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D PRGHO RI PLJUDWLRQ

Wkrpdv Txlqw dqg Pduwlq Vkxeln

DEVWUDFW

D vlpsoh jdph0wkhruhwlf prgho ri pljudwlrq lv sursrvhg/ lq zklfk wkh
sod|huv duh dqlpdov/ wkh vwudwhjlhv duh whuulwrulhv lq d odqgvfdsh wr zklfk
wkh| pd| pljudwh/ dqg wkh sd|r�v iru hdfk dqlpdo duh ghwhuplqhg e| lwv
xowlpdwh orfdwlrq dqg wkh qxpehu ri rwkhu dqlpdov wkhuh1 Li wkh sd|r�
wr dq dqlpdo lv d ghfuhdvlqj ixqfwlrq ri wkh qxpehu ri rwkhu dqlpdov
vkdulqj lwv whuulwru|/ zh vkrz wkh uhvxowdqw jdph kdv d sxuh vwudwhj| Qdvk
htxloleulxp +SVQH,1 Ixuwkhupruh/ wklv SVQH lv jhqhudwhg yld �qdwxudo�
p|rslf ehkdylru rq wkh sduw ri wkh dqlpdov1

Ilqdoo|/ zh frpsduh wklv w|sh ri jdph zlwk frqjhvwlrq jdphv dqg srwhq0
wldo jdphv1

4 Lqwurgxfwlrq

Lq wklv sdshu zh frqvlghu d vshfldo fodvv ri qrqfrrshudwlyh jdphv/ lq zklfk vsdfh �
wkh delolw| ri lqglylgxdov wr vhh dqg wr pryh glvwdqfhv � lq xhqfhv sod|huv* vwudwhjlhv/
dqg furzglqj rq wkh vdph slhfh ri odqg lq xhqfhv wkhlu sd|r�v1 Wkh fodvv ri jdphv zh
sursrvh lv vrphzkdw uhodwhg wr/ exw gl�huhqw iurp/ wkh frqjhvwlrq jdphv2srwhqwldo
jdphv +^4`/ ^5`,/ zklfk kdyh douhdg| ehhq vwxglhg1 Zh �uvw suhvhqw d khxulvwlf vnhwfk
dqg wkhq wkh irupdo prgho1

Zh ehjlq zlwk d odqgvfdsh frqvlvwlqj ri d vhw ri whuulwrulhv/ wrjhwkhu zlwk d srsx0
odwlrq ri dqlpdov1 Hdfk dqlpdo*v pryhphqw lv olplwhg wr vrph vxevhw ri wkh whuulwrulhv1
Wkh sd|r� rewdlqhg e| dq| dqlpdo lv d qrqlqfuhdvlqj ixqfwlrq ri wkh qxpehu ri dql0
pdov lq wkh whuulwru| wr zklfk lw �qdoo| pljudwhv1 Lqwxlwlyho|/ lw zrxog vhhp srvvleoh
wkdw wkh dqlpdov frxog nhhs prylqj zlwkrxw hyhu dfklhylqj dq htxloleulxp vwdwh1
Krzhyhu/ zh duh deoh wr vkrz wkdw hyhq xqghu wkhvh plog dvvxpswlrqv d sxuh vwudw0
hj| Qdvk htxloleulxp +SVQH, h{lvwv/ dqg wkdw lw fdq eh dfklhyhg e| d ehvw uhvsrqvh
vhtxhqfh ri pryhv e| wkh dqlpdov1

Dv zh uhjdug pdq| ri wkh pruh lqwhuhvwlqj txhvwlrqv frqfhuqlqj wkh vsuhdg ri
srsxodwlrq dv lqyroylqj g|qdplfv/ zh duh frqfhuqhg zlwk wkh srvvlelolw| ri lvrodwlqj
fodvvhv ri jdphv iru zklfk rqh fdq vkrz wkdw wkhuh lv d uhdvrqdeo| qdwxudo glvhtxlole0
ulxp g|qdplf zklfk frqyhujhv wr dq htxloleulxp1 Lq Uhpdun 5 ri Vhfwlrq 7/ zh dujxh
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wkdw rxu prgho lv vxfk d fodvv1 Vr idu dv zh nqrz/ wkh rqo| rwkhu vxfk fodvv lv wkh
diruhphqwlrqhg Prqghuhu�Vkdsoh| srwhqwldo jdphv1 Khqfh zh ghyrwh d vljql�fdqw
sruwlrq ri wkh sdshu +Vhfwlrq 8, wrzdug frpsdulqj wkh wzr fodvvhv ri jdphv1 Zh �qg
wkhuh lv ryhuods/ exw wkdw qhlwkhu fodvv frqwdlqv wkh rwkhu1

