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Lv Jrog dq H!flhqw Vwruh ri YdoxhB

Sudghhs Gxeh|/W Mrkq Jhdqdnrsorv_ dqg Pduwlq Vkxeln_

Iheuxdu| 4</ 5335

Devwudfw

Jrog dqg wredffr kdyh erwk ehhq xvhg dv frpprglw| prqh|1 Rqh gl�huhqfh
ehwzhhq wkh wzr lv wkdw jrog |lhogv xwlolw|/ rq dffrxqw ri lwv ehdxw|/ zlwkrxw
glplqlvklqj lwv txdqwlw|1 Wredffr |lhogv xwlolw| zkhq lw lv frqvxphg1 Li wklv zhuh
wkh rqo| gl�huhqfh/ zklfk zrxog eh wkh ehwwhu prqh|B

4 Lqwurgxfwlrq

Sdshu prqh| lv d uhodwlyho| uhfhqw lqqrydwlrq1 Iru pxfk ri klvwru|/ frpprglwlhv kdyh
sod|hg wkh uroh ri prqh|/ vhuylqj erwk dv phglxp ri h{fkdqjh dqg vwruh ri ydoxh1 Wkh
fkdudfwhulvwlfv wkdw pdnh d frpprglw| vxlwdeoh wr xvh dv prqh| zhuh glvfxvvhg dv idu
edfn dv Dulvwrwoh ^4`/ zkr hpskdvl}hg sruwdelolw| dqg lqwulqvlf ydoxh1 Vlqfh wkdw wlph
pdq| glvwlqjxlvkhg dxwkruv kdyh dovr zulwwhq rq wklv vxemhfw +^5`/ ^7`/ ^8`/ ^9`/ ^:`/ ^;`/
^<`/ ^43`/ ^44`,/ qdplqj rwkhu yluwxhv/ vxfk dv glylvlelolw| dqg gxudelolw|1 Lq wklv sdshu
zh eulqj d qhz yluwxh wr oljkw/ zklfk vhhpv fxulrxvo| wr kdyh jrqh xqqrwlfhg1

Rxu srlqw fdq eh ehvw sxw dfurvv e| frpsdulqj jrog dqg wredffr/ erwk ri zklfk
kdyh kdg uhsxwdeoh uxqv dv prqh|1 +Vhh/ lq sduwlfxodu/ wkh klvwrulfdo dffrxqw lq ^8`1,
Rqh gl�huhqfh ehwzhhq wkh wzr lv wkdw jrog |lhogv xwlolw|/ rq dffrxqw ri lwv ehdxw|/
zlwkrxw glplqlvklqj lwv txdqwlw|1 Wredffr |lhogv xwlolw| zkhq lw lv frqvxphg1 Li wklv
zhuh wkh rqo| gl�huhqfh/ zklfk zrxog eh wkh ehwwhu prqh|B

Lpdjlqh d wzr0shulrg hfrqrp| zlwk qr xqfhuwdlqw| dqg zlwk d vlqjoh gxudeoh
frpprglw|1 Wkh djhqwv djuhh rq wklv frpprglw| dv prqh|> doo wudghv wdnh sodfh eh0
wzhhq wklv prqh| dqg hdfk ri wkh rwkhu shulvkdeoh frpprglwlhv1 Vxssrvh htxloleulxp
lv dfklhyhg xqghu frqglwlrqv ri shuihfw iruhvljkw dqg shuihfw frpshwlwlrq1 Vxssrvh
ixuwkhu wkdw lq wkh �uvw shulrg hdfk djhqw vshqgv ohvv wkdq klv hqgrzphqw ri prqh|/
lq idfw lqyhqwru|lqj d srvlwlyh dprxqw lqwr wkh vhfrqg shulrg/ zkhuh rqfh djdlq kh
vshqgv rqo| d sduw ri lw1 Wkxv wkh frqvwudlqw wkdw sxufkdvhv eh �qdqfhg rxw ri prqh|
rq kdqg lv qrw elqglqj rq dq|rqh= wkhuh lv shuihfw oltxlglw|1 Lv wkh uhvxowlqj doorfd0
wlrq qhfhvvdulo| h!flhqw/ ru grhv wkh h!flhqf| ri htxloleulxp ghshqg rq dq| ri wkh
surshuwlhv ri wkh frpprglw| prqh|B

WFhqwhu iru Jdph Wkhru| lq Hfrqrplfv/ VXQ\/ Vwrq| Eurrn1
_Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv/ \doh Xqlyhuvlw|1
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Zh vkrz wkdw li prqh| lv �jrog0olnh/� l1h1/ lw |lhogv d vwuhdp ri xwlolw| +vd| dv
mhzhou|, zlwkrxw jhwwlqj glvvlsdwhg/ wkhq htxloleulxp lv lqh!flhqw1 Lq sduwlfxodu/ jrog
lwvhoi lv dq lqh!flhqw prqh|1 Wklv lv vr hyhq li lwv xwlolw| vhuylfhv duh qrw glplqlvkhg
zkhq xvhg dv prqh|/ h1j1/ hyhq li jrog frlqv duh mxvw dv ehdxwlixo wr orrn dw shu
rxqfh dv jrog qhfnodfhv1 Wr wkh h{whqw wkdw lwv xvh dv prqh| dovr uhgxfhv lwv vhuylfhv/
wkh lqh!flhqf| ri jrog lv vwloo zruvh1 Rq wkh rwkhu kdqg/ li wkh prqh| lv �wredffr0
olnh/� dqg |lhogv xwlolw| rqo| dw wkh srlqw ri frqvxpswlrq +zkhq lw glvdsshduv � lqwr
vprnh$,/ wkhq htxloleulxp xqghu wkh deryh frqglwlrqv lv h!flhqw1

Wkh txhvwlrq ri wkh uhodwlyh h!flhqf| ri jrog dqg wredffr prqh| fdqqrw eh srvhg
lq wkh vwdqgdug jhqhudo htxloleulxp prgho ehfdxvh wkhuh lv qr prqh| h{solflwo| lq
wkdw prgho1 H{shqglwxuhv dqg vdylqjv duh uhfrughg lq lpdjlqdu| xqlwv ri dffrxqw1
+Lpsolflwo| wkh prgho doorzv iru �dw prqh| zlwk xqolplwhg fuhglw1, Li wkh rqh0shulrg
jhqhudo htxloleulxp prgho lv prgl�hg vr wkdw sd|phqwv pxvw eh pdgh lq d vshfl�f
frpprglw|/ wkhq h!flhqf| lv dfklhyhg rqfh lw lv vx!flhqwo| dexqgdqw dqg ydoxdeoh
wkurxjkrxw wkh hfrqrp|1 +Vhh ^6`1, Exw lq d pxowlshulrg vhwwlqj/ vrphwklqj pruh lv
qhhghg1

Wkh uroh ri prqh| dv d phglxp ri h{fkdqjh lv shukdsv ohvv lpsruwdqw wkdq lwv uroh
dv d vwruh ri ydoxh1 Wr fdswxuh wklv gxdo uroh ri prqh| zh pxvw wxuq wr d pxowlshulrg
vhwwlqj1 Wkhq lw ehfrphv qhfhvvdu| wr glvwlqjxlvk jrog0olnh prqh| iurp wredffr0olnh
prqh|1 Zh ehjlq e| srvwxodwlqj wkdw rqh frpprglw| lv wkh vroh phglxp ri h{fkdqjh
+phdqlqj dq| sxufkdvh lv yld wkh frpprglw| prqh|,/ dqg wkdw wkh vdph prqh| lv
wkh rqo| gxudeoh jrrg +vwruh ri ydoxh,1

