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QHZXQLW URRW DV\PSWRWLFV LQ WKH
SUHVHQFH RI GHWHUPLQLVWLF WUHQGV4

Shwhu F1 E1 Skloolsv
Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv

\doh Xqlyhuvlw|

)
Wkh Xqlyhuvlw| ri Dxfnodqg

49 Vhswhpehu 4<<;

4Wklv sdshu zdv zulwwhq zkloh wkh dxwkru zdv ylvlwlqj wkh Xqlyhuvlw| ri Dxfnodqg lq Mxo|
dqg Dxjxvw ri 4<<; dqg olylqj rq Zdlkhnh Lvodqg1 Vrph ri wkh uhvxowv zhuh uhsruwhg e| wkh
dxwkru lq wkh frxuvh ri d pruh jhqhudo ohfwxuh rq vsxulrxv uhjuhvvlrqv dw wkh HF5 Frqihuhqfh
lq Dpvwhugdp lq Ghfhpehu/ 4<<:1 Wkh dxwkru wkdqnv wkh Ghsduwphqw ri Hfrqrplfv dw wkh
Xqlyhuvlw| ri Dxfnodqg iru lwv krvslwdolw| dqg wkh QVI iru uhvhdufk vxssruw xqghu Judqw Qr1
VEU <7�55<551 Wkh sdshu zdv w|shg e| wkh dxwkru lq VZ5181



Devwudfw

Uhfhqw zrun e| wkh dxwkru +4<<;, kdv vkrzq wkdw vwrfkdvwlf wuhqgv fdq eh ydolgo|
uhsuhvhqwhg lq hpslulfdo uhjuhvvlrqv lq whupv ri ghwhuplqlvwlf ixqfwlrqv ri wlph1 Wkhvh
uhsuhvhqwdwlrqv r�hu dq dowhuqdwlyh phfkdqlvp iru prghoolqj vwrfkdvwlf wuhqgv1 Lw lv
vkrzq khuh wkdw wkh dowhuqdwh uhsuhvhqwdwlrqv d�hfw wkh dv|pswrwlfv ri doo frpprqo|
xvhg xqlw urrw whvwv lq wkh suhvhqfh ri wuhqgv1 Lq sduwlfxodu/ wkh fulwlfdo ydoxhv ri xqlw
urrw whvwv glyhujh zkhq wkh qxpehu ri ghwhuplqlvwlf uhjuhvvruv N $ 4 dv wkh vdpsoh
vl}h q $ 4= Lq vxfk flufxpvwdqfhv/ xvh ri frqyhqwlrqdo fulwlfdo ydoxhv edvhg rq �{hg
N zloo ohdg wr uhmhfwlrq ri wkh qxoo ri d xqlw urrw lq idyrxu ri wuhqg vwdwlrqdulw| zlwk
suredelolw| rqh zkhq wkh qxoo lv wuxh1 Wkh uhvxowv fdq eh lqwhusuhwhg dv vd|lqj wkdw
vhulrxv dwwhpswv wr prgho wuhqgv e| ghwhuplqlvwlf ixqfwlrqv zloo dozd|v eh vxffhvvixo
dqg wkdw wkhvh ixqfwlrqv fdq ydolgo| uhsuhvhqw vwrfkdvwlfdoo| wuhqglqj gdwd hyhq zkhq
odjjhg yduldeohv duh suhvhqw lq wkh uhjuhvvru vhw/ wkhuhe| xqghuplqlqj frqyhqwlrqdo
xqlw urrw whvwv1

Nh|zrugv= Ghwhuplqlvwlf wuhqgv> Glyhujhqw fulwlfdo ydoxhv> OdujhN dv|pswrwlfv> Whvw
idloxuh> Xqlw urrw glvwulexwlrqv1

MHO Fodvvl�fdwlrq= F55



41 Lqwurgxfwlrq

Vlqfh Qhovrq dqg Sorvvhu +4<;5, wkhuh kdv ehhq d ydvw dprxqw ri hpslulfdo zrun frq0
fhuqhg zlwk wkh lvvxh ri whvwlqj gl�huhqfh vwdwlrqdulw| djdlqvw wuhqg vwdwlrqdulw|1 Lq
frqvwuxfwlqj vxfk whvwv lw lv qrz frpprq hpslulfdo sudfwlfh wr zrun zlwk d jhqhudo
pdlqwdlqhg k|srwkhvlv hperg|lqj dowhuqdwlyh vshfl�fdwlrqv wr d xqlw urrw prgho wkdw
lqfoxgh d ydulhw| ri ghwhuplqlvwlf wuhqgv dqg wuhqg euhdn ixqfwlrqv1 Wkh odwwhu r�hu
vrph lqwhuhvwlqj dowhuqdwlyh h{sodqdwlrqv ri gdwd qrqvwdwlrqdulw| lq whupv ri vwuxf0
wxudo vkliwv1 Dv lv qrz zhoo xqghuvwrrg/ wkh suhvhqfh ri vxfk ghwhuplqlvwlf ixqfwlrqv
lq wkh uhjuhvvlrq d�hfwv wkh dv|pswrwlf glvwulexwlrq ri doo wkh xvxdo vwdwlvwlfdo whvwv
iru d xqlw urrw dqg grhv vr xqghu erwk qxoo dqg orfdo dowhuqdwlyh k|srwkhvhv1 Wklv
phdqv/ ri frxuvh/ wkdw wkh fulwlfdo ydoxhv ri wkh whvwv fkdqjh zlwk wkh vshfl�fdwlrq ri
wkh ghwhuplqlvwlf wuhqg ixqfwlrqv/ qhfhvvlwdwlqj wkh xvh ri gl�huhqw vwdwlvwlfdo wdeohv
dffruglqj wr wkh suhflvh vshfl�fdwlrq ri wkh �wwhg prgho1 Iljxuh 4 vkrzv wkh dv|ps0
wrwlf glvwulexwlrqv ri wkh frh!flhqw edvhg whvw lq d uhjuhvvlrq zlwk sro|qrpldo wuhqgv
ri ghjuhhv s @ 3> 4> 5> 8= Fohduo|/ wkhuh lv vxevwdqwldo vhqvlwlylw| lq wkh glvwulexwlrq dv
wkh wuhqg ghjuhh fkdqjhv1