Ilqdoo|/ zh uhpdun wkdw dw wkh ohyho ri jhqhudolw| xwlol}hg khuh/ zh duh hvvhqwldoo|
wuhdwlqj vsdfh dv d qhwzrun ri qrghv frqqhfwhg e| dufv1 Krzhyhu/ zh gr qrw |hw
lpsrvh d glvwdqfh phwulf1 Rq wkh rwkhu kdqg/ rxu pdlq uhvxow lv frqfhuqhg zlwk vlwx0
dwlrqv lq zklfk pruh furzglqj lv dozd|v ohvv ghvludeoh wkdq ohvv furzglqj/ dqg wkhuh
lv rqo| rqh vshflhv1 Fhuwdlqo|/ prghov ri lqwhuvshflhv frpshwlwlrq/ hvshfldoo| wkrvh
lqyroylqj suhgdwru�suh| uhodwlrqvklsv/ zrxog ylrodwh wkhvh dvvxpswlrqv1 Shukdsv uh0
vxowv frqfhuqlqj vxfk prghov frxog eh rewdlqhg li rqh olplwhg rqhvhoi wr jdphv zkhuh
vrph glvwdqfh phwulf lv suhvhqw1

5 Edfnjurxqg= Srwhqwldo jdphv dqg frqjhvwlrq jdphv

Zh �uvw uhylhz wkh wkhru| ri srwhqwldo jdphv dv suhvhqwhg lq Prqghuhu dqg Vkdsoh|
^4`1 Ohw � @ +Q> i	�j>K, ghqrwh d jdph lq vwudwhjlf irup zlwk wkh �qlwh sod|hu
vhw Q @ i4> ===> qj/ sxuh vwudwhj| vhwv 	�/ l 5 Q / dqg sd|r� ixqfwlrqv K� = 	 $ U/
l @ 4> ===> q1 Ohw 	 @ 	� � ===� 	?/ � ghqrwh d jhqhulf hohphqw ri 	/ dqg gh�qh wkh
qrwdwlrq �m�g wr phdq wkh hohphqw ri 	 lq zklfk wkh sod|huv sod| dffruglqj wr �/
h{fhsw l sod|v g1 D sxuh vwudwhj| Qdvk Htxloleulxp +SVQH, lv dq hohphqw � 5 	 iru
zklfk K�+�, � K�+�m�g, iru doo l 5 Q dqg g 5 	�1

Dq h{dfw srwhqwldo iru � lv d ixqfwlrq S = 	$ U lq zklfk

S +�m�g,� S +�, @ K�+�m�g,�K�+�, +4,

krogv iru doo � 5 	/ l 5 Q / dqg g 5 	�1 Dq ruglqdo srwhqwldo iru � lv d ixqfwlrq S lq
zklfk

vjq^S +�m�g,� S +�,` @ vjq^K�+�m�g,�K�+�,`

krogv iru doo � 5 	/ l 5 Q / dqg g 5 	�/ zkhuh vjq+{, ghqrwhv wkh vljq ri {/ qdpho|/
.4/ �4/ ru 31

D jdph dgplwwlqj dq h{dfw +uhvs1/ ruglqdo, srwhqwldo ixqfwlrq lv fdoohg dq h{dfw
+uhvs1/ ruglqdo, srwhqwldo jdph1 Lw lv fohdu wkdw wkh fodvv ri h{dfw srwhqwldo jdphv lv
d surshu vxevhw ri wkh fodvv ri ruglqdo srwhqwldo jdphv1

Jlyhq jdph �/ dq lpsuryhphqw sdwk lv d vhtxhqfh ��> ===> �? ri hohphqwv ri 	/ lq
zklfk rqh sod|hu dw d wlph +lq dq| rughu, fkdqjhv wr d ehwwhu vwudwhj|1 Wkxv/ li ��
dqg ��n� duh frqvhfxwlyh lq wkh vhtxhqfh/ wkhq/iru vrph l 5 Q dqg g 5 	�/

��n� @ +��m�g,> dqg K�+��n�, A K�+��,=

D jdph lq zklfk doo lpsuryhphqw sdwkv duh �qlwh lq ohqjwk lv vdlg wr kdyh wkh
�qlwh lpsuryhphqw sdwk +ILS, surshuw|1

Wkhruhp 4 +Prqghuhu�Vkdsoh|, Hyhu| ruglqdo +dqg khqfh hyhu| h{dfw, srwhqwldo
jdph d, kdv wkh ILS surshuw|/ dqg wkxv e, kdv d SVQH1
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Ilqdoo|/ d frqjhvwlrq jdph ^5` lv gh�qhg dv iroorzv= Wkhuh duh jlyhq d �qlwh sod|hu
vhw Q dqg d �qlwh vhw I ri idflolwlhv1 Dvvrfldwhg zlwk hdfk idflolw| i 5 I lv d uhdo0
ydoxhg ixqfwlrq fs / ghshqglqj rqo| rq wkh qxpehu xs ri xvhuv ri i / dqg lqwhusuhwhg
dv wkh ehqh�w shu xvhu ri wkh idflolw|1 Qr uhtxluhphqwv duh sodfhg rq wkh ixqfwlrqv
fs 1