Rxu �uvw wkhruhp lv wkdw xqghu wkhvh frqglwlrqv/ jrog lv +jhqhulfdoo|, dq lqh!flhqw
prqh|1 Wkh uhdvrq lv wkdw lw lv ghvluhg rq wzr frxqwv/ wr vdyh dqg wr hqmr|1 W|slfdoo|
wkrvh zkr prvw ghvluh wr vdyh gr qrw dovr jhw wkh prvw dhvwkhwlf hqmr|phqw rxw ri
orrnlqj dw jrog1 Exw/ lq wkh devhqfh ri d uhqwdo pdunhw/ wkh| fdqqrw ghfrxsoh wkhlu
vdylqjv ri jrog iurp wkhlu frqvxpswlrq ri jrog1

Wkh ohvvrq ri wklv sdshu lv qrw wkdw wkh ehvw frpprglw| prqh| lv wkh rqh wkdw
|lhogv wkh ohdvw xwlolw|1 Rq wkh frqwudu|/ dv orqj dv lw lv glylvleoh/ dqg dv orqj dv
lwv uroh dv prqh| grhv qrw uhgxfh lwv xvh ydoxh/ wkh pruh ydoxdeoh lw lv wkh ehwwhu/
vlqfh wkdw hqvxuhv wkdw djhqwv zloo whqg qrw wr vshqg doo wkhlu prqh| dqg khqfh wkh
oltxlglw| frqvwudlqwv zloo qrw eh elqglqj14 Gxudeoh frpprglwlhv duh xvxdoo| d pl{
ri jrog0olnh dqg wredffr0olnh1 Wkh| kdyh erwk vrph frqvxpswlrq ydoxh +l1h1/ xwlolw|
|lhoghg zkhq wkh| duh ghvwur|hg,/ dqg vrph vhuylfh ydoxh +l1h1/ xwlolw| |lhoghg zlwkrxw
wkh frpprglwlhv* ghvwuxfwlrq,1 Wkh ohvvrq zh gudz lv wkdw/ rwkhu wklqjv ehlqj htxdo/
wkh kljkhu wkh udwlr ri frqvxpswlrq ydoxh wr vhuylfh ydoxh/ wkh pruh vxlwdeoh lv wkh
gxudeoh frpprglw| wr eh prqh|1

Rxu vhfrqg wkhruhp vkrzv wkdw wredffr0olnh prqh| lv h!flhqw/ surylghg wkdw lw
lv vx!flhqwo| dexqgdqw dqg ydoxdeoh wkurxjkrxw wkh hfrqrp|1 Wklv lv vr hyhq li doo
wudqvdfwlrqv dqg vdylqjv duh yld wkh rqh prqh|1 Il{lqj dq| hfrqrp|/ wkhq dgglqj
pruh dqg pruh wredffr wr wkh hqgrzphqw ri hyhu| djhqw dw wlph 4/ hyhqwxdoo| ohdgv

4D fdyhdw= li wkh ydoxh ri prqh| uhodwlyh wr rwkhu frpprglwlhv ehfrphv wrr kljk/ wkhq wkh
glylvlelolw| dvvxpswlrq ehfrphv lpsodxvleoh1 Wkh dprxqw ri prqh| qhhghg iru vpdoo sxufkdvhv zloo
ehfrph vr lq�qlwhvlpdo dv wr eh lpsrvvleoh wr xvh lq sudfwlfh � khqfh wkh xvh ri frsshu/ udwkhu wkdq
jrog/ frlqv iru vpdoo wudqvdfwlrqv1
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wr hfrqrplhv zklfk kdyh rqo| h!flhqw htxloleuld1 Zlwk hqrxjk wredffr dw wlph 4/
hyhu| djhqw zloo zdqw wr ghihu vrph wredffr frqvxpswlrq xqwlo odwhu +ehfdxvh ri wkh
glplqlvklqj pdujlqdo xwlolw| ri wredffr,/ dqg wklv vdylqjv ri wredffr zloo eh vx!flhqwo|
ydoxdeoh wr fduu| rxw doo ghvluhg wudqvdfwlrqv lq wkh ixwxuh +vlqfh wkh pdujlqdo xwlolw|
ri wredffr lv erxqghg iurp ehorz,1 Wkh lqlwldo glvwulexwlrq ri uhvrxufhv dprqj wkh
shulvkdeoh frpprglwlhv grhv qrw d�hfw wkh frqfoxvlrq1

Vhfwlrq 5 ri wkh sdshu lqwurgxfhv wkh irupdo prgho/ zlwk jrog0olnh ru wredffr0olnh
prqh|/ dqg d fdvk0lq0dgydqfh frqvwudlqw1 Lq Vhfwlrq 6/ zh suryh Wkhruhp 4 dqg lq
Vhfwlrq 7 zh suryh Wkhruhp 51

Lq Vhfwlrq 8 zh vkrz wkdw dgglqj pruh jrog0olnh prqlhv/ vxfk dv vloyhu dqg rwkhu
suhflrxv phwdov/ grhv qrw fkdqjh wkh lqh!flhqf| uhvxow ri Wkhruhp 41 Rq wkh rwkhu
kdqg/ hyhq lq wkh suhvhqfh ri jrog0olnh gxudeohv/ li wkhuh lv vx!flhqw wredffr0olnh
prqh|/ wkhq h!flhqf| ri htxloleulxp lv jxdudqwhhg1 +Exw wklv zloo w|slfdoo| uhtxluh
wkdw wkhuh eh pxfk pruh wredffr wkdq jrog1, Wkxv wkh doorfdwlrq ri duw ru jrog
frlqv dprqj sulydwh krphv/ xqghu wkh vw|ol}hg frqglwlrqv ri wklv sdshu/ lv h!flhqw
lq htxloleulxp/ hyhq zkhq rzqhuv uhjdug wkh duw ru frlqv sduwo| dv dq lqyhvwphqw/ li
dqg rqo| li wkhuh lv d vhsdudwh wredffr0olnh frpprglw| prqh| lq vx!flhqw vxsso|1

Lq Vhfwlrq 8 zh dovr vkrz wkdw rxu uhvxowv kdyh qrwklqj wr gr zlwk wkh fdvk0lq0
dgydqfh frqvwudlqw1 Wkh jhqhulf lqh!flhqf| ri jrog0olnh prqh| lv gxh vroho| wr lwv uroh
dv d vwruh ri ydoxh/ dqg wkh devhqfh ri fuhglw/ l1h1 wkh uhtxluhphqw wkdw doo h{fkdqjh
eh fxuuhqw ydoxh iru fxuuhqw ydoxh1

5 Wkh Irupdo Prgho

Ohw K @ i4> ===> kj eh wkh vhw ri djhqwv> O @ i4> ===> c . 4j wkh vhw ri frpprglwlhv>
dqg W @ i4> 5j wkh wzr5 wlph shulrgv/ zkhuh k � 5 dqg c � 41 Doo frpprglwlhv duh
shulvkdeoh/ h{fhsw c. 4/ zklfk lv shuihfwo| gxudeoh dqg lv wkh vwlsxodwhg phglxp ri
h{fkdqjh1 Zh fdoo lw �prqh|1�

Ohw xv uhihu wr prqh| dv �wredffr0olnh� ru �jrog0olnh/� ghshqglqj rq lwv fkdudf0
whulvwlf1

Dffruglqjo|/ d w|slfdo frqvxpswlrq sodq lv ghqrwhg +{> �{, 5 U
u
n �U

u
n zkhuh {/ �{

lv wkh frqvxpswlrq lq shulrg 4/ 5 uhvshfwlyho|> dqg

{�n� @

�
prqh| frqvxphg lq shulrg 4/ li prqh| lv wredffr0olnh
prqh| �frqvxphg� dqg lqyhqwrulhg iurp shulrg 4 wr 5 li prqh| lv jrog0olnh

