zklfk fdvh zh zrxog lqwhusuhw y� dv wkh ydoxdwlrq qhw ri

wkh surgxfwlrq frvw,1

Sursrvlwlrq 6 Lq hyhu| �qlwho| uhshdwhg g|qdplf jdph/ wkh sdwk ri vdohv

lq doo vhtxhqwldo htxloleuld frlqflghv zlwk wkh vrfldoo| h!flhqw sdwk1

S urri1 Wkh edfnzdugv lqgxfwlrq dujxphqw lq wkh suhylrxv sursrvlwlrq

h{whqgv lpphgldwho| wr wklv fdvh dv zhoo1

Qrwlfh wkdw hyhq wkrxjk d uhvwulfwlrq rq wkh revhuydelolw| ri sdvw pryhv

surgxfhv d uhgxfwlrq lq wkh htxloleulxp vhw/ wkh vdohv sdwk grhv qrw froodsvh

wr wkh uhshwlwlrq ri wkh p|rslf Qdvk htxloleuld1 Wkh vhoohuv dqg wkh ex|hu

fdq vwloo wdnh dgydqwdjh ri wkh fkdqjhv lq sd|r�v ryhu wlph dv wkh sd|r�v wr

wkh sod|huv frqglwlrqdo rq wkh sxeolf klvwru| uhpdlq frpprq nqrzohgjh1
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616 Pxowlsoh Ex|huv

Zh frqfoxgh wklv vhfwlrq zlwk dq h{whqvlrq wr L � 5 vwudwhjlf ex|huv1 Wkh

surgxfwv duh dvvxphg wr kdyh wkh vdph ydoxh iru doo ex|huv1 Zh dvvxph wkdw

wkh vhoohuv txrwh vhsdudwh sulfhv iru wkh ex|huv dqg wkdw wkh sulfhv duh qrw

revhuydeoh wr rxwvlghuv/ l1h1 rwkhu ex|huv dqg rwkhu vhoohuv1 Ghqrwh vhoohu m*v

sulfh txrwhg wr ex|hu l lq shulrg w e| s��| iru m 5 i4> 5j dqg l 5 i4> ===> Lj=
Ghqrwh wkh sxufkdvlqj ghflvlrq ri ex|hu l lq shulrg w e| g�|=Wkh nh| gl�huhqfh

