COWLES FOUNDATION FOR RESEARCH IN ECONOMICS
AT YALE UNIVERSITY

Box 2125, Yale Station
New Haven, Connecticut 06520

COWLES FOUNDATION DISCUSSION PAPER NO. 1189

Note: Cowles Foundation Discussion Papers are preliminary materials
circulated to stimulate discussion and critical comment.
Requests for single copies of a Paper will be filled by the
Cowles Foundation within the limits of the supply. References
in publications to Discussion Papers (other than mere
acknowledgment by a writer that he has access to such
unpublished material) should be cleared with the author to
protect the tentative character of these papers.

A PRIMER ON UNIT ROOT TESTING
Peter C. B. Phillips and Zhijie Xiao

August 1998



A Primer on Unit Root Testing *

Peter C. B. Phillips
Cowles Foundation for Research in Economics
Yale University

and

Zhijie Xiao
Department of Economics
University of Illinois at Urbana-Champaign

June 27, 1998

Abstract

The immense literature and diversity of unit root tests can at times be con-
fusing even to the specialist and presents a truly daunting prospect to the unini-
tiated. In consequence, much empirical work still makes use of the simplest
testing procedures because it is unclear from the literature and from recent re-
views which tests if any are superior. This paper presents a survey of unit root
theory with an emphasis on testing principles and recent developments. The gen-
eral framework adopted makes it possible to consider tests of stochastic trends
against trend stationarity and trend breaks of a general type. The main tests
are listed, and asymptotic distributions are given in a simple form that empha-
sizes commonalities in the theory. Some simulation results are reported, and an
extensive list of references and an annotated bibliography are provided.

Keywords: Autoregressive unit root; Brownian motion; Functional central limit
theorem; Integrated process; LM principle; Model selection; Moving average unit
root; Nonstationarity; Quasi-differencing; Stationarity; Stochastic trend.

JEL Classification: C22.

*This review paper is a considerably expanded version of “A primer on Unit Root Tests” by
Phillips and draws on material published in the brief review of unit root testing given in Phillips
(1997). We thank Les Oxley and Michael McAleer for comments on an early version of this paper.
The paper was keyboarded by the authors in Scientific Word 2.5. Phillips thanks the NSF for research
support under grant no. SBR94-22922 and Xiao thanks the Cowles Foundation for hospitality during
a visit in May-June 1998.



1 Introduction

At a casual level, many observed time series seem to display nonstationary character-
istics. For economic time series nonstationary behavior is often the most dominant
characteristic. Some series grow in a secular way over long periods of time, others
appear to wander around as if they have no fixed population mean. Growth char-
acteristics are especially evident in time series that represent aggregate economic
behavior like gross domestic product and industrial production. Random wandering
behavior is evident in many financial time series like interest rates and asset prices.
Similar phenomena arise in data from other social sciences like communications and
political science, one example being opinion poll data on presidential popularity. Any
attempt to explain or forecast series of this type requires that a mechanism be in-
troduced to capture the nonstationary elements in the series, or that the series be
transformed in some way to achieve stationarity. Yet this is often much easier to say
than it is to do in a satisfactory way. The problem is particularly delicate in the
multivariate case, where several time series may have nonstationary characteristics
and the interrelationships of these variables are the main object of study.

Before 1970, a very popular way of modeling nonstationarity was to use deter-
ministic trending functions like time polynomials to capture the secular movements
in the series. Regression methods were commonly used to extract this trend and the

residuals were then analyzed as a stationary time series. A model of the form
yt:ht+yfa ht:'ylﬂft, t= 17"'7”7 (1)

where y; is a stationary time series and x; is a k-vector of deterministic trends, is
known as a trend-stationary time series. The trend function h; may be more complex
than a simple time polynomial. For example, time polynomials with sinusoidal factors
and piecewise time polynomials may be used. The latter corresponds to a class of
models with structural breaks in the deterministic trend. The outline of the theory
of unit root tests that is given here will allow for these possibilities.

A major limitation of models like (1) is that the trending mechanism is non-
stochastic. One way of introducing a stochastic element into the trend is to allow the

process y; to be generated as follows:
yf = aylf—l + U, t= 17 -1, with a = 17 Uy = C(L)gta (2)

and

C(L) =" e, 3 32l < o0, C(1) #0, 3)



where L is the lag operator for which Ly; = y;—1. The initial condition in (2) is set
at t = 0, and y; may be a constant or a random variable. In the latter case, we can
even allow for distant initial conditions (see Phillips and Lee, 1996, and Canjels and
Watson, 1997), so that y3 has a comparable stochastic order to the terminal data
point y3, viz. Op(y/n). If ¢, = iid(0,02), then u, in (2) is a linear process, and y; has
an autoregressive unit root. It is common to make the more general assumption that
€¢ 1s a stationary martingale difference sequence with respect to the natural filtration
(Fi)with E(e?|F;_1) = 02, a.s. The second and third conditions of (3) ensure that
ug is covariance stationary and has positive spectral density at the origin, thereby
ensuring that the unit root in y; does not cancel (as it would if u; had a moving
average unit root). The $— summability condition in (3) is useful in validating the

following expansion of the operator C(L)
C(L) = C(1) + C(L)(L - 1), (4)

where C(L) = >0 ¢l and ¢ = 377,

martingale difference decomposition of w

cs. This expansion gives rise to an explicit

u = C(1)e; + &1 —&, with& =C(L)e, (5)

This decomposition is sometimes called the martingale decomposition in the probabil-
ity literature (see Hall and Heyde, 1980) because the first term of (5) is a martingale
difference and the partial sums Zzzl ug correspondingly have the leading martingale
term C(1) 3.%_, &5. The expansion (4) was obtained, but not validated, in the work of
Beveridge and Nelson (1981) on decomposing aggregated economic data into long run
and short run components and is significant in this context. Thus, if y; is generated
by (2) then (5) reveals that

¢
yi =C(1)) ca+éo—&+yy =Y +m,
s=1
where Y = C(1) Zizl es and 1, = €9 — & + y§ are the long run and short run
components of y;, respectively. The decomposition (5) was justified in a simple
algebraic way using (3) by Phillips and Solo (1992), who showed how to use it to prove
strong laws, central limit theorems, functional laws, and laws of iterated logarithms
for time series. It is now commonly used in this way in the development of an
asymptotic theory for nonstationary time series.
The output of (2) can be written as the accumulated process y; = 22:1 u; + g,
and is called a stochastic trend by virtue of the fact that it is of stochastic order



Op(tl/ %) . The process y; is difference stationary in the sense that Ay = w; is a
stationary process where A = 1 — L is the differencing operator. The terminology
integrated process of order one (written as /(1)) is in common use because of the
above representation. In consequence, we call a stationary time series an I(0) process
(integrated of order zero). The assumptions given above are sufficient to ensure
that y; satisfies a functional central limit theorem (see Phillips and Solo, 1992, for a
demonstration), which is an important element in the development of the asymptotic
theory of all unit root tests. As a result, n=%/ ny;% "= B(r), a Brownian motion
with variance w? = 02C(1)?, where [nr] signifies the integer part of nr and r € [0, 1]
represents some fraction of the sample data. The parameter w? = 27 £,(0) is called
the long-run variance of u; .

In contrast to stationary or trend stationary time series, models with a stochastic
trend have time dependent variances that go to infinity with time, are persistent
in the sense that shocks have permanent effects on the values of the process, and
have infinite spectrum at the origin. These properties of stochastic trends have
considerable relevance in economic applications. For instance, under the real business
cycle hypothesis, policy actions are required to bring real GNP back to its original
path due to the persistent effects of innovations. However, less policy intervention is
needed in trend stationary models because shocks only have a transitory effect.

Testing for the presence of a stochastic trend in the model (1) is equivalent to
testing the null hypothesis that the autoregressive parameter @ = 1 in (2), and is
known as a unit root test. The alternative hypothesis that |a| < 1 corresponds to
the version of the model in which y; is trend stationary. The test can be interpreted
as a test of difference stationarity versus trend-stationarity in the time series y;.
There are now a wide variety of such tests, based on parametric, semi-parametric
and non-parametric methods and employing both classical and Bayesian principles
of statistical testing. The literature is immense. This paper seeks to cover the main
principles of testing, the most commonly used tests in practical work, a comparison

of the finite sample properties among these tests, and recent developments.

2 Classical Unit Root Tests
2.1 The Dickey—Fuller Tests

Combining (1) and (2) gives the regression model

y = B'w + oy + w. (6)



In (6) the deterministic component is constructed so that Ahy = v/ Axy = v Axy =
3z, for some matrix A and vector (3. This usually involves raising the degree of the
deterministic trends to ensure that the maximum trend degrees in (6) and (1) are the
same. Then, at least one element of the parameter vector 3 is zero and, consequently,
there are surplus trend variables in the regression equation (6). It will subsequently
be useful to make this redundancy explicit, and this can be done by rewriting the
trend component in (6) as Ahy = a, = B’ Iy, where I; = Sz for some eliminator
matrix S that eliminates redundant rows of ;. The formulation (6) therefore results
in some inefficiency in the regression because &; is of smaller dimension than x;.
There is an alternative approach that avoids this problem of redundant variables
and it will be discussed in Sections 3.1 and 3.2 below. The regression (6) does have
the advantage that the detrended data is invariant to the parameters in the trend
function in (1).

To develop an asymptotic theory it is assumed that there exists a scaling matrix
Dy, and a piecewise continuous function X (r) such that D, 'z, — X(r) as n —
oo uniformly in r € [0,1]. For example, if h; is a p-degree time polynomial, then
D,, = diag(1,n,...,n?) and X(r) = (1,r,...,rP)". Correspondingly, it is also assumed
that there exists a matrix F, for which F, 2, — X(r) as n — oo, uniformly in
r € [0,1]. In general, X (r) = SX(r).

The Dickey—Fuller tests (Dickey and Fuller, 1979, 1981) dealt with Gaussian ran-
dom walks with independent residuals. Let @ be the OLS estimator of a in (6) and
ts be the corresponding t-ratio statistics, under the null hypothesis o = 1, the large
sample theory for these quantities involves functionals of Brownian motion, some
of which are stochastic integrals. The limit theory forms the basis of the unit root
tests. If the shocks u; are iid(0, 0%) random variates, the large sample theory for the
coefficient estimator & and its regression t-ratio statistic t5 are given by the following

functionals of Brownian motion,

n(@—1) = [[Ewx ) e)|[ w7 @

ta= [ wxaw)][fawxe?] )

where = signifies weak convergence, W is standard Brownian motion, and Wx (r) =
. . _1

W(r)— {[01 WX} {[01 XX} X (r) is the Hilbert projection in L]0, 1] of W onto the

space orthogonal to X. In the special case where there is no deterministic component

x¢, these limit distributions reduce to the commonly known Dickey-Fuller distribu-

-1 —1/2
tions given by the functionals {['01 WdW} [_]61 WQ} and {['01 WdW} [_]61 WQ} / .
Dickey and Fuller (1979, 1981) did not themselves use these representations, but



used equivalent R, formulations in terms of linear combinations of functions of iid
N (0,1) variates, rather than stochastic process representations on function spaces.
The latter first appeared, but were unproved, in White (1958), and were later de-
veloped in progressive degrees of generality by Lai and Wei (1982), Solo (1984) and
Phillips (1987). Multivariate regression cases were dealt with using these methods in
Phillips (1986) and Phillips and Durlauf (1986).

