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ABSTRACT

This paper is concerned with the use of power properties of tests in
econometric applications. Power radius and inverse power functions are de-
fined. These functions are designed to yield summary measures of power that
facilitate the interpretation of test results in practice. Simple approxima-
tions are introduced for the power radius and inverse power functions of Wald,
likelihood ratio, Lagrange multiplier, and Hausman tests. These approxima-
tions readily convey the general qualitative features of the power of a test.

Examples are provided to illustrate their usefulness in interpreting test

results.



1. INTRODUCTION

The purpose of this paper is to provide summary measures of the power of
a test for use when interpreting the result of the test in practice. The meas-
ures suggested are particularly useful for assessing the evidence provided by
a test when it fails to reject the null hypothesis. They also may be useful
in determining an appropriate tradeoff between significance level and power,
if so desired. The summary measures can be applied with tests of substantive
economic hypotheses, model selection, and model specification. The results
given incorporate Wald, likelihood ratio, Lagrange multiplier, and Hausman
tests. They apply to tests where the null hypothesis is defined by nonlinear
restrictions (say, h(d) = 9).

The summary measures of power introduced here give the range of devia-
tions from the restrictions (i.e., deviations of h(§) from 9) that correspond
to alternative parameter values that have low (high) power, as defined by scme
chosen probability Py (P2)‘ Approximations to these exact summary measures
are given, based on the following idea: Suppose the test involves q restric-
tions, a significance level a is specified, and the test statistic can be
approximated by a non-central chi-square distribution under the alternative
hypothesis. Then, there is a unique non-centrality parameter (NCP) that cor-
responds to the specified probability Py OF Py. Since the NCP is a quadratic
form in the deviation vector h(#), one is able to recover the values of the
deviations that are consistent with the NCP. With a single restriction this
is simple, since the NCP factors into the product of the squared deviations
and the reciprocal of a variance term. For multiple restrictions, one can
specify one or more directions n of deviations of interest, and solve for the
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deviation vector that is consistent with the NCP. Furthermore, the resultant

approximate summary measures can be given rigorous asymptotic justifications,

see below., These justifications do not restrict consideration to local alter-
natives, but are closely related to the local power function.

A central tenet underlying the motivation for this paper is that few
econometricians or economists make use of power properties of hypothesis tests
in applications. To see this, one only needs to peruse those journals where
applied econometric research is published. Rarely is power mentioned. Zellner
(1980) and McCloskey (1985a, b) substantiate this casual finding in their sur-
veys of the use of power in applied econometrics papers published in leading
journals.

The reason that power has been neglected in econometric applications ap-
pears to be due to difficulties involved in (i) calculating power, (ii) de-
termining its qualitative features, (iii) summarizing these features, and (iv)
relating them to a particular testing problem at hand. Power functions are
multi-dimensional objects. 1In a parametric hypothesis test, the power surface
is defined on a space whose dimension equals that of the parameter--including
all nuisance parameters. In econometric applications especially, this can
lead to a very high dimensional object, whose qualitative characteristics may
be difficult to ascertain. In turn, this makes it difficult to use power
functions to help interpret the results of a test, or to help select an appro-
priate trade off between significance level and power, if desired.

The summary measures developed in this paper are designed to overcome
these problems. They provide a solution to the problem of high dimensional-
ity, and relate straightforwardly to the interpretation of test results.

We now outline the importance of using power properties of tests in



applications. A consequence of the standard framework for testing is that a
failure to reject the null hypothesis cannot provide evidence that all devia-
tions from the restrictions (i.e., deviations of h(4) from 9) are inconsistent
with the data. By "inconsistent with the data,” we mean that the a priori
probability of not rejecting the null is "small" for the parameter value in
question. At best, a failure to reject the null can provide evidence that

certain deviations from the restrictions are inconsistent with the data. Thus,

when the null is not rejected, one would like to know the range of such devia-
tions. 1In addition, one may find it useful to know which deviations from the
restrictions the test finds hard to distinguish from the null hypothesis, in
the sense that their being true yields acceptance of the null to be more
likely than rejection.

Can the magnitude of a t-statistic, F-statistic, or chi-square test sta-
tistic provide such information? The answer is seen easily to be no. Con-
sider a standard t-test that a coefficient is zero in a linear regression
model. A t-statistic equal to 1 can be generated by coefficient and coeffi-
cient standard errors of .0l and .01, respectively, as well as by estimates of
106 and 106. Obviously, the range of coefficient values (or equivalently, de-
viations of the coefficient values from zero) that are inconsistent with the
data is quite different in these two cases, even though the t-statistics are
the same. Analogous arguments hold for F-statistics and for any of the
multitude of test statistics that are asymptotically chi-square under the
null hypothesis.

Thus, if one only has knowledge of the value of a test statistic and its
critical value, the failure of the test to reject the null is not very inform-

ative. It provides no evidence to suggest that certain deviations from the



restrictions are not true. For example, by itself, Hall's (1978) failure to
reject the hypothesis that the coefficient on lagged income is zero in his
consumption function, provides no support for the conclusion that the true
coefficient is zero or close to zero. Similarly, Lillard and Aigner’'s (1984)
failure to reject the hypothesis of exogeneity of air conditioning appliance
ownership variables in their demand for electricity equation, by itself, does
not justify concluding that the variables are exogenous, and selecting the
model that treats them as such. As a third example, it is common to subject a
model to warious specification tests, and to report the values of the test
statistics, and the corresponding critical values for some conventional sig-
nificance level, e.g., see McAleer, Pagan, and Volker (1985). If the specifi-
cation tests (or test) fail to reject the null hypotheses, as occurs in the
McAleer et gl. example, and in countless applications of the Durbin-Watsen
test, this tells one nothing sbout the adequacy of the model, unless something
is known about the power properties of the tests.

Inverse power approximations are designed to help interpret the results
of such tests. Using inverse power summary measures, one sees the range of
coefficient values that are likely to be detected by the test, and also the
range that have a good chance of going undetected by the test. Hence, one can
evaluate the information provided by the test, in the event that it fails to
reject.

We note that the present approach can be used to develeop summary measures
of power for encompassing tests (e.g., see Mizon and Richard (1986})), and var-
ious other non-classical tests, in addition to the classical tests discussed

below,

The paper is organized as follows: Section 2 defines the exact power



radius and inverse power functions. It also describes the approach taken re-
garding nuisance parameters, and discusses the choice of directions of inter-
est, and the choice of probabilities used to define the regions of "low" and
"high" power. Section 3 introduces the approximate inverse power function.
The asymptotic justifications of this function are discussed, and its use is
exemplified with a test of multiple restrictions taken from a paper by Barro
(1978). Section 4 defines the estimated inverse power function and gives its
asymptotic justifications. An example is provided from a paper by Lillard and
Aigner (1984). Section 5 provides regularity conditions under which the
asymptotic justifications hold for the approximations given in Section 3. The
Appendix contains additional results regarding asymptotic justifications, and

provides proofs of results stated in the paper.

2. EXACT INVERSE POWER FUNCTIONS

2.1. The Restrictions and the Treatment of Nuisance Parameters

We consider null hypotheses that are defined by certain nonlinear re-
strictions on a parameter f. The distributions of the data under the main-
tained hypothesis are indexed by #, which lies in the parameter space ® C RE.
The restrictions are given by an Rq—valued function h(+), i.e., under the
mull, h(§) = g. We assume that there exists a parameter space T C RE and a
one-to-one transformation v : @ » T such that (1) h(#) equals the first q
elements of r = v () € T, i.e., h{d) = h(v_l(r)) -7 for r = (Tl, 72) €T,

and (ii) given any (Tl, 12) €T, (g, rz) also is in T, where 7 9 (S Rq. We

1,
call this the nuisance parameter condition. Part (ii) of this condition often

is satisfied automatically, since we often have T = Tl X T2, where Tl c RY and

2=q
T, c R 1,



Vl(B) T

The f-vector v(d) = r can be partitioned as uz(s) - r ,

where

vl(E) -1 is a g-vector of parameters whose values are restricted under the
null hypothesis to be 0, and v2(9) -1, is an F-q vector of nuisance param-
eters, The approach we take is to fix the nuisance parameters at some value
be Rj—q. i.e., set yz(ﬁ) -1, = b, and analyze the power of a test for fixed
b. One usually will choose to consider the power properties of a test when b
equals the estimated value of the nuisance parameters. (If one is concerned
about this choice of b, it is always possible to carry out a sensitivity anal-
ysis by repeating the power calculations using several other appropriate
values of b.}) The distinct advantage of fixing the nuisance parameter vector
at b is that the dimension of the domain of the power function, power radius

functions, and inverse power functions (defined below) is reduced consider-

ably.
For fixed b, there is only one parameter vector in T for which the null
0
hypothesis holds, viz., Ty = - . This vector corresponds to a unique
b

vector Gb in € via Eb - V_l(fb).

2.2. Power Radius Functions and Inverse Power Functions

When a test fails to reject the null hypothesis, we are interested in
what this implies with regard to the restrictions being true or being close to
true. Thus, it is desirable from an interpretative standpoint to relate power
to deviations from the restrictions (i.e., deviations of h{(#) from the zero
vector). For this reason, we define the inverse power function to be a func-
tion whose values correspond to déviations of h(#) from O, rather than to
parameter values f£.

Consider the deviation space D C Rq, which consists of values that the



vector of restrictions h(#) assumes for different # € ©. The origin repre-
sents the null hypothesis in this space. Any unit vector n in R? defines a
direction in the deviation space that corresponds to the ray from the origin
through n. For a fixed value b of the nuisance parameters, we assess the
power properties of a test in the direction n, for given directions n of in-
terest.

Suppose the test In question is based on a statistic Tn and has exact
power function 7n(ﬂ). for given significance level a. We ask: What is the
greatest distance along the ray defined by n such that the power of the test
Tn is less than or equal to p for all alternatives that correspond to points

on the ray closer to the origin? As a function of p, these distances define

the inner power radius function of the test, which is denoted by
n - =
(2.1) 7z, (B = 1, () = sup([n(6)] : 6 €6, h(o) «n, v (8) <p, v, (8) = b)

where "«" denotes positively proportional to (i.e., ny X0, iff ny = €7, for

scme ¢ = ().
The points on the ray through n that correspond to the distances rgn(p)
are defined to be the values of the jinner inverse power function iipgn(p) of

Tn in direction n. That is, the inner inverse power function in direction n

e

1ls
es Il . s n
(2.2) ”qu(P) np,’(p) rbn(p) 7

With knowledge of the inner inverse power function, one can answer ques-
tions such as: Which deviations from the restrictions have a good chance of
going undetected by the test? The answer is given quite simply using the

inner inverse power function by choosing a value Py that corresponds to "a
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good chance" and by choosing several directions n of interest. For any devia-
tion vector in direction n closer to the origin than iipﬂ(l - pl), the test
must have acceptance probability greater than or equal to Py- Thus, 1f the
test fails to reject, it provides "little or no evidence" to suggest that the

true deviation of the restrictions is any closer to 9 than iipn(l - pl).

