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GENERIC INEFFICIENCY OF STOCK MARKET EQUILIBRIUM
WHEN MARKETS ARE INCOMPLETE

1. INTRODUCTION

A stock market is a mechanism by which the ownership and control of firms is de-
termined through the trading of securities. It is on this market that many of the major
risks faced by society are shared through the exchange of securities and the production
decisions that influence the present and future supply of resources are determined. If the
overall structure of markets s incomplete can the stock market be ezpected to perform its
role of ezchanging risks and allocating investment efficiently? It is this question that we
seek to answer.

The efficiency properties of an equilibrium depend upon the structure of the mar-
kets employed. If the markets are incomplete then generically equilibrium allocations are
Pareto inefficient. The reason is clear: the criterion of Pareto efficiency gives the plan-
ner more freedom in allocating resources than is provided by the system of incomplete
markets. The planner in essence achieves Pareto efficiency by reintroducing the missing
markets. However the important economic question is not whether a new structure with
more markets can be better, but whether the ezisting one performs efficiently relative to
the set of allocations achievable with this structure. This key observation, first made by
Diamond (1967) in the context of a one good economy, leads to the concept of constrained
efficiency.

We study this concept in a general equilibrium model with a finite number of con-
sumers, firms and goods in which there are two dates (t = 0,1) and uncertainty about
which state of nature will occur at date 1. There is a spot market for each good in each
state and hence perfect freedom to exchange goods within each state. There are security
markets for the equity of each of the J firms. However the number of firms is assumed to

be less than the number of states (J < S), so that consumers by trading in the equity of
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firms have only limited ability to redistribute their income among the spot markets, In
short spot markets are complete, but security markets are incomplete. This incompleteness
of the security markets is a basic hypothesis of our model: we do not attempt to ezplain
it. In such & model Diamond (1967) showed that if there is only one good and if firms
have multiplicative uncertasnty then every equilibrium allocation s constrained efficient.
In short in such & one good economy a stock market allocates investment efficiently. Our
object is to show that this is a fortuitous circumstance of the one good model. If there are
two or more goods then the allocation of snvestment snduced by the stock market is generi-
cally constrained snefficient. The government can, by redirecting the investment decisions

of firms and by offering lump sum transfers to consumers, make all consumers better off.

The qualitative change that occurs in the transition to a two good economy has been
studied in the context of examples by Diamond (1980), Loong-Zeckhauser (1982) and
Stiglitz (1982). Stiglitz stressed the possibility that this is a general phenomenon. For a
marginal change in the allocation of consumers portfolios and firms production decisions
changes supply and aemand on the spot markets and hence relative prices. When markets
are complete the rates of substitution of agents are equalised and such a relative price
change has no effect on welfare. Similarly when there is only one good there is no relative
price effect and hence no effect on welfare. But when there are two or more goods and
markets are sncomplete, agents vectors of marginal utilities of income are generically not
collinear and such a relative price change has an effect on welfare. It is as if a planner
by foreseeing these price changes had an additional instrument for redistributing income

across the states which is not available to the more myopic competitive system.

To exhibit this pecuniary externality as a general phenomenon we need a concept
of equilibrium for an economy with production in which the structure of markets is in-
complete. Since shareholder’s vectors of marginal utilities of income are not collinear,
the concept of profit maximisation is, in the case of general technology sets, ambiguous.

Several criteria have been proposed. Since we are interested in normative properties we
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adopt the criterion introduced by Dréze (1974). In the one good case this leads to equi-
libria which satisfy the first order conditions for constrained efficiency. It will be clear
from our analysis however that the generic inefficiency result can be expected to hold for
a much broader class of objective functions provided that firms behave as price takers on
the spot markets. The analysis should include for example the objective function proposed
by Duffie-Shafer (1986). It should also be noted that the inefficiency result holds even if
securities other than the equity of firms are introduced provided the overall asset structure

remains incomplete.

Intuitive as the basic economic result may appear establishing it in a general equilib-
rium framework is technically demanding. This was already clear from the earlier analysis
of Geanakoplos-Polemarchakis (1986) who studied the case of an exchange economy (ex-
ogenously given asset structure). They showed that under certain conditions for a generse
chotce of utility functions and endowments all equilibrium allocations are constrained in-
efficient. The basic idea that underlies their proof is that changes in portfolio holdings
lead to changes in relative prices if agents have different marginal propensities to consume.
In this paper we do not rely on differences in the propensities to consume (and hence
perturbations of the utility functions) since changes in production alter the supplies of
commodities and thereby induce changes in relative prices. Our results thus depend only

on genericity in endowments.

In section 2 we lay out the basic stock market economy. In section 3 in addition to
existence (theorem 1) we establish two important structural properties of equilibria: first
that the equilibria are generically smooth functions of the endowment parameters (theorem
2) and second that the present value coefficients of consumers (the normalised vectors of
marginal utilities of income) are generically distinct (proposition 3). These two results are
basic to the proofs of the two generic inefficiency results (theorems 3, 4) of section 4. In
section 5 the nature of the inefficiency is illustrated through an example. The proofs of

the main results are given in section 6 and the appendix.
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2. THE STOCK MARKET ECONOMY

In this section we outline a general equilibrium mode! of a stock market economy in
which the security markets are incomplete. As indicated above our objective is to show
that when the markets are incomplete serious questions are raised about the ability of the
stock market to induce an appropriate allocation of investment. To analyse the problem in
a framework that is at the same time simple but general we consider a two-period (¢t = 0,1)

economy in which there is uncertainty about the state of nature at date 1.

2.1 Utility Functions, Technology Sets and Initial Endowments.

There are I 21 consumers (s = 1,...,I), J21 firms (7 =1,...,J) and § 21 states
of nature (s = 1,...,5) at date 1. For convenience we include t = 0 as a state and write
& =0,1...,5. In each state s there are L goods (£ = 1,...,L); we let N = L(S + 1)
denote the total number of goods, so that R” is the basic real commodity space in the
model.

Each consumer has an initial endowment of goods w* = (wi);_, € RY, where v} =

(wi,)f_, € R% is the vector of goods in state s, and chooses a vector of consumption
z' = (z})7=0 € RY. It is convenient to write z* = (zf,z}) € R} x Rl where z is
date 0 consumption and z'i = (z$)S_, is the vector of date 1 consumption across the
states. Without loss of generality we assume that each consumer’s preference ordering
over consumption bundles can be represented by a utility function u® : Rf —s R. We
make the following set of assumptions on each agent’s utility function and endowment:
the first part is used to establish existence of an equilibrium, the second part is added
to analyse the generic properties of an equilibrium, the third is used to establish generic
inefficiency.
ASSUMPTION A (UTILITY FUNCTIONS): (1) Each consumer’s utility function u® :
Rf —— R is continuous, quasi-concave and strictly monotone in good 1 in each state
8 =0,...,5 and each agent’s initial endowment w* is strictly positive, w* € R_f_*_.

(2) (i) v* € C¥H(RY,), Du'(z) € R¥, Yz € RY,. (ii) ATD*u*(z)h <OV h # 0 such
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that Du(z)h =0, V z € RY, (strictly positive Gaussian curvature). (jii) If U*(¢) = {z €
RY|uf(z) 2 u'(£)} then US(€) C RY,, VE€ RN,

(3) Each utility function u® is separable in date 0 and date 1 consumption, that
is, there exist utility functions uy : RY — R, u{ : R§L — R such that ui(z) =

UB(IQ) +‘Ui(.’£1) Ve Rf $ = 1,...,I.

On the production side of the economy, each firm j is characterised by a technology
set Y7 C RN and the directors of the firm choose a production plan y7 € Y7. We use the
standard convention for the production vector y/ = (yf)5_, where yi = (17, )L, is the
vector of goods produced in state s: if y,¢ < 0(> 0) then good ¢ is used in state & as an
input (is produced in state s as an ocutput). In the subsequent analysis we will often find it
convenient to decompose the production activity of firm j into period 0 and period 1 com-
ponents, y/ = (y-é,y'i) = (v}, (¥3)5-1). In addition to the standard closure and convexity
assumptions on the technology sets we need two additional properties to be able to analyse
the generic properties of an equilibrium: the first is an appropriate parameterisation of

these sets, the second is the assumption that they have smooth boundaries.

To obtain genericity results we need a natural way of parametrising the decisions
of agents in the economy. The consumption-portfolio decision of consumers is naturally
parametrised by the vector of initial endowments w = (w!,...,wf} € Rf_{, of the I con-
sumers. To parametrise the production activity of each firm we assume that the production
of each firm consists of two components, the endogenously chosen v’ € Y7 and an ezoge-
nously given vector of outputs 7 € RY, so that the total production of firm j is v +nt.
We call 57 the initial endowment vector of firm j and let n = (nl,...,n7). To obtain gener-
teity results we parametrise the decisions of consumers and producers by initial endowment
vectors (w,n) in the open set RY! x RYJ.

In order to obtain a smooth supply function we assume that the boundary 8Y7 of Y7
is 2 smooth submanifold of a subspace K/ C R¥. The introduction of the subspace K’

avoids the otherwise restrictive assumption that all goods are involved in the production
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activity of firm 5. The two sets of assumptions on the technology sets of firms that we will

use are the following.

ASSUMPTION B (TECHNOLOGY SETS): (1) (i) Each firm’s technology set Y7 C RV is
closed, convex and 0 € Y7, (ii) ( ZI: w' + f: (Y7 + 1)) N RY is compact.

(2) (i) Let K7 be a k; dimen's?t:nal su'?s;ace of RN with1<k; < Nforj=1,...,J.
Y7 C K7 is a k; dimensional manifold and its boundary 8Y7 is a C2 manifold with strictly |

positive Gaussian curvature at each point, (ii) 7 € R_‘f_,_, j=1,...,J.

If we choose utility functions (u?), production sets (Y?) and a vector of initial endow-
ments (w, 1), satisfying Assumptions (A,B), then we obtain an economy € ((u*,Y7),w,n).
In the analysis that follows we think of the utility functions and technology sets as being

fized and allow the parameters (w,n) to be free to vary in the parameter space R_f_f_“"’).

2.2 Market Structure: Spot and Security Markets.

There are a variety of market structures that can be added to any such economy
€((s*,Y7),w,n) to induce an allocation of resources. The classical one is the Arrow-
Debreu set of complete contingent markets and with such a market structure equilibrium
allocations are Pareto optimal. Our basic tenet is that such a market structure is essentially
not observed in the real world, certainly not for the important aggregate risks to which
the production activity of firms is exposed. It presupposes much too feﬁned a system of
markets.

A much more realistic market structure can be described generally as follows. There
are two types of markets, spot markets for the trading of real goods and financial markets
for trading financial assets. A rich class of market structures can be analysed depending on
the type of financial assets introduced. In this paper we consider only one type of financial
asset, namely the secursty or equily issued by a firm. We focus our attention on this case
for several reasons. First and foremost in terms of the sheer magnitude of trade involved,
equity markets are perhaps the most significant risk-sharing markets that exist in a modern

economy and they are of central importance in influencing the production (investment)
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decisions of firms. Second, adding additional asset marl:ets would not alter our main result,
provided the resulting asset structure remains incomplzte. Finally adding additiona! asset
markets substantially complicates the analysis and our interest is in obtaining the simplest

framework for proving the main result.

