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0. EXTENDED ABSTRACT

This paper studies the sampling distribution of the conventional
t-ratio when the sample comprises independent draws from a standard Cauchy
(0,1) population. It is shown that this distribution displays a striking
bimodality for all sample sizes and that the bimodality persists asymptotlc-
ally. An asymptotic theory is developed in terms of bivariate stable vari-
ates and the bimodality is explained by the statistical dependence between
the numerator and denominator statistics of the t-ratio. This dependence
also persists asymptotically. These results are in contrast to the class-
ical t statistic constructed from a normal population, for which the num-
erator and denominator statistics are independent and the denominator, when
suitably scaled, is a constant asymptotically.

Our results are also in contrast to those that are known to apply for
multivariate spherical populations. In particular, data from an n dimen-
sional Cauchy population are well known to lead to a t-ratic statistic whose
distribution is classical t with n-1 degrees of freedom. In this case
the univariate marginals of the population are all standard Cauchy (0,1} but
the sample data inmvolves a special form of dependence associated with the
multivariate spherical assumption. Our results therefore serve to highlight
the effects of the dependence in component variates that is induced by a
multivariate spherical population.

Some extensions to symmetric stable populations with exponent parameter
o # 1 are also indicated. Simulation results suggest that the sampling
distributions are well approximated by the asymptotic theory even for

samples as small as n = 20



1. INTRODUCTION

It is well known that ratios of random variables frequently give rise

to bimodal distributions. Perhaps the simplest example is the ratio

a+x
(L) R = By

where x and y are independent N(0,1) wvariates and a and b are con-
stants. The distribution of R was found by Fieiller (1932) and its dens-
ity may be represented in series form in terms of a confluent hypergeometric
function (see Phillips (1982), equation (3.35)). It turns out, however,
that the mathematical form of the density of R 1s not the most helpful in-
strument in analyzing or explaining the bimodality of the distribution that
occutrs for various combinations of the parameters- (a,b) . Instead, the
joint normal distribution of the numerater and denominatoxr statisties,
(a+x, b+y) , provides the most convenient and direct source of information
about the bimodality. An interesting numerical analysis of situations where
bimodality arises In this example is given by Marsaglia (1963). Marsaglia
shows that the density of R is unimodal or bimodal according te the region
of the plane in which the mean (a,b) of the joint distribution lies. Thus,
when (a,b) 1lies in the positive quadrant the distribution is bimodal when-
ever a 1is large (essentially a > 2.257 ).

Similar examples arise with simple posterior densities in Bayesian
analysis and certain structural equation estimators in econometric models of
simultaneous equations. Zellner (1978) provides an interesting example of

the former, involving the posterior density of the reciprocal of a mean with



a diffuse prior. An important, although to our knowledge previously unno-
ticed example of the latter, is the simple indirect least squares estimator
in just identified structural equations (as studied, for instance, by Berg-
strom {1962)).

The present paper shows that the phenomenon of bimodality can also
occur with the classical t-ratio test statistic for populations with unde-
fined second moments, The case of primary interest to us in this paper is

the standard Cauchy (0,1) with density

2) ol

When the t-ratio test statistic is constructed from a random sample of n
draws from this population the distribution is bimodal, even in the limit as
n- o .

This case of a Cauchy (0,1) population is especially important because
it highlights the effects of statistical dependence in multivariate spheri-

cal populations. To explain why this is so, suppose (X . Xn) is

l ]

multivariate Cauchy with density

2

(1 + x'x)

(3) @72 (n+1)/2

This distribution belongs to the multivariate spherical family and may be

. . . . 2
written in terms of a variance mixture of a multivariate N(O, o In) as

@) [Neo, o®1_yde(a?)

