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GHVFULSWLYH HFRQRPHWULFV IRU
QRQVWDWLRQDU\ WLPH VHULHV ZLWK

HPSLULFDO LOOXVWUDWLRQV�

Shwhu F1 E1 Skloolsv
Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv

\doh Xqlyhuvlw|

)
Wkh Xqlyhuvlw| ri Dxfnodqg

45 Mdqxdu| 4<<<

Devwudfw

Uhfhqw zrun e| wkh dxwkru rq phwkrgv ri vsdwldo ghqvlw| dqdo|vlv iru wlph
vhulhv gdwd zlwk vwrfkdvwlf wuhqgv lv uhylhzhg dqg h{whqghg1 Wkh phwkrgv duh
looxvwudwhg lq vrph hpslulfdo dssolfdwlrqv dqg vlpxodwlrqv1 Wkh hpslulfdo ds0
solfdwlrqv lqfoxgh pdfurhfrqrplf gdwd rq lq dwlrq/ �qdqfldo gdwd rq h{fkdqjh
udwhv dqg srolwlfdo rslqlrq sroo gdwd1 Lw lv vkrzq krz wkh phwkrgv fdq eh xvhg wr
phdvxuh hpslulfdo kd}dug udwhv iru lq dwlrq dqg gh dwlrq1 Hpslulfdo hvwlpdwhv
edvhg rq klvwrulfdo XV gdwd ryhu wkh odvw 93 |hduv lqglfdwh wkdw wkh suhgrplqdqw
lq dwlrq ulvnv duh dw orz ohyhov +5�9(, dqg orz wzr0gljlw ohyhov +43� 45(,/ dqg
wkdw wkhuh lv dovr d vljql�fdqw ulvn ri gh dwlrq durxqg wkh �4( ohyho

Nh| zrugv dqg Skudvhv= ghvfulswlyh vwdwlvwlfv/ kd}dug udwh/ nhuqho hvwlpdwh/ vrx0
mrxuq wlph/ vsdwldo ghqvlw|/ vsdwldo prphqwv/ xqlw urrw qrqvwdwlrqdulw|1

MHO Fodvvl�fdwlrq= F55

WVrph ri wkh phwkrgv dqg hpslulfdo uhvxowv jlyhq khuh zhuh �uvw uhsruwhg lq rqh ri wkh dxwkru*v
MDH Dssolhg Hfrqrphwulfv Ohfwxuhv dw wkh Xqlyhuvlw| ri Zlvfrqvlq lq Dsulo 4<<;1 Wkdqnv jr wr wkh
Ghsduwphqw ri Hfrqrplfv dw wkh Xqlyhuvlw| ri Zlvfrqvlq iru krvwlqj wkhvh ohfwxuhv dqg wr wkh MDH
iru h{whqglqj wkh lqylwdwlrq wr suhvhqw wkhp1 Wkh dxwkru wkdqnv ]kldq0Kxd ]kx iru vxsso|lqj wkh
rslqlrq sroo gdwd/ dqg Doh{ Pd|qdug iru khos lq rewdlqlqj wkh h{fkdqjh udwh gdwd1 Wkdqnv dovr jr
wr wkh QVI iru uhvhdufk vxssruw xqghu Judqw Qrv1 VHV <7�55<55 dqg VEU0<:635<81 Wkh sdshu zdv
w|shg e| wkh dxwkru lq VZ5181 Wkh frpsxwdwlrqv zhuh shuiruphg e| wkh dxwkru lq JDXVV1
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41 Lqwurgxfwlrq

D jxlglqj sulqflsoh lq pxfk ri Ghqlv Vdujdq*v uhvhdufk zdv wkh cpduuldjh* ri wlph
vhulhv dqg vlpxowdqhlw|1 Lq rqh ri klv hduolhvw sxeolvkhg sdshuv/ Vdujdq +4<86, vwxglhg
wkh surshuwlhv ri wkh fruuhorjudp dqg shulrgrjudp1 Vxevhtxhqwo|/ klv zrun +4<8:/
4<8;, rq lqvwuxphqwdo yduldeohv surylghg d phwkrgrorj| ri hvwlpdwlrq wkdw zdv zhoo
vxlwhg wr wkh mrlqw wuhdwphqw ri vlpxowdqhlw| dqg wlph vhulhv g|qdplfv lq sdudphwulf
prghov1 Odwhu rq/ klv zrun zlwk Hvsdvd +4<::, vrxjkw vroxwlrqv wr pxfk pruh jhq0
hudo wlph vhulhv uhjuhvvlrq sureohpv lq wkh suhvhqfh ri vlpxowdqhlw|1 Lqvsluhg e| wkh
zrun ri Kdqqdq +4<96,/ wkhvh vroxwlrqv xwlol}hg vshfwudo phwkrgv zklfk shuplw dq
lqyhvwljdwru wr eh djqrvwlf zlwk uhvshfw wr wkh wlph vhulhv surshuwlhv ri wkh huuruv lq
dq hfrqrphwulf prgho1 Wkhvh phwkrgv qrz idoo lqwr wkh fdwhjru| ri vhplsdudphwulf
dssurdfkhv wr prgholqj/ wuhdwlqj wkh huuruv/ dv wkh| gr/ lq d qrqsdudphwulf idvklrq
zkloh ohdylqj wkh v|vwhpdwlf frpsrqhqwv ri wkh prgho lq sdudphwulf irup1 Vlqfh wklv
hduo| zrun/ qrqsdudphwulf dqg vhplsdudphwulf dssurdfkhv wr hfrqrphwulf prgholqj
kdyh jurzq lq srsxodulw| lq erwk wlph vhulhv dqg plfurhfrqrphwulf dssolfdwlrqv1 Lq
ylhz ri wkh frpprq odfn ri sulru lqirupdwlrq iurp hfrqrplf wkhru| prghov derxw
g|qdplf irupxodwlrqv/ wkh xvh ri wkhvh phwkrgv lq wlph vhulhv frqwh{wv kdv vhhphg
kljko| ghvludeoh wr pdq| uhvhdufkhuv lqfoxglqj wkrvh zkr kdyh dujxhg iru wkh xvh ri
xquhvwulfwhg yhfwru dxwruhjuhvvlrqv +Vlpv/ 4<;3,1 Vshfwudo phwkrgv/ olnh xquhvwulfwhg
YDU*v/ fdq eh uhjdughg dv wrrov iru ghvfulelqj wkh gdwd dqg lw lv wklv udwkhu pruh
jhqhudo vxemhfw wkdw frqfhuqv xv lq wkh suhvhqw sdshu1

Ghvfulswlrq lv wkh vwduwlqj srlqw lq pxfk hpslulfdo zrun1 Lq doprvw doo hfrqrphwulf
dssolfdwlrqv lw lv frpprq wr orrn dw wkh gdwd wkdw kdv ehhq froohfwhg/ dqg �qg zd|v
ri uhyhdolqj zkdw vhhp wr eh lwv sulqflsdo ihdwxuhv1 Judsklfdo uhsuhvhqwdwlrqv wdnlqj
wkh irup ri wlph vhulhv sorwv dqg fkduwv jlyh xv sduwlfxoduo| xvhixo zd|v ri hqylvlrqlqj
lqirupdwlrq dqg frqgxfwlqj frpsdudwlyh dqdo|vhv ryhu wlph1 Whoolqjo|/ wkhvh phwkrgv
dsshdu erwk lq irupdo dssolhg hfrqrphwulf dqdo|vlv dqg lq wkh srsxodu suhvv/ zkhuh
wkh| �jxuh surplqhqwo| lq exvlqhvv sdjh glvfxvvlrqv ri wkh ehkdylrxu ri hfrqrplf
wlph vhulhv olnh dvvhw sulfhv/ h{fkdqjh udwhv/ exvlqhvv frq�ghqfh dqg surgxfwlrq1 Ri
frxuvh/ zkloh lw lv uhodwlyho| hdv| wr srlqw lqirupdoo| wr fkdudfwhulvwlfv wkdw vxfk gdwd
vhhp wr glvsod| lq ylvxdo sorwv dqg fkduwv +dqg wklv lv/ lqghhg/ zkdw lv grqh gdlo| lq
wkh srsxodu exvlqhvv suhvv,/ lw lv udwkhu d gl�huhqw pdwwhu wr irupdolvh wklv surfhvv ri
ghvfulswlrq1

Lq ghvfulelqj wkh fkdudfwhulvwlfv ri hfrqrplf wlph vhulhv/ zh duh juhdwo| dvvlvwhg e|
d suhvxpswlrq ri vwdwlrqdulw|1 Iru wkhq zh fdq xwlol}h wlph lqyduldqw sdudphwhuv olnh
wkh phdq/ wkh yduldqfh/ dqg wkh dxwrfruuhorjudp wr exlog d jurxqgzrun ri ghvfulswlyh
vwdwlvwlfv zklfk lqyroyh wkh vdpsoh dqdorjxhv ri wkhvh txdqwlwlhv1 Wkhvh sdudphwhuv
surylgh srlqwv ri ehdulqj wkdw duh xvhixo lq vxppdulvlqj d sduwlfxodu vhulhv dqg lq
frpsdulqj gl�huhqw vhulhv1 H{whqglqj wkh jurxqgzrun ixuwkhu/ wkhuh duh wkh xqghuo|0
lqj wlph lqyduldqw pdujlqdo dqg �qlwh glphqvlrqdo suredelolw| ghqvlwlhv ri wkh gdwd dv
zhoo dv lwv vshfwudo ghqvlw| dqg kljkhu rughu vshfwud/ doo ixqfwlrqdo txdqwlwlhv wkdw fdq
eh hvwlpdwhg iurp wkh revhuyhg gdwd lq whupv ri vdpsoh dqdorjxh ixqfwlrqv1 Zkloh
lqihuhqwldo surfhgxuhv fdq dqg/ lqghhg/ kdyh ehhq ghyhorshg iru doo wkhvh txdqwlwlhv/
wkh| duh �uvw dqg iruhprvw ghvfulswlyh wrrov1
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Xqiruwxqdwho|/ wklv hqwluh jurxqgzrun ri ghvfulswlyh vwdwlvwlfv jhwv orvw zkhq wkh
suhvxpswlrq ri vwdwlrqdulw| lv uhpryhg ehfdxvh wkh xqghuo|lqj wlph lqyduldqw txdq0
wlwlhv qr orqjhu h{lvw1 Wkh vdpsoh dqdorjxhv duh vwloo/ ri frxuvh/ frpsxwdeoh lq wkh
vdph zd|/ exw wkhlu lqwhusuhwdwlrq lv qrw wkh vdph dqg wkh| w|slfdoo| qr orqjhu frq0
yhujh zlwkrxw uhvwdqgduglvdwlrq dv wkh vdpsoh vl}h lqfuhdvhv1 Lqvwhdg/ lq pdq| fdvhv
ri lqwhuhvw olnh wlph vhulhv wkdw kdyh udqgrp zdqghulqj fkdudfwhulvwlfv/ wkhvh vdpsoh
dqdorjxhv hqg xs kdylqj udqgrp udwkhu wkdq qrqudqgrp olplwv/ dv vkrzq lq Skloolsv
+4<;9/ 4<<;,1 Qrwzlwkvwdqglqj wklv udqgrp olplwlqj ehkdylru/ lw uhpdlqv ri lqwhuhvw
zkhwkhu dq| ri wkhvh vdpsoh dqdorjxhv frqwlqxh wr eh xvhixo dv ghvfulswlyh wrrov iru
qrqvwdwlrqdu| gdwd dqg/ li wkh| duh/ krz wkh| vkrxog eh lqwhusuhwhg1