wr wkh vlqjoh ex|hu fdvh lv wkdw wkh ex|huv gr qrw lqwhuqdol}h wkhlu lpsdfw rq

wkh frqwlqxdwlrq ydoxhv ri wkh rwkhu ex|huv zkhq frqwhpsodwlqj d ghyldwlrq1

Dv d uhvxow/ wkh hduolhu dujxphqw lv zhdnhqhg dv qrw doo ixwxuh orvvhv wr d

vhoohu iurp euhdnlqj wkh frooxvlyh djuhhphqw duh uhfrughg dv jdlqv wr wkh

lqglylgxdo ex|hu1 Zh ghprqvwudwh wkh h�hfw ri dgglqj pruh ex|huv wr wkh

prgho e| vkrzlqj krz wkh lqh!flhqw vhoohu fdq dfklhyh dq lqfuhdvlqj iudfwlrq

ri wkh wrwdo vxusoxv dv wkh qxpehu ri ex|huv lqfuhdvh1

Wkh htxloleuld zh frqvwuxfw duh ri d yhu| vlpsoh w|sh1 Rq wkh htxloleulxp

sdwk/ wkh lqh!flhqw vhoohu 5 vhoov dw sulfh y2 lq wkh �uvw N shulrgv dqg lq wkh

uhpdlqlqj W�N shulrgv/ wkh h!flhqw vhoohu vhoov dw sulfh �y= D ghyldwlrq e|

dq| ex|hu +wrzdugv vhoohu 4, lq dq| ri wkh �uvwN shulrgv uhvxowv lpphgldwho|

lq d vzlwfk wr wkh vxejdph shuihfw htxloleulxp plqpd{lqj erwk vhoohuv1 Wkh

+dyhudjh, frvw ri vxfk d ghyldwlrq iru vhoohu 4 lv jlyhq e|

L +W �N, +y� � y2,

W

zkhuhdv wkh +dyhudjh, jdlq iru dq lqglylgxdo ex|hu lv erxqghg iurp deryh

e|

y� � W �N

W
y2=

Wkh frvw htxdov wkh jdlq li

N

W
@

Ly� � Ly2 � y� . y2
Ly� � Ly2 . y2

> +5,

dqg dv d frqvhtxhqfh/ zh fdq vroyh iru wkh pd{lpdo qxpehu N @ N +W ,

wkdw lv frqvlvwhqw zlwk dq htxloleulxp ri wkh irup deryh1

Revhuyh qh{w wkdw N@W $ 4 dv L $ 4/ dqg dv d frqvhtxhqfh/ zh

frqfoxgh wkdw

+3> y2> 3,
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fdq eh dfklhyhg dv dq dyhudjh htxloleulxp sd|r� dv L $41 Iru dq| jlyhq L/

zh fdq vxssruw htxloleulxp dyhudjh sd|r� +shu ex|hu, yhfwruv ri wkh irup=�
y� +y� � y2,

Ly� � Ly2 . y2
>

�
4� y�

Ly� � Ly2 . y2

�
y2>

y�y2
Ly� � Ly2 . y2

�
= +6,

Wkh qh{w vwhs lv wr xvh wklv htxloleulxp dv d sxqlvkphqw iru wkh ex|huv1

Vlqfh wkh sulfh ri wkh vhoohu zkr lv qrw pdnlqj vdohv lq d jlyhq shulrg fdq

dozd|v eh lqfuhdvhg wr wkh srlqw zkhuh wkh ex|hu lv lqgl�huhqw ehwzhhq wkh

wzr vhoohuv/ zh fdq frqvlghu wkh dfwlrq ri uhmhfwlqj erwk vhoohuv dv d ghyldwlrq

e| wkh ex|hu1 Lw lv wkhq srvvleoh wr vxssruw dyhudjh sd|r�v=�
y� +y� � y2,

Ly� � Ly2 . y2
>

�
4� y�

Ly� � Ly2 . y2

�
y�>

y�y2
Ly� � Ly2 . y2

�
lq htxloleulxp1 Qrwlfh wkdw khuh wkh sd|r� iru vhoohu 5 frqyhujhv wr y� dv

L $41

Wkh vwudwhjlhv vxssruwlqj wkhvh sd|r�v duh dv iroorzv1 Lq wkh �uvw
s
W

shulrgv/ vhoohu 5 fkdujhv�
4� y�

Ly� � Ly2 . y2

�
y�
s
W

Wkh ex|huv fdq eh lqgxfhg wr sxufkdvh +hyhq wkrxjk lw zrxog eh p|rslfdoo|

ehwwhu qrw wr, e| d wkuhdw ri vzlwfklqj wr wkh htxloleulxp ohdglqj wr wkh

sd|r�v lq +6, li dq| ex|hu ghyldwhv1 Lq wkh vhfrqg skdvh/

N �
s
W>

wkh ex|huv sxufkdvh iurp vhoohu 4 dw sulfh 3 wr uhfrxs wkh orvvhv dqg lq

wkh wklug skdvh/ dssur{lpdwho| ri ohqjwk W �N/ wkh htxloleulxp ohdglqj wr

sd|r�v +6, lv sod|hg1 Wkh lghd ehklqg wkh qhz htxloleulxp lv wkdw wkh ohqjwk

ri wlph dw zklfk vhoohu 5 vhoov lv plqlpl}hg vr wkdw wkh h!flhqf| orvvhv duh

plqlpl}hg/ exw vhoohu 5 fdq h{wudfw d odujh sduw ri wkh vxusoxv e| fkdujlqj

lqlwldoo| kljk sulfhv1

Xvlqj vlplodu dujxphqwv dv ehiruh/ lw lv djdlq srvvleoh wr vkrz wkdw doo

wkh rwkhu yhuwlfhv ri X8 fdq dovr eh dssur{lpdwhg jlyhq wkdw wkh qxpehu

ri ex|huv lv vx!flhqwo| odujh dqg wkdw wkhuh duh vx!flhqwo| pdq| shulrgv lq

wkh jdph1
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Zh vxppdul}h wkh glvfxvvlrq1 Ghqrwh wkh dyhudjh sd|r�v shu ex|hu wr