where l/a2 is distributed as x% and G(az) is the distribution function



of 02 . Note that the marginal distributions of (3) are all Cauchy. In

particular, the distribution of Xi is univariate Cauchy with density as in
(2) for each i . However, the components of (Xl, A Xn) are statistic-
ally dependent, in contrast to the case of a random sample from a Cauchy
(0,1) population. The effect of this dependence, which is all that distin-
guishes (3) from the random sample Cauchy case, is dramatically illustrated

by the distribution of the classical t-statistic:

(3) t, =

Under (3), tX is distributed as t with n-1 degrees of freedom, just as

in the classical case of a random sample from a N(O, 02) population. This
was pointed out by Zellner (1976) and is an immediate consequence of (4) and

the fact that tX is scale invariant. However, the spherical assumption

that underlies (3) and (4) and the dependence that it induces in the sample

(X s Xn) is very restrictive. When it is removed and (Xl, S 4

1’ n

comprise a random sample from a Cauchy (0,1) population, the distribution of

ty is very different., The new distribution is symmetric about the origin

but it has distinct modes around *1. This bimodality persists even in the

limiting distribution of <t so that both asymptotic and small sample

X !
theory are quite different from the classical case.

We know that the numerator and denominator statistics in the classical
t-ratio are independent. Moreover, as n =+ « the denominator, upon suit-
able scaling, converges in probability to a constant. By contrast, in the

Cauchy case, the numerator and denominator statistics of t converge weak-

X

ly to random variables which are dependent, so that as n » = the
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t-statistic is a ratio of random variables. Moreover, it is the dependence
between the numerator and denominator statistiecs (even in the limit) which
induces the bimodality in the distribution. These differences are important
and, as we shall show, they explain the contrasting shapes of the distribu-

tions in the two cases.

2. ANALYTIC RESULTS

Let X

10 Xn be a random sample from a Cauchy (0,1) distribution

with density (2). Define

2 -2.n,2 2  —2.n =2
(6) $¢ = n z‘l’xi , Sy =m BX, -%
(7) t = X/S .ty = X/S, .

Throughout the paper, we will use the symbol " = " to signify weak converg-
ence ags n —+ « and the symbol " = " to signify equality in distribution.

As is well known X = Cauchy (0,1) for all n and, of course,
X=X= Cauchy (0,1)

as mn -+ = , Qur attention will concentrate on the joint distribution of
(i, Sz) and the associated statistic t given in (7). In fact, the dis-
tributions of t and tx are asymptotically equivalent. More specific-

ally, we have:



LEMMA 1

2 2 -1
5" - SX = Op(n ),

-1
t - tX - Op(n )

Note that Xi has density

1

—_—_, y >0 .
ﬂyl/2(1+y)

(8) pdf(y) =
In fact, Xi belongs to the domain of attraction of a stable law with ex-
ponent @ = 1/2 . To see this we need only verify (Feller (1971, p. 313))

that if F(y) 1is the distribution function of Xi then

1 - ¥F(y) + F(=v) ~ 2/ﬂy1/2 , Yoo

which is immediate from (8); and that the tails are well balanced. Here we

have:

1 - Fy) -1 F(=y) S0
1 = F(y) + F(-y) " 1 - F(y) + F(=7)

LEMMA 2

where Y is a stable random variate with exponent o = 1/2 and character-

istiec function given by

) ot (v) = £elVYy - exp{— ;%7§cos[£]|v|1/2[l - i sgn(v)tan[g]]} .

Note that the characteristic function of the limiting variate Y given



by (9) belongs to the general stable family, whose characteristic function

(see Ibragimov and Linnik (1971, p. 43)) has the following form:

(10) e(v) = exp{i7v - clvla[l - iB sgn(v)tan[%g]]} .

In the case of (9) the exponent parameter a = 1/2 , the location parameter
4+ =0, the scale parameter c = 2ﬂ_l/2cos(w/&) and the symmetry parameter
g =1

Lemma 2 tells us that the denominator of the t ratio (7) 1is the

square root of a stable random variate in the limit as n - « . This is to

be contrasted with the classical case where nS2 02 = E(Xi) under general

X

=R

conditions.

