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Kljkhu Rughu Dssur{lpdwlrqv iru Zdog Vwdwlvwlfv lq
Frlqwhjudwlqj Uhjuhvvlrqv�

]klmlh [ldr
Ghsduwphqw ri Hfrqrplfv

Xqlyhuvlw| ri Loolqrlv dw Xuedqd0Fkdpsdljq

dqg

Shwhu F1 E1 Skloolsv
Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv

\doh Xqlyhuvlw|

Mxqh 49/ 4<<;

Devwudfw

Dv|pswrwlf h{sdqvlrqv duh ghyhorshg iru Zdog whvw vwdwlvwlfv lq frlq0
whjudwlqj uhjuhvvlrq prghov1 Wkhvh h{sdqvlrqv surylgh dq rssruwxqlw| wr
uhgxfh vl}h glvwruwlrq lq whvwlqj e| vxlwdeoh edqgzlgwk vhohfwlrq/ dqg dxwr0
pdwhg uxohv iru grlqj vr duh fdofxodwhg1 Edqg vshfwudo uhjuhvvlrq phwkrgv
dqg whvwv duh dovr frqvlghuhg1 Lq vxfk fdvhv/ lw lv vkrzq krz wkh h�hfwv
ri qrqvwdwlrqdulw| wkdw grplqdwh orz iuhtxhqf| olplw ehkdylrxu dovr fduu|
ryhu wr kljk iuhtxhqf| dv|pswrwlfv/ zlwk frqvhtxhqwldo h�hfwv rq edqgzlgwk
uxohv1

WWklv sdshu zdv nh|erdughg e| wkh dxwkruv lq Vflhqwl�f Zrug 5181 Zh zrxog olnh wr wkdqn
Urjhu Nrhqnhu iru lqwhuhvwlqj glvfxvvlrq1 Skloolsv wkdqnv wkh QVI iru uhvhdufk vxssruw xqghu
judqw qr1 VEU<7055<55 dqg [ldr wkdqnv wkh Frzohv Irxqgdwlrq iru krvslwdolw| gxulqj d ylvlw lq
Pd| 0 Mxqh 4<<;1



41 Lqwurgxfwlrq

Wklv sdshu vwxglhv wkh Zdog vwdwlvwlf lq wlph vhulhv uhjuhvvlrq prghov ri wkh irup

|| @ ��{| . x|> w @ 4> ===> q> +414,

zkhuh x| lv d vwdwlrqdu| surfhvv zlwk }hur phdq dqg frqwlqxrxv vshfwudo ghqvlw|

i��+�,= Wkh uhjuhvvru {| pd| eh d yhfwru ri hlwkhu vwdwlrqdu| ru xqlw urrw qrq0

vwdwlrqdu| wlph vhulhv1 Uhvxowv iru wkh vwdwlrqdu| fdvh duh jlyhq khuh/ exw wkh

pdlq irfxv ri wkh sdshu lv rq wkh qrqvwdwlrqdu| fdvh1 Lq wklv hyhqw/ li {| lv dq

lqwhjudwhg surfhvv ri rughu rqh +ru L+4, ,/ wkhq erwk {| dqg || duh qrqvwdwlrqdu|

dqg wkh olqhdu frpelqdwlrq ||���{| lv vwdwlrqdu|/ vr wkdw +414, lv d frlqwhjudwlqj

uhjuhvvlrq lq wkh vhqvh ri Hqjoh dqg Judqjhu +4<;:,1

Zh frqvlghu wkh iuhtxhqf| grpdlq yhuvlrq ri +414,/ yl}1

z++�r, @ ��z%+�r, .z�+�r,> �r @ 5�v@W> v @ 3> 4> ======> q� 4> +415,

zkhuh z++�r,/ z%+�r,/ dqg z�+�r, duh glvfuhwh Irxulhu wudqvirupv ri ||/ {|/ dqg

x|/ dw wkh ixqgdphqwdo iuhtxhqflhv �r @ 5�v@q> v @ 3> 4> ======> q � 4>gh�qhg e|

z@+�r, @ �I
2Z?

S?
|'� d|h

�|br 1 Li wkh uhvlgxdo surfhvv lq +414,/ x|> lv vwdwlrqdu|

zlwk frqwlqxrxv vshfwuxp erxqghg dzd| iurp wkh ruljlq/ wkh uhvlgxdov ri uhjuhv0

vlrq +415,/ z�+�|,> duh dv|pswrwlfdoo| xqfruuhodwhg exw jhqhudoo| khwhurvnhgdvwlf1

Uhjuhvvlrq lq wkh iuhtxhqf| grpdlq shuplwv d qrqsdudphwulf wuhdwphqw ri wkh

uhjuhvvlrq huuruv dqg/ xwlol}lqj d frqvlvwhqw hvwlpdwh ri i��+�,> gholyhuv d vhpl0

sdudphwulf hvwlpdwru ri � wkdw lv dv|pswrwlfdoo| htxlydohqw wr JOV lq wkh fdvh ri

vwdwlrqdu| x| dqg {|= Khqfh/ lw lv xqqhfhvvdu| wr sdudphwhul}h wkh dxwrfruuhodwlrq

vwuxfwxuh ri x| wr dfklhyh h!flhqw hvwlpdwlrq1 Lq dgglwlrq/ wkhvh phwkrgv doorz

dwwhqwlrq wr eh irfxvhg rq wkh prvw uhohydqw iuhtxhqf| lq wkh uhjuhvvlrq/ wkhuhe|

surylglqj d vhohfwlyh dssurdfk wkdw dffrpprgdwhv pruh jhqhudo irupxodwlrqv lq

zklfk wkh sdudphwhu � pd| qrw eh frqvwdqw dfurvv iuhtxhqf| edqgv1

Uhjuhvvlrq dqdo|vlv lq wkh iuhtxhqf| grpdlq zdv lqwurgxfhg e| Kdqqdq +4<96,/

iroorzlqj lghdv ri Zklwwoh +4<86,/ dqg h{whqghg wr qrqolqhdu prghov e| Kdqqdq

+4<:4, dqg Urelqvrq +4<:5,1 Urelqvrq +4<<4, vwxglhg dxwrpdwlf iuhtxhqf| gr0

pdlq lqihuhqfh rq vhplsdudphwulf dqg qrqsdudphwulf prghov zkhuh edqgzlgwk

vhohfwlrq iru wkh vshfwudo ghqvlw| hvwlpdwh lv ghwhuplqhg iurp wkh gdwd1 Skloolsv
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+4<<4, vkrzhg krz wr dsso| wklv phwkrg wr frlqwhjudwlqj uhjuhvvlrqv/ ghyhorshg

d olplw wkhru| iru iuhtxhqf| grpdlq hvwlpdwruv lq wklv fdvh dqg hvwdeolvkhg vrph

rswlpdolw| surshuwlhv iru vxfk uhjuhvvlrqv1 Lq dgglwlrq/ d uhfhqw sdshu e| Skloolsv/

Rxoldulv dqg Fruedh +4<<:, kdv h{soruhg vshfwudo uhjuhvvlrq phwkrgv lq wkh suhv0

hqfh ri ghwhuplqlvwlf wuhqgv1

Wklv sdshu vwxglhv wkh xvh ri Zdog vwdwlvwlfv lq olqhdu wlph vhulhv uhjuhvvlrqv

olnh +414,1 Ilqlwh vdpsoh sureohpv ri ryhu0uhmhfwlrq lq wkh xvh ri Zdog whvwv lq vxfk

uhjuhvvlrqv kdyh orqj ehhq uhfrjql}hg e| hfrqrphwulfldqv/ dq h{dpsoh ehlqj wkh

zhoo vwxglhg skhqrphqrq ri ryhu0uhmhfwlrq ri krprjhqhlw| frqglwlrqv lq hpslulfdo

frqvxphu ghpdqg dqdo|vlv +vhh Eduwhq 4<9<> E|urq 4<:3> Ooxvk 4<:4> dqg Ghdwrq

4<:7 dprqj rwkhuv,1 Prqwh Fduor uhvxowv lq vxfk fdvhv kdyh vkrzq wkdw wkh Zdog

whvw lv eldvhg wrzdug uhmhfwlqj wkh qxoo k|srwkhvlv +h1j1 Odlwlqhq 4<:;> Phlvqhu

4<:<> dqg Ehud/ E|urq dqg Mdutxh 4<;4,1

Rqh ri wkh phfkdqlvpv iru lpsurylqj dv|pswrwlf "2 dssur{lpdwlrqv ri Zdog

whvwv lv wkh xvh ri kljkhu rughu h{sdqvlrqv1 Wkh vwdwlvwlfdo wkhru| ri dv|pswrwlf h{0

sdqvlrqv iru Zdog whvwv kdv ehhq h{whqvlyho| vwxglhg lq hfrqrphwulfv +vhh Vdujdq

4<:9> Skloolsv 4<:;> Skloolsv/ 4<;6> Skloolsv dqg Sdun 4<;;> Urwkhqehuj 4<;7d/e>

dqg Olqwrq 4<<8d/ e dprqj rwkhuv,1 Krzhyhu/ kljkhu rughu h{sdqvlrqv kdyh qrw

vr idu ehhq ghyhorshg dqg xvhg lq qrqvwdwlrqdu| wlph vhulhv hqylurqphqwv/ zlwk

dq h{fhswlrq lq Skloolsv +4<;:,/ odujho| ehfdxvh ri wkh gl!fxow| lq ghyhorslqj

ydolg kljkhu rughu h{whqvlrqv ri wkh xqghuo|lqj ixqfwlrqdo fhqwudo olplw wkhru| rq

