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A STRATEGIC MARKET GAME

WITH COMPLETE MARKETS"

by

R. Amir, S. Sahi, M. Shubik and S. Yao

1. THE ECONOMIC MODEL AND ITS INTEREST

An economic process approach to the study of exchange is by means of a
strategic market game (see Shubik, 1973; Shapley, 1976; Shapley and Shubik,
1977; Dubey and Shubik, 1978). Price is formed by the simultaneous actions
of all agents. One of the simplest models distinguishes one of m commod-
ities as a money. Then m-1 markets are considered in which the money can
be exchanged directly for one of the other commodities. The direct exchange
of other commodities for each other is ruled out. In contrast when all com-
modities can be exchanged directly then for m commodities there are
m(m-1)/2 markets instead of m-1 .

A simple geometric representation of trade and markets can be given.
Let goods be points and markets be arcs connecting them. Figure la shows

the market structure for an exchange economy with four goods where the

*This work has partial support from the Department of the Navy Contract
NOOO014-77-C-0518 issued by the Office of Naval Research under Contract Au-
thority NR 047-006. However, the content does not necessarily reflect the
position or the policy of the Department of the Navy or the Government, and,
no official endorsement should be inferred.

The United States Govermment has at least a royalty-free, nonexclusive
and irrevocable license throughout the world for Government purposes to pub-
lish, translate, reproduce, deliver, perform, dispose of, and to authorize
others so to do, all or any portion of this work.



fourth good acts as & money. Figure lb shows the structure with all mar-
kets. Under this description a money is a good which can be exchanged
directly for all other goods. In an economy with complete markets all goods

are monies.

FIGURE 1

Suppose that there are a goods and that the nth sarves as a money.
Dubey and Shubik (1978) considered a strategic market game where the stra-

teg7 of a player a was of the form:

a a
(Qyr voer G gi Bye cees Bpy)

vhere 0<gq, <a, for a=1, ..., n, j=1, ..., ol

where 1 is the number of traders and a; is the initial endowment of in-
dividual a of good j (§ =1, ..., =1} ; q; is the amount of good |}

offered for sale by individual o and

where b; is the amount of money committed by trader a to purchase good

j and a: is the amount of wmoney in the initial endowment of @ . In this



game, as can be seen from the bounds on the strategies there is no trading

on credit.
Price (in terms of the money) is formed for good j by dividing the

amount of money committed to j by the amount of j placed on sale. Thus:

r

n n Ti
tb¥/2q7 if TSm0
a=1 a=1 3 awl 3
P, = %
‘] n
0 if =2q5=0
L a—lj

The second line in the above definition is just one of several possible
trading conventions.

The type of price formation mechanism offered by Dubey and Shubik
(1978) is a symmetric two sided analogue of the Cournot market mechanism.
It is possible to define this mechanism for an exchange economy with com-
plete markets. Here # strategy for an individual will have a dimension of
m(m-1) . There are m(m-1)/2 markets and an individual can be on either or
both sides of each market. For example in the apples for oranges market an
individual could supply both apples and oranges. In the stockmarket when an
individual simultaneously buys and sells the same shares this is known as a
wash sale,

For the strategic market game with m goods, m-1 markets and one
good serving as a money Dubey and Shubik (1978) were able to prove the exis-

tence of a pure strategy noncooperative equilibrium (NE)1 where each player

could be on hoth sides in each market.

1We use the abbreviation NE to stand for a pure strategy moncooperative
equilibrium.



In this paper we have extended the model with (m-1) markets to one
with m(m-1)/2 and have been able to prove the existence of an NE with
active trade in all markets when there are at least two J-furnished individ-
uals for every good j (no monopolists) and at least two individuals who
have positive marginal utility for j . Our approach remains valid when the
strategic exchange economy is endowed with any number of markets between
(m=1) and m{w-1)/2 . In particular, our existence results (Section 2)

subsume those in Shapley and Shubik (1977) and Dubey and Shubik (1978).

2. SCRIPTION OF THE MGD STENCE RESULTS

let In = {1, 2, ..., n} and Im = {1, 2, ..., m} be the sets of
traders and commodities respectively. We shall use Greek letters for
traders and Roman letters for commodities.