In the more general case where the residual process wu; is stationary, the limit
distributions of @ and f¢; have additional bias terms due to the presence of serial
correlation. These were explored in Phillips (1987). As a result, the limiting dis-
tributions of the two statistics in (7) and (8) become dependent on the nuisance
parameters. Such a problem can be solved in a parametric or non-parametric way,
leading to two major classes of unit root tests that are distinguished by their treat-
ment of the autocorrelation in the stationary residual process w;. One approach,
proposed by Phillips (1987), adjusts & and t; based on nonparametric estimates of
the nuisance parameters to account for the serial correlation. This approach is said
to be semi-parametric since its treatment of the regression coefficient « is parametric
but it deals with the stationary residual nonparametrically. The second approach, the
augmented Dickey—Fuller (ADF) test, adds lags to the autocorrelation to eliminate
the effect of serial correlation on the test statistics. Such a device relies on specifying
the stationary part of the process in terms of a parametric model (commonly an au-
toregression) and is therefore fully parametric. This approach was explored by Said
and Dickey (1984).

2.2 The Semi-parametric Z,and Z,Tests

The semiparametric Z,, and Z; tests were developed in Phillips (1987) and extend the
original unit root tests of Dickey and Fuller (1979, 1981), which were based on the
statistic n(& — 1) and ¢, in the Gaussian AR(1) model. Phillips and Perron (1988),
Ouliaris et al. (1990), and Park and Sung (1994) give various extensions of these
semiparametric tests. Following Phillips (1987), when the residual process u; in (4)

is a general stationary time series, the asymptotic distributions are given as follows:

~1
n(a—1) = | [oBx(r)dB(r) + || [§ B (r)dr| (9)

and 12
ta = 0, | [o Bx(n)aB(r) + M| 3 By (mar| (10)
where o2 = var(u¢), B(r) is Brownian motion with variance w? = 02C(1)%, A =

> 21 E(uguy), and Bx(r) is detrended Brownian motion defined by the Ls[0,1]



Hilbert space projection of B(r) onto the space orthogonal to the span of X (r), viz.,
Bx(r) = B(r) — “01 BX} [.[01 XX} _IX(T). In (9) and (10), w? and X are nuisance
parameters and may be consistently estimated by nonparametric kernel techniques,
analogous to those that are used in the estimation of the spectral density (e.g., see
Andrews, 1991). Let &% and A be such estimates. Using the limit theory in (9) and
(10) and these nonparametric estimates of the nuisance parameters, the following

statistics are formed to test the unit root hypothesis:

Zog=n(ad—1)— A <n72 Zj:z yg(,tfl)_l = {Ié deW} []é W)Q(} - , (11)

7= 6o Mo (0 k)Y = [Fwaw][fiwd] L a2
where yx; is the residual from a regression of y; on x;. The limit variates shown in
(11) and (12) involve standard Brownian motion W (r) = 2 B(r) and the standardized
process Wx (r) = %B x (1), so they are free of nuisance parameters and produce similar
tests for a unit root.

The limit variates (11) and (12) simplify to those of the original Dickey—Fuller
tests in the case of a fitted intercept or linear trend and can be used to construct
critical values for the tests. This is typically done by large scale simulations, since
the limit distributions are non-standard. Fuller (1976/1996) gives some numerical
tabulations for the intercept and linear trend cases . Computerized tabulations are
given in Ouliaris and Phillips (1994) for the case of polynomial trends. These limit
distributions are asymmetric and have long left tails. In the case of the Z, test,
for instance, we reject the null hypothesis of a unit root at the 5% level if Z, <
cv(Z4;5%), the 5% critical value of the test. Both the Z, and Z; tests are one-sided.
They measure the support in the data from a unit root against the alternative that the
data are stationary about the deterministic trend x;. When there is no deterministic
trend in the regression model, the alternative hypothesis is just stationarity. In this
case, the limit variates involve only the standard Brownian motion W, and Wx = W

in (11) and (12).

2.3 The Parametric ADF Tests

The most common parametric unit root test is the augmented Dickey—Fuller (ADF)
test. This test was originally proposed by Dickey and Fuller (1979, 1981) for the case
where u; in (6) is an AR(p) process. The unit root hypothesis in (6) corresponds to

the hypothesis a = 0 in the following regression:

k—1
Ayt = ayYi—1 + Zj:l SOjAytfi + 6,xt + &¢. (13)



This hypothesis can be tested by means of the regression coefficient a or its t-ratio
statistic t;, which have the same limiting distributions as those given in (7) and
(8). For more general time series processes, we can expect that, as k — oo, the
autoregressive approximation will give an increasingly accurate representation of the
true process. In an important extension of Dickey and Fuller (1979), Said and Dickey
(1984) prove the validity of the ADF t-ratio test (ADF;) in general ARMA processes
of unknown order, provided the lag length in the autoregression increases with the
sample size at a rate less than n!/3, where n = sample size. This statistic has the
same limit distribution as the Z; test given in (12) and thus the same critical values
can be used in practical applications.

The limit distribution of the coefficient estimate a is dependent on nuisance pa-

rameters even as the lag length goes to infinity. Specifically,
~ 1 1 2 -1
na = |:O'f0 WXdW} [wfo WX} ,

which depends on unknown parameters o and w. However, w and ¢ can be consistently
estimated. In particular, 3% = Y_2?/n is a consistent estimator of 02, and w? can be
consistently estimated by the AR estimator (Berk, 1974) &2 = 52/(1—>" $;)%. Under
the null hypothesis that a = 0, it is apparent that the modified coefficient-based test
statistic, ADF, = (0/0)na, has the same limit distribution as that of the Z, test
and that of the original Dickey—Fuller coefficient test. This ADF,, test was developed
in Xiao and Phillips (1997).

3 Towards Efficient Unit Root Tests

3.1 The von Neumann Ratio and LM Tests

The regression equations of classical unit root tests like (6) and (13) involve redundant
trend variables. It is to be anticipated that elimination of redundant components in
the deterministic trend may bring an efficiency gain to the unit root tests. One such
test that successfully avoids the problem of redundant trend variables is the von
Neumann (VN) ratio test.

The von Neumann (VN) ratio is the ratio of the sample variances of the dif-
ferences and the levels of a time series. For Gaussian data this ratio leads to well
known tests of serial correlation that have good finite sample properties. Sargan and
Bhargava (1983) suggested the use of this statistic for testing the Gaussian random
walk hypothesis, and Bhargava (1986) extends it to the case of a time trend. Us-
ing nonparametric estimates of the nuisance parameter w?, it is a simple matter to

rescale the VN ratio to provide a unit root test for model (1) and (2) above. Stock



(1995) does this for the case where there is a linear trend. Using a different approach
and working with polynomial trends, Schmidt and Phillips (1992) show that for a
Gaussian likelihood the Lagrange multiplier (LM) principle leads to a VN test, and
can be generalized by using a nonparametric estimate of w?. The following discussion
gives a generalized VN unit root test for the model (1) and (2), allowing for trends
and trend breaks.
If yf were observable, the VN ratio would take the form VN =
S o (Ay$)2/ S0 1 (y$)?. The process y; is, in fact, unobserved but may be esti-
mated from (1). Note that, under the null hypothesis and after differences are taken,
we get
Ay, = Ahy + Ay;. (14)

This equation is trend stationary, so that by the Grenander—Rosenblatt theorem
(Grenander & Rosenblatt, 1957, Chapter 7) the trend function can be efficiently
estimated by an OLS regression. Doing so avoids the problem mentioned earlier of
having surplus trend variables in the detrending regression. Intuition suggests that
this should increase the power of the test, at least in the neighborhood of the null,
and simulations in Schmidt & Phillips (1992) confirm this.

Let Ay = Ay, — Al be the residuals from the efficient detrending regression
(14) and let g7 = >>'_, Ag7 be the associated estimate of y7 . Let &% and 62 be
consistent estimates of w? and o2. (These may be obtained in the same way as in
the construction of the Z; test, i.e. by using the residuals from the regression (6).)
Finally, let yf = ¢ — 'z, be the residuals from an OLS regression of g on x;.

Rescaling the von Neumann ratio then leads to the following two test statistics

Y L (AGF)? 1¢2] "
Ron =Gty < A )
> o 1Y O (AGE)? 152]7t
Row = st e = o] (16)

The limit process Vx(r) in (16) is a detrended generalized Brownian bridge, whose

precise form depends on the deterministic trend h; in (1). Specifically,

V() = V() — ([h VX)) ([ XX7) X (7
is the projection residual of the process Vx on the space spanned by X (r), and
Vie(r) = W) — (frawx’)(fox%) 7[5 X 18

is a generalized Brownian bridge process. When X has a constant element (as it

usually will), it is easy to see that the process VX is tied down to the origin at



the ends of the [0,1] interval just like a Brownian bridge, so that both Vx(0) = 0
and Vx (1) = 0. In the case of a simple linear trend, Vx(r) = W(r) — rW(1) is
a standard Brownian bridge, and Vx (r) = Vx(r) — ,Ibl Vx is a demeaned Brownian
bridge. Consonant with the efficient detrending regression Ag; = Ay, — Ahy, the
limit process Vy in (16) is detrended using the limiting trend function X (r), which,
like &y, involves no redundant trend variables.

Critical values of the limit variates shown in (15) and (16) must be obtained
by simulation. The statistics are positive almost surely and the tests are one sided.
Schmidt & Phillips (1992) provide tabulations for ﬁv A in the case where h; is a linear
trend. The presence of a unit root is rejected at the 5% level if Ry > C’U(EV N,D5%).

3.2 Quasi-Difference Detrended Unit Root Tests and Joint Estima-
tion of the Local Parameter and Trend

As discussed in Section 3.1 above, the von Neumann ratio test Ry is constructed
using an efficient detrending regression under the null hypothesis in contrast to the
regression (6), where there are generally redundant trending regressors. One way to
improve the power of unit root tests is to perform the detrending regression in a way
that is efficient under the alternative hypothesis as well, an idea that was suggested
in Elliot et al. (1996) in the context of the removal of means and linear trends. For
alternatives that are distant from a unit root, this can be done directly by means of
a regression on (1) because y; is stationary with a spectral density that is continuous
at the origin and then the Grenander—Rosenblatt theorem applies. To obtain large
sample approximations, we can consider alternatives that are closer to unity. Such

alternative hypotheses can often be well modelled using the local alternative
a=-exp(nlc)~1+n"te (19)

for some fixed ¢ = ¢ , say, given the sample size n. In this case, in order to efficiently
estimate the trend coefficient under the alternative hypothesis, we should use quasi-
differencing rather than differencing in the construction of the detrending regression.
It is known that such a regression leads to estimates of the trend coefficients that
are asymptotically more efficient than an OLS regression in levels (Phillips and Lee,
1996), and this result justifies the modified test procedure that follows.