Consider therefore a market structure consisting of spot and equity markets. In each
state s = 0,...,5 there is a spot market for each of the L goods; let p = (po,p;) =
(po,(ps)5_,) denote the associated vector of spot prices. There are security markets for
the shares of each firm j. Implicit in the ownership share 0 < 8%/ < 1 of firm j by agent
¢ is the right to receive the share #/y’ of the production plan of firm j. However since
the security market is viewed as a financial market on which income is delivered rather
than as a real market on which goods are delivered, we assume that what agent 1 receives
as a result of purchasing at date O the proportion 8% of firm j’s shares is the income
67 poy’ where poy’ = (psv3)5_o. The price (market value) of firm j is ¢; so that the
cost of purchasing 67 is §"7¢;. Each agent ¢ has an initial ownership share 0 < 6/ < 1
of firm j; he thus receives §¢; from the sale of his initial shares and spends 6% g; for the
purchase of new shares. Since we are interested in the idea that ownership also implies
some control over firm j’s production decision, we assume that securities eannot be short-
sold (8% 2 0). Trading in the shares of the J firms by the I consumers thus gives rise to an
I x J nonnegative matrix § = (§*,¢ = 1,...,I,7 = 1,...,J) each of whose columns sum
to 1, zl: §9 =1, j=1,....J. Let ¢ = (g1,...,qs) denote the vector of security prices,

=1
then given the market prices (p,q) the budget set of consumer ¢ is given by

there exists 6 € [0,1]7 such that

B'(p,q,yiw,n) = § z€ RY [po(zo-wé)—q‘s"] W + )6
pyo(zy — ) =W(pgiy+n

where y = (y!,...,y”7) and W is the (S + 1) x J matrix of security returns
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po(sd +nd)—q1...po(vd +nd) — s
Wip,q,y+n)= L,
Plﬂ(yi'i-f}i)--. ?lm(ﬂl +’71)

For this budget set to be well-defined we need to assume that each agent correctly antici-

pates at date 0, the date I spot prices py and the outputs of firms
J
y1+m =y} +nf...97 +nf

2.3 Present Value Coefficients.
Consumer ¢ seeks a consumption bundle which solves the constrained maximum
problem

max u(z' i=1,...,71
2'€Bi(p,q,y;w,n) (=) e

This is a standard Kuhn-Tucker problem in which the (S + 1) spot market expenditure

constraints give rise to a vector of marginal utilities of income (Lagrange multipliers)
A= (A5, AL, .., %) i=1,...,1

across the states of nature. If we take #° as fixed at its optimal level then A may be

characterised more directly as follows.

PROPOSITION 1 (PRESENT VALUE COEFFICIENT OF AGENT i): Let A(1) hold and let
(z',p) satisfy

w'(2) 2u'(2° + ¢') forall € suchthat pog <0

then there exists \* € R$+! such that
u'(z') 2 u'(z’ + €') forall & such that )°. (pot) 20

If in addition A(s) holds, then X* is unique up to scalar multiplication.

PROOF: Consider the preferred and affordable sets

P'={g e RECHV |ui(z + £) > u¥(z)}, B ={¢' € RES+D | pogi <0}
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since P¥(\ B' = @ by the standard separation theorem there exists v' € RL(S+1) oi 2 ¢
such that supgepi v° - £ Sinfeicpi v' - €. Since 0 € PP B
sup v'-u'=0= inf v'.¢* (1)

&eBi uiepi

Let g, = (0,...,P4,...,0), 8=0,...,5. The first half of (1) is equivalent to $,£° 20 s =

. . s
0,...,5 == v*-£* £0. Thus there exists \* € RI*!, A # Osuchthat g = 3 A!p,. By the
=0

second half of (1), ): Aip, &t S == £ ¢ P, The monotonicity of u* implies A* € Rt u
=0

DEFINITION 1: We call the normalised vector of marginal utility of income 7% = (x1)5_, =
(%)lo the present value coefficient of consumer 1.

As we shall see in the analysis that follows, these present value coefficients summarise
the essentially new aspects of the problem of resource allocation that arise on the consumer
side of the economy when markets are incomplete. We shall now show how these coefficients

can be used on the production side of the economy to define an objective function for the

firm in the presence of incomplete markets.

2.4 The Problem of Defining Present Value of Profit.

Given the prices of real goods determined on the spot markets and the market value
of each firm determined on the equity markets, column j of the matrix W gives the vector
of returns across the states s = 0,1,...,5 obtained from the ownership of firm 7 when its
production decision and initial endowment are y/ + n’. It is easy to check that the present
value coefficient of agent 1 is a normalised vector #* = (1,{,...,7¢) € R$1? which must

satisfy the no-arbitrage equation

' W(p,giy+n) =0 7{V(pyiv1 +m) = ¢ — polvo + no) (2)

where V(py;v1 +91) =n c(yi +ni)]3-’=1 is the § x J submatrix of period 1 returns from
the J firms. When J £ 5 then rank V £J and the dimension of the set of solutions of

(2) is at least S — J. If J < S then we say that the security markets are incomplete. If
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J 2 S and rank V = S we say the security markets are complete. When the cquity markets
are incomplete any two consumers will typically have different present valie coefficients,
80 that their induced preference orderings over profit streams will differ. When the equsty
markets are complete there 18 6 unsque solution x'i = f; to equation (£); the present value
coefficients of all agents coincide 7' = (1,81) =B, i =1,...,I and lead to a well-defined
present value for each firm’s stream of profit po(y’ + n?) which coincides with its market
value gy = 8- (pa(yf +1n7)), 5 =1,...,J. The objective of each firm is well-defined and
consists in maximising the present value of its stream of profit.

The spanning literature has shown that even §f markets are sncomplete of suitable
restrictions are placed on the technology sets Y7 of firms then a well-defined objective
Junction can be assigned to each firm |see Ekern-Wilson (1974) and Radner {1974)]. The
idea of spanning is that firms find themselves in a market environment in which no single
firm can by itself alter the spanning opportunities available on the market as a whole.
To express this idea let the initial endowment vector of each firm be zero so that n =
(n';-..,n7) = 0 and let (V(5y,6;)) denote the subspace of RS spanned by the columns
of the matrix V. Then the spanning condition requires that for any new production plan
v/ € Y? of firm j, the profit stream that it generates at date 1, P cy{ can be written as

2 linear combination of the ezisting profit streams (f; o gi‘ }i=y of all firms so that

Py oy € (V(Fy, )

With this assumption firm j cannot create any new spanning opportunities for investors by
altering its production plan y7. In this case the market value of the firm for each alternative
production plan can be evaluated in terms of the market values of all firms at the existing
production plan § and market value mazimisation gives a well-defined objective function
for the firm.

As soon as a firm can create a date 1 profit stream g, ny’i which does not lie in
the subspace (V(p;,%1)), investors will not in genera! agree on the value to be assigned

to this production plan and the spanning approach breaks down. Whether the spanning
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condition is a reasonable approxim:tion to what we observe on security markets is an
empirical question that we shall not enter into here. It should be noted however that if
the number of firms (J) is small relutive to the number of states of nature (S) then the
spanning assumption is likely to be very restrictive. The problem is thus to extend the
definition of the objective function of a firm to a market environment in which the gspanning
condition no longer holds. We will examine a variety of ways in which this can be done
by considering a class of objective functions which reduce to market value maximisation
when the spanning condition holds.

What needs to be added to determine an objective function for firm j is & present
value cocfficient 7 = (1,81,... ,Bi) satisfying the no-arbitrage equation (2). Thus one
way of arriving at an equilibrium concept is to choose a sequence of such B7 coefficients,

one for each firm

(8,...,87) with FW =0, j=1,..,J (3)

and have each firm maximise the present value of its profit

v?leai)’cjﬁj'(pcyj) 7=1,...,J (4)

The procedure adopted by Duffie and Shafer (1986) involves choosing the same present
value coefficient for each firm, 8! = --- = 87 = 8 with W = 0. If no further criteria
are involved in the choice of the 87 coefficients in (3), such a procedure can present some
conceptual difficulties. First, since the dimension of the set of solutions of (2) is at least
S — J, the dimension of the set of equilibrium allocations is of the order of S — J; in
short the ambiguity in the definition of the objective function of each firm introduces a
multiplicity of equilibria. Second since there is no market for determining the 87 coefficient,
where does the information come from to determine 87?7 The third criticism is perhaps
the most fundamental and hinges on the whole issue of what a firm really is and in whose
interests it acts. If we view a firm as an entity that makes decisions sin the interests of

its shareholders then if the present value coefficient 87 chosen by the directors of firm j
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does not reflect some kind of average of the present value coefficients of its shareholders
then its production decision may be “rejected” by the shareholders. The problem here is the
breakdown of the relation between ownership and control. An extreme form of this problem
arises in the utility of profits approach v/ (po(y”’ + n7)) originally considered by Radner
(1972) — in equilibrium the firm may be owned by a single consumer whose preference
ordering over profit streams is far removed from that of the manager.!

Two criteria have been suggested for choosing a 87 coeflicient for firm j which are
free from these difficulties. These two criteria reflect the fact that in the two period
economy outlined above there are two groups of shareholders, the new (6°7) shareholders
and the original (6'7) shareholders. In the context of a one good (L = 1) economy Dréze
(1974) proposed that 87 should be the average present value coefficient of the firm’s new

shareholders ,

pi=)8r', j=1,..,J (5)
=1

Grossman and Hart (1979) proposed that 7 be the average present value coefficient of the

firm’s original shareholders
- I 4w -
g = 26"1', i=1,...,J
i=1

The distinction between these two criteria is far from trivial and a discussion of the issues
would take us beyond the confines of this paper. Suffice it to say that Grossman and Hart
came up with their criterion in attempting to resolve the difficulties that appear when
the Dreze criterion is applied to an economy with three or more periods. For then the
new shareholders at date 1 may differ from the new shareholders at date 0: shareholders
planning to sell at date 1 are concerned with the selling price of the shares, while those
who will hang on to their shares are interested in the dividends (profits) that will accrue.

The criterion of Grossman-Hart focuses all attention on the original shareholders at date

!The utility function approach also has the problem that it does not reduce to maximising
the present value of profit when the equity markets are complete.
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0. This however is reasonable only if the investment decisions made at date 0 are not
reversible by subsequent shareholders, an assumption that ultimately becomes untenable.

In a two-per.od economy the new shareholders criterion has better normative proper-
ties since it takes into account the interests of the shareholders who will receive its stream
of profits. As we shall find, in the one good case, it 1s the only criterion which satisfies
the ﬁrlst order conditions for constrained Pareto optimality. It seems reasonable therefore
in extending the analysis of the normative properties of equilibrium to the multigood case
to adopt the new as opposed to the original shareholder criterion. Indeed it should be
clear more generally that if in the multigood case the equilibrium allocations induced by
the new shareholder criterion (5) are generically constrained suboptimal, then the same

should be true for any criterion satisfying (3) and (4).

2.5 Shareholder Constrained Efficiency.

If each firm adopts the new shareholder criterion outlined above in what sense is the
resulting collective set of decisions of firms made in the best interests of shareholders in
the economy? Is the production sector induced to act in the best interests of the group of
shareholders?

DEFINITION 2: Let (%,4,9;5) = (2',...,27,8%,...,8%,§,...,57; ) denote actions of the
agents and a vector of spot prices such that 2* is optimal given (§%,§,p), s =1,...,]. The
vector of production plans y = (y!,...,y”’), where y/ € Y7, j = 1,...,J, is preferred
to § by the (new) shareholders of all firms if there exist transfers and changes in

consumption (r,€) = ((r¥, &), s =1,...,J, i=1,...,I) € R’J x RN7 guch that

Y ri=0 with =0 if §=0 (6)
F=1li=1
- J ‘. - i ..
Poth =) (P8 (R —g) +77] i=1,...,1 (7
i=1
J - -
profi =) piofi(y] -¢) i=1,..,1 (8)
=1
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(2 + &) > (29, i=1,...,1 (9)

DEFINITION 3: Let (Z,5,;#) denote actions of the agents and a vector of spot prices
such that 2' is optimal given (8*,§,p5), + = 1,...,I. The vector of production plans §
is shareholder constrained efficient if there does not exist another vector of produc-
tion plans y = (y!,...,y7) with ¢/ € Y7, 5 = 1,...,J, which is preferred to § by the

shareholders of all firms.