=

Wkh lqlwldo hqgrzphqw ri djhqw lv +hk> �hk, lq U
u
n � U

u
n zkhuh zh dvvxph/ iru doo

� 5 K=

+l, hk� A 3 iru 4 � m � c. 4

+ll, �hk� A 3 iru 4 � m � c1

5Wklv lv iru hdvh ri qrwdwlrq1 Rxu uhvxowv hdvlo| h{whqg wr dq| �qlwh qxpehu ri shulrgv1
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Ohw� eh d k|shufxeh lqU
u
n�Uu

n zlwk vlgh dw ohdvwP A pd{ipd{�$�$�i
S

kMM hk� >S
kMM �hk� j>

S
kMM+h

k
�n� . �hk�n�,j/ l1h1/

� @ i+{> �{, 5 U
u
n �U

u
n = {� �P> �{� �P iru m 5 Oj=

Wkhq/ iru dq| ihdvleoh wudgh/ wkh frqvxpswlrq ri hdfk djhqw zloo olh lq �1
Ohw xk = Uu

n�Uu
n $ U jlyh wkh xwlolw| ri frqvxpswlrq ri djhqw � 5 K1 Zh dvvxph

hdfk xk lv vprrwk/ vwulfwo| frqfdyh dqg vwulfwo| prqrwrqlf1 Lw zloo eh qhfhvvdu| iru xv
wr olqhduo| shuwxue wkhvh xwlolwlhv1 Wr wklv hqg ohw Xk eh dq rshq vhw lq U

u
n�U

u
n1 Dq|

yhfwru +y> �y, 5 Xk shuwxuev xk wr xk = �$ U/ zkhuh xk+|> �|, @ xk+|> �|,.+y> �y,�+|> �|,1
Zh qdwxudoo| dvvxph wkdw 3 5 Xk dqg wkdw Xk lv vpdoo hqrxjk wr hqvxuh wkdw wkh
xwlolw| uhpdlqv prqrwrqlf diwhu wkh shuwxuedwlrq1 Ohw X @ X� � � � � � X�1 Zh vkdoo
nhhs hqgrzphqwv �{hg dqg ylhz X dv wkh vsdfh ri hfrqrplhv1

Zh vkdoo dovr dvvxph wkdw iru dq| xk 5 Xk/ djhqw � zloo gr ehwwhu qrw wr wudgh
wkdq wr dffhsw }hur frqvxpswlrq lq dq| jrrg/ l1h1/ lqwurgxflqj wkh v|pero

� @

�
3> li prqh| lv wredffr0olnh
4> li prqh| lv jrog0olnh

zh dvvxph +iru doo xk 5 Xk dqg � 5 K,= li +|> �|, lv qrw vwulfwo| srvlwlyh lq hyhu|
frruglqdwh/ wkhq

+lll, xk+|> �|, ? pd{f$�$� x
k+hk� > ===> h

k
� > �h

k
�n�> �h

k
� > ===> �h

k
� > �h

k
�n� . +4� �,hk�n� . ��hk�n�,

Wkh dvvxpswlrq fdq eh gursshg/ exw lw pdnhv iru d fohdqhu dqdo|vlv e| nhhslqj
htxloleulxp frqvxpswlrqv lq wkh lqwhulru/ dqg hqdeolqj xv wr wdnh ghulydwlyhv1

Ohw s @ +s�> ===> s�, dqg �s @ +�s�> ===> �s�, eh wkh sulfhv ri frpprglwlhv 4> ===c/ lq
shulrgv 4 dqg 5 +ghqrwhg lq whupv ri prqh|, Zh dozd|v wdnh s�n� @ �s�n� @ 41 Zh
qrz ghvfuleh wkh vhw ri frqvxpswlrq exqgohv +{k> �{k, 5 U

u
n�U

u
n wkdw duh d�rugdeoh

e| djhqw � dw wkh jlyhq sulfhv +s> �s,1 Ohw fn � pd{i3> fj iru dq| uhdo qxpehu f1 Iru
hdfk ri wkh iroorzlqj frqvwudlqwv +n,/ ghqrwh e| �+n, wkh gl�huhqfh ehwzhhq wkh UKV
dqg wkh OVK1 Wkhq wkh exgjhw vhw Ek+s> �s, frqvlvwv ri doo +{k> �{k, 5 U

u
n�U

u
n zklfk

vdwlvi|=
�[

�'�

s�+{
k
� � hk� ,n � hk�n� +L,

3 � {k�n� � �+L, .
�[

�'�

s�+h
k
� � {k� ,n +LL,

�[
�'�

�s�+�{
k
� � �hk� ,n � �hk�n� .�+LL, . �{k�n� +LLL,

�{k�n� @ �+LLL, .
�[

�'�

�s�+�h
k
� � �{k� ,n +LY,
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Gh�qh wkh vsdfh ri doorfdwlrqv

D @

+
+{k> �{k,kMM 5 +Uu

n �U
u
n, =

[
kMM

{k� @
[
kMM

hk� dqg
[
kMM

�{k� @
[
kMM

�hk� iru 4 � m � c>

[
kMM

{k�n� �
[
kMM

hk�n� dqg
[
kMM

�{k�n� @
[
kMM

�hk�n� .
[
kMM

hk�n� � +4� �,
[
kMM

{k�n�

,
=

Dq htxloleulxp ri x 5 X lv d wulsoh +s> �s> +{k> �{k,kMM, vxfk wkdw=

+{k> �{k, pd{lpl}hv xk rq Ek+s> �s, iru � 5 K>

dqg

+{k> �{k,kMM 5 D=

Uhfdoo wkdw dq doorfdwlrq +{k> �{k,kMM lv h!flhqw li wkhuh grhv qrw h{lvw dq| +|k> �|k,kMM
5 D vxfk wkdw

xk+{k> �{k, � xk+|k> �|k,

iru doo �/ zlwk vwulfw lqhtxdolw| iru dw ohdvw rqh �1
Zh vd| wkdw dq htxloleulxp lv lqh!flhqw li wkh doorfdwlrq |lhoghg e| lw lv qrw

h!flhqw1
Ilqdoo|/ zh vd| wkdw d surshuw| krogv iru �jhqhulf x 5 X /� li wkhuh lv dq rshq vhw

XW � X / zkrvh frpsohphqw kdv }hur Ohehvjxh phdvxuh lq X / vxfk wkdw wkh surshuw|
krogv iru doo x 5 XW1

6 Jrog

Wkhruhp 4 Ohw prqh| eh jrog0olnh1 Wkhq/ iru jhqhulf x 5 X / hyhu| htxloleulxp ri
x lv lqh!flhqw1

614 H{dpsoh

Ehiruh jlylqj wkh surri/ zh looxvwudwh wkh wkhruhp zlwk dq h{dpsoh1 Ohw wkhuh eh wzr
djhqwv � dqg �/ zlwk lghqwlfdo xwlolwlhv iru irrg +{�> �{�,/ dqg jrog vhuylfhv +{2> �{2,/
jlyhq e| x+{�> {2> �{�> �{2, @ orj+{�{2�{��{2,1 Ohw wkh hqgrzphqw ri djhqw � ri irrg dqg
jrog/ lq shulrgv 4 dqg 5/ eh +5> 7> 9> 3, dqg wkdw ri djhqw � eh +9> 7> 5> 3,1 Hylghqwo|
wkhuh lv d xqltxh Zdoudvldq +frpshwlwlyh, htxloleulxp zlwk frqvxpswlrq +7> 7> 7> 7, iru
hdfk djhqw +uhfdoo wkdw jrog lv gxudeoh,1 Wklv doorfdwlrq lv xqdfklhydeoh dv d prqhwdu|
htxloleulxp/ iru � zrxog qhhg wr jlyh xs prqh| wr jhw pruh {�1

Zh fdq frpsxwh d prqhwdu| htxloleulxp e| vroylqj wkh iroorzlqj 43 htxdwlrqv lq
wkh 43 xqnqrzqv ++s�> �s�,/ +{k� > {

k
2 > �{

k
� > �{

k
2 ,/ +{

q
� > {

q
2 > �{

q
� > �{

q
2 ,,=

4

{k�
@s� @

4

{k2
.