We assume that each trader o has an initial endowment a? >0 of
each commodity 1 . The traders’ utility functions are assumed to be
strictly concave, increasing and continuously differentiable functions
W a" o 01 . a € In where 0% . ﬂl are the nonnegative orthants in R™
and Rl respectively.2

A pair (i,]}) ¢C Im is to be thought of as a market between commodities

i and j

ZWe may drop the differentiability requirement on the utility functions
and only insist that they be continuous. This would entail replacing the
infinitesimal argument in the proof of Theorem 1(b) by a more careful
“finite" argument as in [1], using the "uniform monotonicity"” lemma from
[4].
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A move by a trader a is an m X m matrix B~ such that:

[+

i) bij =0
- a a
ii) fbij < a,

where b:j is the amount of commodity i that a sends to trade in the

market (i,j} . We write 5% for the set of possible moves (strategy set)

by trader a« , and let

s-s'x ... xs".

We shall denote by T the game in which the outcome of moves

Ba (B, .... B &5

is determined as follows:
First, the price matrix P 1is given by

o a a
: bij/(i bji) if Z bji = 0

ij o
0 if Z b

i=0
o]

Next, the final holdings are computed by

x?-a?-Zb?. +Zbc.'.p.. . (2)
i i j ij i jivij

Fi.rfally, the payoffs te the traders are

22(B) = u¥xT) . (3>

Given a choice of moves



by all the traders gxcept a« , we say that B~ € s* is a "best response"

by a to BT if

A Nash Equilibrium (NE) of I 1is an n-tuple

B (sl, .... 8™ €5

such that each B® 1is a best response to (Bl. N Ba“l, Ba+1. . Bn)

Nash equilibria of T exist for trivial reasons. For instance, the
set of moves where B® = 0 for each a , clearly constitutes an (autarky)
Nash equilibrium; (see Peck and Shell, 1986 for further discussion). To get

around this, we consider (as in Dubey and Shubik, 1977) a slight modifica-

tion of T :
For each m x m matrix ¢ = (tij) ; 0« tij <=1, we consider the
game ]."s ., where some external agency supplies the fixed amounts Cij in

the various markets, so that the prices are now given by

(2 b + )/(2 bo

Py = (Bbyy + &gy ji ¥ o551

and the other computations are as before.

We define an equilibrium point (EP) of T to be a pair (B,P) such

that



(1) B is an NE of T
(2) pij >0 for all i, 1}
(3) there is a sequence of matrices € 0 and NEs B(ej) of F(EE)

with prices P(cz) such that B(cz) - B and P(sj) -+ P .

By kr£ (respectively kF ) we shall understand the k-fold replica-
tion of Pc (respectively T ) 1in which each trader is replaced by k
copies of himself. A type-symmetric Nash equilibrium (TSNE) is an NE
wherein identical players employ identical strategies. A type-symmetric
equilibrium point TSEP is a TSNE of kr whi;h is the limit in the above
sense of a sequence of TSNEs of krt
We say that a good is agtive atzan equilibrium if some trader offers a

non-zero amount of that good in exchange for some other good.

The first theorem asserts

Theorem 1; For each k , kT has a TSEP with at least m-=1 goods active.
Furthermore there is a constant D (independent of k ) such that if

(B,P) is any TSEP of kP , then

D= p]._j = 1/D for all 1,§

We start with a lemma which clarifies the underlying geometry of the

model.



lemma 1: In the game Pe ,

except a

final holdings by a and the prices which form as

x

and let H and 1 denote respectively, the set of possible

in § . Then

a) If P and Q are in I , so is R where rij - (pijqij)

for all 1, J

D) H {is compact;

in H such that

fix a choice of strategies by all traders

and if x

1
z, 2 i(xi + yi) for all 1 .

and y are in H ,

then there is a

Then 1f a makes the move

Procf: let ¢,. = I bﬂ + £
i Brécx ij
T = (tgy) € s% , the prices will be
pij - (cij + tij)/(cji + t£..)

and his final holding will be

J1

[ ]
a, —Z t,, +2 t..P..
i i i
j 3 Ji 1]
a® + (e -t,.)
i 3iPiy T %ij
3
a, + ;(ci. cjipij)
j
a
a, +Zc,, - C..P..
i i i
3 1 3 Ji 1}
T and U in §%

Now, suppese strategies

with prices

P

and ¢ in IO .