zklfk wkh qrqvwdwlrqdu| uhjuhvvlrq dv|pswrwlfv w|slfdoo| ghshqg1

Wklv sdshu vhhnv wr lpsohphqw d vlpsoh dqg xvhdeoh dssurdfk wr wkh ghyhors0

phqw ri d kljkhu rughu wkhru| iru Zdog whvwv lq wlph vhulhv uhjuhvvlrqv zlwk L+4,

uhjuhvvruv/ dyrlglqj wkh qhhg iru kljkhu rughu h{whqvlrqv ri wkh ixqfwlrqdo olplw

wkhru|1 Lq h!flhqw vhplsdudphwulf wlph vhulhv uhjuhvvlrq d fulwlfdo hohphqw lq wkh

frqvwuxfwlrq ri wkh hvwlpdwru dqg dvvrfldwhg whvwv lv wkh fkrlfh ri wkh edqgzlgwk

lq wkh hvwlpdwlrq ri wkh vshfwudo ghqvlw| i��+�,= Wkh lghd ehklqg wkh suhvhqw

ghyhorsphqw lv wr frqvwuxfw d edqgzlgwk vhohfwlrq fulwhulrq e| plqlpl}lqj wkh

vhfrqg rughu h�hfw rq wkh h{shfwhg ydoxh ri wkh Zdog vwdwlvwlf1 D vhfrqg rughu

dgmxvwhg Zdog vwdwlvwlf fdq wkhq eh frqvwuxfwhg wr fruuhfw wkh vl}h glvwruwlrq ri

wkh Zdog whvw lq �qlwh vdpsohv1 Uhvxowv duh dovr jlyhq iru vwdwlrqdu| wlph vhulhv

uhjuhvvlrqv1
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Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh prgho dqg whvw vwdwlvwlfv duh vwxglhg

lq wkh qh{w vhfwlrq1 Vrph suholplqdu| uhvxowv iru vshfwudo ghqvlw| hvwlpdwlrq dqg

vshfwudo uhjuhvvlrq lq frlqwhjudwhg v|vwhpv duh jlyhq lq Vhfwlrq 61 Wkh h{sdqvlrq

iru wkh Zdog vwdwlvwlf dqg d prgl�hg Zdog whvw lq wkh xqlyduldwh fdvh lv jlyhq lq

Vhfwlrq 71 Wkh fdvh ri edqg vshfwudo uhjuhvvlrq lv vwxglhg lq Vhfwlrq 81 Vhfwlrq

9 jlyhv wkh uhvxowv lq wkh pxowlyduldwh fdvh1 Wkh uhvxowv ri d vpdoo Prqwh Fduor

h{shulphqw duh uhsruwhg lq vhfwlrq :1 Vhfwlrq ; frqfoxghv dqg surriv duh jlyhq lq

wkh Dsshqgl{ lq Vhfwlrq <1

51 Edfnjurxqg dqg Dvvxpswlrqv

Wr ghyhors kljkhu rughu dv|pswrwlfv iru wkh Zdog vwdwlvwlf lq uhjuhvvlrq +414,/ lw

lv frqyhqlhqw iru xv wr pdnh wkh iroorzlqj dvvxpswlrqv rq {| dqg x| =

Dvvxpswlrq 4= {| lv dq L+4, surfhvv vdwlvi|lqj �{| @ y|> lqlwldol}hg dw w @ 3 e|

dq| RR+4, udqgrp yduldeohv1

Dvvxpswlrq 5= y| dqg x| duh lqghshqghqw vwdwlrqdu| dqg hujrglf n� yhfwru

dqg vfdodu wlph vhulhv zlwk }hur phdq/ �qlwh vhfrqg prphqwv dqg frqwlqxrxv

vshfwudo ghqvlwlhv i��+�, dqg i��+�,> zklfk duh srvlwlyh dw wkh ruljlq1 Wkh yhfwru

{| dqg sduwldo vxpv ri x| erwk vdwlvi| lqyduldqfh sulqflsohv zlwk lqghshqghqw

olplw surfhvvhv/ vr wkdw/ dv q $ 4/ q3�*2{dAoo , E%+u, � EP+5�i��+3,,> d

yhfwru Eurzqldq prwlrq ri glphqvlrq n zlwk fryduldqfh pdwul{ 5�i��+3,> dqg

q3�*2
SdAoo

|'� x| , E�+u, � EP+5�i��+3,,=

Wkh pdwul{ uhsuhvhqwdwlrq ri uhjuhvvlrq +415, fdq eh zulwwhq dv

Z+ @ Z%� .Z�> +514,

zkhuh Z+>Z% dqg Z� duh yhfwruv ri z++�r,> z%+�r,> z�+�r,> dqg fdq eh zulwwhq

dv X|> X{> dqg Xx> zlwk X @ h{s^l+2Z? ,�j�`@
s
q ehlqj wkh q� q Irxulhu pdwul{>

� � @ ^3> 4> ===> q � 4`> j� @ ^4> 5> ===> q`> | @ +|�> ======> |?,�> { @ +{�> =======> {?,�> x @

+x�> ======> x?,�> dqg XWX @ L?> zkhuh wkh d!{ - lqglfdwhv wudqvsrvlwlrq frpelqhg

zlwk frpsoh{ frqmxjdwlrq1 Xqghu Dvvxpswlrq 5/ wkh fryduldqfh pdwul{ ri wkh

uhvlgxdo lq +514, lv dv|pswrwlfdoo| gldjrqdo vlqfh wkh glvfuhwh Irxulhu wudqvirupv
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ri x| duh dv|pswrwlfdoo| xqfruuhodwhg1 Wkxv/ wkh iuhtxhqf| grpdlq h!flhqw hvwl0

pdwru ri � fdq eh rewdlqhg edvhg rq zhljkwhg dyhudjhv ri shulrgrjudp hvwlpdwhv

dw wkh ixqgdphqwdo iuhtxhqflhv/ yl}

e� @
k
Z W

%
e	3�Z%

l3� k
Z W

%
e	3�Z+

l
@

%[
r

L%%+�r, ei3��� +�r,

&3� %[
r

L%++�r, ei3��� +�r,

&
>

zkhuh L%%+�r, @ z%+�r,z%+�r,
W> L%++�r, @ z%+�r,z++�r,

W/ e	3� @ gldj^����> ei��+�r,3�> ��
��`/ dqg ei��+�r,3� duh qrqsdudphwulf vshfwudo ghqvlw| hvwlpdwruv1

Zh duh lqwhuhvwhg lq whvwlqj wkh olqhdu k|srwkhvlv

Kf = U� @ u> +515,

zkhuh u lv dq s� 4 yhfwru ri frqvwdqw dqg U lv dq s� n pdwul{1 Wkh uhjuhvvlrq

Zdog vwdwlvwlf fruuhvsrqglqj wr e� lv jlyhq e|

Z @ +Ue� � u,�
k
U+Z W

%
e	3�Z%,

3�U�
l3�

+Ue� � u,= +516,

Doo ri wkh wkhru| zh ghyhors fduulhv ryhu zlwk plqru fkdqjhv wr wkh fdvh ri dqdo|wlf

qrqolqhdu uhvwulfwlrqv rq � lq sodfh ri +515, dqg dvvrfldwhg fkdqjhv lq wkh Zdog

vwdwlvwlf +516,1

Wkh iroorzlqj Ohppd vxppdul}hv wkh olplw wkhru| ri wkh hvwlpdwru e� dqg wkh

fruuhvsrqglqj Zdog vwdwlvwlf +516, lq wkh qrqvwdwlrqdu| fdvh1

Ohppd 4= Dv q $ 4
+4, q+e� � �, $ �U

E%E�
%

�3� �U
E%gE�

�
@ PQ

�
3> 5�i��+3,

�U
E%E�

%

�3��
=

+5, Xqghu Kf> Z
_$ "2

R=

Uhpdun 4= Dv wkh Ohppd vkrzv/ wkh dv|pswrwlf glvwulexwlrq ri wkh uhjuhvvlrq

hvwlpdwru lv pl{hg qrupdo zlwk pdwul{ pl{lqj yduldwh 5�i��+3,
�U

E%E
�
%

�3� wkdw

ghshqgv rq Eurzqldq prwlrq E%+u,= Wklv pl{hg qrupdo glvwulexwlrq idflolwdwhv

wkh frqvwuxfwlrq ri d uhjuhvvlrq Zdog whvw derxw � e| xvlqj dq hvwlpdwh ri wkh

frqglwlrqdo fryduldqfh pdwul{ Z W
%	

3�Z%= Dv d uhvxow/ wkh Zdog vwdwlvwlf kdv dq
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dv|pswrwlf "2 glvwulexwlrq xqghu Kf> dqg wkh qxoo k|srwkhvlv fdq eh whvwhg xvlqj

frqyhqwlrqdo "2 olplw wkhru| glvwulexwlrq1 Krzhyhu/ wkh dv|pswrwlf "2 glvwule0

xwlrq e| qr phdqv dozd|v surylghv d jrrg dssur{lpdwlrq wr wkh glvwulexwlrq ri

Z> dqg Prqwh Fduor hylghqfh lqglfdwhv wkdw Zdog whvwv riwhq ryhu0uhmhfw wkh qxoo

k|srwkhvlv lq �qlwh vdpsohv1 Wklv sdshu surfhhgv wr ghulyh d kljkhu rughu h{sdq0

vlrq iru wkh h{shfwhg Zdog vwdwlvwlf/ dqg wklv khosv wr sduwldoo| h{sodlq wkh �qlwh