4

�{k2
+4,
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4

�{k�
@�s� @

4

�{k2
+5,

s�+{
k
� � hk� , . +{k2 � hk2 , @ 3 +6,

�s�+�{
k
� � �hk� , . +�{k2 � �hk2 , @ {k2 +7,

4

{q�
@s� @

4

{q2
.

4

�{q2
+8,

4

�{q�
@�s� @

4

�{q2
+9,

s�+{
q
� � hq� , . +{q2 � hq2 , @ 3 +:,

�s�+�{
q
� � �hq� , . +�{q2 � �hq2 , @ {q2 +;,

{k� . {q� @ hk� . hq� +<,

�{k� . �{q� @ �hk� . �hq� = +43,

Htxdwlrqv +4, dqg +8, vd| wkdw dq| djhqw zkr frqvxphv irrg lq shulrg 4 vkrxog
qrw suhihu wr vhoo +d olwwoh ri, lw dqg ex| jrog/ dqg wkhq hqmr| wkh sohdvxuh ri dgplulqj
wkh jrog lq shulrgv 4 dqg 5> ru ylfh yhuvd1 Htxdwlrqv +5, dqg +9, vd| wkdw dq djhqw
zkr frqvxphv irrg lq shulrg 5 vkrxog qrw suhihu wr vhoo +d olwwoh ri, lw dqg ex| jrog
wr dgpluh lq shulrg 5> ru ylfh yhuvd1 Htxdwlrqv +6, dqg +:, vd| wkdw krxvhkrogv wudgh
ydoxh iru ydoxh lq shulrg 4/ dqg htxdwlrqv +7, dqg +;, vd| wkdw krxvhkrogv wudgh ydoxh
iru ydoxh lq shulrg 5/ diwhu lqyhqwru|lqj wkhlu jrog1 Htxdwlrqv +<, dqg +43, vd| wkdw
wkh pdunhw iru irrg fohduv lq erwk shulrgv1

Wkhuh duh wzr exgjhw frqvwudlqwv iru hdfk djhqw ++6, dqg +7, iru �/ +:, dqg +;,
iru �,1 Rq dffrxqw ri wkhvh exgjhw frqvwudlqwv/ wkh jrog pdunhw fohduv dxwrpdwlfdoo|
lq hdfk shulrg rqfh wkh irrg pdunhwv fohdu1

Dq| vroxwlrq +s> �s> +{k> �{k,> +{q > �{q,, wr wkhvh htxdwlrqv pxvw eh dq htxloleulxp/
surylghg wkh yduldeohv duh doo vwulfwo| srvlwlyh1

Vroylqj wkh htxdwlrqv/ zh jhw

++s�> �s�,> ++{
k
� > {

k
2 ,> +�{

k
� > �{

k
2 ,,> +{

q
� > {

q
2 ,> +�{

q
� > �{

q
2 ,,,

@ ++=7;7> =<<<,> ++6=;6> 6=45,> +7=89> 7=89,,> ++7=4:> 7=;;,> +6=77> 6=77,,,=

Wkh doorfdwlrq lv lqh!flhqw/ ehfdxvh djhqw � lv kroglqj pruh jrog wkdq irrg lq
shulrg 4/ zkloh � lv grlqj wkh uhyhuvh1 Wkh rqo| uhdvrq � krogv vr pxfk jrog +zklfk
dw wkh pdujlq jlyhv klp yhu| olwwoh sohdvxuh, lv ehfdxvh kh zdqwv wr vdyh/ dqg kroglqj
jrog lv wkh rqo| zd| wr gr lw1 Wkh djhqwv frxog erwk eh pdgh ehwwhu r� li � zhuh
shuplwwhg wr uhqw vrph ri klv jrog wr � iru wkh �uvw shulrg/ lq h{fkdqjh iru irrg/
dqg wkh devhqfh ri wklv uhqwdo pdunhw lv dqrwkhu zd| ri h{sodlqlqj zk| wkh prqhwdu|
htxloleulxp lv lqh!flhqw1 D uhqwdo lv qrw htxlydohqw wr d vdoh lq shulrg 4 dqg d
uhsxufkdvh dw wkh ehjlqqlqj ri shulrg 5/ ehfdxvh e| wkdw wlph wkh ruljlqdo irrg kdv
vsrlohg/ dqg wkh uhsxufkdvh pxvw eh zlwk shulrg 5 irrg1 Lq wkh uhqwdo/ shulrg 5 irrg
lv qrw lqyroyhg1 Qrwh �qdoo| wkdw qhlwkhu djhqw lv oltxlglw| frqvwudlqhg/ dqg erwk
vdyh/ l1h1 erwk lqyhqwru| srvlwlyh dprxqwv ri prqh| lqwr shulrg 51 �

9



Wkhruhp 4 jhqhudol}hv wklv h{dpsoh1 Zlwk wkuhh ru pruh frpprglwlhv wkh dqdo|vlv
ehfrphv pruh gl!fxow ehfdxvh srvlwlyh frqvxpswlrq ri doo frpprglwlhv grhv qrw
lpso| wkh lqwhulrulw| ri fkrlfhv1 Dq djhqw pljkw vhoo doo wkh jrog rq kdqg wr ex| irrg/
exw vwloo hqg xs zlwk d srvlwlyh dprxqw ri jrog diwhu wudgh/ rq dffrxqw ri wkh vdoh
ri klv oderu1 Ixuwkhupruh/ wkh wkhruhp krogv rqo| jhqhulfdoo|> li lq wkh h{dpsoh wkh
lqlwldo hqgrzphqwv fruuhvsrqghg wr wkh xqltxh Zdoudvldq htxloleulxp/ wkhuh zrxog
eh qr wudgh dqg qr lqh!flhqf|1

615 Wkh Surri

Wr suryh Wkhruhp 4 zh �uvw hvwdeolvk

Ohppd 4 Ohw prqh| eh jrog0olnh1 Dqg ohw +s> �s> +{k> �{k,kMM, eh dq htxloleulxp ri
wkh hfrqrp| ixkjkMM 5 X 1 Sxw

uk
� �

Cxk

C{�
+{k> �{k,

�uk

� �
Cxk

C�{�
+{k> �{k,

iru m 5 O1 Wkhq wkh htxloleulxp lv h!flhqw rqo| li

+ly,
uk
�

s�
@ uk

�n� .
�uk

�n�

+y,
�uk

�

�s�
@ �uk

�n�

iru � 5 K dqg 4 � m � c1

Surri ri Ohppd 4 E| frqglwlrq +lll, rq xk/ hk/ �hk zh pxvw kdyh +{k> �{k,  3/
rwkhuzlvh � zrxog gr ehwwhu e| qrw wudglqj dqg lqyhqwru|lqj doo klv jrog iurp shulrg
4 wr 51 Wkxv zh fdq wdnh ghulydwlyhv ri djhqwv* xwlolwlhv1 Qrwh wkdw frqglwlrqv +ly,
dqg +y, krog e| yluwxh ri ehlqj lq htxloleulxp +h!flhqw ru qrw, zkhq hyhu| djhqw
vshqgv ohvv wkdq wkh prqh| rq kdqg lq erwk shulrgv/ l1h1/ zkhq wkh htxloleulxp lv
qrw oltxlglw|0frqvwudlqhg1 Zkhq oltxlglw| frqvwudlqwv duh elqglqj/ +ly, dqg +y, pd|
qrw krog lq htxloleulxp/ exw wkh ohppd vd|v wkh| pxvw li htxloleulxp lv h!flhqw1