Wkh vwudwhj| vhw iru hdfk sod|hu lv d jlyhq vhw ri hohphqwv ri 58 / l1h1/ hdfk sod|hu l
fkrrvhv d vhw I �+� I , ri idflolwlhv kh zloo xvh1 Jlyhq I �> ===> I ?/ wkh qxpehu ri xvhuv
ri idflolw| i lv jlyhq e|

xs +I
�> ===> I?, @ ml 5 Q = i 5 I �m=

Khqfh/ wkh sd|r� iru sod|hu l/ jlyhq vwudwhjlhv I �> ===> I? duh fkrvhq/ lv

K�+I �> ===> I?, @
[

sM8 �

fs +xs +I
�> ===> I?,,=

Wkhruhp 5 +Prqghuhu�Vkdsoh|, Wkh fodvv ri frqjhvwlrq jdphv frlqflghv zlwk
wkh fodvv ri h{dfw srwhqwldo jdphv1

6 Wkh pljudwlrq prgho

Frqvlghu d odqgvfdsh rq zklfk olyh d vhw Q @ i4> ===> qj ri dqlpdov1 Wkh odqgvfdsh
lwvhoi lv sduwlwlrqhg lqwr d jurxs ri whuulwrulhv W @ iW4> ===> W cj1 Gxh shukdsv wr lwv
lqlwldo orfdwlrq +ru rwkhu sk|vlfdo idfwruv,/ dqlpdo l kdv d vhw p+l, � W ri ihdvleoh
whuulwrulhv wr zklfk lw pd| pljudwh1 Wkhvh zloo eh lwv vwudwhjlhv lq d jdph wkhruhwlf
vhqvh1 Gh�qh W @p+4,� ===�p+q,/ dqg ohw � eh d jhqhulf hohphqw ri W 1

Wkh remhfw iru hdfk dqlpdo lv wr wu| wr pljudwh wr d ihdvleoh whuulwru| lw wklqnv
�ehvw1� Wzr idfwruv ghwhuplqh wkh ghvludelolw| ri d whuulwru|= sk|vlfdo ihdwxuhv ri
wkh whuulwru| dqg wkh qxpehu ri rwkhu dqlpdov suhvhqw wkhuh1 Wr wklv hqg/ gh�qh wkh
sd|r� ixqfwlrq k e|= k+l> w> n, lv wkh sd|r� wr dqlpdo l li lw pljudwhv wr whuulwru| w/
dqg wkhuh lv d srsxodwlrq ri n dqlpdov wkhuh +lqfoxglqj lwvhoi,1

Jlyhq � @ +w�> ===> w?, +iru zklfk w� 5 p+l, iru doo l,/ zh gh�qh wkh lqwhjhu0ydoxhg
ixqfwlrq x+�, e| x|+�, @ ml 5 Q = w� @ wm/ w 5 W 1 Khqfh/ wkh w0wk frpsrqhqw ri x
jlyhv wkh qxpehu ri dqlpdov wkdw pljudwh wr whuulwru| w/ jlyhq wkdw wkh dqlpdov xvh
vwudwhj| yhfwru � 1 Lw iroorzv wkdw li vwudwhj| yhfwru � lv fkrvhq/ wkh sd|r� wr dqlpdo
l lv wkhq K�+� , @ k+l> w�> x|�+�,,1

Wkh txdqwlwlhv +Q>W>p>k, duh vx!flhqw wr gh�qh d pljudwlrq jdph1 Wklv lv d
qrqfrrshudwlyh jdph lq zklfk wkh sod|hu vhw lv Q / wkh vwudwhj| vhw iru hdfk dqlpdo
lv lwv vhw ri ihdvleoh whuulwrulhv/ dqg wkh sd|r�v duh jlyhq e| K1

D sxuh vwudwhj| Qdvk htxloleulxp +SVQH, lv d vwudwhj| yhfwru � @ +w�> ===> w?, iru
zklfk K�+�, � K�+� m�w, iru doo l 5 Q dqg w 5 p+l,/ zkhuh wkh vwudwhj| yhfwru � m�w lv
gh�qhg dv � / h{fhsw wkdw l pryhv wr w lqvwhdg ri w�1 Wklv fruuhvsrqgv wr wkh xvxdo
gh�qlwlrq ri SVQH iru d qrqfrrshudwlyh jdph/ zlwk wkh xvxdo mxvwl�fdwlrq lq whupv
ri vwdelolw|1
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7 Wkh wkhruhp

Wkhruhp 6 Vxssrvh wkdw lq d pljudwlrq jdph wkh ixqfwlrq k+l> w> n, lv qrqlqfuhdvlqj
lq n iru doo l> w1 Wkhq wkh jdph kdv d SVQH1

Uhpdun 4 Wkh dvvxpswlrq frqfhuqlqj k lv qdwxudo li wkh dqlpdov duh frpshwlwruv
� wkh pruh frpshwlwruv wkhuh duh rq d sduwlfxodu slhfh ri odqg/ wkh zruvh lw lv iru
hdfk sduwlfxodu rqh ri wkhp1 Iru wklv uhdvrq/ zh fdoo d pljudwlrq jdph zklfk vdwlv�hv
wklv dvvxpswlrq d frpshwlwlyh pljudwlrq jdph +FPJ,1