REMARK: The idea behind this definition is that if §§ were not optimal for the shareholders
then a meeting of shareholders could be convened in which those interested in changing
production plans could “buy” the votes of others to obtain unanimity for a change from g
to some y. If werestrict the change in production plans to a single firm, say firm 7, holding
the production plans of all other firms fixed and setting 797 =0, y # 3, ¢ =1,...,71, then
with the above definitions we may say that g’l' is firm 7' shareholder constrained efficient.
In this case the above meeting of shareholders is restricted to the shareholders of firm

!

J'. We want to emphasise however that under the shareholder criterion that we adopt
the vector of production plans § is optimal in the broader sense of definition 3, where
simultaneous changes sn the production decisions of all firms are permitied, as we now

show.

PROPOSITION 2 (OPTIMALITY OF SHAREHOLDER PRESENT VALUE CRITERION):

Let (2,8,§;P) denote the actions of the agents and a vector of spot prices such that '
is optimal given (8*,§,p), 1 = 1,...,I and let #%, i = 1,...,I denote the present value
coefficients of definition I with fi = f=19"'-"i'l"' the average present value coefficient of

firm 5’s shareholders. If each firmm maximises the present value of its profit
B (pog) 237 - (poy’) forall Y €Y?, j=1,...,J (10)

then § = (g',...,§”’) is shareholder constrained efficient.
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PROOF: Suppose § = (§!,...,§7) is not shareholder constrained efficient, then there ex-
ists a vector of transfers and changes in consumption (r,€) = ((r*,¢%), y=1,...,J, i =
1,..., I) € R x RN!7 guch that {6)-(9) are satisfied. Since 2’ is optimal given
(#,4,p), ¢« = 1,...,I, proposition 1 implies that there exist present value coefficients
7, i =1,..., I such that

. (Fot)>0, i=1,...,1 (11)

If we multiply (7) and (8) by #*, substitute into (11), sum over 1 and use (6) we obtain

I J
DT (pog) =D B (poly’ - ) >0

i=1 =1

which contradicts (10).

REMARK: The assumption that each firm uses the profit mazimising criterion (10} smplies
that each firm behaves competitively in that it takes spot prices as given and independent

of its production decision. When markets are incomplete this has important consequences

as we shall see in section 4.

3. EQUILIBRIUM

With the objective function (10) assigned to each firm our model becomes closed and

we are led to the following concept of equilibrium for a stock market economy.
DEFINITION 4: An equilibrium for the economy & ((v*,Y7),w,n) is a pair of actions and
prices ((2,8,9),(p,q,%)) such that
(i)  (z,6,%Y), i=1,...,] satisfy
_ . | Po(xd —wp) —gs* _
2'€ argmax u'(z'), _ _ =W(p, &7+ )6
2‘65‘(5,‘7:?;“-’1) ﬁl [m} (f‘l - Wi)
and 7' is the present value coefficient of consumer ¢
(ii) ¢ €argmaxp’ - (poy’), j=1,...,J
yiey
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1
with A7 = }_ §%#* the average present value cocfficient of firm j’s shareholders

1=1
I J . I .. .
(i) Y2 -v) = Y@ +n) ) X =1 4=1..J
s=1 J=1 =

We now establish some properties of this concept of equilibrium which besides their intrinsic
interest are necessary to prove the generic inefficiency of equilibrium. The proofs of all the

theorems that follow are collected in section 6.

THEOREM 1 (EXISTENCE OF EQUILIBRIUM): Under assumptions {A(1, B(y)) the econ-

omy € ((v*,Y7), (w,n)) has an equilibrium.

To carry.out a qualitative analysis we need equilibria to be smooth functions of the param-

eters (w,n). It is at this point that the smoothness assumptions (A(g), B(g)) on preferences

and technology are introduced. Even with these assumptions there are three types of de-

generacy that can prevent an equilibrium from being a smooth function of the parameters

() € RYIH), it

(2) the matrix of security returns W = [P ;Eio(;-l’:?)ﬂ:)q is degenerate in that its rank
isp<J

(b) equilibrium prices are such that for some agent ¢ the no short sales constraint begins
to be binding and the portfolio choice 6* is not a differentiable function of the prices

(c) the parameter value (w,n) is a critical value of the projection from the equilibrium
manifold onto the parameter space.

Theorem 2 below shows that the parameter values for which such non—-smoothness can

occur are ezceptional in the sense that they form a closed set of measure zero in the

parameter space Rfi“'” .

DEFINITION 5: We say that an equilibrium (2,0,9), (7,9, 1)) is a rank p equilibrium if
rank W(p,5;+1) = p, 1<p < J.

THEOREM 2 (FINITENESS AND FULL RANK): Under assumptions (A2 B(1),(@)s
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if I+ JX8 +1, then there exists an open set of full measure 1 C Rﬂ_”‘” such that an

economy é'((u‘,Yj),w,n) with (w,n) € N has a finite number of equilibria, each of full
rank. Furthermore for each (@,%) € Q there exists a neighborhood N(p gy such that each

equilibrium is 2 smooth function of (w,n) for all (w,n) € Np,g)-

REMARK: A comment is in order regarding the assumption I + J £ S + 1. For general
technology sets (Y7) the coefficient 87 = ZI: ¢ x* of each firm j depends nontrivially on
the portfolios (6*7)]_; of its shareholders. ';VIhen rank W = p < J agents portfolio choices
(6°) are typically indeterminate and this can lead to indeterminacy of the equilibrium. To
be sure that this happens only exceptionally we need to limit the number of agents (I +J)
relative to the number of states {S + 1). We will show in section 4 that if the technology
sets are-restricted to ray technologies then this assumption is not necessary, since the

production decisions of the firms no longer depend on the distribution of ownership. In

this case the matrix W is generically of maximal rank independent of the number of agents.

The key characteristic of equilibria with incomplete markets is that the dimension of
the set of solutions of the no-arbitrage equation #'W = 01is S — J > 0. This suggests the
likelihood that in equilibrium agents present value coefficients will be distinct: the next
proposition asserts that this property is generic. This result is a basic step in establishing
the generic inefficiency theorem of section 4. Note that when I + J £ 5 + 1 if we require
that I 2 2 then J < S must hold.

PROPOSITION 3 (DISTINCT PRESENT VALUE COEFFICIENTS): Let the assumptions of
Theorem 2 hold. If I 2 2 then there exists an open set of full measure N’ C Rf_g_”'r) such
that for every economy & ((u", YJ'),w,n) with (w,n) € fV, in each shareholder equilibrium

the present value coefficients of all consumers #!,.,..,#! are distinct.

4, INEFFICIENCY OF EQUILIBRIUM

In this section we will examine the efficiency properties of the stock market equilib-

rium introduced in section 3. It is clear that there are many market structures that can be
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adjoined to the basic production economy of section 2.1 to induce an allocation of resources
and the efficiency properties of equilibrium allocations will depend upon the market struc-
ture introduced. With a set of complete conitngent markets every equilibrium allocation
18 Pareto optimal. If instead the market structure consists of a system of spot and finan-
cial markets, in which spot markets are complete and the asset markets are potentially
complete (in that J 2 S) then an equilibrium allocation is not necessarily Pareto optimal:
the problem here is that the matrix W can be of less than full rank in an equilibrium.?
However as Magill-Shafer (1985) have shown, in an exchange economy this situation is
exceptional: when asset markets are potentially complete then equilibrium allocations are
generically efficient,

The situtation changes dramatically when asset markets are incomplete (J < S) for
then equilibrium allocations are generically constrained snefficient. This result was estab-
lished by Geanakoplos-Polemarchakis (1986) for the case of an exchange economy. The
object of this section is to show how this result can be extended to the case of a produc-
tion economy. Note that we do not attempt to answer the important question of why asset
markets are incomplete: we leave the explanation of this for subsequent research.

The basic objective behind theorems of this kind is to determine whether decentralised
decision making based on prices leads to an efficient co-ordination of decisions by the agents
in the economy. If a decentralised price system does not lead to an efficient co-ordinatioﬁ
of decisions then presumably some form of government intervention is called for: this is
a basic theme that underlies our analysis of equilibrium in a production economy with
incomplete markets. In this paper we will not however attempt to explore what form such

government intervention should take.

4.1 The Problem of Defining Efficiency.

Government intervention suggests the idea of a planner running the economy. If we

allow the planner access to the standard “feasible allocations” then we arrive at the concept

?See the well-known example of Hart (1975).
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of Pareto efficiency. When markets are incomplete it is clear (at least intuitively) that
equilibrium allocations are generically Pareto inefficient: & planner allocating 1esources
with access to the standard “feasible allocations” is given much more freedom to allocate
resources across states than is provided by the system of spot and financial markets. When
markets are incomplete the concept of Pareto efficiency is essentially irrelevant: it does
not allow us to determine whether the existing structure of incomplete markets is used

efficiently.

What is needed is clear. The planner must only be permitted access to a constrained
set of feasible ailocations which mimics the opportunities that a system of spot and financial
markets offers for redistributing goods across the states of nature. The first concept of
constrained efficiency was that introduced by Diamond (1967) for the case of a one good
(L = 1) economy. This concept was extended by Grossman (1977) and Grossman-Hart
(1979) to the case of a multigood economy. They showed that their concept of efficiency,
which we refer to as weak constrained efficiency characterises equilibrium allocations with
spot and financial markets. This is both its strength and its weakness: its strength in that it
identifies all those allocations which can be attained as equilibrium allocations; its weakness
in that every equilibrium allocation is efficient, even one which is Pareto dominated by
another and such an equilibrium is clearly not making best use of the existing structure of

markets.

The basic idea behind weak constrained efficiency is to consider a restricted set of
reallocations about an existing equilibrium ((f,a,y),(p, g, ‘X)) Reallocations on the fi-
nancial markets and spot markets are kept completely separate. Thus when shareholders
portfolios are changed (df*) each agent is obliged to “consume™ the bundle of commodities

J .
> df7 g’ to which the new portfolio holdings give him the right: agent 5 is not allowed

i=1
to sell this newly acquired bundle of goods on the spot markets. The reason is clear: if

they allowed such newly acquired bundles induced by portfolio changes to be exchanged

on the spot markets then spot prices would in general need to be changed. This is precisely
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the effect that weak constrained effic.ency eliminates but constrained efficiency (as defined
below) introduces. Constrained efficiency differs in another important respect from weak
constrained efficiency in that simultaneous changes in the portfolios and production plans
are permitted.

We have argued that Pareto efficiency is too demanding a criterion and weak con-
strained efficiency is not sufficiently demanding to determine whether the existing structure
of incomplete markets is used efficiently. Afterall, the fact that equilibrium allocations are
generically efficient when asset markets are potentially complete suggests that equilibrium
allocations should have a better efficiency property than that of weak efficiency. We now
come to the appropriate intermediate concept. We shall find that it reduces to Diamond’s
(1967) concept of constrained efficiency when there is only one good, for then there are
no relative prices that need to be determined on spot markets. It generalises the concept
introduced by Stiglitz (1982) and that studied by Geanakoplos-Polemarchakis (1986) for
the case of a pure exchange asset market economy. The key idea is to give the planner the
same spanning opportunities across the states of nature as those offered by a joint system
of spot and financial markets. More precisely, a planner can determine portfolios (8), pro-
duction plans (y) and income transfers (r) at date O; consumption (z) is then determined

through spot markets at an appropriate market clearing price (p).

DEFINITION 6: A plan ((z,p),(r,6,y)) is constrained feasible (or feasible for a constrained

planner) if

(i) r=(r* s=1,...,]) € RI, 2’:#:0

=1
. I )
(i) * e0,1)7, s =1,...,1, > 8 =cwheree=(1,...,1)
=1
@) v €Y/, j=1,...,7

(iv) the spot prices p € (A%7')S+1 are such that fori=1,...,1
!

z' = arg max w'(zf) B(p,m‘)={ze RY | poz' = m'}
= €B(p,m*)

mt = pu(w'. + (y + n)ai) + T"Eo, € = (1,0,... ,0) € RS+1
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I , J . .
and spot markets clear ) (z* — w') = Y (v¥ + 7).
i=1 ;=1
A plan ((2,9),(r,0,7)) is constrained efficient if it is constrained feasible and there does
not exist a constrained feasible plan ((z,p), (7,8,y)) such that u(z*) > ui(z), i = 1,..., 1.