Let

achieve

X

and ¥y

1/2

a varies his strategy

z
(43

(by (4))
(5)

in H



1/2 1/2
rij - (pijqij) and vij - [(lcij + tij)(cij + uij)] - cij

Then

)11/ 1/2

2
/[(cji+tji)(cj Pt .)]

(cij+vij)/(cji+vji) - ((cij+tij)(cij+uij AT

1/2

So to complete the proof of part a), it remains only to show that

ves® : and the only condition to be checked is that

3 Vi1 3y
But
T vig T T TV T o
- §[(cij + tij)(cij + u.]._j)]l/2 - ? cij

< (S(eqy + 1012 ime + w12 - .

3 ] 1
= max{?(cij + tij)' Z(cij + uij)] -z cij
h| h| J
- max{Z t,., 2 u,.])
il
j Y
< a“
i

where the first inequality is the Cauchy-Schwartz inequality; and the last
inequality holds since T and U 1lie in s* .

Part b) is a simple consequence of part a) and the arithmetic-geometric



10
mean inequality.
Thus, if V 1is as before and z 1is the final holding resulting from

V , we have

o
z, =a; +Z cij - ? cjirij (by (5))

1/2

a
-a; + = cij - ? cji(pijqij)

- a‘; + ? ci.j - 3?- cji[l/z(pij + qij)]

[aﬂ +Z¢,, - ? cjipij] + %[a: + ? cij - ? cjiqij]

1
= 7% * Yy

Finally, since s¥ is compact and the map from s* to H is clearly

continuous, H must be compact, Q.E.D.
The next step is
Lemma 2: For each ¢ > 0Q , Fc has an NE.

Proof: Given a fixed set of moves by the other traders; since u s
strictly concave and continuous -- there exists a unique x € H which max-
. o
imizes u

It is easily seen that there must be a unjgue price P associated with
x . For if Q 1is also associated with x and qij w piJ for some i ,

j + write rij - (pijqij)l/z and let z be the final holding correspond-
ing to R . Then by the analysis in the proof of part b) of Lemma 1 we see

that z =z x ; and by the strict arithmetic-geometric mean inequality for
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(Pij' qij) in that proof, it follows that

This contradicts the maximality of x .

Consider all the (best) responses by a which yield the price matrix
P . This is clearly a compact, convex and nonempty set. By the Theorem of
the Maximum in Berge (1963), it follows that the best response correspon-

dence is upper semi-continuous from

st x ... 5L x5« . x s to subsets of S% .
As before, let § = S1 X ... X Sn and consider ® : S - subsets of §
given as follows: If B = 8}, ..., B , then &(B) = ((T, .... T
each T% 1is a best response by a to (Bl, N Ba_l, Ba+l, c e Bn)}

Then ¢ is upper semi-continuous, S {is compact and convex and &(B)
is compact, convex and not empty for each B € S . By Kakutani's Theorem,
@ has a fixed point; which is easily seen to be a Nash Equilibrium for

F£ . _ Q.E.D.

Lemma 2 can be refined to yield

Lemma 3: For each k=1, 2, 3, ... , the game kre has a TSKNE.
Proef: Let kS be the Cartesian product of the strategy sets of all the
traders in kP£ ; and let kS* (= §) be the set of type-symmetric strat-
egles in kS . Then it is clear that for each B € kS* , the set

k

d*(B) = &(B) n S* is compact, convex and non-empty.

Let &* be the correspondence B = &%(B) . Then @&* is upper semi-
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continuous; and by Kakutani's theorem, it has a fixed point, which is easily

seen to be a TSNE of krc . ‘ Q.E.D.
This can be strengthened to
Lemma 4: For each k , kT£ has a TSNE with at least m—1 goods active.

Proof: Given a fixed choice of moves by all traders except one, consider

the optimization problem faced by that trader. Let C be the aggregate bid

matrix of the other traders (plus ¢ ) . Then if the remaining trader makes
the move T , the resulting price is P where

Since the best response price is unique, there is a unique T which
satisfies (6) for this price, and also the condition tij-tji = 0 for all
i, 3 . Let us call this the "minimal best respomse." By the theorem of
the maximum in Berge (1963), the minimal best response map is a continuous
function from kS to kS .