wkh vhoohuv lq d jdph ri ohqjwk W e| y�A iru m 5 i4> 5j dqg wkh dyhudjh sd|r�

lq d v|pphwulf htxloleulxp wr wkh ex|hu e| xA =

Sursrvlwlrq 7 Iru dq| x 5 X8 dqg iru dq| % A 3> wkhuh duh eL ? 4
dqg eW ? 4 vxfk wkdw zkhqhyhu L � eL dqg W � eW> wkhuh lv d vhtxhqwldo

htxloleulxp zlwk
�
y�A > y

2
A > xA

� 5 E0 +x, =

Lw vkrxog eh uhpdunhg wkdw wkh vwudwhjlhv hpsor|hg lq Sursrvlwlrq 7

duh yhu| vhqvlwlyh wr frooxvlrq dprqj wkh ex|huv1 E| vkdulqj wkh frvw ri d

vlqjoh ghyldwlrq/ wkh ex|huv fdq lpsuryh wkhlu sd|r�v gudpdwlfdoo| lq wkh

jdph1 Qrwlfh wkdw zh kdyh qrw suryhg wkdw wkh htxloleuld deryh vxssruw wkh

pd{lpdo frooxvlrq lq wklv jdph iru �qlwh L dqg W 1

Wr dgguhvv wkh lvvxh ri rswlpdo sxqlvkphqw vwudwhjlhv/ uhfdoo wkdw wkh

rswlpdo sxqlvkphqw vwudwhj| ri vhoohu 5 wrzdugv vhoohu 4 frqvlvwv ri uhgxflqj

klv sd|r� wr 3 dqg lqfuhdvlqj wkh sd|r� ri hyhu| ex|hu wr y�1 Vlqfh wkh

ex|huv fdq/ lq h�hfw/ euleh vhoohu 4 wr ghyldwh dqg vlqfh wkh ruljlqdwru ri d

ghyldwlrq lv qrw revhuydeoh wr wkh rwkhu vhoohu/ lw iroorzv wkdw wkh rswlpdo

sxqlvkphqw sod| iru vhoohu 5 lv wkh htxloleulxp zklfk vroyhv

plq
ERWc_W�

pd{
�

�
Y � . Y �

�
= +7,

Zh frqmhfwxuh wkdw wkh htxloleulxp ohdglqj wr sd|r�v 6 vroyhv wklv plqlpl}d0

wlrq sureohp=

7 Lq�qlwh Krul}rq

714 Vlqjoh Vhoohu

Zh frqvlghu �uvw wkh uhodwlrqvkls ehwzhhq d vlqjoh vhoohu dqg d vlqjoh ex|hu1

Lq wklv fdvh/ wkh jdph lv rqh ri shuihfw lqirupdwlrq/ dqg wkh vhw ri vhtxhqwldo

htxloleuld frlqflghv zlwk wkh vxejdph shuihfw htxloleuld1

Sursrvlwlrq 8 Lq wkh vlqjoh vhoohu jdph/ wkh vhw ri VSH sd|r�v frqyhujhv

wr wkh frqyh{ kxoo ri doo lqglylgxdoo| udwlrqdo sd|r�v dv � $ 4=
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S urri1 Wkh surri lv e| frqvwuxfwlrq1 Zh �uvw vkrz wkdw wkh hqwluh

Sduhwr0iurqwlhu fdq eh dfklhyhg dv � $ 41 Wkhq zh vkrz wkdw wkh Sduhwr

iurqwlhu doorzv xv wr vxvwdlq duelwudulo| lqh!flhqw htxloleuld1 Frqvlghu �uvw

wkh iroorzlqj fodvv ri vwdwlrqdu| htxloleuld +rq wkh htxloleulxp sdwk,1 Gh�qh

sW| @

+
s> li k|3� @

�
s|3�> g

W
|3�

�
y> li k|3� @

�
s|3�> g|3� 9@ gW|3�

� +8,

dqg

gW| @

+
|> li s| � sW|
q> li s| A sW|

+9,

iru vrph s 5 ^%B> 4`/ iru vrph %B A 3/ zkhuh %B $ 3 dv � $ 41 Frqvlghu �uvw

wkh sureohp ri wkh ex|hu1 Wkh |hv ghflvlrq lv fohduo| vhtxhqwldoo| udwlrqdo1

Wkh qr ghflvlrq lv vhtxhqwldoo| udwlrqdo iru doo s� A s li

y � s ?
� +y � s,

4� �
>

ru iru doo � A �
2 1 Exw wkhq lw iroorzv wkdw wkh vhoohu*v vwudwhj| +8, lv vhtxhq0