Lq d uhfhqw sdshu/ wkh dxwkru +4<<;, kdv vkrzq wkdw ghwhuplqlvwlf wuhqg vshfl�0
fdwlrqv duh qrw qhfhvvdulo| dowhuqdwlyhv wr d xqlw urrw prgho dw doo1 Pruh suhflvho|/
xqlw urrw surfhvvhv kdyh olplwlqj irupv lq whupv ri Eurzqldq prwlrq dqg frqwlqxrxv
vwrfkdvwlf surfhvvhv vxfk dv Eurzqldq prwlrq kdyh ydolg pdwkhpdwlfdo uhsuhvhqwd0
wlrqv hqwluho| lq whupv ri ghwhuplqlvwlf ixqfwlrqv1 Lw lv wkhuhiruh srvvleoh wr prgho
d xqlw urrw surfhvv lq wkh olplw zlwk dq U2 ri xqlw| e| uhjuhvvlrq rq ghwhuplqlvwlf
wuhqgv1 Wklv uhvxow zrxog dsshdu wr kdyh fhuwdlq lpsruwdqw lpsolfdwlrqv iru xqlw urrw
prghoolqj dqg whvwlqj1 Lq sduwlfxodu/ lw lqglfdwhv wkdw rqh frxog plvwdnhqo| cuhmhfw* d
xqlw urrw prgho lq idyrxu ri d wuhqg cdowhuqdwlyh* zkhq lq idfw wkh dowhuqdwlyh prgho
lv qrwklqj rwkhu wkdq dq dowhuqdwh uhsuhvhqwdwlrq ri wkh xqlw urrw surfhvv lwvhoi1

Wkh sxusrvh ri wkh suhvhqw sdshu lv wr pdnh wkh khxulvwlf dujxphqw lq wkh odvw
sdudjudsk suhflvh1 Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 jlyhv wkh edfnjurxqg
qhhghg iru wkh suhvhqw ghyhorsphqw1 Vhfwlrq 6 jlyhv vrph suholplqdu| wkhru| dqg d
pdlq uhvxow iru xqlw urrw dv|pswrwlfv zkhq wkh qxpehu ri ghwhuplqlvwlf uhjuhvvruv
+N, whqgv wr lq�qlw|1 Vhfwlrq 7 vkrzv krz wr ghulyh mrlqw olplw wkhru| iru d xqlw urrw
dxwruhjuhvvlrq zkhq erwk wkh vdpsoh vl}h +q, dqg N whqg wr lq�qlw| xqghu wkh vlgh
frqglwlrq wkdw g

? $ 3= Vhfwlrq 8 frqfoxghv/ rxwolqhv vrph h{whqvlrqv/ dqg glvfxvvhv
vrph ri wkh lpsolfdwlrqv ri wkh wkhru| iru dssolhg zrun1 Surriv duh froohfwhg wrjhwkhu
lq Vhfwlrq 9 dqg qrwdwlrqdo frqyhqwlrqv duh vxppdulvhg lq Vhfwlrq :1

51 Edfnjurxqg Dv|pswrwlfv

Wkh ghyhorsphqw lq wklv sdshu zloo frqfhqwudwh rq d xqlw urrw wlph vhulhv || @ 	|
�xr>

zkrvh lqfuhphqwv x| irup d vwdwlrqdu| wlph vhulhv zlwk }hur phdq/ �qlwh devroxwh
prphqwv wr rughu s A 5> dqg orqj uxq yduldqfh �2 A 3> dqg zklfk vdwlv�hv wkh
ixqfwlrqdo odz |d?uos

q
, E+�, � EP+�2,> +4,
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iru zklfk sulplwlyh frqglwlrqv duh zhoo nqrzq +h1j1/ vhh Skloolsv dqg Vror/ 4<<5,1 Lw lv
frqyhqlhqw dovr wr xvh wkh Kxqjduldq vwurqj dssur{lpdwlrq +h1j1 Fvùujø dqg Kruyäwk/
4<<6, wr ||> dffruglqj wr zklfk zh fdq frqvwuxfw d h{sdqghg suredelolw| vsdfh zlwk
d Eurzqldq prwlrq E +�, iru zklfk

vxs
f$&$?

m|& �E+n,m @ r@�r�+q
�*R,>

ru

vxs
f$&$?