. . n .
The guter power radius function, denoted sbn(p)’ and the outer inverse

povwer function, denoted oipgﬂ(p), are defined analogously:
n . ) _
(2.3) sy (®) = 5, (®) ~ inf([h(6)] : 6 € 6, h(8) @ n, 7, (6) 2 p, v, () =B},
2.4 ip. = oi - s .
(2.4) oip,, (p) 01pq(p) by (P

The outer inverse power function can be used to answer questions such as:
Which deviations from the restrictions have a very good chance of being de-
tected by the test? Here, we just need to choose Py that corresponds to "a
very good chance" and choose several directions n of interest. Any deviation
vector in direction n that is farther from the origin than inn(pQ) has a very
good chance of being detected. Thus, if the test fails to reject, it provides
"strong" evidence that such deviations from the restrictions are not true.

We mention that if the power function of Tn is monotone along rays from
the origin, then rn(p) - sn(p) and iipn(p) - oipn(p). Also, by definition of

iipn(p) and oipﬂ(p),

(2.5) sup P (T >k ) =p and inf P (T >k ) = p
9 8 1
bea (b,n,p) © " T se8_(b,n,p) 1@
. R ¢! _
where An(b,q,p) ~ {§ €8 : h(f) =< 11pbn(p), u2(€) b} ,

B (b,n,p) = (8§ €8 : h(b) z'oip§n<p). v,(8) = b) ,

"<" is defined for vectors as: n, =15, iff n, = cn, for some ¢ in [0,1], and
1 2 1 2

kq o is the critical wvalue used for the test when the significance level is «a.

*



It remains to discuss directions 5 of interest, and appropriate choices
of P and Py- When there is only one restriction (q = 1), there are only two
directions, n = 1 and n = -1, so the choice of n is simple. 1In practice, the
situation is even simpler, because the approximate power radius function (de-
scribed below) is the same for p and -n.

When there are multiple restrictions (q > 1), there are at least three
ways of determining directions of interest. First, the problem itself and
previous experience usually suggest directions to consider. For example, if
the null hypothesis restricts the coefficients on a variable and each of its
lags to be zero, then it is natural to look in the directions where only the
contemporaneous coefficient is non-zero, and where the coefficients satisfy
plausible lag patterns, such as linear decay to zero. Or, if the null hypo-
thesis restricts several autoregressive parameters to be zero, one might look
in the direction corresponding to a first-order autoregressive model.

A second direction that may be of interest is the direction corresponding
to the estimated deviation vector, viz., h(;). This direction is of greater
interest, the greater is the precision of the estimate h(;).

A third category of directions of interest are those directions that are
of interest due to the power properties of the test itself. In particular, it
may be useful to determine those directions where the test has greatest power
and lowest power, or equivalently, smallest outer power radius and largest
inner power radius, respectively.

By their very nature, choices for P, and p, are arbitrary. Nevertheless,
arguments can be mustered in favor of certain choices. We do this for the
choices P, - 1/2 and Py = 1 - a, because we feel these values yield suitable

summary measures. If some other values seem more appropriate in a given



10
context, then of course, they should be used instead.

The choice of Py = 1/2 seems natural; due to symmetry, it is an obvious
focal point. Even odds or better represent "a good chance” of failing to de-
tect a particular deviation. Furthermore, when the test has less than even
odds for detegting a particular deviation, then the toss of a fair coin, with
arbitrary choice of rejecting the null on heads or tails, has greater ability
to detect this deviation than the test does. In this case, it seems appropri-
ate to classify such deviations as "difficult” for the test to detect. These
"arguments” in favor of taking P, = 1/2 are independent of the significance
level a. This makes Py = 1/2 a convenient general choice for specifying the
boundary of a region of low power.

When Py is set equal to one-half, the summary measures rn(1/2) and
iipn(1/2) can be used to answer the first question raised above. We call

these summary measures the even odds (FEQ) radius in direction 5 and the gven

odds (EQ) vector in direction y, respectively.

Next, consider the choice of Py = 1 -~ a. This corresponds to a type II
error of magnitude a. This choice allows one to obtain evidence against cer-
tain deviations being true, when the test fails to reject, that is of com-
parable strength to the evidence against the null obtained when the test does
reject, Furthermore, the fact that our cheice of error probability 1 - P, is
not fixed, but can vary from case to case by varying a, circumvents the same
sort of criticism that often is raised against the practice of setting the
significance level without regard to power.

Given the choice of Py = l - o, the summary measures sq(l - o) and
oipn(l — a) can be used to answer the second question posed above. We refer

to these summary measures as the power/size (PS) radius in direction n and the
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pover/size (PS) vector in direction 7, respectively, where "power/size" refers

to power being comparable to size.

3. APPROXIMATE INVERSE POWER FUNCTIONS

3.1. Definition of the Approximations

A

First, we define the Wald test statistic. Suppose # satisfies

s - -3 2

H(#) = %Eh(ﬂ) is continuous at all peints § in the null hypothesis. Define

P N(O, V(§)) as n + =, when § is true, for any # € 8, and

A A A ~ A ~

H=H(§), V= Vn(ﬂ), and £ = HVH', where Vn(ﬁ) converges in probability to
V(4) as n - « when # is true, for all § € 8. The Wald test statistic is

~ ~AA
1

(3.1) v nh(8) ' (HVH')

A Al ~

h(#) = nh(8)'S "h(8) ,

-~
where T is assumed to be nonsingular with probability that goes to one as

~

n -+ =« (see Andrews (1985a) for the case of singular I).
Under the null hypothesis, Wn has an asymptotic chi-square distribution
with q degrees of freedom (denoted xi) . Thus, for a test with significance

level a, the critical value kq o is chosen to satisfy

2

2
3.2 P(X” > k .
(3.2) ( q q q

2
a) = a , where Xq - x

*

For the Wald test, we approximate both the inner and outer power radius

functions, rn(p) and sn(p), by the approximate power radius function Rgn(p),
and both the inner and outer inverse power functions, iipn(p) and oipn(p), by

. . n
the approximate inverse power function Ian(p), where




12

, and

Doy =R (p) =2 (p)e|nEt ]-1/2
Rb,7 P (P 7 e PIv[n'E

(3.3)
i) Tt
Ian(P) - IPﬂ(p) = Rbﬂ(p)'n

The non-random guantities Aq.a(p) and an are defined as follows: Let
H =H(6), V=V (), and 2, = HV H', where 6 is defined in Section
2.1 above, and Vn(ﬂ) is pon-random and converges to V(f) as n + «, V#e¢B. For
example, if ; is the unrestricted ML estimator, then Vn(-) can be taken to be
the information matrix of the sample of size n, divided by n, and inverted.
Or, if the matrix Vn(o) used in the definition of the Wald statistic is mnon-
random, then vn(-) can be taken to equal Vn(-). Note that an

n -+ to the asymptotic covariance matrix of /n(8) - h(8)) evaluated at the

converges as

null hypothesis point § = éb, viz., Eb = HbeHb where Vb - V(Eb).

R 2 2 2
To define Aq,a(p), let 7q’a(6 Yy = P(X" > kq a)’ where X~ has non-central

chi-square distribution with q degrees of freedom and non-centrality parameter

62 (denoted xi(&z)) and kq o is as defined above. The function

*

Tq a(-) : R+ -+ [0,1] is strictly increasing, and hence, has a unique inverse
-1

7q,a

(+) : [0,1) » R". By definition, A

1

() - J;_§f§p>. Thus, A (p) is
the square root of the inverse of the power function of a level a test based
ont a test statistic X2 with X§(52) distribution.

We tabulate Aq,a(p) in Tables 1, 2, and 3, for o« = .05, .01, .,1;
p~ .1(.1).9, .95, .99; and q = 1(1)30(2)50(25)100, 1In addition, we note that
Haynam, Govindarajulu, and Leone (1962) tabulate qg%a(p) for a = .001, .005,
.01, .025, .05, .01 ; p = .1(.02).7(.01).99; and g = 1(1)30(2)50(5)100. Also,
Yamauti (1972) provides a FORTRAN program that can be used to obtain 1;%a(p)
and Aq a(p) for combinations of @, p, and q that have not been tabulated.

?

The approximate power radius and inverse power functions, Rn(p) and
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IPn(p), are extremely simple. It is easy to isolate the affects of different

values of p, @, , b, and n on the approximate inverse power of the test, and

hence, to ascertain the general qualitative features of the power of the test.
For fixed power p, the surface in the deviation space D mapped out by

IPn(p) for varying 5 is an ellipse defined by
G.o  cerV:eE, mle =22 o)
’ ’ nb q,c P

The approximations for LR and 1M tests are exactly the same as those
given for the Wald test in (3.3), when the Wald test is based on the unre-
stricted ML estimator. For cases where the Hausman test can be interpreted in
the classical framework for parametric hypothesis tests, and is equivalent to
the LR and LM tests under the null and local alternatives (see Holly (1982)),
the same approximations apply as for the LR and LM tests.

Approximate analogues of the summary measures iipn(l/Z) and oipn(l - a)

are IPn(l/Z) and IPn(l - @), respectively. These vectors are called the

approximate even-odds vector in direction n, EOn, and the approximate

power/size vector in direction 79, PSq, respectively. Thus, E)O’7 - IPW(1/2) and

PSn - IPn(l - a). 8Similarly, the approximate even-odds radius in direction n

refers to Rq(1/2), and the approximate power/size radius in direction n refers

to R (1 - a}.
n(
Next, we state the asymptotic justifications for the approximations given

in (2.2). These justifications are established under a specific set of

assumptions in Section 5 below. Let

A

- - n
An(b,n,p) - An = {f € 8 : h{(f) Ian(p), vz(é) = b} , and

(3.5)

v

- - . n -
B (b.n,p) =B = (§€0: h(s) 2 IP) (p), vy(d) = b ,
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(where B, < B, for B, B, € RY iff B, = cB, for some c in [0,1]).

The first justification we give is related directly to the intended use
of approximate inverse power functions. In practice, we want to be able to
say: For any deviation vector in direction n that is closer to {farther from)
the origin than IPn(p) (i.e., for any h(#) with ¢ € Zn (6 € En)), the proba-
bility that the test rejects is less (greater) than or equal to a constant
that is approximately equal to p. These statements are justified by the fol-

lowing results:

n—o

_ sup P(W >k ) ~—=7p
oA (b,m,py 0 %0

(3.6) -

i ——
for any nuisance parameter vector b in the transformed parameter space, any
unit direction vector n in Rq, and any p in {0,1] , under the assumptions
given in Section 5. Analogous results hold for likelihood ratio, Lagrange
multiplier, and Hausman tests, see Section 5.