We can also define the "maximal best response" (with respect to a fixed
ordering of the goods) as follows: let T be a minimal best response by a
trader to moves by the others. Suppose at T , the trader has non-zero
amounts of at least two commodities left over after his move. Choose (i,j}
to be the smallest such pair (with respect to the ordering); and let the
trader increase his bids om both sides of the (i,j)-th market in such a
manner that pij remains unchanged. This can be done until the trader has
used up all of at least one of the two commodities i and j . Now let him

select the next lowest pair and proceed in this fashion until he reaches a

strategy T' 1in which he has used up all of at least m-1 of his goods.
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Since. T* also gives the best response price, it is a best response; which
we can call the "maximal best response.”

Let &' : kS - kS be the maximal best response map; them &' |is
easily seen to be continuous. Furthermore, &' maps kS* (indeed all of
kS ) into kS* . By Brouwer'’s Theorem, &’ has a fixed point on kS* .

Since we assumed a: >0 for all a and 1 , any fixed point of ¢’
has the property that each trader sends a positive amount (az) of at least

m—-1 goods to the market. So the fixed points of ¢’ are TSNEs of the

desired kind. Q.E.D.

We proceed next to the proof of boundedness of prices. In the proof of
the next lemma and subsequent discussion, we shall abuse the notation

slightly and use the Index a to represent both a trader and a trader type

in kF
£

Lemma 5: There is a constant D 2 1 (independent of k and ¢ ) such
that if P 1is the price matrix at any TSEP of any kre (with

k=1,2,3, ... and D < ¢,

1 < 1), then

D>p.., >1/D for all i, j

ij

Proof: Let A = [x € a® . xi = Li for each i) where Li - m + az for each

i,

It is easy to see that if ¢ =<1 and x* is the final holding by any
trader a at a TSNE in the game PE , then x° 1lies in the (compact) set
A .

For each a , let ¢z be the partial derivative of u® in the ith

commodity (if X; - 0, ¢: is the right-handed derivative). By virtue of
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the assumptions on uw ﬁ: is continuous and positive on A . So we may
choose a constant D1 > 1 such that
a a
D) > ¥5(x)/¥;(x) all x €A . (7)
1 n kl" .
Now, let B = (B, ..., B) be a TSNE of ¢ with prices P and final
holdings xl, cea, X0 by the various trader types.
Llet @, f§ be two traders; we may assume that
(8)

a 1 ¥
bji < 2[3 bji + eij]

For convenience we shall divide the argument into three cases:

Case 1: b?. = L a?
Ji mno3
case 2: b <L 2% and T b%, < a°
Ji T3 ; It J
. c 1 a 1l a
Case 3: bji < - aj and bjh > z 3 for some h e Im .

It is easy to see that these cases exhaust all the possibilities.

In Case 1, we have

a a l o
pij - [ﬁ bij + c]/[i bji + z] = Li/ﬁ aj

[* ]

so 1f D, = max max (m-Li)/a?

2
@i j:a;>0

Then pij < D2

(9
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In Case 2, we consider the effect on a’s utility if he increases b?i

slightly. Thus, let

e=b% , £=b , E= sbP 4+, F= 2P 4+
ij ji Préct ij ij fria ji ji
E+e
Then pij lre
and if a changes b;i to b?i + n , the price changes to

- Ete
U3 = Frfrn -

and a's final holding of i increases by

(f+n) .qij - fpij

_ (f+n)-(E+e)  f£(E+e)
(F+f+n) (F+£)

_ Ete (£4+n)(F+£) — £(F+f+n)
F+£ (F+f+n)

N .. D SN A
T F+f F+ten T pij F+f4n ~
Now by (8), we know that e < E ; if in addition, n < E , then the in-
crease in a’s holding of commodity i is greater than %n-pij . Also the
decrease in his holding of j is n .

