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Abstract

Recent work by the author (1998) has shown that stochastic trends can be validly
represented in empirical regressions in terms of deterministic functions of time. These
representations offer an alternative mechanism for modelling stochastic trends. It is
shown here that the alternate representations affect the asymptotics of all commonly
used unit root tests in the presence of trends. In particular, the critical values of unit
root tests diverge when the number of deterministic regressors K — oo as the sample
size n — oo. In such circumstances, use of conventional critical values based on fixed
K will lead to rejection of the null of a unit root in favour of trend stationarity with
probability one when the null is true. The results can be interpreted as saying that
serious attempts to model trends by deterministic functions will always be successful
and that these functions can validly represent stochastically trending data even when
lagged variables are present in the regressor set, thereby undermining conventional
unit root tests.

Keywords: Deterministic trends; Divergent critical values; Large K asymptotics; Test
failure; Unit root distributions.

JEL Classification: C22



1. Introduction

Since Nelson and Plosser (1982) there has been a vast amount of empirical work con-
cerned with the issue of testing difference stationarity against trend stationarity. In
constructing such tests it is now common empirical practice to work with a general
maintained hypothesis embodying alternative specifications to a unit root model that
include a variety of deterministic trends and trend break functions. The latter offer
some interesting alternative explanations of data nonstationarity in terms of struc-
tural shifts. As is now well understood, the presence of such deterministic functions
in the regression affects the asymptotic distribution of all the usual statistical tests
for a unit root and does so under both null and local alternative hypotheses. This
means, of course, that the critical values of the tests change with the specification of
the deterministic trend functions, necessitating the use of different statistical tables
according to the precise specification of the fitted model. Figure 1 shows the asymp-
totic distributions of the coefficient based test in a regression with polynomial trends
of degrees p = 0,1, 2,5. Clearly, there is substantial sensitivity in the distribution as
the trend degree changes.

In a recent paper, the author (1998) has shown that deterministic trend specifi-
cations are not necessarily alternatives to a unit root model at all. More precisely,
unit root processes have limiting forms in terms of Brownian motion and continuous
stochastic processes such as Brownian motion have valid mathematical representa-
tions entirely in terms of deterministic functions. It is therefore possible to model
a unit root process in the limit with an R? of unity by regression on deterministic
trends. This result would appear to have certain important implications for unit root
modelling and testing. In particular, it indicates that one could mistakenly ‘reject’ a
unit root model in favour of a trend ‘alternative’ when in fact the alternative model
is nothing other than an alternate representation of the unit root process itself.

The purpose of the present paper is to make the heuristic argument in the last
paragraph precise. The paper is organized as follows. Section 2 gives the background
needed for the present development. Section 3 gives some preliminary theory and a
main result for unit root asymptotics when the number of deterministic regressors
(K) tends to infinity. Section 4 shows how to derive joint limit theory for a unit root
autoregression when both the sample size (n) and K tend to infinity under the side
condition that % — 0. Section 5 concludes, outlines some extensions, and discusses
some of the implications of the theory for applied work. Proofs are collected together
in Section 6 and notational conventions are summarised in Section 7.

2. Background Asymptotics

The development in this paper will concentrate on a unit root time series y; = 3¢ us,
whose increments wu; form a stationary time series with zero mean, finite absolute
moments to order p > 2, and long run variance 02 > 0, and which satisfies the
functional law

= B() = BM(0?), (1)



for which primitive conditions are well known (e.g., see Phillips and Solo, 1992). It is
convenient also to use the Hungarian strong approximation (e.g. Csorgo and Horvith,
1993) to y:, according to which we can construct a expanded probability space with
a Brownian motion B (-) for which

sup |yx — B(k)| = Oa-s.(nl/p)a

0<k<n
or L
Yk
sup |—= — — || = 04.5.(1). 2
02k |\ (”)' @ @

This gives the direct representation

yt—\/_n_l:B([n—T:]) +0a.s.(1)7 (3)

for (t—1)/n<r<t/n, t>1.
Phillips (1998) studied the asymptotic properties of regressions of y; on determin-
istic regressors of the type

Z bkgok ) + Uy (4)

or, equivalently (with aj = n~"/ 2bk),

Z akSOk aT (5)

when the regressors ¢, are the eigenfunctions of the covariance kernel, 0?r A s, of the
Brownian motion B. These functions have the form

¢r(r) = V2sin [(k — 1/2) 7] (6)

and constitute a complete orthonormal system in L2[0,1]. When combined with the

eigenvalues
4

(2k — 1)272’
of the covariance kernel, these functions deliver an orthonormal representation of the
Brownian motion B, viz.