The second justification of IPn(p) is in terms of its ability to approx-

imate iipn(p) and oipﬂ(p) directly:

fr‘m[IP{jqcm ~ iip{,‘n(p)] —

1o

and
(3.7)

JE[IPEn(p) - oipgn(p)] — 0,

for any b, n, and p as above, under the assumptions of Section 5. Additional
justifications for IPgn(p), which explicitly treat the case of estimated

nuisance parameter vectors, are given in the Appendix.
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3.2. Discussion of the Approximations

Clearly, the inverse power approximations given here are closely related
to local power approximations (e.g., see Pitman (1979), Engle (1984), and
Rothenberg (1984a)), since both rely on a non-central chi-square approximation
of the test statistic. There are several advantages to our approach, however,
in contrast to that of reporting the local power for several values of §, or
to that of reporting the chi-square non-centrality parameter as a function of
#. First, our approach reduces the dimensionality of the power function,
whose domain is £ dimensional, to a function that is q dimensional. Our ap-
proach provides a simple method for reducing this function further to just
several one dimensional functions. Finally, these one dimensional functions
can be evaluated at two points to give convenient and easily interpretable
summary measures. In contrast, the local power function allows one to calcu-
late power at several points # in a high dimensional space, but it is far from
clear which points 4 might yield useful summary measures.

Second, inverse power approximations provide ranges of deviations from
the null hypothesis that correspond to a given power p, rather than providing
the value of p for a given parameter vector #. This approach is desirable in
terms of generating summary measures, because it is much easier to choose
values of p that are satisfactory to a wide range of people, than it is to
choose particular values of #. The latter are difficult to agree upon because
of differing views of which alternatives # are of interest.

Third, the asymptotic justifications we provide for the approximate in-
verse power function do not restrict consideration to just local sequences of
alternatives. Rather, the nature of the power properties of the tests them-

selves implies that local alternatives are important asymptotically. Thus,
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the inverse power function provides an alternative view of local alternatives
--one that makes them appear guite natural.

In sum, inverse power approximations and local power approximations are
closely related, but the former seem more useful for present purposes.

For sample sizes often encountered in practice, inverse power approxima-
tions, like the nominal significance level, may be rather crude. Neverthe-
less, these approximations provide some information on power, crude or other-
wise, in a form that is readily employable in a wide variety of econometric
testing situations. Even crude information on power is quite useful, since it
establishes the orders of magnitude involved.

If more accurate information on power is required than that provided by
inverse power approximations, one can refine the approximations via higher
order expansions (e.g., see Rothenberg (1984a,b} and Sargan (1980)), or make
use of exact series expansions for power if they are available (e.g., see
Phillips (1983)).

Next we make two comments on the use of confidence intervals or regions
as an alternative means of interpreting test results. First, confidence
regions can be associated naturally with Wald tests, but not with likelihood
ratio, Lagrange multiplier, or Hausman tests. Thus, their application is
somewhat restricted for our purposes. Furthermore, while confidence intervals
are easy to interpret, multidimensional confidence regions are not, even
though they are easy to define. This is evidenced by their scarce use in
econometric practice.

Second, to interpret test results one needs to investigate the
probabilities of the different errors associated with the tests, viz., errors

of type I and type 1I. Inverse power approximations provide summary measures
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for type II error probabilities. They rely on probability calculations that
hold under alternative parameter values. Confidence intervals or regions, on
the other hand, do not assess type II error probabilities. They do not rely
on calculations of rejection probabilities under alternative parameter values,
and hence, cannot address the question: For which deviations from the null
hypothesis does the test have high or low power? As an alternative form of
inference to testing, however, confidence regions are quite valuable, especi-

ally when one is dealing with a single parameter.

3.3. Calculation of n,, n*, and Enb

Determination of the directions that minimize and maximize the approxi-

mate power radius function Rn(p) is simple. Since Rq(p) depends on n only

through (n'z_l /2

nbn)_ ' Rn(p) is minimized for any p by the eigenvector 7, of

-1 . -1 .
znb that corresponds to the largest eigenvalue By of Enb' and Rn(p) is

maximized for any p by the eigenvector np* of E;; that corresponds to the

smallest eigenvalue u* of E;i. Call T the (approximate) direction of small-

est power radius, and p* the (approximate) direction of largest power radius.

The relative magnitude of the smallest and largest power radii tells one the
extent to which power varies with the direction chosen.

Next we consider the choice of b. We are free to choose any vector b of
interest and compute IPEﬂ(p). It is natural, however, to choose b as given by
some estimate B of the true nuisance parameter vector bo. It is preferable to
use an estimator B of bo that corresponds to an unrestricted estimator of §,
such as ;. The reason is that an estimator of b0 that corresponds to a re-
stricted estimator of § may be a poor estimator of bO if the null hypothesis

is false,

Now we discuss the calculation of an in certain special cases. Suppose
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h(f) constrains the first q elements of # to be 9. Then, En

= [V ] and
. ~1/2 b nb ' gxq
)

I (p) = '\q,a(p).[n'([vnb]qxq/n)

In this case, [an]qxq

, where [vnb] is the upper left

9xq

/o is just a particular esti-

A

q X q submatrix of an.

mator of the covariance matrix of the first q elements of §. In particular,

1/2 1/2
J J

if q = 1, then IP(p) = Aq’a(p)o[[vnb]lxl/n , where [[an}lxl/n is a

A

particular standard error estimator of the first element of 4.

For example, consider a classical linear regression model y = Xf+u with
errors u that have mean 0 and variance 021 (and are not necessarily normally
distributed). Let # = (S, 02). Suppose one uses the standard F-statistic to

test whether the first q elements of 8 equal Q. 1In this case, the matrix

2

S |
an/n equals [(X'X) ]quab

2 . .
, where o 1is the error variance that corresponds
to the chosen nuisance parameter vector b, If the nuisance parameter vector
: : : . 2
is estimated using the unrestricted least sguares estimators, then o,
1

the unrestricted estimator of 02, and [(X’X)_ ]qxqag is just the usual covar-

equals

iance matrix of the least squares estimators of the q elements of B that are
equal to zero under the null. In particular, if q = 1, the approximate in-
verse power function is just Aq,a(p) times the usual standard error estimator
of the least squares estimator of the coefficient that is restricted to be
zero under the null,

As a second example, consider the Durbin-Watson test that the first-
order autoregressive parameter, 61, of the errors is zero in a standard linear
regression model. From above, Enb -_[ﬁnb]lxl. The approximate inverse power
results for the Durbin-Watson test are equal to those for a Wald test based on
the sample serial correlation coefficient. For the latter, we find that
V(§) =~ 1 for all § such that 51 = 0. Thus, for any b, IP(p) = Al’a(p)/Jﬁ,

EQ = Al a(l/Z)/JE, and PS5 = Al a(l—a)/JE. In Table 4, the even-odds and
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power/size radii are tabulated for several values of n and a. This Table
shows that for a« = .0l fairly large sample sizes are needed to achieve reas-

onable power.

3.4. An Example with Multiple Restrictions

As an example with multiple restrictions, consider Barro's (1978) test of
the hypothesis that only unanticipated money growth influences output. His
null hypothesis is that the coefficients on a money growth variable and each
of its three lags are zero, in a regression equation for output that includes
unanticipated money growth variables. He reports the value of a Wald test
statistic (viz., .2 as compared to a level .05 critical value of 2.9), and
accepts the hypothesis that the money growth coefficients all equal zero.

The information Barro reports is not sufficient to indicate the strength
of the evidgnce that these coefficients are zero or close to zero. Inverse
power approximations can be used to provide such information. We compute such
approximations with b corresponding to the unrestricted least squares esti-
mators.3 Thus, EnB/n - [(X'X)—la§]4x4, where the latter is the 4x4 sub-matrix
of the estimated least squares covariance matrix that corresponds to the four
money growth variables. The matrix (EnB/n)&l’ that arises in IPn(p), is given
in Table 5.

First, we consider inverse power in several directions that represent a
priori plausible lag structures: n = (2,3,2,1)/JT§, ny = (4,3,2,1)/]36, and
ny = (1,0,0,0). For each of these directions, Table 6 gives the even-odds and
power/size vectors, as well as the power radii and sum of the coefficients.
Using the matrix (an/n)-l reported in Table 5, and the tabulated values of
Aa,.o5(P) in Table 1, analogous results can be computed for other directions n

and other probabilities p.
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To interpret the inverse power results, one needs to have an idea of what
constitutes "large" and "small" money growth coefficients from an economic
perspective., The sum of the coefficients on money growth and its lags gives
the percentage increase in output in a year due to a 1% increase in money
growth in the same year and in each of the three previous years with other
variables (including unanticipated money growth) held constant. A similar
interpretation applies to the sum of the coefficients on the unanticipated
money growth variable and its three lags. The latter coefficients are esti-
mated to be (.71, .92, .65, .12) with their sum equaling 2.4, Barre inter-
ptets these coefficients to be "large" or "significant” from an economic per-
spective, and finds their lag pattern to be reasonable. Hence, this coeffi-
cient vector provides a reascnable standard of c;mparison tor coefficient
vectors of the money growth variables,

Consider the approximate inverse power in direction - From Table 6, we
have E0”1 = (.09, .14, .09, .05) and PSn1 - (,16, .24, .16, .08) with theilr
coefficient sums being .37 and .64, respectively. Thus, in direction s the
test provides strong evidence that the sum of the coefficients is .64 or less,
and that each element of the vector is quite "small," in comparison with the
estimated coefficients on unanticipated money growth variables (subject to the
validity of the maintained hypothesis of correct model specification, of
course). Results for directions ny — M, can be interpreted similarly.

Next, we consider the directions of largest and smallest power radii,
given in Table 6 by n* and n,, respectively. The considerable difference be-
tween the power radii in these two directions indicates that the power of the

present test varies substantially with the direction 5., In direction 5*, the

test has low power (from an economic perspective). The lag pattern
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corresponding to this direction does not seem plausible, however, because of
the large negative coefficient on the first lag (or, in the opposite
direction, on the contemporaneous coefficient). In contrast, the direction M,
of smallest power radius is more plausible. The power in this direction is
quite high.

In sum, Barro's test has good to very good power in directions corres-
ponding to plausible lag structures. In some less plausible directions,

however, the test has much lower power.

4. [ESTIMATED INVERSE POWER FUNCTIONS

4.1. Motivation and Definition

This section introduces an approximation to the inverse power function,
called the estimated inverse power function, that is easier to calculate than
the approximate inverse power function of Section 3. The former uses a random
matrix Vn(ﬂ) in place of the non-random matrix Vn(ﬂ) of the latter. This ap-
proximation is useful for three reasons. First, in complicated models, a non-
random matrix Vn(ﬂ) may be difficult to compute, whereas a random analogue
Vn(ﬁ) often is readily available. For example, with ML procedures, Vn(ﬂ) re-
quires computation of the "true" information matrix (which involves taking
expectations), whereas vn(a) can be given by a "sample" information matrix
(which omits these expectations).

Second, if one is using a Wald test and the parameter # does not specify
the distribution of the data completely (e.g., it may leave the distribution
of certain errors unspecified), then a non-random matrix Vn(-) that converges
to V(-) may not exist,.