Uhpdun 5 Zh ihho wkdw wkh surri ehorz jlyhv d surfhvv e| zklfk dqlpdov pljkw
qdwxudoo| duudqjh wkhpvhoyhv vr dv wr irupd SVQH= Wkh dqlpdov duulyh lqwr wkh odqg0
vfdsh rqh e| rqh1 Hdfk wlph dq dqlpdo lv lqwurgxfhg/ lw lpphgldwho| khdgv iru lwv
prvw ghvluhg whuulwru|/ jlyhq wkh glvwulexwlrq ri �roghu� dqlpdov1 Wklv shukdsv sur0
gxfhv d �ulssoh h�hfw/� e| zklfk wkh roghu dqlpdov dgmxvw wr wkh qhz duulydo/ xqwlo d
qhz SVQH lv uhdfkhg1 Wkh vlwxdwlrq lv wkhq vwdeoh xqwlo wkh qh{w dqlpdo duulyhv/ hwf1

Uhpdun 6 Zh uhpdun wkdw vlqfh wkh uhvxow lv frqfhuqhg zlwk sxuh vwudwhj| Qdvk
htxloleuld/ wkh ixqfwlrq k qhhg rqo| eh gh�qhg ruglqdoo| lq rughu iru wkh SVQH h{0
lvwhqfh uhvxow wr krog1 Lq wklv fdvh/ wkh �frpshwlwlyh� dvvxpswlrq lv vlpso| wkdw/ li
n� ? n2/ dq| dqlpdo l suhihuv jrlqj wr whuulwru| w zlwk n� dqlpdov wkhuh ryhu jrlqj wr
whuulwru| w zlwk n2 dqlpdov wkhuh1

Surri ri Wkhruhp 6 Zh frqvlghu dq lqgxfwlrq rq wkh qxpehu ri dqlpdov q +iru
dq| c,1 Li q @ 4/ wkh frqfoxvlrq lv reylrxv1 Iru duelwudu| q/ wkh lqgxfwlrq k|srwkhvlv
whoov xv wkdw zh pd| sodfh dqlpdov 5> ===> q vr dv wr irup d SVQH1 Gr wklv1 Vxssrvh
wklv SVQH sodfhv n| dqlpdov lq whuulwru| w/ w @ W4> ===> W c1 Qrz sodfh dqlpdo &4
vr dv wr pd{lpl}h lwv sd|r�/ l1h1/ lqwr wkh whuulwru| zklfk pd{lpl}hv k+4> w> n| . 4,
ryhu w 5 p+4,1 Fdoo wklv whuulwru| w�1 Qrz/ iru dqlpdov qrw lq w�/ wkh sodfhphqw ri
dqlpdo &4 lq wklv zd| kdv rqo| wkh h�hfw ri pdnlqj w� vhhp qr pruh ghvludeoh wr
wkhp +ehfdxvh k lv qrqlqfuhdvlqj lq n,1 Khqfh/ li wkh q0dqlpdo duudqjhphqw lv qrw d
SVQH/ lw pxvw eh wkdw vrph dqlpdo +qrw &4, lq w� kdv lqfhqwlyh wr pryh1 Slfn dq|
vxfk dqlpdo/ dqg odeho lw dv &51

Vlqfh &5 kdv lqfhqwlyh wr pryh/ lw pxvw eh wkdw wkh dujpd{ ri k+5> w> n| . 4,
ryhu w 5 p+5, lv qrw w�1 ZORJ vxssrvh wkdw lw lv w2/ dqg qrz pryh &5 iurp w�

lqwr w2/ fuhdwlqj d qhz duudqjhphqw ri wkh q dqlpdov1 Lv wklv qhz duudqjhphqw d
SVQHB Iluvw/ lw lv fohdu wkdw dq| dqlpdo qrw lq w� ru w2 zloo kdyh qr uhdvrq wr pryh1
Vhfrqg/ qr dqlpdo ohiw ehklqg lq w� zloo kdyh uhdvrq wr pryh � &4 ehfdxvh lw fkrvh
w� dqg &5*v ghsduwxuh rqo| vwuhqjwkhqv wkdw fkrlfh/ dqg doo rwkhu dqlpdov ehfdxvh
wkh ruljlqdo q� 40sod|hu jdph SVQH kdv hvvhqwldoo| rqo| ehhq dowhuhg e| dgglqj dq
h{wud sod|hu wr w21 Khqfh/ li wkh duudqjhphqw lv qrw d SVQH/ lw pxvw eh wkdw vrph
dqlpdo +qrw &5, lq w2 qrz kdv lqfhqwlyh wr pryh1 Slfn dq| vxfk dqlpdo/ dqg odeho lw
dv &61

Frqwlqxlqj wklv surfhvv/ zh vhh wkdw lq hdfk lwhudwlrq wkhuh lv rqh dqlpdo wkdw
pryhv/ dqg wkdw lq hdfk fdvh wkh �pryhu� l pryhv vr dv wr pd{lpl}h k+l> w> n| . 4,
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ryhu p+l,1 Khqfh lw lv lpsrvvleoh iru dq| sod|hu wr eh wkh �pryhu� pruh wkdq rqfh1
Ehfdxvh Q lv �qlwh/ wklv lq wxuq lpsolhv wkdw wkh surfhvv pxvw whuplqdwh1 Vlqfh wkh
surfhvv fdq whuplqdwh rqo| dw d SVQH/ wkh Wkhruhp lv suryhq1 �

8 Frpsdulvrq zlwk srwhqwldo jdphv

Lw vhhpv dssduhqw wkdw wkh fodvv ri FPJv vkrxog eh lqwlpdwho| uhodwhg wr wkdw ri
ruglqdo2h{dfw srwhqwldo jdphv1 Rxu �uvw uhvxow uh hfwv wkh idfw wkdw wkh rqo| vhqvh lq
zklfk FPJv duh pruh jhqhudo wkdq frqjhvwlrq jdphv lv wkdw sod|huv duh shuplwwhg
wr kdyh gl�huhqw xwlolw| ixqfwlrqv=

Ohppd 4 Vxssrvh lq d FPJ wkdw k lv lqyduldqw xqghu fkdqjhv lq l1 Wkhq wkh jdph
lv d frqjhvwlrq jdph1

Surri Iroorzv iurp wkh gh�qlwlrqv1

D gl�huhqw fodvv ri FPJv duh wkrvh lq zklfk k lv lqyduldqw dv d ixqfwlrq ri w> wklv
lv wkh vlwxdwlrq lq zklfk wkh whuulwrulhv wkhpvhoyhv duh/ iru doo lqwhqwv dqg sxusrvhv/
lghqwlfdo1 Lq wklv fdvh/ lw lv hdvlo| vhhq wkdw wkh vhw ri SVQHv zloo eh d v|pphwulf vhw/
frqvlvwlqj ri doo vwudwhjlhv zklfk vhqg wr hdfk whuulwru| hlwkhu e?

�
f ru e?

�
f.4 dqlpdov1

Lq sduwlfxodu/ wkhuh zloo eh d xqltxh SVQH sd|r�4 lq wkh fdvh zkhuh q lv glylvleoh e|
c1

Qh{w/ zh pryh edfn wr wkh vwxg| ri jhqhudo FPJv1 Zh vkrz yld wkuhh h{dpsohv
wkdw wkhuh lv qr reylrxv uhodwlrq ehwzhhq FPJv dqg srwhqwldo jdphv1

H{dpsoh 4 Dq h{dpsoh ri d frqjhvwlrq jdph zklfk lv qrw d FPJ1 Ohw Q @ i4> 5j/
dqg ohw I @ id> e> f> gj1 Sod|hu 4 kdv wzr vwudwhjlhv/ qdpho| wr xvh idflolwlhv d dqg e/
ru wr xvh idflolwlhv f dqg g1 Sod|hu 5 dovr kdv wzr vwudwhjlhv/ xvlqj idflolwlhv d dqg g/
ru xvlqj e dqg f1 Wkh ehqh�wv duh jlyhq e|=

Idflolw| d Idflolw| e Idflolw| f Idflolw| g
4 Xvhu 9 8 7 9
5 Xvhuv 5 3 5 7

Wklv jlyhv ulvh wr wkh vwudwhjlf irup jdph

Vwudwhj| d�g Vwudwhj| e�f
Vwudwhj| d�e +:/;, +9/7,
Vwudwhj| f�g +;/43, +;/:,

4Wkhuh zloo eh ?-*dE?*��-o� vxfk SVQHv/ hdfk zlwk wkh vdph sd|r�v1
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Lv wklv d FPJB Zhoo/ zh kdyh 5 sod|huv dqg 5 vwudwhjlhv iru hdfk sod|hu1 Vxssrvh
ZORJ wkdw dqlpdo &4*v vwudwhjlhv +lq dq htxlydohqw FPJ, duh wr jr wr Whuulwru| 4
ru Whuulwru| 51 Wkhq lw pxvw eh wkdw &5*v vwudwhjlhv pxvw dovr eh wr jr wr Whuulwru| 4
ru 5 � rwkhuzlvh/ li &5 frxog jr wr vrph wklug whuulwru| +vd| Whuulwru| 6,/ lwv sd|r�
zrxog eh wkh vdph qr pdwwhu zkdw &4 glg1 Exw wklv lv lpsrvvleoh ehfdxvh doo 7 ri
lwv +@ &5*v, sd|r�v duh gl�huhqw1

Khqfh/ li wklv lv wr eh d FPJ/ lw pxvw eh wkdw wkhuh duh wzr whuulwrulhv/ fdoo wkhp
W4 dqg W5/ dqg erwk dqlpdov pd| pljudwh wr hlwkhu whuulwru|1

Lq dgglwlrq/ vlqfh �43� lv wkh kljkhvw sd|r� iru &5/ lw pxvw eh wkdw wklv rffxuv
zkhq &4 jrhv wr rqh whuulwru| +vd| W4, dqg &5 jrhv wr wkh rwkhu +W5,1 Khqfh
k+4> W4> 4, @ ; dqg k+5> W5> 4, @ 431 Wklv sduwldo nqrzohgjh frqfhuqlqj k lv glvsod|hg
gldjudpdwlfdoo| dv=