���� |&sq
�E

�
n

q

����� @ r@�r�+4,= +5,

Wklv jlyhv wkh gluhfw uhsuhvhqwdwlrq

||3�s
q
@E+

^qu`

q
, . r@�r�+4,> +6,

iru +w� 4,@q � u ? w@q> w A 4=
Skloolsv +4<<;, vwxglhg wkh dv|pswrwlf surshuwlhv ri uhjuhvvlrqv ri || rq ghwhuplq0

lvwlf uhjuhvvruv ri wkh w|sh

|| @
g[
&'�

ee&*&+
w

q
, . ex| +7,

ru/ htxlydohqwo| +zlwk ed& @ q3�*2ee&,/
||s
q
@

g[
&'�

ed&*&+
w

q
, .

ex|s
q

+8,

zkhq wkh uhjuhvvruv *& duh wkh hljhqixqfwlrqv ri wkh fryduldqfh nhuqho/ �2ua v> ri wkh
Eurzqldq prwlrq E= Wkhvh ixqfwlrqv kdyh wkh irup

*&+u, @
s
5 vlq ^+n � 4@5,�u` +9,

dqg frqvwlwxwh d frpsohwh ruwkrqrupdo v|vwhp lq O2^3> 4`1 Zkhq frpelqhg zlwk wkh
hljhqydoxhv

�& @
7

+5n � 4,2�2
>

ri wkh fryduldqfh nhuqho/ wkhvh ixqfwlrqv gholyhu dq ruwkrqrupdo uhsuhvhqwdwlrq ri wkh
Eurzqldq prwlrq E> yl}1

E+u, @
s
5
"[
&'�

vlq ^+n � 4@5,�u`

+n � 4@5,�
�&> +:,

zkhuh wkh frpsrqhqwv �& duh lqghshqghqwo| dqg lqghqwlfdoo| glvwulexwhg +llg, dv
Q+3> �2,= Wklv vhulhv uhsuhvhqwdwlrq ri E+u, lv frqyhujhqw doprvw vxuho| dqg xql0
irupo| lq u 5 ^3> 4`= Wkh uhdghu lv uhihuuhg h1j1 wr Vkrudfn dqg Zhooqhu +4<;9, iru
pruh ghwdlov rq ruwkrqrupdo uhsuhvhqwdwlrqv ri vwrfkdvwlf surfhvvhv dqg wr Skloolsv
+4<<;, iru ixuwkhu glvfxvvlrq ri +:, dqg uhodwhg uhsuhvhqwdwlrqv1

5



Ohw edg @ +ed&, eh wkh frh!flhqwv dqg *g| @
�
*&

�
|
?

��
eh wkh N�yhfwru ri uh0

juhvvruv lq +8, = Ohw fg 5 U
g eh dq| yhfwru zlwk f�gfg @ 4> wS�

g
e@g eh wkh xvxdo ohdvw

vtxduhv uhjuhvvlrq w0udwlr iru wkh olqhdu frpelqdwlrq ri frh!flhqwv f�gdg > dqg ohw U2

eh wkh uhjuhvvlrq frh!flhqw ri ghwhuplqdwlrq1 Wkh iroorzlqj wzr uhvxowv odujho| frph
iurp Skloolsv +4<<;, dqg jlyh wkh dv|pswrwlf surshuwlhv ri wkhvh vwdwlvwlfv zkhq N
lv �{hg dqg zkhq N $ 4= Ohppd 514 h{whqgv vrph ri wkh hduo| zrun rq vsxulrxv
uhjuhvvlrqv frqwdlqhg lq Skloolsv +4<;9, dqg Gxuodxi dqg Skloolsv +4<;;,1 Ohppd 515
ghdov zlwk frpsohwh olplw uhsuhvhqwdwlrqv dqg vkrzv wkdw wkh hpslulfdo uhjuhvvlrq +8,
vxffhhgv lq uhsurgxflqj wkh hqwluh O2 ruwkrqrupdo uhsuhvhqwdwlrq +l1h1/ +:, deryh, ri
E+�, zkhq N $ 4 dv q $ 4 surylghg wkdw g

? $ 3=

514 Ohppd Iru �{hg N> dv q $ 4 zh kdyh=

+d, f�gedg , f�g
kU �

f *gE
l

_
@ Q+3> f�g�gfg,>

+e, q32
S?

|'� ex2| , U �
f E2

)g
>

+f, q3�*2wS�
g
e@g , f�g

kU �
f *gE

l
@
�U �

f E2
)g

��*2
>

+g, U2 , 4� U �
f E2

)g
@
U �
f E2>

zkhuh E)g +�, @ E +�,�
�U �

f E*�g
��U �

f *g*�g
�3�

*g +�, lv wkh O2 0surmhfwlrq uhvlgxdo

ri E rq *g > �g @ gldj+��> ===> �g,> dqg �& lv wkh hljhqydoxh ri wkh fryduldqfh
ixqfwlrq �2u a v fruuhvsrqglqj wr *&=

515 Ohppd Dv N $ 4> f�g�gfg whqgv wr d srvlwlyh frqvwdqw �2
S @ f��f> zkhuh

f @ +f&, > � @ gldj+��> �2> ===, dqg f�f @ 41 Pruhryhu/ li N $ 4 dqg N@q $ 3 dv
q $ 4> zh kdyh=

+d, q3�
S?

|'�*g|*
�
g| @ Lg .R

�
g
?