An allocation which is not constrained efficient is called constrained snefficient.

4.2 First Order Conditions for Efficiency.

We now introduce a fundamental simplifying idea. Since spot prices at date 0 are
normalised so that pg; = 1, the transfer payment 7¢ can be considered as a transfer of good
1. Thus when a planner chooses a triple (r,4,y) this is equivalent to choosing a virtual

endowment in goods
w=wt(y+n)8+re, i=1,...,I (12)

for each consumer, where ¢o = (1,0,...,0) € R¥. (12) can be viewed as the initial endow-
ments of an exchange economy & {(u*),w) where w = (w%,...,w’), for which consumption

is allocated through a system of spot markets.

DEFINITION 7: A spot market equilibrium for the economy £ ((u'),w) is 2 pair (%, ) such

that
(1) ' = arg max uf(z') s=1,...,T (13)
z€B(F,pow’)
I - -
(i S - w) =0
t=1

Let Z'(p,m‘) denote agent 1’s solution to (i) when income is m* € R$11, then a spot
market equilibrium price for the economy & ((v*),w) satisfies

I

Y (#(ppow’) —w') =0

=1
If the economy & ({u'),w) is regular at w then the price system §(w) is locally a differentiable

function of the parameter w.
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Consider a constrained feasible plan ((2,f),(r,8,y)) then 2' = #*(p,pov’), | =
oI, p = plw) with w = {w!,...,w’) defined by (12). We want to examine the
effect of a marginal change (dr,df, dy) in the plan 1.e., a change satisfying
1
Y dri=0, dy €T,0Y7, j=1,...,J
= (14)
Y déf =0, d6'20if67=0,i=1,..,1,j=1,..,J

Such a change induces a marginal change in the virtual endowments
dw' = (y+n)d8* + dyé* + dr'ey i=1,...,I

which in turn leads to a marginal change in consumption and spot prices (dz,dp). The

latter adjust so that

podi' = podw’ - dpn(z' —w')+driee £=1,...,1

The resulting change in utility for agent 1 is given by

du’ = al(—) dr’ whereau(?)=( ui(z ),..,au(.z) € RV
oz’ ozt Bzm oz,

is the gradient of u’ at %*. The first order conditions for (13) imply that there exist
= (X,...,25) € RS$! such that 252 = Xiop, i=1,...,I. Thus

du' = X [po((y + n)ds* + dyb’) — dpo(z' — v¥)] + Xidr' i=1,...,I  (15)
The following lemma is now evident.

LEMMA: Let ((2,P),(r,6,y)) be a constrained feasible plan, then there exists a marginal

change (dr, df, dy) satisfying (14) such that du® > 0, { = 1,...,I if and only if E

i=1 Ab
Since é_l = 7%, dividing (15) by X} and summing over i gives the marginal change in social
[+

welfare arising from the cha.nge (dr,dd, dy)
I

Z X‘ Zf' - (po( y+ﬂ))d9'+2ﬁ‘ (pody)e*
t=1

- _Zﬁi [dpro(z] — w))] (16)
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The term 3i_, #dpo(2 — wi) vanishes since x§ = 1 for all 1 and T1_ (2] — wi) = 0.
The first two terms in (16) represent the direct income effect of the change (df,dy), the
last term is the tndirect price effect.

A shareholder equilibrium ((:1‘,5, i, (P, 4, ﬂ‘)) is clearly a constrained feasible plan cor-
responding to (r,8,y) = ((6—5)(7, 8, g). Let us examine the marginal effect on social welfare
(16) arising from a rﬁarginal change (dr,df,dy) around such an equilibrium. Evaluating
such marginal change is legitimate since we prove in proposition 5 in the appendix that
the virtual endowments induced by an equilibrium are generically regular. The first order

conditions for the portfolio choice §* of agent ¢ implies that there exist 7*/ 2 0 such that
2. (po(¢ +77)) =& -7 with g7 =0if§7 >0

Multiplying by d8* and summing over ¢ and j gives
I I J

D_mt e (po(g+n))ds' = =373 pdo" = —pdg

=1 i=1j5=1

where 5 denotes the matrix 5 = (5/). The first order conditions for profit maximisation

by firm 7 imply
I
Y #ixt.(pudy’) =0 V dy € Ty8Y7
=1

Thus at an equilibrium the social welfare change (16) reduces to

; I
du® ; - i -
"X—‘.— = —pdf — E ﬂ‘i . [dpl D(fl - tyi)] (17)
i=1 70 i=1

The first term —5df# measures the cost of the no-short-sales constraints §7 2 0. This term
is zero in an equilibrium where 8 > 0 V ¢,7. The second term is the effect on welfare of
a change in the equilibrium spot prices.

The price function § is a function of w, which is in turn a function of the planners
action {r,0,y). With a slight abuse of notation we let § also denote the composite function

(r,6,y) — w —— p. If we make the separability assumptions A(3) then the period 1
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spot price function pj depends only on wq and hence only on (6,y;). Let 3-51— and 5;,1
denote the partial derivatives of the vector valued function §; with respect to '/ and
. , 85 .
v, respectively. These are both column vectors. Thus a—;i- denotes the SL x SL matrix

[-;%L, R 815,1-] . Since the price effect dp; decomposes into the change induced by df and
t SL

the change induced by dy, applying the lemma to (17) gives the following result.

PROPOSITION 4 (EFFICIENCY CONDITIONS): If an equilibrium ((2,8,§),(5,4,%)) is

constrained efficient then

I - -

. : 3p1 apl ; : _ .

() Z;”i'[(éﬁ?_éif’? oz} —wi}| =0, j=1,...,J

1=

for all k, k' such that §*7 > 0, §*7 >0

.. 3p1 i _ iy =

(¢7) Z#l d o(z} —wj)| =0

=1 ayi

for all dy’ € Ty;0Y7, j=1,...,J.

We refer to (i} as the portfolio efficiency condition and (ii) as the production efficiency

condition. Two important cases where both efficiency conditions are satisfied are the

following:

(2) There is only one good in each state (L = 1). (i) and (ii) hold since the price effects
vanish. This explains the result of Diamond (1967}, for in the case of ray technologies
the set of feasible allocations is convez and the first order conditions are sufficient.
In the case of general technology sets studied by Drize (1974) the set of feasible
allocations is non-convez and the first order conditions are no longer sufficient. Dréze
‘gives examples of equilibria with one good which are not constrained efficient.

(b) The present value coefficients are all the same (ﬂ"i =my, ¢t =1,...,I). This happens
if asset markets are complete (J 2 S and rank W = S) and the constraints §7 2 0 are
not binding. Proposition 3 asserts that when asset markets are incomplete this case

will not be observed. In addition there are two special cases where (i) and (ii) will

hold.
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(c) There is no ezchange at equilibrium (2] —w$ =0, ¢ =1,...,I). In the pure exchange
case this occurs if initial endowments are Pareto optimal, a situation which is not
generic,

(d) There is no production and all agents have identical income effects (identical homoth-
etic preferences). The price effects disappear in {i).

(a) and (b) suggest the possibility that if there are at least two goods tn each state
(L 22} and sf markets are incomplete (J < S) then equilibria are generically constrained
inefficient. In the case of an economy without production (Y7 = {0}, j = 1,...,J)
Geanakoplos-Polemarchakis (1986) have shown that this is indeed true. In order to elimi-
nate case (d) the genericity is with respect to utility functions as well as endowments. Our
object here is to extend the result to the case of an economy with production: in partic-
ular we will show that the production efficiency condition (ii) is generically not satisfied,
the genericity being with respeét to the endowments (w,n). Thus even if portfolios were
efficiently allocated, it is unlikely that production decisions are efficient.

From a policy point of view (i.c., should the government intervene or not) the sig-
nificance of the inefficiency theorems which follow depends upon the magnitude of the
distortions which they assert are generically present at an equilibrium. We do not attempt
to provide estimates of these magnitudes even though the analysis makes clear how such

estimates can be calculated.

4.3 Inefficiency of Equilibrium.

We give two polar conditions on the technology sets {Y7) which imply that at an
equilibrium the production efficiency condition (ii) is generically violated. The first requires
that for some firm j the dimension of its production set Y7 be L(S + 1): this means that
the firm uses as an input or produces as an output each of the L{S + 1) commodities.
From a technical point of view this assumption is similar in spirit to the requirement that

an agent have a positive endowment of each good.

THEOREM 3 (INEFFICIENCY): If the assumptions (i) (A(1)—(3),»B(1)=(2)); (i) L22;
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(i) 122; (iv) I+ J£S5+1; (v) K! = RN for some j € {1,...,J}, are satisfied, then

N(I+J)
++

there exists an open set of full measuref1* C R such that for every (w,n) € Q* each

equilibrium is constrained inefficient.

When K7 = R¥ firm j can completely control its date 1 production vector y-i by suitably
changing its production decision y(’; at date 0. The polar case is to assume that K7 is a
subspace of RY generated by the requirement that the composition of date 1 production
y‘i is fized and only its scale can be influenced by changing the date 0 production decision

yé. This leads to the following concept which reduces to the multiplicative uncertainty of

Diamond (1967) when L = 1.

DEFINITION 8: Firm j has a ray technology set if there exists a non-zero vector of date

1 commbodities (the ray) nj € RSL and a function A/ : R — R such that
Y? ={(-v},v]) € RE x R*® |y} = M (d)n]}

In all genericity arguments of the paper we need a parameter of dimension L(S + 1) for
each firm to perturb its supply function out of non-generic situations. Provided parameters
are introduced which permit sufficient controllability of the supply functions, the particular
parameterisation used 15 not of importance in our analysis. With a general technology set
the simplest way to perturb Y7 is by introducing an additive parameter (Y7 +n7). When
Y7 has the additional structure of being a ray technology set it is natura! to replace the
additive parameter at date 1 by the ray parameter n‘]’: in definition 8, leaving the date
0 parameter n(’,' to enter additively as before. We will follow this convention in all cases

where ray technology sets are introduced.

THEOREM 4 (INEFFICIENCY): If the assumptions (i) (A(1y-(3), By—(z)); (i) L22;
(ili) 122; (iv) I+ J2S + 1; (v) firm j has a ray technology set for some je{y,...,J},
are satisfied, then there exists an open set of full measure {1** C Rf_f_"""’) such that for

every (w,n) € (1** each equilibrium is constrained inefficient. Furthermore if all firms have

ray technology sets then the result holds without assumption (iv).
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REMARK: When all firms have ray technology sets the assumption 7+ J £ S + 1 can be
dropped because the objective function of each firm does not depend on the distribution
of its ownership among its shareholders; thus indeterminacy in the portfolios {6°) of the
agents does not translate into indeterminacy of the equilibrium. The second result in
Theorem 4 is important since it shows that the inefficiency result does not depend on the

upperbound on the number of agents.

5. EXAMPLE

The simplest class of economies in which the production inefficiencies of the previous
section can be explored are those in which production activity consists of using a single
input (investment) at date 0 and producing outputs at date 1. In such an economy there
are two causes of production inefficiency: inappropriate use of inputs 1.e., under or overin-
vestment at date O and inappropriate production of outputs s.e., production of outputs in
the wrong proportions across the states at date 1. We shall consider an economy in which
only the former type of inefficiency can arise by assuming that there is only one input at
date 0 and that the production sector consists of a single firm with a ray technology set.