vdpsoh shuirupdqfh ri wkh Zdog whvw dqg wr pdnh frpshqvdwlqj dgmxvwphqwv xv0

lqj vhfrqg rughu h�hfwv1

61 Vrph Suholplqdu| H{sdqvlrqv

Zh frqvlghu wkh �ohdyh0rqh0rxw� w|sh qrqsdudphwulf hvwlpdwru iru wkh vshfwudo

ghqvlw| ri wkh uhvlgxdo surfhvv x|/ yl}

ei��+�r, @
4

p

[
b�M�Ebr�cb� �'br

N+�� � �r, ez�+��,ez�+��,
W

@
4

p

[
N+�� � �r,eL��+��,

@
[
� �'r

$r�eL��+��,>
zkhuh E+�r, @ i$ = �r � Z

2� ? $ � �r .
Z
2� j lv d iuhtxhqf| edqg ri zlgwk

�@P fhqwhuhg rq �r @ 5�v@W 1 Ohw p @ ^W@5P `> zkhuh ^�` vljql�hv lqwhjhu

sduw1 Wkhq/ hdfk edqg E| frqwdlqv p ixqgdphqwdo iuhtxhqflhv �r= N+�, lv d

vshfwudo zlqgrz dqg vdwlv�hv frqyhqwlrqdo surshuwlhv ri ehlqj d uhdo/ hyhq ixqf0

wlrq zlwk �
6

S
b�M�E/�N+�� � $, @ 4= Wkh fruuhvsrqglqj odj zlqgrz lv n+ �

� , @
�
6

S
brM�E/�N+�r � $,h3��Ebr3/�= Pdq| fdqglgdwh nhuqho ixqfwlrqv duh dydlodeoh

dqg duh glvfxvvhg lq vwdqgdug wh{wv ri vshfwudo dqdo|vlv +h1j1/ Kdqqdq 4<:3>

Euloolqjhu 4<;3> dqg Sulhvwoh| 4<;4,1 Wkh shulrgrjudp ruglqdwhv eL��+�r, duh

fdofxodwhg xvlqj frqvlvwhqw hvwlpdwhv ri wkh uhvlgxdov1 Lq rxu dqdo|vlv/ zh xvh wkh

uhvlgxdov iurp dq ROV uhjuhvvlrq rq +415,/ vr wkdw ez�+�r, @ z++�r,�e��u7z%+�r,=

Lw lv frqyhqlhqw wr ghfrpsrvh wkh huuru whup lq wkh qrqsdudphwulf vshfwudo

ghqvlw| hvwlpdwru ei��+�r, lqwr d eldv h�hfw gxh wr vprrwklqj/ Er> d yduldqfh
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whup dulvlqj iurp wkh shulrgrjudp/ Yr> dqg dq huuru frplqj iurp wkh suholplqdu|

hvwlpdwlrq ri z�+�r,/ Sr= Wkxv/ zh kdyh

ei��+�r, @ i��+�r, .Er . Yr . Sr> +614,

zkhuh Er @
S

� �'r $r�^i��+��, � i��+�r,`/ Yr @
S

� �'r $r� ^L��+��, � i��+�r,`/

Sr @
S

� �'r $r� ^eL��+��, � L��+�r,`1 Dv|pswrwlf uhvxowv iru wkh eldv dqg yduldqfh

lq vshfwudo ghqvlw| hvwlpdwlrq duh zhoo nqrzq +h1j1 Kdqqdq/ 4<:3, dqg duh vwdwhg

lq wkh iroorzlqj ohppd iru frpsohwhqhvv1

Ohppd 5=

E| � �P3^n^i^+�|,>

s
pY|

_� Q+3>
4

5

] "

3"
n+{,2g{i2��+�|,,>

zkhuh t lv wkh fkdudfwhulvwlf h{srqhqw ri wkh nhuqho ixqfwlrq gh�qhg dv olp%<fi4�
n+{,j@ m{m^ @ n^ ? 4> i^+�, @

�
2Z

S"
�'3" mkm^ ��+k,h3��b/ � ghqrwhv dv|pswrwlf

htxlydohqfh dqg _� ghqrwhv dv|pswrwlfdoo| glvwulexwhg1

Prvw frpprqo| xvhg nhuqho ixqfwlrqv kdyh wkh surshuw| wkdw t @ 5 dqg wkxv

wkh eldv whup lv ri rughu R+P32,= Iru h{dpsoh/ wkh frpprqo| xvhg vprrwkhg sh0

ulrgrjudp hvwlpdwh fruuhvsrqgv wr wkh Gdqlhoo nhuqho wkdw n+{, @ vlq+�{@5,@+�{@5,>

dqg

N+�, @
�> iru m�m � �@5>
3> rwkhuzlvh1

Vlqfh rxu lqwhuhvw lv sulpdulo| rq wkh dqdo|vlv ri vhfrqg rughu h�hfw/ zlwkrxw orvv

ri jhqhudolw|/ lq zkdw iroorzv/ zh vlpso| xvh wkh vprrwkhg shulrgrjudp vr wkdw

d @ �
2

U"
3" n+{,2g{ @ 4> dqg

s
pY|

_� Q+3> i2��+�|,,=

Lq vshfwudo uhjuhvvlrq iru vwdwlrqdu| wlph vhulhv/ wkh huuru whup frplqj iurp

wkh suholplqdu| hvwlpdwlrq ri z�+�r, lv ri vpdoohu rughu ri pdjqlwxgh dqg wkxv

fdq eh gursshg1 Krzhyhu/ gl�huhqw uhvxowv dulvh lq frlqwhjudwlqj uhjuhvvlrq prg0

hov1 Ehfdxvh wkh vshfwudo srzhu ri dq lqwhjudwhg surfhvv lv khdylo| frqfhqwudwhg

dw wkh ruljlq/ huuruv iurp wkh suholplqdu| hvwlpdwlrq duh dpsol�hg durxqg }hur

iuhtxhqf| dqg wkxv hqwhu wkh vhfrqg rughu h�hfw1 Wkh rughu ri pdjqlwxgh iru S|

:



lv vxppdul}hg lq wkh iroorzlqj Ohppd1

Ohppd 6=

S| q � 4

5p�

]
gE�E

�
%

�]
E%E

�
%

�3� ]
E%gE�> iru m�|m � �@+5P,

dqg

S| @ rR+p
3�,/ iru m�|m � �@+5P,=

Lq ylhz ri wkh
s
p udwh ri frqyhujhqfh ri wkh vshfwudo hvwlpdwhv dqg wkh P3^

rughu ri pdjqlwxgh ri wkh eldv/ wkh h{sdqvlrqv zh ghdo zlwk zloo w|slfdoo| eh lq

whupv ri srzhuv ri p3 �

2 dqg P3^= Lq wkhvh h{sdqvlrqv/ whupv wkdw duh ri rughu

RR+p
3�, ru RR+P

32^, wxuq rxw wr eh ri sulqflsdo lqwhuhvw dqg zloo eh uhihuuhg wr

dv �kljkhu rughu� whupv1

Dq h{sdqvlrq iru wkh lqyhuvh ri wkh vshfwudo ghqvlw| hvwlpdwru/ ei��+�|,3�> fdq
eh rewdlqhg edvhg rq +614, dqg Ohppd 5 dqg Ohppd 61 Wkh uhvxowv duh jlyhq lq

Ohppd 7 dqg uhdghuv duh uhihuuhg wr [ldr dqg Skloolsv +4<<;, iru ghwdlov ri wkh

ghulydwlrq1

Ohppd 7=

ei��+�|,3� @ i��+�|,
3� � i��+�|,

32Y| . i��+�|,
3�Y 2

| � i��+�|,
32E|

.i��+�|,
3�E2

| � i��+�|,
32S| . kljkhu rughu whupv/ +615,

zkhuh i��+�r, @ p3�S
� �'rN+�� � �r,i��+��,=

Wkh iroorzlqj Ohppd jlyhv vrph xvhixo olplwlqj uhvxowv iru shulrgrjudp dyhu0

djhv ri L+4, surfhvvhv dqg lv edvhg rq uhvxowv lq Skloolsv +4<<4,1 Wkh uhvxowv zloo

eh xvhg lq wkh dqdo|vlv ri kljkhu rughu dv|pswrwlfv lq odwhu vhfwlrqv1

Ohppd 8=

4

q2

[
r

L%%+�r,
_$ 4

5�

] �

f
E%E

�
%>

;



