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HFRQRPHWULF DQDO\VLV
RI ILVKHU*V HTXDWLRQ�

Shwhu F1 E1 Skloolsv
Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv

\doh Xqlyhuvlw|

47 Pd| 4<<;

Devwudfw

Ilvkhu*v htxdwlrq iru wkh ghwhuplqdwlrq ri wkh uhdo udwh ri lqwhuhvw lv vwxglhg
iurp d iuhvk hfrqrphwulf shuvshfwlyh1 Vrph qhz phwkrgv ri gdwd ghvfulswlrq iru
qrqvwdwlrqdu| wlph vhulhv duh lqwurgxfhg1 Wkh phwkrgv surylgh d qrqsdudphw0
ulf phfkdqlvp iru prghoolqj wkh vsdwldo ghqvlwlhv ri d wlph vhulhv wkdw glvsod|v
udqgrp zdqghulqj fkdudfwhulvwlfv/ olnh lqwhuhvw udwhv dqg lq dwlrq1 Kd}dug udwh
ixqfwlrqdov duh dovr frqvwuxfwhg/ dq dv|pswrwlf wkhru| lv jlyhq dqg wkh whfk0
qltxhv duh looxvwudwhg lq vrph hpslulfdo dssolfdwlrqv wr uhdo lqwhuhvw udwhv iru wkh
XV1 Wkh sdshu hqgv e| fdofxodwlqj Jdxvvldq vhplsdudphwulf hvwlpdwhv ri orqj
udqjh ghshqghqfh lq XV uhdo lqwhuhvw udwhv/ xvlqj d qhz dv|pswrwlf wkhru| wkdw
fryhuv wkh qrqvwdwlrqdu| fdvh1 Wkh hpslulfdo uhvxowv lqglfdwh wkdw wkh uhdo udwh
ri lqwhuhvw lq wkh XV lv +iudfwlrqdoo|, qrqvwdwlrqdu| ryhu 4<67�4<<: dqg ryhu wkh
pruh uhfhqw vxeshulrgv 4<94�4<;8 dqg 4<94�4<<:1 Xqlw urrw qrqvwdwlrqdulw|
dqg vkruw phpru| vwdwlrqdulw| duh erwk vwurqjo| uhmhfwhg iru doo wkhvh shulrgv1

Nh| zrugv dqg skudvhv= iudfwlrqdo lqwhjudwlrq> kd}dug udwh> orqj udqjh gh0
shqghqfh> uhdo udwh ri lqwhuhvw> vhplsdudphwulf hvwlpdwlrq> vrmrxuq wlph> vsdwldo
ghqvlw|1

WSuhvhqwhg dw wkh Luylqj Ilvkhu Phpruldo Frqihuhqfh/ \doh Xqlyhuvlw|/ ;0< Pd| 4<<;1 Frpsxwd0
wlrqv zhuh shuiruphg e| wkh dxwkru lq JDXVV dqg wkh sdshu zdv w|shg e| wkh dxwkru lq VZ5181
Wkh dxwkru*v wkdqnv jr Ulfn| Odp iru dvvlvwdqfh zlwk gdwd froohfwlrq dqg wr wkh QVI iru uhvhdufk
vxssruw xqghu Judqw Qr1 VEU <7�55<551



41 Lqwurgxfwlrq

Vlqfh Luylqj Ilvkhu +4<;9/4<63, irupdol}hg4 wkh qrwlrq ri d uhdo udwh ri lqwhuhvw/ wkh
frqfhsw kdv sod|hg d vljql�fdqw uroh lq wkh irupxodwlrq ri d zlgh udqjh ri hfrqrplf
prghov1 Wkhvh lqfoxgh lqglylgxdo djhqw ghflvlrq pdnlqj uhjduglqj lqyhvwphqw/ vdy0
lqjv/ dqg sruwirolr doorfdwlrqv/ rswlrqv sulflqj prghov lq �qdqfh dqg wkh prghuq wkh0
ru| ri lq dwlrq wdujhwlqj lq pdfurhfrqrplfv/ wr qdph exw d ihz1 Qdwxudoo| hqrxjk/
lq wkh oljkw ri wkh uroh wkdw wkh uhdo udwh sod|v lq hfrqrplf wkhru| prghov/ d jrrg
ghdo ri dwwhqwlrq kdv ehhq ghyrwhg lq wkh olwhudwxuh/ hvshfldoo| lq pdfurhfrqrplfv/
wr wkh phdvxuhphqw ri wkh uhdo udwh dqg wr wkh fkdudfwhul}dwlrq ri lwv whpsrudo gh0
shqghqfh surshuwlhv1 Sulpd idflh/ wklv wdvn vhhpv olnh d vlpsoh h{huflvh lq wlph vhulhv
hfrqrphwulfv1 Krzhyhu/ wkh hpslulfdo dqdo|vlv lv frpsolfdwhg e| wzr idfwruv= +l,
wkh dssduhqw qrqvwdwlrqdu| ehkdylru ri wkh vhulhv lqyroyhg/ sduwlfxoduo| lqwhuhvw udwhv
exw dovr vrphwlphv lq dwlrq> dqg +ll, wkh idfw wkdw wkh h{ dqwh uhdo udwh ri lqwhuhvw
ghshqgv rq lq dwlrq h{shfwdwlrqv dqg lv wkhuhiruh qrw gluhfwo| phdvxuhg1 Shukdsv/
ehfdxvh ri wkhvh frpsolfdwlqj idfwruv/ qr frqvhqvxv vhhpv wr kdyh hphujhg derxw wkh
wlph vhulhv surshuwlhv ri wkh uhdo udwh ri lqwhuhvw/ lq vslwh ri lqwhqvlyh hpslulfdo vwxg|1
Lq sduwlfxodu/ zkloh hfrqrplf wkhru| prghov urxwlqho| dvvxph wkdw wkh uhdo udwh ri
lqwhuhvw lv d frqvwdqw/ ru  xfwxdwhv lq d vwdwlrqdu| zd| derxw d frqvwdqw phdq/ wkh
hpslulfdo zrun lqglfdwhv wkdw wklv lv qrw vr ru dw ehvw krogv rqo| ryhu vkruw uhjlphv1

Iljxuh 4 vkrzv prqwko| gdwd iru wkh h{ srvw uhdo lqwhuhvw udwh lq wkh XV ryhu wkh
shulrg 4<94=4�4<;8=451 Wkh vhulhv lv fdofxodwhg e| wdnlqj wkh XV <30gd| Wuhdvxu| Eloo
udwh iru wkh qrplqdo lqwhuhvw udwh dqg e| xvlqj wkh XV prqwko| FSL +doo frpprglwlhv/
zlwk qr dgmxvwphqw iru krxvlqj frvwv, wr frpsxwh 60prqwk lq dwlrq udwhv1 Wkh �jxuh
dovr vkrzv vxejurxs phdqv fdofxodwhg ryhu wkh vxeshulrgv 4<94=4�4<:6=4/ 4<:6=5�
4<;5=4/ dqg 4<;5=5�4<;8=451 Wkh gdwd fryhu wkh vdph shulrg dv wkdw vwxglhg uhfhqwo|
e| Jdufld dqg Shuurq +4<<7,/ zkr xvhg uhjlph vkliw phwkrgv wr hvwlpdwh wkh h{ dqwh
uhdo udwh ryhu dssur{lpdwho| wkhvh vxeshulrgv1 Wkhvh dxwkruv frqfoxghg wkdw wkh h{
dqwh uhdo udwh ri lqwhuhvw zdv h�hfwlyho| frqvwdqw/ exw vxemhfw wr rffdvlrqdo phdq
vkliwv ryhu 4<94�4<;81 Wkh| irxqg wzr phdq vkliwv ryhu wklv wlph shulrg dqg jdyh
uhvxowv yhu| vlplodu wr wkrvh rewdlqhg e| vxejurxs phdqv wkdw duh glvsod|hg lq Iljxuh
41Iru wkhvh gdwd/ dw ohdvw/ wkh frqfoxvlrq grhv qrw vhhp xquhdvrqdeoh1

Iljxuhv 5 dqg 6 judsk wkh h{0srvw uhdo lqwhuhvw udwh vhulhv fdofxodwhg lq wkh vdph
zd| ryhu wkh orqjhu shulrgv 4<94�4<<: dqg 4<67�4<<:1 Ryhu wkh 4<94�4<<: shulrg
wkh judskv vkrzv vxevdpsoh phdqv iru wkh dgglwlrqdo wzr vxeshulrgv 4<<3�4<<6 dqg
4<<7�4<<:1 Dssduhqwo|/ wkhuh lv d qhhg wr doorz iru frqwlqxlqj uhjlph vkliwv lq wkh
phdq ohyho li wklv dssurdfk wr prgholqj wkh uhdo udwh ri lqwhuhvw lv wr jlyh dffhswdeoh
uhvxowv1 Iru wkh orqjhu shulrg/ dq hyhq odujhu qxpehu ri phdq vkliwv lv qhhghg wr
dffrpprgdwh wklv dssurdfk dqg wkh uhvxowv vhhp pxfk ohvv vdwlvi|lqj � zh phuho|

4Ilvkhu +4;<9, fuhglwhg Pduvkdoo +4;<8, iru pdnlqj wkh glvwlqfwlrq ehwzhhq uhdo dqg qrplqdo
lqwhuhvw1 Lw dsshduv wkh lghd wkdw h{shfwhg lq dwlrq d�hfwv lqwhuhvw udwhv fdq eh wudfhg wr hduolhu
srolwlfdo vshhfkhv dqg srolwlfdo hfrqrp| sdpskohwv1 Krzlww +4<<5, dqg Odlgohu +4<<4, surylgh vrph
ixuwkhu lqirupdwlrq derxw wkh klvwru| ri wkh frqfhsw dqg wkh glvwlqfwlrq ehwzhhq uhdo dqg qrplqdo
udwhv1Ilvkhu vhhpv wr kdyh ehhq wkh �uvw wr frqgxfw d vxvwdlqhg vwxg| dqg wr h{soruh wkh pdwwhu lq
vhulrxv hpslulfdo uhvhdufk1
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Iljxuh 4= H{0Srvw Uhdo Lqwhuhvw Udwh= 4<94�4<;8

looxvwudwh zkdw lv lqyroyhg lq Iljxuh 61 Lw lv kdug wr frqfoxgh wkdw rqh lv grlqj dq|
pruh wkdq vlpso| fxuyh �wwlqj lq vxfk h{huflvhv dqg wkhq srvvleo| surylglqj h{ srvw
udwlrqdol}dwlrqv iru wkh phdq vkliwv1 Qrwh/ krzhyhu/ wkdw wkh gdwd lq Ilj1 6 fohduo|
gr vxssruw wkh frqfoxvlrq uhdfkhg lq Idpd*v +4<:8, lq xhqwldo vwxg| wkdw wkh uhdo
udwh kdv d frqvwdqw phdq ryhu wkh shulrg 4<86�4<:41 Qrwzlwkvwdqglqj wkh dssduhqw
frqvwdqf| ryhu 4<86�4<:4/ vr pdq| phdq vkliwv duh qhhghg wr prgho wkh gdwd wklv
zd| wkdw wkh Jdufld�Shuurq frqfoxvlrq wkdw wkh h{ dqwh uhdo udwh ri lqwhuhvw  xfwxdwhv
derxw d frqvwdqw phdq/ vxemhfw wr rffdvlrqdo phdq vkliwv/ vhhpv pxfk ohvv uhdvrqdeoh
ryhu wkh orqjhu shulrg 4<67�4<<: wkdq lw grhv iru 4<94�4<;91 Lqghhg/ ryhu orqjhu
shulrgv vxfk dv wklv/ prvw irupdo whvwv +h1j1/ Urvh/ 4<;;/ dqg Zdovk/ 4<;:, vxssruw d
frqfoxvlrq wkdw lv wkh rssrvlwh ri vwdwlrqdulw| dqg idyru xqlw urrw qrqvwdwlrqdu|1 Rqh
ri wkh jrdov ri wkh suhvhqw sdshu lv wr ghwhuplqh zkhwkhu wkhuh duh rwkhu k|srwkhvhv
wkdw duh pruh uhdvrqdeoh wkdq wkhvh wzr dowhuqdwlyhv1

Dqrwkhu jrdo ri wkh sdshu lv wr frqwulexwh vrph qhz phwkrgv wr dvvlvw lq wkh
hfrqrphwulf dqdo|vlv ri gdwd ri wklv w|sh1 Wkh phwkrgv jlyhq khuh ixuqlvk d qhz zd|
ri ghvfulelqj dqg fkdudfwhul}lqj gdwd olnh lqwhuhvw udwhv dqg lq dwlrq wkdw dsshdu wr
kdyh qrqvwdwlrqdu| hohphqwv1 Pruh vshfl�fdoo|/ wkh sdshu sursrvhv d qrqsdudphwulf
vsdwldo ghqvlw| hvwlpdwh dv d qhz ghvfulswlyh wrro iru qrqvwdwlrqdu| wlph vhulhv1 Pdq|
vhulhv olnh wkh lqwhuhvw udwhv vkrzq lq Iljxuhv 4�6 ehkdyh dv li wkh| kdyh qr �{hg phdq1
Wkh udqgrp zdqghulqj fkdudfwhulvwlf ri wkhvh vhulhv lv kdug wr ghvfuleh txdqwlwdwlyho|1
Zkdw d vsdwldo ghqvlw| grhv lv surylgh xvhixo txdqwlwdwlyh lqirupdwlrq derxw wkh
vsdwldo orfdwlrq fkdudfwhulvwlfv ri d wlph vhulhv/ lq mxvw wkh vdph zd| dv d suredelolw|
ghqvlw| fdq eh xvhg wr fkdudfwhul}h vwdwlrqdu| wlph vhulhv1 Dv zloo eh vkrzq/ lq
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Iljxuh 5= H{0Srvw Uhdo Lqwhuhvw Udwh= 4<9404<<:

frqwudvw wr d suredelolw| ghqvlw|/ wkh vsdwldo ghqvlw| lv d udqgrp surfhvv1 Krzhyhu/
lw wxuqv rxw wkdw zh fdq vwloo rewdlq frqvlvwhqw hvwlpdwhv ri vsdwldo ghqvlwlhv xvlqj
qrqsdudphwulf whfkqltxhv/ olnh wkrvh ri nhuqho phwkrgv/ zklfk kdyh suryhg xvhixo lq
vwxg|lqj llg dqg vwulfwo| vwdwlrqdu| wlph vhulhv1 Zh rxwolqh wkhvh qhz surfhgxuhv khuh
dqg surylgh dq dv|pswrwlf wkhru| wkdw fkdudfwhul}hv wkhlu odujh vdpsoh surshuwlhv dqg
idflolwdwhv lqihuhqfh1

Rqfh qrqsdudphwulf vsdwldo ghqvlw| hvwlpdwhv kdyh ehhq rewdlqhg/ zh fdq xvh
wkhp lq vlplodu zd|v wr wkdw ri d suredelolw| ghqvlw| � wr vwxg| dqg txdqwli| wkh
orfdwlrqdo fkdudfwhulvwlfv ri wkh wlph vhulhv1 Zh looxvwudwh wkhvh lghdv e| orrnlqj dw
qrqsdudphwulf hvwlpdwhv ri wkh vsdwldo orfdwlrq ri wkh h{ srvw uhdo udwh ri lqwhuhvw
lq wkh XV1 Wklv h{huflvh surylghv vrph qrqsdudphwulf hylghqfh rq uhfhqw hpslulfdo
�qglqjv derxw uhdo lqwhuhvw udwhv dqg wkh Ilvkhu h�hfw1 Lq dgglwlrq/ zh vkrz krz wr
frqvwuxfw d qhz w|sh ri kd}dug ixqfwlrq iru qrqvwdwlrqdu| wlph vhulhv1 Kd}dug udwhv
duh sduwlfxoduo| khosixo lq vwxg|lqj �qdqfldo vhulhv/ dv wkh| fdq eh xvhg wr txdqwli| wkh
kd}dugv ri fhuwdlq lqwhuhvw udwh dqg lq dwlrq udwh ohyhov/ iru h{dpsoh1 Wkh phwkrgv
fdq dovr eh xvhg wr vwxg| krz hpslulfdo kd}dug udwhv hyroyh ryhu wlph1 Djdlq/ zh
looxvwudwh wkh whfkqltxhv lq vrph hpslulfdo dssolfdwlrqv wr wkh h{ srvw uhdo udwh ri
lqwhuhvw vhulhv iru wkh XV hfrqrp| vkrzq lq Iljxuhv 4�61