The basic data of the economy are as follows. There are two consumers (I = 2), one
firm (J = 1) and two states at date I (§ = 2). There is one good (the input) at date 0 and
the two outputs (L = 2) in each state at date 1. The characteristics of the two consumers
(called & and ) are given by separable utility functions v¥(z'} = u}(zf) + Ezp.u‘i(zi)

=1,
and endowments w*, ¢ = 1,8 with p; = p3 = -;—

1405
ug(zo) = ( : ) log zo, u%(z,) = (Ze1Z42) %
ug(zo) = (1 + —E) log zo, u’f(z.) =logz, +logz,s a>0,b6>0

w® = (3,(0,26—a),(0,1)), w?=(1,(0,0),(0,1)), 26—-a>0

Since u’lB = 2loguf, agent B is more risk averse than agent a. As we shall see, this

induces agent & to become the sole owner of the firm. Thus we can think of agent « as the
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entrepreneur and agent § as the worker. We assume that the firm has a ray technology

set with constant returns to scale
h(UO) =¥, M= ((b,O),(l,O))

Equilibrium ((2,8,§), (5, 4,%)) is given by

a_ 8 a9 (33 -
z _(1,(2b—-§,2b 2),(2,2)), z
§*=1, §# =0, §=(-2,(2,0),(2,0)

Y 1 1 1 a
ﬁ=(1)(1)yéo')i(1i—9'))! §=0, %= li_!_)s ﬂp=(1’ b’ b)

2 1+ 14 a+0 a+
Note that
= a B - dp,2 1 _
Bl — @12 = 2= —(z12 — tyfz),, v =5 8= 1,2
_ 1 -
2, — W= 3= —(z5, - ‘.‘.-’gz)

and that §* = 1, §% = 0 are also the unconstrained optimal choices of a and #. Thus the

expression for the social welfare change (17) becomes

du® duf _ _ _
Sa toF = (et - 0R)(A7 - a0) - dpaa (25, - 05)(25 - 1)
0 0

= —dyok(a(a - 1) - b(a — 1)) = —kdyoA(a,b) (17)

where k = m > 0, A(e,b) = (a — b)(a — 1). Thus dygA(a,b) < 0 leads to a
marginal gain in social welfare.

The parameter space P = {(a,b) € R2_ | 2b — a > 0} is thus partitioned into four
disjoint open sets A(a,b) § 0 in which equilibrium is constrained inefficient, two of over
investment (a > b,¢ > 1 and a < b,a < 1) and two of underinvestment (@ < b,a > 1 and
a > b,a < 1), and two closed sets of measure zero A(a,b) = 0 in which equilibrium satisfies
the first order conditions for constrained efficiency (¢ = b and a = 1). When a = 1, since

x> = #P, the equilibrium is a Pareto optimum.
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How do we explain the welfare improving change in investment dy that a planner can
undertake for a given economy (a,b) € P? A marginal change in investment always helps
one agent and hurts the other. Thus determining the sign of dy, which leads to a welfare
improvement amounts to determining which agent stands to obtain the largest net gain
from a change in investment. Reducing (increasing) investment raises {lowers) the price
of good 1 relative to good 2 in each state and it is good 1 that the entrepreneur a sells
(worker 8 buys): thus reducing (increasing) investment helps the entrepreneur (worker).
If a # 1 the two terms in (17') have the opposite sign. Thus if the gain to o exceeds the
loss to  in state 1 then the converse is true in state 2. The sign of a — b determines which
of these two terms dominates and hence which agent should be helped. Thusif ¢ > 1 then
the gain_to a exceeds the loss to f in state 1 and if @ > b (¢ < b) this term dominates (is
dominated by} the net gain to § in state 2. Thus social welfare is improved by helping the

entrepreneur (the worker), namely by reducing (increasing) investment.
6. PROOFS

6.1 Proof of Theorem 1.
Following Debreu (1952) we exhibit a shareholder equilibrium as an equilibrium of
a game in which consumers and producers choose actions (%,,%) and “market players”

choose prices (#,d,#). The n-player game is defined by a set of triples for each player
{X%, &4, U, i=1,...,n} (a)

consisting of a chosce set X, a constraint correspondence A* and a pay-off function U, § =
1,...,n where X* C R™, X* # 0 (with X = H X1), A*: X — X' is continuous, convex
valued, A*(€) # @forall¢ € X, U*: X — R, U'(f) Ui(eL,..., &, .., £™) is continuous
and quasi-concave in ¢'. An action £ = {£!,...,{M) is an equilibrium if
£ € arg max UN(EY,..., 81, ¢ 841, ., 8Mm), i=1,...,n (b)
geAi(d)
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It is convenient to replace 7 by A = (A,...,AT). We thuslet ¢ = {z,4,y,p,¢,)). Consider

(a) and (b) for consumers, producers and market players respectively.

Step 1 Consumers and Producers. By assumption B (1)(ii) there exists A > 0 such

that the truncated commodity choice sets of consumers and producers
Ci={z'eRY |z,SM, s=1,...,5, L=1,... I} i=1,...,]
{y’eY’l-M<y" =M, s=1,...,8, t=1,...,L} ;=1,...,J

satisfy & C projoi 7, s = 1,...,1, Y/ cprojyiF, 5 =1,...,J where

={"wenc'xHY’lZz -w')—Z(wn’ <0

i=1 =1

Let u = min{wt,, s=1,...,5, ¢=1,...,L, i=1,...,I}, e< =, Toavoid TI_ NRES

MJ
0 we constrain 67 2 €6%7 ¥ i, j and let € — 0. Let [¢6%,¢] C [0,1]” then the choice set of

consumer ¢ is C* x [¢e6*,¢]. Let
B' () = {(=',6') € C¥x [e6", ]| 3* - po (2 —w' = (y+1)0%) + Xiq(6" - 6') 20} i=1,...,T

Let F¥() = arg max u'(z') i=1,...,I. Note that € < —— implies Bi(¢) # 0 for all
zieau‘{é') MJ
¢ € X defined by (c) below. Let

G’ (§) = arg max 7 (4,%) - (Foy’) j=1,...,J

yiets

where 52(6, ) = ({: 9-‘:‘) (ﬁ ,\g), Bi(6,0) = 3 09i ( ] A%).

i=1 s=1 i=1 i34
Step 2 Market Players. Since the original budget set B* of each consumer is homoge-
neous in (po,¢) and p,, 8 = 1,...,5 we may choose (po, g} € AL+/=1and p, € AL-1 5=
1,...,5 where A¥-1 = {z e R_";_ ] zk: z; = 1} is the standard simplex. Similarly we may
choose A € AS, i =1,...,1I. T;1=elchoice of prices by the market players is made as

follows.



Py(§) = arg max POE 2 - wh ~ Eﬁ’y{, +Z:grJ (29‘5—1)

(rogleat+i=t T, i=1

A¥() = arg max X' - po(z — v’ - (y+q)5=) + (@ =Y i=1,...,1

‘\ieAs
I . _ J
LetX = JJ(C? x [e8',¢]) x J[ 77 x A= x AS+I=1 x AST (c)
=1 J=1

and let ¢y : X — X denote the correspondence

V() = (F(E): G(¢), P(f)’ A(E))s (eX

where F = (F!,...,FT), G = (G',...,G7), P = (Po,Py1,...,Ps), A = (A},..., AT},
Since X # 0 is a compact convex subset of R™ and ¢ : X — X is an upper semicontin-
uous, convex valued correspondence such that ¥(¢) # @ for all £ € X, the conditions of

Kakutani's Fixed Point theorem hold [Berge (1963), p. 174]. Thus ¢ has a fized point.

Step 3. A fixed point { € ¢(£) is a shareholder equilibrium. First check that
£ is an equilibrium for the truncated economy £(M,e)- To obtain an equilibrium for the
original economy € let M — ocand ¢ — 0. If ((x‘,ﬂ‘,y‘),(pa,pi,q‘,)\‘)) is a limit
of a convergent subsequence of equilibria for £(as,.) then a standard argument proves that

this is an equilibrium for £. It suffices to verify that each consumer 1 has a positive income

A (ptow') + ALg 6 > 0i=1,...,I .

6.2 Proof of Theorem 2.

Step 1. We begin by introducing a procedure for handling the no short sales restric-
tions on portfolios. We consider an artificially restricted portfolio choice 8:;IL arising when
agent ¢ is not permitted to invest in a subset of firms indicated by A and is unconstrained
in his investment in the remaining firms. More precisely let A denote the set of all subsets
of pairs (1,7) € {1,...,I} x {1,...,J} (including the empty set @) such that A € 4 implies
that for each j € {1,...,J} there exists 1 € {1,...,I} such that (1,7) € A (for each firm

j, some consumer ¢ must be allowed to invest in firm j). The set {j|(i,7) € A} is the set
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of firms that consumer s may not invest in: A thus consists of a list of the firms that each
consumer s = 1,...,J is forbidden to invest in. Let A — Gf,‘ denott a map defined on A
with values in R” such that 6/ = 0if (v,5) € A. Let 8%, > 0 mean 6*/ > 0 for all (s,7) ¢ A.
We place no short sales restrictions on the portfolios 6%, other than those implied by A.
Define the A-restricted budget set for consumer ¢ by

there exists 8% € R’ such that

. _ 3 N : '
Bulpgyviwin) = 2€ R 1o (00— wi) ‘N qél] =W(p,q;v + )b
pyofzy —wj) . g

DEFINITION 9: An A-equilibrium for the economy & ((u*,Y?),w,n), for A € 4, is a pair
of actions and prices ((:EA,EA,ﬁA), (P, g,m)) such that (i) (25,8 ,%2%),¢ =1,...,] satisfy
(i} in definition 4 with the budget set B*(p, §,7;w,n) replaced by the A-restricted budget

. . . . . . I v
set B:{(ﬁ)‘f:g;wsﬂ)v (li) gfg = arg ma'xy-fe}’i Ei -(p’c:y’), > = 1-.--'-)'] with 63{ = Z 9_;#:4:

i=1

1 _ J _ .. _ _
(i) (2 —w') = > (F +97), (iv) 8] =1, 5=1,...,J. An A-equilibrium is 2
positive (non-negative) A-equilibrium if 65 > 0 (%, 20), 1 =1,...,7].

REMARK 1: I ¢ = ((E,E,g),(ﬁ,q,ﬁ)) is an equilibrium then there exists A € A such
that { is a positive A-equilibrium. It suffices to let A = {(¢,5) | § = 0}. The equilibria
for which the constraints §7 2 0 begin to be binding for some (i, 5) are equilibria ¢ for
which there exist 4 and A with A g A such that £ is a non-negative A-equilibrium and a
positive A-equilibrium. If we let o/ denote the multiplier for the constraint 8 2 0 then

A={(i,7} |87 =0, 77 >0}, 4={(1,5) | §7 =0}.

Step 2. For any compact set X C Rfi”']) the set of non-negative A-equilibria

EsA(K)={t4 = (zA,04,¥4,94,94,74) | €4 is a non-negative A-equilibrium for (w,n) € K}

is bounded. The boundedness of the actions (z4,84,y4) follows from assumption B

and the no-short sales restriction on portfolios. We assume that spot prices are normalised
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within each state so that the price of the first good is 1. Thus if p = (p,}5_, then p,; =
1, 8=0,...,5. A standard argument based on the monotonicity of the utility function
shows that the A-equilibriam spot prices p4 are bounded. The fact that each present
value coefficient #¢ is bounded follows from the fact that x} = {%—:—:—53—:&3, §=0,...,5is
bounded, since u*(z*) 2 min(, 5)ex u*{w*) and since z* is bounded above. Since for each

firm 7 there is some agent ¢ with 8/ > 0 and since ¢/ = 3 mip,(y) + nJ), ¢’ is bounded.
=0

Step 8. In step 1 we have fixed 8 = 0 for all (1,5) € A and allowed agents to choose the
remaining portfolio components freely, 8/ € (—oo,00) for (i,5) € A. Thus ﬁi = ZI: ﬁf;"lvrj‘
can have negative components. In order to ensure that the supply function of ;:h firm
j remains well-defined and smooth we compactify the production set Y7 as follows. Let
UcC R_f}_”") be a bounded open subset and let U denote its closure. The set of attainable

production plans given I is defined by

(w,n) €U

J
Yp=<{yvel|lY'|/s 1
:'=Hl (_Zl(y’+n’)+,‘thU')ﬂRf#¢
J= =

Let C/ = my;Yg where my; denotes the projection onto ¥; and let ¥7 be a compact convex
set such that ¥/ O €7, the boundary 8Y7 is a k; — 1 dimensional C2 manifold with strictly
positive Gaussian curvature at each point and 8Y7 C 8Y7 N C7 (i.e., the efficiency frontier

of Y7 coincides with the efficiency frontier of the truncation C7).