Define the quasi-difference operator as Az, Agyy = (1 — L —n~1el)y, = Ay, —

n~1ey;_1, take quasi-differences of (1) and run the detrending regression

Agyr = ;VAEmt + Azy;. (20)



We call such detrending procedures quasi-difference (QD) detrending. Using the
fitted coefficients 4 from this OLS regression, the levels data are detrended according

to

Je = yo — 7 2. (21)
The detrended data g may be used in the construction of unit root tests. For example,
we can construct the modified semi-parametric Z, test by running the regression of

the QD detrended variable 7; on its one-period lagged value ;1 without deterministic

trends in the regression, giving
Yt = ay_1 + residual.
The modified Z, test statistic has the following form
~ n - —1
o« =n(@-1)- A(ﬂ’Q >, yil)
1 = 1 AT A7 1 v o 1 5,2] 7
= {I 0 dWWE} - {I odWEXE} [/ OXEXE} [/ OXOWE} [/ 0 WE}

= [152] "y iarie, (22)

\\H

where Wa(r) = W(r) — [} dWeX! (_[01 Xéxg)fl)((r) is the weak limit of 1™ 2 g,
We(r) = W(r) —¢ [, W(s), )\ is a consistent estimator of \, Xz(r) = X'(r) — eX (r)
is the limit function of the quasi-differenced deterministic trend and Xy = X'(r) is
the limiting deterministic trend function with ¢ = 0. Note that the simple form of

(22) follows because
~ —1
AWa(r) = dW (r) — [ dWex] (_[(1) XEX(;> Xo(r)dr, (23)

since dX (r) = X'(r)dr = Xo(r)dr. From expression (23) it is further apparent that
(dWx(r))? = (AW (r))? = dr. While similar in form to (11), the limit formula (22)
depends on the process We(r), rather than W (r). One difference here is the depen-
dence of We(r) on €. A second and more significant difference is that Wa(r) is formed
by taking a non orthogonal Hilbert projection residual of W (r) on the space spanned
by X (r) in Ly[0,1]. Such projections appear infrequently in Hilbert space analysis,
but this is an important example where they do appear, arising from the idempotent
operator that gives the optimal direction of the projection in Ls[0, 1] function space
— see Phillips (1996) for more discussion.

Using the same idea, we can construct the modified Z; tests and ADF tests and

the corresponding limit theory for these tests is

~ - —1/2 ~ ~
ADF,, Z, = [_[(1) Wg} " 1 i (24)

10



By a simple application of stochastic calculus using the fact that (dWz(r))? = (dW (r))? =

dr, it is apparent that the limit distribution (24) can be written in the alternate form
Lo -]

In the special case where x; is a constant or a linear trend, these formulae reduce to

those given in Stock (1994).

Since the limit theory in (22) is different from that of (11), new critical values are
needed for this test. The limit theory depends explicitly on the trend functions, as
it does in (11), but it also depends on the posited value of the localizing parameter
¢ that is used in the quasi-differencing. A reasonable default choice of ¢ seems to be
the value for which local asymptotic power (see Section 3.4 below) is 50% (see King,
1988, and Elliot et al., 1996).

The QD detrending procedure involves the choice of the prespecified local para-
meter c. There is another way to proceed that does not appear in the literature to

date which we will now exposit. If we incorporate the local to unity hypothesis (19)

in models (1) and (2), we obtain the following nonlinear regression:
Ayt = ﬁlet - Cﬁl<%) +c <%) + E¢- (25)

This nonlinear regression provides for joint estimation of the local parameter ¢ and
the trend coefficient (3. If we denote the nonlinear estimate of 3 and c in the above
regression by Enl and ¢,;, denote the limit of n~Y/ 2Dn([§nl — /) by £ and the limit of
Cny by 1, then the asymptotic behavior of these quantities is governed by the following

equations:
& = [ X)Xy (r)dr] " [[ X (r)dB(r) + (c = n) [ Xy (1) Je(r)dr]
= e+ [[ Log(r)2dr] T [[ Leg(r)dB(r) — € [ Joe(r)Xe(r)dr]
where
nX(r)
cX(r)
Joe(r) = Je(r) = € X(r),

M
7

and D,jlx[m] — X(r), nD,lex[m] — g(r), Je(r) = [J er=9)¢dB(s). There is no
direct analytic solution to these equations, but the equations determine (§,7) and
thereby the limit distributions of 3,; and ¢,;, which can be found by numerical meth-

ods.

11



Although the local parameter ¢ can not be consistently estimated because of the
asymptotic collinearity between y, 1 and x;_1 in the above nonlinear regression, this
regression will still provide a more efficient estimate of the deterministic trend (i.e.,
the parameter 3 ) than regressions which do not take into account the parameter
restrictions in (25). Actually, when the u; are N(0,02) variates, this nonlinear re-
gression delivers the maximum likelihood estimates of 3 and ¢ for model (1), (2) and
(19). The improvement in efficiency from this joint estimation procedure has been
confirmed by the authors in Monte Carlo experiments, which we do not report here
due to space constraints. Because we do not know the true value of the local para-
meter ¢, this maximum likelihood estimate of the deterministic trend can not achieve
the efficiency level that applies when the local parameter is known. Nevertheless, the

approach certainly seems worthy of use.

3.3 A Point Optimal Test

In the simplest framework where the model is a Gaussian AR(1) with unit error
variance, the Neyman—Pearson lemma can be used to construct the most powerful
test of a unit root against a simple point alternative. Such a test is point optimal for
a unit root at the specific point alternative that is selected. King (1988) provides a
general discussion of such point optimal invariant tests, and Dufour and King (1991)
developed the family of exact most powerful invariant tests. Elliot et al. (1996) apply
this idea in the context of unit root tests by using the local alternative (19) for a
particular value of ¢ =¢.

If we assume u¢ = iidN(0,02) in (2), y§ = 0, and o2 is known, then the likelihood

function for the autoregression coefficient « is proportional to
12 2
L(a) ~ =302 “(y7 —ay; 1)?,
i

where y; = y; — Iy. If hy were known, then the likelihood function could be calcu-
lated and a most powerful test could be constructed directly by the Neyman—Pearson
lemma. However, as discussed in Section 3.1, h; is not known and y; has to be esti-
mated. Moreover, u; may be a general I(0) process and thus the limit distribution
of the point optimal test statistic depends in general on nuisance parameters. In this
case, corrections have to be made on the original LR test so that the adjusted test
statistic is free of nuisance parameters. As Dufour and King (1991) and Elliot et al.
(1996) discuss, the point optimal invariant test (POI) statistics can be constructed
based on the ratio of the sum of squared residuals from the efficient detrending regres-

sions under the null and alternative hypothesis. Specifically, taking a local alternative
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a =1+n"'c with ¢ = ¢, using quasi-differencing to detrend, and using a consistent
nonparametric estimate &? of the nuisance parameter w?, the POI test statistic for a

unit root in (1) and (2) has the following form:

P = @*2{621{2 Z;Q(?qu)z — En*lgj,i} = & [ W2 —aW(1), (26)
where the notation is the same as that defined above in Section 3.2. The test is
performed by comparing the observed value of the statistic with the critical value
obtained by simulation. The presence of a unit root in the data is rejected if the
calculated value of the statistic ]55 is too small. Note that in the construction of ]55,
the estimate @? is used and this is obtained in the same way as in the Z; test, i.e.,
using residuals from the regression (6). This point is of some importance and affects

the consistency of the test — see Section 3.4 below.

3.4 Asymptotic Properties and Local Power

All of the above test statistics are asymptotically similar in the sense that their limit
distributions are free of nuisance parameters. However, the limit distributions do
depend on whether the data has been prefiltered in any way by preliminary regression.
Thus, if deterministic trends are removed by regression as in (6) or (20), then the
limit distributions of the unit root test statistics depend on limiting versions of the
deterministic trends that are used in the detrending regressions.

The tests are also consistent against stationary alternatives provided that any
nonparametric estimator of w? that is used in the test converges in probability under
the alternative to a positive limit as n — oco. The latter condition is important,
and it typically fails when estimates of w? are constructed using first differences or
quasi-differences of the data rather than regression residuals. This is because, under
the alternative hypothesis, the data are stationary and first differences (or quasi-
differences) of stationary data have zero spectrum at the origin. (See Phillips and
Ouliaris, 1990, for further discussion of this issue.) The point is especially important
when ‘detrending after quasi-differencing’ is used, as outlined in Section 3.2 above,
as in this case there is a natural tendency to estimate w? from the residuals of this
regression. In effect, while an efficient regression in quasi-differences may be run
to detrend the data, an inefficient regression such as (6), where the autoregressive
coefficient is estimated, must be run to estimate the long-run variance parameter w?.
Thus, some care is needed in the formulation of tests that rely on nonparametric
estimates of w?. The problem also arises in certain parametric unit root tests when
nuisance parameters are estimated using first differenced data (as in the case of Solo’s,
1984, LM test — see Saikonnen, 1993).
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Rates of divergence of the statistics under the alternative are also available. For
instance, when |a| < 1, Z, Zo, ADF,, VN = Oy(n), and Z;, ADF, = O,(n'/?)
as n — o0o. Thus, coefficient-based tests that rely on the estimated autoregressive
coefficient and the von Neumann ratio/LM tests diverge at a faster rate than tests that
are based on the regression ¢t-ratio. We may therefore expect such tests to have greater
power than t-ratio tests, and this is generally borne out in simulations. Heuristically,
the t-ratio tests suffer because there is no need to estimate a scale parameter when
estimating the autoregressive coefficient a. The autoregressive estimators &, and @&,
on the other hand, are already scale invariant. Note also that while ADF? = O,(n)
and therefore has the same divergence characteristics as Z,, Zo, ADF,,, and VN, the
statistic ADF? produces a nondirectional test, whereas the coefficient-based tests are
directional (against stationarity, or explosive behavior).

Under the local alternative hypothesis (19), the limit theory for the above sta-
tistics can be derived and used to analyze local asymptotic power. When (2) and
(19) hold, y¢ behaves asymptotically like a linear diffusion, i.e., n~1/ Qy[sm] = J(r) =
I e(r=5)edW (s) (see Phillips, 1987b). The limit distributions of the unit root test
statistics then involve functionals of J.(r). For example, the Z, statistic has the
limit .

Zo = c+ [_[é JchW} [_[é JEX} o (27)

where Jox (r) = Ju(r) — (_/‘é JCX’)(_[é XX’)_IX(T). This limit is identical to that
of the Dickey—Fuller test that is based directly on the coefficient estimator n(& — 1)
when wu; has no serial correlation and no corrections are required to make the statistic
asymptotically similar. Thus, the corrections for residual serial correlation in the
statistic Z, do not lead to any loss in asymptotic power.