�
>

+e, f�gedg , Q+3> �2S,>

+f, q32
S?

|'� ex2| R$ 3>

+g, q3�*2wS�
g
e@g glyhujhv/

+h, U2 R$ 4=
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516 Uhpdunv

+d, Lq Ohppd 515/ wkh frqglwlrq g
? $ 3 hqvxuhv wkdw wkh pdwul{ q3�

S?
|'�*g|*

�
g|

lv srvlwlyh gh�qlwh dqg/ dv q $ 4> lw gl�huv iurp wkh pdwul{] �

f
*g +v,*g +v,� gv @ Lg >

zkhuh *g +v, @ +*& +v,, e| d whup ri R
�
g
?

�
@ r +4, dv q $ 4=

+e, Dv glvfxvvhg lq Skloolsv +4<<;,/ wkh glyhujhqfh ri wkh w�udwlr wS�
g
e@g frq�upv

wkdw wkh frh!flhqwv ri wkh ghwhuplqlvwlf uhjuhvvruv zloo lqhylwdeo| eh ghhphg
vljql�fdqw dv q $ 4= Wklv glyhujhqfh dovr dssolhv/ exw dw d voljkwo| uhgxfhg
udwh/ zkhq urexvw vwdqgdug huuruv duh xvhg lq wkh frqvwuxfwlrq ri wkh w� udwlr
+Skloolsv/ 4<<;,1

+f, Vlqfh U2 R$ 4> wkh hpslulfdo uhjuhvvlrq vxffhvvixoo| uhsurgxfhv wkh ixoo ruwkr0
qrupdo uhsuhvhqwdwlrq ri wkh olplw Eurzqldq prwlrq fruuhvsrqglqj wr wkh gh0
shqghqw yduldeoh ||= Wklv rxwfrph dovr dssolhv wr uhjuhvvlrqv rq olqhduo| lqgh0
shqghqw ghwhuplqlvwlf ixqfwlrqv rwkhu wkdq wkh ruwkrqrupdo vhw i*&j = Wkxv/
prghoolqj ri vwrfkdvwlf wuhqgv e| ghwhuplqlvwlf ixqfwlrqv zloo lqhylwdeo| eh vxf0
fhvvixo lq odujh vdpsohv ri gdwd lq wkh vhqvh wkdw wkh dowhuqdwh uhsuhvhqwdwlrqv
lq whupv ri wkhvh ixqfwlrqv zloo eh frq�uphg lq vwdwlvwlfdo whvwlqj1

61 Pdlq Uhvxowv

Wklv vhfwlrq h{whqgv wkh dqdo|vlv ri uhjuhvvlrqv ri wkh irup +8, e| wkh lqfoxvlrq ri d
odjjhg ghshqghqw yduldeoh lq wkh uhjuhvvlrq1 Wkh prgho frqirupv wr wkh xvxdo vhwwlqj
iru whvwlqj wkh suhvhqfh ri d xqlw urrw djdlqvw wuhqg vwdwlrqdulw|1 Wkxv/ zh frqvlghu
wkh w|slfdo dxwruhjuhvvlrq zlwk wuhqg htxdwlrq

|| @ e�||3� . g[
&'�

ee&*&+
w

q
, . ex|cg > +;,

ru vxfk dq htxdwlrq dxjphqwhg zlwk odjjhg gl�huhqfhv lq wkh fdvh ri dxjphqwhg
Glfnh| Ixoohu +DGI , whvwv1 Rxu irfxv ri lqwhuvw zloo eh wkh olplw ehkdylru ri frh!flhqw
edvhg dqg w0udwlr edvhg xqlw urrw whvwv1 Dw d vxevwdqwldo ohyho ri jhqhudolw| uhjduglqj
wkh lqfuhphqwv x|> vhplsdudphwulf ] whvwv +Skloolsv/ 4<;:> Skloolsv dqg Shuurq/ 4<;;>
dqg Rxoldulv/ Sdun dqg Skloolsv/ 4<;;, dqg DGI whvwv +Vdlg dqg Glfnh|/ 4<;7> [ldr
dqg Skloolsv/ 4<<;, kdyh wkh vdph olplw glvwulexwlrqv1 Lq sduwlfxodu/ wkh frh!flhqw
whvwv ehkdyh dv