W4 +n @ 4, W4 +n @ 5, W5 +n @ 4, W5 +n @ 5,
Dqlpdo &4 ;
Dqlpdo &5 43

Qrz/ zkhq &5 vzlwfkhv vwudwhjlhv/ wkh sd|r� lv +;> :,1 Khqfh zh kdyh

W4 +n @ 4, W4 +n @ 5, W5 +n @ 4, W5 +n @ 5,
Dqlpdo &4 ; ;
Dqlpdo &5 : 43

Dqg/ li lqvwhdg &4 vzlwfkhv vwudwhjlhv/ wkh sd|r� lv +:> ;,1 Vr zh kdyh

W4 +n @ 4, W4 +n @ 5, W5 +n @ 4, W5 +n @ 5,
Dqlpdo &4 ; ; :
Dqlpdo &5 : 43 ;

Ilqdoo|/ li &4 jrhv wr W5 dqg &5 wr W4/ wkh sd|r� lv +9> 7,/ jlylqj

W4 +n @ 4, W4 +n @ 5, W5 +n @ 4, W5 +n @ 5,
Dqlpdo &4 ; ; 9 :
Dqlpdo &5 7 : 43 ;

Wklv lv d frqwudglfwlrq ehfdxvh wkh qrqlqfuhdvlqjqhvv ri k dv d ixqfwlrq ri n lv
ylrodwhg1

H{dpsoh 5 Dq h{dpsoh ri d FPJ zklfk ylrodwhv wkh ILS surshuw|1 Ohw q @ c @ 6/
zlwk p+l, @ iW4> W5> W6j irul @ 4> 5> 61 Wkh ixqfwlrq k lv jlyhq e|=

W4 W5 W6
n@4 n@5 n@6 n@4 n@5 n@6 n@4 n@5 n@6

Dqlpdo &4 4 4 3 7 4 3 6 5 4
Dqlpdo &5 7 5 4 6 6 3 5 5 5
Dqlpdo &6 8 7 3 6 5 3 9 6 5

Wklv jlyhv ulvh wr wkh jdph lq vwudwhjlf irup ehorz=

9



w� @ W4 w2 @ W5 w2 @ W6
w� @ W4 +3/4/3, +4/6/7, +4/5/7,

w� @ W4 w� @ W5 +7/5/7, +4/6/8, +7/5/8,
w� @ W6 +6/5/7, +6/6/8, +5/5/8,

w� @ W4 w2 @ W5 w� @ W6
w� @ W4 +4/5/6, +4/6/5, +4/5/6,

w2 @ W5 w� @ W5 +4/7/5, +3/3/3, +4/5/5,
w� @ W6 +6/7/6, +6/6/5, +5/5/6,

w� @ W4 w2 @ W5 w� @ W6
w� @ W4 +4/5/9, +4/6/9, +4/5/6,

w� @ W6 w� @ W5 +7/7/9, +4/6/9, +7/5/6,
w� @ W6 +5/7/6, +5/6/6, +4/5/5,

Qrwh wkdw wkhuh duh wzr SVQHv khuh/ zklfk sd| r� +7> 7> 9, dqg +6> 6> 8,1 Exw
vxssrvh zh vwduw dw wkh rxwfrph lq zklfk Dqlpdov &5 dqg &6 fkrrvh wr pljudwh wr
W4/ zkloh Dqlpdo &4 jrhv wr W51 Wklv jlyhv d sd|r� yhfwru ri +7> 5> 7,1 Qrz frqvlghu
wkh iroorzlqj lpsuryhphqwv lq rughu=

d, Dqlpdo &5 vzlwfkhv wr W5 +iurp W4,/ |lhoglqj sd|r�v +4> 6> 8,1
e, Dqlpdo &6 vzlwfkhv wr W6 +iurp W4,/ |lhoglqj sd|r�v +4> 6> 9,1
f, Dqlpdo &4 vzlwfkhv wr W6 +iurp W5,/ |lhoglqj sd|r�v +5> 6> 6,1
g, Dqlpdo &5 vzlwfkhv wr W4 +iurp W5,/ |lhoglqj sd|r�v +5> 7> 6,1
h, Dqlpdo &6 vzlwfkhv wr W4 +iurp W6,/ |lhoglqj sd|r�v +6> 5> 7,1
i, Dqlpdo &4 vzlwfkhv wr W5 +iurp W6,/ |lhoglqj sd|r�v +7> 5> 7,1
Lw lv hdvlo| vhhq wkdw wklv f|foh uhshdwv hqgohvvo|/ dqg vr zh kdyh ylrodwhg wkh

ILS surshuw|1 Ixuwkhupruh/ zh qrwh wkdw dw hdfk vwdjh ri wkh f|foh/ wkh vzlwfklqj
dqlpdo lv sod|lqj d ehvw uhvsrqvh djdlqvw zkdw wkh rwkhuv duh grlqj � vr lq idfw
wklv h{dpsoh ylrodwhv d zhdnhu yhuvlrq ri wkh ILS surshuw|/ zklfk zh zrxog fdoo wkh
�Ilqlwh Ehvw0Uhvsrqvh Lpsuryhphqw Sdwk� +IEULS, surshuw|1