Fdvh L Vxssrvh �{k� � �hk� ? 3/ l1h1/ � lv d qhw vhoohu ri m1 Wkhq vlqfh �{k� A 3/ � pxvw
eh vhoolqj vwulfwo| ohvv wkdq klv hqgrzphqw +ru hovh vhoolqj doo ri �hk� dqg ex|lqj edfn
�{k� A 3,1 Li � vhoov %@s� pruh ri m +ru ex|v %@s� ohvv,/ klv lqfuhdvh lq xwlolw| lv

#
�uk

�n� �
�uk

�

�s�

$
%>

:



li kh vhoov %@s� ohvv ri m/ wklv lv #
�uk

�

�s�
� �uk

�n�

$
%=

Erwk whupv pxvw eh qrqsrvlwlyh dw dq htxloleulxp/ vr +y, krogv e| yluwxh ri ehlqj lq
htxloleulxp1

Fdvh LL Qh{w vxssrvh �{k� � �hk� A 3/ l1h1/ � lv d qhw ex|hu ri m1 Li exgjhw frqvwudlqw

+LLL, lv qrw elqglqj rq �/ l1h1/ li
S�

�'� �s�^�{
k
� � �hk� `n ? Pk +zkhuh Pk lv wkh prqh| rq

kdqg iru �/ sulru wr wudgh lq shulrg 5,/ wkhq lw lv fohdu wkdw �uk

� @�s� � �uk

�n� @ 31 +Iru
li wkh whup lv srvlwlyh +qhjdwlyh, � vkrxog vshqg d olwwoh pruh +ohvv, rq frpprglw|
m/ lpsurylqj klv xwlolw|1, Li

S�
�'� �s�^�{

k
� � �hk� `n @ Pk/ wkhq �uk

� @�s� � �uk

�n� ru hovh �
zrxog vshqg ohvv rq m1 Vxssrvh A krogv1 Wkhq frqvlghu � zkr lv d qhw vhoohu ri m1
+Fohduo| vxfk d � h{lvwv vlqfh wkh pdunhw iru m fohduv lq htxloleulxp1, Zh pxvw kdyh
�uq

� @�s� @
�uq

�n� +dv vkrzq lq Fdvh L,1 Ohw � jlyh %@�s� xqlwv ri m wr � dqg wdnh %� xqlwv
ri jrog iurp �1 Iru %� A % dqg vx!flhqwo| forvh wr %/ dqg %� dqg % vpdoo/ erwk � dqg
� lpsuryh/ d frqwudglfwlrq1 Zh frqfoxgh djdlq wkdw +y, krogv/ wklv wlph e| yluwxh ri
ehlqj dq h!flhqw htxloleulxp1

Fdvh LLL Ilqdoo|/ vxssrvh �{k� � �hk� @ 31 Wkhq �uk

� @�s� � �uk

�n�/ dv mxvw dujxhg +vlqfh
hk� A 3 dqg � fdq vhoo m,1 Vxssrvh

�uk

�

�s�
A �uk

�n�=

Zh fodlp wkdw wkhuh h{lvwv d � zlwk

�uq

�

�s�
@ �uq

�n�= +44,

Li wkhuh lv d qhw wudgh lq m dw wkh htxloleulxp wkhq wklv lv reylrxv/ iru +44, zloo krog iru
dq| � zkr lv d qhw vhoohu ri m +e| Fdvh L,1 Vxssrvh wkhuh lv qr qhw wudgh lq m1 Li wkhuh
lv d qhw wudgh lq vrph rwkhu frpprglw| n 9@ m/ ohw � eh d qhw ex|hu ri n/ dqg wkhq
�uq

&@�s& @ �uq

�n�/ dv vkrzq lq wkh suhfhglqj Fdvh LL1 Exw wkhq �uq

� @�s� � �uq

&@�s& @ �uq

�n�/
rwkhuzlvh li A krogv lqvwhdg ri �/ � zrxog gr ehwwhu wr vshqg % ohvv rq n dqg % pruh
rq m1 Dw wkh vdph wlph � frxog fhuwdlqo| vhoo m/ dqg wkh idfw wkdw kh grhv qrw gr vr
lpsolhv �uq

� @�s� � �uq

�n�/ djdlq surylqj +o4,1 Wklv ohdyhv wkh srvvlelolw| wkdw wkhuh lv
qr qhw wudgh lq dq| frpprglw| 4 � n � c lq shulrg 51 Wkhq djhqw � lv frqvxplqj
klv lqlwldo hqgrzphqw ri frpprglwlhv 4 wloo c lq shulrg 51 Vlqfh {k�n� A 3/ kh lv
dovr lqyhqwru|lqj jrog lqwr shulrg 51 Khqfh �uk

� @�s� � �uk

�n�/ rwkhuzlvh � frxog ex|
m zlwk klv jrog dqg lpsuryh klv xwlolw|1 Exw wklv frqwudglfwv rxu dvvxpswlrq wkdw
�uk

� @�s� A
�uk

�n�1 Zh frqfoxgh wkdw li �uk

� @�s� A
�uk

�n�/ wkhq +44, krogv1

;



Qrz ohw � jlyh %@s� xqlwv ri m wr � dqg wdnh %� A % xqlwv ri jrog iurp �1 Iru %�

vx!flhqwo| forvh wr % +dqg %� vpdoo,/ erwk � dqg � lpsuryh/ d frqwudglfwlrq1 Vr +y,
krogv lq Fdvh LLL dv zhoo1

Wr suryh +ly,/ uhshdw wkh deryh dujxphqw/ qrwlqj wkdw wkh pdujlqdo xwlolw| ri d
xqlw ri jrog lq shulrg 4 lv uk

�n�.
�uk

�n�/ vlqfh jrog |lhogv xwlolw| uk
�n� +dv vhuylfhv, lq

shulrg 4/ dqg fdq eh lqyhqwrulhg lqwr shulrg 5 zkhuh lw |lhogv �uk

�n�1 �

Surri ri Wkhruhp 4 Dv lv zhoo0nqrzq/ li wkh htxloleulxp lv h!flhqw/ wkhq d qhf0
hvvdu| dqg vx!flhqw frqglwlrq lv wkdw wkh judglhqw yhfwruv

+uk> �uk
, @ +uk

� > ===>uk
�n�>

�uk

� > ===> �uk

�n�,

iru � 5 K/ pxvw doo srlqw lq wkh vdph gluhfwlrq1 Lq wkh oljkw ri Ohppd 4/ zh vhh wkdw
wklv zloo eh vr rqo| li

+yl,
uk
�n�

�uk

�n�

lv lqyduldqw ri � 5 K1

Qrwh wkdw/ vlqfh +{k> �{k, 5 Ek+s> �s,/ wkh fkrlfh ri {k� > ===> {
k
� dqg �{k� > ===> �{

k
� dxwr0

pdwlfdoo| ghwhuplqhv {k�n� dqg �{k�n� yld wkh htxdwlrqv=

{k�n� @ hk�n� �
�[

�'�

s�+{
k
� � hk� ,

�{k�n� @ {k�n� . �hk�n� �
�[

�'�

�s�+�{
k
� � �hk� ,=

Dovr/ rqfh +{k> �{k, lv fkrvhq iru djhqwv 4> ===> k� 4/ wkhq +{�> �{�, lv dovr dxwrpdw0
lfdoo| ghwhuplqhg dw htxloleulxp e| wkh uhtxluhphqw wkdw +{k> �{k,kMM 5 D1

Wkxv wkh qxpehu ri lqghshqghqw yduldeohv dprqj s/ �s/ +{k> �{k,kMM wr vroyh iru
htxloleulxp lv 5c+iru sulfhv, . +k� 4,5c+iru doorfdwlrqv, @ 5kc1