Lw lv olwwoh h{djjhudwlrq wr vd| wkdw wkhuh duh suhvhqwo| lq xvh qr wrrov ri ghvfulswlyh
vwdwlvwlfv iru qrqvwdwlrqdu| gdwd1 Lq uhfhqw zrun/ wkh dxwkru +4<<;, vxjjhvwhg vrph
phwkrgv ri vsdwldo ghqvlw| dqdo|vlv wkdw dsso| lq d idluo| qdwxudo zd| wr qrqvwdwlrqdu|
gdwd zlwk vwrfkdvwlf wuhqgv dqg pdgh d vwduw lq dgguhvvlqj wkh txhvwlrqv mxvw udlvhg lq
wkh odvw sdudjudsk1 Wklv sdshu uhylhzv dqg h{whqgv vrph ri wkrvh phwkrgv dqg jlyhv
vrph looxvwudwlrqv ri wkh phwkrgv lq sudfwlfdo hpslulfdo zrun dqg vlpxodwlrqv1 Wkh
hpslulfdo dssolfdwlrqv fkrvhq iru wklv sdshu lqfoxgh pdfurhfrqrplf gdwd rq lq dwlrq/
�qdqfldo gdwd rq h{fkdqjh udwhv dqg srolwlfdo rslqlrq sroo gdwd1 Lq wkh lq dwlrq
dssolfdwlrq/ lw lv vkrzq krz wkh phwkrgv fdq eh xvhg wr phdvxuh klvwrulfdo kd}dugv
iru lq dwlrq dqg gh dwlrq/ wkh iruphu ehlqj ri lqwhuhvw lq ylhz ri uhfhqw lq dwlrq
wdujhwlqj srolflhv e| prqhwdu| dxwkrulwlhv lq vhyhudo frxqwulhv/ dqg wkh odwwhu ehlqj
ri lqwhuhvw lq ylhz ri uhfhqw h{shulhqfh lq wkh Dvldq hfrqrplhv1

Wkh sdshu lv rujdqlvhg dv iroorzv1 Vhfwlrq 5 rxwolqhv wkh vsdwldo whfkqltxhv jlyhq
lq Skloolsv +4<<;, dqg wkh edfnerqh ri olplw wkhru| wkdw mxvwl�hv wkhvh ghvfulswlyh
phwkrgv dqg surylghv jxlgdqfh rq wkhlu sudfwlfdo lqwhusuhwdwlrq lq dssolfdwlrqv1 Vhf0
wlrq 6 jlyhv vrph eulhi looxvwudwlrqv zlwk vlpxodwhg gdwd1 Vhfwlrq 7 uhsruwv hpslulfdo
dssolfdwlrqv wr lq dwlrq/ h{fkdqjh udwhv dqg rslqlrq sroo gdwd1 Vhfwlrq 8 pdnhv vrph
frqfoxglqj frpphqwv lq uhodwlrq wr pruh jhqhudo lvvxhv ri hfrqrphwulf phwkrgrorj|1

51 Frqfhswv/ Edfnjurxqg Wkhru| dqg Dv|pswrwlfv

514 Suholplqdulhv

Wr �{ lghdv dqg idflolwdwh wkh ghyhorsphqw/ zh vxssrvh wkdw wkh gdwd duh zhoo
prghohg e| d vwrfkdvwlf wuhqg zlwk d vlqjoh xqlw urrw1 Doo ri wkh suhvhqw wkhru| kdv
ehhq ghyhorshg lq Skloolsv +4<<;, dqg Skloolsv dqg Sdun +4<<;, dqg wkh uhpdlqghu
ri wklv vhfwlrq odujho| ryhuylhzv phwkrgv iurp wkrvh sdshuv wkdw zh zloo xvh khuh1
H{whqvlrqv ri wkh lghdv wr pruh jhqhudo fdvhv/ olnh vhulhv zlwk iudfwlrqdo urrwv ru qhdu
xqlw urrwv/ duh suhvhqwo| xqghu ghyhorsphqw dqg wkhvh duh olnho| wr eh lpsruwdqw
lq hpslulfdo zrun zkhuh wkhuh lv hylghqfh ri orqj udqjh ghshqghqfh ru iudfwlrqdo
vwrfkdvwlf wuhqgv1 Zh h{shfw wkh phwkrgv zh duh derxw wr glvfxvv wr frqwlqxh wr eh
dssolfdeoh lq vxfk fdvhv lq wkhlu suhvhqw irup/ exw zlwk vrph fkdqjhv lq wkh whfkqlfdo
ghwdlov dqg olplw wkhru| wkdw duh |hw wr eh zrunhg rxw1

Dffruglqjo|/ wklv sdshu frqfhqwudwhv rq d xqlw urrw wlph vhulhv || @ 	|
�xr> zkrvh

lqfuhphqwv x| irup d vwdwlrqdu| wlph vhulhv zlwk }hur phdq dqg �qlwh devroxwh pr0
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phqwv wr rughu s A 5> dqg zklfk vdwlv�hv wkh ixqfwlrqdo odz

\? +�, @
|d?uos
q

, E+�, � EP+�2,= +4,

Khuh/ �2 lv wkh orqj uxq yduldqfh ri x|/ ru 5�i��+3,> zkhuh i�� lv wkh vshfwuxp ri
x|= Sulplwlyh frqglwlrqv iru +4 , duh zhoo nqrzq +h1j1/ vhh Skloolsv dqg Vror/ 4<<5,
dqg zh gr qrw sxuvxh wkhp khuh1 Lq idfw/ zh qhhg wr jr d olwwoh ixuwkhu wkdq +4,
dqg duudqjh wkh suredelolw| vsdfh lq vxfk d zd| wkdw wkh surfhvvhv \? dqg E olh lq
wkh vdph vsdfh1 Wklv fdq eh dffrpsolvkhg e| hpehgglqj dujxphqwv1 Lq sduwlfxodu/
zh fdq xvh wkh Kxqjduldq vwurqj dssur{lpdwlrq +h1j1 Fvùujø dqg Kruyäwk/ 4<<6, wr
||> zklfk hqdeohv wkh frqvwuxfwlrq ri dq h{sdqghg suredelolw| vsdfh wkdw lqfoxghv d
Eurzqldq prwlrq E +�, iru zklfk

vxs
f$&$?

m|& �E+n,m @ r@�r�+q
�*R,>

vr wkdw

vxs
f$&$?

���� |&sq
�E

�
n

q

����� @ r@�r�+4,= +5,

Vlqfh \? +u, @
)|3�I
?
> iru +w� 4,@q � u ? w@q> w A 4> zh jhw wkh gluhfw uhsuhvhqwdwlrq

\? +u, @ E+
^qu`

q
, . r@�r�+4,= +6,

zklfk h�hfwlyho| hpehgv wkh surfhvv \? lq wkh Eurzqldq prwlrq E= Qrwklqj zloo eh
orvw li zh surfhhg dv li wkh vsdfh kdv douhdg| ehhq vhw xs wr hqvxuh +6,1

515 Vrxmrxuq Wlph dqg Vsdwldo Ghqvlw|

D fhqwudo lghd lq wkh vsdwldo ghqvlw| dqdo|vlv ri Skloolsv +4<<;, lv wr uhsodfh wkh
qrwlrq ri d wlph lqyduldqw pdujlqdo suredelolw| ghqvlw| zlwk wkdw ri d wlph ghshq0
ghqw vwrfkdvwlf surfhvv wkdw phdvxuhv vsdwldo ghqvlw| dv lw kdv rffxuuhg ryhu d jlyhq
whpsrudo wudmhfwru| ri wkh wlph vhulhv1 Krzhyhu/ lqvwhdg ri phdvxulqj suredelolw|
ghqvlw| dw vsdwldo srlqwv/ wklv dowhuqdwh txdqwlw| phdvxuhv wkh ghqvlw| frqwulexwhg
dw gl�huhqw vsdwldo srlqwv wrzdugv wkh wrwdo txdgudwlf yduldwlrq ri wkh surfhvv ryhu d
jlyhq lqwhuydo ri wlph1 Zh h{sodlq wklv gl�huhqfh dv iroorzv1

Li [| lv d vwulfwo| vwdwlrqdu| wlph vhulhv zlwk devroxwho| frqwlqxrxv glvwulexwlrq
dqg suredelolw| phdvxuh S / wkhq lwv wlph lqyduldqw suredelolw| ghqvlw| fdq eh zulwwhq
lq whupv ri wkh irupxod

sgif +v, @ olp
0<f

4

5%

]
4+m{�vm ? %,gS= +7,

Dffruglqjo|/ dv wklv gh�qlwlrq pdnhv fohdu/ wkh txdqwlw| sgif +v, phdvxuhv wkh frq0
wulexwlrq wr wkh ryhudoo suredelolw| S wkdw frphv iurp durxqg wkh vsdwldo srlqw v=
Lqyhuwlqj +7,/ zh jhw iru d phdvxudeoh vhw D

S +[| 5 D, @
]

4+D,gS @
]
�
sgif +v, gv= +8,
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Iru d qrqvwdwlrqdu| vhulhv olnh ||> wkhuh lv qr wlph lqyduldqw suredelolw| phdvxuh S
dqg lw lv qr orqjhu vhqvleoh wr wklqn ri ghfrpsrvlqj suredelolw| lqwr ghqvlwlhv iurp
gl�huhqw vsdwldo uhjlrqv1 Pruhryhu/ hdfk wudmhfwru| +|| = w @ 4> ===> q, kdv lwv rzq
vshfldo fkdudfwhulvwlfv/ dv grhv wkdw ri wkh olplw Eurzqldq prwlrq surfhvv E= Lq ylhz
ri +4, dqg +6,/ lw lv vlpsohvw wr uhsodfh wkh wlph lqgh{ w zlwk wkh lqgh{ u uhsuhvhqwlqj
wkh iudfwlrq ri wkh vdpsoh lqfoxghg lq wkh vhulhv e| wlph w= Wkhq/ wkh fruuhvsrqglqj
wudmhfwrulhv ri wkh vhulhv dqg wkh olplw surfhvv duh jlyhq e| +\?+u, = u 5 ^3> 4`, dqg
+E+u, = u 5 ^3> 4`,1 Wkh txdgudwlf yduldwlrq ri wkh olplw surfhvv E lv jlyhq e| wkh
vtxduh eudfnhw surfhvv

^E`o @
] o

f
+gE,2 @ u�2> +9,

zklfk lv d vlpsoh olqhdu ghwhuplqlvwlf ixqfwlrq ri u lq wklv Eurzqldq prwlrq fdvh1
Ryhu wkh ixoo vdpsoh +l1h1/ zkhq u @ 4,/ wkh wrwdo txdgudwlf yduldwlrq ri wkh olplw
surfhvv E lv vlpso| �2= Zh pd| wkhuhiruh frqwhpsodwh ghfrpsrvlqj wklv yduldwlrq
lqwr ghqvlwlhv iurp gl�huhqw vsdwldo uhjlrqv dffruglqj wr