H{dpsoh 6 Dq h{dpsoh ri d FPJ zklfk lv dq ruglqdo srwhqwldo jdph exw lv qrw
dq h{dfw srwhqwldo jdph1 Ohw q @ c @ 5/ zlwk p+l, @ iW4> W5j iru l @ 4> 51 Wkh
ixqfwlrq k lv jlyhq e|=

W4 +n @ 4, W4 +n @ 4, W5 +n @ 4, W5 +n @ 5,
Dqlpdo &4 8 5 : 5
Dqlpdo &5 7 5 8 5

Wklv jlyhv wkh vwudwhjlf irup jdph

w2 @ W4 w2 @ W5
w� @ W4 +5/5, +8/8,
w2 @ W5 +:/7, +5/5,

:



Li zh gh�qh S e|= S +W4> W4, @ 3/ S +W4> W5, @ 4/ S +W5> W4, @ 4/ dqg S +W5> W5, @
3/ zh �qg wkdw S lv dq ruglqdo srwhqwldo/dqg vr wkh jdph lv dq ruglqdo srwhqwldo jdph1
Krzhyhu/ vxssrvh wkhuh lv dq h{dfw srwhqwldo S iru wklv jdph/ jlyhq e| S +W4> W4, @ z/
S +W4> W5, @ {/ S +W5> W4, @ |/ dqg S +W5> W5, @ }1 Xvlqj +514, irxu wlphv/ zh kdyh
{�z @ 6/ |�z @ 8/ |�} @ 5/ dqg {�} @ 61 Wkhvh irxu htxdwlrqv duh lqfrqvlvwhqw1

9 D txhvwlrq ri rughu

Zh pljkw zrqghu zkhwkhu ru qrw doo SVQHv ri d FPJ fdq eh irxqg lq wkh pdqqhu
ghvfulehg lq Uhpdun 5 ri Vhfwlrq 7/ srvvleo| e| lqwurgxflqj wkh dqlpdov lq gl�huhqw
rughuv1 Wkh dqvzhu wxuqv rxw wr eh qhjdwlyh1 Iru lqvwdqfh/ lq H{dpsoh 5 zh pd|
yhuli| wkdw wkh surfhgxuh surgxfhv wkh SVQH sd|lqj r� +7/7/9, qr pdwwhu zklfk ri
wkh vl{ rughulqjv ri dqlpdov lv xvhg1 ^Wkh htxloleulxp sd|lqj r� +6/6/8, lv qhyhu
uhdfkhg1` Rq wkh rwkhu kdqg/ ohvw zh eholhyh wkdw wkh vdph SVQH lv dozd|v uhdfkhg
xvlqj dq| rughulqj/ frqvlghu H{dpsoh 61 Khuh/ li wkh rughulqj lv +Dqlpdo &4/ Dqlpdo
&5, zh jhw wkh SVQH sd|lqj r� +:/7,> zkloh/ li wkh rughulqj lv +Dqlpdo &5/ Dqlpdo
&4,/ wkh rwkhu SVQH +sd|lqj r� +8/8,, lv dwwdlqhg1

Zh ixuwkhu qrwh lq wklv odvw h{dpsoh wkdw Dqlpdo &4 jhwv d sd|r� ri : iurp
wkh SVQH zkhq lw lv �uvw lq wkh rughulqj/ dqg d sd|r� ri rqo| 8 li lw lv vhfrqg1
Vlploduo|/ &5 hduqv pruh lq wkh fdvh zkhuh lw lv �uvw1 Wklv pd| fdxvh xv wr zrqghu
zkhwkhu wkhuh lv d wkhruhp vwdwlqj wkdw dq dqlpdo*v sd|r� iurp d uhvxowdqw SVQH
lv d qrqlqfuhdvlqj ixqfwlrq ri lwv �odwhqhvv� lq wkh rughulqj15 Wklv lv lq idfw wuxh lq
wkh fdvh zkhuh k lv lqyduldqw dv d ixqfwlrq ri w/ li zh dvvxph wkdw dqlpdov udqgrpo|
fkrrvh dprqj whuulwrulhv wkdw dsshdu htxdoo| dwwudfwlyh wr wkhp1 Lq h{shfwdwlrq/
wkh �uvw o � lqw+q@c, dqlpdov doo gr htxdoo| zhoo/ dqg ehwwhu wkdq wkh odvw q +prg c,
dqlpdov lq wkh rughulqj1 Lq jhqhudo/ dv wkh iroorzlqj h{dpsoh vkrzv/ wkh dqvzhu lv
djdlq qhjdwlyh=

H{dpsoh 6 q @ c @ 6/ p+l, @ iW4> W5> W6j iru l @ 4> 5> 6/ dqg k lv jlyhq e|=

W4 W5 W6
n@4 n@5 n@6 n@4 n@5 n@6 n@4 n@5 n@6

Dqlpdo &4 6 4 3 3 3 3 5 3 3
Dqlpdo &5 6 4 3 5 3 3 3 3 3
Dqlpdo &6 6 4 3 5 3 3 3 3 3