The local asymptotic theory can be used to construct asymptotic power envelopes
for unit root tests. Under the hypothesis that the data is Gaussian, the best test of
a unit root against the specific local alternative with ¢ = ¢ is given by the point
optimal test by virtue of the Neyman—Pearson lemma. When efficient detrending
under this alternative is used, the resulting test statistic is P as given in (26). The

limit distribution of this statistic under the specific local alternative ¢ = ¢ is
Pr= [ J2 —cJa(1), (28)

- ~1
where Jz(r) = Jz(r) — X(r) (f(l) XEXé> (f(l) XedW — E_f(l) ngg) . As we vary the
parameter ¢, this distribution delivers a power envelope against which other tests
may be compared. Note that the limit given in (28) is attainable by the POI test

(26) only when ¢ = ¢ exactly. In general, the chosen value of ¢ that is used in the QD
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detrending procedure on which (26) is based will be different, and hence the power
of the POI test will generally be less than that delivered by (28). In the special case
of a linear tend, computations in Stock (1995) indicate that the POI test (26) has

power that is very close to the power envelope for a wide range of local alternatives.

3.5 Further Issues on Size and Power

Two further issues relating to the size and power of unit root tests deserve attention.

The first of these arises from some recent work of Phillips (1998a, b) showing that

nonstationary time series admit many different representations. The most obvious

representation comes directly from the model formulation (2) itself. However, Phillips

(1998a) shows that there are valid alternative representations in terms of deterministic

functions. These representations originate in the corresponding representation of the
nir

limiting Brownian motion for which nféyf | = B (r). Indeed, for B (r) we have the

following Lo -representation

W) =wvEY. I oS e, (20)
k=1 k=1

where the components &, are independently and identically distributed (iid) as N (0,1)
and the functions ¢ (r) form an orthogonal set in Ly [0, 1] . Phillips shows that em-
pirical regressions of y; on @g; = (gpl (%) sy OK (%))/ accurately reproduce in the
limit the first K terms of the expansion (29). Further, when K — oo and K/T — 0
as T'— oo, such regressions succeed in reproducing the entire representation (29). It
follows that these deterministic functions are capable of successfully representing a
nonstationary time series like 47 in the limit as T' — oo. Such regressions on deter-
ministic functions then become an alternate way of modelling a nonstationary time
series. A fascinating implication of this work is that unit root tests which involve
deterministic functions, like (1) above, will inevitably lead to the rejection of the unit
root hypothesis when K,T — oo, and in this sense the conventional critical values
used in unit root tests (like those based on the limit functionals (11) and (12)) are
invalid asymptotically when the competing deterministic functions that appear in
the maintained hypothesis provide an alternative mechanism of modelling the non-
stationarity, as in cases like polynomial trends and trend break polynomials they will.
These issues are further explored in ongoing research in Phillips (1998b). It is too
early to comment on the full implications of this work, but the results are of obvi-
ous importance in the empirical assessment of trend/trend-break stationarity versus

persistence in economic time series.
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The second issue emerges from some recent work by Faust (1996). Faust pointed
out that while unit root tests like the Z,,, Z;, and ADF; tests have limit distributions

2 w? and A, the non-

under the null that are invariant to the nuisance parameters o
parametric nature of the maintained hypothesis can cause difficulties. In particular,
the key condition that underlies the unit root null hypothesis in (2) is that C' (1) # 0.

In fact, using the BN expansion of the operator C' (L), we have, as in (5) above
ug = C(1)e; + &1 — &, with & = C(L)e;. (30)

It follows that if C'(1) = 0, then yj = —&;, which is stationary. Of course, in the
I(1) class for y; there will be some error processes u; satisfying (3) for which C(1) is

arbitrarily close to zero. Indeed, Faust shows for any real a, the set of sequences
Co = {c=(¢;){° : ¢; = 0 for all but a finite number of j; C(1) = a}

is dense in 2, the space of square summable sequences. It follows that given a sequence
¢ = (¢j)7° of coefficients in the Wold representation of u; for which C (1) = a # 0,
there is a sequence ¢’ = (c;)7° that is arbitrarily close to ¢ in I but for which C' (1) =
> 2oc; = 0. Faust concludes that the I(1) sequences, for which C(1) # 0, and the
I(0) sequences, for which C(1) = 0, are both dense in [, and hence these classes
of processes are nearly observationally equivalent. (Campbell and Perron, 1991, and
Blough, 1992, also indicated that this property may affect unit root tests.) One
implication of this near observational equivalence, is that the size of semi-parametric
unit root tests will not converge to the nominal size given by the limit distribution, at
least when the size is computed by taking the supremum of the rejection probability
of the unit root test over the set G, = {c € C, : |C(1)| > n > 0} for any 7. (In fact,
Faust shows that the actual size of the test converges to unity). In view of (30), the
restriction n > 0 would normally be interpreted as setting up a buffer zone between
the class of I(1) and I(0) processes. Faust’s result shows that even this buffer zone
does not prevent size distortions in a general enough nonparametric setting for the
€ITOr process.

The reason for the size distortion is that the nonparametric (composite) form of
the null hypothesis is too broad as it stands. As is apparent from (30), the error
processes that lead to the size distortion involve sequences like ¢’ = (¢j)7° that are
arbitrarily close in [y to a null sequence ¢ (for which C(1) # 0) but which have
C'(1) = > ;2o cj = 0. However, for these sequences ¢’ to produce data y; that have
I(1)-like properties, the second component ¢, = C’(L)e; in the BN decomposition of

uy =C'(L0ey = C'(1)ey +;_1 — &f
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must also have I(1)-like properties. It is, in fact, quite easy to exclude this possibility
by placing a smoothness requirement on spectrum of €}. This can be accomplished by
a summability condition on the allowable sequences {¢} }, which is in turn assured by a
summability condition on the original sequence ¢’. It turns out that a strengthening
of the summability condition used in Phillips and Solo (1992) to validate the BN
decomposition is sufficient to rule out the pathology of I(0) sequences with near (1)

behavior..

4 Finite Sample Properties of Unit Root Tests

Extensive simulations have been conducted to explore the finite sample performance
of unit root tests (inter alia, Schwert, 1989; Diebold and Rudebusch, 1991; DeJong
et al., 1992; Phillips and Perron, 1988; Ng and Perron, 1993; and Stock, 1995). One
general conclusion to emerge is that, although differences exist across tests and these
depend on the models generating the data, the discriminatory power in all of the
tests between models with a root at unity and a root close to unity is generally low.
For instance, power is usually less than 30% for o € [0.90,1.0) and n = 100. Power is
reduced further by detrending the data — even larger values of the test statistics are
required to achieve a rejection of the null and the power curve is lower. Both these
features mirror the asymptotic theory. However, as the discussion in the previous
section indicates, some of the observed power reduction is spurious, because the
critical values of the tests are inappropriate when extensive deterministic detrending
is done prior to testing for unit roots.

Another interesting finding from simulation studies is the extent of the finite
sample size distortion (the difference between the nominal asymptotic size of the test
and the actual finite sample size) of the tests in cases where the true model is close
to a trend stationary process (Schwert 1989). For example, if u; in (2) follows a
moving average process u; = &; + 0¢;_1 whose parameter is large and negative, then
the sample trajectories of y; more closely resemble those of a stationary process than
a random walk. In such cases there is a tendency for all of the tests to over-reject
the null of a unit root. This is an outcome that may not be so serious in practical
work if the data are indeed better modeled by a trend stationary process, and so it
is easy to overstate the importance of size distortions in such cases.

Tests that are based directly on autoregressive coefficient estimates like the Z,
tend to be more affected by size distortion than the other tests because the bias in
the first order autoregressive estimator is large in this case, not only in finite samples

but even in the asymptotic distribution (9), where the miscentering is measured by
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the bias parameter A\ = fo2. This is large when 6 is large, and good estimates of the
bias parameter are needed to control the size distortion. The one sided covariance
parameter \ is usually estimated in a nonparametric way by kernel methods which
often give confidence intervals with low coverage probabilities, especially when the
time series has substantial temporal dependence. The parameter is also estimated
at a slower rate than y/n, and it is therefore often difficult to estimate well with
samples of the size that are typical in many econometric applications (with n < 200).
Similar comments apply to the estimation of the long run variance parameter w?,
which appears in the other semi-parametric tests.

Recent attempts to improve the estimation of this parameter using data-determined
bandwidth choices (Andrews, 1991) coupled with prewhitening (Andrews & Mona-
han, 1992), and data-based model selection and prewhitening (Lee & Phillips, 1994)
offer some promise in this direction, as does pretesting for lag length in ADF regres-
sions (Ng and Perron 1998). In particular, prewhitening is shown to bring better
accuracy and less variance to kernel estimators. The idea behind prewhitening is to
transform the data to reduce temporal dependence before applying kernel estimation.
The transformed data typically have a flatter spectrum which can be estimated with
less bias than the original spectrum. The kernel density estimator for the original
data can then be obtained by applying the inverse transformation. Andrews and
Monahan (1992) introduced a class of VAR prewhitened kernel estimators. In the
scalar case, Lee and Phillips (1994) extend this idea by employing model selection
techniques in the prewhitening stage and implement the Hannan—Rissanen recursion
to efficiently estimate an ARMA model prefilter prior to estimating the long run
variance w? by kernel techniques. It is shown that, with this method, \/n-rates of
estimation are achievable with nonparametric estimates when consistent model selec-
tion techniques are used to determine the prefilter and the model for the errors lies
within the prefiltering class (in this case the class of finite parameter ARMA models).

The parametric ADF t-ratio test is less affected by size distortions when the true
model is close to stationarity, but generally has less power than the other tests. As
shown by simulation experiments, the coefficient-based tests and VN ratio tests typ-
ically have better power properties than the ADF ¢-ratio test. Although on theoretic
grounds it is known that the lag length of the ADF regression can grow at a rate
o(nl/ 3), not much information is provided in this rate criterion about lag length se-
lection for specific sample sizes. With these tests, power is further reduced by the
inclusion of additional lagged dependent regressors in (13). It has been found in
many Monte Carlo studies that lag length selection has important effects on the fi-

nite sample performance of ADF tests. DeJong et al. (1992) show in their simulation
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results that increasing the lag length typically lowers the power in a systematic way,
although it may also reduce size distortion. Again, the use of model selection meth-
ods like BIC (Schwarz, 1978; Rissanen, 1978) are useful in this respect and provide
some improvement in the finite sample performance of the ADF tests. Ng and Perron
(1995, 1998) studied the choice of lag length in constructing the ADF ¢-test and com-
pared information-based model selection rules, such as BIC and AIC (Akaike, 1974),
with classical sequential tests in determining lag length, such as F'— and t—tests for
the significance of the lag coefficients. They show that data-dependent rules which
take sample information into account have beneficial effects on the finite sample per-
formance of unit root tests.

Since detrending the data reduces power, it is to be expected that the inclusion
of surplus trend variables in regressions like (6) will do so also. Hence, efficient
detrending procedures like those discussed in Section 3.2 can be expected to benefit
all tests, and this is partly confirmed by simulations in Stock (1995). Of all the
procedures studied so far, efficient detrending by regression in quasi-differences seems
to be the most successful in increasing finite sample (and asymptotic) power.