Ap =

\/_Z sin | - 11//22 Wr]gk’ 7)

where the components £, are independently and indentically distributed (iid) as
N(0,0?). This series representation of B(r) is convergent almost surely and uni-
formly in r € [0,1]. The reader is referred e.g. to Shorack and Wellner (1986) for
more details on orthonormal representations of stochastic processes and to Phillips
(1998) for further discussion of (7) and related representations.



Let ag = (@) be the coefficients and ¢y, = (¢ (£)) be the K—vector of re-
gressors in (5). Let ¢ € RE be any vector with ccx =1, te gy be the usual least
squares regression t-ratio for the linear combination of coefficients cj ax, and let R?
be the regression coefficient of determination. The following two results largely come
from Phillips (1998) and give the asymptotic properties of these statistics when K
is fixed and when K — oco. Lemma 2.1 extends some of the early work on spurious
regressions contained in Phillips (1986) and Durlauf and Phillips (1988). Lemma 2.2
deals with complete limit representations and shows that the empirical regression (5)
succeeds in reproducing the entire Lo orthonormal representation (i.e., (7) above) of
B(-) when K — oo as n — oo provided that £ — 0.

2.1 Lemma For fized K, as n — oo we have:
~ d
() Chix = i Jo oxcB| £ N0, Awcerc),

(b) N2, @} = [] B2

YK’
—1/2 / 1 1o \V/2
(C) n tc'KaK = Cx |:[0 SOKB:| / (f() B@K) )
(d) R?=1- [} B2 / Js B2,
-1
where By, (-) = B (-)— (_fol B(p'K) <_f01 gngo’K> @ (+) is the Ly -projection residual

of B on ¢i, Ag = diag(M\, ..., \x), and A is the eigenvalue of the covariance
function o®r A s corresponding to oy,.

2.2 Lemma As K — oo, ¢ Agck tends to a positive constant 02 = Ac, where
c=(cx), A = diag(\, N, ...) and dc = 1. Moreover, if K — oo and K/n — 0 as
n — 00, we have:

(a) n ™t Y el = Ik +O (%)
(b) dyax = N(0,02);

(c) n 23 af 50,

(d) nfl/QtC%aK diverges,

(e) R? B 1.



2.3 Remarks

(a) In Lemma 2.2, the condition £ — 0 ensures that the matrix n 137" | 0

is positive definite and, as n — oo, it differs from the matrix

/0 oxc (5) oxc (5) ds = I,

where g (s) = (), (5)) by a term of O (£) = 0(1) as n — oo.

(b) As discussed in Phillips (1998), the divergence of the ¢—ratio ¢y 5, confirms
that the coefficients of the deterministic regressors will inevitably be deemed
significant as n — oo. This divergence also applies, but at a slightly reduced
rate, when robust standard errors are used in the construction of the ¢— ratio

(Phillips, 1998).

(c) Since R? 2 1, the empirical regression successfully reproduces the full ortho-
normal representation of the limit Brownian motion corresponding to the de-
pendent variable y;. This outcome also applies to regressions on linearly inde-
pendent deterministic functions other than the orthonormal set {¢,}. Thus,
modelling of stochastic trends by deterministic functions will inevitably be suc-
cessful in large samples of data in the sense that the alternate representations
in terms of these functions will be confirmed in statistical testing.