4

q2

[
r

L%%+�r,i
3�
�� +�r,

_$ 4

5�
i��+3,

3�
] �

f
E%E

�
%>

4

q2

[
r

L%%+�r,i
32
�� +�r,i^+�r,

_$ 4

5�
i��+3,

32i^+3,
] �

f
E%E

�
%>

4

q2

[
r

L%%+�r,i
32
�� +�r,i^+�r,

2 _$ 4

5�
i��+3,

32i^+3,2
] �

f
E%E

�
%=

Uhpdun 5= Dv srlqwhg rxw lq Skloolsv +4<<4,/ frqwulexwlrqv iurp wkh }hur0

iuhtxhqf| ruglqdwhv grplqdwh wkh olplw ehkdylru ri wkhvh shulrgrjudp dyhudjhv

vlqfh wkh vshfwudo srzhu ri {| lv frqfhqwudwhg dw wkh ruljlq1 Wkh olplwv duh fkdu0

dfwhul}hg lq whupv ri txdgudwlf ixqfwlrqdov ri wkh Eurzqldq prwlrq zhdn olplw ri

q3
�

2{d?uo1

71 Wkh Zdog H{sdqvlrq lq wkh Xqlyduldwh Fdvh

Zh vwduw wkh ghyhorsphqw zlwk wkh vfdodu fdvh wr vlpsoli| wkh ghulydwlrqv dqg looxv0

wudwh wkh pdlq uhvxowv1 Wkh pxowlyduldwh fdvh zloo eh wuhdwhg odwhu lq Vhfwlrq 91 Lq

wkh xqlyduldwh fdvh/ wkh olqhdu k|srwkhvlv U� @ u uhgxfhv wr Kf = � @ �f> dqg wkh

fruuhvsrqglqj uhjuhvvlrqZdog vwdwlvwlf lv vlpso|Z @
�e� � �f

�� k
Z W

%
e	3�Z%

l �e� � �f

�
=

Xqghu wkh qxoo k|srwkhvlv wkdw � @ �f>

e� � �f @

%[
r

L%%+�r, ei��+�r,3�&3� %[
r

L%�+�r, ei��+�r,3�& >
dqg

Z @ ]W eK3�]> +714,

zkhuh

eK @
4

q2

[
r

L%%+�r, ei��+�r,3�> +715,

K @
4

q2

[
r

L%%+�r,i��+�r,
3�> +716,

] @
4

q

[
r

L%�+�r, ei��+�r,3�= +717,

<



Li zh h{sdqg eK3� durxqg K3� wr wkh wklug whup lq d jhrphwulf h{sdqvlrq/

zh jhw

eK3� @ K3� �K32G .K3�G2 .U�> +718,

zkhuh G @ eK � K> dqg U� @ eK3�K3�G� lv wkh uhpdlqghu whup1 Zh wkhq

ghfrpsrvh G dqg ] dv iroorzv=

G @ � 4

q2

[
r

L%%+�r,i
W
��+�r,

32Yr .
4

q2

[
r

L%%+�r,i
W
��+�r,

3�Y 2
r

� 4

q2

[
r

L%%+�r,i��+�r,
32Er .

4

q2

[
r

L%%+�r,i��+�r,
3�E2

r

� 4

q2

[
r

L%%+�r,i��+�r,
32Sr . kljkhu rughu whupv

@ �GT � .GT 2 �G�� .G�2 �G�� +719,

.kljkhu rughu whupv

dqg

] @
4

q

[
r

L%�+�r,i��+�r,
3� � 4

q

[
r

L%�+�r,i
W
��+�r,

32Yr

.
4

q

[
r

L%�+�r,i
W
��+�r,

3�Y 2
r � 4

q

[
r

L%�+�r,i��+�r,
32Er

.
4

q

[
r

L%�+�r,i��+�r,
3�E2

r �
4

q

[
r

L%�+�r,i��+�r,
32Sr

. kljkhu rughu whupv

@ ]f �]T � . ]T 2 � ]�� . ]�2 �]�� +71:,

. kljkhu rughu whupv

Wkh iroorzlqj Ohppd jlyhv wkh rughuv ri pdjqlwxgh ri wkh whupv lq wkhvh

h{suhvvlrqv1
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Ohppd 9=

]f @ RR+4,> ]T � @ RR+p
3�*2,> ]T 2 @ RR+p

3�,>

]�� @ RR+P
3^,> ]�2 @ RR+P

32^,> ]�� @ RR+p
3�,>

dqg

GT � @ RR+q
3�*2,>GT 2 @ RR+p

3�,>G�� @ RR+P
3^,>G�2 @ RR+P

32^,>G�� @ RR+p
3�,=

Xvlqj +718,/ +719,/ dqg +71:, lq +714, dqg froohfwlqj whupv xs wr RR+p
3� .

P32^,> zh rewdlq d irupdo4 prphqw h{sdqvlrq iru H^Z `/ zklfk lv vxppdul}hg

lq wkh iroorzlqj Wkhruhp1

Wkhruhp :=

H^Z ` @ Tf .p3�T� .P3^T2 .P32^T� . rR+p
3� .P32^,

@ Z . rR+p
3� .P32^,>

zkhuh Tf>T�>T2 dqg T� duh R+4, txdqwlwlhv gh�qhg dv

Tf @ H^K3�]Wf]f`>

T� @ T�� .T�2>

T�� @ piH^K3�]WT �]T �` . 5H^K3�]W
f]T 2`�H^K32GT 2]

W
f]f`j>

T�2 @ piH^K3�G��]
W
f]f`� 5H^K3�]W

f]��`j
T2 @ P^iH^K32G��]

W
f]f`� 5H^K3�]Wf]��`j>

T� @ P2^iH^K3�]W
��]��` .H^K3�G2

��]
W
f]f` . 5H^K3�]W

f]�2`

�5H^K32G��]
W
f]��`�H^K32G�2]

W
f]f`j>

dqg Z @ Tf .p3�T� .P3^T2 .P32^T� lv wkh wuxqfdwhg h{shfwdwlrq ri wkh

Zdog vwdwlvwlf1

4Khuh dqg hovhzkhuh lq wkh sdshu zh surfhhg lq d frqyhqwlrqdo zd| zlwk irupdo prphqw
dssur{lpdwlrqv1 Wkh h{suhvvlrqv jlyhq duh irupdoo| prphqwv ri wkh dssur{lpdwlqj h{sdqvlrqv
udwkhu wkdq irupdo dv|pswrwlf h{sdqvlrqv ri wkh prphqwv ri wkh vwdwlvwlfv1
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Uhpdun 6= Lq wklv h{sdqvlrq/ wkh ohdglqj whup/ Tf/ lv mxvw wkh h{shfwhg ydoxh

ri wkh lqihdvleoh yhuvlrq ri Z lq zklfk wkh wuxh vshfwudo ghqvlwlhv dsshdu1

Uhpdun 7= Wkh kljkhu rughu h�hfwv +xs wr RR+p
3� .P32^,, lqfoxgh= T��/ d

yduldqfh h�hfw> T�2> vhfrqg rughu h�hfw frplqj iurp wkh suholplqdu| hvwlpdwlrq>

T2/ d eldv h�hfw> dqg T�/ d vtxduhg eldv whup1 Khuh/ wkh eldv h�hfw T2 sod|v dq

lpsruwdqw uroh lq wkh vhfrqg rughu whup dqg grplqdwhv wkh vtxduhg eldv whup T�

lq rughu ri pdjqlwxgh1

Uhpdun 8= Dprqj wkh vhfrqg rughu h�hfwv/ wkh �uvw whup/ p3�T�/ lv d ydul0

dqfh whup dqg lv dozd|v srvlwlyh1 Wkh h�hfw frplqj iurp suholplqdu| hvwlpdwlrq/

p3�T�2> lv dv|pswrwlfdoo| srvlwlyh1 Wkh wklug whup/ P3^T2/ lv d eldv whup wkdw

ghshqgv rq wkh fxuydwxuh ri wkh vshfwudo ghqvlw| ixqfwlrq i��+$,1 Wkh irxuwk

whup/ T�> lv dovr srvlwlyh1 Wkxv/ lw lv dssduhqw iurp wkh h{sdqvlrq wkdw/ lq prvw

fdvhv/ wkh Zdog whvw lv olnho| wr ryhu0uhmhfw wkh qxoo k|srwkhvlv1

ZkhqT2 lv qhjdwlyh/ zh jhw wzr whupv lq wkh vhfrqg rughu h�hfw zlwk gl�huhqw

vljqv= p3�T� dqg P3^T21 Zkhwkhu ru qrw wkh Zdog whvw zloo ryhu0uhmhfw Kf

ghshqgv rq zklfk ri wkhvh whupv grplqdwhv1 Lq wklv fdvh/ d +vhfrqg rughu, rswlpdo

edqgzlgwk fdq eh vhohfwhg e| plqlpl}lqj wkh devroxwh ydoxh ri wkh vhfrqg rughu

h�hfwv/ wkdw lv/ P fdq eh fkrvhq e| htxdwlqj p3�T� wr P3^ mT2m > jlylqj wkh

rswlpdo edqgzlgwk

P @

� mT2m
5T�

��*E^n��

q�*E^n��=

Fkrrvlqj wkh edqgzlgwk e| wklv irupxod hqkdqfhv wkh vhfrqg rughu h!flhqf|1

Zkhq T2 lv srvlwlyh/ erwk whupv lq wkh vhfrqg rughu h�hfw ri H^Z ` duh srv0

lwlyh1 Dv d uhvxow/ dw ohdvw wr wkh vhfrqg rughu/ wkh Zdog vwdwlvwlf +516, whqgv

wr ryhu0uhmhfw wkh qxoo k|srwkhvlv1 Lq wklv fdvh/ d edqgzlgwk vhohfwlrq fulwhulrq

fdq eh gh�qhg e| plqlpl}lqj wkh h{shfwhg ydoxh ri wkh vhfrqg rughu h�hfw lq wkh

Zdog vwdwlvwlf/ l1h1 P fdq eh fkrvhq wr plqlpl}h p3�T� .P3^T2> |lhoglqj

P @

�
tT2

5T�

��*E^n��

q�*E^n��=
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Fkrrvlqj wkh edqgzlgwk lq vxfk d zd|/ wkh wuxqfdwhg h{shfwhg Zdog vwdwlvwlf lv

