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EDGEWORTH EQUILIBRIA IN PRODUCTION ECONOMIES
BY

C. D. ALIPRANTIS!, D. J. BROWN2, AND 0. BURKINSHAW!

An Edgeworth equilibriwm is an allocation that belongs to the core of every
n-fold replica of the economy. In [2] we studied in the setting of Riesz spaces
the properties of Edgeworth equilibria for pure exchange economies with infinite
dimensional commodity spaces. In this work, we study the same problem for economies
with production. Under some relatively mild conditions we establish {among other
things) that:

1. Edgeworth equilibria exist;

2, Every Edgeworth equilibrium is a quasiequilibrium; and

3. An allocation is an Edgeworth equilibrium if and only if it can be "decentralized"
by a price system.

1. INTRODUCTION

The problem of the existence of a competitive equilibrium in pure exchange
economies with infinite dimensional commedity spaces has been extensively investigated
in recent years, see {1,2,7,10,11,12,13,15,16,17,18,20,21,26,27]. Consequently,
this problem is now well understood in contrast to the problem of existence of

competitive equilibrium in production eccnomies.

The seminal paper in this area is due to Bewley {6], where the commodity space
is L. An essential feature of the model examined by Bewlev (which extends the
classical Arrow-Debreu finite dimensional model [5]) 1s that the positive cone
has a nonempty interior with respect to the norm topology. The latter property
does not hold true for many important commodity spaces which are currently under

investigation, e.g., Ll’ L, or the space ca{fl} of all countably additive measures
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on a compact Hausdorff topeclogical space O, Consequently, in these spaces some
additional restrictions must be placed on preferences and technologies to bound
the marginal rates of substitution and the marginal rates of transformation in

productiomn.

Zame's paper [27] gives several examples of non-existence of equilibria where
either the marginal rate of substitution or marginal rate of transformation is
unbounded. 1In addition, Zame proves the existence of competitive equilibria in
production economies for a rich class of normed vecteor lattices. The idea of
Zame's proof is the same as that in Bewley, i.e., to prove existence on a suitable
class of subeconomies and then go to the limit; where Bewley uses economies based
on finite dimensional subspaces, Zame uses econctmies based on principal ideals.

It is a clever argument and uses the lattice-theoretic structure of the cemmedity
space in a nentrivial fashion. Bewley makes no use of the lattice-theoretic

structure of L.

Mas-Celell [17], stimulated by the work of Zame and Building on his previous
contribution te the literature on exchange economies with infinite dimensional
commodity spaces, has investigated the existence and supportability of Pareto
optima in production econcmies with infinite dimensional commodity spaces where
the positive cone has an empty interior. This extends the work of Debreu [8]
who assumed that the positive cone had a nonempty interior. Mas-Colell's approach
is to extend his notion of properness of preferences to "properness” of technologies.
There are two intuitions one should have about properness: (1) it bounds the marginal
rates of substituticn and transformation, and (2) for a utility function {production
function) which is proper on the positive cone, the utility function (production
function) can be viewed as the restriction of a function defined on a neighborhood

of the positive cone, see Richard and Zame [22].

Finally, we mention the werk of Kahn and Vohra [13]. 1In this paper the
authors prove the existence of approximate or "¢" competitive equilibria in
production economies where the commedity space is an ordered space with a
semi-normed predual. They do not assume that preferences are proper or that the

positive cone has a nonempty interior,

In all of the work on production econcmies with the exception of Bewley, the
authors have assumed that each agent's consumption set is the positive cone. This

is clearly an unacceptable assumption, but one that we shall also be forced to



make. In this paper, we continue our investigation of Edgeworth equilibria,

see [2]. Our first major result (Theorem 4.4) proves the existence of a core
allocation for compact econcmies. Compact economies satisfy quite weak conditions
comparable to those in Bewley, but for economies modeled on Riesz dual systems.

In particular, we do not assume that the positive cone of the commedity space

has a nonempty interior. We also mention that Yarnelis [25] recently established

the existence of core allocations in econcmies without ordered preferences.

To demonstrate the existence of Edgeworth equilibria, we must assume that
each agent's consumption set is the pesitive cone and that preferences are
strongly monotone. These assumptions are needed to show that in every replica
there exists a core allocation with the equal treatment property. This is

Theorem 4.7 in the paper.

Using Mas-Colell's notion of a proper economy, cur next major result
{Theorem 5.9) is that in a proper economy every Edgeworth equilibrium is a
quasiequilibrium. Finally, we show for proper compact economies that Walrasian
equilibria exist. The rest of the paper considers a special but important model
of production economy, i.e., where the aggregate production set is a cone. In
section seven of the paper we give an existence theorem for e-Walrasian

equilibria for this class of production economies.

In sum, our paper is concerned with the existence and relatiomship of the
following equilibrium notions in a production econocmy: Edgeworth equilibria;
quasiequilibria; Walrasian equilibria; and e-Walrasian equilibria. Our research
is most closely related to the work of Zame, Mas-Colell, and Khan and Vchra and
we have benefited a great deal from seeing their unpublished research in this

area.



2. MATHEMATICAL PRELIMINARIES

This work will be based upon the mathematical framework of Riesz spaces
and Banach lattices. For extensive treatments of Riesz spaces and Banach

lattices we refer the reader to [3,4,14,23].

Recall that a partially ordered vector space E is said to be a Riesz space
(ot a vector lagttice) whenever for each x,y€E the least upper bcound of the set
{x,y} (dencted by xVy) and the greatest lower bound of {x,y} (denoted by xAy)

both exist in E. For an element x in a Riesz space, we put
xt=xv0, x =(-x)V0, and |x] =xV (~x%).

If E 1is a partially ordered vector space, then the set Ets= {x€E: x >0} 1is
referred to as the positive cone of E and its elements are called positive

elements.

The following useful property, known as the Riesz Decomposition Property,
will be employed quite often in our proofs. It asserts that if in a Riesz space
three positive elements x,y, and z satisfy 0 € x € y+2z, then there exist positive

elements X,y and x, with x=x,+%; such that 0 €x; €y and 0 € x; € z.

Let E be a Riesz space. A subset A of E is said to be a solid set
whenever x| g |y| and y€A imply =x€A. Every subset A of E is
contained in a smallest solid set, called the solid hull of A and is denoted
by sol(A). Clearly, sol(A)={x€E: d y€4A with |x] < iy|}. A solid vector

subspace of E 1is referred to as an ideal.

An order interval is any set of the form [a,b]={x€E: a < x < b}. A subset
of a Riesz space E 1is order bounded if it is contained in an order interval.
A linear functional f£:E — R 1is said to be order bounded whenever it carries
order bounded subsets of E onto bounded subsets of R. The vector space of
all order bounded linear functionals of E 1is called the order dual of E and
is denoted by E~. Under the ordering f < g whenever f(x) € g(x) for all

x€ EY the order dual E~ is a Riesz space.

A Hausdorff locally convex topology T on a Riesz space E 1is said to be
a locally convex-solid (and (E,t) 1is called a locally convex-sclid Riesz space)

whenever <1 has a basis at zero consisting of convex and solid sets. The



topological dual E' of a locally convex-solid Riesz space (E,t1) is always

an ideal of the order dual E~.

Regarding locally convex-solid Riesz spaces the following result will play

an important role in our study.

THEOREM 2.1. Let (E,1) be a locally comvex-solid Riesz space and let tuo nets
{zq} and {ya} satisfy 0 <zy Syq for all oa. If yq ——y holds in E
and the order interval [0,y] <s weakly copmact, then the net {xy} has a

weakly convergent subnet.
PROOF, From the lattice identity a=(a-b)T+aAb, we see that
= + +
0 € x,= (% ~9)7 + %Ay < (yu -7 + v

Using the Riesz Decomposition Property, we can write =xg=zy+vy with
0z, < (ya-y)"' and 0 €vy, <y. From (ya—-y)"' . 0, we get z4 = 0.
Also, from the weak compactness of [0,y], we see that {ch} has a weakly
convergent subnet, and so from x4 =2zy+vy, we infer that {xa} has a weakly

convergent subnet.m

In our economic model the basic concepr describing the commodity-price
duality will be that of a Riesz dual system. A Riesz dual system is a dual
system {(E,E') such that
1. E 1is a Riesz space;

2. E' is an ideal of the order dual E™ that separates the points of E; and

3. the duality of the system is the natural one, i.e.,
(x,x") =x"(x)
holds for all x€E and all x'€E'.

A Riesz dual system {E,E') is said to be symmetric whenever the order
intervals of E are weakly compact (i.e., o(E,E')-compact). A Riesz dual
system (E,E') is symmetric if and only if E is an ideal of (E')™ (where

E is identified in the usual manner as a vector subspace of (E')™).

Regarding symmetric Riesz dual systems, the following result will be very

important.



THEOREM 2.2. Assume that {E,E') is a symmetric Riesz dual system. If A 1s
a relatively weakly compact subset of FET, then sol(4) (the solid hull of A)

is also a relatively weakly compact subset of E.