Third, for interpreting test results presented by others, it may not be
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possible to use the reported information to calculate the approximate inverse
power function, but this information may suffice for the estimated inverse
power function. If fact, with the very common test of whether a single param-
eter equals a given constant, the estimated inverse power function usually can
be determined from reported information. Thus, it can be used to help one
evaluate results presented in numerous applied econometrics papers.

Let b0 denote the true nuisance parameter vector uz(ﬁo), where the true
parameter vector 90 may or may not satisfy the restrictions. The approxima-
tion we give here to the inner and outer inverse power functions holds with
their nuisance parameter vectors egual to bO' rather than equal to any vector

of our choice. Corresponding to bo is the null parameter point

Gb - v-l(g’, bé) (see Section 2.1). We consider seguences of local
0

alternatives {Bn} to Bbo. In particular, let {ﬁn] = {Gbo + 6n/JE :
n=1,2, ...), for some §_€ r* with ]ann < M for some M < =, for all n,

The estimated inverse power function is defined first for the Wald test.

~

As above, let 4 be an unrestricted estimator of #. The asymptotic covariance

matrix of /n(h(d) - h(&n)) under the sequence of local alternatives {9n] is

-

Eb - Hb V. Hé . Let £_be any estimator of this asymptotic covariance matrix
0 0 Po o n

that is consistent under these sequences of local alternatives. Since local

alternatives generally are contiguous for "regular" models, it is usually the

case that any estimator Zn that is consistent for Eb under the null hypothe-
0

sis point 6b also is consistent under the local alternatives {Bn}. In con-
0 ~
sequence, there exist ample choices for En. The most obvious choice is the

A ~

matrix Z used in the definition of the Wald statistic. In any case, En usual -
1y will be chosen to be of the form H(?n)vnH(En)', where ﬁn is some estimator

of the asymptotic covariance matrix of /n(§ - Hb ) that converges in
0
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probability to Vb under Eb , and En is some estimator of § that converges in
0 0
probability to §, under 4, .
bo bo
Consider the Wald statistic Wn defined in Section 3.1 above. For the

test based on Wn, the estimated power radius function Rz(p) and the estimated

inverse power function IP:(p) in direction n are defined as

s rﬁ -1
IROTICIE R DI EE e SIS PR I

“n ~ 1
Rq(p) - Rﬂ(p) - F Aq

n
(4.1) and

1P§<p) - 1P (p) - RE(P)-W .

A

The estimated even-odds vector in direction n is EOﬂ = IPq(1/2), and the

estimated power/size vector in direction n is PSn - IPﬂ(l - a).
A

1f En is of the form En - H(Bn)VnH(Gn) , then Zn/n - H(Gn)(vn/n)H(ﬁn)',

where Vn/n is an estimator of the covariance matrix of #. 1In particular, if

the null hypothesis restricts certain elements of § to equal constants, then

~ ~

Zn/n is just the submatrix of the estimated covariance matrix of # that cor-
responds to the restricted elements. In this case, IPn(p) is exceptionally
easy to compute, given a direction n of interest. If the null hypothesis re-
stricts a single element 61 of # to equal a given constant, then

’ o —1 —1/2 + A
(n (En/n) n) equals the estimated standard error, say %,

~ 1
ponding element of # (since there are only two directions, n = 1 and p = -1,

, of the corres-

when q = 1). Here, IP(p) is simply Al a(p)-as , and IP{p) can be calculated
! 1
from information commonly reported in applied papers.

Note that one only needs to report a consistent estimator of the vari-
~

ance-covariance matrix of § in order for a reader to be able to compute an

estimated inverse power function for a Wald, LR, IM, or Hausman test of any

nonlinear restriction h(4) = g (where # is the ML estimator if the test is an
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LR, LM, or Hausman test).

Next, we state the asymptotic justifications for the estimated inverse

~

power function IPn(p). These justifications are established under specific

conditions in the Appendix. Let

~ A . '\n

An(q,p) - An = [ €8 : h(f) s IPn(p), v2(9) - bo} , and
(4.2)

A . A . An

Bn(q,p) - Bn = {§ €8 : h(d) = IPq(p), uz(ﬂ) - bo} ,

(where, "<" and "z" are as defiped in (3.5)).

Under sequences of local alternatives {Bn} to Hb , the estimated inverse
0
power function of the Wald test satisfies:

(a) plim ASUp P.{(W >k Y =p ,
n-+o BEAn(U.P) 6" 9.«

(b) plim £inf P (W >k Y =p .
nso  6€B (n,p) R A
(6.3)

o

, and

() Ja(IP (p) - iip§0n<p>) £

1o

°n ..
(@ JRIZ (p) = olpy ,(p)) £

for any unit direction vector n € RY and any p € [0,1], under the assumptions
of the Appendix. These asymptotic justifications of I;ﬂ(p) are weaker than
those of IPn(p), The former hold only under sequences of local alternatives,
whereas the latter hold under any fixed # in € (and also can be shown to hold
under sequences of local alternatives).

Under well-known general conditions, the Wald, LR, LM, and Hausman test
statistics are asymptotically equivalent under sequences of local alterna-

tives. In consequence, the estimated power radius and inverse power functions

glven above for the Wald test also apply to the LR, IM, and Hausman tests.
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4.2, An Example

As an example, consider Lillard and Aigner's (1984) analysis of time-of-
day (TOD) electricity demand. One of the foci of their analysis is the ques-
tion of exogeneity of air conditioning appliance ownership variables. They
specify a two equation triangular system in which the first equation explains
air conditioning appliance ownership and the second explains TOD electricity
demand. The appliance ownership variables enter the second equation as ex-
planatory variables and are exogenous in this equation if the first equation
error, £, is uncorrelated with each of two components, k and r, of the second
equation error.

Lillard and Aigner carry out likelihood ratio tests of whether the corre-
lation coefficients between these errors are zero and find them to be jointly
and individually insignificant at the 5% level in each case. They then con-
clude that treating appliance ownership variables as exogenous will not lead
to specification error and its corresponding bias. Thereafter, they consider
only the estimates based on the constrained model, where Pre = Pre = .

The conclusion that Lillard and Aigner reach does not seem warranted
without some investigation of the power properties of their tests. With the
information provided in their paper, we are able to compute inverse power ap-
proximations for the two univariate tests they report, but not for their joint
test. The first univariate test is a test of Pre ™ 0, and the second is of
Pre ™ 0. We consider Lillard and Aigner's "rate B all customérs" results,
The tests have high power if |pk€] > .66 (i.e., Pg - I;(.95) =~ . 66) for the
first test, and if Iprcl 2 .73 for the second.4 Further, the tests have low
power if kael < .47 (i.e., EO = 15(.5) = .47) for the first test, and if

|p | < .55 for the second.

Ire
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These results show that the two univariate tests are not very powerful.
Correlations of magnitude .5 or less have a good chance of going undetected,
yet they pay introduce biases of some consequence.5 One needs to investigate
the relationship between the size of the correlations and the bias on param-
eter estimates of interest in the demand equation, in order to give an accu-
rate assessment of the decision to constraint the correlations to be zero

(e.g, see Nakamura and Nakamura (1985)).

5. ASYMPTOTIC JUSTIFICATIONS OF APPROXIMATE INVERSE POWER FUNCTIONS

Here we provide conditions under which the asymptotic justifications hold
for the approximate inverse power function. See the Appendix for its justifi-
cation when the nuisance parameter is estimated, and for conditions under
which justifications hold for the estimated inverse power function.

let b be the chosen value of the nuisance parameter vector uz(ﬁ). Con-

sider the following assumptions:

ASSUMPTION Cl: There exists a parameter space T C Rﬂ and a one-to-one trans-

formation v : 8 = T such that (i) h(f#) equals the first q elements of

r = v(d), (ii) given any (fl, f2) €T, (9, f2) also is in T, where Ty 9 e Rq,
and (iii) v(+) is continuously differentiable in a neighborhood of ﬁb and has
a nonsingular Jacobian at 9b.
ASSUMPTION C2: The test statistic Tn satisfies
sup IPG(Tn < 8) -~ P(X2(pn(9)) < s)l =o0 , Y8 €ER, YM < = ,
6€0: =0, +5//n 4
& |8]=

where Xg(pn(ﬁ)) - xz(pn(ﬂ)) and pn(ﬂ) - nh(ﬁ)'anh(ﬂ) for some positive
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semi-definite non-random q X q matrices an and Qb’ n=1, 2, ..., that
. N+ : ‘s s
satisfy an — Qb and Qb is positive definite.
ASSUMPTION C3: For given b and n, the set

["h(ﬁ)" : # €8, h(#) « n, vz(ﬂ) = b} contains a neighborhood of zero.

For the general test statistic Tn’ the approximate power radius function
is defined by

n 1 ' =172
(5.1) qu(p) - RW(P) - —; Aq'a(P)'(ﬂ Q™ )

and the approximate inverse power function by
(5.2) IR, (p) = IP _(p) = R (P)
: bn (P p(P) = Ry, (P)em

Define the sets Zn and En' for the test based on Tn' as in (3.5).
To justify the use of Rn(p) to approximate the outer inverse power func-
tion of Tn’ we need an additional assumption. Define Ei = {f§ € En : Hh(ﬁ)”

= Rgn(p) + a/JE}, where a > 0 is a constant.

ASSUMPTION C4: Given b, n, and p, for some a > 0 and some Y

_ inf PB(Tn >k a) - ~%nf PB(T >k a) , for all n = Ny
éeB_(b,n,p) 4 feB_(b,n,p) 4

n n
Of course, assumption C4 is satisfied if the power of the test based on Tn is
non-decreasing along the ray defined by n.

We obtain the following asymptotic justifications:
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THEOREM 1: Suppose C1-C3 hold for given b, n, and p. Then, the approximate

inverse power function IPn(p) of the test based on Tn is such that:

(2) lim _ sup P(T >k ) =p ,
mew 0K (b,n,p) ¢ 0 DO
(b) lim inf PO(T > kq a) = p , provided Tn also satisfies C4,

o ﬂeBn(b.n.p)

N+

(e) Ja(IPy (p) = ifpy (p)) == 0 , and

™

(4d) JE(IP:n(p) - oipgn(p)) — 0 , provided Tn also satisfies Cé4.

See the Appendix for the proof of Theorem 1 and other results below.
Next, we show that the Wald statistic Wn satisfies assumption C2 with

A
an = E;;. The unrestricted estimator § is assumed to satisfy:

ASSUMPTION Bl: JE(B - 8) —9* Zﬁ - N(Q, V({§)) as n - =, under Pg. uniformly

for 8 € C, any compact subset of 8.6

ASSUMPTION B2: Given any compact subset C of 8, Vn(ﬁ) o2 V(8) and
Vn(E) 2. V(8) as n + = under Pﬁ' uniformly for § € C, where 7n(6) is non-

random.

ASSUMPTION B3: (i) h(Bb) - 9, h(+) is continuocusly differentiable in a
neighborhood of Bb, and Hb has full rank q, (ii) V(8) is continuous at ﬁb' and
Vb has full rank g, and (iii) ﬁb is an interior point of 8, or the set

Cbc = {f €6 : 8= Eb + &, for [6| = ¢) is compact for some ¢ > 0.