3. Main Results

This section extends the analysis of regressions of the form (5) by the inclusion of a
lagged dependent variable in the regression. The model conforms to the usual setting
for testing the presence of a unit root against trend stationarity. Thus, we consider
the typical autoregression with trend equation

K
~ t

Yo =PY—1+ Y brpp(=) + U i, 8
> i) ®
or such an equation augmented with lagged differences in the case of augmented
Dickey Fuller (ADF) tests. Our focus of interst will be the limit behavior of coefficient
based and t-ratio based unit root tests. At a substantial level of generality regarding
the increments wu;, semiparametric Z tests (Phillips, 1987; Phillips and Perron, 1988;
and Ouliaris, Park and Phillips, 1988) and ADF tests (Said and Dickey, 1984; Xiao
and Phillips, 1998) have the same limit distributions. In particular, the coefficient

tests behave as

1
W, dW
Z, ADF, = M (9)
p p T2
-]0 YK
and the t-ratio tests as .
W, dW
Zy, ADF, = Mfl (10)

(o we)*
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where W, (1) =W (-)— (_[01 Wgo’K> ((['01 <pK<p’K) ' @ (+) is the Ly -projection resid-
ual of W on ¢ and where W is standard Brownian motion.

The limit distribution (9) is shown in Fig. 2 for a selection of values of K. The
situation is analogous to that of Fig. 1, which shows a corresponding selection for the
case where ¢ is a polynomial of degree of K. In both cases, the limit distribution is
highly sensitive to the inclusion of additional deterministic regressors. Interestingly,
the distributions shown in Figs. 1 and 2 are very similar even though the deterministic
regressors are quite different.

Our purpose now is to find the limit form of these distributions as K — oco. Our
analysis will first use sequential limit theory, in which we consider the limit behavior
of (9) and (10) as K — oo. This is equivalent to taking limits as n — oo, followed
by K — oo, which we denote as (n, K — oo)seq. Subsequently, we will show that
the same results apply under the more general framework of joint limits whereby
n, K — oo simultaneously, which we denote as (n, K — oo0), under the condition
that % — 0. A general approach to multi-index asymptotics has been developed
recently in Phillips and Moon (1999) which gives some useful background theory. In
particular, this reference provides some conditions under which sequential and joint
limit behavior is the same. Unfortunately, the theory in Phillips and Moon (1999)
cannot be applied directly here because the multi-indexed random quantities are not
constituted from panels with iid cross section observations, as they are in that paper.
Section 4 therefore provides some alternative limit theory that applies in the present
case where the data is not multidimensional but involves two indexes which tend to
infinity as (n, K) — oo.

The following two lemmas characterize the limit behavior, as K — oo, of the
Brownian functionals that appear in the numerator and denominator of the unit root
distributions (9) and (10).

3.1 Lemma As K — oo

() fy WeredW —p =3

1
(b) K.fo WgK —p #
3.2 Lemma As K — o
(2) VE (_/;} W, dW + %) = 1N (0,1);
(b) VK (K Jowz W_g) = LN (0,2).

Joint convergence of (a) and (b) also holds and the limit distributions are independent.

The limit behavior of the unit root test statistics now follows directly and is given
in the next result.



3.3 Theorem As K — oo

(a)

(b)

()

fol IiVWKdW ~ _7r2K fol W%Kdmll
w2 2 1
B K (fol WgK)2

1 So WegdW | g2 2 1.4y,
JE(OJJWIT%K +2K>:>N(O,7r + 1),

1
Jo Were .\ = /R :N(0,1+g—i).
(fOlng)?

3.4 Discussion

(a)

Both the coefficient and t-ratio forms of the unit root limit distributions diverge
to —oo as K — oo. The critical values of these distributions that are used in
statistical tests of unit root distributions also diverge. Thus, in test situations
which are better approximated by K — oo as n — oo, we can expect that
conventional unit root tests relying on fixed K asymptotics will inevitably reject
the null hypothesis in favour of trend stationarity. Such situations may be
relevant in cases where a serious attempt is being made to model a nonstationary
series using deterministic regressors. Thus, while the conventional asymptotics
that rely on unit root distributions with detrended Brownian motion functionals
like ]61 W, dW/ ]61 W2 _ are formally correct for the given value of K in such a
regression, they may be considered less relevant than the large K asymptotics in
view of the serious effort being put into modeling the nonstationarity in terms
of deterministic functions. In such situations the large K asymptotics indicate
that we can expect to reject a stochastic trend in favor of the trend stationary
alternative.