O�+u> v, @ olp
0<f

4

5%

] o

f
4+mE+w,�vm ? %,g^E`|= +:,

Wkh olplw lq +:, lv nqrzq wr h{lvw doprvw vxuho| dqg wkh olplw ixqfwlrq O�+u> v,
lv fdoohg wkh orfdo wlph ri wkh Eurzqldq prwlrq E dw wkh vsdwldo srlqw v= O�+u> v,
lv d frqwlqxrxv vwrfkdvwlf surfhvv lq erwk lwv whpsrudo dqg vsdwldo dujxphqwv dqg
lw phdvxuhv wkh vrxmrxuq wlph wkdw wkh surfhvv E vshqgv lq wkh ylflqlw| ri v ryhu
wkh wlph lqwhuydo ^3> u`1 Reylrxvo|/ lw lv lqfuhdvlqj lq u +l1h1/ dv pruh wlph hodsvhv/
wkh qxpehu ri ylvlwv wr v> dqg khqfh wkh ghqvlw| wkhuh/ fdq rqo| lqfuhdvh,1 Wkhvh
surshuwlhv ri wkh orfdo wlph surfhvv ri Eurzqldq prwlrq duh udwkhu zhoo nqrzq +h1j1
Uhyx} dqg \ru/ 4<<7,1

Mxvw dv zh fdq lqyhuw +7, wr irup +8,/ zh pd| lqyhuw +:, wr gholyhu wkh rffxsdwlrq
wlph +lq yduldwlrqdo xqlwv, wkdw E vshqgv lq wkh vhw D ryhu wkh wlph lqwhuydo ^3> u` >
yl}1 ] o

f
4+E+w, 5 D,g^E`| @

]
�
O�+u> v,gv=

Zkhq D lv wkh zkroh uhdo olqh/ wklv irupxod surgxfhv wkh ghfrpsrvlwlrq

^E`o @
] "

3"
O�+u> v,gv>

zklfk/ lq ylhz ri +9,/ ohdgv txlwh vlpso| wr

�2 @
] "

3"
O�+4> v,gv> +;,

dq h{suhvvlrq wkdw euhdnv grzq wkh yduldqfh ri E+4, +l1h1/ wkh olplwlqj yduldqfh ri
\?+4, , lqwr wkh frqwulexwlrqv dvvrfldwhg zlwk hdfk vsdwldo srlqw v ylvlwhg e| E +uh0
vshfwlyho|/ \?,= Vwdqgduglvlqj +;, e| �32 zh kdyh

4 @
] "

3"
O�+4> v,gv>
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zkhuh
O�+4> v, @ �32O�+4> v, @ olp

0<f

4

5%

] o

f
4+mE+w,�vm ? %,gw +<,

lv fkurqrorjlfdo orfdo wlph lq wkh vhqvh wkdw lw phdvxuhv vrxmrxuq wlph dw v sxuho|
lq fkurqrorjlfdo xqlwv +udwkhu wkdq yduldqfh edvhg xqlwv,1 O�+4> v, lv qrupdol}hg vr
wkdw wkh wrwdo dprxqw ri wlph vshqw e| wkh surfhvv lq wkh ylflqlw| ri doo srlqwv wkdw lw
frxog srvvleo| ylvlw lv xqlw| +l1h1 wkh ohqjwk ri wkh wlph lqwhuydo ^3> 4` ryhu zklfk wkh
surfhvv kdv ehhq dfwlyh,1 Vlploduo|/ O�+u> v, @ �32O�+u> v, dqg u @

U"
3" O�+u> v,gv=

Urxjko| vshdnlqj/ zh fdq wklqn ri O�+4> v, dv wkh sursruwlrq ri wlph ryhu wkh xqlw
lqwhuydo ^3> 4` wkdw E vshqgv lq wkh ylflqlw| ri wkh vsdwldo srlqw v= Vlploduo|/ O�+u> v,
fdq eh lqwhusuhwhg dv wkh sursruwlrq ri wlph ryhu wkh lqwhuydo ^3> u` wkdw E vshqgv lq
wkh ylflqlw| ri wkh vsdwldo srlqw v=
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Zh fdq frqvwuxfw vsdwldo phdvxuhv iru wkh revhuyhg wlph vhulhv || wkdw duh vlplodu
wr wkh phdvxuh O�+4> v, iru wkh vrxmrxuq wlph ri Eurzqldq prwlrq1 Lq sduwlfxodu/ wkh
txdqwlw|

?[
|'�

4

����� ||s
q
� v

���� ? %?

�
vlpso| frxqwv wkh qxpehu ri wlphv +|I

?
olhv zlwklq %? ri v> dqg vr wkh txdqwlw|

4

5%?

4

q

?[
|'�

4

����� ||s
q
� v

���� ? %?

�
@

4

5%?

] �

f
4 +m\? +u,� vm ? %?, gu +43,

phdvxuhv wkh uhodwlyh dprxqw ri wlph wkdw +|I
?
olhv zlwklq %? ri v/ jlyhq wkh wrwdo

qxpehu ri revhuydwlrqv +q, dqg wkh ohqjwk ri wkh lqwhuydo +5%?,1 Lq ylhz ri wkh
hpehgglqj +6,/ +43, lv dssur{lpdwho|

4

5%?

] �

f
4 +mE +u,� vm ? %?, gu> +44,

zkrvh olplw dv %? $ 3/ dffruglqj wr +<,/ lv O�+4> v,1 Wkxv/ +43, lv dq hpslulfdo
hvwlpdwh ri wkh fkurqrorjlfdo wlph/ O�+4> v,> vshqw e| wkh olplw surfhvv E lq wkh
ylflqlw| ri wkh vsdwldo srlqw v= Zh fdq wklqn ri +43, dv d vsdwldo ghqvlw| hvwlpdwh
frqvwuxfwhg zlwk d xqlirup nhuqho dqg zlwk edqgzlgwk sdudphwhu %?1 Xvlqj d jhqhudo
nhuqho ixqfwlrq N0+�, @ �

0N+ u0, lqvwhdg/ zh zrxog kdyh wkh hvwlpdwh

eO�+4> v, @
4

q

4

%?

?[
|'�

N

�
4

%?

�
v� ||s

q

��
>

zkhuh N+�, lv d v|pphwulf/ qrqqhjdwlyh nhuqho ixqfwlrq wkdw lqwhjudwhv wr xqlw|1 Zh
fdq uhzulwh wklv irupxod dv

eO�+4> v, @
4s
q

4s
q%?

?[
|'�

N
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q%?
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qv� ||
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4s
q

4

k?
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4

k?

�s
qv� ||

��

@
4s
q

?[
|'�

N�?

�s
qv� ||

�
> +45,

ru dv eO�

�
4>

ds
q

�
@

4s
q

?[
|'�

N�?+d� ||, > +46,

erwk ri zklfk duh h{suhvvhg dv d nhuqho ixqfwlrq lq whupv ri wkh ruljlqdo vhulhv ||=
Wkh edqgzlgwk sdudphwhu lq +45, lv k? @

s
q%? dqg wkh vsdwldo srvlwlrq/ d @

s
qv>

lv qrz phdvxuhg lq xqlwv ri
s
q= Dv lv dssduhqw iurp +44,/ lw lv lpsruwdqw wkdw %? $ 3

li zh duh wr dfklhyh d frqvlvwhqw hvwlpdwh ri wkh orfdo wlph O� +4> v, = Krzhyhu/ lw lv qr
orqjhu ylwdo wkdw k? $ 3> dqg/ lqghhg/ eO� +4> v, pd| vwloo eh frqvlvwhqw iru O� +4> v,
hyhq zkhq k? lv frqvwdqw ru vorzo| lqfuhdvlqj1 Wkh uhdvrq lv wkdw lq frqyhqwlrqdo
nhuqho ghqvlw| hvwlpdwlrq iru vwdwlrqdu| surfhvvhvv d vkulqnlqj edqgzlgwk vhuyhv wkh
sxusrvh ri irfxvlqj dwwhqwlrq rq d sduwlfxodu vsdwldo srlqw/ zkhuhdv lq wkh suhvhqw
vlwxdwlrq || whqgv qdwxudoo| rq lwv rzq wr guliw dzd| iurp dq| jlyhq vsdwldo srlqw dw
wkh udwh

s
q1 Vr/ rq wkh rqh kdqg/ wkhuh lv ohvv uhdvrq wr kdyh wr irfxv dwwhqwlrq rq

jlyhq vsdwldo srlqwv/ ehfdxvh wklv irfxv rffxuv lq d qdwxudo zd|1 Exw/ rq wkh rwkhu
kdqg/ wkhuh duh qhfhvvdulo| d uhgxfhg qxpehu ri uhohydqw revhuydwlrqv lq hvwlpdwlqj
wkh vsdwldo ghqvlw| O� +4> v,1 Lq idfw/ wkhuh duh rqo| R+

s
q, uhohydqw revhuydwlrqv wr

hdfk vsdwldo srlqw/ frpsduhg zlwk wkh xvxdo R+q, uhohydqw revhuydwlrqv lq vwdwlrqdu|
ghqvlw| hvwlpdwlrq1 Lq h�hfw/ wklv lv ehfdxvh wkh qxpehu ri uhwxuqv wkdw d xqlw urrw
surfhvv/ olnh d udqgrp zdon/ pdnhv wr wkh ruljlq ru vrph rwkhu �{hg srlqw lv ri
wkh rughu ri

s
q +f1i1/ Ihoohu/ 4<8:/ s1;6,/ zkhuhdv doo q revhuydwlrqv ri d vwdwlrqdu|

wlphv vhulhv duh uhohydqw lq �wwlqj lwv suredelolw| ghqvlw| dw dq| srlqw lq wkh vxssruw1
Wklv gl�huhqfh lq wkh rughu ri pdjqlwxgh h{sodlqv wkh vwdqgdugl}lqj idfwru �I

?
wkdw

dsshduv lq +45,1 E| frqwudvw/ li [| lv d vwulfwo| vwdwlrqdu| wlph vhulhv zlwk suredelolw|
ghqvlw| +7,/ wkhq wkh fruuhvsrqglqj nhuqho ghqvlw| hvwlpdwh lv jlyhq e|

gsgif +v, @
4

q

?[
|'�

N�?+v�[|, @
4

q

4

k?

?[
|'�

N

�
4

k?
+v�[|,

�
> +47,

zkhuh wkh vwdqgduglvlqj idfwru lv �
? dqg wkh edqgzlgwk sdudphwhu k? $ 3=
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Xqghu vrph udwkhu zhdn uhjxodulw| frqglwlrqv wkdw duh glvfxvvhg lq Skloolsv +4<<;,
lw lv vkrzq wkdw

eO�+u> v, @
4s
q

d?oo[
|'�

N�?