PROOF. See the proof of [4, Theorem 13.8, p. 206].m

3. THE ECONCMIC MODEL

The characteristics of our economic model are described as follows.
A. The commodity-price duality

The commodity-price duality is given by a Riesz dual system (E,E"); E is

the commodity space and E' is the price space.
B. Conswmers
There are m consumers indexed by 1 such that:

1. Each consumer 1 has an initial endowment w; > ¢ and his consumption set

X; 1s a weakly closed convex subset of EV with wy € Xy

2. The total endowment of the consumers (or simply the total endowment) will be

dencted by w, i.e., w=w,+ - +aug,

3. The preference »; of each consumer 1 is represented by a quasi-concave

utility function ui:Xi — Rt .

4. There is a locally convex-sclid topology T on E consistent with {E,E")

such that each utility function ui:(Xi,r) — RY is continuous.

C. Producers

We assume that there are k production firms indexed by j. The production
of each producer j is described by its production possibility set Yj, the
elements of which are referred to as the production plans for the j producer.
For a production plan y=y+t - y~& Yy, the negative part y~ of vy is
interpreted as the input and the positive part y+ as the output. The production

sets are assumed to satisfy the following properties.



1. Each Yj is a weakly closed convex subset of E containing zero; and

2. For each j we have YjﬂE"‘:{O}.

The convex set Y=Y ;+ .- +¥,  1is known as the aggregate production set of

the econcmy.

D. Private Ounership

Our economy is a private ownership economy. That is, we shall assume that

each consumer i has a share 9 (6 € 855 < 1) of the profit of producer's j

i] 3

m
production plan; of course, L eij=1 for each j. In other words, if each
1=1

producer j chooses a production plan ijYj and the prevailing price vector

is p, then the wealth wy of the dith consumer is

Qur econcmy is now defined as follows,
DEFINITION 3.1. d4n ecomomy & 1is a 4-tuple
&= KEED), {(Xu,rg)ii=l, o mb (Zaed=l, .0,k {8y 50d=l, o mid=1, oKD,

where the agents' characteristics satisfy properties (A),(B),(C) and (D) above.

4. EDGEWORTH EQUILIBRIA

An (m¥k)-tuple (xl,...,xm,yl,...,yk), where x;€Xj (i=1,...,m) and

ijYj (i=1,...,k), is said to be an allocation whenever
m E:l k
Loxy = W ¥ L Vi o
i=1 i i=1 i J=1 J

The set of all allocations will be dencted by 4. That is,

m
Jl={(xl,...,xm,y1,...,yk): xiEXi, ijYj and 1§;Xi= Elmi+§lyj}.



It should be noted that the set & of all allocations is a weakly closed
subset of EMK,

A production plan y& Yj is said to be feastible for the jth producer
whenever there exists an allocation (xl,...,xm,yl,...,yk) such that ¥457 Y
Similarly, a bundle x€X; 1s said to be feasible for the ith consumer whenever

there exists an allocation (xl,...,xm,yl,...,yk) with Xy =X.

The feasible production set ?j for the jth producer is the set of all of
its feasible production plans, i.e.,
Yj={yEYj:H (xl,...,xm,yl,...,yk)€£ with yj=y}.
Similarly, the feasible consumption set ﬁi of the ith consumer is the set of
all of its feasible consumption bundles, i.e.,
ii= {x¢& X, o (xl,...,xm,yl,...,yk)ésd with x

i'—'x}.

Scme basic properties of the sets ii and Qj are described in the

next result.

THEOREM 4.1. For an economy with a symmetric Riesz dual system and aggregate

production set Y=Y;+..++¥; the following statements hold.

I, If ail production sets are order bouwnded from abcve, then each feasible
rroduction set f’j e weakly compact.

2. If each feasible production set lA’J- ig weakly compast and X,=E* holds
for each i, then (Y+w)NE" <ig o weakly compact set.

3. If (Y+w) NE" is weakly compact, then the feasible comswrption sets X;

are all weakly compact subsets of E7.

PROOF. (1) Pick some a€E* such that z€Y. (3=1,...,k) implies z € a. Let
ye'?j. Choose an allocation (KI""’Xm’yl""’Yk) with Yy=y. Then we have

X m k
0Ky € L y7+ L %, = & yF+wgkat+u=bgEt

- .
=14y s=17] ’

and so

b€ -y"syt-y =y <a<gb.

Therefore, ijC f~b,b]. Since {-b,b] is weakly compact, we infer that ?j is

relatively weakly compact. Thus, in order to establish that ii is wearly compact,

it suffices to show that fj is weakly closed.



To this end, let {yc‘}g'fj satisfy v LN y in E. For each ¢ pick an
allocation (xol‘,. - ,x%,y%,. - ,yﬁ) with yj'.t= v®. Since ‘Ej is relatively weakly
compact, by passing to an appropriate subnet, we can assume that y? =, ijYj

holds for each j. From

k
¢ 3 a
ng.gx+---+xm=z=‘,y +w,

a -~ ~
.+ Y + e +Y
i 1 y=1"1 w € 1

k

we see that xg belongs to the relatively weakly compact set
sol[(Yl-%- oo +'fk+w)ﬂ E*] (Theorem 2.2). Thus, each net {x?:} has a weakly
convergent subnet, and so (by passing to an appropriate subnet again) we can

assume that x? N xiE X; holds for all i. From

m o m k “
LoX: = L owg+ Loy,
151 * = 1 J=1y']

o .
we get z Xy = L w; + L y.. This implies vy€ ij, and so Qj is a weakly
t=1 1=1

closed set, as desired.
(2) Since Xi=E+ helds for each i, it is easy to see that
(y+wnetre (&?1+---+§k+u)ﬂE+.

Therefore, (Y+w)NEY is a relatively weakly compact set.
Now assume that a net {(yoll+ +yi+m)} of (¥T+uw)NEY satisfies

ycl‘+ ...+yl°:+m X, 2. Since {y;.i}s‘. ';’j holds for all j, we can assume that

y;l LN Y3 EYj holds for all j. This implies =z= Yt tytoe € (Y+wNEH,
and so (Y+w)NEY s weakly closed. Hence, (Y+w)NET is weakly compact.

(3) Fix some i, and let x§& ii' Pick an allocation (xl,...,xm,yl,...,yk)
with x;=x. From
k
0 Q = -..<._. xl+-oo+xm = 4 + jzl}Tj e (Y+m}ﬂE+,

we see that x€sol[(Y+uw)N EY], and so f(i < sol{(Y+w)NEY]. Since
sol{(Y+w)NET] is a relatively weakly compact subset of E (Theorem 2.2), it

follows that each ii is a relatively weakly ccmpact subset of Y.

3 . e W
Next, assume that a net {(x“} of X; satisfies xu-—-’-xi. For each «

pick an allocation (x?,...,x&,y%,...,yi) with x%=xa. By the preceding
conclusion, we can assume (by passing to a subnet) that x% = xy helds for



k

each 1. Let y, = Eng. From y,+u =
=1 J

N

y:(,ll+m € (Y+w)NE", we can assume
1

(by passing to a subnet again) that y:?“ . 2€Y holds. If z=z, + stz €Y,
then (xl,...,xm,zl,...,zk) is an allocation, and so xiE}A(i. Thus, ﬁi is

A

weakly closed, and hence each Xy is a weakly compact subset of ET.m

We now come to the concept of a compact economy.

DEFINITION 4.2. An economy is sald to be a compact economy whenever

1. its Riesz dual system is symmetric; and
2. if Y=Y, +:--+Y;, ds its aggregate production set, them (I+ W NEF dis a

weakly compact set.

It should be noted that the weak compactness of (Y+w)NEY does not

imply the weak compactness ¢of the feasible production sets.

Now let S be a coalition of consumers (i.e., let S be a non-empty
subset of {1,...,m}). A subset {zi: i€8} of ET is said to be a feasible

assigrment for the ccalition S whenever

a) ziEXi for each 1&€5; and

b) there exist production plans GYj (j=1,...,k) such that

P
Lzg= Log+ L(L 0550y
i€s i€s 1Tl €58
A coalition § bPBlocks an allocation (xl,...,xm,yl,...,yk) whenever
there exists a feasible assignment set {zi: i€ 8} for § .such that Zy >y Xy
holds feor all i€ 8.
If Xi=Xi+E+ holds for each i and preferences are monotone (i.e.,
x>y in X; implies x »; y), then it should be clear that a coalition 3§
blocks an allocation (xl,...,xm,yl,...,yk) if and only if there exist consumption

bundles z;€X; (i€5) and production plans hj EYj (j=1,...,k) such that

i) z; >y x4 for each i€ S; and

k
11) Lz;< Lwg+L(L8

dh, .
i€S 1€3 1=1 jeg 7

A core allocation is any allocation that cannot be blocked by any coalition.

The core Core(ﬁg) of an economy & 1is the set of all core allocations.

-10-



LEMMA 4.3. If in an economy with a symmetric Riesz dual system each production

set 18 order bounded from above, then its core is non-empty.

PROOF. Fix some a€EY such that yE'Yj (j=1,...,k) implies y <€ a. For each

coalition S of consumers define the set

v(s) = {(z

,2.) € R®: 4 a feasible assignment {xy:

i i€S} with ui(xi) >z; Vi€ 5}.

1o

The subsets V{(S) of RT have the following properties.

1. For each coalition §, the set V(S) is bounded from above with respect to RS,

In particular, the non-empty set V(S)F\Eﬂ} is bounded relative to Bs.