Apparently, the limiting forms of both the coefficient and t-ratio forms of the
unit root distributions are normal as K — oo when appropriately centred and
scaled. The coefficient limit theory shown in part (b) of theorem 3.3 indicates
that scaling by \/—1? as well as recentering is required to achieve a well defined
limit distribution. Part (c) indicates that only recentering of the t-ratio limit
theory is required. Thus, the t-ratio test statistic is appropriately scaled, but
diverges to minus infinity as K — oco.

Both the limit normal distributions for the coefficient and t-ratio cases are cor-
roborated in the numerical results shown in Figs. 1 and 2. Each of these figures
also shows the new limiting normal approximation that applies for K = 5. The
approximations are surprisingly good for such a small value of K. CHECK &
INCLUDE ?RESULTS for large K.



4. Joint Limit Theory as (n, K — o)

We now explore the conditions under which the main results above apply when
K — o0 as n — oo. Our approach is to show that the sequential limit results as
(n, K — 00),,, that are used in the earlier derivations hold also for joint limits as

(n, K — oo) provided that the condition % — 0 holds. We will confine our attention
here to extending lemma 3.1 and the divergence result given in theorem 3.3(a).
We start by noting (see Phillips and Moon, 1999) that a multi-indexed sequence
Xk n converges in probability jointly to X, written Xg , —p X as (n, K — 00), if
lim P{||Xkn—X||>e}=0 Ve>0. (11)

n,K—o0

To establish (11) it is sufficient to show that as (n, X' — oo)
E||Xkn—X||* — 0.

Using this approach we can establish the joint limits in probability for the component
statistics of unit root tests arising from the regression (8). The two statistics of
primary interest are: (i) the residual moment matrix

Yy 1Qky-1, Qx=1-%g (CI),KCI)K)_I P,
where
Py = (Pk1y - PKn) »
and g, = (¢, (L)) as before; and (i) the sample covariance 3’| Qku.

We will look at the leading case where wu; is 72dN (0,02) , so that we need not
have to be concerned with serial correlation corrections in the analysis that follows.
The normality assumption simplifies the derivation but is not essential and could be
replaced by a fourth moment condition. The results for the more general case can be
expected to follow in a similar way, albeit with more complex derivations that allow
for the form of the parametric or nonparametric serial correlation corrections used in
the test statistics.

The limiting forms of the main statistics are given in the following result.

4.1 Lemma As (n, K — oo) with % — 0, we have:

(a) E(Zy 1Qxy-1) =S +0 (X + 1),
(b) B (Ly 1Qxu)=-% +0 (K +1);
As (n, K — o0o) with %4 — 0, we have:
(c) %?/_1QK?J—1 —p ;3;
2

(d) %yLlQKU —p _%'

The joint limit behavior of the unit root test statistics now follows directly and
we give the analogue of theorem 3.3 (a).



4.2 Theorem If (n, K — c0) and KT4 — 0, then

’K K
Z,, ADF, ~ —WT, Zi. ADF; ~ —”\g_.

4.3 Discussion This limit theory is obviously very different from that of the con-

ventional Z and ADF asymptotics for fixed K. If the conditions of theorem 4.2 are
relevant to the modeling approach, then the use of conventional critical values from
(9) and (10) for fixed K will lead to the false rejection of a unit root.

5. Conclusions

Earlier work by the author (1998) showed that serious attempts to model a stochas-
tic trend in terms of deterministic functions will always be successful, and is indeed
capable of producing an R? of unity in the limit. The present contribution shows
that this outcome remains true even when a lagged dependent variable is present
in the regression. In consequence, deterministic functions and lagged variables are
seen to jointly compete for the explanation of a stochastic trend in a time series.
In such a competition, the results confirm that the deterministic functions will al-
ways be successful, even when the correct model for the trend involves a unit root
autoregression.

One way of interpreting these asymptotic results is as follows. The more serious
is the attempt to model a stochastic trend by deterministic functions then the more
successful it will be, leading ultimately to the rejection of alternative explanations of
the trend like those provided by unit root processes. In interpreting the results in this
way, it is important to recognise that careful design of a deterministic trend function,
for any given realization of a time series, is certain to lead to a good deal of the low
frequency variation in the series being explained. Examples of such careful determin-
istic trend modeling abound in recent empirical work, especially in the application
of models with breaking trends. Such careful model design is, in practice, essentially
equivalent to the choice of a large number, K, of agnostic orthonormal regressors
like ¢, in performing regressions like those in (8). As such, one may expect that
regression asymptotics like those given in theorem 3.3 for multi index asymptotics
with (n, K — oo) may well be more relevant to the practical implementation of unit
root tests than conventional asymptotics for n — oo with fixed K. It would be useful
to perform some simulations to investigate these issues further in finite samples of
data.