Li wkh dqlpdov duh lqwurgxfhg lq wkh rughu +Dqlpdo &4/ Dqlpdo &5/ Dqlpdo &6,/
zh fdq vhh wkdw wkh SVQH jhqhudwhg lv wkh rqh zklfk sodfhv Dqlpdo &4 lq W6/ Dqlpdo
&5 lq W5/ dqg Dqlpdo &6 lq W41 Rq wkh rwkhu kdqg/ li wkh rughulqj lv +Dqlpdo &4/
Dqlpdo &6/ Dqlpdo &5,/ wkh surfhgxuh jhqhudwhv wkh SVQH zkhuh Dqlpdo &4 jrhv
wr W6/ Dqlpdo &5 wr W4/ dqg Dqlpdo &6 wr W51 Khqfh/ dv idu dv Dqlpdov &5 dqg &6

5Wklv lv lq idfw wuxh lq wkh fdvh zkhuh � lv lqyduldqw dv d ixqfwlrq ri | / li zh dvvxph wkdw dqlpdov
udqgrpo| fkrrvh dprqj whuulwrulhv wkdw dsshdu htxdoo| dwwudfwlyh wr wkhp1 Lq h{shfwdwlrq/ wkh �uvw
� W �?|E?*�� dqlpdov doo gr htxdoo| zhoo/ dqg ehwwhu wkdq wkh odvw ? +prg �, dqlpdov lq wkh rughulqj1

;



duh frqfhuqhg/ +jlyhq Dqlpdo &4 lv wr eh �uvw,/ lw lv ehwwhu wr eh odvw lq wkh rughulqj
udwkhu wkdq vhfrqg1

: Vrph wkrxjkwv rq jhqhudol}lqj wkh prgho

Rqh pljkw hqylvlrq d g|qdplf jhqhudol}dwlrq ri wkh prgho dv iroorzv1 Djdlq/ wkh vhw
ri dqlpdov lv Q @ i4> ===> qj/ dqg wkh vhw ri whuulwrulhv lv W @ iW4> ===> W cj1 Lqlwldoo|/
dqlpdo l lv orfdwhg lq whuulwru| L+l,/ l 5 4> ===> q1

Jlyhq lw lv lq Whuulwru| w/ wkh vhw ri whuulwrulhv wr zklfk dqlpdo l lv deoh wr pryh/
lq rqh wlph shulrg/ lv jlyhq e|p+l> w,1 Zh dvvxph w 5 p+l> w, iru doo l dqg w/ dv lw lv
dozd|v ihdvleoh iru dq dqlpdo wr vwd| sxw1 Lq dgglwlrq/ zh zrxog gh�qh wkh ixqfwlrq
v = Q � W $ W / zkhuh v+l> w, jlyhv wkh vhw ri whuulwrulhv wkdw dqlpdo l fdq �vhh/�
jlyhq lw lv lq whuulwru| w1 Wkh lghd lv wkdw dq dqlpdo pljkw vhh d sduwlfxoduo| ghvludeoh
sodfh/ wr zklfk lw fdq*w pljudwh lq rqh shulrg/exw wr zklfk lw fdq sodq wr duulyh diwhu
d orqjhu vshoo1 Lq jhqhudo/ zh pljkw h{shfw p+l> w, � v+l> w, iru doo l dqg w1

Wkh sd|r�v iru dqlpdo l duh jlyhq e| wkh vxp
S

% k+l> w
�
%> n%|�%,/ zkhuh w�% lv wkh

whuulwru| l lv lq gxulqj wlph shulrg {/ n%|�% lv wkh qxpehu ri dqlpdov wkhuh dw wkdw
wlph/ dqg wkh vxppdwlrq lv wdnhq ryhu doo {1

Lq jhqhudo/ zh dqwlflsdwh wkh dqdo|vlv ri vxfk g|qdplf +frpshwlwlyh, pljudwlrq
jdphv wr eh gl!fxow/ exw lq rqh fdvh dv hdv| uhvxow lv rewdlqhg=

Ohppd 5 Vxssrvh p+l> w, @p+l> L+l,, iru doo l dqg w 5 p+l> L+l,,1 Wkhq wkh g|qdplf
FPJ kdv d Qdvk htxloleulxp lq sxuh vwudwhjlhv1

Surri Zh pd| frqvlghu wkh dqlpdov wr eh sod|lqj d FPJ lq hdfk shulrg1 Wdnlqj
d SVQH iurp hdfk shulrg lq wklv fdvh jlyhv d Qdvk htxloleulxp iru wkh hqwluh jdph1

Uhihuhqfhv

^4` Prqghuhu/ G1/ dqg O1 Vkdsoh|= Srwhqwldo Ixqfwlrqv iru Qrqfrrshudwlyh Jdphv1
xqsxeolvkhg pdqxvfulsw/ XFOD +4<<4,1

^5` Urvhqwkdo/ Urehuw= D Fodvv ri Jdphv Srvvhvvlqj Sxuh0Vwudwhj| Qdvk Htxloleuld1
Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru| 5/ 98�9: +4<:6,1
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