]4> DGI4 ,
U �
f Z)ggZU �

f Z 2
)g

> +<,

dqg wkh w0udwlr whvwv dv

]|>DGI| ,
U �
f Z)ggZ�U �
f Z 2

)g

��

2

> +43,
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zkhuh Z)g +�, @ Z +�,�
�U �

f Z*�g
��U �

f *g*�g
�3�

*g +�, lv wkh O2 0surmhfwlrq uhvlg0
xdo ri Z rq *g dqg zkhuh Z lv vwdqgdug Eurzqldq prwlrq1

Wkh olplw glvwulexwlrq +<, lv vkrzq lq Ilj1 5 iru d vhohfwlrq ri ydoxhv ri N= Wkh
vlwxdwlrq lv dqdorjrxv wr wkdw ri Ilj1 4/ zklfk vkrzv d fruuhvsrqglqj vhohfwlrq iru wkh
fdvh zkhuh *g lv d sro|qrpldo ri ghjuhh ri N= Lq erwk fdvhv/ wkh olplw glvwulexwlrq lv
kljko| vhqvlwlyh wr wkh lqfoxvlrq ri dgglwlrqdo ghwhuplqlvwlf uhjuhvvruv1 Lqwhuhvwlqjo|/
wkh glvwulexwlrqv vkrzq lq Iljv1 4 dqg 5 duh yhu| vlplodu hyhq wkrxjk wkh ghwhuplqlvwlf
uhjuhvvruv duh txlwh gl�huhqw1

Rxu sxusrvh qrz lv wr �qg wkh olplw irup ri wkhvh glvwulexwlrqv dv N $ 4= Rxu
dqdo|vlv zloo �uvw xvh vhtxhqwldo olplw wkhru|/ lq zklfk zh frqvlghu wkh olplw ehkdylru
ri +<, dqg +43, dv N $ 4= Wklv lv htxlydohqw wr wdnlqj olplwv dv q $ 4> iroorzhg
e| N $ 4> zklfk zh ghqrwh dv +q>N $ 4,vht = Vxevhtxhqwo|/ zh zloo vkrz wkdw
wkh vdph uhvxowv dsso| xqghu wkh pruh jhqhudo iudphzrun ri mrlqw olplwv zkhuhe|
q>N $ 4 vlpxowdqhrxvo|/ zklfk zh ghqrwh dv +q>N $ 4, > xqghu wkh frqglwlrq
wkdw g

? $ 3= D jhqhudo dssurdfk wr pxowl0lqgh{ dv|pswrwlfv kdv ehhq ghyhorshg
uhfhqwo| lq Skloolsv dqg Prrq +4<<<, zklfk jlyhv vrph xvhixo edfnjurxqg wkhru|1 Lq
sduwlfxodu/ wklv uhihuhqfh surylghv vrph frqglwlrqv xqghu zklfk vhtxhqwldo dqg mrlqw
olplw ehkdylru lv wkh vdph1 Xqiruwxqdwho|/ wkh wkhru| lq Skloolsv dqg Prrq +4<<<,
fdqqrw eh dssolhg gluhfwo| khuh ehfdxvh wkh pxowl0lqgh{hg udqgrp txdqwlwlhv duh qrw
frqvwlwxwhg iurp sdqhov zlwk llg furvv vhfwlrq revhuydwlrqv/ dv wkh| duh lq wkdw sdshu1
Vhfwlrq 7 wkhuhiruh surylghv vrph dowhuqdwlyh olplw wkhru| wkdw dssolhv lq wkh suhvhqw
fdvh zkhuh wkh gdwd lv qrw pxowlglphqvlrqdo exw lqyroyhv wzr lqgh{hv zklfk whqg wr
lq�qlw| dv +q>N, $ 4=

Wkh iroorzlqj wzr ohppdv fkdudfwhul}h wkh olplw ehkdylru/ dv N $ 4> ri wkh
Eurzqldq ixqfwlrqdov wkdw dsshdu lq wkh qxphudwru dqg ghqrplqdwru ri wkh xqlw urrw
glvwulexwlrqv +<, dqg +43,=

614 Ohppd Dv N $ 4

+d,
U �
f Z)ggZ $R ��

2 >

+e, N
U �
f Z 2

)g
$R

�
Z2
=

615 Ohppd Dv N $ 4

+d,
s
N

�U �
f Z)ggZ . �

2

�
, �

ZQ +3> 4, >

+e,
s
N

�
N

U �
f Z 2

)g
� �

Z2

�
, �

Z2
Q

�
3> 2�

�
=

Mrlqw frqyhujhqfh ri +d, dqg +e, dovr krogv dqg wkh olplw glvwulexwlrqv duh lqghshqghqw1

Wkh olplw ehkdylru ri wkh xqlw urrw whvw vwdwlvwlfv qrz iroorzv gluhfwo| dqg lv jlyhq
lq wkh qh{w uhvxow1
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616 Wkhruhp Dv N $ 4
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617 Glvfxvvlrq