wldoo| udwlrqdo dv zhoo1 Edvhg rq +8, dqg +9,/ zh qh{w vkrz wkdw zh fdq

vxssruw d vlqjoh shulrg lq zklfk qr vdohv rffxu1

Frqvlghu wkh fdqglgdwh htxloleulxp vwudwhj| lq shulrg 3=

sWf @ 3

dqg

gWf @

+
| li sf ? sWf>

q li sf � sWf=
+:,

Wkh htxloleulxp frqwlqxdwlrq vwudwhj| iru wkh vhoohu lv

sW| @

;A?A=
s li kf @ +sf � sWf> gf @ q, >

s ? s li kf @ +sf ? sWf> gf 5 i|> qj, >
�s A s li kf @ +sf � sWf> gf @ |,=

+;,

dqg iru wkh ex|hu/ gW| frlqflghv zlwk +9,1

Lw lv hdv| wr yhuli| wkdw gWf dqg sWf duh vhtxhqwldoo| udwlrqdo jlyhq wkh

frqwlqxdwlrqv dv orqj dv s lv fkrvhq wr eh vx!flhqwo| forvh wr 3 dqg �s lv
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fkrvhq wr eh vx!flhqwo| forvh wr y1 Wr vhh krz dq| sdlu ri orqj uxq sd|r�v/

x @
�
x�> xK

�  +3> 3, vxfk wkdw 3 ? x� . xK � y fdq eh vxssruwhg lq d

vxejdph shuihfw htxloleulxp/ zulwh x @ � +3> 3,. +4� �, +s> y � s, iru vrph

� dqg s zlwk 3 � � ? 4> 3 ? s ? y= Iru � forvh hqrxjk wr 4/ wkhuh lv d Q

vxfk wkdw �� lv forvh wr �> dqg wkh htxloleulxp fdq eh frqvwuxfwhg e| xvlqj

vwudwhjlhv gWf dqg sWf lq wkh �uvw Q shulrgv li wkhuh duh qr ghyldwlrqv dqg e|

uhyhuwlqj wr +sW| > g
W
| , xsrq wkh �uvw ghyldwlrq1 Vlqfh 3 ? s ? y dqg � lv forvh

wr 4/ lw lv dozd|v srvvleoh wr fkrrvh s dqg �s wr vdwlvi| vhtxhqwldo udwlrqdolw|1

Sursrvlwlrq 8 lpsolhv lq sduwlfxodu wkdw wkh htxloleuld fdq eh duelwudulo|

lqh!flhqw1 Qrwlfh wkh lpsruwdqw uroh wkdw frqglwlrqlqj rq sdvw sulfhv sod|v

lq wkh dujxphqw1 Lw lv hdv| wr vhh wkdw dq| htxloleulxp zkhuh wkh sulfhv

fkdujhg ghshqg rqo| rq wkh fkrlfhv e| wkh ex|hu pxvw eh h!flhqw1 Lq

wkh qh{w vxevhfwlrq/ zh jhqhudol}h wklv lghd wr vkrz krz dq| lqglylgxdoo|

udwlrqdo sd|r� fdq eh vxssruwhg lq d sxuh vwudwhj| vhtxhqwldo htxloleulxp

ri wkh lq�qlwho| uhshdwhg jdph zlwk wzr vhoohuv1

715 Wzr Vhoohuv

Qh{w zh frqvlghu/ dv lq Vhfwlrq 6/ wzr vhoohuv zlwk ydoxhv y� dqg y2 ?