To see that V(S) is bounded from above in 'ms, assume by way of

contradiction that there exists a sequence {(z?,...,z;)} of V(S) and some r&€S
such that zz > n holds for all n. Pick x?EZXi (1€ 8) and x?é'%i {i=1,...,k)
such that

k

% x2 = Cow, + L (L 84 )yq and u (xn) p 2" Zn for all n.

. i i = 13777 ror T
i€s i€§ 171 4€s

Clearly, {xg} o ir holds. Since ﬁrg [O,u+ka], the sequence {x?} has a

weak accumulation point, say x. Now for each natural number £, the element

x belongs to the weak closure of the set co{xgz n > £}, and hence x belongs

n .. _
to the t-closure of co{xr: n 2 L}, Thus, by the t-continuity of wu,, there
£+u i
exists a convex combination Zilixr with
{=

S
Iur(x) - ur(igﬂlixr)| < 1,

If v 1is an integer among {f,...,8+u} satisfying
vy iy, 5o
ur(xr)-mln{ur(xr). i=4£,...,0+u},

then by the quasi-concavity of u., we see that

Lru
Lgv<up(x)) € ugl Eﬁxixi) Cux)+1l1< =,

Since £ is arbitrary, the latter inequality is impossible. Therefore, V{s)

is bounded from above relative to RS.

-11~



2. Each V{(8) is a non-empty proper closed subset of R®".

Let $ be a coalition of congsumers. Since (ul(wl),...,um(wm))e v(S), we
see that V(S) #@. By part (1), we know that V(S) is bounded from above
relative to 'RS, and this implies that V(S) is a proper subset of R".

To see that V{(5) is closed, assume that a net {(z?,...,zg)} of WV(8)
satisfies (zﬁ,...,f%) — (zl,...,zm) in R™, For each a pick xgé X; (1€8)

and y?EYj (j=1,...,k) such that

k
a _ o
igsxi ] iézswi N 121 (izelseij)yj ’ ™
and
zi < ui(xi) for all igs.
In case L eij = 0, we can assume without loss of generality that y?:=0.

i€s
Since for each j we have (L eij)y?€E§j and fj 15 weakly compact
i€
(Theorem 4.1), it follows (by passing to a subnet if necessary) that y? = ij Yj
holds for all j=1,...,k. Also, from (%) we see that xge ii holds for all
i€ 5, and so from Theorem 4.1(3) (by passiapg tc a subnet again) we can assume

that xg < x; €X;y holds for all i1€8. From (%), we infer that
k
Lx,= Luw, + L (L 8;0y..
i - i
i€S ies 1= qgg 7 .
To complete the proof of parz (2}, it suffices to show that =z, € ui(xi)

holds for each 1€ 8. To this end, fix 1€S5S and let € > 0. Pick some B with

z4 =& < z% for 2ll o 2 8.

»]

Since x; 1is in the weak closure of the set «cwoi{x;: a 2 8}, it follows that x

1 i

=

. , - ] N . L -
is also in the t-closure of co{xi: a 2 Bt. Thus, by the t-contiaulty of Uy

t
o
there exists a convex combination L Asxis with ag 2 8 suech that
s=1

t
ui(z Asxgs) < ui(xi)+-s.
s=1

If vy 1is an index among {al,...,at} with

a
ui(x1)==min{ui(xis): s=1,...,t1,

-12-



then Yy > 8 holds, and by the quasi-concavity of wu; we see that

zi-e<zI$ui(in)\u( ZAXS)<u(x)+e.

Thus, zj < u;(x;) +2¢ holds for all e > 0, from which it follows that

23 S ui(xi) holds for all i€ S, as desired.

3. Each V(S) 1is comprehensive, i.e., (xl,...,xm)EV(S) and (zl,...,zm) < (xl,...

imply (zy,...,2p) € v(3).

4. If (xl,...,xm)EV(S) and (zl,...,zm) satisfy Zj=%g for all i€ 3§, then
(21,000 ,2) €V(S).

5. The market game derived from the economy is balanced.

To see this, consider a balanced family B  of coalitions with weights

{wg: s€B}. Thnat is, éws=l holds for all i, where as usual fBi={S€B: i€s}.
Seg,

Now let (zl,...,zm)é {1 v(s). We have to show that (zl,...,zm)EV({l,...,m}).
seB

Let S€B. Since (zl,...,zm)EV(S), there exist x]S._EXi (1€5) and
yJ$6Yj (3=1,...,k) with

Zx§_= Lowy ¥ Z(Z.G
i€s i€S I=l 4€3

and ui(x?_) 2> zg for all 1€S. Now put

I

z sti € Xi,,i=l,...,m, and
seB,

y:= L L wg8 y }:6 ():wy)EY i=1l,...,k.
J- SEBESS:LJJ 1=1 ijEBS

is a convex combination, it follows from the quasi-concavity of wuj

Xy

Since each x

i
that z; < ui(xi) holds for all 4i=1,...,m. Moreover, we have
m m s
L x4 = Zwsxi=ZW(ZX)“ZWS[Em +E(ZBIJ)YJ
=1 1=1g¢B, s€f ~ ies sef ~ 1€s i=1lieg
m k S m IZ(,
= L L wew; + Z )N L ow = 2 ow; + Ve
1=15€81 ST 1553 €S ¥'s lJy t=1 T 1=1 3

which proves that (zl,...,zm)EV({l,...,m}), as desired,

-]13~
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Next, by Scarf's classical result [24], the market game derived from the
economy has a non-empty core (i.e., the set V({{1,...,m})N\ U IntV(S) is
€6
non-empty, where § denotes the set of all coalitioms). Let (21,...,zm) be a
core vector. Pick x;€ Xy {i=1,...,m) and ijYj {(j=1,...,k) such that
k

m m
a) LXi= L ow, + L ., and
1220 44 1 =1yJ

b) ui(xi)zzi for i=1,...,m.

Clearly, (xl,...,xm,yl,...,yk) is an allocation, and we ¢laim that it is a core
allocation. To see the latter, assume by way of contradiction that there exists

an allocation S and a feasible assignment {hi: 1€ S} satisfying hy > X%y

i
for all i€ 5. Then ui(hi) > ui(xi) > z; holds for all i€ S, and from this
we see that (z;,...,z ) € IntV(8), which is a contradiction. Hence
(xl,...,xm,yl,...,yk) is a core allocation, and therefore the economy has a

non-empty core.m

We are now in the position to establish that a compact economy has always

a non-empty core,

THEOREM &4.4. If the ecomomy 1s compact, then its core is a nom-empty weakly

closed subset of the set of all allocations.

~

PROOF. Put Y= [(Y+w)NE*]-w, where Y=Y +---+Y,, and note that { is a
weakly compact set. Also, we shall consider the set

- k
ﬁ:{(xl,...,xm,y)EEm'*'l; y=J§lyj with (xl,...,xm,yl,...,yk)E:z}.

Clearly, A< ilx xf(mX‘;I, and from this and Theorem 4.1 it is easy to see that

4 is a weakly compact subset of Em+1. The proof of the theorem has two steps.

I. The core is non-empty.

For each a€ET we shall denote by 53 the economy which comes from our
original economy & by replacing each Y; by Y:-?= {y€Y¥5: y < al. By Lemma 4.3,
we know that Core(aa) # Q . For each a€Et pick some (x?,. . ,x;,y?,. . ,yi)

k -
in the core of 53 and let yi= y?. Then (x?,... ,x;,ya) €i for each ac©gt.
I=1

14—



~

Since A is weakly compact, the net {(x?,. - ,xr?‘,ya): a€ E*} has a weak
accumulation point in #, say (xl,...,xm,y). Then X ++--+x_ =w+y and
vyE€EY. Pick ijYj (3=1,...,k} with y=y,+* " +yy, and we claim that the

allocation (xl,...,xm,yl,...,yk) is a cecre allocation for our original econcmy.

To see this, assume by way of contradiction that there exist a coalition §
“of consumers, consumption bundles h;€&€X; (1€ 8), and production plans

szYj (j=1,...,k) such that

a) by >; x; for all i€S, and

)z .

k
b) L hy= Lug + L (L 8y

i€8 i€s =1 4¢s3
Now note that for each 1€ S the set

Vo={(£,,. Ep8) €d: £ »; nyl

1

is a weakly closed subset of Em+ , and so V= {J V; 1is also weakly closed. Thus,

i€s
its complement V© is weakly open. Since (Xj,...,Xp,y)€VS and (xy,...,%Xp,¥)
is a weak accumulation point of the net {(x?,.. .,xg,ya): ag E+}, there exists
some a 2 |zll +oeee+ |zk| such that (x?, e ,xg,ya) €VE. Clearly, Z € YJ‘."‘ for
each j. Also, hi >4 x?_’ holds for all 1€ 8, and so in view of (b) we have
(x"‘;‘, - ,xg,y?, - ,yﬁ) ¢ Core(&a), a contradiction. Therefore, (%;,...,%;,¥;,-.- ,yk)

is a core allocation for our original economy.
II. The core is a weakly closed set.