�s
qv� ||

�$@�r� O�+u> v�Ef+�,,> +48,

Wklv uhvxow doorzv iru qrqwulyldo lqlwldo frqglwlrqv lq wkh surfhvv || @ 	|
�xr . |f>

vkrzlqj wkdw wkh srlqw +v � Ef+�,, dw zklfk wkh vsdwldo ghqvlw| lv hvwlpdwhg pd|

:



eh d�hfwhg e| lqlwldo frqglwlrqv li wkhvh duh qrw RR+4,1 Lq sduwlfxodu/ li wkh lqlwldo
frqglwlrqv h{whqg lqwr wkh glvwdqw sdvw dv lq

|f @
d?Vo[
�'f

x3�> iru vrph � � 3

iru zklfk wkh iroorzlqj ixqfwlrqdo odz krogv

q3
�
2

d?Vo[
�'f

x3� , Ef +�, >

wkhq lq sodfh ri +4, zh kdyh

q3
�
2|d?oo , E+u, .Ef+�,>

zlwk wkh Eurzqldq prwlrqv E dqg Ef ehlqj lqghshqghqw1 Djdlq/ pdwwhuv fdq eh
duudqjhg vr wkdw wkh suredelolw| vsdfh ri || lqfoxghv Ef=

D olplw glvwulexwlrq wkhru| iru wkh hvwlpdwh eO�+u> v, lv dovr dydlodeoh1 Lqghhg/ xvlqj
wkh qrupdol}dwlrq idfwru f? @ 4@%? @

s
q@k?> zh kdyh wkh iroorzlqj pl{hg qrupdo

olplw wkhru| +Skloolsv/ 4<<;,

s
f?

keO�+u> v,� O�+u> v�Ef+�,,
l
, PQ+3> 49N2O�+u> v�Ef+�,,,> +49,

zkhuh wkh frqvwdqw lv

N2 @
] "

f

] "

f
N+s,+s a w,N+w,gsgw>

d txdgudwlf ixqfwlrqdo ri wkh nhuqho N dqg wkh fryduldqfh ixqfwlrq ri Eurzqldq
prwlrq1 Zkhq N lv d qrupdo nhuqho/ N2 @ �3

�
2

�
5
�
2 � 4

�
= Wkh frqyhujhqfh udwh

lq +49, lv
s
f? @ q

�
e@
s
k?> zklfk lv vorzhu wkdq wkh frqyhqwlrqdo udwh ri frqyhujhqfh

ri nhuqho ghqvlw| hvwlpdwhv lq wkh vwdwlrqdu| fdvh +yl}1
s
qk?, iru doo edqgzlgwkv

k? @ f@qK zlwk e ? �
e =

Xvlqj +49,/ dv|pswrwlf frq�ghqfh lqwhuydov iru O�+u> v�Ef+�,, fdq eh frqvwuxfwhg
dw hdfk vsdwldo srlqw/ jlylqj h1j1/

eO�+u> v,	 4=<9

#
49N2

eO�+u> v,
f?

$�
2

dv d <8( frq�ghqfh lqwhuydo iru O�+u> d�Ef+�,,= E| yluwxh ri wkh vwdqgdugl}dwlrq ri
||> wkh txdqwlwlhv phdvxuh vsdwldo ghsduwxuhv iurp wkh ruljlq lq xqlwv ri

s
q dqg wkh

vsdwldo srlqwv duh fhqwuhg rq d vwdqgdugl}hg lqlwldo frqglwlrq1 Khqfh/ iru d frq�ghqfh
lqwhuydo gluhfwo| dw wkh srlqw vf> zh zrxog frpsxwh
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Wkhvh lqwhuydov fdq eh frpsduhg zlwk wkh frq�ghqfh lqwhuydov ri nhuqho hvwlpdwhv
ri d vwdwlrqdu| suredelolw| ghqvlw| olnh +48,1 E| wudglwlrqdo wkhru| +Vloyhupdq/ 4<;9,
d <8( frq�ghqfh lqwhuydo iru wkh suredelolw| ghqvlw| sgif +v, lv/

gsgif +v,	 4=<9

#
n2gsgif+v,

qk

$�
2

+4;,

zkhuh
n2 @

] "

3"
N+u,2gu= +4<,

Ohdylqj dvlgh lqlwldo frqglwlrqv/ wkh rqo| gl�huhqfhv ehwzhhq +4:, dqg +4;, duh lq wkh
vfdoh idfwruv dqg wkh frqyhujhqfh udwh1 Wkh iruphu dulvhv ehfdxvh ri shuvlvwhqw whpsr0
udo ghshqghqfh lq wkh wudmhfwru| ri ||> dqg wkh odwwhu ehfdxvh ri wkh h�hfwlyh qxpehu
ri revhuydwlrqv1 Lq rwkhu uhvshfwv/ +4:, vlpso| h{whqgv wkh wkhru| ri qrqsdudphwulf
ghqvlw| hvwlpdwlrq wr vsdwldo ghqvlw| hvwlpdwlrq iru vwrfkdvwlf surfhvvhv1
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Wkh lqwhusuhwdwlrq ri vsdwldo ghqvlw| hvwlpdwhv olnh eO�+u> v, lv vlplodu wr wkdw ri
d frqyhqwlrqdo suredelolw| ghqvlw| hvwlpdwh1 Dv lqglfdwhg hduolhu/ lq urxjk whupv
O�+4> v, lv wkh sursruwlrq ri wlph ryhu wkh xqlw lqwhuydo ^3> 4` wkdw wkh olplw surfhv
E vshqgv lq wkh ylflqlw| ri wkh vsdwldo srlqw v= Vlploduo|/ wkh txdqwlw| eO�+u> v, lv dq
hvwlpdwh ri wkh sursruwlrq ri wlph ryhu ^3> u` wkdw wkh vwdqgduglvhg vhulhv +|I

?
vshqgv

lq wkh ylflqlw| ri v= Wkh txdqwlw| eO�

�
u> @I

?

�
lv wkhq dq hvwlpdwh ri wkh sursruwlrq ri

wlph ryhu ^3> u` wkdw wkh vhulhv || vshqgv lq wkh ylflqlw| ri d= Qrwh wkdw] "

3"
eO��4> ds

q

�
gd @

] "

3"
eO�+4> v, gv

s
q @

s
q>

vr wkdw rq wklv dgmxvwhg vfdoh ri vsdwldo phdvxuhphqw wkh wrwdo dprxqw ri vrxmrxuq
wlph lv vhw wr

s
q udwkhu wkdq xqlw|1 Zlwk wklv prgl�fdwlrq/ zh fdq wklqn ri vsdwldo

ghqvlw| hvwlpdwhv mxvw olnh frqyhqwlrqdo ghqvlw| hvwlpdwhv/ wkh gl�huhqfh ehlqj wkdw lq
wkh odwwhu zh duh glvwulexwlqj suredelolw| dfurvv vsdfh zkhuhdv lq wkh iruphu zh duh
glvwulexwlqj vrxmrxuq wlph dfurvv vsdfh1 Dv lv dssduhqw iurp +46, dqg +47,/ wkh vdph
irupxod dssolhv lq hdfk fdvh xs wr qrupdol}dwlrq e|

s
q= Wkxv li zh xvh wkh vsdwldo

ghqvlw| hvwlpdwh +46, lq wkh fdvh ri vwdwlrqdu| udwkhu wkdq qrqvwdwlrqdu| gdwd zh zloo
rewdlq wkh xvxdo nhuqho ghqvlw| hvwlpdwh vfdohg e|

s
q= Lq wkdw fdvh/ zh duh h�hfwlyho|

glvwulexwlqj d qrq0xqlwdu|
s
q suredelolw| dfurvv vsdwldo srlqwv/ udwkhu wkdq wkh

s
q

vrmrxuq wlph1
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Iroorzlqj Skloolsv +4<<;,/ zh gh�qh wkh vsdwldo kd}dug ixqfwlrq K�+u> d, dvvrfldwhg
zlwk d jlyhq vsdwldo ghqvlw| O�+u> v, dv iroorzv

K�+u> d, @
O�+u> d,U"

@ O�+u> v,gv
= +53,

<



Wklv gh�qlwlrq lv hqwluho| dqdorjrxv wr wkh kd}dug udwh �+{, dvvrfldwhg zlwk d frq0
wlqxrxv suredelolw| ghqvlw| sgif +{, > zklfk kdv wkh irup

� +{, @
sgif+{,U"

% sgif+v,gv
@

sgif+{,

4� fgif+{,
@

sgif+{,

I +{,
>

zkhuh fgif+{, lv wkh fgi ri wkh glvwulexwlrq dqg I +{, @ 4� fgif+{, lv wkh vxuylyru
ixqfwlrq1 Lw lv dovr xvhixo wr gh�qh wkh ohiw vlghg kd}dug

k�+u> d, @
O�+u> d,U @

3" O�+u> v,gv
= +54,

Wkh ixqfwlrqv +53, dqg +54,/ olnh wkh vsdwldo ghqvlw| O�+u> d, lwvhoi/ kdyh wzr dujx0
phqwv/ wlph dqg vsdfh1 Qrwh wkdw K� dqg k� duh lqyduldqw wr zkhwkhu O�+u> d, ru
O�+u> d, duh xvhg lq gh�qlwlrqv +53, dqg +54,1

Wkh vsdwldo kd}dug ixqfwlrqv fdq eh lqwhusuhwhg dv iroorzv1 K�+u> d, phdvxuhv
wkh frqglwlrqdo olnholkrrg frpsxwhg ryhu wkh vdpsoh sdwk wr wlph u wkdw E wdnhv wkh
ydoxh d> jlyhq wkdw lw wdnhv ydoxhv dw ohdvw dv elj dv d= Vlploduo|/ k�+u> d, phdvxuhv
wkh frqglwlrqdo ulvn frpsxwhg ryhu wkh vdph vdpsoh sdwk wr wlph u wkdw E wdnhv
wkh ydoxh d> jlyhq wkdw lw wdnhv ydoxhv dw ohdvw dv vpdoo dv d= Wr eh pruh frqfuhwh/
vxssrvh wkh wlph vhulhv || lv lq dwlrq dqg wkdw E+u, lv wkh zhdn olplw ri q3

�
2|d?oo= Wkh

vsdwldo kd}dugK�+u> d @ rI
?
, wkhq phdvxuhv wkh frqglwlrqdo olnholkrrg frpsxwhg ryhu

wkh shulrg ^3> u` +zklfk lv h{suhvvhg lq vwdqgdugl}hg xqlwv ri iudfwlrqv ri wkh ryhudoo
vdpsoh/ vr wkdw lw fruuhvsrqgv wr dq revhuydwlrq shulrg ri w @

s
qu iru ||, ri dq

lq dwlrq udwh ri v> jlyhq wkdw lq dwlrq lv dw ohdvw dv juhdw dv v= Vlploduo|/ k�+u> d @
rI
?
, phdvxuhv wkh frqglwlrqdo ulvn frpsxwhg ryhu wkh shulrg ^3> u` +uhvshfwlyho|/ dq

revhuydwlrq shulrg ri w @
s
qu iru ||, ri dq lq dwlrq udwh ri v> jlyhq wkdw lq dwlrq lv dw

ohdvw dv vpdoo v= Lq wkh odwwhu fdvh/ zkhq v lv qhjdwlyf zh fdq wklqn ri k�+u> d @ rI
?
, dv

phdvxulqj wkh kd}dug ri gh dwlrq udwkhu wkdq lq dwlrq1 Wkdw lv/ li wkhuh lv gh dwlrq/
k�+u> d @ rI