Ilqdoo|/ zh dwwhpsw wr prgho wkh uhdo udwh ri lqwhuhvw gluhfwo| dv d srwhqwldoo|
qrqvwdwlrqdu| orqj phpru| surfhvv1 Wklv lqyroyhv wkh hfrqrphwulf hvwlpdwlrq ri wkh
orqj phpru| sdudphwhu +g,/ zlwkrxw pdnlqj dq| dvvxpswlrqv derxw wkh vwdwlrqdu|
frpsrqhqwv lq wkh gdwd jhqhudwlqj surfhvv1 Wkh surfhgxuh zh xvh lv d Jdxvvldq vhpl0
sdudphwulf hvwlpdwru/ zkrvh surshuwlhv kdyh rqo| uhfhqwo| ehhq uljrurxvo| h{soruhg
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Iljxuh 6= H{0Srvw Uhdo Lqwhuhvw Udwh= 4<67�4<<:

lq wkh vwdwlrqdu| fdvh +Urelqvrq/ 4<<8, zkhuh g lv uhvwulfwhg wr mgm ? �
2 1 Wkh dxwkru

+4<<;, kdv qrz ghyhorshg dq dv|pswrwlf wkhru| iru wklv hvwlpdwru lq wkh qrqvwdwlrq0
du| fdvh zkhuh g A �

2 > zklfk zh zloo eulh | uhsruw lq Vhfwlrq 9 dqg xvh wr hvwlpdwh
g dqg wr surylgh frq�ghqfh lqwhuydov/ wkhuhe| hqdeolqj xv wr dqvzhu wkh txhvwlrq
ri zkhwkhu wkh suhihuuhg prgho iru gdwd rq wkh uhdo udwh ri lqwhuhvw lv vwdwlrqdu| ru
qrqvwdwlrqdu|1

Wkh sdshu lv rujdql}hg dv iroorzv1 Wkh Ilvkhu h�hfw dqg dvvrfldwhg uhjuhvvlrq
htxdwlrqv duh glvfxvvhg lq Vhfwlrq 51 Wkh hfrqrphwulf lghdv wkdw xqghuolh wkh vsdwldo
prghoolqj dssdudwxv wkdw zh lqwurgxfh duh odlg rxw lq Vhfwlrqv 6 dqg 71 Vhfwlrq 8
surylghv dq hpslulfdo dssolfdwlrq ri wkh phwkrgv wr XV gdwd ryhu wkh shulrg 4<67�
4<<:1 Vhfwlrq 9 uhsruwv rxu qhz dv|pswrwlfv dqg hpslulfdo hvwlpdwhv ri wkh orqj
phpru| sdudphwhu1 Vhfwlrq : frqfoxghv wkh sdshu dqg glvfxvvhv vrph uhodwhg lvvxhv1
Surriv duh froohfwhg wrjhwkhu lq Vhfwlrq ; zlwk vrph ri wkh qhz dv|pswrwlf wkhru|
wkdw lv lqwurgxfhg lq wkh sdshu1

51 Wkh Ilvkhu H�hfw

Luylqj Ilvkhu irupxodwhg wkh frqfhsw ri wkh +h{ dqwh, uhdo udwh ri lqwhuhvw +ue| , wr
surylgh d udwh ri lqwhuhvw zklfk dffrxqwhg iru wkh ydoxh ri ordq uhsd|phqwv lq uhdo
groodu whupv1 Wkdw lv/ d qrplqdo lqwhuhvw udwh ri l| zloo dvvxuh d uhdo udwh ri ue| zkhq
wkh dqwlflsdwhg sulfh fkdqjh lv �e| surylghg l| @ ue| . �e| . ue|�

e
| > wkhuhe| dgmxvwlqj

wkh frpshqvdwlrq wr wkh ohqghu iru wkh dqwlflsdwhg orvvhv lq sxufkdvlqj srzhu lq wkh
sulqflsdo dqg wkh lqwhuhvw1 Wkh whup ue|�

e
| lv xvxdoo| ljqruhg ehfdxvh lw lv ri vpdoohu
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rughu/ vr wkdw wkh Ilvkhu htxdwlrq lv frpprqo| zulwwhq dv

l| @ ue| . �e| = +4,

Htxdwlrq +4, lv vrphwlphv pdgh pruh vshfl�f e| lqgh{lqj wkh lqwhuhvw udwh e| wkh
wlph shulrg +p, ri wkh erqg wr pdwxulw| dqg e| xvlqj p0shulrg dkhdg lq dwlrq
h{shfwdwlrqv/ ohdglqj wr wkh dowhuqdwh irupxodwlrq

l6| @ uec6| . �ec6| = +5,

Wkh hpslulfdo olwhudwxuh vxuurxqglqj htxdwlrq +4, lv ydvw dqg zh zloo qrw dwwhpsw
wr surylgh d uhylhz khuh1 Ilvkhu +4<63, klpvhoi ehjdq wkh hpslulfdo zrun dqg frq0
vlghuhg wkh sureohpv vxuurxqglqj wkh uhodwlrqvkls ehwzhhq sulfhv dqg lqwhuhvw udwhv
wr eh

�111 ri vxfk ylwdo lpsruwdqfh wkdw L kdyh jrqh wr pxfk wurxeoh dqg
h{shqvh wr kdyh vxfk gdwd dv frxog eh irxqg frpslohg/ frpsduhg/ dqg
dqdo|}hg1� +rs1flw1/ s1 6<<,

Wkh pdlq remhfw ri Ilvkhu*v zrun zdv

�111 wr dvfhuwdlq wr zkdw h{whqw/ li dw doo/ d fkdqjh lq wkh jhqhudo sulfh
ohyho dfwxdoo| d�hfwv wkh pdunhw udwhv ri lqwhuhvw1� +rs1 flw1/ s1 6<<,

Kh frqgxfwhg fruuhodwlrqdo vwxglhv ehwzhhq lq dwlrq dqg lqwhuhvw udwhv zlwk dqqxdo
gdwd sulpdulo| iru wkh XV dqg wkh XN/ frqfoxglqj dv iroorzv=

�Rxu �uvw fruuhodwlrqv vhhphg wr lqglfdwh wkdw wkh uhodwlrqvkls ehwzhhq
S � +lq dwlrq, dqg l +lqwhuhvw udwh, lv hlwkhu yhu| voljkw ru revfxuhg e|
rwkhu idfwruv1 Exw zkhq zh pdnh wkh pxfk pruh uhdvrqdeoh vxssrvlwlrq
wkdw sulfh fkdqjhv gr qrw h{kdxvw wkhlu h�hfwv lq d vlqjoh |hdu exw pdq0
lihvw wkhlu lq xhqfh zlwk glplqlvklqj lqwhqvlw| ryhu orqj shulrgv zklfk
ydu| lq ohqjwk zlwk wkh frqglwlrqv/ zh �qg d yhu| vljql�fdqw uhodwlrqvkls/
hvshfldoo| lq wkh shulrg zklfk lqfoxghv wkh Zruog Zdu/ zkhq sulfhv zhuh
vxemhfw wr ylrohqw  xfwxdwlrqv1� +rs1 flw1/ s1756,

Vlqfh wklv lqlwldo zrun e| Ilvkhu/ d vxevwdqwldo dprxqw ri hpslulfdo zrun kdv
ehhq frqgxfwhg zlwk gdwd iurp pdq| frxqwulhv/ fryhulqj gl�huhqw shulrgv ri wlph
dqg pdwxulwlhv1 Krzhyhu/ olwwoh frqvhqvxv vhhpv wr kdyh hphujhg iurp wkhvh vwxglhv
derxw wkh qdwxuh ri wkh Ilvkhu h�hfw1 Lq sduwlfxodu/ wkhuh vhhp wr eh olwwoh djuhhphqw
derxw wkh vwdwlvwlfdo surshuwlhv ri wkh uhdo udwh ue| 1

Wzr uhfhqw vwxglhv wkdw pdnh vljql�fdqw phwkrgrorjlfdo ghsduwxuhv lq vwxg|lqj
wklv sureohp duh e| Plvknlq +4<<5,/ dqg wkh douhdg| flwhg sdshu e| Jdufld dqg Shuurq
+4<<7,1 Wkhvh sdshuv eulqj vrph prghuq qrqvwdwlrqdu| wlph vhulhv dqg uhjlph vkliw
phwkrgv wr ehdu lq dqdo|}lqj wkh Ilvkhu htxdwlrq1 Xvlqj uhvlgxdo edvhg frlqwhjudwlrq
whvwv/ Plvknlq �qgv vxssruw lq wkh gdwd iru d corqj uxq* Ilvkhu h�hfw lq zklfk lq dwlrq
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dqg lqwhuhvw udwhv vkduh d frpprq vwrfkdvwlf wuhqg1 Revhuyh wkdw li �6| lv wkh p0
shulrg lq dwlrq udwh wkhq +5, jlyhv wkh iroorzlqj uhodwlrq ehwzhhq wkh h{ srvw uhdo
udwh ri lqwhuhvw +u6| @ l6| � �6| , dqg wkh h{ dqwh udwh ri lqwhuhvw uec6|

u6| @ uec6| . +�ec6| � �6| , @ uec6| . %| +6,

Xqghu udwlrqdo h{shfwdwlrqv/ zkhuh djhqwv ru wkh pdunhw xvh doo lqirupdwlrq h!flhqwo|
lq iruhfdvwlqj lq dwlrq/ wkh iruhfdvw huuru %| @ �ec6| � �6| zloo eh d pduwlqjdoh gl�hu0
hqfh dqg fdq eh dvvxphg wr eh vwdwlrqdu|/ ru lqwhjudwhg ri rughu }hur +L+3,,1 Xqghu
wklv k|srwkhvlv/ wkh h{ srvw dqg h{ dqwh uhdo udwhv gl�hu e| d vwdwlrqdu| frpsrqhqw
dqg wkhuhiruh kdyh wkh vdph orqj uxq wlph vhulhv surshuwlhv1 Wkxv/ iroorzlqj Plvknlq
+4<<5,/ wkh h{ srvw uhdo udwh fdq rqo| eh L+4, li uec6| lv L+4,= Khqfh/ d whvw iru d xqlw
urrw lq u6| djdlqvw vwdwlrqdu| dowhuqdwlyhv fdq eh lqwhusuhwhg dv whvw iru d xqlw urrw lq
uec6| djdlqvw d vwdwlrqdu| h{ dqwh uhdo udwh1 Sxw dqrwkhu zd|/ frlqwhjudwlrq ehwzhhq
l6| dqg �6| lv wkh dowhuqdwlyh k|srwkhvlv lq d whvw iru d xqlw urrw lq wkh h{ srvw uhdo
udwh ri lqwhuhvw1 Wkh Ilvkhu h�hfw wkhq fruuhvsrqgv wr wkh k|srwkhvlv wkdw wkh h{ dqwh
uhdo udwh ri lqwhuhvw lv vwdwlrqdu|/ vr wkdw/ xqghu udwlrqdo h{shfwdwlrqv dqg vwdwlrqdu|
iruhfdvw huuruv iru lq dwlrq/ wkh Ilvkhu h�hfw lpsolhv d vwdwlrqdu| h{ srvw uhdo udwh ri
lqwhuhvw1

Lq vslwh ri wkhlu dssduhqw vlpsolflw|/ htxdwlrqv +4, dqg +6, suhvhqw d krvw ri hfrqr0
phwulf gl!fxowlhv dulvlqj iurp wkh idfw wkdw wkh yduldeohv ue| dqg �e| duh xqphdvxuhg
odwhqw yduldeohv/ dqg iurp wkh wlph vhulhv gl!fxowlhv lq prghoolqj dssduhqwo| qrqvwd0
wlrqdu| vhulhv olnh lqwhuhvw udwhv dqg lq dwlrq1

Zkloh Ilvkhu +4<63, dqdo|}hg wkh uhodwlrqvkls ehwzhhq lqwhuhvw udwhv dqg lq dwlrq
xvlqj fruuhodwlrqdo whfkqltxhv/ prghuq dssurdfkhv uho| rq uhjuhvvlrq phwkrgv �
vrphwlphv/ dv lq Vxpphuv +4<;6,/ lq wkh iuhtxhqf| grpdlq zkhuh orz iuhtxhqflhv
fdq eh xvhg wr hpskdvl}h orqj uxq surshuwlhv1 Ghshqglqj rq wkh surshuwlhv ri wkh
uhdo udwh ue| > htxdwlrq +6, vxjjhvwv d uhjuhvvlrq olqn ehwzhhq l| dqg �e| = Lq sduwlfxodu/
wkh Ilvkhu h�hfw dvvhuwv wkdw wkh frh!flhqw e vkrxog eh xqlw| lq d uhjuhvvlrq ri wkh
irup

l| @ f. e�e| . x|

dqg wkh uhvlgxdov x| vkrxog eh vwdwlrqdu|1 Xqghu wklv k|srwkhvlv/ zh fdq zulwh wkh
h{ srvw uhdo udwh ri lqwhuhvw dv

u| @ l| � �| @ f. e +�e| � �|, . x| @ f.z|> +7,

zklfk lpsolhv vwdwlrqdu|  xfwxdwlrqv derxw d frqvwdqw ohyho f=
Lq d fhoheudwhg vwxg| phqwlrqhg hduolhu/ Idpd +4<:8, irxqg hpslulfdo hylghqfh ri d

frqvwdqw uhdo udwh ri lqwhuhvw ryhu wkh shulrg 4<86�4<:41 Plvknlq +4<;4, vxevhtxhqwo|
uhmhfwhg frqvwdqf| lq wkh uhdo udwh lq d pruh h{whqvlyh vwxg| fryhulqj wkh orqjhu
shulrgv 4<86�4<:< dqg 4<64�4<851 Odwhu lqyhvwljdwlrqv e| Urvh +4<;;, dqg Zdovk
+4<;:, irxqg hylghqfh lq vxssruw ri xqlw urrw qrqvwdwlrqdulw| lq h{ srvw uhdo udwhv1
Prvw uhfhqwo|/ Jdufld dqg Shuurq +4<<7, uhdqdo|}hg gdwd ryhu wkh shulrg 4<94�4<;9
xvlqj uhjlph vkliw whfkqltxhv dqg irxqg vxssruw iru d frqvwdqw uhdo udwh ri lqwhuhvw/
vxemhfw wr lqiuhtxhqw fkdqjhv lq wkh frqvwdqw f= Lq vkruw/ wkh hpslulfdo hylghqfh jlyhv

9



d pl{hg slfwxuh derxw wkh vwdwlvwlfdo surshuwlhv ri wkh uhdo udwh ri lqwhuhvw/ dqg lw lv
suredeo| idlu wr vd| wkdw wkh jhqhudwlqj phfkdqlvp iru wkh uhdo udwh lv yhu| lpshuihfwo|
xqghuvwrrg1 Dowkrxjk wkh exon ri wkh hfrqrphwulf hylghqfh qrz srlqwv djdlqvw wkh
k|srwkhvlv ri d sxuh Ilvkhu h�hfw lq zklfk wkh uhdo udwh lv vwdwlrqdu| derxw d frqvwdqw
phdq/ wklv grhv qrw uxoh rxw prgl�hg Ilvkhu h�hfwv vxfk dv wkrvh vxssruwhg lq wkh
Jdufld�Shuurq vwxg|1

Zh qrz sursrvh wr wdnh d yhu| gl�huhqw dssurdfk wr vwxg|lqj wkhvh gdwd1 Wkh
hvvhqfh ri wkh qhz dssurdfk lv ghvfulswlyh/ exw wkh dv|pswrwlf wkhru| wkdw zh kdyh gh0
yhorshg iru wkh txdqwlwlhv lqyroyhg hqdeohv xv wr xvh wkhp lq dq lqihuhqwldo iudphzrun
dv zhoo1 Wklv khosv xv wr fruurerudwh dqg dvvhvv hduolhu hpslulfdo �qglqjv1