We provide some Monte Carlo results here, partially illustrating the findings in
existing simulation studies, with an emphasis on studying the effect of the proce-
dures mentioned above on the finite sample performance of common unit root tests.
In particular, we examine the effect of model selection procedures, bandwidth selec-
tion methods, prewhitening and detrending procedures on the finite sample power
of the following unit root tests: ADF,,, ADF;, Z,, Z; tests combined with various
detrending procedures; and VN and POI tests. For the ADF tests, the BIC crite-
rion of Schwarz (1978) and Rissanen (1978) is used in selecting the appropriate lag
length of the autoregression and the AR spectral estimator of Berk (1974) is used
for the estimation of the long run variance parameter. Thus, in this Monte Carlo
experiment, the ADF tests are all parametric. For the Z tests, the Andrews and
Monahan prewhitened kernel estimation of the long run variance parameter is used.
Although comparison has been made for different kernel choices, only those results
using the Parzen kernel function are reported because no unambiguous ranking could
be found among different kernels. Size-corrected power is reported in the simulations
to provide a comparison among the different tests, although it does not reflect em-
pirical rejection frequencies based on the use of asymptotic critical values. The finite
sample critical values are calculated as quantiles in the simulations under the null
hypothesis of a unit root, given the model selection rules and kernel choices.

The simulation results suggest some general findings. First, using data-based

bandwidth choice coupled with prewhitening procedures in the estimation of nui-
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sance parameters significantly improves the finite sample performance of the Z tests.
Second, the use of model selection procedures like BIC in choosing lag length helps
to improve the ADF tests. Third, unit root tests based on QD detrending have rea-
sonably good finite sample properties, especially in the case where the deterministic
trend includes a constant term.

Table A reports the size-corrected power of ADF and Z tests for the case without
deterministic trends. Four designs for the data generating process are considered here.
In each case, y; = v, yi = ay;_; + us, and initial values are set to be 0. The four
different error structures are: an AR(1) process uy = puy_1 + &, with p = 0.5, —0.5,
and an MA(1) process us = & — 0e¢—1, with = 0.5, —0.8, where ¢; are iid standard
normal variates. For the case with a deterministic trend, the size corrected power
properties are reported in Figures 1 to 10. Figure 1 depicts the power of four (OLS
detrended) unit root tests (Zn, Z;, ADF,, ADF}) when the error process is AR(1)
with p = 0.5, and Figure 2 reports the results for these tests when wu; is MA(1)
process with # = 0.5. Figures 3 and 4 compare different tests based on the same
detrending procedures, and Figures 5 to 8 compare the effects of different detrending
procedures on the same tests. All these experiments study the case where wu; is
an iid standard normal process. Specifically, power comparisons among five tests
(Zoy Zty ADF,, ADF; and VN) are given in Figure 3. The power envelope is also
provided in the graph for convenience of comparison. The power of the QD detrended
versions of these tests are given in Figure 4. Figure 5 compares the power of the OLS
detrended Z, test with those of the QD detrended Z, tests for different choices of
the prespecified local parameter ¢, and Figures 6, 7, and 8 compare the power of Z;,
ADF,, and ADF; tests respectively for different choices of detrending procedures.
Figures 9 and 10 give the power of these tests for another form of deterministic trend.

DeJong et al. (1992) find from their Monte Carlo study that the semiparamet-
ric Z tests have very low power when there is positive serial correlation, while the
ADF; test is reasonably well-behaved in this case. Their results were obtained based
on commonly used estimators of the nuisance parameters without prewhitening and
without data-based bandwidth selection. We apply the Andrews-Monahan proce-
dure for estimating the long run variance parameter in the Z tests and found that
the data-based bandwidth selection and prewhitening procedures have very impor-
tant effects on the Z tests. The finite sample performance of the Z tests improves
significantly with the use of this estimator of the long run variance, especially for the
case with positive serial correlation. The size distortion, although still present, is also
decreased after using the prewhitening procedure. Table A shows that the Z tests,
with data-based bandwidth choice coupled with prewhitening, generally have higher
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size corrected power than the ADF tests. Qualitatively similar results can also be
found in Figures 1 and 2 when a deterministic trend is included. The results from
Figure 1 to Figure 3 also confirm the findings in other simulation experiments that
coeflicient based tests generally have higher power than the t-ratio tests, at least in
large samples, and they show the relatively good finite sample properties of the VN
test.

Figures 3 to 10 show the effect of different detrending procedures on the finite
sample power of unit root tests. Two forms of deterministic trend were considered
in the experiment. The first case, z; = a + bt, includes both an intercept term and a
time trend, while the second case, x; = t, does not have a constant term. Figures 3,
4,5, 6, 7, and 8 correspond to the first case with both a constant term and a time
trend, and Figures 9 and 10 correspond to the second case with no constant term.
These figures show that QD detrending increases the finite sample power of unit root
tests, especially when the deterministic trend includes a constant term. Among the
four tests, Z,, Z;, ADF,, and ADF,, QD detrending brings the largest power gains
to the t-ratio based tests. Different choices of the prespecified local parameter ¢ were
tried and the results show that, in the case x; = a + bt, for quite a wide range of
choices of ¢, the QD detrended tests have reasonably good power properties against
alternatives close to the unit root. Differences among the tests using different ¢ occur
when the true local parameter ¢ becomes larger (in absolute value), corresponding
to alternatives that are distant from a unit root. As the true value of |c| becomes
large, a QD detrended test with ¢ = —2.5 has power lower than tests using a larger
¢ (in absolute value). This phenomenon is expected because, from the perspective of
a point optimal test, the power should be higher when the prespecified ¢ is closer to
the true c value.

Another important phenomenon we see from these figures is the difference be-
tween the case with a constant term in the deterministic trend and the case with
no constant term. Figures 7, 8, 9, and 10 compare the ADF tests combined with
different detrending procedures for the two kinds of deterministic trend removal. The
QD detrended tests seem to be more sensitive to the choice of ¢ in the case without a
constant term. A larger power gain from QD detrending is found in the presence of
a constant term. Phillips and Lee (1996) provide an analysis of the effects of a fitted
intercept. In most practical applications, an intercept will be included in the deter-
ministic trend and so QD detrending can be expected to be successful in improving

the finite sample power of unit root tests.

21



5 Unit Root Tests Against Trends With Structural Breaks

Just as dummy variables are used in regression to deal with unusual observations
and shifts in the mean, breaks in deterministic trend functions can be employed to
capture changes in trend. This possibility is already included in the specification of

ht in (1). For instance, the trend function

hy = Zj:o fit’ + Z];:o finjtl,, where t/ = {?t — m)i i E %717;_’_’177}’”} (31)
allows for the presence of a structural change in the polynomial trend at the data
point ¢ = m + 1. Suppose p = lim, ,oo(m/n) > 0 is the limit of the fraction of
the sample where this structural change occurs. Then the limiting trend function
X,,(r) corresponding to (31) has a similar break at the point y. The unit root tests
and power functions considered above, including those that make use of efficient
detrending procedures, all continue to apply as given for such broken trend functions.
Indeed, (31) may be extended further to allow for multiple break points in the sample
and in the limit process without affecting the theory. The tests may be interpreted
as tests for the presence of a unit root in models where broken trends may be present
in the data. The alternative hypothesis in this case is that the data are stationary
about a broken deterministic trend of degree p.

In order to construct unit root tests that allow for breaking trends like (31) it is
necessary to specify the break point m. (Correspondingly, the limit theory depends on
the limit processes X (r) and X (r) and these depend on the break point x.) In effect,
the break point is exogenously determined. Perron (1989) considered linear trends
with single break points in this way. An alternative perspective is that the break
point(s) is (are) endogenous to the data and unit root tests should take account of
this fact. In this case, alternative unit root tests have been suggested (e.g., Banerjee
et al., 1990, and Zivot & Andrews, 1992) that endogenize the break point by choosing
the value of m that gives the least favorable view of the unit root hypothesis. This
has been done for the parametric ADF test and for linear trends with breaks. If
ADF(m) denotes the ADF statistic given by the t-ratio for « in the ADF regression
(13) with a broken trend function like (31), then the trend break ADF statistic is

ADF(in) = min_ ADF(m), where m = [nu], m = [nfi] and 0 < p < 71 <1,

m<m<m
(32)
and [-] signifies the integer part of its argument. The limit theory for this trend
break ADF statistic is given by
A . -1 1 11,2 —1/2
ADF(in) = inf [ 5 qudw} [/OWX } , (33)
pelp,El L : a
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where the limit process X,,(r) that appears in this functional on the right side is now
dependent on the trend break point p over which the functional is minimized. Similar
extensions to trend breaks are possible for the other unit root tests considered above.
Critical values of the limiting test statistic (33) are naturally further out in the tail
than those of the exogenous trend break statistic, so it is harder to reject the null
hypothesis of a unit root when the break point is considered to be endogenous.
Asymptotic and finite sample critical values for the endogenized trend break ADF
unit root test are given in Zivot & Andrews (1992). Simulations studies indicate that
the introduction of trend break functions leads to further reductions in the power of
unit root tests and to substantial finite sample size distortion in the tests. Sample
trajectories of a random walk are often similar to those of a process that is stationary
about a broken trend for some particular breakpoint (and even more so when several
break points are permitted in the trend). So continuing reductions in the power of unit
root tests against competing models of this type is to be expected. In view of the fact
that Brownian motion can be represented as an infinite linear random combination
of deterministic functions of time, as shown in (29) above, there are good theoretical
reasons for anticipating this outcome. Carefully chosen trend stationary models can
always be expected to provide reasonable representations of given random walk data,
but such models are certain to fail in post sample projections as the post sample data
drifts away from the final trend line. Phillips (1998a,1998b) explores these issues in

a systematic way.

6 Fractional Integration

Although most attention has been focused on I(1) and I(0) processes in econometric
applications, the concept of an integrated process generalizes to higher order inte-
gration and fractional integration. These concepts are embodied in the following
extended version of (2)

(1 - L)% = w, (34)

where d may be fractional and the operator (1— L)¢ is defined by the formal binomial

expansion
(1-L)¥ =1+ z; %Lj, (a); = (—a)(—a+1),...,(—a+j—1) (35)

whose convergence properties depend on the value of d. Note that (35) terminates
when d is a positive integer. The process y{ is said to be an I(d) process. With this

generalization, there may be one or several unit roots (d integer > 1) or fractional
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integration (0 < d < 1) . Such processes have been the subject of intensive recent
research and are reviewed in Robinson (1994) and Baillie (1996). When 0 < d < 1/2,

8

Yy
decays at the rate |j , which is slower than that of stationary linear processes

like us. When 1/2 <d <1, y{ is nonstationary, and the value d = 1/2 provides the

nexus between stationary and nonstationary regions. When d is an integer > 2, it is

is stationary but strongly correlated in the sense that its lag-j autocovariance -;
|2d—1

called higher order integration. In this case, y; has two or more real autoregressive
unit roots and is stationary after differencing d times. A process with d > 1/2 has
nonstationary long-memory and a variance that explodes as ¢ — oo. Such processes
are, in fact, not mean reverting, although their impulse responses, which are obtained
from the expansion
(1-L) %= 1+§:@LJ
=

and have the form

(d)]: 1 P<d+])~ 1 asj—>oo,

it T@rG+1)  T(d)j

decay to zero provided d < 1, and so shocks in (34) are not persistent in this case.