So if &u® is the increase in a’s utility, we must have
a 1 a @ 2
Su” > [3ﬂ-Pij]¢i(x ) - mbj(x ) + 0(n")
1 a a a 2

; a a .
Since bi‘ is a best response, §u must be negative. Therefore, we
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oust have
Py S I/ %)

and 1f D is as in (7), then

1

pij = 3D1 . (10)
Finally, in Case 3, we consider the change in a’s utility if he di-

a a
verts a small amount n from bjh to bji .

As in Case 2, for sufficiently small » , the increase in his holding
of commodity 1 1is greater than %ﬂpij It remains to estimate the de-
crease in his holding of h . Let

a )
v=>0 , VU= T b + ¢
hi Bria h]

a 2
w=25 , W= T b7 + ¢
jh Bra ih

Then the decrease in a’s holding of h is

W.V+\.r (w-n) Vv
W+w " W+ (w+n)
- v .
W+w Wiw-n n -
Now in the present situation, we know that w > é a? and so if
n < %E a? , the above decrease is less than

I-h.Lj - < 2-D20
1 K [l_ a] 7 2"
m jjiZm aj
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where D2 is as in (9).

Therefore if 6u” is the change in a'’s utility,
o 1 @, o 2 o, a 2
su” > [3 Pijn]xbi(x ) - 2Dym¥y (x7) + O(n7)

for sufficiently small »n .

Since §u” must be negative, we must have

< 5D§¢;(x“)/¢‘i'(x“) < 6D.D2 . (11)

Py 172

1]

So, let D =1D, + 3D, + GDlD2

2 1 7 - Then, by (9), (10) and (11), we see that,

in all cases,

A

P D for all 1,j

ij

since - 1/pij ., the other half of the inequality follows, Q.E.D.

We are now in a position to prove Theorem 1.

Proof (of Theorem 1): Fix k and choose a sequence [821;-1 decreasing to

zero. By Lemma 4, we can find TSHEs {(B£ . P£ Y} of the kFE with m1
p 2 £
goods active. Now, by compactness of the strategy spaces and Lemma 5, we

may assume (passing to a subsequence, if necessary) that {(Bc , PE )}2_1

converges to a limit (B,P) with m-1 goods active. Then D = pij = 1/D ,

and it remains only to show that (B,P) is a TSNE of kP .

Let X, (resp. x ) be the allocation resulting from BE in kf
2 2

£
(resp. B in kr ). First of all, we establish that X, —+x, as
2
£ + o . For this we examine the contribution at BE of each market (i,])
£
in krc as £ - o , Clearly, the aggregate (and individual) amounts sent
?



18

to trade on both sides of the market converge to those at B in kP . 5o

if aggregate amounts on both sides of the market tend to non-zero limits,
then it is clear from (1) and (2) that individual trades converge to those
at B in kr . On the other hand if the aggregate amount on one side tends
to zero, so must the other side (by Lemma 5). Consequently the net trade
itself tends to zero, and is zero in the limit.

Now, suppose B 1is not a TSNE of kr . Then there is a trader of type
a who can improve on his payoff at B . Let B' be the new set of moves

resulting from this trader’s change and let

§ = x%(B'Y - x%(B) > 0 .

Let w: be the payoff function in kTE » then we can choose 2
2 £
large enough so that

[x% (8") - 2% (8")] < §/3
i

Also, by the continuity of u% , and the first part of this argument
(xe = %) , we may further ensure that
£
]nz (B, ) - x(B)] < 6/3
2 "2

So 70 (B') = a7 (B_) > (x%(B') - 5/3) - («*(B) + &/3)

€ £, ¢

2 £ £
-5~ 26/3=6/3>0

which is not possible since B: is an NE for krc . So B must be a

2 2
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TSNE of kT .3

3. IHE RELATIONSHIP BETWEEN NONCOOPERATIVE AND COMPETITIVE EQUILIBRIUM

3.1. TIhe Ineguivalence
Ve recall the notion of a competitive equilibrium (CE) for the exchange

ecopomy corresponding to T . With notation as in the first twe paragraphs

of Section 2, we proceed as follows:
Given any price vegtor p € a" » the budget set of the trader o is

defined (as usual) to be

B%p) = (x € 6® 1 pex = pra”)

and a CE for I consists of a price vector p & q™ , &and allocations

x €18 such that

w¥(x%) = max(u®(y) : y € B¥(p)} for all a (12)
na n

and T x" = za%. (13)
a=1 a=1

It is well known that any exchange economy which satisfies the condi-
tions in the first two paragraphs of Section 2 has a competitive equilib-
rium.