Exw dv zh kdyh mxvw vhhq +uhfdoo +ly,/ +y,/ +yl,, h!flhqf| lpsolhv wkdw wkh iroorzlqj
5k. 4 htxdwlrqv pxvw eh vdwlv�hg +zkhuh zh kdyh �{hg wzr glvwlqfw djhqwv �� dqg ��
duelwudulo|,=

uk
�

s�
� +uk

�n� .
�uk

�n�, @ 3

�uk

�

�s�
� �uk

�n� @ 3

<AA@
AA> iru � 5 K/ 4 � m � c

u7k
�n�

�u7k

�n�

� u
7q
�n�

�u7q

�n�

@ 3=

Wkhruhp 4 zloo iroorz/ e| wkh wudqvyhuvdo ghqvlw| dqg rshqqhvv wkhruhpv/ li zh
fdq vkrz wkdw e| olqhdu shuwxuedwlrqv ri wkh xk lw lv srvvleoh wr duelwudulo| ydu| wkhvh
htxdwlrqv rqh dw d wlph/ ohdylqj wkh rwkhuv xqd�hfwhg1 Iru wkh �uvw 5c htxdwlrqv/
qrwh zh fdq ydu| uk

� +ru �uk

� , e| dgglqj wr xk+|> �|, wkh olqhdu whup �u|� +ru �u�|�, iru
dq| uhdo qxpehu u/ zkhuh � lv wkh shuwxuedwlrq sdudphwhu1 Iru wkh odvw htxdwlrq dgg
wkh olqhdu whup �+

S�
�'� us�|� . u|�n�, wr djhqw ��*v xwlolw|1 �

<



7 Wredffr

Qh{w ohw xv wxuq wr wkh xvh ri wredffr dv prqh|1 Khuh lw lv srvvleoh wr jhw h!flhqw
htxloleuld/ surylghg wkhuh lv �hqrxjk� wredffr lq wkh hqgrzphqw ri hdfk wudghu dqg
fhuwdlq frqglwlrqv rewdlq iru wkh xwlolw| ri wredffr1 Zh zloo jlyh wkhvh frqglwlrqv lq
wkhlu vlpsohvw +udwkhu wkdq wkhlu prvw uh�qhg ru wljkw, irup1

Lw zloo �uvw khos wr pdnh d jhqhudo gh�qlwlrq1 Ohw M � O/ dqg gh�qh

�a @

+
+{> �{, 5 U

u
n �U

u
n = {&> �{& �

[
kMM

+hk& . �hk& , iru n 5 OqM
,
=

Lq rwkhu zrugv/ �a erxqgv wkh frqvxpswlrq ri doo frpprglwlhv wkdw duh qrw lq M 1
Zh zloo vd| wkdw �� olnhv M� li frqglwlrqv L dqg LL ehorz krog1

Frqglwlrq L Wkhuh h{lvwv d E A 3 vxfk wkdw/ li m 5 M /

Cxk

C{�
+{> �{, A E

Cxk

C{&
+{> �{,

Cxk

C�{�
+{> �{, A E

Cxk

C�{&
+{> �{,

iru doo n 5 OqM dqg +{> �{, 5 �a 1

Frqglwlrq LL Iru dq| p A 3/ wkhuh h{lvwv P+p, A 3 vxfk wkdw/ li m 5 M /

+{> �{, 5 �a

{� ? p
�{� A P+p,

<@
> , Cxk

C{�
+{> �{, A

Cxk

C�{�
+{> �{,

+{> �{, 5 �a

�{� ? p
{� A P+p,

<@
> , Cxk

C{�
+{> �{, ?

Cxk

C�{�
+{> �{,

Frqglwlrq L vd|v wkdw +rq wkh pdujlq, m uhpdlqv ghvludeoh iru � uhodwlyh wr frp0
prglwlhv lq OqM / hyhq zkhq lw lv frqvxphg lq odujh txdqwlwlhv/ surylghg wkh frqvxps0
wlrq lq OqM lv erxqghg1

Frqglwlrq LL vd|v wkdw � suhihuv wr glvwulexwh wkh frqvxpswlrq ri m ehwzhhq wkh
wzr shulrgv lq d qrw0wrr0vnhzhg pdqqhu1

Zkhq �� olnhv imj/� zh zloo vlpso| zulwh �� olnhv m1� +Qrwh wkdw li � olnhv m/
Frqglwlrq LL uxohv rxw wkh srvvlelolw| wkdw wkh xwlolw| ixqfwlrq ri � kdv d vhsdudeoh
olqhdu whup lq wkh frqvxpswlrq ri {� ru �{�1,

Zh vkdoo h{dplqh wkh h�hfw ri srxulqj lq prqh| lq shulrg 4 zkloh wkh uhvw ri wkh
gdwd ri wkh hfrqrp| lv khog �{hg/ l1h1/ hk� > ===> h

k
� > �h

k
� > ===> �h

k
� > �h

k
�n�>x

k duh doo khog �{hg
iru � 5 K> zkloh wkh prqh| hqgrzphqwv ihk�n�jkMM duh ydulhg1

Wkhruhp 5 Vxssrvh wkh prqh| frpprglw| c.4 lv wredffr0olnh/ dqg � olnhv c.4/ iru
doo � 5 K1 Wkhuh h{lvwv dq PW vxfk wkdw/ li plqkMMihk�n�j A PW/ hyhu| htxloleulxp
lv h!flhqw1
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Surri Iluvw zh hvwdeolvk wzr fodlpv1 Erwk uhihu wr duelwudu| htxloleuld ri wkh hfrq0
rp|/ dqg wkh �uvw lv lqghshqghqw ri wkh ohyhov ihk�n�jkMM 1

Fodlp 4 Ohw pW � cH@E/ zkhuh H @ pd{�$�$�ipd{iSkMM hk� >
S

kMM �hk� jj dqg E
lv dv lq Frqglwlrq L1 Wkhq qr djhqw � vshqgv pruh wkdq pW rq sxufkdvhv lq hlwkhu
shulrg 4 ru shulrg 51

Surri ri Fodlp 4 Vxssrvh � vshqgv p A 3 lq +z1o1r1j1, shulrg 41 Wkhq � pxvw
kdyh vshqw dw ohdvw p@c rq dw ohdvw rqh frpprglw| 4 � m � c1 Frqvhtxhqwo|

s� � p

cH
= +45,

Ghqrwh wkh frqvxpswlrq ri � e| +{k> �{k,1 Vlqfh � frxog ex| ohvv ri m dqg grhv qrw/
zh pxvw kdyh

s� �
Cxk

C{�
+{k> �{k,

Cxk

C{�n�
+{k> �{k,

� 4

E
+46,

zkhuh wkh vhfrqg lqhtxdolw| frphv iurp Frqglwlrq L1 Wrjhwkhu +45, dqg +46, lpso|

p � cH

E
=

Wkh vdph lqhtxdolwlhv krog lq shulrg 5 uhsodflqj {�/ {�n� e| �{� / �{�n� wkurxjkrxw/
yhuli|lqj wkh fodlp1

Fodlp 5 Sxw PW A P+pW,.5pW/ zkhuh P+pW, lv dv lq frqglwlrq LL/ dqg vxssrvh

plq
kMM

hk�n� A PW=

Wkhq +d, hdfk djhqw kdv srvlwlyh dprxqwv ri prqh| rq kdqg iru vshqglqj lq hdfk
shulrg> +e, qr djhqw vshqgv doo wkh prqh| dw kdqg lq hlwkhu shulrg1