Within the family (34) it is possible to test for ‘unit root’ nonstationarity by
estimating d and testing the null hypothesis d = 1 against the alternative d < 1,
or to test for stationarity d < 1/2 against d = 1/2. At present, the literature has
focussed on parametric tests, because of the difficulties of a general treatment that
covers both stationary and nonstationary cases in the semiparametric case, i.e., when
Uz is treated nonparametrically in estimation and inference about d.

Robinson (1994) took model (1) and (34) and proposed a unit root test against
fractional alternatives based on the LM principle. Consider a test of the null hypoth-
esis Hy, : d = dy in the simple case where the u; are iid N(0,0?) variates. Let L(n)
be the negative of the log-likelihood of u;, where = (d,~,0?), then an LM (score)

statistic is

~ OL(n) OL(n) OL(n)
B=5 [E< oy o

~p~

=rr.

)] 5

d=dg 7’7:§70’2 =02

Let A% = (1 — L)¢ and take fractional differences of equation (1) under the null,
leading to
APy = o' Ay + Aty (36)

Under Hy,, A%y? = u;. Estimating the trend coefficient v by (36) and calculating
the fitted residuals @; using this trend estimator, we obtain 62 = n~ 13", 2. The LM
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test statistic R can then be calculated. Under certain regularity conditions, Robinson
showed that the statistic 7 has a standard normal limit distribution, and thus the
LM test R is asymptotically distributed as x2. The asymptotic theory justifies a
one-sided test for a unit root Hg : d = 1 against a fractional alternative Hy : d < 1
which rejects the null hypothesis when 7 < z,, where 2, is the corresponding critical
value of standard normal distribution. Tanaka (1997) considered similar parametric
LM tests for the nonstationary case d > 1/2.

Under Gaussian assumptions, efficient parametric estimation of d can be obtained
based on the maximum likelihood principle, provided the model is fully specified.
However, since calculating these Gaussian estimates requires numerical methods of
estimation and the good large sample properties relies on correct specification of the
short memory components of the model, simpler estimates have been suggested that
do not rely on full specification of the short memory components.

If u; in (34) were a white-noise sequence with spectrum f, (A) = g—;, then the

spectral density of yf, f()\,d,o?) satisfies

2
log f(\,d,0?) = log(0?/27) — dlog )1 — e (37)

If we denote the periodogram of y; by I(\;) = (2mn)™ |30, (yf —7°)e'™ }2, with
N\j =2mj/n,and §* = n 1> 1 yZ, then, the form of (37) suggests a log periodogram

regression of the type

2
logI()\j)zc—dlog)l—e”\ + vs. (38)

If we confine attention to a set of m < n fundamental frequencies {);}72; in this
regression, then we can expect this procedure to give satisfactory results even when
the spectrum of u; is quite general because in that case log (fy, (\)) ~ log (f, (0)) =¢
for A — 0+, which holds provided m/n — 0. Such log periodogram regressions have
been extensively used in empirical research largely because they are so convenient.
However, the asymptotic properties of such estimates of d have only recently been
obtained (Robinson, 1995; Hurvich et al., 1998) and then only in the stationary
Gaussian case. The essential difficulty was pointed out by Kursch (1986), viz. that
the periodogram ordinates I(\;) in (38) are asymptotically correlated for fixed j. At
present, there is no published asymptotic theory for the nonstationary case.
Another approach is to use an explicit model, like the following, to approximate

the spectrum of a process with long-range dependence (see Robinson, 1993)

—2d

p—1
f(A,d,B) = exp {Z By, cos{ (k — 1),\}] ‘1 _ o
k=1
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Notice that log }1 — e““ => 0, Coskk)‘, so the above representation can be reparame-

terized as
p-1 . cos kA
FOd,0) =exp | ) b cos{(k —1)A} —2d ) |
k=1 k=1

where 6 = (01, ...,0,—1,d)’. Thus, the logarithm of f (\,d,0) is a linear function of
6 and linear regression of log I(\;) on these components can be applied to estimate
the parameters.

Another quite different approach is to locally approximate the Gaussian likelihood

in the frequency domain, leading to the following objective function suggested by
Kiinsch (1987)

m 2d
Qm(G,d) = % D |log(GA;*4) + %wa) (39)
j=1

where I;()\j) = wg(\j)we(A;)* and m is some integer less than n. The parameters in
(39) are d and G = f, (0) and are estimated by minimizing Q,,(G,d), so that

(C?,c?) =arg min  Qn(G,d),
0<G<oo, d>0
which involves numerical optimization. Concentrating (39) with respect to G, we find

that the estimate d satisfies

~

d = arg Hbin R(d),

where
~ 1 ~ 1 & 2d
R(d) =log G(d) — 2d— Z;log A, Gld) = — z; AL ().
J= J=

Recently, Robinson (1995) analyzed the above estimators in the stationary case
where d € (—%, %) . Under rather weak regularity conditions on the smoothness of
fu (A) as A — 0+, the innovations in the Wold representation of u; and an expansion
rate condition on m, which requires that m — oo but * — 0 as n — oo, Robinson
showed that d —p do and @(cf) —p Gp. Under a slight strengthening of these condi-
tions, Robinson also established that d is asymptotically normally distributed with
the limit distribution

m3(d—d) % N(0,1). (40)

This limit theory makes testing and the construction of confidence intervals for dg a

straightforward matter in the stationary case.
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In recent unpublished work, Phillips (1998) has dealt with the nonstationary case
where d € (%, 1] and, under regularity conditions that are broadly similar to those of
Robinson (1995), has established that

dd, G(d)< Gy+C(d), (41)
and )
m2(d — dg) = MN (o, 1%) : (42)
4 (Go + C (do))

where C'(d) > 0 is a random and depends on the true value of d. Since the variance
in (42) is smaller than 1/4, conservative confidence intervals can be constructed for d
that utilize the limit theory (40) and apply for both stationary and nonstationary d.

Another approach to estimation of d stems from the properties of the autocovari-
ances. If we approximate the spectral density f(\) by cA=24 for A close to 0, and
denote cov(y;,yj+n) by Y, then, under certain conditions (Yong, 1974), the relation
f(A) ~ GA724 as X — 0 is equivalent to “y, ~ gh?®~! as h — oo’, for suitable g,
providing semiparametric estimates of d based on estimates of ~; for large h. For
example, if 7, are consistent estimates of 7, d can be consistently estimated by the

following semiparametric estimate

~3 Zﬁ;i,p log Ay, (log h — log h)

Z;}Zip(log h —log h)?

d=

where logh = p~! ZZ;}FP log h, p increase suitably with n. Alternatively, d can be
. e -1 ~ _
estimated by minimizing Zzzn_p(% — Ch2d=1)2,
Other procedures than the ones discussed above are available and the subject
is still under intensive study. Two recent surveys on the topic are given by Beran
(1992) and Robinson (1994), and Baillie (1996) reviews many of the empirical aspects

of fractional integration.

7 Seasonal Unit Root Tests
Another important extension of (2) is the seasonal unit root model
(1= LYy = w. (43)

Notice that the polynomial 1 — L* can be expressed as (1 — L)(1+ L)(1 + L?). Thus,
the unit roots (or roots on the unit circle) in (43) are 1, —1, 4, and —¢, corresponding
to the annual (L = 1) frequency, the semi-annual (L = —1) frequency, and the

quarter and three quarter annual (L = ¢, —i) frequency respectively. The model (43)
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is often relevant in practical work with quarterly data. Quarterly differencing, as in
(43), is sometimes used as a seasonal adjustment device, and it is of interest to test
whether the data supports the implied hypothesis of the presence of unit roots at
these seasonal frequencies. Other types of seasonal processes, say monthly data, can
be analyzed in the same way.

Dickey et al. (1984) proposed a test for the presence of a single unit root at a

seasonal lag by considering the following model

Y = QY s + &¢.

The null hypothesis is @« = 1, and the alternative is @ < 1. The limit distribution
of the least squares estimate of « is given and small-sample distributions for several
values of s are provided based on Monte Carlo experiments. A more general case was
studied by Hylleberg et al. (1990), extending the parametric ADF test to the case
of seasonal unit roots. In order to accommodate fourth differencing as in (43) the

autoregressive model is written in the new form
P
Agyr = oqyie—1 + agya—1 + a3yse—2 + QaYzi—1 + ZJ:1 0jlaye—j +e,  (44)

where Ay = 1-L4 yy; = (1+L)(1+L)y, yor = —(1—L)(A+L*)y, y3r = —(1—L?)y;.
The transformed data i+, ya:, y3: retain the unit root at the zero frequency (long
run), the semi-annual frequency (two cycles per year), and the annual frequency (one
cycle per year). When ag = as = a3 = ag = 0, there are unit roots at the zero and
seasonal frequencies. To test the hypothesis of a unit root (L = 1) in this seasonal
model, a t-ratio test of a3 = 0 is used. Similarly, the test for a semi-annual root
(L = —1) is based on a t-ratio test of as = 0, and the test for an annual root on
the t¢-ratios for g = 0 or a4 = 0. If each of the o's is different from zero, then the
series has no unit roots at all and is stationary. Details of the implementation of this
procedure are given in Hylleberg et al. (1990) and the limit theory for the tests is
developed in Chan and Wei (1988).

As an alternative approach to the conventional seasonal unit root analysis, peri-
odic models have been used in the study of seasonality. Under the framework of a
periodic model, parameters are allowed to vary according to the time at which the
series are observed. A definition of periodic integration and some testing procedures
are provided in Osborn et al. (1988). Franses (1996) provides a useful reference on
periodicity in the context of models with stochastic trends. There has also been work
on seasonal versions of the fractional integration model (Porter Hudak, 1990), and
seasonal versions of error correction models and reduced rank regressions (McAleer

and Franses 1998). Hylleberg (1994) is a useful general reference on the topic.
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8 Bayesian Unit Root Tests

While most practical work on unit root testing has utilized classical procedures of
the type discussed above, Bayesian methods offer certain advantages that are useful
in empirical research. Foremost among these is the potential that these methods
offer for embedding the unit root hypothesis in the much wider context of model
specification. Whether or not a model such as (4) has a unit root can be viewed as
part of the overall issue of model determination. Model comparison techniques like
posterior odds and predictive odds make it easy to assess the evidence in the data in
support of the hypothesis & = 1 at the same time as decisions are made concerning
other features of model specification, such as the lag order in the autoregression (6),
the degree of the deterministic trend component, and the presence of trend breaks.
A common asymptotic theory (see Phillips and Ploberger, 1996) further facilitates
this approach to model selection and leads to an extension of the Schwarz (1978) BIC
criterion to models with some nonstationary data that is based on the idea of selecting
the model that is a posteriori the most probable. The approach has connections with
prequential probability (Dawid, 1984) and stochastic complexity (Rissanen, 1986). It
can be shown that model choices that are made in this way are completely consistent
in the sense that the probability of type I and type II errors goes to zero as n — oo
( Phillips and Ploberger, 1994).