Step 4. We now show how to handle the problem of degeneracies or changes in the rank
of the matrix of security returns W. We employ a technique similar to that introduced
by Magill-Shafer (1985) which consists in writing out equations characterising equilibria
of all possible ranks p £ J and showing that with the assumption I + J £ 5 + 1 equilibria
of rank p < J are exceptional. The first step is as follows. Consider an A-equilibrium in
which the rank of W is p. Let P denote the set of permutations of {1,...,J}, then there

exists a permutation ¢ € P {a relabelling of the firms) such that if W, denotes the matrix
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obtained from W by permuting the columns according to the permutation o, then the first
p columns [W2,... ,W£] of W, are linearly independent. Thus there exists a p X J —

matrix E = (Ex;, k=1,...,p, § =1,...,J — p) such that
P
W:+j=ZEkjW:, i=1...,J—p
k=1

Since the return on each of the last J —p firms of the permutation ¢ is a linear combination
of the returns of the first p firms, the choice of a portfolio 8%, which gives rise to the vector

of returns across the states
~ g S (p+5 - i o (k
Z G:I,aw: + Z: G;fa 7) ( z Ek,-Wﬁ) . B;{"c = 0:’( )
k=1 jzl k=1

is equivalent to the choice of a portfolio 7, ,, = ('ﬂ;’fp,, = in the first p firms of the

permutation ¢
J=p
. . (ot
Vi = 040+ Z 9:\{; J)Ekj, k=1,...,p
=1

Of course if we let M} , = {6' € R’ | ¢/ = 0 if ({,0(j)) € A} denote the portfolio
space of agent ¢ implied by A, then the transformed portfolio qrf" »,c must lie in the image
of the original portfolio set, v ,, € [I, | EJM} , where I, is 2 p x p identity matrix.
When W has rank p < J while there are infinitely many 0:'4 that give rise to a given
revenue stream m' = (m});_,, there is a unique 7} , , that generates m‘. Thus agent ’s
optimal portfolio is well-defined. Note that v, , = 0 is equivalent to (i,0(k)) € A and

(i,cr(p +j)) € A, j=1,...,J —p. We are thus led to introduce the (A, p,0)-restricted

budget set for consumer 1.

there exists v ,, € [I, | E|M} , such that
1 . — N . ,
BA.p,a(P:q,y,E:Uaﬂ) - J:ER+ pO(zO—w(‘)) _qél
p1o(z — wj)
and for each A € 4, 1 < p < J, o € P the open sets

= [Wc: vt 'Wc‘r,]’ﬁl,p,a

AA-P,V = {(psQaygoAsE:w,ﬂ) €T x R_'{__'_ x RNJ x RIJ-#A x RP(J~p) % UI
rank|WJ,... , Wf] = p}
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where I' = (AL71)5+1 ALZ1={(v,,...,u1) € RE_ |v; =1}, We let
++ £+ ++

. - i . N Iy .
(fjl,p,,, T, 0,00 wA,p’,) tAgpe — RYXRP XA, ¢=1,...,1

denote consumers +’s solution to maximising utility u* over the budget set Bi’p’,. Similarly
we define the supply function of firm j

#:rxal, — RY by @ (p,6’) = arg max f’ - (pay’), j=1,...,J
LEMMA 1: The decision functions (f% , ,v ¥ p0r T4 p0) i Aape — RN x R# x AS

i=1,...,] and the supply functions §’ :Tx A%, — RN, j=1,...,J are C! functions.

PROOF: Use the fact that rank[W} ... W£] = p and adapt the argument in Geanakoplos-
Polemarchakis (1984, section 3) for the demand functions. Use Mas-Colell (1985, p. 106) to
establish smoothness of the supply functions. Note that it is at this point that the assump-
tion of strictly positive Gaussian curvature of the indifference curves and the boundaries

of the production sets enters. a

We are now in a position to write out the equations characterising rank p equi-
libria. Since Walras’ Law holds for each state we can eliminate the market clearing
equation of good 1 in each state. To this end we introduce the following notation: if
z€ RLSHY) 2 = (2,4, 22, s=0,1,...,5) € R(L-1D(S+1) denotes the truncation of z.
Let z= (p,q,y,04, E,w,n} denote a typical element of A4 ,,. Then an A-restricted rank

p equilibrium with permutation of the firms o must satisfy the equations

I J
E fAlp’ Z (i)
=1 J=1
I .
( ’Zaﬁa-‘,pa(z) ¥ =0 y=1,...,J (ll)
=1
Tapo(2) — o BBy, =0, i=1,...,] (iii) (18)
p
WEH - N EuWi=0, j=1,...,0~p (iv)

k=1
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ZGAU"C_ (V)

t=1

where e = (1,...,1) € R’7. We may write the system of equations (18) as
Fa,0(2)=0, A€A, 1<p<J,0€P (18")

where Fa oo Aapo — M with M = R(E=D(S+1) x RNJ » RIp=a x R(S+I(I=¢) x RY.
In view of lemma 1, Fy4 0 it a C! function on A4 0. In (18)(iii) it is assumed that if the
jth equation reduces to ’1}"' pc =0 then it is eliminated and we let a denote the number

of equations eliminated in this way. Clearly a £ #A and when p = J, a = #A.

Step 5. Fap0 MO, for all A€ A, 1 < p < J, 0 € P, in other words the linear trans-
formation between tangent spaces D;Fa p o : Tehape — Tr,, . (5)M = M is surjective
VzeFg} ,(0).

Let m = dim M,¢’ = (e{):‘;l with c" =0, 1 # 7, e; =1, s =1,...,m denote the
standard basis for M = R™. It suffices to show that for each ¢/, j = 1,...,m there exists
dz’ € T;A4 0 such that (D.FA,p,,)dzf =¢/, § =1,...,m. Consider in turn each of the
equations (18)(i)-(18)(v). (i) The equations in (18)(i) are indexed by the goods (s,¢), s =
0,1,...,8, £=2,...,L. To obtain e(8) let dw}l, = p,¢, dw}, = —1 with all other com-
ponents zero, so that dz{(*8 = (0,...,dw},,...,dw},,...,0) = (0,...,psty...,—1,...,0).
By reducing the endowment of good (s, £) of agent 1 by one unit and simultaneously com-
pensating him with an amount dw}, = p,¢ of good 1 in state s, so that his income and
hence his demand is unchanged, the excess demand for good (s, £} is increased by one unit
and no other equation is affected. (ii) The equations in (18)(ii) are indexed by firms and
goods, (7,8,8), s =1,...,J, 8=0,...,8 £=1,...,L. To obtain the change with 1 for
(5,8, 8) let dy’, = =1, dni, = 1, so that the profits p(y’ + 57) of firm j are unchanged
and no other equation is affected. (iii} The a components for which 7%, »,0 = 0 have been

removed. Component k of every other "yi’ s,0 €quation, can be increased by € by altering
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the initial resources of agent 1 in the following way:
dwgl = E(Q‘k —Po(yg + nl’)‘))’ dw:l = —€p.(yf + ﬂf): s=1,...,8 (19)

These changes induce agent § to increase ﬁf‘,p'o by € without changing his consumption.
The first order conditions are still satisfied so that dfi'p,a = 0 and no other equation is
affected. (iv) Component s of W#*J can be changed by 1 unit by setting p, dn’7’ =1,
without affecting any other equation. (v} To change equation k in (18)(v) by € unit pick
(1,k) € A and set d8'} = e. Equation (18)(iii) will not be affected if agent ¢ can be induced
to a change d"yi,p,, in ;i'jl,p,a’ such that d‘}“;’p'a = [I, | E|d8%. If k < p, the change in

initial endowment (19) induces a change d"}jf'pl, =e¢ Ifk>p, k=p+ 4, agent t must be

induced to change "iﬂ";,a, 1 < k' < p, by Eysje. The change in initial endowments

p

dwd, = ¢( i Ewi(d® —polyd +n8)) duwly = ~¢( E Ew;pa(y¥ +10¥)) s=1,..,8
k=1 k'=1

will induce such a change. The change df', induces 2 change in (18)(ii) which is compen-

sated by a change in output dy’ = d§’. This will not affect the demand function of the

agents if it is compensated by a change dn’ such that dy’ + dn’ = 0. Thus D, Fy,, is

surjective.

Step 6. We show that foreach A € 4, 1 < p < J, ¢ € P, there exists a set of measure
zero Na,p0 in U (the bounded open subset of Rfi”") introduced in step 3) such that for
all (w,n) € U\N4, 0 (18') has no solution. Since F4,, o M 0 it follows from the Preimage

theorem {Guillemin-Pollack (1974, p. 21)] that F;} ,(0) is a C! manifold and
dimFy} ,(0) =dimAg 0 —dmM=NIT+J)+(J-p)lI+p—(S+1)] - (#A4-a)

Since by assumption I+ JXS +1 and p=J —1it follows that T+ p - (S +1) < 0.
Since #A42 @, dimFy1 (0) < N(I+ J). Consider the projection ¢ : Fz1 (0} — U
defined by ¢(p,q,y,04,FE,w,n) = (w,n). By Sard’s theorem the set N, ,. of critical

values of o is a set of measure zero in U. Thus if (w,n) € U\N4 , 0 since dimF7l (0) <
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dimU, ¢~!(w,n) = @, so that (18’) has no solutior.. Let Napo C Na,o denote the
subset for which there exists a non-negative A-equilibrium of rank p with permuation o,
We can now essemble the subset of parameter values {w,n) in U for which degenerate rank
non-negative A-equilibria can arise by defining
N= U Fape
Aef

1<p<J
c€e P

N' is a subset of U of measure zero. In addition N’ s closed. To show this pick a
sequence {(w",n")}3%, C N’ with (w*,n") — (o,f). For each (w",n") there ex-
ists a non-negative (A", p",o0")-equilibrium €4n = (Zan,84n,¥4~,Pan,qan,T4n). Since
(A", p",0") € (4,{1,...,J = 1}, P), which is a finite set, we can assume without loss of
generality that (A", p",0™) = (4,p,0) V n. Since {{w™,n")}32, C U by step 2 {£3}%2,
is bounded. Thus there exists a subsequence {§T}53_, such that £7 — £4. It is easy to
check that £4 isa non-negative A-equilibrium. Since rank W(p%,q%, 9% +n%) =p V nim-
plies that rank W (54,34, 54 +74) = p < p there exists & € P such that {4 is a non-negative
(A, 5,5)-equilibrium. Thus (@,7) € ﬂTA,p,a C N'.

Step 7. We assemble the parameter values (w,n) € U’ = U\N' for which equilibrium
prices are such that some agent’s portfolio #* is not a differentiable function of the prices.