Although our results reveal that deterministic trend regressors and lagged re-
gressors can both be used to model unit root processes, there are some important
issues attendant to modeling that are not discussed here. Two obvious issues are
parsimony and forecasting. From both these perspectives, there may be good rea-
sons for prefering the simplicity of lagged variable regressors to the complexity of
deterministic trend/trend break representations. Criteria for choosing between such
representations for trending time series have been explored recently in Phillips and



Ploberger (1996) and Phillips (1996). A recent analysis of how trending data affects
the capacity to reproduce the properties of the optimal predictor is given in Ploberger
and Phillips (1999). It is shown there that increasing the dimension of the parameter
space carries a price in terms of the quantitative bound of how close we can come
to the ‘true’ data generating process and, in consequence, how close we can repro-
duce the properties of the optimal predictor. It is further shown that this price goes
up when we have trending data and when we use trending regressors. These con-
siderations should play an important role in the choice between deterministic trend
regressors and lagged variables in modeling trending data.

6. Technical Appendix and Proofs

6.1 Proof of Lemma 2.1 See Phillips (1998), theorem 3.1.

6.2 Proof of Lemma 2.2 Let ®x¢ = @i ¢k, and note that gy = g (%) s a
continuously differentiable matrix function with bounded derivatives of all orders in
view of (6). Write, for =1 <s < L

Dy, = g (%) = Dy () + Y (s7) (f - s>

n
t

= e e + 80 () ().

with s* on the line segment between % and s for each component of ®x. Then, since
K < n, we have

n n t
Y ek = Z/:_I ¢k (s) o (5)' ds
t=1 n

—I—Z / (1) (% — s) ds
- [ ! o (5) oxc (5) ds

n na

sup _ sup  sup
1<i,j<K 1<t<n E[ i3




for some finite M > 0 that is independent of K. Also }% — s} < % uniformly for

se [ ,n] Using the matrix norm ||A|| = max; Z;il laij| , we have
(1 s*) t
CI) ——s|d < 2 _gld
( S) i1 Z/ n
n Jo n

Part (a) follows directly. Parts (b), (c), (d) and (e) are proved in Phillips (1998)
theorem 3.3. W

6.2 Proof of Lemmas 3.1 and 3.2 It is simplest to derive these two results to-
gether. To prove Part (a), we obtain an approximate representation of the stochastic
integral fol W, dW which reveals its limiting form and shows that as K — oo

B </01 W¢de> ~ —%, (12)
. < /0 1 W@de) o0, (13)

giving the stated result. Start by writing

/OIWgaKdW = /IWdW—(/IWsa}(> (/()1801(80,[()1(/01901@1”/)
_ /WdW (/ ngK) (/O ¢de>, (14)

whose expectation is
1 1
—-F {(/ ng’K> (/ ngdVV)} . (15)
0 0

To evaluate (15), use the orthonormal representation (7) which we write in the form

and

W (r) = oi () ALég + 90 (1) AZ€, |

where £, & | are vectors of independent standard normal variates, A = diag (A1, ..., A\g) ,

A = diag (Ak41,---), Y% = (¢1,-, ¢x) and ¢/| = (SOK-H’ ...) . Then, by the Ly or-
thogonality of ¢z and ¢, we have

1
A oW = ALy, (16)

and since @y is continuous we can apply integration by parts to (['01 Y dW giving
1 1
1
| exaw =exw - [ ew a7)

10



It follows that (15) is

—-F

-F

—tr

eak (ecow - [ 1 Aw)]

€ienboon ()€ bon )] + 2 [giea / A () <>)Af@4

K
E (foK) A[%(‘:DK (D (1)11\%] +tr { §K§K 1%( <

i [AWK (1)] + tr [AK (/0 D (1) o (r ))]

—SOK

1
) Axeg (1 +/o e (7 (1) (7).