?
, phdvxuhv wkh uhodwlyh olnholkrrg ri d gh dwlrq udwh ri v1

Iru d jlyhq wlph shulrg u> wkh vkdsh ri wkh vsdwldo kd}dug udwh ixqfwlrqv K�+u> d @
rI
?
, dqg k�+u> d @ rI

?
, fdq eh vwxglhg lq mxvw wkh vdph zd| dv zh orrn dw kd}dug

udwhv lq wkh dqdo|vlv ri lqghshqghqw +ru vwulfwo| vwdwlrqdu|, gdwd1 Lq vxfk vwxglhv lw lv
xvxdoo| ri lqwhuhvw wr �qg rxw zkhwkhu wkh kd}dug ghfolqhv/ lqfuhdvhv ru vwd|v frqvwdqw
dv zh lqfuhdvh v> zkhwkhu wkhuh duh pxowlsoh shdnv lq wkh kd}dug dqg vr rq1 Vlqfh
rxu kd}dug udwhv dovr ghshqg rq wlph u> zh fdq frqvlghu zkdw kdsshqv wr wkh kd}dug
udwh ixqfwlrqv dv wkh wlph shulrg fkdqjhv ru dv qhz gdwd lv lqwurgxfhg1 Lq wkh fdvh ri
lq dwlrq/ wklv phdqv wkdw zh orrn dw zkhwkhu wkh kd}dug ri d fhuwdlq udwh ri lq dwlrq
ri gh dwlrq ulvhv ru idoov ryhu wlph1
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Wkh vsdwldo kd}dug ixqfwlrqv K�+u> d, dqg k�+u> d, duh hpslulfdoo| hvwlpdeoh xvlqj
wkh qrqsdudphwulf vsdwldo ghqvlw| hvwlpdwh eO�+u>
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Wkhvh hvwlpdwruv duh frqvlvwhqw dqg kdyh pl{hg qrupdo glvwulexwlrqv xqghu wkh vdph
uhjxodulw| frqglwlrqv dv wkh olplw wkhru| iru wkh vsdwldo ghqvlw| hvwlpdwh eO�+u>
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Wkh uhvxowv iru eK�

�
u> q3

�
2 v

�
duh suryhg lq Skloolsv +4<<;, dqg wkrvh iru ek��u> q3 �

2 v
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iroorz lq d vlplodu zd|1

51: Lqwhusuhwlqj Prphqwv

Lq vwdwlrqdu| fdvhv/ wkh hujrglf wkhruhp dqg wkh h{lvwhqfh ri prphqwv duh doo wkdw
duh uhtxluhg wr hqvxuh jrrg olplwlqj ehkdylru ri vdpsoh prphqwv1 Wkxv/ li [| lv
vwulfwo| vwdwlrqdu| dqg hujrglf/ dqg [&

| lv lqwhjudeoh wkhq
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| $@�r� H[&

| > +55,

d uhvxow wkdw doorzv xv wr lqwhusuhw vdpsoh prphqwv ri lqwhjudeoh ixqfwlrqv ri wkh
gdwd lq whupv ri srsxodwlrq prphqwv1

Lq qrqvwdwlrqdu| fdvhv/ wkh devhqfh ri hujrglflw| phdqv wkdw txlwh gl�huhqw olp0
lwlqj ehkdylru fdq eh h{shfwhg ri vdpsoh prphqwv wkdq zkdw rffxuv lq +55,1 Qhyhu0
wkhohvv/ vdpsoh prphqwv vwloo sod| d uroh dv ghvfulswlyh vwdwlvwlfv iru wkh vdpsoh gdwd/
ehfdxvh wkh| frqwlqxh wr vxppdul}h nh| ihdwxuhv ri wkh gdwd lq pxfk wkh vdph zd|
dv lq wkh vwdwlrqdu| fdvh1 Lq pdq| fdvhv/ hpslulfdo lqyhvwljdwruv zdqw wr fkdudfwhul}h
wkh gdwd e| vrph gdwd uhgxfwlrq whfkqltxhv zlwkrxw kdylqj wr uhvroyh srwhqwldoo|
frpsolfdwhg lvvxhv olnh fkrrvlqj ehwzhhq vwdwlrqdu| dqg qrqvwdwlrqdu| jhqhudwlqj
phfkdqlvpv1 Wkxv/ lw lv ri lqwhuhvw wr eh deoh wr lqwhusuhw vdpsoh prphqw fkdudfwhu0
lvwlfv iru qrqvwdwlrqdu| gdwd1

Iru d wlph vhulhv || vdwlvi|lqj +4,/ lw lv qrz d yhu| zhoo nqrzq dssolfdwlrq ri ixqf0
wlrqdo olplw wkhru| dqg frqwlqxrxv pdsslqjv +Skloolsv/ 4<;9/ 4<;:, wkdw vwdqgdugl}hg
prphqwv ri || kdyh wkh iroorzlqj dv|pswrwlf ehkdylrxu
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Wkhuh lv dqrwkhu zd| ri zulwlqj wklv uhvxow1 Zh xvh wkh idfw wkdw li j lv d phdvxudeoh
dqg orfdoo| lqwhjudeoh pds wkhq] �

f
j +E+u,,gu @

] "

3"
j +v,O�+4> v,gv= +57,
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Wklv uhvxow/ nqrzq dv wkh rffxsdwlrq wlph irupxod +Uhyx} dqg \ru/ 4<<7,/ frqyhuwv
whpsrudo lqwhjudov lqwr vsdwldo lqwhjudov lqyroylqj orfdo wlph1 Zh kdyh zulwwhq wkh
irupxod +57, khuh lq whupv ri fkurqrorjlfdo orfdo wlph O�+4> v,= Dsso|lqj +57, wr +56,
uhyhdov wkdw zh kdyh wkh dowhuqdwh uhsuhvhqwdwlrq
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v&O�+4> v,gv> +58,

zklfk lv wkh n*wk prphqw ri wkh vsdwldo glvwulexwlrq O�+4> v,= Lq h�hfw/ vdpsoh pr0
phqwv ri || frqyhujh zhdno| wr fruuhvsrqglqj vdpsoh prphqwv ri wkh vsdwldo glvwul0
exwlrq ri wkh olplw surfhvv1 Lq wklv irup/ +58, lv d yhu| qdwxudo dqdorjxh ri +55,1
Pruhryhu/ lw pdnhv lw fohdu wkh vhqvh lq zklfk vdpsoh prphqwv frqwlqxh wr eh xvhixo
ghvfulswlyh fkdudfwhulvwlfv ri wkh gdwd1 Zkhwkhu wkh gdwd duh vwdwlrqdu| ru qrqvwd0
wlrqdu|/ vdpsoh prphqwv surylgh vxppdu| lqirupdwlrq derxw wkh revhuyhg gdwd wkdw
uh hfw fkdudfwhulvwlfv ri dq xqghuo|lqj srsxodwlrq1 Wklv srsxodwlrq lv mxvw wkh vwd0
wlrqdu| glvwulexwlrq lq wkh fdvh ri d vwdwlrqdu|/ hujrglf wlph vhulhv/ zkhuhdv lw lv wkh
vrmrxuq glvwulexwlrq ri wkh olplw surfhvv lq wkh qrqvwdwlrqdu| fdvh1

61 Vlpxodwlrqv

Wklv vhfwlrq looxvwudwhv wkh vsdwldo ghqvlw| hvwlpdwhv lq vrph frpprqo| dulvlqj fdvhv
zlwk vlpxodwhg gdwd1 Wkh prgho iru || lv wdnhq wr eh d Jdxvvldq �uvw rughu dxwruhjuhv0
vlrq zlwk dqg zlwkrxw d ghwhuplqlvwlf wuhqg frpsrqhqw1 Wkh jhqhudwlqj phfkdqlvpv
duh dv iroorzv=

Prgho 4= Jdxvvldq DU+4, zlwk qr wuhqg

|| @ �||3� . x|> x| � llg Q +3> 4,

Prgho 5= Jdxvvldq DU+4, zlwk wuhqg

|| @ ew. |f| > |f| @ �|f|3� . x|> x| � llg Q +3> 4,

Wkh DU frh!flhqwv vhohfwhg zhuh � @ 3=8> 4=3> fryhulqj vwdwlrqdu| dqg xqlw urrw
fdvhv/ dqg wkh ghwhuplqlvwlf wuhqg frh!flhqw e @ 3=38 zdv fkrvhq iru prgho 51 Zkhq
wkh prgho lv vwdwlrqdu|/ wkh lqlwldol}dwlrq |f lv gudzq iurp wkh vwdwlrqdu| glvwulexwlrq1
Zkhq wkh prghov kdyh d xqlw urrw/ wkh lqlwldol}dwlrq lv vhw wr }hur1 Wkh vdpsoh
vl}h lv vhw dw q @ 833= Iljv1 407 glvsod| wkh gdwd +Iljv1 [+e,, dqg wkh uhvxowlqj
vsdwldo ghqvlw| hvwlpdwhv +Iljv1 [+d,,1 Wkh edqgzlgwk lq wkhvh h{huflvhv/ dqg lq rxu
hpslulfdo looxvwudwlrqv lq Vhfwlrq 7/ lv fkrvhq xvlqj wkh uxoh k? @ q3�*D= Srlqwzlvh
<8( frq�ghqfh edqgv iru wkh vsdwldo ghqvlw| duh jlyhq e| wkh eurnhq olqhv lq wkh
�jxuhv1
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Ilj1 4+d, Vsdwldo Ghqvlw| ri DU+4,= � @ 3=8

Ilj1 4+e, DU+4, Gdwd= � @ 3=8

Iru prgho 4/ || lv vwdwlrqdu| zkhq m�m ? 4 dqg wkh lqyduldqw glvwulexwlrq lv
Q

�
3> �2+

�
zlwk �2+ @ �

�342 = Lw lv wklv lqyduldqw glvwulexwlrq wkdw lv ehlqj hvwlpdwhg
e| wkh vsdwldo ghqvlw| hvwlpdwh lq wkh � @ 3=8 fdvh +Ilj1 5d,/ vxemhfw wr uhvfdolqj wkh
suredelolw| e|

s
q> dv phqwlrqhg hduolhu1 Lq wkh xqlw urrw fdvh +Ilj1 4d,/ wkh vsdwldo

ghqvlw| hvwlpdwhv wkh vrxmrxuq wlph ri wkh vhulhv dw hdfk srlqw wkdw lw ylvlwv1 Wkh
gl�huhqfhv ehwzhhq wkh wzr fdvhv duh yhu| dssduhqw lq wkh �jxuhv1 Lq wkh vwdwlrqdu|
fdvh wkh �wwhg fxuyh lv vprrwk dqg d jrrg dssur{lpdwlrq wr d uhvfdohg qrupdo ghq0
vlw|1 Lq wkh xqlw urrw fdvh/ wkh fxuyh lv luuhjxodu dqg vkrzv vxevwdqwldo yduldwlrq lq
vrxmrxuq ohyhov ryhu txlwh d odujh udqjh ri vsdwldo ydoxhv1 Wklv luuhjxodu fxuyh lv rxu
srlqw hvwlpdwh ri wkh vwrfkdvwlf surfhvv O� +4> v, > iru zklfk wkh Eurzqldq prwlrq E
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lv wkh olplw surfhvv ri q3
�
2|d?uo= Lw jlyhv xv vxppdu| lqirupdwlrq derxw wkh vsdwldo

srlqwv || kdv ylvlwhg dqg wkh uhodwlyh sursruwlrq ri wkrvh ylvlwv wr wkh ixoo vdpsoh1
Dssduhqwo|/ wkh uhjlrqv ^�7> 4` dqg ^6=8> 7=8` duh wkh prvw iuhtxhqwo| ylvlwhg lq wklv
vdpsoh sdwk1 Wkh vsdwldo vxssruw lv dovr idu zlghu lq wkh xqlw urrw fdvh1