+d, Erwk wkh frh!flhqw dqg w0udwlr irupv ri wkh xqlw urrw olplw glvwulexwlrqv glyhujh
wr �4 dv N $ 4= Wkh fulwlfdo ydoxhv ri wkhvh glvwulexwlrqv wkdw duh xvhg lq
vwdwlvwlfdo whvwv ri xqlw urrw glvwulexwlrqv dovr glyhujh1 Wkxv/ lq whvw vlwxdwlrqv
zklfk duh ehwwhu dssur{lpdwhg e| N $ 4 dv q $ 4> zh fdq h{shfw wkdw
frqyhqwlrqdo xqlw urrw whvwv uho|lqj rq �{hgN dv|pswrwlfv zloo lqhylwdeo| uhmhfw
wkh qxoo k|srwkhvlv lq idyrxu ri wuhqg vwdwlrqdulw|1 Vxfk vlwxdwlrqv pd| eh
uhohydqw lq fdvhv zkhuh d vhulrxv dwwhpsw lv ehlqj pdgh wr prgho d qrqvwdwlrqdu|
vhulhv xvlqj ghwhuplqlvwlf uhjuhvvruv1 Wkxv/ zkloh wkh frqyhqwlrqdo dv|pswrwlfv
wkdw uho| rq xqlw urrw glvwulexwlrqv zlwk ghwuhqghg Eurzqldq prwlrq ixqfwlrqdov
olnh

U �
f Z)ggZ@

U �
f Z 2

)g
duh irupdoo| fruuhfw iru wkh jlyhq ydoxh ri N lq vxfk d

uhjuhvvlrq/ wkh| pd| eh frqvlghuhg ohvv uhohydqw wkdq wkh odujhN dv|pswrwlfv lq
ylhz ri wkh vhulrxv h�ruw ehlqj sxw lqwr prgholqj wkh qrqvwdwlrqdulw| lq whupv
ri ghwhuplqlvwlf ixqfwlrqv1 Lq vxfk vlwxdwlrqv wkh odujh N dv|pswrwlfv lqglfdwh
wkdw zh fdq h{shfw wr uhmhfw d vwrfkdvwlf wuhqg lq idyru ri wkh wuhqg vwdwlrqdu|
dowhuqdwlyh1

+e, Dssduhqwo|/ wkh olplwlqj irupv ri erwk wkh frh!flhqw dqg w0udwlr irupv ri wkh
xqlw urrw glvwulexwlrqv duh qrupdo dv N $ 4 zkhq dssursuldwho| fhqwuhg dqg
vfdohg1 Wkh frh!flhqw olplw wkhru| vkrzq lq sduw +e, ri wkhruhp 616 lqglfdwhv
wkdw vfdolqj e| �I

g
dv zhoo dv uhfhqwhulqj lv uhtxluhg wr dfklhyh d zhoo gh�qhg

olplw glvwulexwlrq1 Sduw +f, lqglfdwhv wkdw rqo| uhfhqwhulqj ri wkh w0udwlr olplw
wkhru| lv uhtxluhg1 Wkxv/ wkh w0udwlr whvw vwdwlvwlf lv dssursuldwho| vfdohg/ exw
glyhujhv wr plqxv lq�qlw| dv N $ 4=

+f, Erwk wkh olplw qrupdo glvwulexwlrqv iru wkh frh!flhqw dqg w0udwlr fdvhv duh fru0
urerudwhg lq wkh qxphulfdo uhvxowv vkrzq lq Iljv1 4 dqg 51 Hdfk ri wkhvh �jxuhv
dovr vkrzv wkh qhz olplwlqj qrupdo dssur{lpdwlrq wkdw dssolhv iru N @ 8= Wkh
dssur{lpdwlrqv duh vxusulvlqjo| jrrg iru vxfk d vpdoo ydoxh ri N= FKHFN )
LQFOXGH BUHVXOWV iru odujh N1
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71 Mrlqw Olplw Wkhru| dv E?cg $ 4�

Zh qrz h{soruh wkh frqglwlrqv xqghu zklfk wkh pdlq uhvxowv deryh dsso| zkhq
N $ 4 dv q $ 4= Rxu dssurdfk lv wr vkrz wkdw wkh vhtxhqwldo olplw uhvxowv dv
+q>N $ 4,vht wkdw duh xvhg lq wkh hduolhu ghulydwlrqv krog dovr iru mrlqw olplwv dv
+q>N $ 4, surylghg wkdw wkh frqglwlrq g

? $ 3 krogv1 Zh zloo frq�qh rxu dwwhqwlrq
khuh wr h{whqglqj ohppd 614 dqg wkh glyhujhqfh uhvxow jlyhq lq wkhruhp 616+d,1

Zh vwduw e| qrwlqj +vhh Skloolsv dqg Prrq/ 4<<<, wkdw d pxowl0lqgh{hg vhtxhqfh
[gc? frqyhujhv lq suredelolw| mrlqwo| wr [> zulwwhq [gc? $R [ dv +q>N $ 4,> li

olp
?cg<"

S imm[gc? �[mm A %j @ 3 ;% A 3= +44,

Wr hvwdeolvk +44, lw lv vx!flhqw wr vkrz wkdw dv +q>N $ 4,

Hmm[gc? �[mm2 $ 3=

Xvlqj wklv dssurdfk zh fdq hvwdeolvk wkh mrlqw olplwv lq suredelolw| iru wkh frpsrqhqw
vwdwlvwlfv ri xqlw urrw whvwv dulvlqj iurp wkh uhjuhvvlrq +;,1 Wkh wzr vwdwlvwlfv ri
sulpdu| lqwhuhvw duh= +l, wkh uhvlgxdo prphqw pdwul{

|�3�Tg|3�> Tg @ L ��g

�
��g�g

�3�
��g >

zkhuh
��g @ +*g�> ===> *g?, >

dqg *g| @
�
*&

�
|
?