For each A € A consider the open set
Ay = {(p,q,9,w,n) ET x RY x RV x U' | rank W = J}

Let (f%,8%,7%) : A, — RN x R’ x AS, denote consumer ’s solution to maximising
utility u* over the budget set B}, = %,s (the full rank budget set). Let z = (p,q,y,w,n)

then it follows from (18) that the equations for full-rank A-equilibria are given by

J

I
So(file) - ) = 3@ + ) =0 ()

y=1
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1

P (p Y E (7)) v =0 j=1,..,J (i) (20)

=1

I
S E(z)-e=0 (iii)
i=1
Equations (iii)-(v) in (18) reduce to the single equation (iii) in (20) since no column of the
matrix W needs to be expressed as a linear combination of linearly independent columns
as in (18). {20) can be written as

Fa(z) =0 (20)

where Fy : A, — M = R(E-1NS+1) x RNJ x RJ. For each A € A let' A’ be a set of pzirs
(¢,7) such that A'|JA € A, A’[1A = ¢ and A’ # @. Since every full-rank equilibrium
is a positive A-equilibrium for some A € £ we can find equilibria at which some agent’s

portfolio is not differentiable by solving the following system of equations
Hau(2) = (Fa(2), (03(2),6.5) € 4)) = 0 (21)

where Hy 4+ 1 Alf — M x R#A’ Let us show that Hy, a0 h 0. It suffices to show that we
can control the second component of H4 4+ without affecting F4. To induce the change

d&i{ = ¢ it suffices to change the endowment of 1 by

dwd, = (¢’ ~polyh +nj)), dwi = —ep (¥ +nl), s=1,...,5

Let 1+’ be an agent such that 9:? > 0. By transfering the goods from agent ¢ to agent
¥, dw’, = —dw!, we can induce the change df",’ = —e so that (20)(iii) is re-established.
The change in the supply §’ in (20)(ii) is compensated by dy’ which in turn is compen-
sated by df)’ so that (20)(i) holds. Thus H4 4+ h 0 so that H%,(0) is & manifold of
dimension N(J + J) — #A. If we consider the projection ¢ : Hz1,(0) — U’ defined by
¢(p,q,y,w,n) = (w,n) then by Sard’s theorem the set of critical values N4 4 is a set of

measure zero and since dim H;4,(0) < dimU’, ¢~} w,n) = @ V (w,n) € U'\N4,ar. Let
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N4 ar denote the subset of N4, 4+ for which there is a non-negative A-equilibrium satisfy-
ing (21). Then N 4,4 is a closed set of measure gero in U’ (the proof of this follows the

approach in step 6 above}. Thus the set

U" =U'\N" where N'"= U Na,ar
Aec 4
Al
is an open set of full measure in U such that if (w,n) € U” then neither of the degeneracies

(a) or (b) mentioned in section 3 above can occur.

Step 8. We eliminate the final type of degeneracy (c) mentioned in section 3, namely the
parameter values (w,n) for which there exist equilibria which are not regular. Recall the
function F, defined by (20) and (20’). We modify the domain A/, by restricting (w,n) to
the subset U”, thus we define

= {(P,q,y,w,n) €T x R? x RV x U"|m1k v =J}

84>0

where 8, > 0 means 5; >0,1=1,...,I Since by step 3 F4 th 0, F7!(0} is 2 manifold of
dimension N(I + J). The projection ¢ : F71{0) — U" defined by ¢(p,q,y,w,n) = (w,n)
is proper. To show this we pick a compact set K C U"” and show that ¢~} (K) is compact.
Since by step 2 ¢~ !(K) is bounded it remains to show that it is closed. Pick a sequence
{(p", ¢, y", W™ n")}22, C ¢~ 1K) with (p*,¢™, y",w", 0"} — (5, §,7,@,7). Since K is
compact (@,7} € K C U. Since a limit of non-negative A-equilibria is an A-equilibrium,

(7.7,7) is a2 non-negative A-equilibrium for (@,#). But since (@,1) € U, (P,4,9) is a

By Sard’s theorem the set N4 of critical values of ¢ is a set of measure zero in U”.

Since ¢ is proper N4 is closed. Define the positive A-equilibrium price set (recall that A’}

is now the domain of F,)

Na(w,n) = {(p*, ", v")|Falp®, ¢*,v* w,n) =0}, k=1,...,n
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Consider the map Fa(-,w,n) : T X R x RN — M. The basic step in the proof of the ele-
mentary Transversality theorem [Mas-Colell (1985), p. 231] asserts that Fu(-,c,n) h 0 for
the parameter value (@,1) if and only if ¢ th (&, ) where ¢ is the projection ¢ : Fy1(0) —
U”. Thusif (@,) € U"\N4 and I14(@, ;) # @ then by the implicit function theorem there
exist a neighborhood Nz 4y and n ! functions ¢* : N5 5y ~— IXx BRI xRN, k=1,...,n
such that
Ma(w,n) = {¢*(w,n), k=1,...,n}, (w,n) € Na g

Let N4 = U”"\N4 and let f1 = [ 4c4 4. Since an equilibrium is a positive A-equilibrium
for some A € A4, if (@,7) € 0 there is a finite number of equilibria (each of full rank)
and a neighborhobd N(,%) such that the equilibrium prices (¢¥*) and agents decisions are
smooth functions of {w,n) for all {w,n) € Nz g). Step 3 began with the bounded open
set U C Rfi”'”. Since Rf_&_”‘” can be covered by a countable union (U,) of such sets,
repeating steps 3-8 leads to a family of open sets (f2,) whose union gives the required open

set, ™

6.3 Proof of Proposition 3.
We prove the more general property that generically A-restricted equilibria have
distinct #4,..., %) for each A € 4. Let A4 be the domain defined by

rank W(z) = J}
OA(z) >0

As = {z = (p,q,y,w,n) €T x R’ x R7¥ x N
where {1 is the open set defined in theorem 2. It suffices to show that for any pair of
consumers 1, k € {1,...,I}, 1 # k generically #%, # #% or that generically the system of
equations

Ha(z) = (Fa(2),Ga(z)) =0 (22)
has no solution where Fyq : A4 — M is defined by (20), G4 : A, — RS is given by
Gal2) = #5\(2) — #n(2) and Hy : Ag — M x RS.

The idea is as follows. In (20') for fixed {w,n) the number of independent equations

{(dim M) equals the number of independent unknowns: we want to show that adding the
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S equations G4 = O makes the number of independent equations exceed the number of
unknowns. However we cannot show that rank D,H4 = dim M + § (i.e., that O is regular
value of H). Since J < S we can show that rank D,H, 2dim M + (§ — J) and by the

following lemma this will be sufficient.

LEMMA 2: Let X be a manifold and ¢ : X — R" a (! function. If rank D ¢ 2 r for
all z € $71{0) = {z € X | ¢(2) = O} then there exist submanifolds M, C X, dimM, =
dimX -, a=1,...,m such that ¢71(0) c UT_, M.

PROOF: (see Corollary 1, Magill-Shafer (1985)).

Since rank V(z) = J for all z € A, it follows that
dimV()t=8~J, V(' ={lheR5|8V(z)=0}, VzeA,

Consider any 2 € H;1(0) we want to show that rank D, H4(z) = dim M + (S — J), where
zZ=(p,¢,§,@,7). Pick any dr) € V(2)1. We show that there exists dz = (0,0,0, dw',0)
such that D, H4(Z)dz = (0,dry). Let 3 € RIT! be defined by D,iu*(2*) = X o5 and let

dA! = A§(0,dr)). We want to show that there exists dz' € R” such that

Div'(z' + dz') = (A + dA)op (23)

Since by A(z) the indifference surfaces of u' have strictly positive Gaussian curvature
for all £* € RY,, it follows from a theorem in [Mas-Colell (1985), p. 80| that we may
without loss of generality assume that D:,-u"(i") is negative definite. But then there exists
dz* satisfying (23). Let us now note that if we let dw' = dz*, if (w' + dw') is agent
i’s endowment then (z° + dz', 8%, X' + d)') is the solution of his utility maximising
problem. This follows at once from the fact that first (23} holds, second the budget
equations are satisfied with &% since podz' = podw’ and third (A 4+ dA)W7(2) = 0 for
(1,7) € A, since dr, € V(2)L. Since the change dw® leaves ?ri and F4 unchanged and

since in the proof of theorem 2 we have already shown that rank D,F, = dim M, it
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follows that rank D,H,(2) = dim M + {S — J). By lemma 2 there exist submanifolds
Mo C A4y a = 1,...,m such that H 1(0) € |J;_, Ma. Consider the projection ¢ :
M, — R_’:_S_“J), ¢(p,q,¥;w,n) = (w,n). By Sard’s theorem the set 1 of regular values
of ¢ is a set of full measure in Rfi”'”. Since by lemma 2 dimM, - dim1§ = —(§ -
J)y ¢~ Hw,n) =8V (w,n) € O4. Let 0 x = NaecaNazy 0%, then Ha(p,q,y;w,n) =0
has no solution for all (w,n) € 0, for all A € A. Thus if we let 0 = <, p; N,
then for every (w,n) .E 11 in each equilibrium the present value coefficients (#%,...,%7) are

distinct. a

6.4 Proof of Theorem 3.

We show that the equations of equilibrium and the production efficiency equation
(ii) of proposition 4 are generically not simultaneously satisfied, so that equilibrium and
production efficiency are incompatible. Let ((%,8,7),(p,d,%)) be an equilibrium and let
0 = w'+ (§+19)8, @ = (9',...,97) denote the induced virtual endowment for the
economy £ ((u"),@). ‘By proposition 5 (appendix)} there exists an open set of full measure
0" c Rff'*"” such that if (w,n) € 0" then the equilibria of £ ((u‘,Y"),w,q) induce virtual
endowments @ for which the economy € ((u*),&) is regular. Thus if 5(w) is a spot market
equilibrium for € ((u*,w)), namely a solution of Z(p,w) = i (z*(p,pow’) — w') = 0, then

=1

p is differentiable at @. Thus %% is well-defined.

Step 1 By assumption (v) 8Y7 is an (N — 1)-dimensional manifold. Its tangent space
at 7, ngan is thus an (N — 1)-dimensional hyperplane in R¥. Since firm j is maxi-
mizing profit 57 - (foy’) over Y7 at ¢, this hyperplane is orthogonal to the price vector
(Po, BiP1,...,B%Ps) > 0. Thus its projection onto the date 1 commodity space RES is

surjective. In view of this the efficiency condition (ii) can be written as

e I
<[§-p—1-] dy}, Z'Riu(f"—@")> =0 Vdy] e RYS (24)
ayi =1

where {, ) denotes the inner product. The normalisation of spot prices p,y = 1, 8 =
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1,...,8, implies dp,; =0, 8 =1,...,5. Thus if we define

Q= [apl] : RES - RUE-VDS oT  R(L - 1)S — RES

o
(25)
u—dyi, v = Zfln(il— “‘)
Then (24) reduces to
(Qu,v) = (1,QT1v) =0 Vue R «=QTv=0 (26)

If we show that rank QT = (L — 1)S then (26) is satisfied only if v = 0. The key idea is

to then use proposition 3 to show that generically v # 0 at equilibrium.

Step 2. We show rank QT = (L —1)S. In view of the separability assumption A(s) the
equation Z(p,w) = 0 decomposes into a pair of equations Zo(po,wo) =0, 2, (P1,w;) = 0.

Differentiating the latter at w = @ and using the fact that 7, (@) = p, gives

321 aﬁl_ﬂigi;‘aéiﬁ + 2t s=1,...,8 (27)
81 | 8y, = mi*Tl t=1,..,L

where ei‘ € RES is the vector whose component (s,£) is 1 and whose other components

b4
are zero. Since @ is regular the matrix B = [;T%] has rank(L — 1), so that B! is

well-defined. Thus (27) can be written as
Q=B"C

where the matrix C is given by (recall p,; =1, s = 1,...,5)

I -
_Zgua:n; 1_151229'*.1&3. —ﬁstﬂ‘JE—U—
=1 s

h m'
=1 =1 5

I ) 7 .
ST pu R o 1opg 3 8
i=1
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C is a matrix with SL columns (each component Vje has an effect on price) and (L —1)§
rows (we consider truncated demand). To prove that rank Q = (L —1)5 it suffices to show
that rank C = (L — 1)S. Let C,; denote column (s,£} of C. If we substract from each
column C,¢, €2 2, the multiple $,,C,; of column C,;, s = 1,...,S then we obtain a new

matrix D =[...,C,1,Cs2 ~ P42Ce1,..-,Csr — Ps1.Cyy,...] with the same rank as C

[ 1 ad I .t 7
.. 8% ; i 8
_z:aua_';xi_ I E:JJ 0 - - 61_4.8:" 0
|=1 l--l i=1 §

I Il
82 as! 8
_z:ﬁu_zz. E:ﬁua_’#. I _,EE'JT:@' 0

-
i
A

D = =1

I [ 31
Eguﬁ.s. 0 -2 878 o ... _):gua_az_ I
=1

=t dm} am'g

where I is an (L — 1) x (L ~ 1) identity matrix. Clearly rank D = (L —1)8.