61 Vsdwldo Ghqvlwlhv iru Qrqvwdwlrqdu| Vhulhv

Rxu sursrvdo lv wr vwxg| wkh vsdwldo fkdudfwhulvwlfv ri d wlph vhulhv udwkhu wkdq irfxv
rq wkhlu whpsrudo ghshqghqfh surshuwlhv/ dv rqh zrxog qrupdoo| gr lq d vwdwlrqdu|
wlph vhulhv dqdo|vlv1 Wkh vwduwlqj srlqw lv wr dvvxph wkdw/ zkhq dssursuldwho| qru0
pdol}hg dqg wudqviruphg lqwr d udqgrp ixqfwlrq rq wkh lqwhuydo ^3> 4`/ wkh wlph vhulhv
wudmhfwrulhv frqyhujh zhdno| wr wkrvh ri d frqwlqxrxv vwrfkdvwlf surfhvv rq wkh vdph
lqwhuydo1 Vxfk dq dvvxpswlrq dssolhv xqghu d yhu| zlgh ydulhw| ri srvvleoh frqgl0
wlrqv dqg lw vhhpv d yhu| zhdn uhtxluhphqw li rqh lv wr pdnh dq| khdgzd| lq wkh
ghyhorsphqw ri dv|pswrwlf phwkrgv1 Dffruglqjo|/ zh pd| vxssrvh wkdw wkh olplw
surfhvv/ P+u, vd|/ ri wkh qrupdol}hg vhulhv lv d frqwlqxrxv vhpl0pduwlqjdoh +h1j1/ vhh
Surwwhu/ 4<<3,1 Wklv uhtxluhphqw zrxog wkhq lqfoxgh wkh kxjh fodvv ri wlph vhulhv iru
zklfk ixqfwlrqdo fhqwudo olplw wkhruhpv duh nqrzq wr dsso|/ ohdglqj iru h{dpsoh wr
Eurzqldq prwlrqv dqg gl�xvlrq surfhvvhv dv vshfldo fdvhv +h1j1/ vhh Skloolsv dqg Vror/
4<<5,1 Zkloh wklv fodvv ri wlph vhulhv lv vxevwdqwldo/ rqh fdvh wkdw lv h{foxghg e| wkh
vhplpduwlqjdoh uhtxluhphqw lv wlph vhulhv wkdw xsrq qrupdol}dwlrq whqg wr iudfwlrqdo
surfhvvhv olnh iudfwlrqdo Eurzqldq prwlrq +h1j1/ Pdqgoheurw dqg ydq Qhvv/ 4<9: dqg
Wdttx/ 4<:8,1 Wklv fdvh grhv vhhp wr eh lpsruwdqw lq dssolfdwlrqv ri rxu lghdv wr
qrqvwdwlrqdu| vhulhv/ ehfdxvh wkhuh lv lqfuhdvlqj hylghqfh wkdw hfrqrplf wlph vhulhv
duh zhoo prghoohg e| orqj phpru| surfhvvhv zlwk iudfwlrqdo Eurzqldq prwlrq olplwv
� iru vrph uhfhqw pdfurhfrqrplf wlph vhulhv hylghqfh vhh Jlo0Dodqd dqg Urelqvrq
+4<<:,1 Iruwxqdwho|/ wkhuh lv d zd| wr lqfoxgh iudfwlrqdo surfhvvhv zlwklq rxu wkhru|
dqg wklv lv lqglfdwhg odwhu +vhh +45, ehorz,1

Iru d vhplpduwlqjdoh P+u, lw lv nqrzq wkdw wkhuh h{lvwv dq lqfuhdvlqj vwrfkdvwlf
surfhvv5 +lqfuhdvlqj lq wkh dujxphqw u> wkdw lv,/ fdoohg wkh orfdo wlph ri P dw v> dqg
ghqrwhg O� +u> v, zklfk uhsuhvhqwv wkh dprxqw ri wlph wkdw wkh olplw surfhvv vshqgv
lq wkh vsdwldo ylflqlw| ri wkh srlqw v= Wkh orfdo wlph surfhvv lv gh�qhg dv

O� +u> v, @ olp
0<f

4

5%

] o

f
4+mP+w,�vm ? %,g^P `|> +8,

5Wkh uhdghu lv uhihuuhg wr Uhyx} dqg \ru +4<<7, iru pxfk ri wkh xqghuo|lqj vwrfkdvwlf surfhvv
wkhru| xvhg khuh1 Jrrg lqwurgxfwlrqv duh Fkxqj dqg Zlooldpv +4<<3, dqg Ndudw}dv dqg Vkuhyh
+4<<5,1

:



zkhuh ^P `| lv wkh txdgudwlf yduldwlrq surfhvv riP= Qrwlfh wkdw wklv gh�qlwlrq ri cwlph
vshqw lq wkh ylflqlw| ri v* lv h{suhvvhg lq xqlwv ri yduldwlrq/ dv phdvxuhg e| g^P `|= Lq
h�hfw/ O� +u> v, phdvxuhv wkh frqwulexwlrq wr wkh txdgudwlf yduldwlrq ^P `o ryhu wkh
lqwhuydo ^3> u` wkdw frphv iurp yduldwlrq lq P +w, durxqg wkh ohyho v=

Lw wxuqv rxw wkdw zh fdq dovr zulwh grzq dq lqyhuvh uhodwlrq ri wkh irup

^P `| @

] "

3"
O� +w> v,gv> +9,

zklfk jlyhv d ghfrpsrvlwlrq ri wkh txdgudwlf yduldwlrq lqwr frqwulexwlrqv wr wkh
frqglwlrqdo yduldqfh wkdw frph iurp  xfwxdwlrqv lq wkh surfhvv wkdw rffxu lq wkh
qhljkerukrrg ri gl�huhqw vsdwldo srlqwv v 5 ^�4>4`1 Lq d vhqvh/ zh fdq wklqn ri
+9, dv wkh vsdwldo htxlydohqw iru d frqwlqxrxv qrqvwdwlrqdu| udqgrp surfhvv ri wkh
ghfrpsrvlwlrq ri wkh yduldwlrq ri d vwdwlrqdu| wlph vhulhv lqwr frqwulexwlrqv iurp
gl�huhqw iuhtxhqflhv/ l1h1/

�2 @

] Z

3Z
i%%+�,g�

zkhuh i%+�, lv wkh vshfwudo ghqvlw| ri [| dqg �2 @ ydu+[|,= Lq wklv irupxod/ � lv
d frqwlqxrxv yduldeoh uhsuhvhqwlqj wkh iuhtxhqf| ri wkh rvfloodwlrqv lqwr zklfk wkh
wlph vhulhv yduldwlrq lv ehlqj ghfrpsrvhg1 Krzhyhu/ lq +9,/ wkh yduldeoh v uhsuhvhqwv
vsdwldo srlqwv lq wkh uhdo olqh/ zkhuh wkh surfhvv vshqgv vrph wlph1 Ioxfwxdwlrqv lq
wkh surfhvv durxqg wkh srlqw v/ zklfk fdq rffxu dw ydulrxv wlphv lq wkh wlph lqwhuydo
^3> w`/ wkhq frqwulexwh wr wkh ghqvlw| O� +w> v, ri wkh surfhvv dw wklv vsdwldo srlqw1

Htxdwlrq +9, lv sduwlfxoduo| lqwhuhvwlqj lq wkh vshfldo fdvh zkhuh P+u, lv wkh
Eurzqldq prwlrq E+u, zlwk yduldqfh $21 Khuh/ wkh sdudphwhu $2 dulvhv dv wkh orqj
uxq yduldqfh ri wkh vkrfnv wkdw gulyh wkh xqlw urrw surfhvv zklfk frqyhujhv zhdno|
wr E+u,1 Lq wklv fdvh/ zh kdyh

$2 @

] "

3"
O�+4> v,gv>

jlylqj d ghfrpsrvlwlrq ri wkh orqj uxq yduldqfh $2 lqwr frpsrqhqwv wkdw uh hfw wkh
ghqvlw| ri wkh  xfwxdwlrqv lq wkh surfhvv durxqg doo vsdwldo srlqwv v 5 +�4>4,=

Wkh orfdo wlph surfhvv O� +u> v, lv nqrzq wr vdwlvi| wkh iroorzlqj htxdwlrq

mP+u,� vm @ mP+3,� vm.
] o

f
vjq+P+w,� v,gP+w, . O� +u> v,> +:,

zkhuh vjq+{, @ 4>�4 iru { A 3> { � 3= Lq idfw/ wkh surfhvv O� +u> v, lv vrphwlphv
gh�qhg lq wklv pdqqhu � h1j1/ vhh Uhyx} dqg \ru +4<<4,1 Htxdwlrq +:, jlyhv d gh0
yhorsphqw ri wkh ixqfwlrq mP+u,� vm derxw lwv ydoxh dw u @ 3 dqg wkhuhe| surylghv
d phfkdqlvp ri jhqhudol}lqj wkh Lwr vwrfkdvwlf fdofxoxv ri ixqfwlrqv wkdw duh frqwlq0
xrxvo| gl�huhqwldeoh wr wkh vhfrqg rughu +F2 ixqfwlrqv, wr ixqfwlrqv zklfk duh qrw
hyhu|zkhuh gl�huhqwldeoh dqg vprrwk/ dqg/ lq sduwlfxodu/ wr frqyh{ ixqfwlrqv/ zklfk
zh zloo vkrz ehorz1 Wkhvh h{whqvlrqv orrn wr eh sduwlfxoduo| ydoxdeoh lq wkhruhwlfdo
prghov zkhuh frqyh{ ixqfwlrqv sod| d elj uroh/ exw kdyh qrw wr p| nqrzohgjh ehhq
xvhg |hw1

;



Dv lv zhoo nqrzq +h1j1/ Surwwhu/ 4<<3/ s1 :7,/ li i 5 F2 zh kdyh wkh Lwr irupxod
iru frqwlqxrxv vhpl0pduwlqjdohv jlyhq e|

i+P+u,, @ i+P+3,, .

] o

f
i �+P+w,,gP+w, .

4

5

] o

f
i ��+P+w,,g^P `| +;,

Rq wkh rwkhu kdqg/ zkhq i lv frqyh{ zh kdyh/ edvhg rq +:,

i+P+u,, @ i+P+3,, .

] o

f
i �3+P+w,,gP+w, .

4

5

] "

3"
i ��} +s,O� +u> s,gs +<,

zkhuh i �3 lv wkh ohiw ghulydwlyh ri i dqg i ��} lv wkh vhfrqg ghulydwlyh ri i lq wkh
jhqhudol}hg ixqfwlrq vhqvh1 Zkhq i 5 F2 zh kdyh i �3+P+w,, @ i �+P+w,,> dqg i ��} +s, @
i ��+s,> wkh vhfrqg ghulydwlyh lq wkh xvxdo vhqvh/ dqg wkh rffxsdwlrq wlph irupxod +h1j1/
Uhyx} dqg \ru/ 4<<4/ s1 53<, jlyhv
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i ��+s,O� +u> s,gs @

4

5

] o

f
i ��+P+w,,g^P `|> +43,

vr wkdw +<, uhgxfhv wr +;, lq wklv vshfldo fdvh1
Revhuyh wkdw +43, vkrzv wkh vhqvh lq zklfk O� +u> s, lv d vsdwldo ghqvlw| iru wkh

surfhvv P+u,/ uhfruglqj wkh dprxqw ri wlph +phdvxuhg lq xqlwv ri wkh txdgudwlf
yduldwlrq ^P `|, wkdw wkh surfhvv kdv vshqw lq wkh lpphgldwh ylflqlw| ri s ryhu wkh
wlph lqwhuydo w 5 ^3> u`=

Zh qrz sursrvh wr xvh wkhvh frqfhswv lq vwxg|lqj wkh vsdwldo surshuwlhv ri wlph
vhulhv olnh lqwhuhvw udwhv dqg lq dwlrq1 Rxu �uvw wdvn lv wr hvwlpdwh wkh orfdo wlph
surfhvv O� +u> s, iru d sduwlfxodu wlph vhulhv1 Mxvw dv wkh vshfwudo ghqvlw| ri d vwdwlrq0
du| wlph vhulhv lv hvwlpdwhg e| qrqsdudphwulf phwkrgv/ wkh orfdo wlph O� +u> s, fdq
hvwlpdwhg lq d qrqsdudphwulf pdqqhu dv iroorzv1 Ohw [| eh d wlph vhulhv iru zklfk
vdwlv�hv d ixqfwlrqdo odz ri wkh irup

4

qk
[d?oo , P+u, +44,

zkhuh P+u, lv d frqwlqxrxv vhpl0pduwlqjdoh iru u 5 ^3> 4`= Iru lqvwdqfh/ zkhq [| lv
d lqwhjudwhg surfhvv ri rughu rqh/ vwdqgdug ixqfwlrqdo fhqwudo olplw wkhruhpv +h1j1/
Skloolsv dqg Vror/ 4<<5, ohdg wr +44, zlwk � @ �

2 dqg P+u, @ E+u,> d Eurzqldq
prwlrq zlwk yduldqfh $2 @ 5�i{%+3,= Zkhq [| lv qhdu lqwhjudwhg/ vr wkdw wkh txdvl
gl�huhqfhv �S[| @ [|� +4. S

?,[|3� duh vwdwlrqdu| zlwk srvlwlyh vshfwudo ghqvlw| dw
wkh ruljlq/ wkhq � @ �

2 dqg P+u, @ MS+u,> d olqhdu gl�xvlrq surfhvv +h1j1/ Skloolsv/
4<;:,1 Zkhq [| lv iudfwlrqdoo| lqwhjudwhg dqg +4 � O,_[| @ x| lv vwdwlrqdu| zlwk
srvlwlyh vshfwuxp $2 A 3 dw wkh ruljlq dqg zlwk g A �

2 / wkhq zh kdyh wkh ixqfwlrqdo
odz +fi1 Wdttx/ 4<:8,

4

q_3
�
2

[d?oo , E_3�+u, @
$

�+g,

] o

f
+u � v,_3�gZ +v,>

zkhuh E_3�+u, lv iudfwlrqdo Eurzqldq prwlrq1 Lq wklv fdvh wkh olplw surfhvv P+u, @
E_3�+u, lv qrw d vhpl0pduwlqjdoh1 Qhyhuwkhohvv/ wkh vwrfkdvwlf lqwhjudo wkdw rffxuv

<



lq +:, fdq vwloo eh gh�qhg lq wkh O2 vhqvh/ dv glvfxvvhg uhfhqwo| lq Fkdq dqg Whuulq
+4<<9,1 Lq frqvhtxhqfh/ zh r�hu wkh iroorzlqj gh�qlwlrq ri wkh orfdo wlph ri iudfwlrqdo
Eurzqldq prwlrq edvhg rq htxdwlrq +:, dqg xvlqj dv

O�_3�
+u> v, @ mE_3�+u,� vm � mE_3�+3,� vm �

] o

f
vjq+E_3�+w,� v,gE_3�+w,= +45,

Wkhvh h{dpsohv vhhp wr fryhu prvw fdvhv ri hpslulfdo lqwhuhvw wkdw dulvh lq wkh
suhvhqw olwhudwxuh rq qrqvwdwlrqdu| hfrqrplf wlph vhulhv1 Lq wkh ghyhorsphqw wkdw
iroorzv zh zloo dvvxph zh duh zrunlqj zlwk dq lqwhjudwhg surfhvv [| iru zklfk
q3

�
2[d?oo , E+u,= Ru/ li zh zdqw wr doorz iru glvwdqw lqlwldo frqglwlrqv +dw wlph

�^q�` iru vrph � � 3, lq wkh ruljlqdwlrq ri [| wkhq zh fdq xvh wkh olplw q3
�
2[d?oo ,

E+u, .Ef+�,/ zkhuh E dqg Ef duh lqghshqghqw Eurzqldq prwlrqv/ zlwk wkh surfhvv
Ef h{whqglqj lq d uhyhuvh +qhjdwlyh, gluhfwlrq uh hfwlqj wkh h�hfw ri glvwdqw lqlwldo
frqglwlrqv dw vrph iudfwlrq � ri wkh vdpsoh vl}h q1 H{whqvlrqv wr wkh iudfwlrqdo
Eurzqldq prwlrq fdvh fdq eh pdgh e| dssursuldwh fkdqjhv lq qrupdol}dwlrq1 Wklv
zloo fryhu d zlgh fodvv ri lqwhuhvwlqj sudfwlfdo fdvhv1 H{whqvlrqv ri wkh wkhru| wr wkh
pruh jhqhudo fdvh ri +44, duh dovr srvvleoh exw duh pruh gl!fxow dqg zloo fdoo xsrq
vwurqj dssur{lpdwlrq yhuvlrqv ri +44, zklfk/ dw ohdvw wr wkh dxwkru*v suhvhqw nqrzo0
hgjh/ gr qrw vhhp wr eh dydlodeoh lq wkh suredelolw| olwhudwxuh dv |hw iru d jhqhudo
fodvv ri surfhvvhv1 D frpsohwh ghyhorsphqw ri wkh dv|pswrwlf wkhru| lq rxu fdvh wr
fryhu vlwxdwlrqv dv jhqhudo dv +44, lv wkhuhiruh eh|rqg wkh vfrsh ri wkh suhvhqw sdshu1

D qdwxudo fdqglgdwh iru hvwlpdwlqj wkh orfdo wlph ri wkh olplw surfhvv ri q3
�
2[d?oo

dw v lv wkh vfdohg nhuqho hvwlpdwh
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+46,

zkhuh k? lv d edqgzlgwk sdudphwhu/ N+�, lv d nhuqho ixqfwlrq dqg e$2 lv d frqvlvwhqw
hvwlpdwh ri $2 @ 5�i{%+3,1 Xsrq uhvwdqgdugl}dwlrq ri wklv hvwlpdwh zh kdyh wkh
iroorzlqj h{whqvlrq ri d uhvxow rewdlqhg uhfhqwo| lq Skloolsv dqg Sdun +4<<;,1

614 Wkhruhp Vxssrvh e$2 $R $2 @ 5�i{%+3,= Li v @ vf .
s
qd> zlwk vf dqg d

�{hg/ dqg li dvvxpswlrqv ;140;17 lq wkh Dsshqgl{ krog/ wkhq dv q $ 4

eO�

�
u>

vs
q

�
@

e$2

s
qk?

d?oo[
|'�

N

�
v�[|

k?