Ilj1 5+d, Vsdwldo ghqvlw| ri Udqgrp Zdon

Ilj1 5+e, Udqgrp Zdon

Prgho 5 doorzv iru wuhqg vwdwlrqdu| dqg udqgrp zdon zlwk guliw uhdol}dwlrqv1 Wkh
vdph lqqrydwlrqv zhuh xvhg iru jhqhudwlqj wkh gdwd lq wklv fdvh dv iru Prgho 41 Ilj1 6
jlyhv wkh wuhqg vwdwlrqdu| uhvxowv1 Zlwk 8( wuhqg jurzwk/ wkh gdwd lv qrz glvwulexwhg
ryhu d pxfk zlghu uhjlrq wkdq iru Prgho 41 Wkh vsdwldo ghqvlw| hvwlpdwh lv qr orqjhu
d vprrwk fxuyh +dv lq Ilj1 4, dqg kdv zlgh frq�ghqfh edqgv1 Iurp wkhvh edqgv
lw lv dssduhqw wkdw wkh vsdwldo ghqvlw| rxwfrph lv frpsdwleoh zlwk d xqlirup vsdwldo
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glvwulexwlrq ryhu wkh vxssruw/ eduulqj wkh yhu| hqgv ri wkh udqjh1 Wklv pduulhv zlwk
wkh qrwlrq ri wkh gdwd ehlqj vwdwlrqdu| derxw wkh �{hg wuhqg olqh | @ ew> dqg zloo eh
glvfxvvhg ixuwkhu ehorz1 Wklv ehkdylru zrxog eh dffhqwxdwhg zhuh wkh gdwd jhqhudwhg
pruh iuhtxhqwo| derxw wklv olqh +l1h1 lq�oo revhuydwlrqv nhhslqj wkh vsdq ri wkh gdwd
�{hg,1

Wkh vwdwlrqdu| frpsrqhqw kdv glvwulexwlrq |f| @_ Q
�
3> �2+

�
> vr wkhq || @_

Q
�
ew> �2+

�
dqg wkh ghqvlw| ri wkh gdwd lv lqyduldqw xs wr wkh phdq1 Vrph fdofx0

odwlrqv uhyhdo wkdw wkh vsdwldo ghqvlw| hvwlpdwh lq wklv fdvh kdv phdq ydoxh
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zklfk lv wkh ghqvlw| ri Q
�
3> �2+ . k2?

�
hydoxdwhg dw wkh vsdwldo srlqw d dqg vfdohg

e|
s
q= +Wkh yduldqfh whup/ �2+ . k2?> lv zhoo nqrzq iurp frqyhqwlrqdo nhuqho ghqvlw|

dv|pswrwlfv 0 h1j1 Kçugoh dqg Olqwrq/ 4<<7,1 Zkhq e 9@ 3> +59, fdq eh dssur{lpdwhg
iru odujh q e| zulwlqj ew � eqf

|
? zkhuh qf ? q lv odujh dqg �{hg1 Wkhq/ +59, lv
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zklfk zh qrwh wr eh lqghshqghqw ri wkh vsdwldo srlqw d= Wkxv/ lq wkh wuhqg vwdwlrqdu|
fdvh/ wkh vsdwldo ghqvlw| hvwlpdwh kdv dssur{lpdwho| frqvwdqw phdq/ fruurerudwlqj
wkh irup ri wkh hpslulfdo hvwlpdwh irxqg lq Ilj1 61 Wkxv/ rqh ri wkh fkdudfwhulvwlfv
ri vsdwldo ghqvlwlhv ri wuhqg vwdwlrqdu| vhulhv lv wkdw wkdw wkh phdq ghqvlw| lv dssur{0
lpdwho| frqvwdqw ryhu wkh vxssruw1 Dv zh zloo vhh/ wklv ehkdylru lv txlwh gl�huhqw
iurp wkh vsdwldo ghqvlw| ri d udqgrp zdon zlwk guliw1
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Ilj1 6+d, Vsdwldo Ghqvlw| ri DU+4, . Wuhqg= � @ 3=8

Ilj1 6+e, Gdwd iru DU+4, . wuhqg +8(,= � @ 3=8

Ilj1 7 jlyhv wkh vsdwldo ghqvlw| ri d udqgrp zdon zlwk d 8( guliw/ vr wkdw wkh
ghwhuplqlvwlf frpsrqhqw khuh lv wkh vdph dv lw lv lq wkh wuhqg vwdwlrqdu| fdvh1 Lw lv
dssduhqw iurp Ilj1 7+d, wkdw wkh uhjlrqv ^6> 8` dqg ^56> 5:` duh wkh prvw iuhtxhqwo|
ylvlwhg lq wklv vdpsoh sdwk1 Fohduo|/ wkh vsdwldo vxssruw lv idu zlghu wkdq lq wkh fdvh
ri qr guliw +Ilj1 4,/ exw wkh fxuyh lv mxvw dv luuhjxodu1
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Ilj1 7+d, Vsdwldo Ghqvlw|= Udqgrp Zdon . Guliw +8(,

Ilj1 7+e, Udqgrp Zdon . Guliw +8(,

Wklv fdq eh h{sodlqhg e| qrwlqj wkdw li P+u, @ eu . E+u, lv Eurzqldq prwlrq
zlwk guliw/ wkhq gP @ egu . gE/ vr wkdw +gP,2 @ +gE,2 @ gw dqg wkh txdgudwlf
yduldwlrq surfhvv ri P lv wkh vdph dv wkdw ri E> l1h1 ^P `| @ ^E`| @

U |
f +gE,2 = Wkhq

O� +u> v, @ olp
0<f

4
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f
4+mE+w,�+v� ew, m ? %,gw

dqg wkh vrmrxuq wlph ri P dw v fdq eh uhjdughg dv d yhuvlrq ri wkh vrmrxuq wlph ri
Eurzqldq prwlrq uhfhqwuhg durxqg wkh guliw1
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71 Hpslulfdo Dssolfdwlrqv

714 H{fkdqjh Udwh Gdwd dqg Wdujhw ]rqhv

H{fkdqjh udwh gdwd xqghu  rdwlqj uhjlphv w|slfdoo| ehkdyh dv li wkh| kdyh qr �{hg
phdq dqg duh xvxdoo| zhoo uhsuhvhqwhg e| xqlw urrw surfhvvhv1 Lqwhuphgldwh ehwzhhq
�{hg dqg  h{leoh h{fkdqjh udwh uhjlphv duh wdujhw }rqh v|vwhpv zkhuh h{fkdqjh udwhv
duh shuplwwhg wr  rdw zlwklq edqgv1 Wklv h{fkdqjh udwh phfkdqlvp zdv rshudwhg
e| wkh Hxurshdq Prqhwdu| V|vwhp +HPV, ryhu wkh 4<;3*v dqg 4<<3*v1 Iru prvw
frxqwulhv lq wkh HPV/ wkh edqgv zhuh vhw dw 	5158( durxqg d fhqwudo sdulw| wkdw
zdv rffdvlrqdoo| dgmxvwhg e| fxuuhqf| uhdoljqphqwv1 Vxfk h{fkdqjh udwh wdujhw }rqhv
kdyh ehhq wkh vxemhfw ri frqvlghudeoh uhvhdufk1 D wkhru| prgho iru h{fkdqjh udwh
wdujhw }rqhv zdv ghyhorshg e| Nuxjpdq +4<<4/ 4<<5, dqg kdv iruphg wkh vwduwlqj
srlqw lq pxfk ri wkh vxevhtxhqw uhvhdufk rq wklv wrslf1 Wklv prgho doorzv iru wkh
ghwhuplqdwlrq ri wkh h{fkdqjh udwh zlwklq wkh edqg lq whupv ri d qrqolqhdu ixqfwlrq
ri hfrqrplf ixqgdphqwdov zklfk duh uhsuhvhqwhg e| Eurzqldq prwlrq1 Wkh qrqolqhdu
ixqfwlrq dulvhv ehfdxvh ri wkh suhvhqfh ri prqhwdu| srolf| lqwhuyhqwlrq ghvljqhg wr
nhhs wkh h{fkdqjh udwh lq wkh edqg1 Lw kdv dq V�fxuyh vkdsh dqg dssurdfkhv wkh
hgjh ri wkh edqg lq d vprrwk wdqjhqwldo idvklrq wkdw lv fkdudfwhul}hg dv cvprrwk
sdvwlqj* +Gl{lw/ 4<<8,1 Rqh ri wkh hpslulfdo lpsolfdwlrqv ri wklv wkhru| lv wkdw wkh
glvwulexwlrq ri h{fkdqjh udwhv zlwklq wkh edqg vkrxog eh X�vkdshg/ vr wkdw wkhuh lv/
lq h�hfw/ d juhdwhu frqfhqwudwlrq ri revhuydwlrqv forvhu wr wkh hgjh ri wkh edqg wkdq
lq wkh fhqwhu ri wkh edqg1

Ilj1 8+d, Vsdwldo Ghqvlw| ri II2GP H{fkdqjh Udwh
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Ilj1 8+e, II2GP H{fkdqjh Udwh Gdwd