Step 3. As usual, to prove a property for equilibria, we prove that it holds for all positive

A-equilibria. For A € £ define the domain

Ar= {z= (P, v,w,m) €T x RY x R¥ x (' 0") l”‘-nkW (2} = }

94(2) >0

We add the equation v = 0, namely

!
Z o [£1(p1,p1 0 (2)) — 941 (2)] = 0 (28)

to the A-equilibrium equations F4(2) = 0. Thus if we define Hq : A4y — M x RI-1)§
by Ha(z) = (Fa(z),Ga(z)) where F4 is defined by equations (20} and G, by (28), we
want to prove that generically for each A € A the system of equations H4{z) = 0 has no
solution in A 4.

By lemma 2 it will suffice to show that rank D, H(2) 2dim M+ 1, for all z € H;'(0).
By earlier arguments rank D,F4(z) = dim M for all z € F1(0). Since G4 : Ay, —

R(E-1)S G4 has components (5,€), s =1,...,5, £ =2,...,L. It suffices to show that
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for each z € H;l(O) there exists some state s and some good £ 2 2 such that component
(8,£) of G4 can be locally controlled without affecting any other component of G4 or Fj.
By the proof of the proposition 3 for each A € A and each z € H(0) for any pair of
agents ¢ and 1/, #%(2) # 7% (2), provided (w,n) € Q. Let #% = (#,,...,7%s). Thus
there exists a state s such that, without loss of generality #%,(z) > #%,(z). Pick some
good £2 2. To obtain an increase in component (s,¢) of G4 consider the transfer of good
£ from agent § to agent ¢’
dw:‘; = —dwl,, dwl,>0

At the same time decrease (increase) the endowment of good 1 of agent s (agent ¢') so as to

leave his income and hence his demand unchanged, dw}, = —p,edwi, (dwi, = p,edw’,).

Component (s,£) of G4 increases by

(i, (2) — 7%, (2))dwi, > 0

No other component of G4(z) is affected and F4(z) unchanged. Thus rank DzH4(2) 2
dimM +1, Vz€ H;(0).

By lemma 2 there exist submanifolds My C A4, dimM, = N(I+J)-1, a=1,...,m
such that H31(0) C U;_; Ma. Now apply Sard’s theorem to the projection onto 12 ()"
as in the proof of proposition 3 to deduce the existence of an open set of full measure
0* € 00" such that for all A € 4, Hu(2) = 0 has no solution for all (w,n) € N*. Thus

no A-equilibriurmn and hence no equilibrium is constrained efficient whenever (w,n) €N*a

6.5 Proof of Theorem 4.

Step 1. Let T C {1,...,J} denote the subset of firms with ray technology sets and
let T° denote the remaining firms. We need to indicate how the proof of theorem 2 can

be modified when T # @. For each firm j € T the supply function

& (p, B, n]) = arg max B - (p1on)H (v3) + pot? (29)
v}ERL
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. I .. . .
where 87 = Y 6*7x°, now depends in addition on the ray parameter rri. Since for all
=1

agents ¢ such that (1, 7) € A the no-arbitrage equation

S
¢ = (3 #hupni )W (53) + o (30)
=1
S .. ,
holds, it follows that 3 #,p,n] is independent of 5. Thus for 5 € 7 (18)(ii) reduces to
=1

F o ,o(2)nl) - =0, jeT (18) (ii)’

Note that the terms - 7] fall out from equation (18)(i). For the newly defined function
Fu,p0 we need to s};c?; Fgp0 O (step 5). The main difficulty is to control equation
(18}(ii)’ without affecting the remaining equations. We indicate the steps leaving details
to the reader. Consider equation (s,£) with s 21 for firm j € T. To control this equation
consider dn{ such that dnﬁk =0if (o,k) # (s,0), dnft # 0. This induces a change dgg; in
goods at date 0 and a change dh’ in the scale of production. The change in the supply
function at date 1 is thus dgf;k = r;rj dh? if (o,k) # (s,€) and dgje =-dnf¢hj + njtdh-"
Compensating by dy’ = (dgo, n{dh’) restores the equality in (ii)’ except for equation (s, £)
which changes by the amount dr].thJ. A change du'* = —0; " -4y’ V i restores equality
in (18){i). Agents do not change their consumption and portfolios since by the envelope
theorem the change dy* does not affect the no-arbitrage equation. Appropriate changes
in the matrix E restore equality in (iv). These changes in E are compensated by induced

changes in "iri. 5,0 eilected as in equation (19).

Step 2. We prove that if all firms have ray technology sets we do not need the assumption
I+ J=8 +1 to establish step 6 in the proof of theorem 2. Since the objective functions
of the firms do not depend on the portfolios {6%/), equilibria can be defined without these
variables. Summing (18)(iii} over ¢ and using (18)(v) gives the compatibility conditions

J—p
Z’ﬂk.p, =1+ EEU, k=1,...,p
=1

1=1
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Note that for fixed (w,n) there are more equations than unknowns so the rest of step 6

can be applied as before.

Step 3. As in the proof of theorem 3 we show that equations of equilibrium and the
production efficiency condition (ii) of proposition 4 are generically not compatible when

T # @. Fora firm § € T with ray technology condition (ii) takes the form

I
a5 . .
<[3y’1] nla . z#'lu(z‘l -tg‘1)> =0 Ya€eR
1 =
Using the notation in (25) this can be written as
niTQTv =0 < vTer{ =
As usual we show that this condition is not satisfied at positive A-equilibria. Applying

N(I+J
R

step 3 in the proof of theorem 3 we obtain a set (1* C on which v, (2) # 0 where

Zm(z o (51 (p1.p1 0wl (2)) = @y (2]

Let

Ag = {;: (p.q,9,w0,m) €T x RY x RNV x q+| 2k W(2) = J}

f4(2) >0

The function F4 in (20) remains unchanged except that E 7;1 in (i) is replaced by n
i=1 JET

and the components in (ii) are replaced by §’ (p,ﬁ;l(z),r;’l) -y forje T. Let Gu :
A4 — R be defined by

Ga(z) = niTQ(z)TvA(z) =0
andlet Hz : Ay — MX R be givenby Hu(z) = (Fa(z),Ga(z)). Weshow that generically
H,(2) = 0 has no solution for each A € 4. The fact that H, h 0 will be established if we
can show that G4 can be perturbed without affecting the equations F,4 (z) = 0. Consider
a perturbation drr{ € RLS satisfying

f1 cdni =0, dn{TQTvA #0 (31)
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If such a change dn’i exists then the objective function of firm j in equation (29) and the
no-arbitrage equation (30) are unchanged. Thus the input decision ﬂé is unchanged and
dy{ = dn:{hf(ﬂg) restores equality in 20(ii)’, while dwj = —J‘;{dy{ compensates for the
change in return on firm j's equity. Thus G4 is perturbed without affecting the equations
Fa(z) = 0. Note also that this sequence of changes leaves Q(z) and v (z) unaffected.
(31) has a solution if and only if there does not exist a) € RS, a; # 0 such that
QTva = ajopy. Thus it suffices to show that ajop; € Im QT for a; # 0. Since
Q = B~!C and B is nonsingular, Im QT = Im CT and Im C7T = (ker C)L. Note that

the vectors of income effects

I =i

oz

_Z 1y 1
rt= gjam'
=1

, s=1,...,8

t
a
satisfy Cr* = 0 so that 7* € ker C, 8 = 1,...,5. Since r* . (a1ep1) = a,, 8 =
1,...,5, ajop; &€ Im QT for ¢ # 0. Thus H4 M 0. The existence of a set of full

measure {1** C R,f_f_!_'*"]) is then obtained by applying Sard’s theorem to the projection of

H;1(0) onto 0. »

APPENDIX

DEFINITION 10: w € R™ is a regular endowment for the spot market economy
£ ((v'),w) if, for all equilibria of this economy (Definition 7) the matrix of derivatives

of the excess demand function with respect to prices is of rank (L — 1)(S + 1).

PROPOSITION 5: If the assumptions (A(l)_(e,),B(l)_(g)) and I + J =S + 1 are satisfied
then there exists an open set of full measure 1" C Rf_g,”‘]) such that, for every economy
€ ((ui), (Y?),(w,n)) with (w,n) € N, in each equilibrium (Z,4,§), (5,4, %), the induced
endowment @ = (@*)I_,, @' = w’' + (§ + 7)&", is regular for the spot market economy
E((uh),@).
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PROCF: From the separability assumption A(s), a spot market economy & ((u'),w) can
be decomposed into independent date 0 date 1 economies. Consider the excess demand

function

Z(p,w) =) (*(p,povf) - u¥)

¢

w is regular for £ ((u*),w) if and only if %gg(po,wo) has rank (L —1) and %%i-(pl,wl) has
rank (L — 1)S. As usual we will prove that this property holds generically for all positive
A equilibria.

Let A4 be as in the proof of Proposition 3. Consider the system of equations H4(Z) =
0 where H4 : Ay — M x R is defined by Ha(Z) = (Fa(Z),G4{Z)), Fa is defined by
(20) and

Ga(2) = det 322 (p0,040) det 51 (b1 041

with 9% = w'+ (y + n)6', w, = (wi)L_,.

An argument, by now familiar proves that a set {1 with the properties described in
Proposition 5 exists if H4 th 0. To show this it suffices to prove that we can perturb G4 (Z)
without affecting the equations F4(Z) =0

A little vector calculus shows the the Slutsky equation still holds with multiple budget

constraints so that

Le=1 ap"k
[ I s ub= const I
_ 227 i £=2,...,L
= ;(6;)0];) E(xok -Aok) m":l k=2 2....L
02, [ 9z,
—.(Pl,bj ) = -
9p 4l g 9Pk
[ 1 - u} = const
_ az.,) 1 6z.e tLk=2,...,L
hg (apo’k ‘Z:l(z"k wAO'k am' 8,0 =1,...,8
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Any transfer of goods among the agents which does not affect their incomes leaves the
equations of equilibrium F4(Z) = 0 unchanged but affects the terms (2!, — w,,,). Let
Z' = (' — w',). Such transfers can generate any dZ; such that 3°/_, dZ; = 0. Since the
matrix of substitutions terms is negative definite, the result is implied by the following

lemma. "

LEMMA 3: Let (ax), k=1,...,n, (b), s=1,...,I, k=1,...,n be (I +1)n vectors of
I .

R"™ such that det{a;,...,a,) #0. Let E={Z € R™ |} Z} =0V k=1,...,n} and Jet
=]

I
P : E — R be defined by P(Z) = det (u1(Z1),...,un(Zs)) where ux(Zi) = ax+ Y Z}bs.
i=1

If P(Z) = 0 for some Z € E, then there exists h € E such that DzP(Z)-h # 0.

PROOF: By linearity of the determinant with respect to each variable
1
P(Z) = det (a1,43(22), .., un(Z0)) + ) _ Z} det (b}, ua(22),- .., un(Z0n))-
=1
Consider the set of vectors h € E such that kL = 0 k = 2,...,n. Either for some of
| . _ _ . -
these vectors Dz P(Z) -h = 3_ h{ det (b%,42(Z2),...,un(Zs)) # O or det (b}, uz(Z;),...,
i=1

un(Z,,)) is independent of ¢ and P{Z) = det (a;,ug(zz),...,un(zn)). In this case we
repeat the reasoning for the following index. Taking successively all indices, either we
find a vector k such that DzP(Z) h # 0 or P(Z) = det(as,...,a,). But by assumption
P(Z) = 0 and det(ay,...,a,) # 0: thus the first alternative must hold and the proof is

complete. .
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