�
$R O�+u> d�Ef+�,,= +47,

Wkh gh�qlwlrq ri eO�

�
u> q3

�
2 v
�
lqyroyhv vfdolqj wkh frqyhqwlrqdo nhuqho hvwlpdwru

jlyhq lq +46, e|
s
q= Wkh uhdvrq iru wklv uhvwdqgdugl}dwlrq lv wkdw lq wkh qrqvwdwlrqdu|

fdvh wkh surfhvv [| zdqghuv dzd| iurp wkh orfdwlrq v dw wkh udwh
s
q dqg/ iru vxfk

ghsduwxuhv iurp v> N+k3�? +v�[|,, lv qhjoljleo| vpdoo1 Lq h�hfw/ wkh vwrfkdvwlf wuhqg
surshuw| ri [| uhgxfhv wkh rughu ri pdjqlwxgh ri wkh nhuqho hvwlpdwh frpsduhg zlwk
wkh vwdwlrqdu| fdvh1
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Iljxuh 7= Vsdwldo Ghqvlw| ri H{ Srvw Uhdo Udwh= 4<94�4<;8

Qrwh wkdw wkh hvwlpdwh eO�

�
u> q3

�
2 v
�
hydoxdwhv wkh orfdo wlph dw d vsdwldo srlqw

q3
�
2 v wkdw lv d�hfwhg e| wkh udwh ri frqyhujhqfh ri q3

�
2[d?oo wr lwv Eurzqldq prwlrq

olplw surfhvv1 Khqfh/ li v lv �{hg dqg lqlwldo frqglwlrqv duh RR+4,/ l1h1/ � @ 3> dv

q $ 4> wkhq wkh hvwlpdwh eO�

�
u> q3

�
2 v
�
lv frqvlvwhqw iru wkh orfdo wlph ri wkh olplw

surfhvv dw wkh ruljlq/ l1h1/ O�+u> 3,= Zkhq � A 3> wkh udqgrp lqlwldol}dwlrq vkliwv wkh
vsdwldo srlqw ri hydoxdwlrq ri wkh orfdo wlph hvwlpdwh vr wkdw lw lv fhqwhuhg durxqg
Ef+�,1 Vr/ lqlwldo frqglwlrqv jhqhudoo| sod| d uroh lq wkh vsdwldo ghqvlw| ri wkh surfhvv/
dv zh pljkw zhoo h{shfw iru d qrqvwdwlrqdu| vhulhv1

Rxu qh{w vwhs lv wr frqvwuxfw frq�ghqfh uhjlrqv iru wkh ghqvlw| hvwlpdwheO�

�
u> q3

�
2 v
�
=Wklv fdq eh grqh xvlqj wkh olplwlqj glvwulexwlrq wkhru| iru eO�

�
u> q3

�
2 v
�

jlyhq lq Wkhruhp 615 ehorz1 Wkh olplw glvwulexwlrq wxuqv rxw wr eh pl{hg qrupdo
+ghqrwhg PQ lq zkdw iroorzv, zlwk d pl{lqj yduldwh wkdw lv sursruwlrqdo wr wkh vsd0
wldo ghqvlw| lwvhoi1 Wklv olplw wkhru| mxvwl�hv wkh frqvwuxfwlrq ri frq�ghqfh lqwhuydov
lq wkh xvxdo pdqqhu1
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615 Wkhruhp Li v @ vf .
s
qd> zlwk vf dqg d �{hg/ li dvvxpswlrqv ;140;17 lq wkh

Dsshqgl{ krog/ dqg li
s
f?+e$2 � $2, @ rR+4, zkhuh f? @ k3�?

s
q> wkhq dv q $ 4

s
f?

keO��u> q3 �
2 v
�
� O�+u> d�Ef+�,,

l
, 5

] "

3"
N+s,T+O�+u> d�Ef+�,,> s,gs

@_ 7O�+u> d�Ef+�,,
�
2

] "

f
N+s,Z +s,gs

@_ 7O�+u> d�Ef+�,,
�
2Q+3>N2,

� PQ+3> 49N2O�+u> d�Ef+�,,,

zkhuh T+d> e, lv d vwdqgdug Eurzqldq vkhhw/ Z +s, lv d vwdqgdug Eurzqldq prwlrq
dqg

N2 @

] "

f

] "

f
N+s,+s a w,N+w,gsgw=

Wklv uhvxow hqdeohv xv wr frqvwuxfw frq�ghqfh lqwhuydov iru O�+u> d � Ef+�,, iru
hdfk vsdwldo srlqw1 Wkxv/

eO�

�
u> q3

�
2 v
�
	 4=<9

3C49N2
eO��u> q3 �

2 v
�

f?

4D
�
2

lv d <8( frq�ghqfh lqwhuydo iru O�+u> d�Ef+�,,= Zkhq N+�, lv d qrupdo nhuqho/ vrph
fdofxodwlrqv vkrz wkdw N2 wdnhv wkh ydoxh N2 @ �3

�
2

�
5

�
2 � 4

�
=

Qrwh wkdw zh duh phdvxulqj vsdwldo ghsduwxuhv iurp wkh ruljlq lq xqlwv ri
s
q lq

wkh olplw1 Vr/ li zh zdqw d frq�ghqfh lqwhuydo iru wkh vsdwldo ghqvlw| ri wkh surfhvv
dw d srlqw olnh

s
qdf> zh vhw v @

s
qdf .[f dqg frpsxwh

eO�

�
u> df . q3

�
2[f

�
	 4=<9

3C49N2
eO�

�
u> df . q3

�
2[f

�
f?

4D
�
2

= +48,

Lw lv lqwhuhvwlqj wr frpsduh orfdo wlph frq�ghqfh lqwhuydov olnh +48, deryh zlwk wkh
frq�ghqfh lqwhuydov iru d suredelolw| ghqvlw| iurp nhuqho hvwlpdwhv ri d suredelolw|
ghqvlw|1 E| wudglwlrqdo wkhru| khuh +h1j1/ Vloyhupdq/ 4<;9, zh kdyh wkh iroorzlqj <8(
frq�ghqfh lqwhuydo iru d ghqvlw| i +{,/

ei +{,	 4=<9

#
n2 ei+{,
qk

$�
2

+49,

zkhuh

n2 @

] "

3"
N+u,2gu= +4:,

45



Wkh gl�huhqfhv ehwzhhq +48, dqg +49, lqyroyh= +l, wkh vfdoh idfwruv n2 dqg 49N2>
zkhuh wkh gl�huhqfh lv gxh wr wkh whpsrudo ghshqghqfh lq wkh wudmhfwru| ri [| +vr
wkdw wkh fryduldqfh nhuqho hqwhuv wkh gh�qlwlrq ri N2, dqg gh�qlwlrqdo gl�huhqfhv
ehwzhhq orfdo wlph dqg d suredelolw| ghqvlw|> dqg +ll, wkh udwh ri frqyhujhqfh �

s
f?

lq wkh fdvh ri wkh vsdwldo ghqvlw|/ frpsduhg zlwk
s
qk lq wkh fdvh ri wkh suredelolw|

ghqvlw|1 Lq rwkhu uhvshfwv/ +48, vlpso| h{whqgv rxu h{lvwlqj wkhru| ri qrqsdudphwulf
ghqvlw| hvwlpdwlrq wr vsdwldo ghqvlw| hvwlpdwlrq iru vwrfkdvwlf surfhvvhv1

71 Kd}dug Udwhv iru Qrqvwdwlrqdu| Wlph Vhulhv

Rqh dgydqwdjh ri d qrqsdudphwulf wuhdwphqw ri vsdwldo ghqvlw| lv wkdw zh fdq gh�qh
lqwhuhvwlqj ixqfwlrqdov ghulyhg iurp wkh ghqvlw| wkdw khos xv wr vkhg oljkw rq wkh
qdwxuh ri yduldwlrq lq wkh gdwd1 Zkloh wkhuh duh pdq| reylrxv qrwlrqv wkdw dulvh
lq wklv zd|/ rqh wkdw zh zloo sd| dwwhqwlrq wr khuh lv wkh lghd ri d vsdwldo kd}dug
ixqfwlrq1 Zh gh�qh wkh vsdwldo kd}dug ixqfwlrq K� +w> d, dvvrfldwhg zlwk d jlyhq
vsdwldo ghqvlw| O� +w> v, dv iroorzv

K� +w> d, @
O� +w> d,U"

@ O� +w> v,gv
= +4;,

Wkh irup ri +4;, lv dqdorjrxv wr wkdw ri wkh kd}dug udwh �+{, dvvrfldwhg zlwk d
suredelolw| ghqvlw| i +{, dv

� +{, @
i+{,U"

% i+v,gv
@

i+{,

4� I +{,
@

i+{,

I +{,
>

zkhuh I +{, lv wkh fgi ri wkh glvwulexwlrq dqg I +{, @ 4�I +{, lv wkh vxuylyru ixqfwlrq1
Vxfk frqyhqwlrqdo kd}dug udwhv duh qrz h{whqvlyho| xvhg lq hpslulfdo hfrqrphwulf
zrun wr khos prgho dqg xqghuvwdqg skhqrphqd olnh xqhpsor|phqw gxudwlrq dqg txlwv
lq wkh oderu pdunhw dqg kdyh zlghvsuhdg xvh lq rwkhu �hogv/ vxfk dv wkh vwdwlvwlfdo
dqdo|vlv ri phglfdo skhqrphqd uhodwlqj wr wkh frqwudfwlrq ri glvhdvhv1

Krz gr zh lqwhusuhw vxfk kd}dug udwhv lq wkh fdvh ri qrqvwdwlrqdu| wlph vhulhvB
Vxssrvh wkh wlph vhulhv xqghu vwxg|[| lv lq dwlrq dqgP+u, lv wkh zhdn olplw surfhvv
ri q3k[d?oo> zlwk orfdo wlph O� +u> v,= Wkh vsdwldo kd}dug K� +w> d @ r

?k , phdvxuhv
wkh frqglwlrqdo ulvn ryhu wkh shulrg ^3> w` +zklfk lv h{suhvvhg lq vwdqgdugl}hg xqlwv ri
iudfwlrqv ri wkh ryhudoo vdpsoh, ri dq lq dwlrq udwh ri v> jlyhq wkdw lq dwlrq lv dw ohdvw
dv juhdw dv v= Zh fdq wkhq vwxg| wkh irup ri wklv kd}dug dv d ixqfwlrq ri wkh lq dwlrq
udwh v> mxvw dv zh pljkw orrn dw xqhpsor|phqw gxudwlrq lq wkh frqyhqwlrqdo kd}dug
dqdo|vlv ri lqghshqghqw gdwd1 Wkxv/ zh fdq vhh zkhwkhu wkh kd}dug ghfolqhv/ lqfuhdvhv
ru vwd|v frqvwdqw dv zh lqfuhdvh v= Zh fdq dovr orrn dw wkh kd}dug dv d ixqfwlrq ri
wkh ohqjwk ri wkh wlph lqwhuydo w> dqg h{dplqh zkdw kdsshqv wr wkh kd}dug udwh dv
wkh wlph shulrg hyroyhv dqg qhz gdwd lv lqwurgxfhg1 Vr zh fdq vhh zkhwkhu wkh
kd}dug udwh ri d fhuwdlq udwh ri lq dwlrq ulvhv ru idoov ryhu wlph1 Ri frxuvh/ zh pljkw
xowlpdwho| frqwhpsodwh prghoolqj vxfk kd}dug udwhv wkurxjk wkh xvh ri fryduldwhv ru
srolf| lqwhuyhqwlrqv1 Wkhvh srvvlelolwlhv h{sorlw wkh gxdo dujxphqw surshuw| ri wkh
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Iljxuh 8= Kd}dug Ixqfwlrq iru H{ Srvw Uhdo Udwh= 4<94�4<;8

vsdwldo ghqvlw| O� +u> v, dqg kd}dug K� +w> d,> vr wkdw lw ehfrphv srvvleoh wr dqdo|}h
wlph vhulhv h�hfwv rq kd}dug udwhv1 Olnh O� +u> v,> wkh ixqfwlrq K� +w> d, lv d udqgrp
surfhvv lq lwv wzr dujxphqwv/ exw xqolnh frqyhqwlrqdo kd}dug udwhv zklfk ghshqg rq
wkh xqnqrzq exw hvwlpdeoh suredelolw| glvwulexwlrq ri wkh gdwd/ wkh kd}dug K� +w> d,
lv dq xqnqrzq exw hvwlpdeoh sdwk ghshqghqw vwrfkdvwlf surfhvv1

Qrz wdnh wkh fdvh zkhuh P +u, lv Eurzqldq prwlrq E +u, = Wkh vsdwldo kd}dug
ixqfwlrq K�+w> d, lv hpslulfdoo| hvwlpdeoh xvlqj wkh qrqsdudphwulf vsdwldo ghqvlw|
hvwlpdwh eO�+w>

rI
?
, glvfxvvhg lq wkh odvw vhfwlrq ri wkh sdshu1 Iru v @ vf .

s
qd/ zh

frqvwuxfw wkh hvwlpdwru

eK�+w> d, @
eO�+w> d,U"

@
eO�

�
w> RI

?

�
_RI
?

=

Wklv hvwlpdwru lv frqvlvwhqw iru K� +w> d, dv wkh iroorzlqj wkhruhp vkrzv/ zkhuh wkh
uhvxow lv jlyhq lq wkh fdvh ri

s
q frqyhujhqfh wr d Eurzqldq prwlrq olplw surfhvv1

714 Wkhruhp Vxssrvh e$2 $R $2 @ 5�i{%+3,= Li v @ vf .
s
qd> zlwk vf dqg d

�{hg/ dqg li Dvvxpswlrqv ;=4�;=7 lq wkh Dsshqgl{ krog/ wkhq dv q $ 4

eK�

�
w>

vs
q

�
@

eO�

�
w> rI

?

�
U"

rI
?

eO�

�
w> RI

?

�
_RI
?

$R K�+w> d�Ef+�,,

zkhuh eO�

�
u> rI

?

�
@ e/2I

?�?

Sd?oo
|'�N

�
r3f|

�?

�
=
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Iljxuh 9= Vsdwldo Ghqvlw| ri H{ Srvw Uhdo Udwh= 4<94�4<<:

Dv lq wkh fdvh ri wkh vsdwldo ghqvlw|/ zkhq wkh olplw surfhvv lv uhdfkhg dw d
s
q udwh

ri frqyhujhqfh/ zh phdvxuh vsdwldo ghsduwxuhv iurp wkh ruljlq lq xqlwv ri
s
q1 Vr/ li

zh zdqw wr hvwlpdwh wkh kd}dug ri wkh surfhvv dw d srlqw olnh df> zh vhw v @
s
qdf.[f

dqg frpsxwh eK�

�
w> df . ffI

?

�
=

Wkh ixqfwlrq I� +w> d, @
U"
@ O� +w> v,gv fdq eh fdoohg wkh vxuylyru ixqfwlrq fru0

uhvsrqglqj wr O� +w> v,> dqg lv dqdorjrxv wr wkh vxuylyru ixqfwlrq I +d, @
U"
@ i+v,gv

ri d suredelolw| ghqvlw| i= Vlqfh zh duh xvlqj nhuqho hvwlpdwhv ri O� +w> v, zh fdq
hvwlpdwh I� +w> d, xvlqj

eI��
w>

vs
q

�
@

] "

rI
?

eO�

�
w>

ss
q

�
gss
q

@
e$2

s
q

d?oo[
|'�

N
�
v�[|

k?