Wkh hpslulfdo hylghqfh lq vxssruw ri wklv lpsolfdwlrq ri wkh wdujhw }rqh prgho
fdq eh dvvhvvhg e| xvlqj rxu vsdwldo ghqvlw| dssurdfk1 Ilj1 8+e, vkrzv wkh Iuhqfk
Iudqf2Jhupdq pdun h{fkdqjh udwh iurp Pdufk 4<:< wkurxjk wr Pdufk 4<<5 lq whupv
ri ghyldwlrqv iurp wkh fhqwudo sdulw| dw wkh ehjlqqlqj ri wkh shulrg1 Wklv gdwd zdv
xvhg e| Vyhqvvrq +4<<5, lq klv uhylhz ri wkh wdujhw }rqh olwhudwxuh1 Wkh 	5158(
edqgv durxqg wkh fhqwudo sdulw| duh vkrzq e| eurnhq olqhv lq wklv �jxuh1 Vxffhv0
vlyh uhdoljqphqwv lq wkh fhqwudo sdulw| duh dovr vkrzq/ rffxuulqj lq Vhswhpehu 4<:</
Rfwrehu 4<;4/ Mxqh 4<;5/ Pdufk 4<;6/ Dsulo 4<;9 dqg Mdqxdu| 4<;:1 Doo ri wkhvh
uhdoljqphqwv ghydoxhg wkh iudqf djdlqvw wkh pdun1 Frpelqlqj doo wkhvh shulrgv/ Ilj1
8+d, jlyhv wkh vsdwldo ghqvlw| ri wkh h{fkdqjh udwh ghyldwlrqv iurp wkh fhqwudo sdulw|1
Wkh �jxuh vkrzv vwurqj hylghqfh ri elprgdolw| lq wkh gdwd/ uhyhdolqj d fohdu shdn lq
vsdwldo ghqvlw| dw wkh orzhu hgjh ri wkh edqg durxqg �5(= Wkh uhpdlqghu ri wkh gdwd
dsshduv wr eh vsuhdg rxw idluo| hyhqo| ryhu wkh srvlwlyh uhjlrq ri wkh edqg ^3> 5=58` =
Wkhvh uhvxowv surylgh sduwldo vxssruw iru wkh frqfoxvlrq iurp wkh wdujhw }rqh prgho
wkdw h{fkdqjh udwhv vkrxog whqg wr foxvwhu qhdu wkh hgjhv ri wkh edqg1 Krzhyhu/ wkh
vsdwldo ghqvlw| lv fohduo| qrw X� vkdshg/ dqg wkhuh dsshduv wr eh d vwurqj whqghqf|
lq wkhvh gdwd iru wkh h{fkdqjh udwh wr vshqg d jrrg ghdo ri wlph lq wkh fhqwhu ri wkh
edqg dv zhoo dv qhdu wkh hgjhv/ d ihdwxuh wkdw lv dovr idluo| hylghqw lq wkh wlph sorw
ri wkh gdwd1 Zkdw wkh vsdwldo ghqvlw| lq Ilj1 8+d, dggv wr d forvh h{dplqdwlrq ri wkh
wlph sorw ri wkh gdwd lv d txdqwlwdwlyh hydoxdwlrq ri wkh uhodwlyh lpsruwdqfh ri gl�hu0
hqw vsdwldo orfdwlrqv/ suhflvho| wkh pdwwhu wkdw qhhgv wr eh dgguhvvhg lq frqvlghulqj
wkh hpslulfdo lpsolfdwlrqv ri wkh wdujhw }rqh wkhru| prgho1 Wkxv/ zkloh wkh wdujhw
}rqh prgho lv uhmhfwhg/ lw dsshduv wkdw wkhuh duh vrph lpsolfdwlrqv ri wkh prgho wkdw
gr �qg vxssruw lq wkh gdwd1

715 Lq dwlrq Gdwd= Phdvxulqj Lq dwlrq dqg Gh dwlrq Kd}dugv

Ilj1 9+d, vkrzv dqqxdo FSL lq dwlrq udwhv iru wkh XV edvhg rq prqwko| gdwd iru
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wkh FSL ryhu wkh shulrg 4<67=404<<:=451 Wkh wlph sorw vkrzv vhyhudo shulrgv ri wzr
gljlw lq dwlrq/ shulrgv ri gh dwlrq dqg vxevwdqwldo yrodwlolw| lq lq dwlrq/ hvshfldoo| dw
kljkhu udwhv1 Ilj1 9+e, jlyhv wkh vsdwldo ghqvlw| hvwlpdwh dqg uhyhdov d sulpdu| frq0
fhqwudwlrq ri yduldwlrq durxqg wkh 4(09( lq dwlrq udwh/ d prgh durxqg <( lq dwlrq
dqg d ixuwkhu prgh lqglfdwlqj d shdn lq gh dwlrq durxqg 0518(1

Ilj1 9+d, XV Lq dwlrq 4<670<:

Ilj1 9+e, Vsdwldo Ghqvlw| ri XV Lq dwlrq 4<670<:

Iljv1 9+f, jlyhv kd}dug udwh hvwlpdwhv iru XV lq dwlrq1 Lq dwlrq kd}dugv fohduo|
shdn dw orz ohyhov +durxqg 6(,/ lqwhuphgldwh ohyhov +durxqg 9(, dqg orz wzr0gljlw
ohyhov +durxqg 43045(,1 Wkh 6( dqg 43045( shdnv duh erwk vwdwlvwlfdoo| vljql�fdqw
dqg wkhuh lv d idoo r� lq wkh kd}dug udwh durxqg ;(/ ehwzhhq wkh shdnv1 Wkh ulvlqj
kd}dug durxqg 49( lv lqvljql�fdqw dqg fdq eh ljqruhg/ ehlqj ghshqghqw rq rqo| d
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ihz revhuydwlrqv1 Ryhudoo/ wkhvh hvwlpdwhv lqglfdwh wkdw/ frqglwlrqdo rq wkhuh ehlqj
lq dwlrq/ klvwrulfdo h{shulhqfh ryhu wkh odvw 93 |hduv lq wkh XV lqglfdwhv wkdw wkh
suhgrplqdqw lq dwlrq ulvnv duh dw orz ohyhov dqg orz wzr0gljlw ohyhov1

Ilj1 9+f, XV Lq dwlrq kd}dug 4<6706:

Ilj1 9+g, XV Gh dwlrq Kd}dug 4<670<:

Iljv1 9+g, jlyhv kd}dug udwh hvwlpdwhv iru XV gh dwlrq1 Wkhvh duh edvhg rq
dq hvwlpdwh ri wkh ohiw vlghg kd}dug ixqfwlrq +54,1 Wkh xqeurnhq olqh lq Ilj1 9+g,
phdvxuhv wkh frqglwlrqdo ulvn ri lq dwlrq dw d sduwlfxodu udwh/ jlyhq wkdw lq dwlrq
lv qr juhdwhu wkdq wkdw sduwlfxodu udwh1 Wkxv/ zkhq wkdw lq dwlrq udwh lv qhjdwlyh/
wkh fxuyh phdvxuhv wkh frqglwlrqdo ulvn ri gh dwlrq1 Wkh hvwlpdwhv vkrzq lq Ilj1
9+g, lqglfdwh wkdw wkhuh lv d vljql�fdqw ulvn ri gh dwlrq durxqg wkh �4( ohyho1 Wkh
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ulvn wkhq idoov r� dqg vxevhtxhqwo| ulvhv djdlq wr dqrwkhu shdn durxqg�6=8(=> Wklv
shdn dqg wkh vxevhtxhqw kljkhu udwhv ri gh dwlrqdu| ulvn duh vwdwlvwlfdoo| lqvljql�fdqw
dqg duh edvhg rq rqo| d vlqjoh hslvrgh ri kljk gh dwlrqdu| udwhv h{shulhqfhg lq wkh
lqwhuzdu shulrg1 Lq vxp/ zh pd| wdnh wkhvh hvwlpdwhv dv lqglfdwlyh ri d qrq0qhjoljleoh
ulvn ri orz ohyhov ri gh dwlrq +durxqg �4(, edvhg rq klvwrulfdo XV h{shulhqfh1

716 Rslqlrq Sroo Gdwd= Ql{rq dqg Folqwrq dssurydo udwlqjv

Zh hqg wklv hpslulfdo vhfwlrq zlwk d eulhi dssolfdwlrq wr srolwlfdo rslqlrq sroo gdwd1
Olnh pdq| hfrqrplf wlph vhulhv/ wkhuh lv vxevwdqwldo hylghqfh wkdw suhvlghqwldo rslqlrq
sroo gdwd duh zhoo prghohg e| xqlw urrw surfhvvhv +h1j1 Eorrg dqg Skloolsv/ 4<<8 /
4<<:,1 Dv vxfk/ wklv w|sh ri gdwd lv dphqdeoh wr wkh w|sh ri ghvfulswlyh vwdwlvwlfdo
dqdo|vlv frqvlghuhg lq wklv sdshu1 Lq vrph uhvshfwv/ rxu dssurdfk lv sduwlfxoduo| xvhixo
zlwk gdwd ri wklv w|sh ehfdxvh wkh gdwd lv xvxdoo| qrw htxdoo| vsdfhg lq wlph/ pdnlqj
frqyhqwlrqdo glvfuhwh wlph prgholqj gl!fxow1 Iljv1 :+e, dqg ;+e, vkrz rslqlrq sroo
gdwd iru wkh Ql{rq dqg Folqwrq suhvlghqflhv1 Iurp wkhvh gdwd/ wkh vsdwldo ghqvlwlhv
zhuh frpsxwhg dqg duh vkrzq lq Iljv1 :+d, dqg ;+d,1

Ilj1 :+d, Vsdwldo Ghqvlw| ri Ql{rq Dssurydo Udwlqjv
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Ilj1 :+e, Suhvlghqw Ql{rq Dssurydo Udwlqjv

Dv lv dssduhqw iurp wkh wlph sorw ri wkh gdwd lq Ilj1 :+e,/ wkh odwwhu sduw ri
wkh Ql{rq suhvlghqf| zdv fkdudfwhul}hg e| d vkdus idoolqj r� lq wkh udwlqjv dv wkh
Zdwhujdwh fulvlv ixoplqdwhg1 Iru reylrxv uhdvrqv/ Ql{rq dssurydo udwlqjv gr qrw
iroorz d vwdwlrqdu| surfhvv1 Qhyhuwkhohvv/ zh pd| frqgxfw d vsdwldo ghqvlw| dqdo|vlv
dorqj wkh olqhv zh kdyh glvfxvvhg1 Wkh vsdwldo ghqvlw| hvwlpdwh vkrzq lq Ilj1 :+d,
pdqlihvwv wkh skhqrphqrq ri wkh h�hfwv ri wkh ixoplqdwlqj Zdwhujdwh fulvlv rq wkh
Ql{rq suhvlghqf| lq d uhpdundeo| fohdu elprgdolw| lq wkh Ql{rq dssurydo udwlqjv/
zlwk d vljql�fdqw orzhu prgh lq dssurydo durxqg 58(1

Ilj1 ;+d, Vsdwldo Ghqvlw| ri Folqwrq Dssurydo Udwlqjv
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Ilj1 ;+e, Suhvlghqw Folqwrq Dssurydo Udwlqjv

Ilj1 ;+e, jlyhv d wlph sorw ri wkh dssurydo udwlqjv iru Suhvlghqw Folqwrq/ xs wr
Qryhpehu 4<<:/ sulru wr wkh euhdnlqj ri wkh Ohzlqvnl vfdqgdo1 Wkh vsdwldo ghqvlw|
ri Folqwrq dssurydo udwlqjv duh vkrzq lq Ilj1 ;+d,1 Dssduhqwo|/ lw lv kdug wr uhmhfw
wkdw Folqwrq dssurydo udwlqjv duh xqlirupo| glvwulexwhg ryhu wkh uhjlrq ^73(> 93(` >
lqglfdwlqj d fohdu gl�huhqfh lq wkh vsdwldo glvwulexwlrq ri dssurydo udwlqjv ehwzhhq
wkh wzr suhvlghqflhv1 Reylrxvo|/ lw zloo eh ri lqwhuhvw wr xvh wkhvh phwkrgv wr dvvhvv
wkh h�hfwv ri wkh Ohzlqvnl vfdqgdo rq wkh vsdwldo glvwulexwlrq ri Folqwrq dssurydo
udwlqjv1