In the context of Bayesian analysis, a model may be selected based on the posterior
w2\ Pr [V My]
71 ) Pr[Y"|My]

where M and M, are the two candidate models, and 7y and 79 are corresponding

prior weights on M; and Ms. If M; and My are specified as I(0) and I(1) models
respectively, the unit root hypothesis can be tested by choosing between models M/

odds ratio

and Ms. More rigorously, consider a linear regression
/
Yt =0z + ey,

where y; and &, are real valued stochastic processes on a probability space (2, F, P),
and F; C F (t=0,1,2,...) is a filtration to which y; and ¢; are adapted, z; isa k x 1
vector defined on the same space and is F; 1 measurable. Suppose ¢; = iid N (0, 0?)
and then, conditional on Fy and 6, the joint density of Y;, = [y1, ..., yn)" with respect

to Lebesgue measure v is

pdf (Y,,|Fo,0) = dP?/dv
= (2m02) ™2 exp{—(1/20)[U. 0y, + (B, — ) An (B, — 0)]}, (45)
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where Uy, = Yy, — Znbp, Op = [ 2! 20|72 2! Yy Zy = [21, 0y 2], An = Z!, Z, and P is
the probability measure of Y,. Combining (45) with a prior density, 7(0), for 6, we
get the joint density of (6,Y;,). Conditional on Fy, the data density for Y,, can then
be obtained by integrating out € in the joint density of (6, Y},). For w(6) = mo,

pdf (Yp|Fo) = mo(2m02) = 8)/2| A, |12 exp{—(1/202) U U}

Let @, be the (probability) measure whose density with respect to v is pdf(Y,,|Fo)

and choose P, = PY as the reference measure, then

dQ, dp’

= mo(2m02)F /2| A |72 exp{(1/20%)8], A6y}

For all n > k, Q,, as given above leads to a proper conditional probability measure
and this measure can be interpreted as the Bayesian version of the data generating
mechanism. In other words, @), gives us the Bayesian model for the data.
A natural measure of model adequacy is provided by the data density dQy,/dP,.

If we denote QF as the ‘Bayes model’ measure given by @, for a model with k
parameters and incorporate the index ‘A’ in what follows to signify the number of
regressors, then

dQn _ 1(1/02) Ap (k)72 exp{(1/202) 8, (k) An (k)0 (K)}, k=1,2,... K

. n p{(1/207)0,, (k) An(k)bn(F)}, k=1,2,..., K.
Let K be some maximum number of regressors, then QX corresponds to the “least
restricted” option and we may use it as the reference measure. Multiplying the

Radon—Nikodym derivatives we obtain the likelihood ratio

dQf  (dQ%\ [ dP,
o = () (k)

corresponding to the two ‘Bayes models’

H(QZ) : ynJrl:é\n(k)/ZnJrl + Uqlfb—&-lv
HQE) + yni 500 (K) 241 + Urﬁl'

In model (13), if we set K = p+g¢q,and k = p+q—1 = K — 1, where ¢ is the

dimension of the deterministic trend x¢, we get the following two ‘Bayes models’:
- p—1 _ ~
H(Qy ™) - AynH:Zj:l PinAYni1-j + Bpnt1 +Ent1, and

N p—1 ~
H(Qg) : AynJrl:ayn + Zj:l SpjnAynJrl*j + B;anJrl + Ent1-
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The first model incorporates a unit root. If we assign equal prior odds to the two
models we can test the hypothesis of a unit root, i.e., H(QX~!), against trend sta-

tionarity, i.e., H(QX), using the criterion:
Accept H(QE 1) in favor of H(QK) if dQE1/dQK > 1. (46)

Thus, under the wider context of model specification, testing for a unit root becomes
an issue of whether or not to include the lag variable (y,, above) as a regressor in the
ADF regression. This criterion, as shown in Phillips and Ploberger (1994), gives a
completely consistent ‘Bayes model’ test in the sense that the probabilities of both
types of error tend to zero as n — oo.

A second advantage of Bayesian techniques in nonstationary models with unit
roots is that the asymptotic form of the posterior density is normal under rather
general conditions, a result that facilitates large sample Bayesian inference and that
contrasts with the non-standard asymptotic distribution theory of classical estima-
tors and tests. The fact that posterior densities have limiting normal forms in a wider
class of models than those for which the maximum likelihood estimator is asymptot-
ically normal has long been known (Heyde and Johnstone, 1979) but its relevance
for models with unit roots has only recently been recognized (Sims, 1990; Kim, 1994;
Phillips and Ploberger, 1995). For instance, a large sample Bayesian confidence set
for the autoregressive parameter o in (11) can be constructed in the conventional way
without having to appeal to any nonstandard limit theory. In this respect, Bayesian
theory (which leads to a symmetric confidence set for «) differs from classical statisti-
cal analysis where the construction of valid confidence regions is awkward because of
the discontinuity of the limit theory at a =1 (but may be accomplished using local
asymptotics as in Stock, 1991). This divergence can lead to quite different inferences
being made from the two approaches with the same data even when the influence of
the prior is negligible, as it is in very large samples. In small samples, the role of
the prior is important and time series models raise special concerns about the con-
struction of uninformative priors, primarily because a great deal is known about the
properties of simple time series models like autoregressions and their characteristic
features in advance of data analysis. How this knowledge should be used or ignored is
a matter on which there is ongoing debate (see Phillips, 1991, and two themed issues
of the Journal of Applied Econometrics, 1991, and Econometric Theory, 1994).

Third, Bayesian methods offer flexibility and convenience in analyzing models
with possible unit roots and endogenous trend breaks. In such cases, a prior distri-
bution of break points is postulated (a uniform prior across potential break points

may be appealing in the absence of other information), the posterior mass function
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is calculated, and the Bayes estimate of the break point is taken as the one with
highest posterior mass (Zivot and Phillips, 1994). This approach makes the analysis
of multiple break points straightforward, a problem where classical asymptotic the-
ory is much more complex (For a classical analysis of multiple breaks, see Bai, 1997;

Lumsdaine and Papell, 1995, among others).

9 Bootstrapping Unit Root Tests

The study of bootstrapping time series regression models was started by Freedman
(1984). Bose (1988) shows that under certain regularity conditions, the bootstrap
approximation to the distribution of the least squares estimator in a stationary au-
toregressive model is of order o(n~1/2) a.s., thereby improving the normal approx-
imation. The validity of the bootstrap for unit root models has been studied by
several authors recently. Basawa et al. (1991a) show that the standard bootstrap
least squares estimate is asymptotically invalid in unit root models, even if the error

distribution is assumed to be normal. Consider the following AR(1) process:
Yy =y 1 +ug, Yo =0, uy =iid N(0,1).

Let @ be the OLS estimator of «, then under the null hypothesis of a unit root and

when n — oo,

Zn = [Z yf_l} P a—a) > Lw(1)2 -1} {f}) W(T)er}*l/z. (47)

A parametric bootstrap sample y; is obtained recursively from the following recursion:

where {u}} is a random sample from N (0, 1). The bootstrap estimator of « can then
be calculated from the bootstrap sample {y;}, as @* = Y yiyr D v:?,)~ !, and
the bootstrap version of Z, is Z; = [ y;%,]/?(@* — Q). Basawa et al. (1991a) show
that the limit distribution of Z; is not the same as that of Z,,, thus invalidating the

bootstrap. Specifically, consider the triangular array

Yk = bnYk—1.n + Uk, Yo =0, (49)

where ¢y, are independent N (0, 1) variates and {b,, } is a sequence of numbers such that
n(b,—1) — A. Then, (49) is a triangular system with roots b, = 1+2 that are local to

unity. It follows from our earlier analysis that if b5, = [, Ykn¥k—1.0 Dok Ve 1,70
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and 7, (bn) = D y,%_lm}l/ 2(b% — by,) is the corresponding sequence of scaled and

centered estimators from (49), then
1 9, 17V2 4
T (ba) = | [§ Ia)2dr| " [ @)W () = (),

where Jy(r) = [y elr=92dW (s) is a linear diffusion. If the bootstrap approximation
were asymptotically valid, then along almost all paths 7, (@) would converge to the
same distribution as that of Z,, = [} yfﬁl]l/ 2 (@ — «) itself, viz. (47). However, in

fact, (@) = n(§), as n — oo, where

e= 3w -1 {fiweyar

since n(a@ — 1) = &. A similar invalidity of the bootstrap occurs for the coefficient
based bootstrap statistic n(a* — ).

To circumvent the asymptotic invalidity of the bootstrap, there are several pos-
sibilities. Basawa et al. (1991b) suggested resampling the restricted residuals under
the null hypothesis of a unit root. If u;* is the restricted residual y; — y;—1 and the

bootstrap sample is generated from the following resampling scheme under the null
Y=y

then the bootstrap t-ratio statistic Z;; has the same asymptotic distribution as Z,.
As an alternative, Ferretti and Romo (1994) consider the unrestricted residuals uj =
Yyt — a1 and generate the pseudo data y; under the null of a unit root. They show
that the corresponding bootstrap test statistics are asymptotically valid. Another
possibility is to use model selection to determine whether to sample from a unit
root process or the fitted regression. In this case, a natural procedure is to use the
model selection method outlined in (46) above, which gives a consistent model choice
procedure in which the type I and type II errors both tend to zero in probability as
n — 00. In consequence, the correct model is chosen asymptotically and the resulting
bootstrap test statistics are asymptotically valid.

None of the above methods work when the underlying model is a near integrated
process, because there in this case there is no way in which the localizing parameter
can be consistently estimated from the sample data.

For unit root models with deterministic trends, the problem of redundant de-
terministic trend variables discussed in Section 2 surfaces again. Although we use
regression models like (6), which include redundant trend variables, to calculate the

DF test statistics and to obtain the bootstrap residuals €}, the redundant variables
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should be excluded from the resampling scheme to make the bootstrap DF test as-
ymptotically valid. Nankervis and Savin (1994) present some simulation results on

bootstrapping unit root tests for the following model
Yt = po + pul + oy + &

under different error distributions. Their sampling scheme is based on restricted
residuals and the bootstrap sample data is generated under the null hypothesis. The
bootstrap DF test has basically the same power as the original DF test, except
for some non-Gaussian distribution cases where the bootstrap tests perform slightly
better. Another study of the asymptotic properties of bootstrap procedures in unit
root models with a drift is Giersbergen (1995).

10 Testing Stationarity

Many empirical analyses, like those of Nelson and Plosser (1982) and subsequent
studies, lead to the conclusion that aggregate economic time series are unit root
nonstationary. One explanation that has been suggested for these empirical outcomes
is that the standard tests are all based on the null hypothesis of a unit root, which
assures that the hypothesis will be accepted at conventional significance levels (of 5%
and 1%) unless there is strong evidence against it. As a result, there is considerable
interest in tests for which the null hypothesis is trend stationary.