��
dv ehiruh> dqg +ll, wkh vdpsoh fryduldqfh |�3�Tgx=

Zh zloo orrn dw wkh ohdglqj fdvh zkhuh x| lv llgQ
�
3> �2

�
> vr wkdw zh qhhg qrw

kdyh wr eh frqfhuqhg zlwk vhuldo fruuhodwlrq fruuhfwlrqv lq wkh dqdo|vlv wkdw iroorzv1
Wkh qrupdolw| dvvxpswlrq vlpsol�hv wkh ghulydwlrq exw lv qrw hvvhqwldo dqg frxog eh
uhsodfhg e| d irxuwk prphqw frqglwlrq1 Wkh uhvxowv iru wkh pruh jhqhudo fdvh fdq eh
h{shfwhg wr iroorz lq d vlplodu zd|/ doehlw zlwk pruh frpsoh{ ghulydwlrqv wkdw doorz
iru wkh irup ri wkh sdudphwulf ru qrqsdudphwulf vhuldo fruuhodwlrq fruuhfwlrqv xvhg lq
wkh whvw vwdwlvwlfv1

Wkh olplwlqj irupv ri wkh pdlq vwdwlvwlfv duh jlyhq lq wkh iroorzlqj uhvxow1

714 Ohppd Dv +q>N $ 4, zlwk g
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Wkh mrlqw olplw ehkdylru ri wkh xqlw urrw whvw vwdwlvwlfv qrz iroorzv gluhfwo| dqg
zh jlyh wkh dqdorjxh ri wkhruhp 616 +d,1
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716 Glvfxvvlrq Wklv olplw wkhru| lv reylrxvo| yhu| gl�huhqw iurp wkdw ri wkh frq0

yhqwlrqdo ] dqg DGI dv|pswrwlfv iru �{hg N= Li wkh frqglwlrqv ri wkhruhp 715 duh
uhohydqw wr wkh prgholqj dssurdfk/ wkhq wkh xvh ri frqyhqwlrqdo fulwlfdo ydoxhv iurp
+<, dqg +43, iru �{hg N zloo ohdg wr wkh idovh uhmhfwlrq ri d xqlw urrw1

81 Frqfoxvlrqv

Hduolhu zrun e| wkh dxwkru +4<<;, vkrzhg wkdw vhulrxv dwwhpswv wr prgho d vwrfkdv0
wlf wuhqg lq whupv ri ghwhuplqlvwlf ixqfwlrqv zloo dozd|v eh vxffhvvixo/ dqg lv lqghhg
fdsdeoh ri surgxflqj dq U2 ri xqlw| lq wkh olplw1 Wkh suhvhqw frqwulexwlrq vkrzv
wkdw wklv rxwfrph uhpdlqv wuxh hyhq zkhq d odjjhg ghshqghqw yduldeoh lv suhvhqw
lq wkh uhjuhvvlrq1 Lq frqvhtxhqfh/ ghwhuplqlvwlf ixqfwlrqv dqg odjjhg yduldeohv duh
vhhq wr mrlqwo| frpshwh iru wkh h{sodqdwlrq ri d vwrfkdvwlf wuhqg lq d wlph vhulhv1
Lq vxfk d frpshwlwlrq/ wkh uhvxowv frq�up wkdw wkh ghwhuplqlvwlf ixqfwlrqv zloo do0
zd|v eh vxffhvvixo/ hyhq zkhq wkh fruuhfw prgho iru wkh wuhqg lqyroyhv d xqlw urrw
dxwruhjuhvvlrq1