Estimators that satisfy Bl are called consistent unifermly asymptotically
normal (CUAN) estimators by Rao (1973, pp. 350-351), also see Bickel (1981, p.
10). The CUAN condition is not very restrictive; it is satisfied by most

asymptotically normal estimators used in econometrics.

We have:
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LEMMA 1: Under assumptions Bl-B3, the Wald statistic Wn satisfies

2 T+
sup |lp,(W =s8) ~PX (p (8)) <s)] =— 0, ¥s€R , WM< =,
0€0:4=6, +6//n 6" n g
& fe]=
2 2 sy ~1 noe -1
where Xq(,un(ﬂ)) - xq(un(ﬂ)). pn(ﬂ) = nh(§) Enbh(ﬁ), and I, 2

Theorem 1 and Lemma 1 combine to give the four results of Section 3.1 for

the asymptotic justification IPn(p) for the Wald test:

COROLLARY 1: Suppose the parametric model, the restrictions h(-), and the
estimator ; are such that assumptions BI-B3, Cl1, and C3 hold. Then, parts (a)
and (c) of Theorem 1 hold with Tn equal teo the Wald statistic Wn and

pn(B) - nh(ﬂ)'E;th(B). In addition, if Wn satisfies C4, then parts (b) and

(d) of Theorem 1 hold analogously.

Under well-known general conditions, the likelihood ratio, Lagrange mul-
tiplier, and Hausman test statistics are locally equivalent to the Wald sta-
tistic based on the unrestricted ML estimator {(e.g., see Silvey (1959; 1970,
Ch. 7), Wald (1943), Engle (1984), Holly (1982), and Burguete, Gallant, and
Souza (1982)). That is, these test statistics satisfy assumption C2 with

pn(ﬂ) - nh(ﬁ)Z;;h(ﬂ) {where % is as defined for the Wald statistic). Thus,

nb
the following corollary has wide applicability:

COROLLARY 2: Suppose the model, the restrictions h(+), the unrestricted ML
estimator 8, and the likelihood ratio (LRn), Lagrange multiplier (LMn) and/or
Hausman (mn) test statistics are such that assumptions Bl1-B3 and €1-C3 hold,

with T =1R , T
n n

. e § .
a Lﬂhf and/or 'I‘n -m in €2 and pn(ﬂ) nh{#) anh(ﬁ) in ¢2

(where Snb is as defined above for the Wald statistic based on the unre-
stricted ML estimator). Then, parts (a) and (c¢) of Theorem 1 hold. If

assumption Cé4 also holds, then so do parts (b) and (d) of Theorem I.
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6. CONCLUSION

This paper provides a method for assessing the evidence provided by a
test, when the test fails to reject. Inverse power functions are defined that
relate rejection probabilities to deviations from the restrictions that define
the null hypothesis. The problem of high dimensionality, which arises with
the usual power function, is reduced by specifying a value of a nuisance par-
ameter vector, by considering certain interesting directions of departure from
the null hypothesis, and by restricting attention to two probabilities,

1/2 and 1 - o. Approximations are given to the inverse power function that
are simple, and are easy to calculate--especially with the estimated inverse
power function. These approximations are helpful in answering questions that

are important to address in practical contexts.



APPENDIX

A.l. Asymptotic Justifications for the Case of Estimated Nuisance Parameters

Here we consider asymptotic justifications of the approximate inverse
power function of the test based on Tn' when the nuisance parameter vector b
is estimated. Let b0 denote the true nuisance parameter vector uz(ﬂo), where
80 denotes the true parameter vector, which may or may not satisfy the re-

strictions. Let B denote the estimator of bo. We assume:

ASSUMPTION Cl': (€1 holds with b = b_.

0
ASSUMPTION C2*: The test statistic 'I‘n satisfies: For some neighborhood
N(by) of by,
sup sup |P8(TnSs)-P(X2(pn(B))£s) | 220, vseR, WM<w,
beN(b,) 0€8:6=5 +5//a 4
& [[s]=

2 2 , Lo .
where Xq(pn(ﬂ)) - xq(pn(ﬂ)) and pn(ﬁ) = nh(f) anh(a), for some positive semi-
definite non-random q X q matrices an and Qb' forn=1, 2, ..., and
b e N(bo), that satisfy an Lin Qb uniformly for b € N(bo), and Qb is contin-

uous and positive definite for b € N(bo).

ASSUMPTION C3': C3 holds for all b in a neighborhood of bO‘
ASSUMPTION C4': €4 holds for all b in a neighborhood of bo (with the same

constants a and n, for each b in the neighborhood).

Under these assumptions, we have:



THEOREM 2: For given n and p, suppose Cl’-C3*' hold and B L.b_ asn- e

0
under the true parameter 90 (which may or may not satisfy the restrictions).

Then, under 80, the approximate inverse power function IPgn(p) evaluated at

the nuisance parameter estimator B satisfies:

(a) _ sup PB(Tn >k a) -2, P asn-w,
§€A (B,n,p) 4

(b) inf  P(T > ko) -2+ p as n + ©, provided €4’ also holds,
GEBn(B,n.p) !

(e) Jn(xeg (p) - dipy (p)) B+ 0 as n =+, and

o"

(d) JH(IPgn(p) - oipg (rp)) B 9 as n - =, provided C4' also holds.

0’7
Note that the results of Theorem 2 hold under a fixed true parameter
vector 90 that may be in the null or alternative parameter set. These results

do no rely on local sequences of alternatives.

Next, we show that the Wald statistic satisfies assumption C2'.
ASSUMPTION B3': B3 holds for all b in some neighborhood of b0 .

LEMMA 2: Under assumptions Bl, B2, and B3’, the Wald statistic Wn satisfies:

sup sup [P = s) - pPu () s )| TR0,
beN(b,) 6€0:9=, +5//n 1

& [l5<m
for all s € R, and all M < =, where N(bo) is some neighborhood of bO’

2 2 s | —1 nwwo _-1 .
Xq(un(ﬂ)) - xq(pn(ﬂ)), and pn(ﬁ) = nh{f) Enbh(ﬂ). Further, Enb _— Eb uni-

formly over b € N(bo), and 2;1 is continuous at bO'
Theorem 2 and Lemma 2 combine to give the following justifications for

the approximate inverse power functions IPgn(p) of the Wald, LR, LM, and



Hausman tests, when the nuisance parameter vector b is estimated:

COROLLARY 3: (i) Suppose the parametric model, the restrictions h{(+), and the

A

estimator § are such that assumptions Bl, B2, B3’, C1’, and C3' hold and

B -B. b0 as n =+ « upder the true parameter vector 60. Then, parts (a) and (c)
of Theorem 2 hold with Tn equal to the Wald test statistic Wn. In addition,
if Wn satisfies C4’, then parts (b) and (d) of Theorem 2 hold. (ii) Suppose

"

the estimator # is the unrestricted ML estimator of 80. Assume the model, the

restrictions h(-), the estimator 6, and the likelihood rarie (LRn), the
lagrange multiplier (LMn), and/or the Hausman (mn) test statistics are such
that B -E- b0 as n + « under 80 and assumptions Bl, B2, B3', and Cl1’-C3' hold
. , , yo—l .
with Tn - LRn’ 'I‘n - LMn, and/or Tn =m in c2' and yn(ﬂ) nh(d) Enbh(ﬂ) in
C2’. Then, parts (a) and (c) of Theorem 2 hold for these choices of Tn' If

assumption C4' also holds, then so do parts (b) and (d) of Theorem 2.

A.2. Asymptotic Justifications for Estimated Inverse Power Functions
Next, we give asymptotic justifications for the estimated inverse power
A
: n : :
function IPn(p) of a test based on a statistic Tn. We assume €l and C3 hold,

but assumption C2 is replaced by a weaker assumption C2" that allows for

random weight matrices in the non-centrality parameter pn(ﬂ):

ASSUMPTION C2": The test statistic Tn satisfies

sup |P0(Tn < s) - P(Xz(pn(ﬁ)) ss)| B0 as no+ o,
6c0:6=0, +5/./n 9
0

& [ 5] =M

under any sequence of local alternatives [ﬂn} to # Vs € R and ¥M < =, where

Pg

{i) conditional on the value of the random non-centrality parameter pn(ﬁ),

xz(#n(ﬂ)) - xi(#n(ﬂ)), and (ii) pn(ﬂ) - nh(ﬂ)'th(e) for some positive
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semi-definite random q X q matrices Qn' n=1, 2, ..., and some positive

definite non-random matrix Qb , that satisfy Qn -2, Qb as n <+ « under [Bn}.
0 0

For the general test statistic Tn, the estimated power radius function

R?(p) and the estimated inverse power function IPﬁ(p) are defined as

Rp) = R (@) = = A (- (r'gm T /?, and

1
(A.l) A ~A A
T T
IPq(p) - IPn(p) Rq(p) n

A A

For Tn‘ the random sets An and Bn are defined as in (4.2).

We introduce a condition C4" that is weaker than C4. Let

Ba(n,p) - (6eB_ : |h(®)| = RE (p) + a//n}, where a > 0 is a constant.
n n n
ASSUMPTION C4": Given n and p, for some a > 0,

inf PO(Tn > kq,a) - inf Pﬂ(Tn > kq,a)

~ ~a
9€Bn(n,p) 9€Bn(ﬂ,P)

with probability that converges to one as n — « under any sequence of local

alternatives {9n] to 0bo.

With the above assumptions, we give an analogy to Theorem 1:

THEOREM 3: Given n and p, suppose €1, C2", and €3 hold with b = bo. Then,

the estimated inverse power function IP:(p) is such that under any sequence of

local alternatives (# )} to 8, , we have
n b0

(a) plim .sup P (T _>%k_ ) =1p,
e 9eAn(n,p) - 1@

(b) plim  .inf PB(T >k } =p , provided T_ also satisfies C4",
n q,a n
n-+o 5EBn(ﬂ,P)

(¢) /(1P (p) ~ 1ipy (p)) -E 0 as n+ =, and



0
(d) JH(IP:(p) - oipg n(p)) -2, 0 as n =+ =, provided Tn also satisfies C4".
0

To make Theorem 3 operational one needs conditions under which C2" is
satisfied. Consider the Wald statistic Wn. The asymptotic covariance matrix

of /n(h(#) - h(8)) is Eb , under a sequence of local alternatives {Gn} to Bb .
- 0 0
let & be any estimator of Zb such that:
n 0

A

ASSUMPTION B4: En -2, Eb as n + =, under any sequence of local alternatives
0

{Gn] te Bbo.