Such tests are easily developed by working from the components representation
of the time series y;. In particular, if we add a stationary component v; to (1) and

(2), we get the so-called components model
Ye=he+y; +vn Y =Yoo, (50)

which decomposes the time series y; into a deterministic trend h;, a stochastic trend
y$, and a stationary residual v;. The stochastic trend in (50) is annihilated when 02 =
var(ug) = 0, which therefore corresponds to a null hypothesis of trend stationarity.
Under Gaussian assumptions and iid error conditions, the hypothesis can be tested
in a simple way using the LM principle. Let e; be the residuals from the regression
of y; on the deterministic trend z; and 52 = n=! > €2, then the LM statistic can be

constructed as follows: 25~ g2
-
LM = %7
O-’U

t

where S; is the partial sum process of the residuals ) =1 €;. Under the null hypoth-

esis of stationarity, this LM statistic converges to .[01 VZ, where Vx(r) = W(r) —
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(o X'] [_]61 XX’}_1 [_[01 XdW} is a generalized Brownian bridge process, like (18)
above. This procedure can easily be extended to more general cases where there
is serial dependence by replacing 62 with corresponding estimates of the long run
variance of v; based on nonparametric methods. This was done in Kwiatkowski et
al. (1992), where a general approach was developed.

Defining w; = y{ + v¢ and writing differences as Aw; = (1 — OL)n;, where 7
is stationary, it is clear that 02 = 0 in (50) corresponds to the null hypothesis of
a moving average unit root # = 1 in this representation. Thus, there is a formal
correspondence between testing for stationarity and testing for a moving average
unit root (Saikonnen and Luukkonen, 1993). The asymptotic theory for the maximum
likelihood estimator in the moving average unit root case is known, but has a complex
point process representation (Davis and Dunsmuir, 1995). This makes a likelihood
ratio approach awkward and the LM test attractive in practice. Leybourne and
McCabe (1994) suggested a similar test for stationarity which differs from the test of
Kwiatkowski et al. (1992) in its treatment of autocorrelation and applies when the

null hypothesis is an AR(k) process.

11 Applications and Empirical Evidence

Most empirical applications of unit root tests have been in the field of economics.
Martingales play a key role in the mathematical theory of efficient financial markets
(Duffie, 1988) and in the macroeconomic theory of the aggregate consumption be-
havior of rational economic agents (Hall, 1978). In consequence, economists have
been intrigued by the prospect of testing these theories. In the first modern attempt
to do so using unit root tests, Nelson and Plosser (1982) tested fourteen historical
macroeconomic time series for the United States by the ADF test. The time series
start around 1860 to 1909 and end in 1970. Nelson and Plosser analyzed the loga-
rithms of all of these series (except for interest rates, which was treated in levels) and
found empirical evidence to support a unit root for thirteen of them (the exception
being unemployment). Since then, these series have been re-tested hundreds of times
with other methods, and thousands of other time series have been examined in the
literature. Meese and Singleton (1982) studied various exchange rate time series and
could not reject the null hypothesis of a unit root; and Perron (1988) applied the
semiparametric Z tests to the Nelson-Plosser data and some other macroeconomic
time series and basically confirmed the conclusion reached by Nelson and Plosser.
While it is recognized that the discriminatory power of unit root tests is often low,

there is a mounting body of evidence that many economic and financial time series
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are well characterized by models with roots at or near unity, as in the case of the
leading economic indicators data graphed in Figure 11.

Although standard tests of the unit root hypothesis against trend stationary alter-
natives usually cannot reject the null hypothesis, other approaches do find different
results. For example, performing a test for the null hypothesis of stationarity against
the alternative of a unit root, Kwiatkowski et al. (1992) revisited the Nelson—Plosser
data and could not reject the hypothesis of trend stationarity in many of these time
series (including real per capita GNP, employment, unemployment rate, GNP de-
flator, wages and money). Tests based on efficient detrending by quasi-differencing
have also been applied to macroeconomic time series and various results have been
reported. For instance, applying the QD detrended ADF test to the U.S. GNP data,
Cheung and Chin (1995) could not reject the unit root hypothesis in quarterly data
but did get different results with annual data.

Gil-Alana and Robinson (1997) applied the LM test for a unit root against frac-
tional alternatives to the extended Nelson—Plosser series (Schotman and van Dijk,
1991). Although their results vary across the fourteen series and across different
model structures for the stationary component u;, they found the most nonstation-
ary evidence for the consumer price and money stock series, trend stationary evidence
for industrial production and stationary evidence for the unemployment rate data.

Using the Nelson—Plosser data and a U.S. postwar quarterly real GNP series,
Perron (1989) argues that if the Great Depression in 1929 and the oil price shock in
1973 are treated as exogenous events that caused structural changes, then a trend
stationary representation with structural change is favored over a unit root repre-
sentation with structural change. By allowing for these structural breaks, Perron
rejected the unit root hypothesis at the 5% level of significance for all of the Nelson—
Plosser series except consumer prices, velocity, and bond yields. Christiano (1992),
Banerjee et al. (1990), and Zivot and Andrews (1992) argue that Perron’s tests for a
unit root with structural change are biased because the choices of the break points
are correlated with the data. Christiano (1992) suggested that the date of the break
should be treated as unknown and, by using tests based on bootstrap critical values,
reached different conclusions from Perron (1989). Zivot and Andrews (1992) allowed
the breakpoint to be endogenous and suggested pre-testing procedures to estimate
the structural change points, finding less compelling evidence against the unit root
hypothesis.

In recent years, various Bayesian analyses have been conducted on unit root test-
ing. Using flat prior Bayesian techniques, DeJong and Whiteman (1989a,b,c) tested

the Nelson—Plosser series, stock prices and dividend data, and postwar quarterly real
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GNP for the U.S.A. Their results challenged the classical unit root tests results in
many cases. Schotman and van Dijk (1990) analyzed the random walk hypothesis for
real exchange rates and found more evidence in favor of the trend stationary model
than classical unit root tests. Contrary to the conclusion of DeJong and Whiteman,
Phillips (1991) provided an alternative Bayesian approach using a Jeffreys’ prior,
and found more support for the unit root model for some series. Using a modified
information matrix-based prior, Zivot and Phillips (1994) considered autoregressive
models with fitted deterministic trends allowing for certain types of structural change.
Their results are generally in accord with those of Phillips (1991). In addition, their
Bayesian analysis also shows evidence of trend breaks in some of the macroeconomic
series with breaks occurring around 1929, partially supporting the conclusion reached
by Perron (1989). It is also shown in Zivot and Phillips (1994) and in other work
that the choice of prior can be important in distinguishing between different models.
Using the extended Nelson—Plosser data and a Bayesian procedure that consistently
classifies the time series as I(1) or I(0), Stock (1994) obtain results largely supporting
the unit root hypothesis. Applying the model selection criterion ‘PIC’ to the Nelson—
Plosser data and allowing for model selection of deterministic trend components and
lag length in the autoregressions, Phillips and Ploberger (1994) found eleven out of
the fourteen time series to be stochastically nonstationary.

Of course, unit root issues in multivariate time series have also attracted a good
deal of research, and the ADF and semi-parametric Z tests have been extensively
used to test for the presence of cointegration using residual based approaches. The
tests are used in the same way as standard unit root tests and have the same null
hypothesis, but the data are the residuals from a least squares cointegrating regres-
sion, and the alternative hypothesis (of cointegration) is now the main hypothesis
of interest (Engle and Granger, 1987; Phillips and Ouliaris, 1990). The model is
analogous to (1), but both variables y; and x; have unit roots and y; is stationary
under the alternative hypothesis and unit root nonstationary under the null. The
limit theory for these residual based tests was developed in Phillips and Ouliaris
(1990). There are also approaches to cointegration testing that rely on likelihood
ratio methods (Johansen, 1996) in vector autoregressions and these lead to tests with
asymptotic distributions that are simple multivariate analogues of those given in (8)
and (12). A large empirical literature has developed around these techniques. More
recently, model selection methods have been advocated in Phillips (1996) and Chao
and Phillips (1996, 1997). In this work, model selection is used to simultaneously
choose the lag length and cointegrating rank in a VAR of possible reduced rank.

The method is extremely easy to use and like the PIC test for a unit root that is
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discussed in Section , produces consistent estimates of lag length and cointegrating
rank. The methods have been used with some success in simulations (Phillips, 1998)
and in ex ante forecasting exercises with macroeconomic data for the USA and several
Asia—Pacific countries (Phillips, 1995).

Unit root theory plays a major role in modern time series econometrics and weak
convergence methods and function space asymptotics have opened up the economet-
ric analysis of nonstationary regression models. While a multitude of test procedures
are available for evaluating evidence in support of unit root nonstationarity, frac-
tional integration and short memory stationarity, the main principles of statistical
testing are analogous to those in stationary time series and many of the same issues
figure in the analysis. However, the nonstandard limit theory of unit root tests does
complicate classical inference and there are important new issues that arise from the
nonparametric treatment of the stationary component and the existence of valid al-
ternative models for nonstationary data, as discussed in Section 3.5. Further, unit
root models provide an interesting case of divergence between the asymptotic behav-
ior of Bayesian and classical estimators and tests. They also provide an instance of
the asymptotic failure of the bootstrap. With these interesting characteristics, it is
hardly surprising that the field has attracted so much attention in the last 15 years.
Additionally, most economic time series have clearly evident nonstationary empirical
characteristics, and there are strong reasons in economic theory for giving attention
to the martingale hypothesis and for wanting to distinguish between models with
persistent and non persistent shocks. For all these reasons, the field has attracted a
full spread of participants from empirical macroeconomists interested in growth and
finance theorists interested in efficient markets, through to econometricians and sta-
tisticians interested in the development of new testing procedures, asymptotic theory

and unified methods of inference for data of this type.
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12 Tables and Graphs

Table A : Size Corrected Power of Unit Root Tests

5% level, no deterministic trend

Test | a | AR(1) | AR(1) | MA(1) | MA(L)
p=05|p=—05]0=05]0=—08
ADF, | 0.95 | 0.216 0.234 0.181 0.251
0.9 | 0458 | 0524 | 0.478 | 0.566
0.85 | 0.622 | 0.717 | 0.650 | 0.758
ADF; | 0.95 | 0.211 0.233 0.171 0.248
0.0 | 0448 |0522 | 0472 | 0.565
0.85 | 0.618 |0.716 | 0.649 | 0.761
Zo | 0950228 |0268 | 0.198 |0.268
0.9 | 0536 |0.615 | 0520 |0.619
0.85 | 0.718 | 0.792 | 0.698 | 0.792
Zs 0.05 | 0222 | 0.268 | 0.196 | 0.266
0.9 | 0538 | 0618 | 0516 | 0.611
0.85 | 0.718 | 0.806 | 0.707 | 0.792
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