Tf . q3^*E^n��
k
t�*E^n�� . t3^*E^n��

l
+5T�,

^*E^n��T
�*E^n��
2 =

D vhfrqg rughu dgmxvwhg Zdog vwdwlvwlf fdq dovr eh frqvwuxfwhg edvhg rq wkh

deryh h{sdqvlrq1 Li eT� dqg eT2 duh frqvlvwhqw hvwlpdwhv ri T� dqg T2> zh gh�qh

wkh iroorzlqj vhfrqg rughu prgl�hg Zdog vwdwlvwlf=

Z� @ Z � q3^*E^n��
k
t�*E^n�� . t3^*E^n��

l �
5 eT�

�^*E^n�� eT�*E^n��
2 =

Wklv prgl�hg Zdog vwdwlvwlf lv dv|pswrwlfdoo| "2 dqg kdv dq rR+q3^*E^n��, vhfrqg

rughu h�hfw uhpryhg iurp lwv h{shfwhg ydoxh1

Xvlqj wkh uhvxowv lq Ohppd 7/ zh kdyh wkh iroorzlqj dv|pswrwlfv=

Ohppd ;=

+4, pH^K3�]W
f]T 2` $ 4>

+5, pH^K32GT 2]
W
f]f` $ 4>

+6, pH^K3�]W
T �]T �` $ 4>

+7, pH^K3�]W
f]��` $ �4>

+8, pH^K32G��]
W
f]f` $ �4>

+7, P^H^K3�]W
f]��` $ n^i��+3,

3�i^+3,>

+8, P^H^K32G��]
W
f]f` $ n^i��+3,3�i^+3,>

+9, P2^H^K3�]W��]��` $ n2^i��+3,
32i^+3,2>

+:, P2^H^K3�G2
��]

W
f]f` $ n2^i��+3,

32i^+3,2>

46



+;, P2^H^K3�]Wf]�2` $ n2^i��+3,
32i^+3,2>

+<, P2^H^K32G��]
W
f]��` $ n2^i��+3,

32i^+3,2>

+43, P2^H^K32G�2]
W
f]f` $ n2^i��+3,

32i^+3,2=

Wkhvh uhvxowv ohdg xv wr wkh iroorzlqj dssur{lpdwlrq iru wkh wuxqfdwhg h{0

shfwhg Zdog vwdwlvwlf1

Wkhruhp <=

Z � 4 .
6

p
.

n^
P^

i�+3,
3�i^+3, .

n2^
P2^

i��+3,
32i^+3,2=

Vlqfh wkh h�hfw dw }hur iuhtxhqf| grplqdwhv/ wkh vhfrqg rughu h�hfw lq Z lv

dv|pswrwlfdoo| ghwhuplqhg e| wkh vshfwudo ghqvlw| ri wkh uhvlgxdo surfhvv dw wkh

ruljlq1 Dv d uhvxow/ wkh vl}h ri wkh k|srwkhvlv whvw edvhg rq Z zloo eh odujho|

d�hfwhg e| wkh fxuydwxuh ri wkh vshfwudo ghqvlw| ixqfwlrq i��+�, dw wkh ruljlq1

Zkhq i^+3, lv srvlwlyh/ d vlpsoh irupxod iru edqgzlgwk vhohfwlrq fdq eh gh�qhg

wkdw lv edvhg rq wkh xqnqrzq vshfwuxp dqg lwv vprrwkqhvv frpsrqhqw/ yl}1

P @

�
tn^i��+3,

3�i^+3,
9

��*E^n��

q�*E^n��= +71;,

Li zh soxj frqvlvwhqw hvwlpdwhv ei��+3, dqg ei^+3, lqwr wkh irupxod/ wkhq d sudfwlfdo

irupxod iru edqgzlgwk vhohfwlrq lv rewdlqhg1 D vlpsoh vhfrqg rughu prgl�hg

Zdog whvw fdq dovr eh frqvwuxfwhg xvlqj wklv irupxod dv iroorzv=

Z7� @ Z � q3^*E^n��
k
t�*E^n�� . t3^*E^n��

l
+9,^*E^n��

k
n^ ei^+3,@ ei��+3,l�*E^n��

=

+71<,

Uhpdun 9= Li {| lv d vwdwlrqdu| surfhvv/ wkh kljkhu rughu dv|pswrwlfv duh gl�hu0

hqw1 Lw fdq eh vkrzq lq wklv fdvh wkdw

H^Z ` � 4 .
5d

p
.

n^
P^


3��2 .
n2^
P2^

�
5
3��� �
32�2

2

�
>
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zkhuh


 @
4

5�

] Z

3Z
i%%+$,i��+$,

3�g$>

�� @
4

5�

] Z

3Z
i%%+$,i��+$,

3�i^+$,2g$>

�2 @
4

5�

] Z

3Z
i%%+$,i��+$,

32i^+$,g$>

dqg wkh fruuhvsrqglqj edqgzlgwk irupxod edvhg rq plqlpl}dwlrq ri wkh vhfrqg

rughu whup lq wkh h{shfwhg Zdog vwdwlvwlf lv

P @

�
tn^


3��2

7d

��*E^n��

q�*E^n��=

Vxfk d irupxod ghshqgv rq lqwhjudwhg irupv ri wkh vshfwudo ghqvlw| ixqfwlrqv/

udwkhu wkdq wkhlu ydoxhv dw d vlqjoh srlqw1 Dv d uhvxow/ zh fdq qrw vlpso| vxevwl0

wxwh frqvlvwhqw qrqsdudphwulf ghqvlw| hvwlpdwhv iru d vlqjoh srlqw lqwr wkh irupxod

wr rewdlq d edqgzlgwk fkrlfh uxoh1 Lqvwhdg/ wkh xvxdo surfhgxuh lv wr suhvshfli| d

sdudphwulf prgho iru wkh huuru surfhvv x|> hvwlpdwh wkhvh sdudphwhuv dqg xwlol}h

wkhvh hvwlpdwhv lq d soxj0lq surfhgxuh wr rewdlq dq hvwlpdwru ri wkh rswlpdo edqg0

zlgwk1 Wkh edqgzlgwk uxoh lv wkhq rswlpdo iru wklv sdudphwulf prgho/ dqg kdv

wkh fruuhfw rughu ri pdjqlwxgh hyhq zkhq wkh sdudphwulf prgho lv plvvshfl�hg1

81 Edqg Vshfwudo Uhjuhvvlrq

Rqh ri wkh dgydqwdjhv ri iuhtxhqf| grpdlq uhjuhvvlrq lv wkdw lw surylghv d vh0

ohfwlyh surfhgxuh zklfk doorzv xv wr irfxv rq wkh prvw uhohydqw iuhtxhqflhv1 Lq

hfrqrplf dssolfdwlrqv/ lw lv srvvleoh wkdw d prgho dssolhv pruh dffxudwho| dw

vrph iuhtxhqflhv wkdq rwkhuv/ d idprxv h{dpsoh ehlqj wkh shupdqhqw lqfrph

k|srwkhvlv prgho zkhuh shupdqhqw frqvxpswlrq lv prghohg dv d olqhdu ixqfwlrq

ri shupdqhqw lqfrph1 Lq wklv prgho/ wkh pdujlqdo surshqvlw| wr frqvxph rxw ri

shupdqhqw lqfrph fdq zhoo eh yhu| gl�huhqw iurp wkdw rxw ri wudqvlwru| lqfrph1

Vlqfh lw lv uhdvrqdeoh wr dvvrfldwh shupdqhqw lqfrph zlwk }hur0 dqg orz0iuhtxhqf|

frpsrqhqwv lq wkh gdwd/ uhjuhvvlrqv edvhg rq kljk0iuhtxhqf| frpsrqhqwv fdq eh

h{shfwhg wr gholyhu gl�huhqw hvwlpdwhv ri wkh pdujlqdo surshqvlw| wr frqvxph wkdq

wkrvh iurp orz iuhtxhqf| frpsrqhqwv1 Hqjoh +4<:7, �uvw dssolhg wkh edqg vshf0

wudo uhjuhvvlrq phwkrg wr whvw wkh shupdqhqw lqfrph k|srwkhvlv/ zkloh Fruedh/
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Rxoldulv dqg Skloolsv +4<<7, h{whqghg lw wr fdvhv zlwk vwrfkdvwlf wuhqgv/ dqg/ lq d

odwhu zrun/ Skloolsv/ Rxoldulv dqg Fruedh +4<<:, vwxglhg edqg vshfwudo uhjuhvvlrq