y�1 Wkh dqdo|vlv lq Sursrvlwlrq 8 wkhq vxjjhvwv wkh iroorzlqj vwuxfwxuh iru

lqglylgxdoo| udwlrqdo sd|r�v wkdw fdq eh vxvwdlqhg lq htxloleulxp e| wkh

ex|hu dqg vhoohu 4 zkloh nhhslqj Y 2 @ 3 lq doo frqwlqxdwlrqv1

E| ljqrulqj vhoohu 5 dowrjhwkhu/ dq| frqwlqxdwlrq sd|r�v zklfk kdyh wkh

iroorzlqj surshuwlhv

Y � � y2

4� �
> Y � � 3

dqg

Y � . Y � � y�

4� �
+<,

fdq eh lpsohphqwhg dv d vhtxhqwldo htxloleulxp zkloh pdlqwdlqlqj Y 2 @ 31

Lq idfw/ d pxfk odujhu vhw ri sd|r�v lv dfklhydeoh lq vhtxhqwldo htxloleulxp

lq sxuh vwudwhjlhv1 Wkh hdvlhvw zd| wr vhh wklv lv wr qrwlfh wkdw wkh wzr

vhoohuv fdq eh wuhdwhg vhsdudwho| iurp hdfk rwkhu e| xvlqj vwudwhjlhv ri wkh

w|sh glvsod|hg lq Sursrvlwlrq 81 Lw lv xvhixo wr revhuyh wkdw wkh iroorzlqj
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uhvxow grhv qrw pdnh xvh ri wkh idfw wkdw d vhoohu fdq glvwlqjxlvk ehwzhhq