�
zkhuh

N+e, @

] K

3"
N+{,g{> N+e, @ 4�N+e,=

Iru prvw nhuqhov/ dowkrxjk qrw wkh Jdxvvldq/ N+e, lv dydlodeoh lq forvhg irup/ vlp0
soli|lqj fdofxodwlrqv iru wkh kd}dug dqg vxuylyru ixqfwlrqv1 Iru h{dpsoh/ li N lv wkh
Hsdqhfkqlnry nhuqho zh kdyh

N+v, @

+
�

e
I
D

�
4� r2I

D

�
�s

8 � v � s
8

3 rwkhuzlvh
>
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dqg

N+v, @

;A?A=
3 v ? �s

8
�

e
I
D

�
v.

s
8
�� �

eD
�
2

�
v� . 8

�
2

�
�s

8 � v � s
8

4 v A
s
8

=

Dq dv|pswrwlf wkhru| iru wkh hvwlpdwhg kd}dug ixqfwlrq eK�

�
w> rI

?

�
lv jlyhq lq

wkh iroorzlqj wkhruhp1

715 Wkhruhp Li v @ vf.
s
qd> zlwk vf dqg d �{hg/ li Dvvxpswlrqv ;=4�;=7 lq wkh

Dsshqgl{ krog zlwk k? $ 3/ dqg li
s
f?+e$2 � $2, @ rR+4, zkhuh f? @ k3�?

s
q> wkhq

dv q $ 4
s
f?

k eK�

�
u> q3

�
2 v
�
�K�+u> d�Ef+�,,

l
, 5

] "

3"
N+s,T

3EC O�+u> d�Ef+�,,�U"
@3�fEV�

O� ++u> v,gv
�2 > s

4FDgs
� 7PQ

�
3>N2

K�+u> d�Ef+�,,2

O�+u> d�Ef+�,,

�
zkhuh T+d> e, lv d vwdqgdug Eurzqldq vkhhw1

Wklv uhvxow gholyhuv dq dv|pswrwlf vwdqgdug huuru iru wkh kd}dug eK�

�
u> q3

�
2 v
�
>

yl}1 3EC49N2
eK�

�
u> q3

�
2 v
�2

f?eO�

�
u> q3

�
2 v
�

4FD
�
2

>

zklfk fdq eh xvhg wr dvvhvv vljql�fdqfh ri wkh kd}dug hvwlpdwhv lq sudfwlfdo dssolfd0
wlrqv1 Lqwhuhvwlqjo|/ wklv irupxod lv dqdorjrxv wr wkdw rewdlqhg lq wudglwlrqdo kd}dug
dqdo|vlv iru d suredelolw| ghqvlw|/ zklfk wdnhv wkh zhoo nqrzq irup +fi1 Vloyhupdq/
4<;9/ s1 47;, �

n2�+{,2

qki+v,

��
2

Wkh gl�huhqfhv dulvh rqo| iurp gl�huhqfhv lq wkh udwh ri frqyhujhqfh wr wkh vsdwldo
ghqvlw| dqg wkh suredelolw| ghqvlw| dqg wkh vfdoh frqvwdqwv 49N2 dqg n2=

81 Wkh Hpslulfdo Ghqvlw| ri Uhdo Lqwhuhvw Udwhv

Zh qrz looxvwudwh wkh xvh ri wkhvh frqfhswv lq dqdo|}lqj wkh hpslulfdo vsdwldo ghqvlw|
ri wkh uhdo udwh ri lqwhuhvw1 Krshixoo|/ wklv zloo khos wr vkhg vrph qhz oljkw rq wkh
qdwxuh ri wkh Ilvkhu h�hfw dqg surylgh fruurerudwlyh hylghqfh iru rwkhu vwxglhv wkdw
xvh frqyhqwlrqdo hfrqrphwulf phwkrgv1
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Iljxuh := Kd}dug Ixqfwlrq iru H{ Srvw Uhdo Udwh= 4<94�4<<:

Zh vwduw zlwk wkh shulrg 4<94�4<;8 vwxglhg e| Jdufld dqg Shuurq +4<<7,1 Iljxuh
7 jlyhv wkh vsdwldo ghqvlw| hvwlpdwh6 iru wkh h{0srvw uhdo udwh ri lqwhuhvw vkrzq lq
Iljxuh 41 Wkh hvwlpdwhg vsdwldo ghqvlw| vkrzv d grplqdqw prgh durxqg wkh ohyho
418( dqg hylghqfh iru irxu plqru prghv durxqg �7(/ �5(/ 7( dqg <(1 Rqo| wkh
prghv dw 418( dqg <( dsshdu wr eh vwdwlvwlfdoo| vljql�fdqw1 Wkhvh uhvxowv surylgh
sduwldo vxssruw iru Jdufld dqg Shuurq*v frqfoxvlrq lq idyru wkh k|srwkhvlv wkdw wkh
uhdo udwh ri lqwhuhvw ryhu 4<94�4<;8  xfwxdwhg derxw wkuhh frqvwdqw ohyhov durxqg �
5(/ 418( dqg 7(1 Krzhyhu/ rxu qrqsdudphwulf dqdo|vlv lqglfdwhv wkdw wkhuh duh dovr
vhfrqgdu| prghv durxqg �7( dqg <( dqg wkdw wkhvh prghv/ hvshfldoo| wkh odwwhu
dsshdu wr eh pruh vljql�fdqw wkdq wkrvh durxqg �5( dqg 7( zklfk zhuh wkh rqo|
vhfrqgdu| ohyhov lghqwl�hg lq wkh Jdufld�Shuurq vzlwfklqj uhjlphv dssurdfk1 Wkh
vljql�fdqw prgh durxqg <( vhhpv wr kdyh ehhq plvvhg e| Jdufld dqg Shuurq1

Wkh hvwlpdwhg kd}dug udwhv iru wkh vdph shulrg ri gdwd duh vkrzq lq Iljxuh 81
Wkh judsk vkrzv wkdw wkhuh duh wzr shdn ohyhov ri kd}dug iru wkh uhdo udwh � ohyhov
durxqg 418(�6( dqg 718(�9( � dqg d ixuwkhu shdn durxqg <(1 Wkh vkduso| ulvlqj
kd}dug dw kljkhu ohyhov lv qrw vljql�fdqw dqg fdq eh ljqruhg1 Urxjko| vshdnlqj/ wkhvh
uhvxowv whoo xv wkdw/ li zh duh wr kdyh kljk uhdo udwhv ri lqwhuhvw/ wkh ulvn ulvhv zlwk wkh
uhdo udwh wr d sodwhdx zkhq udwhv duh durxqg 418(�6(/ wdshuv r� dqg wkhq ulvhv djdlq
wr d sodwhdx lq wkh 718(�9( uhjlrq ehiruh idoolqj r� djdlq dqg ulvlqj wr d ixuwkhu shdn
durxqg <(1 Qrwh wkdw wkh yhu| kljk shdn dw <( lv qrw vljql�fdqw/ dv wkh vwdqgdug
huuru lv ulvlqj txlfno| dw wklv srlqw1 Pruhryhu/ wkh shdn dw <( lqglfdwhv wkdw li wkh
uhdo udwh lv wr eh dv kljk dv wklv/ wkhq lw lv yhu| olnho| wkdw lw zloo eh lq wkh uhjlrq ri

6 Lq wkhvh dqg lq rxu rwkhu fdofxodwlrqv zh xvhg d edqgzlgwk ri �? ' ?3
4

8 �

4:



Iljxuh ;= Vsdwldo Ghqvlw| ri Uhdo Udwh= 4<67�4<<:

<(/ jlyhq wkh revhuyhg gdwd ryhu wkh shulrg 4<94�4<;81
Wkh vsdwldo ghqvlw| ri wkh uhdo udwh fkdqjhv dv zh dgg gdwd iru wkh shulrg wkurxjk

wr 4<<: dqg edfn wr 4<671 Iluvw/ frqvlghu wkh h�hfw ri wkh gdwd wkurxjk wr 4<<:1 Dv
lv dssduhqw lq Iljxuh 9/ wkhuh duh qrz rqo| wkuhh prghv � durxqg �7(/ 418( dqg
<( lq wkh vsdwldo ghqvlw|1 Rqo| wkh prghv durxqg 418( dqg <( dsshdu vljql�fdqw/ dv
ehiruh1 Wkh gdwd ryhu 4<;8�4<<: kdv vprrwkhg rxw wkh vsdwldo ghqvlw| lq wkh uhjlrq
ehwzhhq 5(�9( dqg wkhuh lv qr hylghqfh ri prghv durxqg 7( dqg 05(/ dw ohdvw iru
wkh edqgzlgwk fkrlfh k? @ q3

�
D wkdw zh duh xvlqj khuh1 Qh{w/ dv zh dgg gdwd iru

wkh shulrg edfn wr 4<67/ zh vhh iurp Iljxuh ; wkdw prghv durxqg �8(/ �5( kdyh
uhdsshduhg/ dowkrxjk wkhuh lv qr hylghqfh ri d prgh durxqg 7(1 Dw ohdvw iru wklv
gdwd vhw/ wkh vsdwldo ghqvlw| frpsxwhg ryhu wkh ixoo shulrg 4<67�4<<: lqglfdwhv wkdw
wkh uhdo lqwhuhvw udwh kdv uhjlrqv ri vrmrxuq wlph durxqg �8(/ �5(/ dqg <( dqg wkh
grplqdqw prgh lv durxqg 418(1

Kd}dug udwhv ryhu wkh shulrg 4<94�4<<: duh vkrzq lq Iljxuh : dqg lq Iljxuh < iru
4<67�4<<:1 Lq erwk fdvhv/ wkhuh duh qrz rqo| wzr shdnv lq wkh kd}dug ixqfwlrq �
durxqg 6�7( dqg <(1 Erwk ri wkhvh dsshdu wr eh pruh vljql�fdqw wkdq wkh| duh iru
wkh vkruwhu gdwd vhw1 Orrnlqj dw Iljxuh </ lw vhhpv fohdu wkdw wkh vxevwdqwldo uhjlrq
ri kd}dug iru srvlwlyh uhdo udwhv lv lq wkh 4(�9( }rqh/ dqg iru kljk udwhv/ d }rqh
durxqg <(1
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Iljxuh <= Kd}dug Ixqfwlrq iru Uhdo Udwh= 4<67�4<<:

91 Lv wkh Uhdo Udwh Qrqvwdwlrqdu|B

Whvwv iru qrqvwdwlrqdulw| lq wkh uhdo udwh ri lqwhuhvw kdyh lq wkh sdvw irfxvvhg rq
frpsdulqj xqlw urrw qrqvwdwlrqdulw| zlwk vwdwlrqdu| dowhuqdwlyhv1 Zh qrz frqvlghu
d eurdghu udqjh ri dowhuqdwlyhv dffrpprgdwhg e| doorzlqj iru iudfwlrqdo lqwhjudwlrq1

Rxu dssurdfk lv vhplsdudphwulf/ vr wkdw zh fdq uhwdlq dv pxfk jhqhudolw| dv srv0
vleoh uhjduglqj wkh jhqhudwlqj phfkdqlvp iru wkh uhdo udwh ri lqwhuhvw u|1 Lq sduwlfxodu/
zh frqvlghu d prgho iru wkh h{ srvw uhdo udwh ri wkh irup

+4� O,_u| @ x|> +4<,

zkhuh x| lv d }hur phdq vwdwlrqdu| surfhvv zlwk vshfwudo ghqvlw| i��+�, dqg lv dvvxphg
wr vdwlvi| Dvvxpswlrq ;14 lq wkh Dsshqgl{1 E| yluwxh ri +4<,/ wkh vshfwuxp ri u| kdv
wkh iroorzlqj dv|pswrwlf irup lq wkh ylflqlw| ri wkh ruljlq

ioo+�, � i��+3,

�2_
> � � 3= +53,

Vhyhudo vhplsdudphwulf hvwlpdwlrq surfhgxuhv iru g duh dydlodeoh dqg d eulhi uhylhz
lv jlyhq lq Urelqvrq +4<<7,1 Zh sursrvh wr hvwlpdwh g lq +4<, e| pd{lpl}lqj d orfdo
Jdxvvldq olnholkrrg frqvwuxfwhg xqghu wkh dvvxpswlrq wkdw x| lv Jdxvvldq/ exw qrw
uhtxlulqj wklv frqglwlrq/ dqg uho|lqj rq iuhtxhqflhv � lq wkh qhljkerukrrg ri wkh
ruljlq1 Iroorzlqj N qvfk +4<;9, dqg prwlydwhg e| +53,/ zh xvh d Jdxvvldq remhfwlyh
ixqfwlrq/ gh�qhg lq whupv ri wkh sdudphwhu g dqg J @ i��+3,
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T6 +J>g, @
4

p

6[
�'�

%
orj

�
J�32_�

�
.

�2_�
J

Lo +��,

&
+54,

zkhuh Lo+��, @ zo+��,zo+��,
W lv wkh shulrgrjudp/ �� @ 2Z�

? m @ 3> 4> ===> q� 4 duh wkh
kduprqlf iuhtxhqflhv/ dqg zo+��, @ �I

2Z?

S?
|'� u|h

�b� lv wkh glvfuhwh Irxulhu wudqv0
irup ri u|1 Wkh lqwhjhu p lq +54, lv ohvv wkdq q dqg gh�qhv wkh qxpehu ri iuhtxhqflhv
lq wkh ylflqlw| ri wkh ruljlq wkdw duh ehlqj xvhg lq wkh hvwlpdwlrq ri wkh sdudphwhu g=

Wkh orfdo Jdxvvldq hvwlpdwhv ri J dqg g duh rewdlqhg e| plqlpl}lqj T6+J> g,/
vr wkdw

+ eJ> eg, @ duj plq
f	C	"c _:f

T6+J>g,>

zklfk lqyroyhv qxphulfdo rswlpl}dwlrq1 Lw zloo eh frqyhqlhqw lq zkdw iroorzv wr glv0
wlqjxlvk wkh wuxh ydoxhv ri wkh sdudphwhuv e| wkh qrwdwlrq +Jf> gf,1

Frqfhqwudwlqj +54, zlwk uhvshfw wr J> zh �qg wkdw wkh hvwlpdwh eg vdwlv�hv

eg @ dujplq
_

U+g,

zkhuh

U+g, @ orj eJ+g,� 5g
4

p

6[
�'�

orj��> eJ+g, @
4

p

6[
�'�

�2_� Lo+��,= +55,

Uhfhqwo|/ Urelqvrq +4<<8, dqdo|}hg wkh deryh hvwlpdwruv lq wkh vwdwlrqdu| fdvh
zkhuh gf 5 ���

2 >
�
2

�
= Xqghu udwkhu zhdn uhjxodulw| frqglwlrqv rq wkh vprrwkqhvv ri

i��+�, dv � $ 3.> wkh lqqrydwlrqv lq wkh Zrog uhsuhvhqwdwlrq ri x| dqg dq h{sdqvlrq
udwh frqglwlrq rq p> zklfk uhtxluhv wkdw p $ 4 exw 6

? $ 3 dv q $ 4> Urelqvrq
vkrzhg wkdw eg $R gf dqg eJ+eg , $R Jf= Xqghu d voljkw vwuhqjwkhqlqj ri wkhvh frqgl0
wlrqv/ Urelqvrq dovr hvwdeolvkhg wkdw eg lv dv|pswrwlfdoo| qrupdoo| glvwulexwhg zlwk
wkh olplw glvwulexwlrq

p
�
2 +eg� gf, $_ Q

�
3> �e

�
= +56,

Wklv olplw wkhru| pdnhv srvvleoh vwdwlvwlfdo whvwlqj dqg wkh frqvwuxfwlrq ri frq�ghqfh
lqwhuydov iru gf lq wkh vwdwlrqdu| fdvh1

Dw suhvhqw/ wkhuh lv qr olplw wkhru| lq wkh olwhudwxuh wkdw fryhuv vhplsdudphwulf
hvwlpdwlrq ri gf lq wkh qrqvwdwlrqdu| fdvh1 Lq rughu wr frpsohwh wkh suhvhqw vwxg|/
wkh dxwkru kdv ghyhorshg d olplw wkhru| iru wkh qrqvwdwlrqdu| fdvh1 Wkh ghwdlov duh
ohqjwk| dqg zloo eh uhsruwhg lq d vhsdudwh sdshu +Skloolsv/ 4<<;, wr zklfk wkh uhdghu lv
uhihuuhg1 Wkh pdlq uhvxowv iurp wklv lqyhvwljdwlrq duh wkdw xqghu uhjxodulw| frqglwlrqv
wkdw duh eurdgo| vlplodu wr wkrvh ri Urelqvrq +4<<8,/ wkh dxwkru kdv hvwdeolvkhg wkdw
zkhq gf 5 +�2 > 4` dqg q $ 4

eg $R gf> eJ+eg , $_ Jf .F+gf, +57,

zkhuh

F +gf, @

�
4

�+�gf,

�2 ] �

o'f

] �

@'o
+4� u,_f3

�
2

4

d�n_f
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Iljxuh 43= +4� O,
e_u| iru 4<67�4<<:

�
] �

r'f
+4� v,_f3

�
2

4

+d� u. v,�n_f
gvgdguE_f3�+4,

2> gf 9@ 4

F+gf, @ E+4,2> gf @ 4

Khuh/ E_f3�+4, ghqrwhv iudfwlrqdo Eurzqldq prwlrq dqg lv gh�qhg e| wkh vwrfkdvwlf
lqwhjudo

E_3�+u, @
$

�+g,

] o

f
+u � v,_3�gZ +v,

zkhuh Z lv vwdqgdug Eurzqldq prwlrq1
Revhuyh iurp +57, wkdw zkloh eg lv frqvlvwhqw lq wkh qrqvwdwlrqdu| fdvh/ eJ+eg , lv

dq lqfrqvlvwhqw hvwlpdwru ri Jf dqg frqyhujhv lq glvwulexwlrq wr d udqgrp olplw1
Lq dgglwlrq/ lw lv vkrzq lq Skloolsv +4<<;, wkdw wkh olplw glvwulexwlrq ri eg lv dv

iroorzv

p
�
2 +eg� gf, , PQ

�
3>

4

7

J2
f

+Jf .F+gf,,2

�
= +58,

Wkxv/ eg kdv d gl�huhqw olplw glvwulexwlrq lq wkh qrqvwdwlrqdu| fdvh iurp +56, deryh1
Iluvw/ wkh glvwulexwlrq lv pl{hg qrupdo udwkhu wkdq qrupdo1 Vhfrqg/ eg lv pruh h!flhqw
dv|pswrwlfdoo| zkhq gf A �

2 wkdq zkhq gf ? �
2 > vlqfh F+gf, A 3 dqg wkh udqgrp

pl{lqj yduldwh lq +58, wkhuhiruh vdwlv�hv

J2
f

+Jf .F+gf,,2
? 4= +59,

Wr xvh wkh olplw wkhru| lq +58, wr whvw k|srwkhvhv derxw g zh qhhg d frqvlvwhqw
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Iljxuh 44= +4� O,
e_u| iru 4<94�4<;8

hvwlpdwh ri wkh yduldqfh1 Wklv fdq eh dffrpsolvkhg dv iroorzv1 Frpsxwh wkh uhvlgxdov

ex| @ +4� O,
e_u| @

|[
&'f

+�eg ,&
n$

u|3& +5:,

dqg irup wkh hvwlpdwh eJf @
4

p

6[
�'�

L
e�+��,

lq sodfh ri eJ+eg , lq +55,1 Wkhq/ Zdog whvwv rq gf fdq eh frqgxfwhg xvlqj wkh w0udwlr
w_ @ eg @v

e_
> zkhuh wkh vwdqgdug huuru lv fdofxodwhg xvlqj wkh irupxod

v2
e_
@

4

7p

# eJfeJ+eg ,
$2

Wklv hvwlpdwh kdv wkh dgydqwdjh wkdw lw lv frqvlvwhqw iru erwk wkh vwdwlrqdu| dqg
qrqvwdwlrqdu| fdvhv1 Dq OP whvw frxog dovr eh frqvwuxfwhg xvlqj wkh k|srwkhvl}hg
ydoxh gf lq wkh frqvwuxfwlrq ri eJ dqg eJf=

Wr irup frq�ghqfh lqwhuydov lw lv prvw frqyhqlhqw wr xvh lqwhuydov ri wkh irup

eg 	 4=<9

�
4

7p

��
2

zklfk/ lq ylhz ri +59,/ zloo eh frqvhuydwlyh/ dqg zklfk zloo dsso| lq erwk wkh vwdwlrq0
du| dqg qrqvwdwlrqdu| }rqhv ri g=

Zlwk wklv phwkrgrorj| dqg xvlqj p @ q
�
e iuhtxhqf| ruglqdwhv/ zh irxqg vhpl0

sdudphwulf hvwlpdwhv ri g lq prgho +4<, iru wkh h{ srvw uhdo udwh iru wkh wkuhh wlph
shulrgv 4<94�4<;8/ 4<94�4<<: dqg 4<67�4<<:1 Wkh uhvxowv duh jlyhq lq Wdeoh 41
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Iljxuh 45= +4� O,
e_u| iru 4<94�4<<:

Wdeoh 4= Hpslulfdo Hvwlpdwhv ri g = H{ srvw Uhdo Udwh

Shulrg eg v
e_

<8( Frq�ghqfh Lqwhuydo
4<94�4<;8 318;< 3138:3 ^3=7:5> 3=:38`

4<94�4<<: 3183; 313833 ^3=73:> 3=93:`

4<67�4<<: 3185: 313737 ^3=779> 3=93;`

Iru hdfk shulrg wkh hvwlpdwhv ri g duh juhdwhu wkdq 3=8 dqg lqglfdwh wkdw wkh h{
srvw uhdo udwh ri lqwhuhvw lv qrqvwdwlrqdu|1 Pruhryhu/ wkh hvwlpdwhv ri g duh doo forvh/
zklfk lv lqwhuhvwlqj dqg shukdsv vxusulvlqj jlyhq wkdw wkh vdpsoh sdwk ri u| ydulhv
vxevwdqwldoo| ryhu wkh ixoo wlph shulrg dqg wkdw rwkhu dssurdfkhv uhtxluh pxowlsoh
uhjlph vkliwv wr prgho wklv gdwd hyhq ryhu vkruwhu shulrgv1 Wkh frq�ghqfh lqwhuydov
vkrz wkdw xqlw urrw qrqvwdwlrqdulw| dqg vkruw phpru| duh erwk fohduo| uhmhfwhg1
Krzhyhu/ lq hyhu| fdvh wkh frq�ghqfh lqwhuydov iru g lqfoxgh vrph orqj phpru|
vwdwlrqdu| dowhuqdwlyhv zlwk g ohvv wkdq 318 exw juhdwhu wkdq 3171

Wkxv/ rxu hvwlpdwhv ri g surylgh hpslulfdo hylghqfh wkdw vxssruwv wkh frqfoxvlrq
ri Urvh +4<;;, dqg Zdovk +4<;:, wkdw wkh uhdo udwh lv qrqvwdwlrqdu|1 Exw zh uhmhfw
xqlw urrw qrqvwdwlrqdulw| dqg wkh hvwlpdwhv ri g duh lq hyhu| fdvh qrw vljql�fdqwo|
juhdwhu wkdq 318/ vr wkhuh lv dovr vrph vxssruw iurp rxu hvwlpdwhv iru wkh k|srwkhvlv
wkdw wkh uhdo udwh lv pdujlqdoo| vwdwlrqdu| exw zlwk yhu| orqj phpru|1

Ilj1*v 43�45 vkrz wkh h�hfw ri g0gl�huhqflqj wkh uhdo udwh ri lqwhuhvw dv lq +5:,
xvlqj wkh uhohydqw hvwlpdwhv eg iru hdfk ri wkh vxeshulrgv1 Wkh �jxuhv dovr glvsod|
wkh phdq ydoxh ri wkh uhvlgxdo vhulhv ex| @ +4�O,

e_u| iru hdfk shulrg1 Dv lv dssduhqw
iurp wkh �jxuhv/ lq hdfk fdvh ex| dsshduv wr eh vwdwlrqdu| zlwk vkruw phpru|1

Ilqdoo|/ Ilj1 46 jlyhv vsdwldo ghqvlw| hvwlpdwhv iru wkh gl�huhqfhg vhulhv ex| @ +4�
O,

e_u| fdofxodwhg iru hdfk vxeshulrg1 Wkh ghqvlwlhv duh fdofxodwhg khuh e| qrupdol}lqj
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Iljxuh 46= Ghqvlwlhv ri +4� O,
e_u|

wkh vsdwldo ghqvlwlhv lq wkh vdph zd| iru hdfk vxeshulrg � wkdw lv e| �
?� lq sodfh

ri e/2I
?�

lq irupxod +47, � vr wkdw wkh| duh gluhfwo| frpsdudeoh dqg fruuhvsrqg wr
frqyhqwlrqdo nhuqho hvwlpdwhv iru d vwdwlrqdu| ghqvlw|1 Dv lv dssduhqw iurp wkh �jxuh/
wkh �wwhg ghqvlwlhv duh v|pphwulf dqg txlwh forvh/ dowkrxjk wkhuh lv dssduhqwo| juhdwhu
glvshuvlrq lq wkh fdvh ri wkh orqjhu gdwd vhw 4<6704<<:1

Wdeoh 5= Hpslulfdo Hvwlpdwhv ri g = Qrplqdo Udwh
Shulrg eg v

e_
<8( Frq�ghqfh Lqwhuydo

4<94�4<;8 31;98 31383 ^3=:7;> 3=<;4`

4<94�4<<: 31<57 3137; ^3=;57> 4=357`

4<67�4<<: 31<83 31368 ^3=;9<> 4=365`

Lq d vlplodu zd|/ zh irxqg vhplsdudphwulf hvwlpdwhv ri g iru wkh qrplqdo udwh
dqg lq dwlrq ryhu wkh wkuhh wlph shulrgv 4<94�4<;8/ 4<94�4<<: dqg 4<67�4<<:1 Wkh
uhvxowv duh jlyhq lq Wdeohv 5 dqg 61 Wkh uhvxowv lq Wdeoh 5 fruurerudwh pdq| hduolhu
�qglqjv wkdw wkh qrplqdo udwh ri lqwhuhvw lv qrqvwdwlrqdu|1 Xqlw urrw qrqvwdwlrqdulw|
lv lqfoxghg lq wkh frq�ghqfh edqg iru g ryhu wkh orqjhu shulrgv 4<9404<<: dqg 4<670
4<<:1 Wkh srlqw hvwlpdwhv ri g lqfuhdvh iurp 31;9 wr 31<8 dv wkh wlph shulrg ohqjwkhqv1

Wdeoh 6= Hpslulfdo Hvwlpdwhv ri g = Lq dwlrq

Shulrg eg v
e_

<8( Frq�ghqfh Lqwhuydo
4<94�4<;8 319<; 31389 ^3=8;4> 3=;47`

4<94�4<<: 318;4 3137< ^3=7;4> 3=9;4`

4<67�4<<: 31863 31373 ^3=77<> 3=944`
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Wkh hvwlpdwhv uhsruwhg lq Wdeoh 6 vkrz wkdw lq dwlrq dsshduv wr eh qrqvwdwlrqdu|
ryhu 4<9404<;8/ exw orqj phpru| vwdwlrqdu| ghshqghqfh lq lq dwlrq lv qrw uhmhfwhg
iru wkh orqjhu shulrgv 4<9404<<: dqg 4<6704<<:1 Iru doo wlph shulrgv/ xqlw urrw
qrqvwdwlrqdulw| dqg vkruw phpru| ghshqghqfh duh uhmhfwhg1 Wkhvh hvwlpdwhv wkhuhiruh
gr qrw vxssruw uhvxowv olnh wkrvh lq Plvnlq +4<<5, zkhuh lq dwlrq lv wuhdwhg dv dq L +4,
yduldeoh1 Wkh srlqw hvwlpdwhv ri g ghfuhdvh dv wkh wlph shulrg ohqjwkhqv/ dowkrxjk lq
hdfk fdvh wkhvh h{fhhg 3=8=

Iljxuh 47= Qrplqdo <30gd| WE Udwh

Frpsdulqj wkh uhvxowv lq Wdeoh 4 zlwk wkrvh lq Wdeohv 506/ wkh srlqw hvwlpdwhv ri
g dsshdu wr pruh vwdeoh ryhu wkh wkuhh vxeshulrgv iru wkh uhdo udwh wkdq iru hlwkhu
wkh qrplqdo udwh ru lq dwlrq1 Dovr/ wkhuh lv vrph lqfrpsdwlelolw| ehwzhhq wkh wkuhh
vhwv ri hvwlpdwhv1 Lq d prgho zlwk wkuhh iudfwlrqdoo| yduldeohv || � L +g+, > {| �
L +g%, > }| � L +g5, vdwlvi|lqj wkh vlpsoh olqhdu uhodwlrq || @ {| � }|/ wkh ehkdylrxu ri
|| lv qhfhvvdulo| grplqdwhg e| wkh grplqdqw frpsrqhqw ri {| dqg }|= Wkxv/ li g% A g5>
wkhq g+ @ g%= Lq wkh suhvhqw fdvh/ wklv vxjjhvwv wkdw wkh iudfwlrqdo lqwhjudwlrq ri
wkh qrplqdo udwh vkrxog grplqdwh wkh uhdo udwh1 Krzhyhu/ wkh vhsdudwh hpslulfdo
hvwlpdwhv lqglfdwh wkdw wkh iudfwlrqdo lqwhjudwlrq ri wkh uhdo udwh lv vljql�fdqwo| ohvv
wkdq wkdw ri wkh qrplqdo udwh1 Wkhuh duh vhyhudo srvvleoh h{sodqdwlrqv iru wklv w|sh
ri hpslulfdo lqfrpsdwlelolw|/ lqfoxglqj prgho plvvshfl�fdwlrq dqg vfdoh gl�huhqfhv
ehwzhhq wkh yduldeohv1 Lw vhhpv olnho| lq wkh suhvhqw fdvh wkdw wkh juhdwhu yrodwlolw| ri
lq dwlrq ryhu wkh qrplqdo udwh ri lqwhuhvw lv d frqwulexwlqj idfwru lq wkhvh gl�huhqfhv1
Vlplodu skhqrphqd kdyh ehhq irxqg wr dulvh lq wkh frqwh{w ri h{fkdqjh udwh gdwd/
zkhuh wkhuh duh pdmru gl�huhqfhv lq vfdoh ehwzhhq vsrw uhwxuqv dqg wkh iruzdug
suhplxp 0 vhh Pd|qdug dqg Skloolsv +4<<;,1 Wkh gdwd duh judskhg lq Ilj1*v 47048

58



dqg vhhp wr vxssruw wklv h{sodqdwlrq1

Iljxuh 48= FSL 6 Prqwk Lq dwlrq Udwh

:1 Frqfoxvlrq

Wklv sdshu lqwurgxfhv vrph qhz vwdwlvwlfdo surfhgxuhv iru ghvfulelqj dqg dqdo|}lqj
qrqvwdwlrqdu| gdwd dqg dssolhv wkhvh whfkqltxhv wr wkh vwxg| ri Ilvkhu*v htxdwlrq iru
wkh uhdo udwh ri lqwhuhvw1 Xqghu zhdn frqglwlrqv wkdw dvvxuh vrph irup ri ixqfwlrqdo
olplw wkhruhp iru vwdqgdugl}hg irupv ri wkh gdwd/ zh frqvwuxfw dv|pswrwlfdoo| ydolg
vsdwldo ghqvlw| dqg kd}dug ixqfwlrq phdvxuhv iru wkh vhulhv/ erwk ri zklfk wdnh wkh
irup ri udqgrp surfhvvhv udwkhu wkdq qrqudqgrp ixqfwlrqv dv lq wkh fdvh ri vwdwlrqdu|
wlph vhulhv1 Frqvlvwhqw whfkqltxhv iru hvwlpdwlqj wkhvh txdqwlwlhv duh jlyhq/ wrjhwkhu
zlwk d olplw wkhru| wkdw hqdeohv wkh phdvxuhv wr eh xvhg lq lqihuhqfh1

Xvlqj wkhvh vsdwldo ghqvlw| whfkqltxhv/ zh dqdo|}h wkh h{ srvw uhdo udwh ri lqwhuhvw
lq wkh XV ryhu wkh shulrg 4<67�4<<:1 Uhvxowv ryhu wkh vxeshulrg 4<94�4<;8 surylgh
vrph fruurerudwlqj hylghqfh wr vxssruw wkh frqfoxvlrq ri d uhfhqw vwxg| e| Jdufld
dqg Shuurq +4<<7, wkdw wkh uhdo udwh  xfwxdwhv derxw frqvwdqw ohyhov wkdw fkdqjh ryhu
uhjlphv1 Krzhyhu/ ryhu wkh orqjhu shulrg 4<67�4<<:/ wkh uhjlph fkdqjh dssurdfk
uhtxluhv pdq| fkdqjh srlqwv/ vhhpv duwl�fldo/ dqg odfnv sduvlprq|1