As K — o0, (18) tends to

Now

so that

because

1
o (1) Ap(1) + /0 o (r) Mg (r)
= —Z/\kSDk +Z/\k/ o (1) o) (r).
k=1 b

[ ecod 0= [0t - [ e o,

| entrel 0= 5 [ec 0 =0 07] = G0 =1,

o (1) = (\/isin (k - %) W>2 _o

for all k. Hence,

since

1 o] oo o0
E(/ W@KdW> = _2Z>"“+Z)"f:_z)"“
0 k=1 k=1

ki
_ 1
- L
St 1 ad 1
= 4
2 ey

11



= (19)

2
which gives the result stated above in (12) .
To prove (13), we start by writing (14) in the following form using (16) and (17)

/OIWWKdW - %(W(1)2—1> </1W¢K> (/(JlngdW)
= 5 (war-1) - (sal) /Olsoﬁ?w)

(e
= %(W(l) —1 <§KA2> (wK ‘ALEx + ok (D%(D’ﬁ&)
<)

1 gt
+E A ( /
JO

Observe that for any K — vector b

y (/0 oD (1) o (r y>b z (/Olgo%( )w(ﬂ#/{)%(ﬂw@(ﬂ'ﬁ
- b’% <[<ﬂK (M ex ('] —/; o (1) oy WJF/; o1 ()9 W) ’

1
= §b/<PK (1) ¢k (1)Ib7

K5K+5KA2 (/0 (1)( )y (r ))Aéér

so that
C s () AU L, 4 .
eh ([ o e ) ) Mt = 5o (D px (1 A

and thus

'L 1 1 1 1 1 1
[ Wodi = 5 (W02 =1) = Feehiepn () exc (1) At = Ekhepr (Do (1) A6

sk ([ o0 Mes
= 5 (WP = 1) — ek fon (Dox (1) Aféx
—g'KAi ( /0 el 07 ) Ak,
= + Erchior ()¢, (1) AT¢, + %&Ai@ (1), (1) ATE,
ik ([ ox (7). (20)

12



Note that

()Aifj_— Z )‘kSOk )& =N (0,0, (1) ALp, (1)),

k=K+1
and
[ele] o0 )
2
P A )= 3 M= Y ——
k=K+1 k=K+1( _5) T

It follows that

1 T, 2 1 1
[ Weeaw =g +énk ([l 0o 07 ) ade o (1) e

Hence,

ar(/;WsoKdW)=tr[AK(/Olsé?(r)mr)’)m(/;m> A 0 )|+ (%)

Now introduce the standard Brownian motion V defined in terms of its orthonormal
representation as

V(1) = € A2 () + o, (r) A,

where 7| = (77 K1 ) is a vector of iid standard normal variates, independent of £
and £ | . The process V (r) is independent of £ | . Hence, in view of the continuity of
the elements of ¢ | (r), we may write

L 1 i 1 i
€A ( [ e <r>’) Meo = [ ave, (7 Al 140, )
= N(0,81A &) [1+o0,(1)],

as K — oo. Next, observe that

EAE = ) Mk,

k=K+1
and
> 1
E(¢ALE)) = Z = Y ——.
k=K1 k=K+1 (k_%)QWQ
As K — oo,
K [ dx K 1
E (& A ~ — ~ — 22
(€LAL€)) 7 s (m_%)z KD - (22)
and

Var (¢ A€)) = Z N =0 ( )

k=K+1

13



so that
1

K¢\ ALEL = = (23)

Hence,

1 -1 1
Vﬁ&ﬂ%(é%ﬁWﬂ%ﬂﬂvAﬁ; N (0,KEALE) [ op(1)] (24)

1
—N(0,1).
= —N(0,1)

We deduce that

. 1 1
\/?UO W¢de+§} = =N (0,1),

1
1

E </ WSDKdI/I/) -
Jo 2

as required for Part (a) of lemmas 3.1 and 3.2.
For Part (b) of Lemma 3.1, observe that

and

1
AW@=&MQ,

and, thus, from (23)