Denote by C the (non-empty) set of all core allocations, and let
(X000 sXp,¥yse ooy} Dbe an allocation lying in the weak closure of C. Assume
by way of contradiction that there exist a coalition §, consumption bundles

z;€X; (1€8) and production plans ijYj (j=1,...,k} such that

k
>; x; for all i€$ and Loz;= Luwy + L (L8

z4 LaIV s .
* 1€S i€S =1 jeg 37
For each 1€ S the set of allocations
Wiz{(hl,-..,hm,gl,-.-,gk)EQ‘Z: hi ?i Zi}
is a weakly closed subset of Em+k. Thus the set W= {J W; 1is weakly closed in

i€s
Euﬂ-k', and so its complement WS is weakly open. From (xl,...,xm,yl,...,yk)éwc,
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we infer that WeNC # Q. If (hl,...,hm,gl,...,gk)Ewcﬂ C, then we have
k
Zi >'i hl for all iES and Z Zi = Z wi + Z ( Z eiJ)yJ ]
i€s i€s 1=l 4es
which contradicts the fact that (hi,...,hm,gl,...,gm) is a core allocation.

Hence, (xl,...,xm,yl,...,yk)e C, and so C 1is a weakly closed set.m

Next, let us briefly recall the replication concept of an economywith production

as it was introduced by H. Nikaido in [19, p. 288]. If n is a natural number, then

the n-fold replica of the economy is a new economy with the following characteristics.

1. The new economy has the same Riesz dual system (E,E").

2. There are mn consumers indexed by (i,s) (i=1,...,m; s=1,...,n) such that
the consumers (i,s) (s=1,...,n) are of the "same type'" as the consumer i of
the original economy. That is, each consumer (di,s) has:

a) X; as his consumption set, i.e., X;5=Xy;
, 1.e., wy

b) an initial endowment wjg equal to w =w; (and so the total

i

s

s
[N g by

w;. = nw}; and

endowment of the new economy is is

1=13=1

¢) a utility function wuyg equal to uj, i.e., ujo=uy.
3. There are kn producers indexed-by (j,) (j=1,...,k; t=1,...,n) with the
the following properties.
i) The production possibility set of the (j,t) producer is ?j’ i.e.,
th=Yj; and
ii) The share eisjt of the (i,s) consumer to the profit of the (j,t)

producer is given by
0 if s#t¢t

Gij if s=t .

THEOREM 4.5. Every replication of a compact economy is itself compact.

PROOF. Consider the n-fold replica én of a compact economy &. Since 5n has
the same Riesz dual system as 5, we see that én has a symmetric Riesz dual system.
On the other hand, the aggregate production set of én satisfies
k n

151
(2 ¥ +na)NET = [Z (Y. + oo +Y ) +mw]NEFY = (n¥+00) NEY = al(Y+w) N EH].
J=1t=1 Jt =1 1 k

~16-



Since n[(Y%—m)rlE+] Is weakly compact, we infer that én is a compact economy.®

Now let (x|,...,Xp,¥;,---,y)} be an allocation of the original economy.
If n is a natural number, then by assigning the consumptien bundle Xy to each
consumer (i,s) (i.e., Xig = Xq for s=1,...,n) and the production plan y:j to

each producer (j,t) {(i.e., Yie=Y; for t=1,...,n), it is easy to see that this
assignment defines an allocation for the n-fold replica economy. Thus, every
allocation of the original econcomy can be considered (in the above manner) as

an allocation for every n-fold replica of the original econcmy.

DEFINITION 4.6. An allocation of an economy is satd to be an Edgeworth Equilibrium

whenever it belongs te the core of every n-fold replica of the economy.

Do Edgeworth equilibria exist? Before presenting an affirmative answer,
let us review a few facts about preferences. Recall that a preference » on a

convex set X is said to be

a) strongly monotone, whenever x,y€X and x >y imply x > y; and

b) econver, whenever x> vy in X implies ax+(l-a)y >y for all 0 <o < 1.

The following two basic properties about preferences will be employed in

the proof of the next theorem.

1. IF a preference » defined on ET is weakly convex ({.e., {x€E': z » y} is
convex for all y€E*), continuous for some linear topology on E and strongly

monctone, then » 18 also convex.

To see this, assume x >y and let 0 < a < 1. Then x » 0, and since

%#T gx=x holds for every linear topology on E, it follows that there exists

some 0 < e <1 with ex > y. By the weak convexity, we have a(ex)+ (lL-ady » y.
Ou the other hand, from ax+ (l-a)y > afex) + {1l -a)y and the strong monotonicity
of », we infer that oax+ {(l-a)y > a{ex)+ (1 -a)y. Thus, ax+ {(l-a)y > vy.

2. If X?;=E* holds for each consumer < and each preference »; i& in addition
strongly monotone, them a coalition § blocks an allocation (xy,...,%msY1s-- .,yk)

if and only if there exists a feasible assignment {h;: 1€ S} for § such that

1) hy P¢ xz; for all 1€8, and

i) hy >; x; holds for at least ome 1€S.
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To see this, assume that (i) and (ii) above are true. Fix some Tr€S5§

. s s _ . - ot : .
with h, >, x,.. Since 1«—%11‘{1 ahr~hr, it follows from X, =E and the T-continuity

of », that there exists some 0 <e <1 with eh, >, x.. TIf £ >1 1is the

number of elements of §, then put fp=¢h, and fy=hy+ [(1—5)/(E-l)]hr€ gt
for 1€8 and i#r. From the strong monotonicity of preferences, we infer
that £5 >; x; for all 1i€S, and moreover L iy = z hy. The above show that
i€s ie$s
S blocks the allocation (xl, R O ATREE ,yk) .
We are now in the position to present an existence theorem for Edgeworth

equilibria.

THEOREM 4.7. If the economy is compact, preferences are in addition strongly
monotone and Xi=E"" holds for all 1, then the set of all Edgeworth equilibria
18 a non-empty weakly closed subset of EM+k.

PROQOF. Let gn denote the n-fold replica of our original economy. For each n,

let
Cq =4 N Core(én) .

It should be clear that the set of all Edgeworth equilibria is precisely the

set [} Cph+ The proef will be based upon the following properties of the sets C,.
=]

l. Each C, is non-empty.
Note first that (by Theorem 4.35) the economy 511 is a compact economy. By
Theorem 4.4, we know that Core(én)%g. Let
(xlls---sxlnIXZI:-'-sxzna---’xmln'--:an5y11,'°'JY1n:yZl"°-:y2n)---syk1)°'-;Ykn)
be a core allocation for 51.1. Then we claim that
Xir T Xis for r,s=1,...,n and 1i=1,...,m,

i.e., no consumer prefers his bundle to that of another consumer of the same type.
To see this, note first that (by rearranging the consumers of each type), we

can suppose that Xy, »i X;; holds for all i and r. Put

1 o
zi=? inr =0, i=1,...,m, and
=1
l m
ngﬁr;' télyjteY’ j=1, ok
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Then we have

m ;1 B 1. @10 kK n k
Tozyi= = L L x5, (L Lwge+ L Ly)=w+ Ly,
i=1 0 mipm 1T moymiemr 7 gmiem It s=17d7

and so (zl,...,zm,yl,...,yk)eﬁ. Also, by the quasi-concavity of the utility
fuactions, we have 2z 7y Xy, for each i=1,...,m. Now assume by way of
contradiction that there exists some (i,r) such that xy >4 Kyye The latter,
in view of the convexity of »;, implies zj >; X;;. Now if each consumer (i,1)

is assigned the bundle =z and each producer (j,t) chooses the production

i
plan i {(i.e., yjt==yj), then it is easy to see that {zi: i=1,.,.,m} is a
feasible assignment for the coalition {{(i,1): i=l,...,m} that blocks the original
core allocation, which is impossible. This contradiction establishes the

validity of our claim.

Next, note that by the quasi-concavity of the utility functions we have
z4 74 Xy. for r=1,...,n and i=1l,,..,m. An easy argument now shows that

(zl,...,zm,yl,...,yk)é Cp» and thus C, is non-empty.

2, For each n we have Cn+1 & Ch-

This follows easily from the fact that if a coalition S of consumers of

&n blocks an allocation of 4, then S also blocks the same allocation in 6n+1'
3. Each C, 1is weakly closed.

Let the net {(x?,...,xg,y?,...,yi)} of C, converge weakly to

(xl,...,xm,yl,...,yk) in Em+k.
(m+k)n

weakly compact subset of E , and so if we consider each (x?,...,x;,y?,...,yi)

By Theorem 4.4 we know that Core($pn) is a

in Core@gn), then it follows easily that (xl,...,xm,yl,...,yk) must be also

in Coredgn). That is, (xi,...,xm,yl,. ..,yk)E Cn, and so C, 1is a weakly closed

subset of Em+k.

4. The set of all Edgeworth equilibria is weakly closed.

This follows from (3) by observing that the set of all Edgeworth equilibria
-]
is precisely the set (\lcn-
a=

5. The economy has an Edgeworth equilibrium.

For each n let
k

sy Zlyj with (xl,...,xm,yl,...,yk)é Cpt-
.1=

A mt
Ga= {(Ryyeen Xgey) EET T
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Since each C, 1is non-empty, we see that each C, is likewise non-empty.