Dq dowhuqdwlyh vhplsdudphwulf prgho lv frqvlghuhg zklfk doorzv iru iudfwlrqdo lq0
whjudwlrq lq wkh uhdo udwh/ lqfoxglqj xqlw urrw qrqvwdwlrqdu| dqg vwdwlrqdu| orqj udqjh
ghshqghqfh dv vshfldo fdvhv/ wr dffrxqw iru ydulrxv w|shv ri orqj uxq ehkdylru/ dqg
zklfk uhwdlqv jhqhudolw| zlwk uhvshfw wr wkh prghoolqj ri wkh vkruw uxq frpsrqhqw ri
wkh vhulhv1 Wkurxjk wkh iudfwlrqdo lqwhjudwlrq sdudphwhu lq wklv prgho wkh h{whqw ri
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qrqvwdwlrqdulw| lq wkh uhdo udwh fdq eh gluhfwo| phdvxuhg1 Jdxvvldq orfdo olnholkrrg
hvwlpdwlrq ri wkh iudfwlrqdo lqwhjudwlrq sdudphwhu lv shuiruphg xvlqj uhfhqwo| re0
wdlqhg dv|pswrwlf uhvxowv wkdw dsso| lq wkh qrqvwdwlrqdu| fdvh1 Hpslulfdo hvwlpdwhv
ri wkh iudfwlrqdo gl�huhqflqj sdudphwhu duh frpsxwhg iru wkh h{ srvw udwh ryhu 4<67�
4<<: dqg wzr vkruwhu vxeshulrgv1 Wkh uhvxowv frq�up hylghqfh ri qrqvwdwlrqdulw|
lq wkh uhdo udwh iru doo wlph shulrgv/ dqg wkhuhiruh jhqhudoo| vxssruw wkh frqfoxvlrq
uhdfkhg e| Urvh +4<;;,1 Rxu hvwlpdwhv dovr frq�up Plvknlq*v +4<<5, uhmhfwlrq ri
xqlw urrw qrqvwdwlrqdulw| lq wkh uhdo udwh ri lqwhuhvw1 Krzhyhu/ dowkrxjk xqlw urrw
qrqvwdwlrqdulw| dqg vkruw phpru| fdq eh uhmhfwhg dqg srlqw hvwlpdwhv lqglfdwh qrq0
vwdwlrqdulw|/ frq�ghqfh lqwhuydov iru wkh iudfwlrqdo gl�huhqflqj sdudphwhu duh lq wkh
uhjlrq ^3=7> 3=9` dqg wkhuhiruh gr qrw frpsohwho| uxoh rxw wkh srvvlelolw| ri d vwdwlrqdu|
uhdo udwh ri lqwhuhvw zlwk yhu| orqj udqjh ghshqghqfh1

Wkh iudfwlrqdo lqwhjudwlrq prgho iru wkh uhdo udwh ri lqwhuhvw vhhpv wr eh vxffhvvixo
lq wudqviruplqj wkh gdwd wr vwdwlrqdulw| ryhu doo wkuhh shulrgv 4<6704<<:/ 4<94�4<;8
dqg 4<9404<<:/ doo zlwk d yhu| vlplodu iudfwlrqdo lqwhjudwlrq sdudphwhu1 Lq wklv uh0
vshfw/ wkh prgho lv dw rqfh pruh sduvlprqlrxv dqg pruh jhqhudoo| dssolfdeoh wkdq d
prgho zlwk pdq| uhjlph vkliwv1

;1 Whfkqlfdo Dsshqgl{ dqg Surriv

Rxu dssurdfk wr dq dv|pswrwlf wkhru| iru vsdwldo ghqvlw| dqg kd}dug udwh hvwlpd0
wlrq uholhv rq uhfhqw zrun lq Skloolsv dqg Sdun +4<<;, � khuhdiwhu S2 � iru nhuqho
ghqvlw| hvwlpdwlrq dqg uhjuhvvlrq iru qrqvwdwlrqdu| wlph vhulhv1 Zh rqo| vnhwfk wkh
ghulydwlrqv zh qhhg khuh1

Vxssrvh [| lv d xqlw urrw wlph vhulhv zlwk gl�huhqfhv �[| @ x| dqg lqlwldol}dwlrq
[f wkdw vdwlvi| Frqglwlrqv ;14 dqg ;15 ehorz1 Glvwdqw lqlwldo frqglwlrqv duh shuplwwhg
lq ;15 dqg sod| d uroh lq wkh vsdwldo ghqvlw| dv|pswrwlfv1 Frqglwlrqv ;16 dqg ;17
uhodwh wr wkh nhuqho ixqfwlrq dqg uhvwulfwlrqv rq wkh edqgzlgwk k dqg wkh| duh xvhg
lq S21 Qrwh wkh lpsruwdqw gl�huhqfh ehwzhhq ;17 dqg frqyhqwlrqdo dvvxpswlrqv
derxw edqgzlgwk lq nhuqho ghqvlw| hvwlpdwlrq 0 khuh wkh edqgzlgwk fdq eh ri wkh
irup k? @ fq&/ n 5 ���

e . �> �
�2 � �

�
> vr wkdw edqgzlgwkv wkdw lqfuhdvh zlwk q duh

shuplvvleoh1 Wkh edqgzlgwk fdqqrw ghfuhdvh wrr idvw ru lqfuhdvh wrr idvw dv q $ 4=
Frqglwlrq ;14 doorzv iru gl�huhqfhv x| wkdw iroorz d olqhdu surfhvv dqg lv vwdqgdug
+Skloolsv dqg Vror/ 4<<5,1 Wkh kljkhu prphqw frqglwlrq lq ;14 lv xvhixo lq dvvxulqj
wkh ydolglw| ri d vwurqj dssur{lpdwlrq wr sduwldo vxpv ri x|1

;14 Dvvxpswlrq

+d, x| lv d olqhdu surfhvv x| @ F+O,%| @
S"

�'f f�%|3� zlwk F+4, 9@ 3 dqg
S"

�'f m
�
2 mf� m

? 4=

+e, %| lv llg+3> �2, zlwk H+m%� mR, ? 4> iru vrph s A 5=

5:



;15 Dvvxpswlrq Wkh lqlwldo frqglwlrqv ri [| duh vhw dw w @ 3 dqg [f kdv wkh
iroorzlqj jhqhudo irup doorzlqj iru h�hfwv lq wkh glvwdqw sdvw

[f @ x.

d?Vo[
�'f

x3� > iru vrph � � 3

zkhuh x lv dq R@�t�+4, udqgrp yduldeoh zlwk H+mxmR, ? 4 iru vrph s A 5=

;16 Dvvxpswlrq Wkh nhuqho N+�, lv d v|pphwulf dqg qrqqhjdwlyh ghqvlw| zlwk
lqwhjudeoh fkdudfwhulvwlf ixqfwlrq *g dqg vdwlv�hv wkh iroorzlqj frqglwlrqv iru vrph
u A 5= ] "

3"
N+v, @ 4>

] "

3"
v2oN+v, gv ? 4> vxs

r
N+v, ? 4>

;17 Dvvxpswlrq q�3Bke? $ 4/ dqg k?@qE�3B�*�2 $ 3 iru vrph � A 31

;18 Surri ri Wkhruhp 614 Wkh surri iroorzv wkh vdph olqhv dv wkdw ri Wkhruhp
614 ri S21 Dv lq wkdw wkhruhp/ zh qhhg wr dxjphqw wkh suredelolw| vsdfh vr wkdw d
vwurqj dssur{lpdwlrq wr wkh olplw Eurzqldq prwlrq E +u, ri q3

�
2[d?oo fdq eh xvhg1

Wkh rqo| fkdqjhv lq wkh surri duh=
+l, Vlqfh x| lv d olqhdu surfhvv zh qhhg wr uho| rq h{whqghg yhuvlrqv ri wkh suholp0

lqdu| Ohppdv 818 dqg 81: lq S2 wkdw dsso| iru olqhdu surfhvvhv lqvwhdg ri llg udqgrp
yduldeohv1 Wkhvh h{whqvlrqv iroorz lq suhflvho| wkh vdph zd|/ exw pdnh xvh ri Ohppd
7 udwkhu wkdq sursrvlwlrq 4 ri Dnrqrp +4<<6,/ zklfk dssolhv iru olqhdu surfhvvhv

+ll, Zh xvh wkh frqvlvwhqw vfdoh hvwlpdwh e$2 ri wkh orqj uxq yduldqfh $2 @ 5�i{%+3,
lq wkh gh�qlwlrq ri wkh vsdwldo ghqvlw| hvwlpdwh1 Wklv lv qrw qhhghg lq Wkhruhp 614
ri S2 ehfdxvh fkurqrorjlfdo orfdo wlph O�+u> d, @ $32O�+u> d, lv xvhg lq S2 lq sodfh
ri orfdo wlph1

+lll, Vlqfh e$2 $R $2> wkh uhvxowlqj olplw krogv lq suredelolw| udwkhu wkdq doprvw
vxuho|1

;19 Surri ri Wkhruhp 615 Iurp Ohppd 51<+g, ri S2 zh kdyh
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zkhuh T+d> e, lv d vwdqgdug Eurzqldq vkhhw1 Wkhq/ xvlqj Wkhruhp 614 ri S2> zh kdyh
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s
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Lw iroorzv iurp +5;,0+5<, dqg Wkhruhp 615 wkdw
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jlylqj wkh uhtxluhg uhvxow1vkliwv1

<1 Qrwdwlrq

$@�t� doprvw vxuh frqyhujhqfh
@_ glvwulexwlrqdo htxlydohqfh
=@ gh�qlwlrqdo htxdolw|
r@�t�+4, whqgv wr }hur doprvw vxuho|
$R frqyhujhqfh lq suredelolw|
+d,& +d, +d. 4, === +d. n � 4,

,>$_ zhdn frqyhujhqfh
^�` lqwhjhu sduw ri
u a v plq+u> v,
� htxlydohqfh
rR+4, whqgv wr }hur lq suredelolw|

431 Gdwd Vrxufhv

+d, Frqvxphu Sulfh Lqgh{

Qrw vhdvrqdoo| dgmxvwhg
Duhd= XV flw| dyhudjh +lh xuedq,
Lwhpv= Doo lwhpv
Edvh= 4<;50;7@433
Vrxufh= Exuhdx ri Oderu Vwdwlvwlfv/ Prqwko| Oderu Uhylhz
Frgh= FXXU3333VD3

+e, 60Prqwk Wuhdvxu| Eloo Udwh

Vhfrqgdu| Pdunhw
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Dyhudjh ri Gdlo| Forvlqj Elg
Dqqxdol}hg xvlqj d 6930gd| |hdu iru edqn lqwhuhvw
Txrwhg rq d glvfrxqw edvlv
Vrxufh= Erdug ri Jryhuqruv ri wkh Ihghudo Uhvhuyh V|vwhp/ Ihghudo Uhvhuyh
Exoohwlq
Frgh= WE6PV

441 Uhihuhqfhv

Dnrqrp/ M1 +4<<6,1 Frpsruwhphqw dv|pswrwltxh gx whpsv g*rffxsdwlrq gx surfhv0
vxv ghv vrpphv sduwlhoohv1 Dqqdohv gh o*Lqvwlwxw Khqul Srlqfduì/ 5</ 8:�;41

Fkdq/ Q1 K1 dqg Q1 Whuulq/ +4<<8,1 �Lqihuhqfh iru xqvwdeoh orqj0phpru| surfhvvhv
zlwk dssolfdwlrqv wr iudfwlrqdo xqlw urrw dxwruhjuhvvlrqv1� Dqqdov ri Vwdwlvwlfv/
56/ 4995�49;61

Fkxqj/ N1 O1 dqg Zlooldpv/ U1 M1 +4<<3,1 Lqwurgxfwlrq wr Vwrfkdvwlf Lqwhjudwlrq/
5qg hg1 Elunkçxvhu/ Ervwrq1

Idpd/ H1 I1 +4<:8,1 �Vkruw whup lqwhuhvw udwhv dv suhglfwruv ri lq dwlrq�1 Dphulfdq
Hfrqrplf Uhylhz/ 98/ 59<�5;51

Ilvkhu/ L1 +4;<9,1 �Dssuhfldwlrq dqg Lqwhuhvw1� DHD Sxeolfdwlrqv/ 6 +44,/ 66407751

Ilvkhu/ L1 +4<63,1 Wkh Wkhru| ri Lqwhuhvw1 Qhz \run= uhsulqwhg D1 P1 Nhoo|/ 4<981

Jdufld U1 dqg S1 Shuurq +4<<9, �Dq dqdo|vlv ri wkh uhdo udwh ri lqwhuhvw xqghu uhjlph
vkliwv�/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ 444�4581

Jlo0Dodqd/ O1 D1 dqg S1 P1 Urelqvrq +4<<:,1 �Whvwlqj iru d xqlw urrw dqg rwkhu qrq0
vwdwlrqdu| k|srwkhvhv lq pdfurhfrqrplf wlph vhulhv�1 Mrxuqdo ri Hfrqrphwulfv/
;3/ 574059;1

Krzlww/ S1 +4<<5,1 �Ilvkhu H�hfw1� Qhz Sdojudyh Glfwlrqdu| ri Prqh| dqg Ilqdqfh/
Orqgrq= Pdfploodq1

Ndudw}dv/ L1 dqg Vkuhyh/ V1 H1 +4<;;,1 Eurzqldq Prwlrq dqg Vwrfkdvwlf Fdofxoxv1
Vsulqjhu�Yhuodj/ Qhz \run1

N qvfk/ K1 U1 +4<;9,1 �Glvfulplqdwlrq ehwzhhq orqj udqjh ghshqghqfh dqgprqrwrqlf
wuhqgv�1 Mrxuqdo ri Dssolhg Suredelolw|/ 56/ 4358�43631

Odlgohu/ G1 +4<<4,1 Wkh Jroghq Djh ri wkh Txdqwlw| Wkhru|1 Khpho Khpsvwhdg=
Sklols Doodq1

Pdqgoheurw/ E1 dqg M1 ydq Qhvv +4<9;,1 �Iudfwlrqdo Eurzqldq prwlrq/ iudfwlrqdo
qrlvhv dqg dssolfdwlrqv�1 VLDP Uhylhz/ 43/ 755�76:1

Pduvkdoo/ D1 +4;<8, Sulqflsohv ri Hfrqrplfv1 6*ug hglwlrq1 Orqgrq= Pdfploodq1
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Pd|qdug/ D1 dqg S1 F1 E1 Skloolsv1 +4<<;,1 �Uhwklqnlqj dq rog hpslulfdo sx}0
}oh= hfrqrphwulf hylghqfh rq wkh iruzdug glvfrxqw dqrpdo|1� \doh Xqlyhuvlw|/
plphrjudskhg1

Plvknlq/ I1 V1 +4<<5,1 �Lv wkh Ilvkhu h�hfw iru uhdoB� Mrxuqdo ri Prqhwdu| Hfr0
qrplfv/ 63/ 4<8�5481

Skloolsv/ S1 F1 E1 +4<;:,1 �Wrzdugv d xql�hg dv|pswrwlf wkhru| iru dxwruhjuhvvlrq/�
Elrphwulnd :7/ 868�87:1

Skloolsv/ S1 F1 E1 +4<;;,1 �Pxowlsoh uhjuhvvlrq zlwk lqwhjudwhg surfhvvhv1� Lq Q1 X1
Sudekx/ +hg1,/ Vwdwlvwlfdo Lqihuhqfh iurp Vwrfkdvwlf Surfhvvhv/ Frqwhpsrudu|
Pdwkhpdwlfv ;3/ :<�4391

Skloolsv/ S1 F1 E1 +4<<4,1 �Vshfwudo uhjuhvvlrq iru frlqwhjudwhg wlph vhulhv1� Lq Z1
Eduqhww/ M1 Srzhoo dqg J1 Wdxfkhq +hgv1,/ Qrqsdudphwulf dqg Vhplsdudphwulf
Phwkrgv lq Hfrqrplfv dqg Vwdwlvwlfv1 Qhz \run= Fdpeulgjh Xqlyhuvlw| Suhvv1

Skloolsv/ S1 F1 E1 +4<<;,1 �Jdxvvldq vhplsdudphwulf hvwlpdwlrq ri iudfwlrqdo lqwh0
judwlrq � wkh qrqvwdwlrqdu| fdvh�/ Xqghu Frqvwuxfwlrq1