It is not difficult to see that under assumptions B1-B3, the estimator
Z = HVH', which is used to construct the Wald statistic, satisfies condition

.3 -

B4. Hence, one choice for En is Z.
LEMMA 3: Under assumptions Bl-B4, the Wald statistic Wn satisfies

sup |2, (0 = s) - P(Xz(pn(ﬂ)) <s)| B+ 0 asn - o,
§eB:6=0. +5//n 9
Pq
&l 8 lj<m

under any sequence of local alternatives {En} to § Vs € R and WM < =, where

b ]
0
(i) conditional on the value of the random non-centrality parameter pn(ﬁ),

xchncen - xi(pn(m and (ii) p_(8) = nh(6)'Z_'h(d).

Lemma 3 and Theorem 3 combine to give the asymptotic justifications for

IPq(p) stated in Section & for the Wald statistic. Furthermore, since the
Wald, IR, 1M, and Hausman test statistics are locally equivalent under well-

A~
known general conditions, the same covariance matrix estimators En can be used

in the estimated inverse power functions of the LR, LM, and Hausman tests, as

are used with the Wald test (based on the unrestricted ML estimator). Thus, we
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have:

COROLIARY &4: (i) Suppose the parametric model, the restrictions h(+), the
A )
estimator #, and the random matrix En are such that assumptions BIl-B4, C1, and

C3 hold. Then, parts (a) and (c¢) of Theorem 3 hold with Tn equal to the Wald
statistic Wn and pn(ﬂ) - nh(ﬂ)'z;lh(ﬂ). In addition, if Wn satisfies C4&",
then parts (b) and (d) of Theorem 3 hold analogously. (ii) Suppose the model,

Fal A

the restrictions h(+), the unrestricted ML estimator §, the random matrix En .
and the likelihood ratio (LRn), Lagrange multiplier (LMn), and/or Hausman (mn)

test statistics are such that Bl-B4, Cl, €2", and C3 hold with Tn - LRn’

- L r A—l s H
Tn - LMn, and/or Tn -m in €2" and pn(ﬁ) nh{f) Zn h{(8) in C2"., Then, parts

(a) and (c) of Theorem 3 hold. If assumption C4" also holds, then so do parts

(b) and (d) of Theorem 3.

A.3. Proofs
PROOF OF THEOREM 1: First we show that for some constant M < « that does not

depend on n, given any n and any ﬂn € Zn’ an can be written as

(A.2) § =0 + §//n

for some vector § € Rz with H&” <M. DefineC =v(A). Let 7 = (r_., b)
n n n nl

denote an arbitrary element of En' Then, corresponding to T there exists

6 = v_l(rn) € Zn. and h(f ) = (1/Jﬁ)cnq, where 0 < ¢

oS Q@

< ¢, for some ¢ < = that does not depend on n. Thus, we have

(A.3) Jn Ty /o h(§ ) =c_+n , where 0s<c Sc<w, V¥n.

Since v(+) is continuously differentiable in a neighborhood of Gb and its

Jacobian at ﬂb is non-zero, the inverse mapping theorem implies that u-l(-) is

continuously differentiable in a neighborhood of o Thus, for Bn S En’ we
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have by a mean-value expansion of the jth element of uhl(rn):

-1 -1 a -1 - :
an -y (rn)j - (rb)j + [5? Y, (rj)j] (rn - fb) ,

(A.5) Jﬁ(snj - 8y) = [ggz u‘lc?j)j]'JE r, . and

3 -1 -
Flogy = oyl s 2 v, |- Rl sy
for all n large, Vj =1, ..., £, and for some constant Ml < w, where 7, is on
the line segment joining L and Ty Whence ﬂn can be written as in (A.2).
The result {A.2) and assumption C2 imply
(A.5) sup [P (T > ki)~ P (u_(8)) > ky O 2o
GEA qQ n q,a

2
Let en(ﬁ) - P(Xq(pn(ﬁ)) > kq a) - PO(Tn >k a)' Then, by (A.53) we get

¥ 1

ISUB P (T > k ) - sup P(X (p (6)) > k )|
6eA_ 9.2 fed_ 9.

(A.6) - | sup P (T > k ) —- sup [P

T >k + #
e - ] (T, >k o)+ € )1

0

< sup |e ] = o .
beh_

Now, by definition of Zn and assumption C3, for n sufficiently large,

there exists 6§ € Zn for which h{(¢) = (l/JE)Enn, where

1/2.

c = Aq’a(P)O(n'anﬂ) and for all 4 € 4, h(d) = (1/JE)cnn, where

n
cn = En' by definition of Zn' Hence, for n large, all ¢ € Zn satisfy
(A.7) (6) = nh(6)'Q h(8) = c2n'Q_ 1 = & (»)?

’ Fn nb n’ "nb’ T "q,a !

¥

- 2 . .
and for some # € An' pn(ﬁ) - Aq a(p) . This gives



(A.8) ey PG (0) >k ) = POy @D >k ) =
for all n large, since Xi(pn(ﬁ)) is stochastically increasing in pn(a). (The
second equality of (A.8) holds by definition of Aq,a(p)') Equations (A.8) and
(A.6) combine to give part (a) of the Theorem.

To establish part (b), consider the subset Ei of En given in assumption
C4. The same argument as used to establish (A.2) implies that every En in Ei
can be written as ﬂn - Bb + §//n, for some 6 « Rﬂ with |[§] = M < =, Thus, by
arguments analogous to those given above, equations (A.5), (A.6), (A.7), and

(A.8) can be established with (i) "Zn" replaced by ”Ez" in (A.5), (ii) “sup "
deA
n

replaced by “1nf " where it appears the first four times in (A.6), and by
BGB

“sug " where it last appears in (A.6), (1ii) the inequality "<" replaced by
BEB
"z2" in (A.7), and (iv) "sup " replaced by "1nf " in (A.8). The analogues of

BEA 8€B

(A.6) and (A.8), and assumption C4 yield

(4.9) lim inf Pﬂ(Tn > k ) = ]im inf P (T > k ) =P ,
noe 4B TE e aeB e

as desired.

To establish part (c), suppose part (e¢) does not hold. Then, there

exists a constant £ > 0 and a subsequence {nm} of {n} such that either

n

1) Jfo m(p) < g Y2 o eiwm=1,2, ..., o

(i) S rb By > A a‘P”("'Qnmb"’ Y2 e, ¥m=1,2, ... . In case (1),

n
there exists a constant Py <P such that J;;rb:(p) < Aq a(pl)-(n'Qn bn)_1/2,



vm =1, 2, ... , using the continuity and monotonicity of Aq a(p) in p.
Hence, A (b,n,p) ¢ 4 (b,n,p;), and
m m
P = lim sup P (T >k )
e ﬁeAn (b,n.p) 6 " 1@
m
(A.10)
< lim _ sup P(T >k ) =p, <7D,
mee  fea  (b,n,py) by, 1.@ 1
m

where the second equality follows from part (a). This contradiction implies
that case (1) cannot occur. An analogous argument shows that case (ii) also

cannot hold, which establishes part (e¢).

The proof of part (d) is identical to that of part (c), except that
n n
“sbﬁ(p)“ replaces "rb:(p)" and "B" replaces "A" throughout, and reference is

made to part (b) rather than to part (a). Q.E.D.

PROOF OF LEMMA 1: Let GnM - (€8 ;8 =4_+ S/JE, for some § € R£ with

b b
6] = M} . A compact set Cbs (as defined in B3(iii)) exists whether or not
Hb is an interior point of 6. And for any M < =, GEM C CbE for n large.
Thus, without loss of generality, assume Ggﬂ C Cbc’ for all n.
Then, using assumption Bl, we have:
(A.11) sup 1P9(JE(; -8) sy) - P(Z, = |l 2o, vwe rY .
BEG;‘M

By the same Taylor expansion argument as used to establish the é-method (e.g.,
see Bishop, Fienberg, and Holland (1975, Ch. 14, pp. 492-497)), (A.1l) and

assumption B3(i) imply:

(A.12) sup |P9(JE(h(§) - h(8)) =y) - P(H(0)Z, = w20, vyerd.

n
BEGbM



A-10

Let {Gn} denote an arbitrary sequence of parameter vectors such that

n
Bn € GbM for all n.

Vn(ﬂ) - Vn

by [Bn} (i.e., V6§ > 0, sup P

(s }
assumptions Bl and B3(i), H -, Hb
sults, and the fact that Vb and Hb
2-1/2 -2, 2b1/2 as n »+ = uniformly

= 0,(1) and "zg | = Op(l) as n - ®

n
we get
(A.13) sup IP (JE
fe n
bH

Under assumptions B2 and B3(ii), Vn(ﬂ) By

(v,
m

b and

b 2. 0 as n » «» uniformly over sequences of distributions indexed

() - v | > 8 Z=0). also, under

as n -+ = uniformly over {an). These re-

are full rank q by B3, yield
over {6_). In addition, J/n|h(8) - h(ﬂn)H

uniformly over {Bn]. Hence, using (A.12),

(h(e)—h(a))<y) - P(zb Hng )| =20, vy erY .

Using assumption B3(i) and the mean value theorem, we have

(A.14) h(8 ) = h(ab+5n/JE)

as n + =, where o(nhl/z) holds unifermly over {Gn}, H&n” <

= h(8,) + K@ 6 /= w5 1+ o)

M, and each row of

H(Fn) is evaluated at some point En on the line segment joining Bb and Bn.
Equation (A.14) and previous results for 2_1/2 yield: /n E h(ﬂ )
= /n E;i/zh(on) + op(l), where op(l) holds uniformly over (6 ). Thus, from
{A.13) we get
(A.15) sup lp (/n 51 h(a) -/n 3 1/2h(9)sy) - pPzsy)| =20, vyerd,
n
0EG

where Z - N(g. Iq).

Since the distribution of Z is absolutely continuous,

the convergence in
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{(A.15) occurs uniformly over y € rd (see Billingsley and Topsoe (1967, Theorem
2)). Thus, non-random location shifts that vary with n are justified, and we
get:

(a.16) sup [P (/n Y2 (5)<y) - pz+/m >: oy B30, vy erd .

n
ﬂeGbM

Since W_ = (/o ;:' h(B)) (J‘}: h(a))

1/2 1/2 . .
(Z + /n T h(e)(z + Jn i YO "q“‘n(”)' (A.16) yields the desired
result.

The convergence of 2;% to 2;1 follows immediately from assumptions B2 and

B3. Q.E.D.