From Cp4y & Cp, it follows that Cp .y < En. In addition, we claim that each én

+ .
is a weakly compact subset of E" l. To see the latter, note first that from

-~

o]

n & ilx ---xﬁmX[(Y+m)ﬂE+-w]

and Theorem 4.1(3) we see that each an is a relatively weakly compact subset
+ -~
of EV l. Now let {(xcf,...,xg,ya)} be a net of some C, satisfying

(x?,...,xg,ya) AN (xl,...,xm,}'). Pick y?EYj {(j=1,...,k) with

ya= z ng and (x?, e ,x;,y?, v ,yﬁ) €C,. An easy argument shows that there
=1 k

exist ijYj {(j=1,...,k) such that 3,r=‘1§‘_::1yj and (xl,...,xm,yl,...,yk) €d.
If (Ry,... »Kps¥1se++sY) €Cy, then some coalition S of the n-fold replica
economy 511 blocks (xp,.« Xy, ¥1s---,¥y) in én. Since

[+ a a W
(Xl,---,xm,y ) — (x]_""’xm’y)

and each set {zEE+: z >3 xi} is weakly open relative to E+, it is easy to see
that S blocks (x?,...,xz,y?,...,yﬁ) in ‘3:1 for some ¢, which is a
contradiction. Hence, (xl,...,xm,y)eén. This implies that én is weakly

closed, and hence weakly compact.

@ -
Now from the finite intersection property we have [ Cp # Qj Fix some

o=l i(
o

(x,,+005x,y) € () Cpq, and then pick y:€Y. (i=l,...,k) with y= 2 y.. We

1 m amy B J ] =179
claim that (xl,...,xm,yl,...,yk) is an Edgeworth equilibrium. To see this,
assume by way of contradiction that (xl,... S SN EET ..,yk) can be blocked by
a cealition S 1in the r-fold replica of the economy. Since (xl,...,xm,y) € 61:'
there exist 23 EYj (3=1,...,k) such that (xl,... sKpsZysees ,zk) €Cy, and an
easy argument shows that (xi,...,xm,zl,...,zk) can be blocked by the
coalition § in the r~fold replica of the economy, which is impossible. The

preof of the theorem is now complete.m

It should be noted that when Yj = {0} for each js then our production

economy reduces to the pure exchange case.
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5. QUASTEQUILIBRIA AND EDGEWORTH EQUILIBRIA
In this section we shall study the relaticnships between Edgeworth equilibria
and quasiequilibria.

DEFINITION 5.1. 4n allocation (ml,...,xm,yl,...,yk) 18 said to be a Walrasian

(or a competitive) eguilibrium whenever there exists a price p # 0 such that:

a) For each consumer ¢ the bundle z; s a maximal element in the budget set

k
Bitp)={x€iy: poo <pruwgy + le &; 0 Y}

t.e., xiEfi(p) and Ty holds for all foB.,;(p); and

b) For each j the production plan Y3 maximizes profit at prices p over Ij,
1.8.,

p.yjzma;x{p-z.' ZEYJ'}, j=1_,...,k.

It should be clear that an allocation (xl,... yEms Vs .,yk) is a Walrasian

equilibrium if and only if there exists a price p#0 such that:

k
1. pxy S pewyg +ZBlpr3,
k
2. % > Xy in Xi implies p-x > p-wy + _1);-:1 Bijp-yj ; and

3. p-yj=max{p-z: zEYj} for j=1,...,k.

DEFINITION 5.2. An allccaticn (.:cl, NN AN ITE .,uk) 18 said to be a guastequilibrium

~

whenever there exists a price p#(0 such that:

k
o) pex; <pe wy + E Gwp yJ L
8) =x )",L- .'.'Cl- in X‘L ":”TPZ'Z:‘QS prx > peuy * J.Z__l e,ﬂjp'f:"j; and

v) p-yJ-=max{p-z: zEYJ-} for j=1,...,k.

Any price p that satisfies the properties of Definmitioms 5.1 or 3.2 is

known as a price supporting the allocation.

Clearly, a Walrasian equilibrium is a quasiequilibrium. Alsc, the next

result tells us that a competitive equilibrium is always an Edgeworth equilibrium.
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THEOREM 5.3. Every Walrastian equilibriwn is an Edgeworth equilibrium.

PROOF. Since a Walrasian equilibrium remains a Walrasian equilibrium in every

n-fold replica, it suffices to show that a Walrasian equilibrium is a core allocation.
To this end, let (xl,...,xm,yl,...,yk) be a Walrasian equilibrium supported

by a price p. Assume by way of contradiction that there exist a coalition §,

consump;ion bundles 2z, €Xy (1€5) and production plans th'Yj {j=1,...,k} such

that

a) = zy = n wy + Z (z 8 J’ and
i€s igs 171 4€s

b) zj >; x; for each 1€S.

Now note that

k k
p-zy > pruy + Z B14P Y3 > Pruy +J§lsijp-hj
helds for all i€ S, and so
p(Zzi)—szi>prl+22813 5 [Z wy +E(Za
i€s i€s i€s iggi=t 1€S =1 4¢s

which contradicts (a). Hence, (xl,...,xm,yl,...,yk) is a core allocation, as

desired.m

In the pure exchange case, A. Mas-Colell [16] proved that gquasieqilibria
exist, and the authors generalized this result in [2] by proving that every
Edgeworth equilibrium is a quasiequilibrium. In the infinite dimensional setting,
W. Zame [27] was the first to establish the existence of quasiequilibriz in
economies with production.

Qur next objective is to show that under certain conditions an Edgeworth
equilibrium is a quasiequilibrium. To do this, we need some preliminary discussicn.
We start by introducing some useful convex sets. Tor each consumer 1 we

define his "share set" by
k k
zi={JZ___:leijzj: szY-j} = JE 6,.Y
Now consider m consumption bundles x;€ Xy (i=l,...,m}). For each i, we

shall denote by FI the "strictly better set" of x5, i.e., F; is the convex
set defined by

* .
F] = {x€ Xy x >4 xi}.
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With the above convex sets, we shall alsc associate the following important

convex set

jat
x _ o
H™ = cof iLaJl (Fi-2 - w;)]
: m
= {121?\1(\*1'21"%): Ay 20, vy >y x5, 2;€2Z; and iél Ay =1},

In order to insure that the sets F”i‘ are non-empty, we shall assume for
“the rest of this section that each preference relation satisfies the following

non-satiation property.

If x&X;, then there exists some z€X; with z >; x.

An important property of the convex set H* 1is described in the next

theoremn.

THEOREM 5.4. Assume that X,I:=E"L holds for all <. If (2 ,...,Zmelyse--,Yg)
an Edgeworth equilibrium, then for each h > 0 we have O0@h+H".

PROOF. Let h 2 ¢, and assume by way of contradiction that 0€h+H*. Thus,
there exist vy€ F’;, z;€2; and A; >0 with A +---+2p=1 such that

m
h + 121 Aglvy - zi—ui) =0, and so

m
L Aglvy-zy-uy) 0. %)

Next, let S={i: Xy > 0}, and note that from (*) it follows that
L Avy € Ldgzg + L djug . (¥
i€s i€s i€s

Now if n 1is a positive integer and 1€ S, let ny; be the smallest integer

greater or equal than ni; (i.e., 0 €< n;j-nd; € 1), Since vy >; x; and

i
lim nAi/ni= 1 for each i€ S, we can choose (by the continuity of the utility
N2

functions) n large enough so that
£,=(odj/ny)vy >; x5 for all 1€S. (i)

(Here we use the fact that Xi=E+ so that f4€ Xi.) Taking into account (¥k),

we infer that

L nifi = o, nir,v, < o n?\izi + 2, nli«.u.

i€S i€s — * €5 1€3 *
€ ¥ n,(nr:/nidz: + L n.uw. .
€s + Tt qeg TR
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Since 0 < nkj/n; € 1, we see that hy= (nd;/ny)z; €%y, and so from the preceding
inequality, we conclude that

o nifi < }: nihi + njwyg .

i€s i€s i€s

By rearranging the consumers, we can alsc assume that S={1,...,0}, where
1<L<m For each 1i€85 pick hijEYj (i=1,...,k) such that
k
hi=3§1 85 4hs; -

Let n=n1~i- ey, and let (gn denote the n-fold replica of ocur economy. For

each 1€S§, let T; be the set of consumers of én defined by

T; = {(i,s): ng+n;+-re4ng +1l1<s < n1+---+ni},

where e =0. Clearly, ;N T, =§25 for i#r. Now consider the coalition T of
bn given by T= {J Ty. Next, for each consumer (i,s)& Ty we assign the bundle
i€s

£is= 1>
and to each producer (j,t) {(j=1,...,k; n,+n,+eeetng  +l <o+ tng)
we assign the production plan

Zje=hij .
Figure 1 clarifies the situation.

Now note that
Eig ™ (i,s) Xig for all (i,s)€T,

and moreover,

[

> £ L onsf.
(1,s)€T ° 1gs -~ *

< L njw; + = nihi
i€s igs

K
= Z W, + Z ny Z. g,.h..
(1,s)eT -° i 4= M A

k n
= E wis + Z Z ( Z 8
(1,s)ET Il o(4,5)€T

)14

isjt’ je’”

The above show that the cocalition T blocks (xl,...,xm,yl,...,yk) in the n-fold

replica of the economy, which is impossible. Hence, 0€ h+H* must hold, as

desired.m
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To continue our discussion we need the concept of uniform properness for
preferences and production sets as it was introduced by A. Mas-Colell in [16]

and [17]. The uniform properness for preferences is defined as follows.

DEFINITION 5.3. (A. Mas-Colell) 4 preference relation » on a convex set X is
satd to be uniformly proper whenever there exist a vector a > 0 and some
t-netghborhood V of zero such that z-oa+z »x in X with a >0 imply

z gal.