‘1 1
K[ WE = K€ == (25)
as required. Next, consider
! 2 1 _ IA 1
K ; WSDK—E = K¢ LfL—ﬁ
x 0. 0) 1
= K Y ME-1D+K > M= —
k=K-+1 k=K+1
> 1
- K Y ng-n+o(g).
k=K+1
since
= 1 K[ & 1 0 dx
K> M—— = 7(2 72—/ 72>
k=K +1 T ™\ (B —3) K+1 (2 - 3)
1 "0 d
WL <K [ _1>
™ JK+1 (.’17 — 5)

K > 1 1 1
- Wg(k;mj(k_%f (k_% k+%>



It follows that

ﬂ?(K/OIWe?K—%> -3 vaeo(Gr)

Now the variates

T

k=K-+1

2 1
= 5K (K +1)°
~ o)

as K — oo. It follows by the Martingale central limit theorem that

oo

% 3 %(gg_m;wv(o,g).

k=K+1 (k - 5)

VK T L (0,2
K K o VK — ﬁ = p 07 g )
as required.

Finally, consider the joint distribution. From (21), (24) and (26) we have the
representation

VE | Jy WeredW + 3
VK (K fol W‘/QJK —

Hence,

N (0,K¢ ALE) [12+ op (1)] o7
## ZO:K+1 (kf_(%)z (f% — 1) + 0p (1) > ( )

72
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and, since K¢’ A | €| converges in probability to a constant as shown in (25), the two
elements of (27) are asymptotically independent.

6.3 Proof of Theorem 3.3 Part (a) is an immediate consequence of Lemma 3.2.
In particular, we have

1

Jo WeredW — —5K
1 1
./0 ngK 72

and

1 1

Wy, dW  —sVK

.fO YK =~ 21 +0p(1)20< /K>.
JO YK

For Part (b), write

1 2 1
1 <./0 WeoKdW+ %) + 2 <K.Io Ws%K - L)

1 (_[OlwgaKdeLﬁ_?K) _ .
VE\ [y, 2 VK Jo W2,
VR (W )+ EVE (K W2, - %)
- K [y W2,
L AN+ EEN ()

1
= N (O,wz + —7r4> ,
6
which 1s the stated result. For the ¢{— ratio limit distribution
1
1 1 T T2 Y2 1
1 W, dW+35)+5 (VK fW — =
w. dW <f0 YK 2) 2 ( < 0 SDK) 7r>
Jo Wex -+ g VE| =
1 2 -1 2
(fomz,) (o wz,)

[

N[

VE (I} Wy + ) + 5VE (VE (w2, )" -4
= 1
(s m2,)°
_ 2N O +f%N (0,%)

= Nvo+In(02) =N (0145
— 7 4 73 - 9 24 7

where the third line follows by a delta method calculation involving

(v (fws) ) g (i [, L) = T (02),
|
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6.4 Proof of Lemma 4.1 To prove part (a) we need to show that as (n, K — o)

K, o? K 1
E (ﬁleKyﬂ) = +0 (z + E) .

Note that E (y_1y' ;) = d?LL' = 0%Q, say, where L is a lower triangular matrix with
unity in all elements in and below the main diagonal. Then,

with £ — 0

E <%3/1QK?J—1> - By {Q (I — P (V) Q}()}

n2

= —trQ ) Z 0L

K
_ 2
= 2 n2Z P2
j= 1

- AR (1) () 0

t,5=1

— UQK%—UQKXK:AIAlwk(T) (TAp)s%(p)drdP*O(%)

k=1

. (% —XK:Ak> +0 (%)

1

since

i 1 _7r2
= k-3 2

from (19) above (see also Gradshteyn and Ryzhik, 1994, formula 0.234-2). Also, as
n (22), we find that as K — oo

K Y Ak=%+o<%>, (28)

and the stated result follows immediately.
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For part (b) we need to show that

1 o?