PROOF OF THEOREM 2: We claim that for some neighborhood N(bo) of bo,

(A.17) lim sup | _ sup P (T >k )=-p|l=0.
mo  beN(by) 6€A (b,n,p) 1@
This result and the assumption B B, b0 under 50 combine to give part (a) of

the Theorem, since Pa (B € N(bo)) o= 1.
0
To prove {(A.17), we adjust the proof of Theorem 1. Take N(bo) in (A.17)

to be a bounded subset of the neighborhoods of bo given in C2', C3', and C4'.
Equation (A.3) holds for all b e N(b ), where c depends on b, but ¢ can be

taken independent of b (since sup sup "an" < o, using €C2'). By Cl’', (A.4)
n beN(b )

holds for all b € Nl(bo)' some neighborhood of bO’ where Ml does not depend

on b. Without loss of generality, assume N(bo) c Nl(b By C2', (A.5) and

0)-
{A.6) hold uniformly over b € N(bo). Finally, by C3', (A.7) and (A.B) hold

for 811 b € N(bo). Equations (A.8)} and (A.6) combine to give (A.17).
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Part (b) of Theorem 2 is proved by showing that (A.1l7) holds with

" _ sup " replaced by " _ inf *. This is done by adjusting the proof
6cA_(b,7,p) ¢eB_(b,7,p)

of Theorem 1 part (b). Adjustments analogous to those given above establish
the second equality of (A.9) with the convergence as n + « holding uniformly

over b € N(b The desired result then follows using C4'.

o’
The proof of parts (c) and (d) of the Theorem is straightforward. By

Theorem 1 parts (c¢) and (d), it suffices to show:

= n - n .-B-o -+ @ d
(A.18) Yn JE(IPBq(p) IPb n(p)) 0 as n , under P

g

0 0

Using C2', we have QnB P, Qb as n -+ = under PB . an n=s Qb , and Qb is
0 0 0 0 0
positive definite. Thus,

(a.19) |y | - Jr?“;_i .\q’a(p)-[(n.Qan-l/Z_(q.anoq)—l/Z]n L2+0 as nw ,

under Pg , and the proof is complete. Q.E.D.
0

PROOF OF LEMMA 2: The proof of Lemma 2 proceeds by adjusting that of Lemma 1.
Without loss of generality we can assume that the neighborhood N(bo) in the
statement of Lemma 2 is contained in the neighborhood of b0 given in B3’ and

is such that {9b :be N(bo)) is strictly contained in C {as defined in

b.e
0
B3). This implies that ¢ cC for all b € N(b,.), for n large. Thus,

bM boc 0

(A.11) holds uniformly over b € N(bo). Using this result, assumption B3’ (i),
and a §-method argument, we see that (A.12) holds uniformly over b € N(bo)
let (eﬁb } denote an arbitrary sequence of parameter vectors such that
n

n .
bn € N(bo) and 9nbn € GbnM' for all n. Under assumption B2,

vn(a) - an -, 9 as n -+ « uniformly over sequences of distributions indexed
n
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by [Bnb }, and under Bl and B3*'(i), H - Hb B, 0 oas n + « uniformly over
n n

b
away from zero for b € N(bo) (for N(bo) chosen appropriately, using B3')
1/2 -

- Zbl/z B, 9 as n + «» uniformly over {an }. Hence, we see that
n n

{anb ). These results, and the assumption that V, has determinant bounded
n

yield I

(A.13) holds uniformly over b € N(bo). By similar means (A.15) and (A.16) can

be shown to hold uniformly over b € N(bo), which yields the main result of

Lemma 2.
The uniform convergence of 2_1 to Z;l over b € N(b.) as n =+ =, and the
nb 0
continuity of E;l at b0 follow from B2 and B3' straightforwardly. Q.E.D.

PROOF OF THECREM 3: To prove parts (a) and (b), consider a sequence of inde-
pendent random matrices ﬁn, n=1, 2, ..., defined on a probability space

(7, B, P) such that LP(Qn) - LP (Qn), for all n (where LP(Qn) denotes the

8
n

distribution or law of 6n under P). (These matrices are introduced so that we

only need to work with a single probability measure P, rather than the se-

quence {P tm=1, 2, ...).) By Cc2", an N Q. as n » =« under P. Hence,
6n b0
every subsequence of {n) contains a sub-subsequence {nm} such that Qn i Qb
m 0
a.s. [P] (e.g., see Lukacs (1968, Theorem 2.4.4, p. 46)). Let w denote a
realization in G such that Qn © = Qb . For this realization, assumption C2
m 0
is satisfied, and Theorem 1 implies
~ sup Pa(Tn > kq a) -— p , and
b, (n.p), m
m
{A.20)
a_inf P(T. >k ) =%p

a §°n q,a ?
8B (n,p) m
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"~ A

where An (q,p)w denotes the realized wvalue of the random set An (n,p), defined
m m
using an in place of Qn’ vhen w occurs. Thus, given any subsequence of (n},

there exists a sub-subsequence {nm} such that (A.20) holds for all w in a set

with P-probability one. This implies

ABUp Pﬂ(Tn > kq a) 2. p, and
ﬂeAn(n,P) !
(A.21)
Aainf Pﬂ(Tn > kq a) i N P, a4 n -+ @ ,
ﬂeBn(n.P) ’

under P, where An and Bz are defined using an in place of Qn {e.g., see Lukacs

(1968, Theorem 2.4.4, p. 46)). Since LP(5n> = LP (Qn), (A.21) also holds
8

A A n
under {Gn} with An and B: defined using Qn' This gives part (a), and in view

of C4", part (b) as well.

Parts (c¢) and (d) are proved analogously. Q.E.D.

PROOF OF LEMMA 3: Consider a sequence of random matrices En' n=1, 2,

3

defined on a probability space (i, B, P) such that LP(in) - LP (En), for all
8

n
n. By B4, En B, Eb as n + = under P, Hence, every subsequence of {n) has a
0

sub-subsequence such that En == Eb a.s. [P]. Let w be a realization in Q
m 0

such that En w Eb . For this realization, the proof of Lemma 1, with
m 0

En b replaced by anw, implies,

m 0
(A.22) sup e, o0 <) - P2 () ) <s)| B30,
. n q'n e
60 0=0, +5//n m m
0
&6 fj<

for all s € R and all M < =, where 2 (#) = n h(#)'Z h(?;l. Hence, given
n e m n o

any subsequence of {n} there exists a sub-subsequence {nm} such that (4.22)
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holds for all w in a set with P-probability one. This yields

(A.23)

sup lPB(Wn < s) - P(Xz(pn(ﬂ)) < s)! i, s, &85 N =
6€0:6=0, +5//n q
0

*

&) 8] =

under P, for all s € R and all M < =, where B (8) = nh(a)-'i;lh(a). Since

- ~ , l\_l
LP(En) - LP (En), {A.23) holds under {ﬂn} with pn(ﬁ) = nh(f#) Zn h(8). Q.E.D.

g
n
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21n contrast, or analogy, the exact power contours of the F-test of

linear restrictions in a linear regression model are cylinders in r* whose
bases are elliptical cones of one nappe (since ¢ > 0 ) in the (g+l)-
dimensional space corresponding to the linear restrictions and ¢ , see
Scheffe (1959, pp. 47-48) and Savin (1984).

3To facilitate comparison with Barro’s results, we ignore Pagan's (1984a)
demonstration that the standard errors in Barro's estimated models need to be
adjusted to account for the use of estimated, rather than observed, values of
the unanticipated money growth variables. That is, we proceed as though these
variables actually were observed. If desired, one can recompute straightfor-
wardly inverse power approximations that take account of the estimation of the
unanticipated money growth variables.

4The inverse power approximations given here are calculated in terms of
the parameterization used by Lillard and Aigner, viz., o= tan(pkcx/Z) and
a_ = tan(prcw/2), and then translated into values in terms of Pre and Pre
The estimated standard errors of &ke and arc are .4635 and .5966, respec-
ke V€ have: 1IP(.95) = Al,.OS('QS)"463S = 1.67,

which corresponds to a p, values of 2 tan—1(1.67) = .66
ke .

tively. For example, for a

5 .
We note that the joint test of Pre = Pre ™ 0 may turn out to be more

powerful than either of the two univariate tests. This does not affect the
main point of this example, however, which is to illustrate that inverse power
approximations can be useful in interpreting and justifying model selection
tests.

6By definition, Jﬁ(ﬂ - #) —§+ ZO uniformly for ¢ € C, if

sup|B (/a8 - 0) <x) - P(Z, s x| T2 0, forall xe r? .
deC

"This table is derived from Table II of Haynam et al. (1970).

8'I‘his table is derived from Table II of Haynam et al. (1962) and Yamauti
(1972, p. 347).
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Lc:

.653
.790
.883
.954
.013
.063
.108
.148
.185
.219
.250
.279
.306
.332
.356
.380
.402
423
444
464
.482
.501
.518
.335
.552
.568
.583
.598
.613
.628
.655
.682
. 707
.731
.754
.177
.799
.820
. 840
. 860
.066
.225
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114
.316
448
.550
.633
.705
.769
.826
.877
.925
.970
.011
.050
.087
.122
.155
.187
.218
. 247
.275
.302
.328
.354
.378
L402
.425
JA4T
.469
.490
.511
.551
.589
.625
.661
.694
727
.758
.788
.818
.B46
.145
.376
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Values of X
q,a

435
.666
.817
.933
.029
.111
.184
.249
.309
.364
.415
463
.507
.550
.5%90
.628
.665
.700
734
. 766
.798
.828
.857
.885
.913
.939
.965
.9%0
.015
.039
.085
.129
.172
.212
.251
.289
.325
.360
.394
427
775
.046
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. 706
.958
.122
247
.351
441
.520
.591
.656
.716
.771
.823
.872
919
.963
. 004
.045
.083
.120
.155
.190
.223
.255
286
.316
.345
.373
L4011
428
454
.505
.553
. 599
.644
.687
.728
.768
.807
844
.880
264
.562
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TABLE 1

0.5

.960
.226
400
.534
L5644
.739
.823
.899
.968
.032
.091
.147
.199
.249
.296
.341
.383
424
AT
.502
.538
.574
.608
.641
.673
.704
.735
765
.793
.822
.876
.928
.976
.025
.071
.116
.159
.200
. 240
.279
.691
.012
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X

for a = . 7
0.7 0.8 0.9
.213 2.484 2,802 3.241
493 2,775 3.104 3.557
.675 2.965 3.302 3.764
.815 3.112 3.455 3.924
,931 3,233 3.582 4.058
.031 3.338 3.691 4.174
.120 3.430 3.788 4.276
.199 3,514 3.8B76 4.368
.272 3,591 3.956 4.453
.340 3.661 4.030 4.531
402 3,727 4.089 4.604
461 3.789 4,164 4.673
.516 3.8B47 4.225 4.737
.568 3,901 4.282 4.798
.618 3,954 4,337 4.856
.665 4.003 4.390 4.912
711 4.051 4.440 4,965
.754 4,097 4.488 5.016
.796 4.14]1 4,534 5.065
.836 4.183 4.578 5.112
.875 4.224 4.621 5.158
.912 4.263 4,663 5.202
L948 4.301 4.703 5.244
.983 4.338 4.742 5,286
017 4.374 &4.780 5.326
051 4.409 4.817 5.365
L083 4.443 4.852 5.403
114 4.476 4,887 5.440
.145 4.508 4.921 5.476
175 4.540 4.954 5.512
.232 4.601 5.019 5,580
.287 4.659 5.080 5.645
L340 4.714 5.139 5.708
.391 4.768B 5.195 5.768
440 4.819 5.249 5.826
487 4.869 5.302 5.882
.532 4,917 5.353 5,936
.576 4,964 5.402 5.988
.619 5.009 5.450 6.03¢
660 5.053 5.496 6.088
.098 5,515 5,985 6.611
.439 5,877 6.368 7.021
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0.95