A strategic market game, in contrast with the CE model of exchange, is

3The case n=2 , m=2, k=1 1is special; Shapley (1976) has
provided a construction of an open set of NEs without using a fixed point
theorem. It may be possible to give a similar existence argument in gener-
al, but this is not clear. In particular, Dubey and Rogawski (1985)
have shown that for m > 2 , the set of NE allocations has strictly
smaller dimension than the space of all allocationms,
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"process and transactions"-oriented. Liquidity constraints, which have no
role to play in general equilibrium, play a fundamental role in a strategic
market game. Thus, in such a game, even with a continuum of traders, there
may be CE's which are not NE's and vice versa.

Since, in our model, direct exchanges are permitted between all commod-
ity pairs; it may seem at first that the lack of iiquidity will never be a
constraint on the actions of the traders. However this is not so; and we

give two examples to show this.

Exagpple 1: Consider the case when there are three goods and four trader
types. We assume a continuum of each type (the interval [0,1]), character-

ized by the following utility functions and endowments:

Lxyiz) = Gyn? ana 1,11

er(x,y,2) = (vz25)? ana (0,3,0)
wz(X.y,Z) - (xyz)l/3 and (3,0,0)
oo (x,7,2) = (x°2)/> and (0,0,3)

There is a TSNE with prices p,_ =p _=p = 2 , where traders 1, 2

Xy yz zZX
and 3 each offer two units of y , x and z respectively, in exchange for
one unit of goods z , y and x respectively, from the traders of type 0.

The final endowments of the trader types are (2,2,2), (0,1,1), (1,1,0) and
(1,0,1) respectively.
On the other hand, the unique CE for the related exchange economy has

prices P, =P, =P, " 1 and final holdings (1,1,1), (0,1,2), (1,2,0) and

y
(2,0,1).

Strictly speaking, this example does not satisfy the positivity
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conditions imposed in Section 2. The next example does satisfy these condi-

tions; and also happens to be robust.

Exarple 2: Consider the case of three goods and three players., We assume &
continuum of each type (the interval [0,1]), with the following utilircy

functions and endovments

wltx.y.z) - (x'\yz)l/(“z) and (1,1,3)
wz(x.y,z) - (xy}Z)l/(“z) an¢ (1,1,1)
e (x.7,2) = (xyz) /2 ans 1201

wvhere A 1is some large, positive constant.
By virtue of the symmetry of the model, it is clear that there will be

an NE with p__ = p - p , sa8y. We would like to deduce & relation-
xy

yz Pax
ship between p and X . First of all, it is easy to see that {f ) is
large, then p > 1 ; and also that at an NE strategy, the bids by player 1

pus: be of the form

<11 II1

A

where a >0, >0 and X > a+b .

If (x,y,z) are the final holdings by player 1, we have
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x=p+ap+l, y=bp, z =21~ (ath)

Now by considering the effects of small changes in a and b on the payoff

to player 1, we see that

P = Az/X = y/z |

Finally, since the bids by the other two types are symmetrically deter-

mined, we have
p = a/(b+l)

Using these six relations, we quickly obtain

(a-p)? = p(pe2)? .

In particular, if p =4 then A = 16 ; and (with a little more calcula-
tion) b =2, a=12, x=8, y=~8, z~2 _  So the final holdings
(for X =16 ) are (8,8,2), (2,8,8) and (8,2,8) by the different players.
Also, the unigue CE has prices P, - Py -p, = 1 , and final holdings
are (16,1,1), (1,16,1) and (1,1,16). It is of some interest to note that in
Example 2 the CE allocations are actually achievable through a particular

choice of strategies by the various traders. However, such choices will not

constitute an NE.