zlwk ghwhuplqlvwlf wuhqgv1

Fruuhvsrqglqj wr d iuhtxhqf| edqg E�/ zh pd| k|srwkhvl}h d vshfwudo uhjuhv0

vlrq prgho ri wkh irup

z++�r, @ ��z%+�r, .z�+�r,> li �r 5 E�= +814,

Lq wklv edqg vshfwudo prgho/ wkh ydoxh ri wkh uhjuhvvlrq frh!flhqw yhfwru �� lv

qrz iuhtxhqf| ghshqghqw1 Lq zkdw iroorzv/ zh frqvlghu d vlpsoh edqg vshfwudo

uhjuhvvlrq prgho zkhuh wkh uhjuhvvlrq frh!flhqwv kdyh gl�huhqw ydoxhv rq wzr

v|pphwulf iuhtxhqf| edqgv= d orz iuhtxhqf| edqg D @ ^�$f> $f`/ zklfk lqfoxghv

wkh }hur iuhtxhqf|/ dqg d kljk iuhtxhqf| edqg E @ ^��> �` � ^�$f> $f`= Dv d

uhvxow/ wkh ixoo prgho kdv wkh irup

z++�r, @ ��z%+�r, .z�+�r,> li �r 5 D> +815,

dqg

z++�r, @ ��z%+�r, .z�+�r,> li �r 5 E= +816,

Dv zh kdyh vhhq lq suhylrxv vhfwlrqv/ gxh wr wkh grplqdwlqj h�hfwv ri wkh }hur

iuhtxhqf| frpsrqhqwv/ uhjuhvvlrq +815, +zklfk lqfoxghv wkh }hur iuhtxhqf|, dqg

+816, +zklfk h{foxghv wkh }hur iuhtxhqf|, ohdg wr hvwlpdwruv zlwk gl�hulqj udwhv

ri frqyhujhqfh dqg olplw glvwulexwlrqv1 Lw fdq wkhuhiruh eh dqwlflsdwhg wkdw whvw

vwdwlvwlfv dulvlqj iurp wkhvh wzr gl�huhqw uhjuhvvlrqv zloo kdyh gl�huhqw vhfrqg

rughu h�hfwv1

Wkh iroorzlqj ohppd vxppdul}hv wkh olplw glvwulexwlrqv iru h!flhqw edqg

vshfwudo uhjuhvvlrq hvwlpdwruv1

Ohppd 43= Li

e�� @

57[
brM�

L%%+�r, ei��+�r,3�
683�57[

brM�
L%++�|, ei��+�|,3�

68
dqg

e�� @

57[
brM�

L%%+�r, ei��+�r,3�
683� 57[

brM�
L%++�|, ei��+�|,3�

68 >
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wkhq

q+e�� � ��,
_$
�]

E%E
�
%

�3� �]
E%gE�

�
@ PQ

#
3> 5�i��+3,

�]
E%E

�
%

�3�$
>

s
q+e�� � ��,

_$ Q

#
3>

�]
�
k%+$,i��+$,

3�g$
�3�$

> +817,

zkhuh

k%+$, @ i��+$, .
4

5�

E%+4,E%+4,
�

m4� h�/m2 =

Wkh dv|pswrwlfv iru e�� dqg lwv fruuhvsrqglqj Zdog vwdwlvwlf duh wkh vdph dv

wkrvh ri e� lq Vhfwlrq 7/ doorzlqj iru wkh idfw wkdw wkh ixoo edqg lv uhsodfhg e| wkh

sduwldo edqg D lq Uhpdun 9 +wkh vwdwlrqdu| fdvh, 0 vhh Uhpdun < ehorz1 Wkxv/ wkh

iroorzlqj glvfxvvlrq irfxvhv rq e�� dqg lwv uhodwhg uhjuhvvlrq Zdog whvw/ iru zklfk

fdvh wkh }hur iuhtxhqf| lv qrw lqfoxghg1 Qrwlfh wkdw lq wkh iuhtxhqf| edqg E> wkh

huuruv frplqj iurp suholplqdu| hvwlpdwlrq ri z�+�|, fdq eh gursshg e| Ohppd

6/ dqg wkxv gr qrw hqwhu wkh vhfrqg rughu h�hfw1 Vrph xvhixo dv|pswrwlf uhvxowv

duh vxppdul}hg lq Ohppd 441 Ehfdxvh ri wkh devhqfh ri wkh }hur iuhtxhqf|/ udwhv

ri frqyhujhqfh ri wkhvh shulrgrjudp dyhudjhv duh gl�huhqw iurp wkrvh ri Vhfwlrq 71

Ohppd 44=

4

q

[
brM�

L%%+�r,
_$
]
�
k%+$,g$>

4

q

[
brM�

L%%+�r,i��+�r,
3� _$ 	�>

4

q

[
brM�

L%%+�r,i��+�r,
3�i^+�r,2

_$ ��>

4

q

[
brM�

L%%+�r,i��+�r,
32i^+�r,

_$ �2>

zkhuh

	� @

]
�
k%+$,i��+$,

3�g$>

4:



�� @

]
�
k%+$,i��+$,

3�i^+$,2g$>dqg

�2 @

]
�
k%+$,i��+$,

32i^+$,g$=

Wkh Zdog vwdwlvwlf iru Kf +� @ �f, lq wklv edqg vshfwudo uhjuhvvlrq fdq eh

zulwwhq dv Z� @ �W eK3�
� � zkhuh

eK� @
4

q

[
brM�

L%%+�r, ei��+�r,3�>
K� @

4

q

[
brM�

L%%+�r,i��+�r,
3�> dqg

� @
4s
q

[
brM�

L%�+�r, ei��+�r,3�=
Wkh iroorzlqj ohppd yhul�hv wkh rughuv ri pdjqlwxgh iru vrph kljkhu rughu

frpsrqhqwv dqg lv xvhixo lq wkh h{sdqvlrq wkdw iroorzv1

Ohppd 45=

�T � @
4

q

[
brM�

L%%+�r,i��+�r,
32Yr @ RR+q

3�*2,>

�T 2 @
4

q

[
brM�

L%%+�r,i��+�r,
3�Y 2

r @ RR+p
3�,>

��� @
4

q

[
brM�

L%%+�r,i��+�r,
32Er @ RR+P

3^,>

��2 @
4

q

[
brM�

L%%+�r,i��+�r,
3�E2

r @ RR+P
32^,>

dqg

�f @
4s
q

[
brM�

L%�+�r,i��+�r,
3� @ RR+4,>

4;



�T � @
4s
q

[
brM�

L%�+�r,i��+�r,
32Yr @ RR+p

3�*2,>

�T 2 @
4s
q

[
brM�

L%�+�r,i��+�r,
3�Y 2

r @ RR+p
3�,>

��� @
4s
q

[
brM�

L%�+�r,i��+�r,
32Er @ RR+P

3^,>

��2 @
4s
q

[
brM�

L%�+�r,i��+�r,
3�E2

r @ RR+P
32^,=

Shuiruplqj d vlplodu h{sdqvlrq wr wkdw lq Vhfwlrq 7/ zh jhw wkh iroorzlqj uhvxow

iru wkh edqg vshfwudo uhjuhvvlrq Zdog vwdwlvwlf1

Wkhruhp 46=

H^Z�` @ �f .p3��� .P3^�2 .P32^�� . rR+p
3� .P32^,

@ Z� . rR+p
3� .P32^,>

zkhuh �f>��>�2> dqg �� duh R+4, txdqwlwlhv gh�qhg dv

�f @ H^K3�
� �W

f�f`>

�� @ piH^K3�
� �W

T ��T �` . 5H^K3�
� �W

f�T 2`�H^K32
� �T 2�

W
f�f`j>

�2 @ P^iH^K32
� ����

W
f�f`� 5H^K3�

� �W
f���`j> dqg

�� @ P2^iH^K3�
� �W

�����` .H^K3�
� �2

���
W
f�f` . 5H^K3�

� �W
f��2`

�5H^K32
� ����

W
f���`�H^K32

� ��2�
W
f�f`j>

dqg Z� @ �f . p3��� . P3^�2 . P32^�� lv wkh wuxqfdwhg h{shfwhg Zdog

vwdwlvwlf1

4<



Uhpdun := Wklv h{sdqvlrq lv vlplodu wr wkdw lq Vhfwlrq 71 Krzhyhu/ wkh

txdqwlwlhv lq wkh irupxod kdyh gl�huhqw gh�qlwlrqv dqg gl�huhqw dv|pswrwlfv1 Dv

glvfxvvhg ehiruh/ iru k|srwkhvlv whvwlqj +515, dqg wkh fruuhvsrqglqj uhjuhvvlrq

Zdog whvw/ d edqgzlgwk vhohfwlrq fulwhulrq fdq eh gh�qhg e| plqlpl}lqj wkh

h{shfwhg ydoxh ri wkh vhfrqg rughu h�hfw lq wkh Zdog Vwdwlvwlf/ jlylqj wkh iroorzlqj

edqgzlgwk fkrlfh=

P @

�
t�2

5��

��*E^n��

q�*E^n��=

Ohppd 47 surylghv vrph xvhixo dv|pswrwlf uhvxowv sdudooho wr wkrvh ri Ohppd

;1

Ohppd 47=

+4, pK3�
� �W

f�T 2
_$ d>

+5, pK32
� �T 2�

W
f�f $ d>

+6, pK3�
� �W

f�f $ d>

+7, P^K3�
� �W

f���
_$ n^	

3�
� �2>

+8, P^K32
� ����

W
f�f

_$ n^	
3�
� �2>

+9, P2^K3�
� �W

�����
_$ n2^	

3�
� ��>

+:, P2^K3�
� �2

���
W
f�f

_$ n2^	
32
� �2

2>

+;, P2^K3�
� �W

f��2
_$ n2^	

3�
� ��

2>

+<, P2^K32
� ����

W
f���

_$ n2^	
32
� �2

2>
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+43, P2^K32
� ��2�

W
f�f

_$ n2^	
3�
� ��=

Wkh iroorzlqj dssur{lpdwlrq iru wkh wuxqfdwhg h{shfwhg Zdog vwdwlvwlf fdq

wkhq eh rewdlqhg edvhg rq Ohppd 47=

Wkhruhp 48=

Z� � 4 .
5d

p
.