Surri ri Fodlp 5 Vlqfh/ e| Fodlp 4/ � vshqgv dw prvw pW lq shulrg 4/ wkhuh lv
qrwklqj wr fkhfn lq shulrg 41 Vxssrvh dq| � 5 K vshqgv doo klv prqh| +zklfk pd|
eh }hur, lq shulrg 5 rq sxufkdvhv1 Ohw pk @ prqh| lqyhqwrulhg e| � iurp shulrg 4
lqwr 51 Wkhq/ vlqfh kh vshqgv doo ri pk/ zh vhh iurp Fodlp 4 wkdw

pk �pW=

Khqfh wkh prvw wkdw � frxog eh frqvxplqj ri prqh| lq shulrg 5 lv=

�{k�n� �
�[

�'�

�s��h
k
�

� cH

E
�pW
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+vlqfh �hk� � H iru doo m dqg �s� � 4@E iru doo m/ e| wkh dqdorjxh ri +46, iru shulrg 5,1
Dovr wkh prqh| frqvxphg e| � lq shulrg 4 lv dw ohdvw

{k�n� � hk�n� �pW �pk

A P+pW, . 5pW �pW �pW

@ P+pW,=

E| Frqglwlrq LL/ � zrxog eh ehwwhu r� lqyhqwru|lqj pruh prqh| iurp shulrg 4 lqwr
shulrg 5/ dqg frqvxplqj lw lq shulrg 51 Wklv yhul�hv wkh Fodlp 51 �

Exw wkhq dw htxloleulxp zh pxvw kdyh=

uk
�

s�
@ uk

�n�>
�uk

�

�s�
@ �uk

�n� +47,

iru � 5 K dqg 4 � m � c +rwkhuzlvh � zrxog hlwkhu vshqg pruh ru ohvv rq wkh
sxufkdvhv ri m/ erwk ri zklfk fkrlfhv duh dydlodeoh wr klp lq oljkw ri wkh Fodlp 6,1

Ixuwkhu/ lw pxvw eh wkdw
uk
�n� @ �uk

�n� +48,

iru doo � 5 K1 Iru li ? +ru A,/ � zrxog gr ehwwhu wr frqvxph % ohvv +ru pruh, lq
shulrg 4/ lqyhqwru| % pruh +ru ohvv, lqwr shulrg 5/ dqg frqvxplqj % pruh +ru ohvv, lq
shulrg 51

Exw +47, dqg +48, wrjhwkhu lpso| wkdw doo wkh +uk> �uk
, srlqw lq wkh vdph gluhfwlrq/

vr wkh htxloleulxp lv h!flhqw surylqj Wkhruhp 51 �

8 Jhqhudol}dwlrqv

Vxssrvh zh gurs wkh �oltxlglw| frqvwudlqw� lq wkh gh�qlwlrq ri wkh exgjhw vhw/ l1h1/
uhsodfh +L,�+LY,/ e|

�n�[
�'�

s�+{
k
� � hk� , � 3 +LW,

�n�[
�'�

�s�+�{
k
� � �hk� , � �+LW, . �{k�n�= +LLW,

Wklv lv wdqwdprxqw wr wkh dvvxpswlrq wkdw � fdq xvh wkh uhfhlswv iurp klv vdohv iru
sxufkdvhv/ vr wkdw wkh �fdvk0lq0dgydqfh� frqvwudlqw lv qr orqjhu elqglqj1 +Lpsolflwo|/
� fdq eruurz prqh| xqolplwhgo| zlwklq hdfk shulrg dw }hur udwh ri lqwhuhvw exw pxvw
sd| lw edfn diwhu wudgh dqg sulru wr frqvxpswlrq1,

Ghqrwh wklv hqkdqfhg exgjhw vhw e| Ek
W +s> �s,/ dqg gh�qh htxloleulxp dv ehiruh/

uhsodflqj Ek+s> �s, e| Ek
W +s> �s, iru hdfk � 5 K1

Zh vkdoo fdoo wklv dq htxloleulxp ri wkh oltxlglw|0iuhh prgho1 +Rxu suhylrxv htxl0
oleulxp zdv ri wkh oltxlglw|0frqvwudlqhg prgho1,
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Zh vr idu irfxvhg dwwhqwlrq rq wkh fdvh ri d vlqjoh gxudeoh +zklfk zh wrrn wr eh
prqh|, wr eulqj rxw wkh uhvxowv zlwk plqlpdo qrwdwlrq1 Exw rxu uhvxowv lq idfw fduu|
ryhu wr d eurdghu vhwwlqj1 Ohw xv qrz vxssrvh wkdw wkh hfrqrp| kdv vhyhudo gxudeoh
frpprglwlhv ri hlwkhu ydulhw| zkrvh lqlwldo hqgrzphqw lq shulrg 5 lv }hur1 Ixuwkhu/
zkloh prqh| lv d frpprglw|/ zh zloo qr orqjhu lqvlvw wkdw lw eh gxudeoh1 Htxloleuld
+ri wkh oltxlglw|0iuhh ru oltxlglw|0frqvwudlqhg prghov, lv gh�qhg dv ehiruh/ zlwk wkh
reylrxv dphqgphqwv lq wkh gh�qlwlrq ri wkh exgjhw vhwv1

Wkh dqdorjxh ri frqglwlrq +lll, lv qrz= wkhuh h{lvw 3 ? �� ? 4 iru hdfk gxudeoh m
vxfk wkdw x�+h�> �h�, A x�+|> �|, li +|> �|, 5 � dqg |� @ 3 ru �|� @ 3 iru dq| l 5 O1 Khuh

h�� @

�
h�� li m lv shulvkdeoh ru jrog0olnh
��h

�
� li m lv wredffr0olnh

�h�� @

;?
=
�h�� li m lv shulvkdeoh
h�� . �h�� li m lv jrog0olnh
+4� ��,h

�
� . �h�� li m lv wredffr0olnh

Wklv vlpso| vd|v wkdw hdfk djhqw zrxog gr ehwwhu qrw wudglqj +dqg lqyhqwru|lqj klv
gxudeohv lq vrph pdqqhu, wkdq dffhsw }hur frqvxpswlrq dq|zkhuh1

Wr jhqhudol}h rxu uhvxowv lw zloo �uvw khos wr hqxqfldwh vrph ohppdv1

Ohppd 5 Frqvlghu dq| prgho +deryh,1 Sxw

�W @

�
4> li frpprglw| c. 4 lv jrog0olnh
3> li frpprglw| c. 4 lv wredffr0olnh ru shulvkdeoh

=

Wkhq/ li wkh htxloleulxp lv h!flhqw/ wkh iroorzlqj gl�huhqwldo frqglwlrqv pxvw krog
iru � 5 K dqg 4 � m � c1

Wdeoh 4

m lv d wredffr0olnh gxudeoh/
Shulrg ru m lv shulvkdeoh m lv d jrog0olnh gxudeoh

4
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s�
@ uk

�n� . �W �uk

�n�

uk
� . �uk
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s�
@ uk

�n� . �W �uk

�n�

5
�uk
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�s�
@ �uk

�n�

�uk

�

�s�
@ �uk

�n�

Surri Hqwluho| dqdorjrxv wr wkh surri ri Ohppd 41 �

Ohppd 6 Frqvlghu dq htxloleulxp ri dq| prgho1 Li wkh htxdolwlhv ri Wdeoh 4 krog/
dqg li wkhuh h{lvwv dw ohdvw rqh wredffr0olnh gxudeoh zklfk lv lqyhqwrulhg e| hyhu| djhqw
lq htxloleulxp/ wkhq wkh htxloleulxp lv h!flhqw1
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Surri Li mW lv lqyhqwrulhg e| � +zkhuh mW lv d wredffr0olnh gxudeoh, wkhq uk
�W @ �uk

�W 1
Exw wkhq/ xvlqj Fodlp 5/ +uk

�n� . �W �uk

�n�,@ �u
k

�n� @ +uk
�W@s�W,@+ �u

k

�W@�s�W, @ �s�W@s�W lv
lqyduldqw ri � 5 K1 Lw lpphgldwho| iroorzv wkdw wkh judglhqwv +uk> �uk