Skloolsv/ S1 F1 E1 dqg M1 \1 Sdun +4<<;,1 �Qrqvwdwlrqdu| ghqvlw| hvwlpdwlrq dqg
nhuqho dxwruhjuhvvlrq�1 \doh Xqlyhuvlw|/ plphrjudskhg1

Skloolsv/ S1 F1 E1 dqg Y1 Vror +4<<5,1 �Dv|pswrwlfv iru olqhdu surfhvvhv/� Dqqdov ri
Vwdwlvwlfv 53/ <:4�43341

Surwwhu/ S1 +4<<3,1 Vwrfkdvwlf lqwhjudwlrq dqg gl�huhqwldo htxdwlrqv1 Qhz \run=
Vsulqjhu1

Uhyx}/ G1 dqg \ru/ P1 +4<<7,1 Frqwlqxrxv Pduwlqjdohv dqg Eurzqldq Prwlrq/ 5qg
hg1 Vsulqjhu�Yhuodj/ Qhz \run1

Urelqvrq/ S1 P1 +4<<7,1 �Wlph vhulhv zlwk vwurqj ghshqghqfh/� lq F1 D1 Vlpv +hg1,/
Dgydqfhv lq Hfrqrphwulfv/ Vl{wk Zruog Frqjuhvv/ 41 Fdpeulgjh= Fdpeulgjh
Xqlyhuvlw| Suhvv/ ss1 7:�<91

Urelqvrq/ S1 P1 +4<<8,1 �Jdxvvldq vhplsdudphwulf hvwlpdwlrq ri orqj udqjh ghshq0
ghqfh�/ Dqqdov ri Vwdwlvwlfv/ 56/ 4963�49941

Urvh/ D1 N1 +4<;;,1 �Lv wkh uhdo lqwhuhvw udwh vwdeohB� Mrxuqdo ri Ilqdqfh/ 76/
43<8�44451

Vkrudfn/ J1 U1 dqg M1 D1 Zhooqhu +4<;9,1 Hpslulfdo Surfhvvhv zlwk Dssolfdwlrqv wr
Vwdwlvwlfv1 Zloh|= Qhz \run1

Vxpphuv/ O1 K1 +4<;6,1 �Wkh qrq0dgmxvwphqw ri qrplqdo lqwhuhvw udwhv= D vwxg|
ri wkh Ilvkhu h�hfw1� lq Mdphv Wrelq +hg1, D V|psrvlxp lq Krqru ri Duwkxu
Rnxq1 Eurrnlqjv Lqvwlwxwlrq= Zdvklqjwrq1
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Wdttx/ P1 V1 +4<:8,1 �Zhdn frqyhujhqfh wr iudfwlrqdo Eurzqldq prwlrq dqg wr wkh
Urvhqeodww surfhvv�1 ]1 Zdkuvfk1 Yhuz1 Jhelhwh/ 64/ 5;:�6351

Zdovk/ F1 H1 �Wkuhh txhvwlrqv frqfhuqlqj qrplqdo dqg uhdo lqwhuhvw udwhv�/ Hfrqrplf
Uhylhz/ Ihghudo Uhvhuyh Edqn ri Vdq Iudqflvfr/ 7/ 8�531
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Iljxuh 49= XV Uhdo Lqwhuhvw Udwh dqg Iudfwlrqdoo| Gl�huhqfhg

4 H{wud Qrwhv

Luylqj Ilvkhu ylhzhg lq dwlrq h{shfwdwlrqv dv ehlqj ghshqghqw rq wkh glvwdqw dv zhoo
dv wkh uhfhqw sdvw dqg kh ghylvhg whfkqltxhv iru �wwlqj glvwulexwhg odjv wr fdswxuh wklv
ghshqghqfh ryhu orqj krul}rqv1 Lq fduu|lqj rxw vrph fruuhodwlrqdo vwxglhv ehwzhhq
lq dwlrq dqg lqwhuhvw udwhv/ Ilvkhu*v +4<63, frqfoxghg=

�Rxu �uvw fruuhodwlrqv vhhphg wr lqglfdwh wkdw wkh uhodwlrqvkls ehwzhhq
S � +lq dwlrq, dqg l +lqwhuhvw udwh, lv hlwkhu yhu| voljkw ru revfxuhg e|
rwkhu idfwruv1 Exw zkhq zh pdnh wkh pxfk pruh uhdvrqdeoh vxssrvlwlrq
wkdw sulfh fkdqjhv gr qrw h{kdxvw wkhlu h�hfwv lq d vlqjoh |hdu exw pdq0
lihvw wkhlu lq xhqfh zlwk glplqlvklqj lqwhqvlw| ryhu orqj shulrgv zklfk
ydu| lq ohqjwk zlwk wkh frqglwlrqv/ zh �qg d yhu| vljql�fdqw uhodwlrqvkls/
hvshfldoo| lq wkh shulrg zklfk lqfoxghv wkh Zruog Zdu/ zkhq sulfhv zhuh
vxemhfw wr ylrohqw  xfwxdwlrqv1�

Dffruglqj wr Ilvkhu*v +4<63, htxdwlrq/ wkh vwrfkdvwlf surshuwlhv ri wkh uhdo udwh ri
lqwhuhvw ghshqg rq wkrvh ri qrplqdo lqwhuhvw udwhv dqg wkh klvwru| ri lq dwlrq dv pdq0
lihvwhg lq wkh glvwulexwhg odj uhodwlrq wkdw gh�qhv lq dwlrq h{shfwdwlrqv1 Hpslulfdo
hylghqfh lqglfdwhv wkdw qrplqdo lqwhuhvw udwhv dqg lq dwlrq kdyh gl�huhqw whpsrudo
ghshqghqfh surshuwlhv/ dqg edodqflqj wkhvh yduldeohv vhhpv wr eh qhhghg li d frqyhq0
wlrqdo hfrqrphwulf uhodwlrq ehwzhhq wkhp lv wr eh hvwdeolvkhg1 Wklv sdshu vhhnv wr gr
vr e| srvlwlqj d srwhqwldo orqj phpru| uhodwlrq ehwzhhq wkh uhdo udwh ri lqwhuhvw dqg
lq dwlrq1 Wklv dssurdfk lv lq olqh zlwk Ilvkhu*v ruljlqdo lghd/ exw xvhv wkh prghuq
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wkhru| ri vwurqj ghshqghqfh udwkhu wkdq vwudljkw olqh ru sro|qrpldo glvwulexwhg odjv1
Vrph hpslulfdo zrun lv frqgxfwhg wkdw h{soruhv wkhvh lghdv xvlqj vrph ri Ilvkhu*v
ruljlqdo gdwd dqg vrph rwkhu orqj wlph vhulhv ri lqwhuhvw udwhv dqg lq dwlrq1

Khqfh/ Urvh*v frqfoxvlrqv derxw FFDSP prgho lqydolglw| dsso| dqg ydolglw|
ri prghuq lq dwlrq wdujhwlqj prghov olnh wkrvh lq Vyhqvvrq lq txhvwlrq � fkhfn
Vyhqvvrq*v sdshu1 Pd| vwloo eh frlqwhjudwlrq ehwzhhq lq dwlrq dqg lqwhuhvw udwh/ exw
qrw vwurqj hqrxjk wr ydolgdwh d uhdo udwh wkdw  xfwxdwhv derxw d frqvwdqw phdq1 Pruh
jhqhudoo| frxog dvn li wkhuh lv d olqhdu �owhu wkdw lv frlqwhjudwlqj zlwk vwdwlrqdu| huuru
� wklv zrxog eh lq olqh zlwk Ilvkhu zkr ruljlqdoo| wkrxjkw wkdw rqh qhhghg yhu|
orqj glvwulexwhg odjv wr jhw fruuhodwlrqdo h�hfwv ehwzhhq lq dwlrq dqg lqwhuhvw udwhv1
Krzhyhu/ wklv pd| qrw eh wkh fruuhfw zd| wr frqvwuxfw lq dwlrq h{shfwdwlrqv dqg
pd| lqydolgdwh udwlrqdo h{shfwdwlrqv1

Eh|rqg wkh ehkdylru ri xqghuvwdqglqj Vlqfh duh txlwh olplwhg1 lv qrw dv vwudljkw0
iruzdug dv lw lv iru vwdwlrqdu| vhulhv1 Zkloh fryduldqfh vwdwlrqdu| vhulhv kdyh vhf0
rqg prphqw surshuwlhv wkdw duh frpsohwho| fkdudfwhul}hv e| wkhlu dxwrfryduldqfhv ru
vshfwudo ghqvlw|/ dqg pd| �uvw dsshdu1 Zkloh vrph surjuhvv zdv pdgh lq vhwwlqj xs
qrqvwdwlrqdu| vshfwud lq wkh 4<93*v/ lw kdv qrw ehhq xvhg pxfk 0 qhyhu lq hfrqrplfv1
Zh sursrvh d udglfdoo| gl�huhqw w|sh ri ghvfulswlyh ghfrpsrvlwlrq ri yduldqfh 0 edvhg
rq vsdwldo rffxsdwlrq wlphv1

Vsdwldo ghqvlw| dssurdfk1 Krz pxfk wlph grhv wkh gdwd vshqg lq wkh qhljkeru0
krrg ri d sduwlfxodu vsdwldo srlqw1

Kd}dugv= zkdw lv wkh ulvn wkdw lq dwlrq zloo eh juhdwhu wkdq {(= Wkdw wkh uhdo
udwh ri lqwhuhvw zloo h{fhhg {(= Kdv wkh rffxsdwlrq wlph ri wkh uhdo udwh durxqg {(
ehhq ghfolqlqj ryhu wlph1

Orqj udqjh ghshqghqfh dqg Ilvkhu*v phdvxuhphqw ri lq dwlrq h{shfwdwlrqv1 Hv0
wlpdwlqj g1 Zk| YDU*v qrw xvhixo khuh/ fi1 Olwwhupdq dqg Zhlvv1

Lv wkhuh d frlqwhjudwlqj uhodwlrq ehwzhhq lqwhuhvw udwhv dqg sulfh lq dwlrqB Grhv
lw lqyroyh orqj udqjh ghshqghqfh1 Grhv lw ylrodwh udwlrqdo h{shfwdwlrqv1

wkdw wkh| ixoo| h{sodlq zkdw kdsshqv lq uhjuhvvlrqv ri wklv vruw dqg zk| lw kdsshqv/
wkhuh lv urrp iru frqvlghudeoh ghedwh derxw wkh lpsolfdwlrqv ri wkhvh uhvxowv iru
hpslulfdo uhvhdufk1 Rqh ylhzsrlqw zdv fohduo| vwdwhg e| d uhihuhh ri wkh sdshu lq wkh
iroorzlqj zd|=

�Zh xvh wkh whup vsxulrxv uhjuhvvlrq lq frqwudvw wr vd| wkh frqfhsw ri frlq0
whjudwhg uhjuhvvlrqv/ l1h1h wkh srvvlelolw| wkdw fhuwdlq vhwv ri yduldeohv h{sodlq
wkh wuhqg ri wkh ghshqghqw surfhvv lq dq hfrqrplf vhqvleoh zd|1 Wkh idfw wkdw
wuhqglqj wlph vhulhv kdyh ydolg uhsuhvhqwdwlrqv lq whupv ri rwkhu lqghshqghqw
surfhvvhv ru ghwhuplqlvwlf ixqfwlrqv ri wlph lv qrw ri pxfk lqwhuhvw iurp dq hfr0
qrplf ylhzsrlqw/ xqohvv lw khosv vhsdudwh wkh zkhdw iurp wkh fkd�1�

Lq frpphqwlqj rq wklv ruwkrgr{ ylhz/ L zloo pdnh rqo| wzr srlqwv khuh dqg ohdyh lw
wr ixwxuh ghedwh wr wdnh wkh glvfxvvlrq ixuwkhu1 Iluvw/ lw qhhgv wr eh hpskdvl}hg wkdw
frlqwhjudwlqj uhjuhvvlrqv gr qrw h{sodlq wuhqgv1 Lqvwhdg/ wkh| uhodwh wuhqgv lq pxowlsoh
wlph vhulhv dqg wkhuhe| sdvv wkh wuhqglqj ehkdylru dorqj wr vhfrqgdu| yduldeohv wkdw
duh xvxdoo| dovr hqgrjhqrxv/ ohdylqj wkh wuhqgv wkhpvhoyhv wr eh h{sodlqhg e| xqlw
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urrwv/ wlph sro|qrpldov dqg wuhqg euhdnv1 Dv wklv sdshu vkrzv/ wkh wuhqgv wkhpvhoyhv
fdq eh ydolgo| prghoohg lq d ydulhw| ri zd|v1 Wkxv/ wkh fhqwudo lvvxh dgguhvvhg lq
wklv sdshu uhpdlqv suhvhqw lq prghuq frlqwhjudwlrq0edvhg prghov ri qrqvwdwlrqdu|
wlph vhulhv1 Wkh vhfrqg srlqw lv wkdw wkh qdwxuh ri wuhqglqj phfkdqlvpv lq hfrqrplfv
lv olwwoh xqghuvwrrg dqg hfrqrphwulfldqv kdyh olwwoh jxlgdqfh iurp hfrqrplf wkhru|
prghov derxw phdqlqjixo hfrqrplf vshfl�fdwlrqv1 Zhuh wklv qrw vr/ zh zrxog qrw eh
dv khdylo| ghshqghqw dv zh suhvhqwo| duh rq xqlw urrw prghov/ wlph sro|qrpldov/ wuhqg
euhdnv/ nhuqho uhjuhvvlrq �wv dqg vxfk olnh lq fdswxulqj wuhqgv lq hpslulfdo uhvhdufk1
Djdlqvw wklv edfnjurxqg dqg zlwk wkh fxuuhqw fodvv ri qrqvwdwlrqdu| prghov xvhg
lq hfrqrphwulfv/ lw lv yluwxdoo| lqhylwdeoh wkdw wkh wuhqglqj surfhvvhv wkdw dsshdu lq
hfrqrphwulf prghov kdyh olwwoh lqwulqvlf hfrqrplf phdqlqj/ hyhq wkrxjk wkh wuhqgv
wkhpvhoyhv pd| eh ri frqvlghudeoh hfrqrplf lqwhuhvw1 Wklv sdshu vkrzv wkdw/ hyhq lq
wkh lpsryhulvkhg fodvv ri wuhqglqj phfkdqlvp wkdw zh fxuuhqwo| hpsor| lq hpslulfdo
uhvhdufk/ d olplw wkhru| ri wkh wuhqglqj surfhvv lv srvvleoh dqg wkdw lw zloo riwhq eh
edvhg/ lq sduw dw ohdvw/ rq d colplw wkhru| ri wkh vdpsoh shulrg �w*1 Wklv olplw wkhru|
eulqjv zlwk lw dwwhqgdqw txdol�fdwlrqv vxfk dv wkrvh lq wkh Lqwurgxfwlrq derxw wkh
xvh ri wkhvh phfkdqlvpv lq d suhglfwlyh frqwh{w1

Wkh uhvxowv suhvhqwhg khuh kdyh vrph lpsolfdwlrqv iru xqlw urrw prghoolqj dqg
whvwlqj1 Lq uhfhqw |hduv pxfk ri wkdw olwhudwxuh kdv hpskdvl}hg wkh lpsruwdqfh ri
vhwwlqj xs d jhqhudo pdlqwdlqhg k|srwkhvlv wkdw lqfoxghv cdowhuqdwlyh* vshfl�fdwlrqv
wr d xqlw urrw prgho/ vxfk dv ghwhuplqlvwlf wuhqgv dqg wuhqg euhdnv1 Wkh uhvxowv ri
wklv sdshu vkrz wkdw vxfk vshfl�fdwlrqv duh qrw qhfhvvdulo| dowhuqdwlyhv wr d xqlw urrw
prgho dw doo1 Vlqfh xqlw urrw surfhvvhv kdyh olplwlqj uhsuhvhqwdwlrqv hqwluho| lq whupv
ri wkhvh ixqfwlrqv/ lw lv dssduhqw wkdw zh fdq plvwdnhqo| cuhmhfw* d xqlw urrw prgho
lq idyru ri d wuhqg cdowhuqdwlyh* zkhq lq idfw wkdw dowhuqdwlyh prgho lv qrwklqj rwkhu
wkdq dq dowhuqdwh uhsuhvhqwdwlrq ri wkh xqlw urrw surfhvv lwvhoi1 D ghyhorsphqw ri wkh
dv|pswrwlf wkhru| lq wklv fdvh dqg d vwxg| ri wkh lpsdfw ri vxfk frqvlghudwlrqv rq
hpslulfdo zrun duh ohiw iru d ixwxuh sdshu1
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