81 Frqfoxglqj Frpphqwv rq wkh Uhodwlrq wr Qrqsdud0
phwulf Phwkrgv

Hfrqrphwulf zrun/ olnh rwkhu dssolfdwlrqv ri vwdwlvwlfv/ lqyroyhv gdwd uhgxfwlrq1 Hyhq
ghvfulswlyh whfkqltxhv/ olnh wkh vsdwldo ghqvlwlhv dqg kd}dug udwhv wkdw duh dssolhg
khuh/ qhfhvvlwdwh d orvv ri lqirupdwlrq1 Wkhlu xvhixoqhvv frphv iurp wkh qhhg wr
glvfryhu uhjxodu ihdwxuhv ri wkh gdwd dqg frqyhqlhqw phdqv ri h{suhvvlrq iru wkhp/
wdvnv wkdw vhhpv wr eh pxfk pruh gl!fxow iru qrqvwdwlrqdu| gdwd wkdq wkh| gr iru
vwdwlrqdu| gdwd1 Krzhyhu/ zkloh zh qr orqjhu kdyh d iudphzrun ri wlph lqyduldqw
fkdudfwhulvwlfv wr uho| xsrq zkhq wkh gdwd duh qrqvwdwlrqdu|/ zh fdq �qg frqyhqlhqw
txdqwlwdwlyh uhsuhvhqwdwlrqv ri wkhlu vdpsoh fkdudfwhulvwlfv zlwkrxw ehlqj ghshqghqw
rq wkh xvh ri d vshfl�f prgho1 Wkxv/ zkhuhdv zh qr orqjhu kdyh �{hg srsxodwlrq
prphqwv ru d wlph lqyduldqw suredelolw| ghqvlw| wr uho| xsrq/ zh gr kdyh d zhoo
gh�qhg frqfhsw ri vsdwldo orfdwlrq wkdw kdv phdqlqj eh|rqg wkh lpphgldwh vdpsoh
gdwd1 Rxu dqdo|vlv vkrzv wkdw lw lv srvvleoh wr frqvwuxfw txdqwlwdwlyh phdvxuhv ri
vsdwldo ghqvlw| dqg dsso| wkhvh phdvxuhv lq dq lqirupdwlyh zd| wr d ydulhw| ri gl�huhqw
gdwd vhwv1 Rqfh wklv kdv ehhq grqh/ lw lv srvvleoh wr xvh wkhvh phdvxuhv lq ixuwkhu
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frqvwuxfwlyh zd|v wr hvwlpdwh lqwhuhvwlqj ixqfwlrqdov ri vsdwldo ghqvlwlhv olnh kd}dug
ixqfwlrqv1

Wkh whfkqltxhv glvfxvvhg dqg looxvwudwhg lq wklv sdshu kdyh d fhuwdlq uroh wr sod|
lq wkh rqjrlqj hyroxwlrq ri hfrqrphwulf phwkrgv1 Lq uhfhqw |hduv/ pxfk ri hfrqr0
phwulfv kdv ehhq frqfhuqhg zlwk dq dwwhpsw wr dfklhyh jhqhudolw| zkhuhyhu srvvleoh/
zlwkrxw vdful�flqj vshfl�flw| zkhuh lw frqqhfwv prvw forvho| wr xqghuo|lqj hfrqrplf
lghdv1 Rqh zd| ri dwwdlqlqj jhqhudolw| wkdw kdv ehfrph lqfuhdvlqjo| srsxodu lq erwk
plfurhfrqrphwulf dqg wlph vhulhv vwxglhv lv wkh xvh ri qrqsdudphwulf dqg vhplsdud0
phwulf whfkqltxhv1 Wkhvh whfkqltxhv vhhn wr dyrlg suhflvh irupxodwlrqv ru vshfl�f
ixqfwlrqdo uhsuhvhqwdwlrqv zkhuhyhu jhqhudolw| lv frqvlghuhg ghvludeoh dqg/ wkhuhe|/
lw lv krshg wkdw wkh whfkqltxhv zloo vlw pruh frpiruwdeo| zlwk devwudfw sursrvlwlrqv
ri hfrqrplf wkhru|1 Qhyhuwkhohvv/ h{lvwlqj ydolgdwlrq ri wkh xvh ri wkhvh whfkqltxhv
kdv uhvwhg rq wkh suhvhqfh ri lqyduldqw ixqfwlrqdo txdqwlwlhv/ olnh d suredelolw| ghq0
vlw| ru d vshfwuxp/ wkdw fdq eh hvwlpdwhg1 Zkdw wkh phwkrgv ri wklv sdshu vkrz
lv wkdw wkh qrwlrq ri d jhqhudo qrqsdudphwulf dssurdfk wr gdwd dqdo|vlv frqwlqxhv
wr uhwdlq ydolglw| hyhq zkhq wkh gdwd duh pdqlihvwo| qrqvwdwlrqdu| dqg wkhuh duh qr
xqghuo|lqj wlph lqyduldqw txdqwlwlhv wr hvwlpdwh1 Zkdw fkdqjhv lv qrw wkh dssurdfk
wr gdwd dqdo|vlv/ exw wkh lqwhusuhwdwlrq ri wkh hpslulfdo txdqwlwlhv wkdw hphujh iurp
d qrqsdudphwulf dqdo|vlv1 Iru qrqvwdwlrqdu| vhulhv/ wkhvh txdqwlwlhv vlpso| uh hfw
yduldwlrqdo ghfrpsrvlwlrqv dfurvv vsdfh udwkhu wkdq suredelolw| ghfrpsrvlwlrqv1

91 Qrwdwlrq

$@�r� doprvw vxuh frqyhujhqfh
$R frqyhujhqfh lq suredelolw|
@_ glvwulexwlrqdo htxlydohqfh
E +u, Eurzqldq prwlrq
EP

�
�2

�
Eurzqldq prwlrq zlwk yduldqfh �2

4 +D, lqglfdwru ri D

,>$_ zhdn frqyhujhqfh
^�` lqwhjhu sduw ri
u a v plq+u> v,
� htxlydohqfh
rR+4, whqgv wr }hur lq suredelolw|
r@�r�+4, whqgv wr }hur doprvw vxuho|

:1 Uhihuhqfhv

Eorrg/ G1 M1 dqg S1 F1 E1 Skloolsv +4<<8,1 �Uhfhvvlrq khdgolqhv/ frqvxphu vhqwlphqw/
wkh vwdwh ri wkh hfrqrp| dqg suhvlghqwldo srsxodulw|= D wlph vhulhv dqdo|vlv
4<;<04<<61� Lqwhuqdwlrqdo Mrxuqdo ri Sxeolf Rslqlrq Uhvhdufk/ Yro1 :/ 50551

Eorrg/ G1 M1 dqg S1 F1 E1 Skloolsv +4<<:,1 �Hfrqrplf khdgolqh qhzv rq wkh djhqgd=
qhz dssurdfkhv wr xqghuvwdqglqj fdxvhv dqg h�hfwv1� lq P1 PfFrpev/ G1 O1
Vkdz dqg G1 Zhdyhu +Hgv1, Frppxqlfdwlrq dqg Ghprfudf|= H{sorulqj wkh
Lqwhoohfwxdo Iurqwlhuv lq Djjhqgd0Vhwwlqj Wkhru|1 Orqgrq= Odzuhqfh Huoedxp1

Gl{lw/ D1 +4<<6,1 Wkh Duw ri Vprrwk Sdvwlqj1 Fkxu= Kduzrrg Dfdghplf Sxeolvkhuv1
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Hvsdvd/ D1 dqg M1 G1 Vdujdq +4<::,1 �Wkh vshfwudo hvwlpdwlrq ri vlpxowdqhrxv
htxdwlrq v|vwhpv zlwk odjjhg hqgrjhqhrxv yduldeohv�1 Lqwhuqdwlrqdo Hfrqrplf
Uhylhz/ 4;/ 8;609381

Kdqqdq/ H1 M1 +4<96,1 �Uhjuhvvlrq iru wlph vhulhv1� Lq P1 Urvhqeodww/ hg1/ Wlph
Vhulhv Dqdo|vlv1 Qhz \run= Zloh|/ ss1 4:�6:1

Ndudw}dv/ L1 dqg V1H1 Vkuhyh +4<;;,/ Eurzqldq Prwlrq dqg Vwrfkdvwlf Fdofxoxv/
Vsulqjhu�Yhuodj/ Qhz \run1

Nuxjpdq/ S1 +4<<4,1 �Wdujhw ]rqhv dqg H{fkdqjh Udwh G|qdplfv�/ Txduwhuo|
Mrxuqdo ri Hfrqrplfv/ Yro1 4391 99<09;51

Nuxjpdq/ S1 +4<<5,1 �H{fkdqjh udwhv lq d fxuuhqf| edqg= d vnhwfk ri wkh qhz
dssurdfk�1 lq S1 Nuxjpdq dqg P1 Ploohu +Hgv1, H{fkdqjh Udwh Wdujhwv dqg
Fxuuhqf| Edqgv1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

Skloolsv/ S1F1E1 +4<;;,/ �Pxowlsoh uhjuhvvlrq zlwk lqwhjudwhg surfhvvhv1� Lq Q1 X1
Sudekx/ +hg1,/ Vwdwlvwlfdo Lqihuhqfh iurp Vwrfkdvwlf Surfhvvhv/ Frqwhpsrudu|
Pdwkhpdwlfv ;3/ :<�4391

Skloolsv/ S1 F1 E1 +4<<;,= �Hfrqrphwulf Dqdo|vlv ri Ilvkhu*v Htxdwlrq� Frzohv Irxq0
gdwlrq Glvfxvvlrq Sdshu/ Qr1 44;31 Suhvhqwhg dw wkh Luylqj Ilvkhu Frqihuhqfh/
\doh Xqlyhuvlw|/ 4<<;1

Surwwhu/ S1 +4<<3,/ Vwrfkdvwlf lqwhjudwlrq dqg gl�huhqwldo htxdwlrqv/ Vsulqjhu/ Qhz
\run1

Uhyx}/ G1 dqg P1 \ru +4<<7,/ Frqwlqxrxv Pduwlqjdohv dqg Eurzqldq Prwlrq/ 5qg
hg1 Vsulqjhu�Yhuodj/ Qhz \run1

Vdujdq/ M1 G1 +4<86,1 �Dq dssur{lpdwh wuhdwphqw ri wkh surshuwlhv ri wkh fruuhor0
judp dqg shulrgrjudp�1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/ 48/
47304851

Vdujdq/ M1 G1 +4<8;,1 �Wkh hvwlpdwlrq ri hfrqrplf uhodwlrqvklsv xvlqj lqvwuxphqwdo
yduldeohv/� Hfrqrphwulfd 59/ 6<6�7481

Vdujdq/ M1 G1 +4<8<,1 �Wkh hvwlpdwlrq ri uhodwlrqvklsv zlwk dxwrfruuhodwhg uhvlgx0
dov e| wkh xvh ri wkh lqvwuxphqwdo yduldeohv/� Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo
Vrflhw|/ Vhulhv E/ 54/ <4�4381

Vlpv/ F1 D1 +4<;3,1 �Pdfurhfrqrplfv dqg uhdolw|/� Hfrqrphwulfd 7;/ 4�7;1

Vyhqvvrq/ O1 H1 R1 +4<<5,1 �Dq Lqwhusuhwdwlrq ri Uhfhqw Uhvhdufk rq H{fkdqjh Udwh
Wdujhw ]rqhv1� Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ Yro1 9/ 44<04771
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