The density of 52 is graphed for various values of n in Figure 1.
We see that 82 is unimodal with mode lying in the interval (0,1) for all
n . The distribution is very well approximated by the asymptotic even for

small values of n (n z 10)

Note that when n = 1 , the numerator and denominator of t are
identical up to sign. In this case we have t = %1 and the distribution
assigns probability mass of 1/2 at +1 and -1. When n > 1 the numerator
and denominator statistics of t continue to be statistically dependent.

This dependence persists as n - « ., We have:



LEMMA 3
= el
(X, §7) = (X,Y)

where (X,Y) are jointly stable variates with characteristic function given

by
(11) CfX,Y(u’V) - exp{—Zw-1/2(—iv)_1/21F1[— %, %; u2/4iv]}

where lFl denotes the confluent hypergeometric function. An equivalent

form is

2
(12) ef, y(u,v) = exp{-|u| e S A TE VIR YTy iu2/4v)}

where ¥ denotes the confluent hypergeometric function of the second kind.

For the definition of the hypergeometric functions that appear in (11)

and (12) see Lebedev (1972, Ch., 9). Note that when u =0 (1l1) reduces to
(13) exp{~2w_1/2(—iv)l/2} .

We now write -iv in polar form as

iy = |v|e—isgn(v)ﬁ/2

so0 that

(_iv)l/z 1/2e—isgn(v)n/4

= |v]

= |V|1/2005(ﬂ/4){1 - i sgn(v)tan(n/4))



from which it is apparent that (1l) reduces to the marginal characteristic
function of the stable variate Y given earlier in (9). When v =0 the
representation (12) reduces immediately to the marginal characteristic func-
tion, exp{—|u|) , of the Cauchy variate X . In the general case the

joint characteristic function (u,v) does not factorize and X and Y

CfX,Y

are dependent stable wvariates.

Figures 2a-d show Monte Carlo estimates (by smoothed kernel methods) of
the joint probability surface of (X, Sz) for various values of n . As is
apparent from the pictures the density involves a long curving ridge that

follows roughly a parabolic shape

Y=a+bX?, a20, b>0

in the (i, Sz) plane. Simple estimates by ordinary least squares of such
quadratic relations are presented in Figure 3 for seven values of n . The
point estimates obtained are given in Table 1, part A. The prominent ridge
in the joint density of (X, Sz) is a manifestation of the dependence be-
tween the two statistics X and 52 . As is also apparent from these
figures the joint distribution of (X, 82) seems to be well approximated by

the asymptotic distribution of (X,Y) . 1Indeed the probability surfaces

appear to stabilize quite rapidly (from n = 10 ).



TABLE 1

OLS estimates of the Ridge in pdf(ﬁ, Sz)

Estimated Relation: y — a + bx2

A'. Cauchy Draws

A

Value of n 5§ estimate b__estimate
2 .169 .5370
5 .288 451
10 .330 411
30 .364 .390
50 .364 .398
100 .376 .382
200 .375 .376

B'. Stable Density Draws (with exponent parameter o« and n = 10)

A

Value of o 4 estimate b__estimate
1/3 L484 485
2/3 .475 420
1 .329 406
4/3 .252 L322

5/3 .218 .171
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Note that the ridge in the joint density surfaces of Figures 2a-d is
symmetric about the Y axis. The ridge is associated with clusters of
probability mass for various values of Y on either side of the Y axis
and equidistant from it. These clusters of mass along the ridge produce a
clear bimodality in the conditional distribution of X given 82 for all
moderate to large 82 . For small 82 the probability mass is concentrated
in the vicinity of the origin in view of the dependence between X and
52 . The clusters of probability mass along the ridge in the (X,Y) plane
are also responsible for the bimodality in the distribution of certain
ratios of the statistics (X, 32) such as the t ratio statisties t = X/S
and t, = }_{/Sx . These distributions are investigated by simulation in the

X

following section.