Rqh zd| ri lqwhusuhwlqj wkhvh dv|pswrwlf uhvxowv lv dv iroorzv1 Wkh pruh vhulrxv
lv wkh dwwhpsw wr prgho d vwrfkdvwlf wuhqg e| ghwhuplqlvwlf ixqfwlrqv wkhq wkh pruh
vxffhvvixo lw zloo eh/ ohdglqj xowlpdwho| wr wkh uhmhfwlrq ri dowhuqdwlyh h{sodqdwlrqv ri
wkh wuhqg olnh wkrvh surylghg e| xqlw urrw surfhvvhv1 Lq lqwhusuhwlqj wkh uhvxowv lq wklv
zd|/ lw lv lpsruwdqw wr uhfrjqlvh wkdw fduhixo ghvljq ri d ghwhuplqlvwlf wuhqg ixqfwlrq/
iru dq| jlyhq uhdol}dwlrq ri d wlph vhulhv/ lv fhuwdlq wr ohdg wr d jrrg ghdo ri wkh orz
iuhtxhqf| yduldwlrq lq wkh vhulhv ehlqj h{sodlqhg1 H{dpsohv ri vxfk fduhixo ghwhuplq0
lvwlf wuhqg prgholqj derxqg lq uhfhqw hpslulfdo zrun/ hvshfldoo| lq wkh dssolfdwlrq
ri prghov zlwk euhdnlqj wuhqgv1 Vxfk fduhixo prgho ghvljq lv/ lq sudfwlfh/ hvvhqwldoo|
htxlydohqw wr wkh fkrlfh ri d odujh qxpehu/ N> ri djqrvwlf ruwkrqrupdo uhjuhvvruv
olnh *& lq shuiruplqj uhjuhvvlrqv olnh wkrvh lq +;,1 Dv vxfk/ rqh pd| h{shfw wkdw
uhjuhvvlrq dv|pswrwlfv olnh wkrvh jlyhq lq wkhruhp 616 iru pxowl lqgh{ dv|pswrwlfv
zlwk +q>N $ 4, pd| zhoo eh pruh uhohydqw wr wkh sudfwlfdo lpsohphqwdwlrq ri xqlw
urrw whvwv wkdq frqyhqwlrqdo dv|pswrwlfv iru q $ 4 zlwk �{hg N= Lw zrxog eh xvhixo
wr shuirup vrph vlpxodwlrqv wr lqyhvwljdwh wkhvh lvvxhv ixuwkhu lq �qlwh vdpsohv ri
gdwd1

Dowkrxjk rxu uhvxowv uhyhdo wkdw ghwhuplqlvwlf wuhqg uhjuhvvruv dqg odjjhg uh0
juhvvruv fdq erwk eh xvhg wr prgho xqlw urrw surfhvvhv/ wkhuh duh vrph lpsruwdqw
lvvxhv dwwhqgdqw wr prgholqj wkdw duh qrw glvfxvvhg khuh1 Wzr reylrxv lvvxhv duh
sduvlprq| dqg iruhfdvwlqj1 Iurp erwk wkhvh shuvshfwlyhv/ wkhuh pd| eh jrrg uhd0
vrqv iru suhihulqj wkh vlpsolflw| ri odjjhg yduldeoh uhjuhvvruv wr wkh frpsoh{lw| ri
ghwhuplqlvwlf wuhqg2wuhqg euhdn uhsuhvhqwdwlrqv1 Fulwhuld iru fkrrvlqj ehwzhhq vxfk
uhsuhvhqwdwlrqv iru wuhqglqj wlph vhulhv kdyh ehhq h{soruhg uhfhqwo| lq Skloolsv dqg

;



Sorehujhu +4<<9, dqg Skloolsv +4<<9,1 D uhfhqw dqdo|vlv ri krz wuhqglqj gdwd d�hfwv
wkh fdsdflw| wr uhsurgxfh wkh surshuwlhv ri wkh rswlpdo suhglfwru lv jlyhq lq Sorehujhu
dqg Skloolsv +4<<<,1 Lw lv vkrzq wkhuh wkdw lqfuhdvlqj wkh glphqvlrq ri wkh sdudphwhu
vsdfh fduulhv d sulfh lq whupv ri wkh txdqwlwdwlyh erxqg ri krz forvh zh fdq frph
wr wkh cwuxh* gdwd jhqhudwlqj surfhvv dqg/ lq frqvhtxhqfh/ krz forvh zh fdq uhsur0
gxfh wkh surshuwlhv ri wkh rswlpdo suhglfwru1 Lw lv ixuwkhu vkrzq wkdw wklv sulfh jrhv
xs zkhq zh kdyh wuhqglqj gdwd dqg zkhq zh xvh wuhqglqj uhjuhvvruv1 Wkhvh frq0
vlghudwlrqv vkrxog sod| dq lpsruwdqw uroh lq wkh fkrlfh ehwzhhq ghwhuplqlvwlf wuhqg
uhjuhvvruv dqg odjjhg yduldeohv lq prgholqj wuhqglqj gdwd1

91 Whfkqlfdo Dsshqgl{ dqg Surriv

914 Surri ri Ohppd 514 Vhh Skloolsv +4<<;,/ wkhruhp 6141

915 Surri ri Ohppd 515 Ohw �g| @ *g|*
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iru vrph �qlwh P A 3 wkdw lv lqghshqghqw ri N= Dovr
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Sduw +d, iroorzv gluhfwo|1 Sduwv +e,/ +f,/ +g, dqg +h, duh suryhg lq Skloolsv +4<<;,
wkhruhp 6161 �

915 Surri ri Ohppdv 614 dqg 615 Lw lv vlpsohvw wr ghulyh wkhvh wzr uhvxowv wr0
jhwkhu1 Wr suryh Sduw +d,/ zh rewdlq dq dssur{lpdwh uhsuhvhqwdwlrq ri wkh vwrfkdvwlf
lqwhjudo
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dqg Prghoolqj1 Qruzhoo/ PD= Noxzhu Dfdghplf Sxeolvkhuv/ Fkdswhu 41

Skloolsv/ S1 F1 E1 +4<;9,1 �Xqghuvwdqglqj vsxulrxv uhjuhvvlrqv lq hfrqrphwulfv/�
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