3.2, Conditjon o va

et (B,P} be a TSEP for kr » we say that the TSEP is price consis-
tent if for any three goods {h,i,j) we have phipij - phj
If (B,P) 1is price consistent, then the matrix P can be expressed in

terms of a price vector g such that
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Price inconsistencies at a TSEP imply the existence of arbitrage possibili-
ties which are not being exploited because of liquidity constraints. In

fact, we have

LEMMA 6: Let (B,P) be a TSEP of kr such that p, ., p. P, . for a
- I L O § iji
172 =273 173
triple {il, i2, 13} of goods. Then for each trader type o , we must
have
o o
Thyy~ay
J
for some i € {11, 12, 13}
Proof: It suffices to prove the Lemma for TSNE's of kI‘(c) ; but there it

must hold, since otherwise such a player would be able to increase his hold-

10 i2 and 13 by an obvious medification of his

bid. Q.E.D.

ing of all three goods i

The examples in Section 3.1 show that it is possible for all TSEP’'s of

a game to be price inconsistent.

Theorem 2: Let (kB, kP) be a sequence of TSEP's of kP , then this se-

quence has a limit point, say (B,P) . Suppose
(1) (kﬁ, kP) are price-consistent
(2) (B,P) has all markets active, i.e. for any two goods i , j
. [+
there is a € In with bij w 0 .
Then

a) P 1is consistent and we may choose gq as in (14)
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by 1If kxa are the final holdings at (kB, kP) , then kxa con-
. .
verges, to X , say.

c) (q, xa) is a CE for the exchange economies corresponding to Pk ;

j_1!2!3i

Proof: We omit the proof since it is completely analogous to Dubey and

Shubik (1978). Q.E.D.
We conclude with some remarks and conjectures.

Remark 1: For the game with a continuum of players, fix players’ utility
functions and the total amount of each commodity in the game. Consider the
different games that arise as the total commodities are distributed across
the players. If a distribution is on the Pareto-optimal surface, then
clearly this is the unique CE and TSNE of the corresponding game. Now Lemma
6 and a Cobb-Douglas like condition on the utility functions are sufficient
to show that, for distributions in a peighborhood of the Pareto-optimal sur-

face, there are active TSNE’s which "coincide" with the CE's.

Conjecture 1: For the game with a continuum of players, if all CE's are

active TSNE's (with consistent prices) then these are the only TSNE’s.

Remark 2: We can show that with three goods, and Cobb-Douglas utility func-

tions, the game kT always has a TSNE with al) markets active.

Conjecture 2: With Cobb-Douglas utility functions, kr has a TSNE with all

markets active.



25

REFERENCES

Berge, C. (1963) Topological Spaces, Macmillan, New York.

Dubey, P. and J, Rogawski (1985). "Inefficiency of Nash Equilibria in
Strategic Market Games," Technical Report University of Illinois,
Urbana, Champagne. '

Dubey, P. and L. S. Shapley (1977). ™"Noncooperative Exchange with a Con-
tinuum of Traders," Discussion Paper 447, Cowles Foundation, Yale
University.

Dubey, P. and M. Shubik (1978). "The Noncooperative Equilibria of a Closed
Trading Economy with Market Supply and Bidding Strategies," Journal of

Econemic Theory, 17, 1, pp. 1-20,

Peck, J. and K. Shell (1986). rMarket Uncertainty: Correlated Equilibrium
and Sunspot Equilibrium in Market Games," European University Insti-
tute, Florence, EUI 86/244,

Rogawski, J. and M. Shubik (1986). "A Strategic Market Game with Transac-
tions Costs," Mathematical Social Sciences, pp. 139-160.

Shapley, L. S. (1976). "Noncooperative General Exchange," in Lin, ed.,

Theory of Measurement of Economic Externalitijes, New York, Academic
Press, pp. 155-175.

Shapley, L. S. and M. Shubik (1977). "Trade Using One Commodity as a Means
of Payment," The Journal of Political Economy. 85, 5, pp. 937-968.

Shubik, M. (1973). "Commodity Money, Oligopoly, Credit and Bankruptey in a
General Equilibrium Model," Western Ecomomic Jeournal, X, 4, pp. 24-38.

Shubik, M. (1986). "Enough Commodity Money and the Selection of a Unique
Competitive Equilibrium,” Cowles Foundation Discussion Paper No. 804,
Yale University, New Haven, CT,

Shubik, M. (1986). "The Unique Minimal Cash Flow Competitive Equilibrium,"
Cowles Foundation Discussion Paper No. 806, Yale University, New Haven,
CT.