Recall that if a preference relation » 1is defined on E¥, then a commodity
bundle v > 0 1is said to be strongly desirable whenever x+av > x holds for
all x€EY and all a > 0. In case » is a uniformly proper preference relation
defined on EY, then the vector a > 0 in the definition of properness is a
strongly desirable commodity bundle. Indeed, in this case, if x€Et and o > 0
satisfy x » x+aa, then from (x+@ga)-wa+0 = x» x+ca and the uniform
properness, it fellows that O€ ¢V, which is impossible. Hence, x+aa > x holds

for all x€ET and all e > O.

In {17] A. Mas-Coclell also introduced the concept of properness for producticn
sets. Following A. Mas-Colell's ideas in [17], we shall say that a set T is a

pre-techinology set for a production set Z whenever

L z2cT;
2) x€T implies xT=xV0 € T; and

3) T-E+==T, i.e., T satisfies the free disposal condition.

Now the corresponding nction of uniform properness for production sets is

as follows.

DEFINITION 5.6. (A. Mas-Colell) A production set I <s said to be uniformly proper
whenever there exist a pre-technology set T for I a veetor b >0 and a

T-neighborhood V of zero such that y&€T\Z and y+ob+2€Z with a> 0 1imply
z € al. '

Concerning uniformly production sets we have the following useful property.

LEMMA 5.7. Suppose that a production set I is uniformly proper, and let T,
b>0 and V be as in Definition 5.8, If 2€2Z, y€E' and o > 0 satisfy
y€al and y < z-+ab, then z-ab+y&Ll.
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PROQF. Assume that z & Z, yvE& EY and a > 0 satisfy y€aV and y € 27 +ob.
We can also assume that V is a symmetric neighborhood. Put x=z-eb+y, and

note that
x=zt-(z-+ob-y) € 27, (*}

Since 2zEZ & T, it follows that zte T, and so from (*) we see that x=z-ab+yET.
Now assume by way of contradiction that x# 2. Then we have z=x+ab-y€Z.
From x€T\Z and the properness condition, we infer that -y€aV, i.e., y€aV,

which is impossible. The proof of the lemma is now complete.m

We now come to the concept of a preoper economy.

DEFINITION 5.8. 4n economy is said to be g proper economy whenever all preferences

and all production sets are uniformly proper. That is, an economy is proper
whenever there exist a; > 0 {i=1,...,m), bJ- > 0 (F=1,...,k), pre-technology sets
T; for Y (§=1,...,k) and an open convex solid t-neighborhood V of zero

J
such that

1) x-oa;tzp;x in X, and o> 0 imply 2 €aV; and
2) y+abj+z€¥j with yETj\YJ- and o > 0 imply z€al.

A. Mas-Colell [17] used uniform properness on preferences and production sets
to show that any Pareto optimal allocation can be supported by a non-zero price.

Next, we use properness to show that every Edgeworth equilibrium is a quasiequilibrium.

THECREM 5.9. If X £=E+ holds for each 1 and the economy is proper, then every
Edgeworth equilibriwn ts a quasiequilibrium.

PRROF. This proof is an adaptation of A. Mas-Colell's proof of Theorem 1 in [171.

Let aj (i=1,...,m), b, (j=1,...,k} and V be as in Definition 5.8 of a

J
proper economy. Put 'a=al+---+am+bl+---+bk, and let T be the (non-empty)

open convex cone generated by -a+—[ﬁ-V » L.,

I‘={u(-a+%-v): a>0 and vEVI.

Now let (xl,...,xm,yl,...,yk) be an Edgeworth equilibrium. ' If H* is the
convex set associated with (xl,...,xm) as in Theorem 5.4, then we claim that
ywnr=g.

To see this, assume by way of contradiction that H'nr # . Then there exist

1

j» M 2 0 with Al+'--+Am=l, yijEYj (i=1,...,m;i=l,...,k)
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and some ¢ > 0 such that
= £
1)}__:1 Ai(fi_ngeinij - wi} + ga € EV. (1)

Note that the set S={i: A; > 0} is non-empty.
Now consider the positive elements

m k

}"Z?\ lw; + L 0y (yij)“‘], and
=

=1
m k m m k e
zﬂi*i[fi + é 813(yyp 71 + ea = E (yfg+eay) + E_.l,zl [A1855(y35) 7+ 3 byl
From (1), we see that
= £
R R R ®
Moreover, we have
m m k e
0 (z-»¥<z= L (\yf +ea;)) + L Z[J\B (y..)"+——b.]. (3)
1=1 1=1)=1 L] m]
From z-yG-i%V and the solidness of V we see that
-yt e £
(z-y)" € —V. (4)
Applying the Riesz Decomposition Property to (3), we can write
(z-9)" = s+, (5)
where,
i}
0<s g 121 (rif; + eay), and (6
m ok e
0gt < EHE;,I (28450307 + £ g1 (7)
m
Now applying the Riesz Decomposition Property to (6), we can write s= L S
1=1
with 0 < s; < Aifi + ea; for each i. From 0 £ §; €5 K (z-y)T € EEV' and
the solidness of V, we see that
£ ,
Sie -IE-V, i=1,...,m. (8)
Let
fi if 1i€S
81 = £ 1
f1+ii—al )TsiBO if igs
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Clearly, 8i 74 fi holds for all i€ S, and we claim that Bi ™ fi for each

i€ 8. 1Indeed, if in the latter case we have

£ 1
fi=gi—rai+ A_isi?i 2

€

then by the properness we must have ;\isie )\_vi’ i.e., s; €€V, which
t 1

contradicts (8).

Next, using .(7) and the Riez Decomposition Property we can write t—ﬁli tij
with 0 < tij Ay 13(3’ )7+ -:Tbj. Let T={(i,j): J\ieij > 0 , and define 1
yij-elmrii8i ) oy + (A8 07 eyy AE (4,§) €T
Yo i wper .
Fix (i,j)€T. From 0 £ tij stcg (z~- )+€ -E—V and the solidness of V, we
infer that tijE—%V, and so (Aieij) 11: G (ml 8 )'IV. Now from the inequality

o
F/AN

-1 - -1
(A,6,.0"%t.. < (Yij) +s(m)\isij) bj

and Lemma 5.7, we conclude that z--EYj. Hence, z; EY holds for all <(i,j).

ij b
Now for Ai=0, we have s; < €a;, and so ga;-s; 2 0 for all i€s.
. - . £ £ b -t
Similarly, for Aieij =}, we have tij £ ~ bj’ and so = bj t:lJ 20 for

all (i,j)@T. Taking into account these observations, we see that

Z A (gy- 2 Bigzagmug)
=ZA(£—ZB .y w.)+e£a--z.s +-- z b, - Z ty;
1=1 1371y 7 €5~ 1€S ™ (1,s)ET 7 (i,s)€T H

SZA(E Z.Gy -w;) +elay- Es+2(aa—s)+£/_.j + % e+ L Ebo-t, )

i

1=1 €S €5 15 O (4,5)6T G s)ETlJ serm ] 1]
m k m c E k E k
= Z W +e):,a—z.s-+—— Zb-- Z.t--
1Z=1. 1=1 13 1] i) e =Pt S N s P
= AL B.:V,. - wy) + ea = {(s+1¢t)
;E.x (4 ;El 13915 ~ @y

z-y-(s+t)=z-y-(z-y)FT=-(z-y)" g0

Clearly, the element
m

= 7 Aulg:- L 8..Zc:-w:)€EH"
g ‘= 1\81 j=1 1371 i
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satisfies g € 0. Now let h=-g > 0. Then from h+g=0, we see that 0€h+H*,
which contradicts Theorem 5.4, Thus H*D 1"=;Z5 heolds, as claimed.
Finally, by the classical separation theorem there exist a non-zerc price »p

and some constant ¢ such that
ph2c2p.g

holds for all h&H* and all g€T. Siné:e ' is a comne, we see that c¢ = O'k
; +

Now if =x >j x; holds in E", then x-lél eijyj -miE H*, and so pP-x 2 p-ui+1§1 Gijp'yj

On the other hand, we know that each aj > 0 is a strongly desirable commodity

for #»;. If 2€Y,, them put v=a,+ -+ -+ap, z;

i=Y; for j#r and =z

r= %

and note that

1 k
E[(xi+avi)—dz 8, z.-wi] € g*

m

s}
_z+_—v= .
yr int :z=: =1 11 3

1

holds for all « > 0. Hence, p-.yr—p-z+%pov> 0 holds for all « > 0, and so
p+¥r > p-z for all z€Y,. Therefeore, pry.=max{p-z: z€Y,.} holds for all

r=1,...,k, and this completes the proof of the theorem.m

Recall that a positive element x > 0 is said to be strictly positive (in
symbols, x » 0) whenever p.x > 0 holds for dall 0 < p€E'. If w» 0 and
preferences are strongly monctone, then it is easy to see that the concepts of
quasiequilibrium and Walrasian equilibrium coincide. Therefore, the next
theorem that generalizes the classical theorem of G, Debreu and H. Scarf [9] is

an immediate consequence of the preceding result.

THEOREM 5.10. Assume that each consumption set satisfies X;=E" and that
preferences are in addition strongly monotone. If the economy 1s proper and
w > 0, then an alloeation is an Edgeworth equilibriuwm if and only if it ig a
Walrasian equilibrium.