, doo srlqw lq
wkh vdph gluhfwlrq iru � 5 K/ khqfh wkh htxloleulxp lv h!flhqw1 �

Zh duh qrz uhdg| wr vwdwh wkh jhqhudo yhuvlrqv ri Wkhruhpv 4 dqg 51

Wkhruhp 6 Wdnh dq| prgho1 Vxssrvh doo wkh gxudeohv lq wkh hfrqrp| duh jrog0olnh1
Wkhq/ jhqhulfdoo| lq xwlolwlhv/ doo wkh htxloleuld duh lqh!flhqw1

Surri Lq wkh oljkw ri Ohppd 5/ wkh surri iroorzv wkdw ri Wkhruhp 4 pxwdwlv px0
wdqglv1 �

Wkhruhp 7 Frqvlghu wkh oltxlglw|0iuhh prgho1 Vxssrvh wkhuh lv dw ohdvw rqh wredffr0
olnh gxudeoh mW lq wkh hfrqrp|/ dqg wkdw � olnhv mW iru doo � 5 K1 Il{ doo wkh gdwd ri
wkh hfrqrp| h{fhsw iru ihk�WjkMM 1 Wkhuh h{lvwv PW A 3 vxfk wkdw/ li plqkMM hk�W A
PW/ wkhq wkh htxloleuld duh h!flhqw1

Surri Uhuhdg wkh surri ri Wkhruhp 5/ uhsodflqj �� vshqgv c . 4� e| �� vhoov mW�
+li mW 9@ c. 4,/ wr rewdlq dq PW zlwk wkh surshuw|= hk�W A PW , � grhv qrw vhoo doo
ri hk�W lq shulrg 4/ qru grhv kh vhoo doo ri wkh mW rq kdqg lq shulrg 51 Exw wkhq/ vlqfh

� fdq ydu| wkh dprxqwv wkdw kh lqyhqwrulhv/ uk
�W @ �uk

�W 1 Dovr wkh rwkhu htxdolwlhv ri
Wdeoh 4 qrz rewdlq +dv lv hdvlo| fkhfnhg/ uhphpehulqj wkdw zh duh lq wkh oltxlglw|0iuhh
prgho,1 Wkhq wkh uhvxow iroorzv iurp Ohppd 61 �

Wkhuh duh lqwxlwlyho| wzr uhdvrqv iru lqh!flhqf| ri htxloleuld1 Wkh �uvw kdv wr gr
zlwk oltxlglw| frqvwudlqwv/ vlqfh djhqwv pxvw sxw xs fdvk0lq0dgydqfh iru sxufkdvhv/
dqg pd| eh vwxfn zlwk dq lqh!flhqw vxsso| ri prqh| lq wkhlu hqgrzphqwv1 E| wxuqlqj
wr wkh oltxlglw|0iuhh prgho zh/ ri frxuvh/ zlsh rxw wklv h�hfw1 Exw lqh!flhqf| pd|
vwloo shuvlvw li doo gxudeohv duh jrog0olnh +Wkhruhp 6,1 Wklv lv ehfdxvh djhqwv duh
xqdeoh wr ghfrxsoh frqvxpswlrq +ri wkh gxudeohv lq shulrg 4, iurp vdylqjv1 Kroglqj
wkhvh gxudeohv lv wkh rqo| ghylfh zkhuhe| dq djhqw fdq glvwulexwh sxufkdvlqj srzhu
ehwzhhq wkh wzr shulrgv/ l1h1/ wkh gxudeohv vhuyh dv d �vwruh0ri0ydoxh1� Wkh wurxeoh lv
wkdw djhqwv duh dovr irufhg wr frqvxph h{dfwo| wkh dprxqw wkh| krog ri wkh gxudeohv1

Wkh fdvh ohiw wr eh dqdo|}hg lv wkdw ri d oltxlglw|0frqvwudlqhg prgho zlwk dw ohdvw
rqh gxudeoh wkdw lv wredffr0olnh1 Khuh zh qhhg wr hqvxuh wkdw qrw rqo| wkh gxudeoh/
exw dovr prqh|/ lv lq sohqwlixo vxsso| zlwk doo djhqwv/ vr wkdw wkh oltxlglw| frqvwudlqwv
duh qrw elqglqj1 Pruh suhflvho|/ zh kdyh

Wkhruhp 8 Frqvlghu wkh oltxlglw|0frqvwudlqhg prgho/ zlwk frpprglw| c. 4 ehlqj
prqh|1 Vxssrvh wkdw wkhuh lv dw ohdvw rqh wredffr0olnh gxudeoh mW lq wkh hfrqrp|/ dqg
wkdw � olnhv imW> c . 4j iru hdfk � 5 K1 Wkhq wkhuh h{lvwv dq PW vxfk wkdw dq|
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htxloleulxp lv h!flhqw/ surylghg

plq
kMM

hk�W A PW

dqg hlwkhu
plq
kMM

hk�n� A PW li prqh| lv gxudeoh

ru
plq
kMM

hk�n� A PW

plq
kMM

�hk�n� A PW

<@
> li prqh| lv shulvkdeoh

Surri Uhshdw wkh surri ri Wkhruhp 5 wr frqfoxgh wkdw oltxlglw| frqvwudlqwv duh
qrw elqglqj li wkh hqgrzphqw ri prqh| lv deryh PW iru hdfk djhqw1 Wkhq wkh surri
surfhhgv h{dfwo| dv wkdw ri Wkhruhp 71 �

Uhpdun H{lvwhqfh ri htxloleuld +lq doo rxu prghov, iroorzv iurp vwdqgdug dujxphqwv
+dqg khqfh lv rplwwhg,1

Uhihuhqfhv

^4` Dulvwrwoh/ Srolwlfv

^5` Gho Pdu/ D1= D klvwru| ri suhflrxv phwdov1 Orqgrq= J1 Ehoo dqg Vrqv 4<9;

^6` Gxeh|/ S1/ O1 V1 Vkdsoh|= Qrqfrrshudwlyh jhqhudo h{fkdqjh zlwk d frqwlqxxp ri
wudghuv= Wzr prghov1 Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 56+6,/ 586�5<6 +4<<7,

^7` Hlq}lj/ S1= Sulplwlyh prqh|1 Orqgrq= Vsrwwlvzrrgh 4<84

^8` Jdoeudlwk/ M1 N1= Prqh| = Zkhqfh lw fdph/ zkhuh lw zhqw1 Krxjkwrq Pl"lq Fr1
4<<8

^9` Mhyrqv/ Z1 V1= Prqh| dqg wkh phfkdqlvp ri h{fkdqjh1 Orqgrq= PdfPloodq 4;:8

^:` Nh|qhv/ M1 P1= D wuhdwlvh rq prqh|/ yro1 L1 Orqgrq= PdfPloodq 4<8;

^;` Vkdsoh|/ O1 V1/ P1 Vkxeln= Wudgh xvlqj rqh frpprglw| dv d phdqv ri sd|phqw1
Wkh Mrxuqdo ri Srolwlfdo Hfrqrp| ;8+8,/ <6:�<9; +4<::,

^<` Vplwk/ D1= Wkh zhdowk ri qdwlrqv1 Qhz \run= Udqgrp Krxvh 4<6:1

^43` Ylvvhulqj/ Z1= Rq Fklqhvh fxuuhqf|/ frlq dqg sdshu prqh| +txrwlqj Khqu|
\xoh*v hglwlrq ri Pdufr Sror*v mrxuqh|v,1 Wdlshl= Fk*Hqj Zhq Sxeolvklqj 4<9;

^44` Zlfnvhoo/ N1= Ohfwxuhv rq srolwlfdo hfrqrp|/ Yro Wzr= Prqh|1 Orqgrq= Urxw0
ohgjh ) Nhjdq Sdxo 4<68
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