n^
P^

	3�� �2 .
n2^
P2^

�
5	3�� �� �	32� �2

2

�
=

Uhpdun ;= Qrwlfh wkdw wkh iuhtxhqf| edqg grhv qrw lqfoxgh wkh }hur iuhtxhqf|

dqg wkxv wkh vhfrqg rughu h�hfwv lq Z� duh ixqfwlrqv ri lqwhjudov ri wkh vshfwudo

ghqvlw|1 Dv d uhvxow/ zh fdq qrw rewdlq d edqgzlgwk vhohfwlrq irupxod dv zh glg

lq Vhfwlrq 7 e| vlpso| xvlqj vshfwudo ghqvlw| hvwlpdwhv dw wkh ruljlq1 Lqvwhdg/ d

soxj0lq phwkrg ru furvv ydolgdwlrq surfhgxuh kdv wr eh xvhg wr �qg d edqgzlgwk

lq sudfwlfh1

Uhpdun <= Li {| lv d vwdwlrqdu| wlph vhulhv/ wkh h{sdqvlrq ri wkh h{shfwhg Zdog

vwdwlvwlf lq wkh edqg vshfwudo uhjuhvvlrq prgho lv yhu| vlplodu wr wkh ixoo vshfwudo

uhjuhvvlrq prgho1 Wkh dv|pswrwlfv iru wkh kljkhu rughu frpsrqhqwv kdyh wkh vdph

irupxod exw lqwhjudwlrqv duh qrz wdnhq ryhu wkh iuhtxhqf| edqg E1 Vshfl�fdoo|/

H^Z�` � 4 .
5d

p
.

n^
P^


3�� ��2 .
n2^
P2^

�
5
3�� ��� �
32� �2

�2

�
>

zkhuh


� @
4

5�

]
�
i%%+$,i��+$,

3�g$>

��� @
4

5�

]
�
i%%+$,i��+$,

3�i^+$,2g$> dqg

��2 @
4

5�

]
�
i%%+$,i��+$,

32i^+$,g$=

91 Wkh Pxowlyduldwh Fdvh

Lq wklv vhfwlrq/ zh frqvlghu wkh pxowlyduldwh fdvh dqg wkh Zdog whvw iru d jhqhudo

olqhdu k|srwkhvlv zlwk s uhvwulfwlrqv1 Wkxv/ wkh qxoo k|srwkhvlv kdv wkh jhqhudo
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irupdw Kf = U� @ u> zkhuh u lv dq s � 4 yhfwru dqg U lv dq s � n pdwul{1 {|

dqg � duh qrz n � 4 yhfwruv/ L%%+�, dqg i%%+�, duh n � n pdwulfhv/ dqg L%+> L%�

duh n � 4 yhfwruv1 Wkh fruuhvsrqglqj uhjuhvvlrq Zdog vwdwlvwlf lv jlyhq e| +516,1

Xqghu wkh qxoo k|srwkhvlv wkdw U� @ u/ zh kdyh

Z @ +e� � �,�U�
k
U+Z W

%
e	3�Z%,

3�U�
l3�

U+e� � �,=

Iru vlpsolflw|/ zh vwloo xvh qrwdwlrqv eK>K> dqg ]/ zklfk duh gh�qhg e| irupxodh

+715,/ +716,/ +717,/ iru wkhlu pdwul{ frxqwhusduw/ wkhq wkh Zdog vwdwlvwlf fdq eh

zulwwhq dv

Z @ ]W eK3�U�
k
U eK3�U�

l3�
U eK3�]=

Wkh h{sdqvlrq iru Z lq wklv vhfwlrq iroorzv vlplodu lghdv dv wkrvh lq Vhfwlrq 7/

dqg wkh kljkhu rughu dv|pswrwlfv duh vlplodu wr wkrvh lq Wkhruhp <1 Krzhyhu/ wkh

h{sdqvlrq lv qrz pxfk pruh frpsolfdwhg ehfdxvh ri wkh pxowlyduldwh qdwxuh ri

wkh prgho1 Wkh ghwdlohg h{sdqvlrqv duh jlyhq lq wkh dsshqgl{ dqg zh rqo| vwdwh

wkh pdmru vwhsv ri wkh h{sdqvlrqv khuh1 Ghqrwh U eK3�U� e| eMf> dqg UK3�U� e|
Mf> zh h{sdqg eM3�f durxqg Mf wr wkh wklug rughu dqg jhw wkh iroorzlqj h{sdqvlrq

iru Z>

]W eK3�U�
k
M3�f � M3�f + eMf � Mf,M

3�
f . M3�f + eMf � Mf,M

3�
f + eMf � Mf,M

3�
f .U2

l3�
U eK3�]>
+914,

zkhuh U2 @ eM3�f + eMf � Mf,M
3�
f + eMf � Mf,M

3�
f + eMf � Mf,M

3�
f = Qrwlfh wkdw eMf � Mf @

U+ eK3��K3�,U�/ eK3� fdq eh h{sdqghg durxqg K dv eK3� @ K3��K3�GK3�.
K3�GK3�GK3� . U�> dqg G dqg ] iroorz vlplodu h{sdqvlrqv dv +719,/ +71:,/

vxevwlwxwlqj doo wkhvh suholplqdu| h{sdqvlrqv lqwr +914, dqg froohfwlqj whupv xs

wrRR+p
3�.P3^,> zh jhw wkh iroorzlqj h{sdqvlrq iru wkh h{shfwhg Zdog vwdwlvwlf1

Wkhruhp 49=

H^Z ` @ Vf .p3�V� .P3^V2 . rR+p
3� .P3^,

@ ZC . rR+p
3� .P3^,>

zkhuh Vf> V� dqg V2 duh R+4, txdqwlwlhv gh�qhg dv

Vf @ H^]W
fK

3�U�+UK3�U�,3�UK3�]f`>
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V� @ piH^]W
T �K

3�U�M3�f UK3�]T �` . 5H^]W
fK

3�U�M3�f UK3�]T 2`

.H^]WfK
3�U�M3�f UK3�GT 2K

3�U�M3�f UK3�]f`� 5H^]W��K
3�U�M3�f UK3�]f`

�5H^]W
fK

3�U�M3�f UK3�GT 2K
3�]f` . 5H^]WfK

3�U�M3�f UK3�G��K
3�]f`

�H^]WfK
3�U�M3�f UK3�G��K

3�U�M3�f UK3�]f`j>

V2 @ P^i5H^]W
fK

3�U�M3�f UK3�G��K
3�]f`� 5H^]W

��K
3�U�M3�f UK3�]f`

�H^]WfK
3�U�M3�f UK3�G��K

3�U�M3�f UK3�]f`j>

dqg ZC @ Vf .p3�V� .P3^V2 lv wkh wuxqfdwhg h{shfwhg Zdog vwdwlvwlf1

Uhpdun 43= Wkh rughuv ri pdjqlwxgh ri wkh vhfrqg rughu whupv duh wkh vdph

dv wkrvh lq wkh xqlyduldwh fdvh1 Krzhyhu/ wkhvh vhfrqg rughu h�hfwv gr ghshqg rq

wkh olqhdu k|srwkhvlv1 Wkh qxpehu ri uhvwulfwlrqv/ s/ lq wkh qxoo k|srwkhvlv jrhv

lqwr erwk wkh �uvw dqg wkh vhfrqg rughu dv|pswrwlfv1 Wkh iroorzlqj Ohppd jlyhv

dv|pswrwlf uhvxowv iru wkh kljkhu rughu whupv lq wkh h{sdqvlrq1

Ohppd 4:=

pH^]WT �K
3�U�M3�f UK3�]T �` $ s>

pH^]WfK
3�U�M3�f UK3�]T 2` $ s>

pH^]WfK
3�U�M3�f UK3�GT 2K

3�U�M3�f UK3�]f` $ s>

pH^]WfK
3�U�M3�f UK3�GT 2K

3�]f` $ s>

P^H^]W
fK

3�U�M3�f UK3�G��K
3�]f` $ �sn^i��+3,

3�i^+3,>

P^H^]W
��K

3�U�M3�f UK3�]f` $ �sn^i��+3,
3�i^+3,>
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P^H^]W
fK

3�U�M3�f UK3�G��K
3�U�M3�f UK3�]f` $ �sn^i��+3,

3�i^+3,=

Wkxv/ wkh wuxqfdwhg h{shfwhg Zdog vwdwlvwlf ZC kdv wkh iroorzlqj dssur{l0

pdwlrq/ zklfk lv vlplodu wr wkdw lq Wkhruhp <1

Wkhruhp 4;=

ZC � s.
6s

p
.

sn^
P^

i3��� +3,i^+3,=

Uhpdun 44= Mxvw dv lq suhylrxv vhfwlrqv/ dq rswlpdo edqgzlgwk uxoh fdq eh

ghwhuplqhg e| plqlpl}lqj wkh vhfrqg rughu whup/ jlylqj irupxod +71;,/ dqg d

vhfrqg rughu prgl�hg Zdog whvw fdq wkhq eh frqvwuxfwhg dv lq +71<,1

Uhpdun 45= Zkhq {| lv d vwdwlrqdu| surfhvv/ wkh }hur iuhtxhqf| qr orqjhu kdv

wkh grplqdqw h�hfw dqg wkh ydoxh ri vshfwudo ghqvlw| hovhzkhuh jrhv lqwr wkh

dv|pswrwlfv1 Dv d uhvxow/ fhuwdlq whupv fdq qrw eh fdqfhoohg rxw dqg wkh kljkhu

rughu dv|pswrwlfv ri wkh Zdog whvw kdyh d pruh frpsolfdwhg uhsuhvhqwdwlrq wkdq

lq wkh xqlyduldwh fdvh1 Zh kdyh ehhq deoh wr vkrz wkdw wkh h{shfwhg ydoxh ri

Zdog vwdwlvwlf lq wklv fdvh kdv wkh iroorzlqj h{sdqvlrq

H^Z ` � s.
5sd

p
.