In particular, in this case, if the econcmy is also compact, then Walrasian
equitlibria exist,



6. DECENTRALIZING EDGEWORTH EQUILIBRIA

Recall that the "share set" of each consumer i is defined by

k
zi={§

k
J eijzj: szYj} =J§lﬁin

1 i

Also, for each fixed a€ET and each consumer i, we define the convex set

. k
zi={§

.EY, nd . < .
; 2 j @ 2y < al

8..2.:
1 11 ]

, , a
In case the economy has a2 symmetric Riesz dual system the convex sets Zj are

weakly closed. The details follow,

LEMMA 6.1. If the economy has a symmetric Riesz dual system, then for each <

and each a€Et the convex set Z% i weakly closed.

PROOF. Fix i and a€E", and let f be an element in the weak closure of Z?.

Then £ is also in the tT-closure of Z?. Pick a net {fg} of Z? with
T o . a o
fy —+ £. For each « choose ij‘Yj with £a and fy= L eijyj' (In case
=1

eij =0, we shall assume that y?=0.)

Since 0 g (y§)+ € a holds for all a and j and the order interval [0,a]

is weakly compact, we can suppose (by passing to an appropriate subnet) that

for each j we have

Gyt

(v — yl. (%)

]

Also, from
o k (V3 S a X Oy +
0<8yy0yp)7 < téleit(yt)- = 'tgleityt * télsit(yt)

< -fut+a < (F-fT+ET+a —— ¥ +a
and Theorem 2.1, it follows (by passing to a subnet again) that for each j we

have
D™ v} ()

From (%) and (%), we infer that

@ v - v gl o2y,
¥3 (yj) (yj) YiTY¥y= Yy

for each j. 8Since each Yj is weakly closed, we see that ij Yj, and moreover,
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from y? < a, we infer that yj € a. Finally, note that

k
a
L 01738

f=w-lim f, =w-1lim E 8

= 193

and the proof is finished.m

Consider m consumption bundles xiEXi (i=1,...,m). For each i we

shall denote by F, the "better set" of x,, i.e., F is the weakly closed
¥y i 1

i
convex set defined by

= {x€ X0 x 7y xi}.

With the above convex sets we shall associate the important convex set

m
Hy=col U (F;-28-wy)]

m
-— - - - . . a =
-{1Z=1 A(vi=zg=w)t Ay 20, vy Py x5, 2,€27 and E'-:.;\i 1}.
THEOREM 6.2. Assume that the economy has a symmetric Riesz dual system that
preferences are monotone and that each consumption set satisfies X; +E’+—--X :

If x; EX (i1=1,...,m) are consmrptwn bundles, then for each aGE"" the convex set

H, -—co[U (Fs —M)]
1=1

18 a weakly closed subset of E.

PROOF. Fix a€EY, and let f be in the weak closure of Hy. Themn £ is in

the t-closure of H,, and so there exists a net {f } of H, with £, =, £.

m
For each a let v? > Xi zge Z?, J\ai 2 0 with :21 A§= 1 such that

m
¢, a a
= 121 li(vi - Zi - mi) .

By passing to a subnet, we can assume that )\i —+ Xy holds in R for
each i. Clearly, A;+--++Aip=1. Let ={i: Ay > 0}, and note that S#Z. From
a a 2 a S e, a
0< L A%l + z: AP = Z AN -zi-w) + Z aju; + L atEDY < fgtuta,
=1 173 1 =1 15 102
we see that

a o

0 < Ajvy <

futu+ta and OS.Aai(z?_)"é furuta

held for all i and all o. Thus, by Theorem 2.1, we can assume {by passing to
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a subnet again) that for each 1€ S we have

¢ W G, W 1

v — viE Fi and (zi) — z; .

a .
From 0 < (zi)+ € a and the weak compactness of [0,a], we can assume (by passing
to a subnet once more) that for each 1 we have (zg)'*' e, z2 Thus, taking

. : . a .
into consideration that 2; is weakly closed (Lemma 6.1), we see that

0-= 0-+_ &y - w 2 _ .1 a
z;= (2= (2))7 —— 2§ -2;=2,€Z.

In addition, from 0 < Aj(zp* < 2Ja, it follows that Aj(z))¥ —= 0 for all iés.

Now from the weak closedness of E' and the inequality

m
£y = El A?_[vai - (z?._)'*‘-i- (zoi)' - u)i]

m m
> Da%? - Eadeht+ TafeDT - T aju;,
iES 1=1 i€S 1=1

we infer that

f=w-lim{ 2 r liv- - ¥ a2+ L Azl - T odws = oA (vi-ziew,) =g,
€s Tt gttt oses Pt oqes Y o 1YY

H

For iE'S, let wv,=x., and zi=0

1 =%y Then vy+f-g&; vy #) Xy, and

m
f=(f-g)+g = lélli[(vi‘Ff"g) -z;-wj] €Ha,
and the proof of the theorem is finished.m

When preferences are strongly monotone the Edgeworth equilibria are

characterized as follows.

THEOREM 6.3. Assume that the ecomomy has a symmetric Riesz dual system that

preferences are strongly monotone and that X£==E+ holds for each consumer <.

Then an allocation (xl,...,xm,yl,...,yk) is an Edgeworth equilibrium if and

only if for each f > 0, each € > 0 and each a€Et with a2 yV- Vi,

there exists a price p€E' such that:

1. pf=1;

2. xzppx; in EY implies p-x
=

3. py;>2 sup{p.2z: z€Y¥; and

PROOF. Assume that (xl,...,xm,yl,...,yk) is an Edgeworth equilibrium. Fix
>0, e>0 and a€EY with a2 yIV ©++Vy,. From
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£ - *
Ef"'Ha '2--f+( f+Ha)S:-é—-f+H

and Theorem 5.4, we see that OE%E+H3. Since Hy; 1s weakly clcsed {(Theorem 6.2),
it follows from the classical separation theorem that there exists some pEE’

such that

pr(=f+g) >0 (*)

holds for all g€H,. Since }: ] € Z?, it follows that

1375

Z —-—(x hi—mi) € H,, and from (*) we see that p+f > 0, Thus, replacing
1=1

p by p/p-f, we can assume that p-f=1.

k
Now let x #i x4y holds in Et. Then x - JELG JyJ - owy € Hy, and so
£ A .
p-(-a—f + x - Z BlJyJ - mi) > 0. This implies
k k
P-X 2 peuy +§181py-—>Pw1+2913py3—5-

Next, let zeY. satisfy z € a. Put hy=y, for t#3j and hj=z. From

k
—(y "Z)=—-(Elx 1§lm —Z h )=§: --—(x - g;leitht - w;) € Hy

and (%), we see that p-(%f-l—-%‘l—(yj ~z)} > 0. Therefore, P-Yj Z p-z-¢ holds for
all zEYj with z £ a, from which it follows that

PYy > sup{p-z: z€Y; and z € a} -c¢.
For the converse, assume that the allocation (xl,...,xm,yl,...,yk) satisfies

(1), (2) and (3). Also, assume by way of contradiction that there exist an n-fold

replica of the economy, a coalition § of consumers of the n-fold replica, a

subset {h;.: (i,s) €58} of E* and production plams zthth=Yj (3=1,...,k;
t=1,...,n}) such that

hyg >(i,s) ¥is for all (i,s)Ye 8, and (1)

> Rz
)y hyg = Wy, + { )z . (2)
(1,5)€S ©  (i,5)€S ° =Ll (5,6)€s “isic
k

Now let f= L hy and let a= L |yJ[ + Z Z Iz [ Then for each £ there

(1,s)€S 1=1 T

exists some py€E' such that

3=



pz'f=l’ k (3)
. in EY impli . s R
x#y xy in E implies Py X > 1) “h4.1§x8ijp£ Tl and (4)
l .
Yy ® sup{pﬂ-y. yEYj and y € a}-T . (5)

Choose 0 < 8§ <1 such that Ghis >(i,s) Kig= X4 holds for all (i,s)§ S. By
(4) for each (i,s)€S we have

k
pp-(Shyg) > ppwgg + py- (Z B;45¥35) - %
k n 1
= pyetig Py (legleiSJty) T
>p.m.+p-(z§:e ) - 3 (6)
= Py ¥ig L2 & isjt? _]t T
and so
> 7 o
ppr (8.8 hy) 2Py (L w, )+ pyel ( % 8:..0z:.1 - 5. (7
b eks b ases Uhnidi e =00 T
Combining (2) and (7), we obtain
§=6p,)( L h,)2p (L hy)-F=1-73F
E aes T ames =T z

for each £, and so & » 1, which is a contradiction. Therefore, the allocation

(xl, RS O ATREE ,vy) 1is an Edgeworth equilibrium.=
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7. ECONOMIES WHOSE AGGREGATE PRODUCTION SETS ARE CONES

In this section we shall study economies having a cone as an aggregate

production set. We start with the following definitionm.

DEFINITION 7.1. 4 subset Y of a vector space E <g said to be continuous for
a linear topology £ on E (briefly, E-continuous) whemever {y,} < Y and
ya £,0 imply  ydh £, 0.

The continuity property of the production set conveys the fact that small
inputs produce small outputs. If the production set is a cone, then the
continuity of the production set seems to be a natural condition. The next two
results will clarify the situation. Recall that a production set is any weakly

closed convex subset Y of E satisfying YN E'={0}.