wkh fdvhv zkhuh d ex|hu glg qrw ex| dw doo dqg zkhuh wkh ex|hu erxjkw iurp

wkh rssrqhqw1

Sursrvlwlrq 9 Lq wkh jdph zlwk wzr vhoohuv/ dq| sd|r� lq X fdq eh ds0

sur{lpdwhg e| d vhtxhqwldo htxloleulxp sd|r� dv � $ 4=

S urri1 Frqvlghu dq duelwudu| sd|r� x 5 lqwX= Zulwh

x @ �
�
y� � s�> s�> 3

�
. �

�
y2 � s2> 3> s2

�
. +4� �� �, +3> 3> 3,

iru vrph s�> s2 � 3/ s2 � y2dqg 3 � �> � ? 4> �. � � 4=

+l, Frqvlghu �uvw s� ? �y= Wkh htxloleulxp sdwk frqvlvwv ri wkuhh skdvhv1

Iru Q? shulrgv/ erwk vhoohuv txrwh sulfhv s� @ s2 @ y� dqg wkh ex|hu grhv

qrw ex|1 Iru wkh iroorzlqj Q2 shulrgv/ vhoohu 5 vhoov dw sulfh s2 dqg vhoohu

4 txrwhv d sulfh ri y�= Lq wkh uhpdlqlqj shulrgv/ vhoohu 5 txrwhv d sulfh

ri y� zkloh vhoohu 3 vhoov dw s�= Dq| idloxuh wr sxufkdvh e| wkh ex|hu rq

wkh htxloleulxp sdwk uhvxowv lq wkh htxloleulxp vhoohu udlvlqj wkh sulfh dv lq

Sursrvlwlrq 81 Ghyldwlrqv e| wkh vhoohuv uhvxow lq orzhu frqwlqxdwlrq sulfhv

dv lq Sursrvlwlrq 81 Iru � � 4> Q? dqg Q2 fdq eh fkrvhq wr pdwfk wkh

suhvshfl�hg � dqg �=

+ll, Frqvlghu qh{w s� � �y= Wklv fdvh lv vlplodu wr +l,/ exw wr pdlqwdlq

surshu lqfhqwlyhv/ wkh �uvw vhoolqj skdvh pxvw lqyroyh vdohv e| vhoohu 4 dw

sulfhv deryh s�= Lq wkh vhfrqg vhoolqj skdvh/ vhoohu 5 vhoov dw s2 dqg lq wkh

wklug/ vhoohu 3 vhoov dw s� ? �y= Djdlq/ wkh lqfhqwlyhv fdq eh pdlqwdlqhg e|

xvlqj vwudwhjlhv vlplodu wr wkh rqh lq Sursrvlwlrq 8 dqg wkh ohqjwkv ri wkh

skdvhv fdq eh fkrvhq wr pdwfk � dqg �=

716 Htxloleuld lq Sxeolf Vwudwhjlhv

Lq wklv vxevhfwlrq/ zh vkrz wkdw wkh htxloleulxp sd|r�v lq wkh lq�qlwho|

uhshdwhg jdph uhgxfh wr wkh sd|r�v rq wkh h!flhqw iurqwlhu zkhq wkh vhoohuv

gr qrw frqglwlrq rq wkhlu rzq sulydwh sulfhv1

Sursrvlwlrq : Li s�| = KR
| $ �+U, > wkhq wkh vhw ri vhtxhqwldo htxloleulxp

sd|r�v lq wkh lq�qlwho| uhshdwhg jdph lv XR=

4:



S urri1 Wkh vhw ri vhtxhqwldo htxloleulxp sd|r�v frqwdlqv XR vlqfh doo

x 5 XR duh vwdjh jdph vxejdph shuihfw htxloleulxp sd|r�v1 Wr suryh wkh

frqyhuvh/ qrwh �uvw wkdw lq dq| vhtxhqwldo htxloleulxp zlwk d sd|r� yhfwru

qrw frqwdlqhg lq XR> wkh ex|hu pxvw ex| iurp vhoohu 5 lq�qlwho| riwhq1 Li

qrw/ zh frxog xvh wkh edfnzdugv lqgxfwlrq dujxphqw ri wkh �qlwh krul}rq

vhfwlrq wr ghulyh d frqwudglfwlrq1 Lw lv dovr xvhixo wr qrwh wkdw hdfk vhtxhqwldo

htxloleulxp ri wkh jdph lv sd|r� htxlydohqw wr d sxuh vwudwhj| htxloleulxp

dv orqj dv zh uhvwulfw wkh vwudwhjlhv wr ghshqg rq wkh sxeolf klvwru| dorqh1

Vlqfh zh duh ghdolqj zlwk vhtxhqwldo htxloleuld zkhuh wkh vhoohuv xvh sxe0

olf vwudwhjlhv lq wklv fdvh/ g|qdplf surjudpplqj fdq eh xvhg uhdglo| dv wkh

vhoohu*v vwudwhjlhv frqglwlrq rq wkh sxeolf klvwru| rqo|1 Ghqrwh wkh ydoxh

ixqfwlrqv ri wkh sod|huv e|
�
Y � +kR, > Y 2 +kR, > Y K +kR,

�
dqg wkh frqwlqxdwlrq

sd|r�v wr wkh sod|huv e| +Y � +kR> m, > Y 2 +kR> m, > Y K +kR> m,, li wkh ex|hu sxu0

fkdvhv iurp vhoohu m diwhu sxeolf klvwru| kR1 Wkh htxloleulxp frqglwlrqv iru

vhoohu 4 wr pdnh vdohv diwhu klvwru| kR duh wkhq vwdwhg dv =

y� � s� +kR, . �Y K +kR> 4, @ y2 � s2 +kR, . �Y K +kR> 5, /

ru

y� � s� +kR, . �Y K +kR> m, � 3 iru m @ 4> 5

dqg

s� +kR, . �Y � +kR> 4, � �Y � +kR> 5,

dv zhoo dv

�Y 2 +kR> 4, � s2 +kR, . �Y 2 +kR> 5, =

Vlqfh zh kdyh y� � s� +kR, . �Y K +kR> 4, @ y2 � s2 +kR, . �Y K +kR> 5, lq doo

shulrgv/ wkhq zh fdq vlpso| vxp xs wkh wkuhh htxdwlrqv deryh wr jhw iru doo

kR =

Z +kR, @ y� . �Z +kR> 4, � y2 . �Z +kR> 5, >

zkhuh Z +�, @ Y � +�, . Y 2 +�, . Y K +�, = Exw wklv lpsolhv wkdw wkh vxp ri wkh

htxloleulxp ydoxh ixqfwlrqv ri wkh sod|huv vdwlv�hv wkh uhfxuvlyh htxdwlrq iru

wkh sodqqhu*v rswlpl}dwlrq sureohp dqg dv d uhvxow/ zh frqfoxgh wkdw wkh

htxloleulxp sdwk pxvw frlqflgh zlwk wkh sodqqhuv rswlpdo sdwk1

4;