Note that
E<%y'_1QKu> = UQ%tr{(I—CDK (<1>;(<1>K)*1<1>’K) (L—I)}
- %Qt {cpK(cb’chK) @K(I—L)}
= UQ%KU_szz;:;Lfkn
- o(5)tEm e
K
= o)y [ e [a
Note that -
/Olgak(r)/orgok(p)dpdr _ 2/Oisin< %)m‘)/orsin<(k
: 1 1
_ 2/0 s-n< QEWT) =
2

(=D~ '
= wpe b ()
) ’f—lé)ﬂl(’ffé)ﬂ[_ws( k_%)
1 1
_(k—%)w[(%—l)w o8
_ (k_lé)% [2—%[—(—1)2’“ 1+1H
1
IR

1
It follows from (29), (30) and (19) that

1 & 1 K
E (5QI_1QKU) = —;Z 1y +0 (?)




- S (@] )

o2 K 1
= 2 io(24+=
2+ (n+K>’

giving the stated result.
For part (c) it is sufficient to show that under the stated conditions

K
Var (—Qy’_lQKy1> — 0.
n
Let y = Lu, where w = N (0,1,,) . Then, Q = 0?LL' and
’ o . ot / =1 =
v Qry_1=u'Agu, with Ag = L [I — By (P @K} L.

Then

K K\?
Var <§y/_1QKy—1> = (ﬁ) Var (u' Agu)

KQ

Evaluating tr (A%() we find

1 K 1 K
K 2 1 5
= tr (0% [1+O <ﬁ>} = ~tr () + —tr (P QPk) . (32)
Clearly

(trQ)? = o f:j 2 =ot <@>2

and the k’'th diagonal element of Q? is 0% [Zf;ll P2 (n—k+ 1)} , so that

tr (QQ) = 042”:




Il
—
|
wil o
7 N

3
£)

[\
_I_
=
N——
)
| =

n(n+1) 0ot 1)(@n+1) <n+1>}04

2 6 2
Moreover
1 1 K n ¢ s
Etr (JQ'KQQ@K) = - Z Z Pk (5) [QQ]t,s Pr <5)
k=1ts=1
1 & t\ 1 s
- " S 5) R ()

_oaan~ L L\tAgans (s
- UnZnS Z@k n n n SOk(n)
k=1 t,8,q=1
K 1 1 s K
— oipt Z/ / / o (1) (r Ap) (p Au) ¢y, (w) drdpdu + O (n4z>
i— /0 Jo Jo
K 1,1
= (’4”4ZA’“ / / ¢r, (r) (r Ap) @y, (p) drdp + O (n*K)
= 42/\2

— ot Z)‘% L0 (nSK) . (34)
k=1

By a similar calculation we find

<Pk 2dr+0 (n’K)

o\

%tr(@’KQ@K)Q
o {z ()ensn )] [S o) unn )
S OICOMOIIESSMOTESIG
//Spk r) (r Ap) g (p drdp] // TAp)gOk()drdp}—}—O(n‘LE)

st |
— o't i :A, /0 1 or (1) @ () dr} {Ak/o 1 1 (r) @r (TW] +0("4K72)
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Hence, combining (32)-(35) we get

K
tr (A%() = én404 —ntot Z N+ 0 (n3K2)
k=1
1 1 < 5 o
= 6n —42 O (n*K?). (36)
k=1
Next
K 00 1
— 4 :24
2 e {Z w0 ()
- ol
= %*0(@)‘6 <ﬁ> (37)

where the formula for the infinite sum in the penultimate line is given for example in
Gradshteyn and Ryzhik (1980, formula 0.234-5).
It follows from (36) and (37) that

tr (A%) = O (WPK?) + 0 <K2>

Thus, from (31)

K K? ) K* 1
Var <ﬁyl_1QKy1) = FQW (AK) =0 <— + ?>

n

and the stated result (c) follows immediately.
For part (d) it is sufficient to show that

1
Var <Ey'1QKu> — 0.

Write 1 1
g?/qQKU = Eul—lLIQKU

6. Notation

—a.s. almost sure convergence =, —,; weak convergence
—p convergence in probability H integer part of
=4 istributional equivalence rASs min(r, s
distribut 1 1 A ,
= definitional equality = equivalence
(r) standard Brownian motion op(1) tends to zero in probability
BM (02) Brownian motion with variance 02 04 (1) tends to zero almost surely
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1
Unit Root Density of L)IVIV% with! X' = (1,7, ...,7P) .
0 X

'Here W is standard Brownian motion and Wx is the Lo projection residual of W on X.
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