THEOREM 7.2. Asswme that a production set Y <s a cone. If (E,E') ={eca(Q),ca'(Q))

for some Hausdorff compact topological space & (in particular, if E 4is finite

dimensionall, them Y 18 norm comtinuous.

PRCCF. Let Y be a production set which is a cone, and let {z,} S Y satisfy
"z;” ——+ 0. Assume by way of contradiction that {z;} does not converge in norm
to zero. Then, by passing to a subsequence, we can assume that ﬁz;" 2eg >0

holds for 2all n and some € > 0. Now let

|. (%)

xy = zo/ 2kl = /] - 20
Since Y 1is a cone, we have x_,€Y for each n. From
lzz /1250 = Iz /03] < Jagl /e — o,

we see that lﬁmzﬁ/“z$”=(h On the other hand, we have ”z:/”zgnﬂ =1 for each n.
Since the set {y€E": |y|=1} is weakly compact, it follows that {z;/ﬂz:”}

has a weak accumulation point =z > 0. From (¥), we conclude that z€YNET={0},
which is impossible. Hence, "z§”——+ 0 must hold, and the proof of the theorem

is finished.m

THECREM 7.3. Assume that the ecomomy has a symmetric Riesz dual system, preferences
are also strongly monotone, Xi==E+ for each < and that the aggregate production

set Y=7 ++-- 4y i3 a cone. If the economy has a Walrasian equilibrium, then
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{y,} & ¥ and y;l—z-rf) imply y;/\x-;r-»O for each z€E".
In particular, if in this case E=R", then {y,} &Y and Hy;" —_ 0
tmply  lypl — 0.

PROOF. Let (xl,...,xm,yl,...,yk) be a Walrasian equilibrium supported by a

price p, and let yEYy t oo Y. Since Y 1is a cone, we have
max{p-z: z€Y}=p'y=0,

Now let {y,} = Y satisfy y; — 0, and let x€ EY. From
p-y;: - P¥q = p'¥y €0, we see that p-y: < p-y;, and so in view of

P-(Y;/\X) < p-y: S Py, T 0, we conclude that
p-(ytax) — 0. (9o
Since preferences are strongly monotone, we have p » 0, and so the function
Ixl=p-|x|, =€E,

defines an order continuous norm on E. By {3, Theorem 12.9, p. 87], the topology

generated by |- and <t agree on the order interval [0,x], and so in view of

(¥k) , we see that y'gf\x s O.m

"If x;€X; (i=1,...,m), then we shall denote by G the convex set

m
G=co[U (Fjy-ws)]
1=
> o
= {Elki(vj_'wi): Vi 7y X5, A; 20 and 12=1 Ay =1},

LEMMA 7.4. Asswme that the ecomomy has a symmetric Riesz dual system and that each

consumption set satisfies X1;+E+=X7:. If = €X; (i=1,...,m), then the conver set
m :
G=co[U (F;~w:)]
[1—-—1 o
15 weakly closed.
PROOF. Apply Theorem 6.2 by taking Yj = {0} (j=1,...,k) and a=0.m
THEOREM 7.5. Assume that for an economy we have:
a) Its Riesz dual system <(E,E') ieg givenm by a reflexive Barach lattice, preferences

are strongly momotome and X;=E' for each i;

b) There is only one producer whose production set Y 18 a norm continuous come; and
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¢) The share 8; of each consumer to the profit of the producer is positive, i.e.,
8; > 0 for each i=I1,...,m

If (:cl,. vosTpey) e an allocation, then the convex set

m
H=colU (F;-8;Y-uw)] =G-Y
1=3
15 weakly closed.

PROOF. Since 8; >0 and Y is a cone, we see that 6;Y=Y for each i, and
from this it easily follows that H=G-Y. By Lemma 7.4, we know that G 1is a
weakly closed set. To see that G-Y is also weakly closed, let f be in the
weak closure of G-Y. Since G-Y is convex, f belongs to the norm closure of

G-Y. So, there exists a sequence {gp-y,} of G-Y with lim “gn—yn—-f"=0.

m m
. _ o, n_ n n . n_
For each n write gn—‘élki(zi wi), zZ5 "5 Xy Ai 2z 0 with 1=1Ai 1 for
each n. Then we have

m m
gn+w> g, * Loatw, = 1); J\niz;? 0,

=1 + 1 1
and so from
0syp= (-yn)"' < (gn-yn+w)+ — (f+w)* (norm),

we see that {yz} 4is a nporm bounded sequence.

Next, we claim that {y,} is a norm bounded sequence. Indeed, if this is not
the case, then we can assume withOut loss c_;f generality that 1lim "Yn” = ®, Since
{ya} 1is norm bounded, we see that lim lyg 7lygll = 0. 1In view of

(Yn/"yn")' = v/ "yn”, the norm continuity of Y implies
Vg yaD* = 1 yE/7lvall — 0
and so

L=l ya/lyadl < Iv3 Zlyall + lyg /lyall — o,

which is a contradiction. Hence, {y_ } 1s norm bounded.
Since E is reflexive, {y,} has a weakly convergent subsequence. We can
assume that vy, =, YE€Y. From gn=(g,-vy,) +v, 2. f+y and the closedness of

we see that g=f+y&G. Hence, f=g~y€G~-Y, and thus G-Y is a weakly
closed set.m

Let (xl,.. CoXpaY yae e ,yk) be an allocation. Then we have

m k
zx.=w+2y.=w+§:y4f—z
l=11 j-‘—].-] J:J_J 3=
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and so

The vector w + L y§ represents the total supply in the economy under the
i=1

allocation (xl,...,xm,yl,...,yk). We shall use the letter e to designate the

total supply of an allocatien (xl,...,xm,yl,...,yk), i.e., we shall write

k m |4 +
e=uw+ L y; =L w, + ; yj.

DEFINITION 7.6. 4An allocation (xl,...,xm,yl,...,yk) 18 said to be an e-Walrasian

equilibrium whenever for each € > 0 there exists some price p such that:
K

a) pre=1 (where e=uw+ L ys);
J:l J k

b) ¢ »; @, in X; implies p-x > p'mi'+1§18ijp'yj - e; and

<3 pry; > supip.z: ze.gj}- e for each .

Note that if the consumption sets satisfy Xi-+E+¥=Xi, then any price p that
satisfies property (b) of Definition 7.6 is necessarily a positive price. Indeed,
if x 2 0, then by the monotonicity of »; we have xlﬁ—G”lx #1 %, for all § >0,

and so

k
p-x > 8(p.w, + Ji;.leijp-yj -pex, - €)
for all & » 0, from which it follows that p.x 2 0.

Also, it should be noted that every Walrasian equilibrium is an e-Walrasian
equilibrium.
Finally, we close the paper by presenting an existence theorem for e-Walrasian

equilibria.

THEOREM 7.7. Assume that for a compact ecomomy we have

1) Its Riesz dual system (E,E') 1is given by a reflezive Banach lattice;

2) DPreferences are strongly monotone and Xi==E+ holds for each 1; and

3) Its aggregate production set Y=Y + ... +¥, 18 a norm continuous weakly
elosed cone.

Then the economy has e-Walrasian equilibria.
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PROOF. Consider a new economy with Riesz dual system {E,E') having the same
consumers, endowments and preferences but having one producer whose production set
is Y. Also, assume that each consumer has the share 9]‘.:% (i=1,...,m) to the
profit of the producer. It is easy to see that this new economy is compact, and so
by Theorem 4.7 it has an Edgeworth equilibrium, say (xl,...,xm,y). if
y=y,+ ---+ykEY, then we claim that (xl,...,xm,yl,...,yk) is an e-Walrasian
equilibrium.

To see this, let e > 0. Clearly, H=G-Y holds, and bn}r Theoregx 7. 5 the

convex set H is weakly closed. On the other hand, if e= L wy + Z y > 0,
1=1
then we have

2 - fes(s e
—nTe+G-Y = 2me+(2me+l~1) < o + H7,

and so from Theorem 5.4, we infer that OG%-!-G-Y. Thus, by the classical

separation theorem, there exists some p€E' such that
p-(Ze+g-y) >0 ()
o 1 1
holds for all g€G and all y€Y. Since 0 = 2, ;(xi—mi) -y € G-Y, we see
1=1

that p-e > 0, and so, replacing p by p/p-e, we can assume that pre=1,

. k
Now assume that x »; x; holds. Then x-w;€C and L 0,.y,€Y. Thus,
i*i L 1=1 lJ 3
from (%), we see that
k e k .
- 2 pew, . 0 -
Pex > pewy +pe(Z 8yyyy) - o prug +p-(L 855y -«

Next, fix some j, and note that

J

k m
1 1
-;télyt 121 m (g -wy) €6

For z€Y., put z,.=vy, for t#3j and z, and note that
3 t= Ve J

-'fll""l,_.[:\I

k
z z. € G-Y.
t=1

1 -
'E“(YJ ~2z) —1217‘1"(}{1—_'—'&1)

Therefore, from (%) we see that p-(-;—e+—r];'1-(yj -2)) > 0, from which it follows
that

Py, 2 p-z~¢c for all z€Y

i i
and so,
PeYy > sup{p-z: zEYj}—s for all j.
The above show that (xi,.. sXmaYyse s ,yk) is an e-Walrasian equilibrium, and

the proof of the theorem is finished.=s
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