3, SIMUIATION EVIDENCE IN THE CAUCHY CASE

The empirical distributions reported here were obtained as follows:
For a given value of n , 25000 random samples of size n were drawn from
the standard Cauchy distribution with density given by (2) and corresponding

cumulative distribution function
1
(14) F(x) = = arctan{x) , —w < x <o .,

Since (14) has a closed form inverse, the probability integral transform
method was used in generating the draws. To estimate the probability
density functions, the kernel method was employed (see Tapia and Thompson
(1978)). For the univariate distributions (Figures 1 and 4 above and 6

below) the kernel estimate at point x is
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R

A 1 X - Xr
(15) f(x) =+ % gl—Xl/h, R = 25,000,
R =1 h

where ¢(+) 1is the standard N(0,1) density and the window width h was
chosen to be equal to 0.2. For the bivariate distributions in Figures 2 and

4 above and 5 below, the estimate at point (x,y) is

A 1 R R [x - X, Yy - Vg
(16) fxy) == = Zel— ?l~ /hx'hy
X 7
with h =h =10.2
X y
We now investigate the sampling behavior of the t-ratio statistics ¢t
and t, . These are shown in Figures 4a and 4b. Note that the bimodality

X

is quite striking and persists for all sample sizes.

Figure 4 about here

4, EXTENSIONS TO THE STABLE FAMILY

Our attention has concentrated on the sampling and asymptotic behavior
of statistics based on a random sample from an underlying Cauchy (0,1) popu-
lation. This has helped to achieve a sharp contrast between our results and
those that are known to apply with Cauchy (0,1) populations under the spe-
cial type of dependence implied by spherical symmetry. However, many of
qualitative results given here, such as the bimodality of the t ratios,
continue to apply for a much wider class of underlying populations. In par-

ticular, if (X - Xn) is a random sample from a symmetric stable

].,



12
population with characteristic function
| a

(17) cf(s) = oS

and exponent parameter o < 2 then the t-ratios t and ty have bimodal
distributions similar in form to those shown in Figures 4a and 4b above for
the special case a =1 . To generate random variates characterized by (17)
a procedure described in Section 1 of Kanter and Steiger (1974) was used.

We show some examples of the new distributions which apply in these cases
for various values of « in Figures 5 through 7. Note how in Figures 5a
and 5b the bimodality is accentuated for a < 1 and attenuated as a —+ 2
When a« = 2 , of course, the distribution is classical t with n-1
degrees of freedom. These effects are also evident from Figures éa-d and 7,

which show that the ridge in the joint distribution is most pronounced for

o =1/3 but withers as e vrises to 5/3. 8ee also Table 1, part B.

5. L1ACK OF CORRELATION VERSUS INDEPENDENCE

Pata from an n dimensional spherical population with finite second
moments have zero correlation, but are independent only when normally dis-
tributed. The standard multivariate Cauchy (with density given by (3)) has
no finite integer moments but its spherical characteristic may be interpret-
ed as the natural analogue of uncorrelated components in multivariate fami-
lies with thicker tails. Our results contrast the distributional effects of
lack of correlation and statistical independence in such cases. When there
is only "lack of correlation® as in the spherical Cauchy case, we know that

the distribution of inferential statistics such as the t-ratioc reproduce the
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behavior that they have under independent normal draws. When there are in-
dependent draws from a Cauchy population, the statistical behavior of the
t-ratio is very different. It no longer mimics behavior under a normal pop-
ulation but has characteristics, such as a random denominator in the limit,
which distinguish its distribution from the classical t-ratio and induce the
bimodality studied in this article. This example highlights the statistical
implications of the differences between lack of correlation and independence

in nonnormal populations.