. 605
.930
144
.314
A4y
.567
.673
.769
.857
.938
.014
.085
.152
.216
.276
.334
.389
L4432
493
.542
.9590
.636
.681
724
.766
.807
. 846
.885
.923
.960
.031
.099
.164
.227
.288
346
.403
.458
.511
.563
.110
.540
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.99

.286
.626
.850
.024
.170
. 296
.408
.510
.603
.689
.769
.845
.916
.984
.048
.110
.169
.225
.280
.332
.383
432
480
.526
571
.614
.657
.698
.738
.778
.854
.927
.997
.065
.130
.192
.253
312
.369
424
.013
476
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T-2

TARBLE 2

Values of Aq a(p) for o= .018

)

03 .04 05 06 _07 _08 _0.9 095 0.99
051 2,322 2.576 2.829 3.100 3.417 3.857 4.221 4.902
318 2.600 2.862 3.123 3,401 3.726 4.175 4.544 5.236
494 2.783 3.051 3.318 3.601 3.932 4.387 4.762 5.461
630 2,925 3.199 3.470 3.758 4.093 4.554 4.932 5.639
.743 3.044 3.322 3.597 3.888 4.227 4.693 5.076 5.788
841 3,146 3.428 3.706 4.002 4.344 4.815 5.200 5.918
1927 3.237 3.522 3.804 4.103 4.448 4.929 5.311 6.034
.005 3.319 3.608 3.893 4.194 4.543 5.021 5.412 6.139
077 3,395 3.686 3.974 4.277 4.629 5.111 5.505 6.236
143 3,464 3.758 4.048 4.355 4.709 5.194 5.591 6.326
.205 3,529 3.826 4.118 4.427 4.784 5.272 5.671 6.410
.263 3.590 3.889 4.184 4.495 4.854 5.346 5.746 6.489
(317 3,647 3.949 4.246 4.559 4.920 5.415 5.818 6.564
.368 3.701 4.005 4.304 4.620 4.983 5.480 5.885 6.635
417 3.753 4.059 4.360 4.677 5.043 5.543 5.950 6.703
464 3.802 4.110 64.413 4.732 5.100 5.602 6.011 6.768
,509 3.849 4.159 4.464 4.785 5.155 5.660 6.070 6.830
551 3.894 4.207 4.513 4.836 5.207 5.714 6.127 6.889
.592 3.937 4.252 4.560 4.885 5.258 5.767 6.182 6.947
.632 3.979 4.295 4.606 4.932 5.307 5.818 6.234 7.002
670 4.019 4.338 4.649 4.977 5.354 5.867 6.285 7.055
.707 4.058 4.378 4.692 5.021 5.399 5.915 6.334 7.107
743 4.096 4.418 4.733 5,063 35.444 5,961 6.382 7.158
778 4.133 4.456 4.772 5.104 5.486 6.006 6.428 7,206
811 4.168 4.493 4.811 5.145 5.528 6.050 6.473 7.254
844 4.203 4.529 4.848 5.183 5.568 6.092 6.517 7.300
.876 4.237 4.564 4.885 5.221 5.608 6.133 6.560 7.345
.907 4.269 4.598 4.920 5.258 5.646 6.173 6.601 7.389
.937 4.301 4.632 4.955 5.294 5.684 6.213 6.642 7.432
.966 4.332 4.664 4.989 5.329 5.720 6.251 6.681 7.473
,023 4.392 4.727 5.055 5.397 5.791 6.325 6.758 7.554
.078 4.450 4.787 5.117 5.462 5.858 6.396 6.831 7.632
130 4.505 4.845 5.177 5.525 5.923 6.464 6.902 7.706
.180 4.558 4.901 5.235 5.585 5.986 6.529 6.969 7.778
,228 4.609 4.954 5.290 5.642 6.046 6.592 7.035 7.847
.274 4.658 5.005 5.344 5.698 6.104 6.653 7.098 7.913
319 4.706 5.055 5.396 5.752 6.160 6.712 7.159 7.978
.363 4.752 5.103 5.446 5.804 6.214 6.769 7.218 8.041
405 4.796 5.150 5.495 5.855 6.267 6.825 7.275 8.101
446 4.840 5.196 5.542 5.904 6.318 6.878 7.331 8.160
,B78 5.297 5.676 6.043 6.425 6.861 7.449 7.923 8.788
214 5.655 6.051 6.435 6.833 7.287 7.899 8.389 9.283




T-3
TABLE 3

Values of lq a(p) for a =~ .1

\ p
g\ _Q1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0,95 0.85
1 0.000 0.775 1.112 1.389 1.643 1.898 2.169 2.486 2.926 3.289 3.971
2 0.000 0.922 1.304 1.609 1.886 2.157 2.444 2.777 3.238 3.609 4.308
3 0.000 1.022 1.432 1.754 2.044 2,327 2.624 2.966 3.435 3.817 4.529
4 0.000 1.099 1.530 1.866 2.166 2.457 2.762 3.112 3.589 3.978 4.670
5 0.000 1.163 1.611 1.958 2.266 2.564 2.875 3.232 3.717 4.112 4.84?2
6 0.000 1.217 1.680 2.037 2.352 2.657 2.974 3.336 3.828 4&4.227 4&4.965
7 0,000 1.266 1.742 2.107 2.429 2.738 3.060 13.428 3.926 4.330 5.074
8 0.000 1.309 1.797 2.169 2.497 2,812 3.138 3,511 4.014 &4.422 5.173
9 0,000 1.348 1.847 2.226 2.559 2.879 3.210 3.586 4.095 4.506 5.263
10 0.000 1.385 1.893 2.279 2.617 2.941 3,275 3.656 4.170 4.585 5.346
11 0.000 1.418 1.936 2,328 2.671 2.998 3.336 3.721 4.239 4.657 5.4724
12 0.000 1.450 1.977 2.374 2.721 3.052 3.394 3.782 4.304 4.725 5.498
13 0,000 1.480 2.014 2.417 2.768 3.102 3.448 3.B39 4.366 4.790 5.567
14 0.000 1.507 2.050 2.457 2.812 3.150 3.499 3.893 4.424 4.851 5.632
15 0.000 1.534 2,084 2,496 2.854 3,196 3.547 3.945 4.479 4.909 5.694
16 0.000 1.559 2.116 2.533 2,895 3.239 3.593 3.994 4.532 4,964 5.754
A7 0.000 1.583 2,146 2.568 2,933 3.281 3.637 4.041 4.582 5.017 5.811
18 0.000 1.606 2.176 2.601 2.970 3.320 3.680 4.086 4.630 5.067 5.865
19 0.000 1.628 2.204 2.634 3,005 3.358 3.720 4.129 4.677 5.116 5.918
20 0.000 1.649 2.231 2.665 3.040 3.395 3.760 4.171 4.722 5.163 5.968
21 0.000 1.670 2.258 2.695 3,072 3.430 3.797 4.211 &4.765 5.209 6.017
22 0.000 1.689 2.283 2.723 3.104 3.465 3.834 4.251 4.807 5.253 6.065
23 0.000 1.709 2.307 2,751 3.135 3.498 3.869 4.288 4.847 5.295 6.110
24 0.000 1.727 2.331 2.778 3,164 3.530 3.903 4.324 4.887 5.336 6£.155
25 0.000 1.745 2.354 2.805 3.193 3.561 3.937 4.360 4.925 5.376 6.198
26 0.000 1.762 2.376 2.830 3.221 3.591 3.969 4.394 4.962 5.415 6.240
27 0.000 1.779 2,398 2,855 3.249 3.620 4.000 4.428 4.998 5.453 6.981
28 0.000 1.796 2,419 2.B79 3.275 3,649 4.031 4.460 5.033 5.490 6.371
29 0.000 1.812 2.439 2.903 3.301 3.677 4.061 4&4.492 5.067 5.526 6.360
30 0.000 1.827 2.459 2,926 3.326 3.704 4.090 4.523 5.100 5.561 6.398
32 0.000 1.857 2.498 2.970 3.375 3.757 4.146 4.583 5.165 5.629 6.471
34 0.000 1.886 2.535 3.012 3.421 3.807 4.200 4.640 5.227 5.694 6.541
36 0.000 1.913 2.570 3.052 3.466 3.855 4.251 4.695 5.28B6 5.756 6.609
38 0.000 1.940 2.604 3.091 3.509 3.901 4.300 4.748 5.343 5.816 6.674
40 0,000 1.965 2.636 3.129 3.550 3.945 4,348 4.799 5,398 5.874 6.736
42 0.000 1.989 2.668 3.164 3,589 3,988 4.394 4.848 5.451 5.930 6.796
44 0,000 2.013 2.698 3.199 3.628 4&4.030 4,438 4.896 5.5%02 5.984 6.855
46 0.000 2.036 2.727 3.233 3.665 4.070 4.481 4.941 5.551 6.036 6.911
48 0.000 2.058 2.756 3.265 3.701 4.108 4.523 4.986 5.599 6.086 6.966
50 0,000 2,079 2.783 3,297 3.735 &4.146 4,563 5.029 5.646 6.135 7.019
75 0.000 2.303 3.073 3.630 4.103 4.543 4.989 5.485 6.139 6.656 7.584
100 0.000 2.477 3.297 3.888B &4.388 4.853 5.322 5,842 6.525 7.064 8.028




o n 20 35 50 | 100 | 300
EO .44 .33 .28 .20 11

.05
PS .81 .61 .01 .36 .21
EO .57 43 .36 .26 .15

01
PS 1>1.0 .83 .69 .49 .28

TABLE 4

Even-odds and Power/Size Radii, for the Durbin-Watson Test
that the First-order Autoregressive Parameter Equals Zero,
n and Significance Level «a

as a FPunction of Sample Size



[ 9.93
-1 18.08
-1 2 '
[(X'X) To,) ]
[ Braxd 23.94
| 21.27
TABLE 5

The Matrix (an/n)‘1 for Barro's (1978) Test that

18.08

43.47

60.60

60.95

23.9%4

60.60

93.36

96.20

21.27
60.95
96.20

110.31

Only Unanticipated Money Affects Qutput




1P
q(p)
(.09, .14, .09, .05)

(.16, .24, .16, .08)

(.17, .13, .084, .042)

(.29, .22, .15, .073)

(.8, 0, 0, 0)

(1.35, 0, 0, 0)

(1.03, .29, -.64, .32)

(1.75, .50, -1.10, .55)

I+

(1.86, -1.37, -.05, .45)

I+

(3.18, -2.33, -.08, .76)

I+

(.03, .07, .10, .11)

I+

(.04, .11, .17, .18)

TABLE 6

Power
Radius

.20

.34

.23

.40

2.19

.16

.28

T-6

Sum of
Coefficients

.37

.64

J43

.73

.89

.31

.50

Even-odds and Power/Size Vectors for Barro's (1978) Test

for Six Directions of Interest