Lw lv hdv| wr vhh wkdw wkh ex|hu pxvw eh jhwwlqj d vwulfwo| srvlwlyh vxusoxv

lq doo vxejdphv1 Wkhuhiruh/ wkh rqo| wdvn uhpdlqlqj lv wr yhuli| wkh fodlp

rq sulfhv1 Wklv iroorzv dovr iurp vwdqgdug dujxphqwv1

Wkh dujxphqw khuh lv hdvlo| prgl�hg wr doorz y� wr ghshqg rq kR= Djdlq/

wkh dqdorjrxv uhvxow lq wkh g|qdplf jdph fdvh lv wkdw doo wkh vhtxhqwldo htxl0

oleuld zkhuh wkh vhoohuv frqglwlrq wkhlu sulfhv rqo| rq wkh ex|hu*v fkrlfhv pxvw

eh h!flhqw1 Lq oljkw ri wkh uhvxowv wkdw zh kdyh suhylrxvo| rewdlqhg rq wkh

h!flhqf| ri Pdunry Shuihfw Htxloleuld lq forvho| uhodwhg jdphv +vhh Ehujh0

pdqq ) Yçolpçnl +4<<9,,/ wklv vxjjhvwv wkdw wkh lqirupdwlrqdo uhvwulfwlrqv

rq wkh ixoo lqirupdwlrq prgho wkdw duh qhhghg wr uhgxfh wkh vhw ri htxlole0

ulxp sd|r�v wr wkdw fruuhvsrqglqj wr wkh PSH duh vwurqjhu lq wkh fdvh ri

lq�qlwho| uhshdwhg jdphv wkdq lq �qlwho| uhshdwhg jdphv1

8 Frqfoxvlrq

Wklv sdshu dqdo|}hg d uhshdwhg sulflqj jdph zlwk sulydwh prqlwrulqj1 Lq wkh

�qlwh krul}rq prgho/ wkh suhvhqfh ri d vwudwhjlf ex|hu uhgxfhg wkh delolw| ri

wkh vhoohuv wr vxvwdlq frooxvlrq1 Hyhu| sxqlvkphqw vwudwhj| zklfk orzhuv wkh

sd|r� ri wkh ghyldwlqj vhoohu ohdgv wr dq htxdo lqfuhdvh lq wkh sd|r� ri wkh

ex|hu dqg ylfh yhuvd1 Dv sulydwh prqlwrulqj suhyhqwv wkh ghwhfwlrq ri wkh

lghqwlw| ri wkh ghyldwlqj sod|hu/ frooxvlrq dqg lqh!flhqw doorfdwlrqv ehfrph

lpsrvvleoh wr vxvwdlq1 Zlwk pxowlsoh ex|huv/ wklv orjlf ehfrphv zhdnhu dv

wkh ex|huv idlo wr wdnh lqwr dffrxqw wkh fkdqjhv lq wkh ixwxuh sd|r�v ri wkh

rwkhu ex|huv fdxvhg e| wkhlu rzq ghyldwlrqv1

Lqwhuhvwlqjo|/ lq wkh lq�qlwh krul}rq prgho sxuh vwudwhjlhv edvhg rq wkh

vdohv klvwru| dqg vwudwhjlhv lqfoxglqj wkh sulydwh sulfh klvwru| ohdg wr d

gl�huhqw vhw ri htxloleuld1 Wkh glvfuhsdqf| lv gxh wr wkh h{whqvlyh irup ri wkh

vwdjh jdph lqwurgxfhg wkurxjk wkh suhvhqfh ri d vwudwhjlf ex|hu1 Zh uhfdoo

wkdw lq d qrupdo irup uhshdwhg jdphv wkh wzr vhwv ri sxuh vwudwhjlhv duh

nqrzq wr lqgxfh wkh vdph vhw ri htxloleulxp sd|r�v1 Wkh glyhujhqfh ehwzhhq

sulydwh dqg sxeolf vwudwhjlhv pljkw eh ri lqwhuhvw dovr lq rwkhu vhwwlqjv zlwk

d vhtxhqwldo vwuxfwxuh vxfk dv uhshdwhg sulqflsdo djhqw jdphv zlwk sulydwh

prqlwrulqj1
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