APPENDIX: ©PROOFS

Proof of Lemma 1

2 2 =132 2 -1
Sy =5 —n X" =5"+ Op(n )
since X = Cauchy (0,1) . Similarly,
-1/2
zle2 -1 -1
t, =Xi{5 + 0_(n =t + 0 (n
x = X|s?+ o ™h] a™h

as required.

Proof of Temma 2. We start by finding the characteristic function of Xi .
This is
ivX? 2
i

eivx dx
Bee =7, ==
a(l + x7)

ivr
e dr

0 wrl/2(1+r)

(B o 3 o)

where V¥ is a confluent hypergeometric function of the second kind. It

follows that the characteristic function of 52 - n"zz?xi is:
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(Al)

We now use the following asymptotic expansion of the ¥ function (see

Erdeyli (1953), p. 262)

1 1, -iv
“’[5’ X _2] - F[
n
so that (Al) tends as n + = to:

1

)

exp 22(—1‘1)1/2 = exp{—:Z—(-iv)l/z}
*(3

Using the argument given in the text from equations (13) to (14) we deduce

(9) as stated,

Proof of Lemma 3. We take the joint Laplace transform

ZX4WX

L(z,w) = ffw »E—————i— dx
n(l + x7)

and transform x = (r,h) according to the decomposition =x = rl/zh where

r = x2 and h = sgn(x) = 1 . Using the Bessel function integral
k
et 2ay oo (L L2) _ g =20y £~
b of1(z’ &7 =0T
2



we obtain

, k

1o (22/4)

FEW = e A Yo T (I
2],

k
1 (22/14) I‘[k + %] 1 1
(A2) = =Z llf[k + 5, k + 5 —w]

n k=0 Kt [_]2_.]
k

from the integral representation of the ¥ function (Erdeyli (1953), p.

255). We now use the fact that

1 LR B 1 1, _
(A3) \I![k + 5 k + 5 w] I‘[2 k]lFl[k + 7 k + 5 w]
1
ik - =
+ i (—W)l/2_le1[l, %—k; —w]
Tik + 7

(see Erdeyli (1953), p. 257)

and

Combining (A2) and (A3) we have:

16



k

2
(a%) Liz,w) = 5o Ll e
Kt |3
2}y
K
2 1
(z%/4) I‘[k - -]
1w 5 1/2-k 3.
* 2 k=0 k-[l] o 1F1[1‘ 2”8 w]
2Dy
Let
- iu - v
zZ = T ) w = T2 .

It follows from (A4) that

- l} vy ¥
L[iu %] . ﬂ__ﬁl z:=0[ 3, (/) [:H]l/z . o[l]

T ' q k![%} 2 T
Kk
and thus
1
FEUNE 2 1 KUY bl i) R (5 U L’ (ivy /2
T 2 P 7 17117 2" 2’ a1 *
Since
cf L (u,v) = L[i—“, i"]
%52 { )
and
1), 172
r[ 2} 2

We deduce that
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2 1 1 u2 1/2
(AS) Cfx’Y(‘Ll,v) = eXpy-— ;‘].:75 1Fl[_ E' E, ZI;] (—lV)

as required for (11).

The second representation in the Lemma is obtained by noting that

-1

xalFl(a, a+l; —x) = I'(a) —e-xw(l—a, l-a, x)

(Erdeyli (1953), p. 266). Using this result we find

2 2.,
wor e Vin( b b ) - bl ) - <G 3 )

Using (A6) in (A5) we obtain (12) as stated.
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Figure 1

Cauchy Variates
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Figure 2a

Cauchy Draws, n
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Cauchy Draws, n=10
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Figure 3

OLS Fit of Ridge: Cauchy Law
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Figure 4a

Cauchy Variates
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Figure 5a

Stable Variates n=10
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Figure 6a Figure 6b

Stable Draws with a=2/3, n=10 Stable Draws with a=1, n=10
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Figure 7

OLS Fit of Ridge: Stable Laws
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