n^
P^

wu
q�

U
3�U��3�U
3��2

3�U�

r
>

zkhuh 
 dqg �2 duh n� n pdwulfhv ri lqwhjudwlrq ri vshfwudo ghqvlwlhv gh�qhg e|

wkh vdph irupxodh dv wkrvh lq Uhpdun 91

Uhpdun 46= H{sdqvlrqv iru wkh Zdog vwdwlvwlf lq edqg vshfwudo uhjuhvvlrq

prghov fdq eh ghulyhg lq d vlplodu zd|1

:1 Prqwh Fduor Uhvxowv

Zh frqgxfwhg d vpdoo Prqwh Fduor h{shulphqw wr hydoxdwh wkh vhfrqg rughu wkhru|

iru Zdog whvwv lq frlqwhjudwlqj uhjuhvvlrqv1 Lq sduwlfxodu/ zh h{dplqhg wkh vl}h
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surshuwlhv ri Zdog vwdwlvwlfv xvlqj gl�huhqw edqgzlgwk fkrlfhv dqg wkh vhfrqg

rughu dgmxvwhg Zdog whvw/ dqg orrnhg dw wkh h�hfw ri wkh vhfrqg rughu edqgzlgwk

vhohfwlrq fulwhulrq rq whvw vl}h1

Wkh gdwd zhuh jhqhudwhg dffruglqj wr wkh prgho

|| @ �{| . x|>

{| @ {|3� . y|>

x| @ �x|3� . %|>

zkhuh y| dqg %| duh erwk llg Q+3/4, yduldwhv dqg duh lqghshqghqw ri hdfk rwkhu1

Wzr ydoxhv ri dxwruhjuhvvlyh frh!flhqw/ � @ 3=6 dqg � @ 3=9 zhuh frqvlghuhg1

Wkh qxoo k|srwkhvlv Kf = � @ 4 zdv whvwhg1 Wkh fruuhvsrqglqj Zdog whvw lv

dv|pswrwlfdoo| "2
� dqg wkh qrplqdo 8( ohyho fulwlfdo ydoxh iru wkh whvw edvhg rq

wkh dv|pswrwlf glvwulexwlrq lv 61;71

Wkuhh vdpsoh vl}hv/ W @ 97/ W @ 45;/ W @ 589/ zhuh xvhg lq wkh h{shulphqw1

Wkh qxpehu ri uhsolfdwlrqv zdv 43/333 iru hdfk fdvh1 Wkh Gdqlhoo zlqgrz zdv

xvhg lq wkh qrqsdudphwulf ghqvlw| hvwlpdwlrq1 Wkh vl}h surshuwlhv ri wkh irxu

Zdog vwdwlvwlfv duh h{dplqhg lq wkh Prqwh Fduor dqdo|vlv1 Wkh| duh dv iroorzv=

Zf = Zdog vwdwlvwlf +516, xvlqj wkh rswlpdo edqgzlgwk irupxod +71;,1

Z� = Zdog vwdwlvwlf +516, xvlqj d �{hg edqgzlgwk fkrlfh P @ ;1

Z2 = Zdog vwdwlvwlf +516, xvlqj d �{hg edqgzlgwk fkrlfh P @ 43=

Z7� = Vhfrqg rughu dgmxvwhg Zdog vwdwlvwlf +71<, xvlqj wkh rswlpdo edqg0

zlgwk1

Zh fdofxodwhg wkh hpslulfdo vl}hv ri wkhvh whvw vwdwlvwlfv iurp wkh Prqwh Fduor

uhmhfwlrq udwhv edvhg rq dv|pswrwlf fulwlfdo ydoxh dw wkh 8( ohyho1 Wkh uhvxowv

duh uhsruwhg lq Wdeoh 41 Wkh hpslulfdo fulwlfdo ydoxhv ri wkhvh whvwv duh dovr

fdofxodwhg dv txdqwlohv lq wkh vlpxodwlrqv xqghu wkh qxoo k|srwkhvlv1 Wdeoh 5

jlyhv wkhvh ydoxhv1

Wkh rswlpdo edqgzlgwk vhohfwlrq fulwhulrq |lhogv uhodwlyho| vdwlvidfwru| �qlwh

vdpsoh shuirupdqfh ri wkh Zdog whvw1 Dowkrxjk vl}h glvwruwlrq vwloo h{lvwv iru doo

ri wkhvh whvwv/ wkh hpslulfdo vl}h ri wkh Zdog vwdwlvwlf/ Zf/ zklfk xvhv wkh rswlpdo

edqgzlgwk/ lv vpdoohu wkdq wkrvh ri wkh Zdog vwdwlvwlfv + Z� dqg Z2 , wkdw xvh

duelwudu| edqgzlgwk sdudphwhuv1 Wkh hpslulfdo fulwlfdo ydoxhv ri Zf duh dovr

forvhu wr wkh dv|pswrwlf fulwlfdo ydoxhv wkdq wkrvh ri Z� dqg Z2= Vl}h glvwruwlrq
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lv ixuwkhu uhgxfhg lq wkh vhfrqg rughu dgmxvwhg Zdog vwdwlvwlf1

Dv wkh vdpsoh vl}h lqfuhdvhv iurp 97 wr 589/ zh fdq vhh iurp wkhvh wdeohv

wkdw wkh hpslulfdo vl}h ghfuhdvhv dqg hpslulfdo fulwlfdo ydoxhv duh forvhu wr wkh

dv|pswrwlf fulwlfdo ydoxhv/ fruurerudwlqj wkh dv|pswrwlf dssur{lpdwlrqv1 Zh

dovr �qg pruh vl}h glvwruwlrq zkhq wkh dxwrfruuhodwlrq lq wkh uhvlgxdo surfhvv x|
lqfuhdvhv1

Wdeoh 4= Hpslulfdo Vl}h +qrplqdo vl}h @ 8(,

Zf Z� Z2 Z7�

� @ 3=6 W @ 97 3147:7 3148;: 3148<; 31439<
� @ 3=6 W @ 45; 31445: 314546 314548 313;:<
� @ 3=6 W @ 589 313;54 313;7< 313;88 3139;;
� @ 3=9 W @ 97 314;5: 315338 31534: 314733
� @ 3=9 W @ 45; 314685 314778 31478; 314437
� @ 3=9 W @ 589 313<65 314374 31437: 313:<<

Wdeoh 5= Hpslulfdo Fulwlfdo Ydoxhv

Zf Z� Z2 Z7�

� @ 3=6 W @ 97 :17;8; ;13457 ;138<9 9183<;
� @ 3=6 W @ 45; 81<349 915577 9155:< 815;9;
� @ 3=6 W @ 589 71:<8< 71<659 71<7;; 7173;9
� @ 3=9 W @ 97 <19377 43167: 43167< ;195;8
� @ 3=9 W @ 45; 91<98: :16:33 :175:7 91683<
� @ 3=9 W @ 589 816875 818<:4 818<<3 71<99<

;1 Frqfoxvlrq

Wklv sdshu ghyhorsv kljkhu rughu h{sdqvlrqv iru Zdog whvw vwdwlvwlfv lq h!flhqw/

iuhtxhqf| grpdlq vhpl0sdudphwulf frlqwhjudwlqj uhjuhvvlrq prghov1 Wkhvh h{sdq0

vlrqv dgguhvv vrph ri wkh sureohpv suhvhqwhg e| �uvw rughu dv|pswrwlf wkhru|1

Lq sduwlfxodu/ wkh| surylgh dq rssruwxqlw| wr uhgxfh vl}h glvwruwlrq lq vwdwlvwlfdo

whvwlqj e| vxlwdeoh edqgzlgwk fkrlfhv dqg vhfrqg rughu dgmxvwphqwv1 Vlqfh wkh

h�hfw dw wkh }hur iuhtxhqf| grplqdwhv wkh dv|pswrwlfv iru shulrgrjudp dyhudjhv

ri L+4, surfhvv/ wkh vhfrqg rughu h�hfw lq wkh h{shfwhg ydoxh ri wkh Zdog vwdwlvwlf
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lv dv|pswrwlfdoo| ghwhuplqhg e| wkh vshfwudo ghqvlw| ri wkh uhvlgxdo surfhvv dw

wkh ruljlq1 Dv d uhvxow/ wkh vl}h surshuwlhv ri Zdog whvwv duh odujho| d�hfwhg e|

wkh fxuydwxuh ri wkh vshfwudo ghqvlw| ixqfwlrq dw wkh ruljlq1

D edqgzlgwk vhohfwlrq fulwhulrq wkdw lv edvhg rq plqlpl}lqj wkh vhfrqg ru0

ghu h�hfw rq wkh h{shfwhg ydoxh ri wkh Zdog vwdwlvwlf lv sursrvhg wr lpsuryh

vwdwlvwlfdo whvwlqj dqg vhfrqg rughu prgl�hg Zdog whvwv duh sursrvhg wkdw xvh

frqvlvwhqw hvwlpdwhv ri wkh vhfrqg rughu whupv1 H{sdqvlrqv iru wkh Zdog whvw duh
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