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Overlapping generations models with or without production or a nort-
folio demand for money display a fundamental indeterminacy.

Expectations matter; and they are not, in the short run, constrained
by the hypotheses of agent optimization, rational expectations, and market
clearing. No short run policy analysis is possible without some explicit
understanding of how agents expect the economv to respond to the policy.

In this framework of perfect foresight and market clearing prices,
it is possible to make Keynesian assumptions about the rigidity of money
wages and the exogeneity of "animal spirits" of investors, to use the
standard IS-LM apparatus, and to derive Keynesian conclusions about the
short run effectiveness of policy, Alternatively, starting from different
but no less rational expectations, one can derive the '"mew classiczal"

neutrality propositions,
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Keynesian macroeconomics is based in part on the fundamental idea
that changes in expectations, or animal spirits, can affect equilibrium
economic activity, including the level of output and employment. It asserts,
moreover, that publicly announced government policy also has predictable
and significant consequences for economic activity, and that therefore the
government should intervene actively in the marketplace if investor opti-
mism 1s not sufficient to maintain full emplovment.

The Keynesian view of the indeterminacy of equilibrium and the efficacy
of public policy has met a long and steady resistance, culminating in the
sharpest attack of all, from the so-called new classicals, who have argued
that the time-honored microeconomic methodological premises of agent onti-
mization and market clearing, considered together with rational expectations,
are logically inconsistent with animal spirits and the non-neutrality of
public monetary and bond financed fiscal policy,

The foundation of the new classical paradigm is the Walrasian equilib-
rium model of Arrow-Debreu, in which it is twvpically possible to prove that
all equilibria are Pareto optimal and that the equilibrium set is finite
{see Debreu [9]); at least locally, the hypothesis of market clearing fixes
the expectations of rational investors. In that model, however, economic
activity has a definite beginning and end. Our point of view is that for
some purposes economic activity is better described as a process without
end. In a world without a definite end, there is the possibility that what
happens toddy is underdetermined, because it depends on what people expect
to happen tomorrow, which in turn depends on what people tomorrow expect
to happen the day after tomorrow, etc,

We construct a perfect foresight overlapping generations macroeconomic

model, in which there is a two dimensional continuum of equilibria. This
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immediately presents the logical possibility that changes in animal spirits
can effect output and employment. This proposition holds if we allow the
labor market not to clear ("Keynesian equilibria"), or if we require full
Walrasian equilibrium but allow for elastic labor supplv. But this suggests
an important puzzle: if accepting Keynes means accepting a multiplicity of
equilibria, what sense can be made of comparative statics, the bread and
butter of Keynesian economies?

We approach comparative statics by considering an equilibrium path
beginning at date t = 0 , and then evaluating the consequences of a small
pelicy perturbation. There is then a two-dimensional parametericzable set
of possible equilibrium continuations. The plethora of equilibrium contin-
uvation does not make comparative statics logically impossible; instead it
forces us to fix two parameter values. From this point of view, the most
important contribution of this paper is to show that Keynesian macroeconomics
has an essential unity: fixing the two variables (animals spirits and
current nominal wages) that Kevnes argued were psvchologically and institu-
tionally sticky under monetary and fiscal perturbations, gives rise to
Keynesian policy predictions and comparative statics, Fixing other variables
can give rise to other policy theories, including the new classical neutrality
theory. Notice, however, that new classical theory has staked out the stronger
claim, that the hypotheses of rationality and equilibrium make Kevnesian
conclusions impossible,

The overlapping generations model with two period lived agents holds
a great advantage for Keynesian economics, in that optimizing behavior in
any period {(given the history to that point) depends only on current prices
and next period's prices. The IS-LM apparatus, with its use of a single

interest rate, has a natural home there. We conduct all
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our comparative statics analysis in terms of the IS-LM diagram. Our model
is therefore in the long tradition ( represented recently
by the French disequilibrium school--see [ 4], [ 5], [11], and [24]) of
giving microeconomic foundations to Keynesian macroeconomics. In our dymamic
model, expectations are explicitly modeled and rationalized, investment and
capital accumulation are accounted for, and all individual and government
budget constraints are met,

The paper is divided into three parts. In the first section we recall
that an overlapping generations economy with one commodity per period and
an initial stock of money can display a one-dimensional continuum of equi-
libria, By reinterpreting this exchange economy as a constant returns to
scale production economy where labor is the only factor input, we exhibit
the purest case of rational but volatile animal spirits. But this model
is far too simple to express the central aspects of any macroeconomic theorv,
Keynesian or monetarist. In Section 2 we introduce a neoclassical produc-
tion function, endogenous investment, capital accumulation, bonds, and a
portfolio demand for momey. 1In Section 2.1 we show that this richer model,
built on explicit microeconomic foundations, alsc possesses a one-dimensional
continuum of Walrasian equilibria, although, with labor inelastically supplied,

initial period output and emplovment is always the same.

In Section 2,2 we examine "Keynesian equilibria" of the same model,
in which we permit the period O labor market not to clear. We find that
there is a two-dimensional set of Keynesian equilibria, which can be
indexed by expected price growth and current nominal wages. When these
two variables are taken as institutionally fixed, the effects of
policy can be faithfully described by IS~-LM analysis and Keynesian pre-
dictions are borne out. Moreover, since the model is explicitly intertemporal,

it is possible, at least in principle, to trace out the medium and long run



effects of policy as well.

In Section 2.3 we once again insist on full market clearing, as well
as rational expectations. We specialize our analysis to a
specific utility function and production function, but we rely on the general
principle that the more endogenous variables per period, the higher is the
potential dimension of indeterminacy. Intreducing the labor-leisure choice,
and so an elastic supply of labor, increases the dimension of the equilib-
rium set to two. It is therefore possible to validate sticky wages and
indeterminate expectations even in a market clearing model. Moreover, under
Keynesian institutional assumptions, the effects of policy can once again
be analyzed by an IS-LM apparatus, and, at least for fiscal policy, Keynesian
predictions obtain. 1In Section 3 we compare the source of the second di-
mension of indeterminacy in the Keynesian equilibrium and elastic labor
supply models, attributing the latter to a lack of market clearing at infinity.

Since Samuelson [27] introduced the consumption loan model in 1958 it
has been clear (see for example, Diamond {10], Tirole [31], etc.) that over-
lapping generations economies are fertile ground for macroeconomic theoriz-
ing. Since Gale [12] it has also been clear that a one good overlapping
generations exchange economy with money could display a one-dimensional con-
tinuum of Walrasian equilibria. Azariadis [1] showed that such a model
might also possess a continuum of stationary sunspot equilibria, and Grand-
mont [17] showed that it was possible for the equilibrium set to include
patiis which are cyclical of any period. Neither of these latter models
incorporates the possibility of investment and capital accumulation,
nor is the comparative statics of unanticipated policy considered there.

The structure of the equilibrium set of OLG models with multiple



commodities has been analyzed in Kehoe-Levine [21], and Geanakoplos-Brown
[15, 16]. There it is shown that the indeterminacy of equilibrium continu-
ations arising after a small perturbation is typically parameterizable.

The principle is egtablished that the greater is the number of endogenous

commodities, the higher is the potential dimension of indeterminacy.



1. Keynesian Indeterminacy in an Exchange Economy

Indeterminacy of expectations is a feature of the simplest overlapping
generations economies. Even in an exchange economy, this allows us to justify
some of the basic claims of Keynesian policy analysis, while maintaining indi-
vidual optimization, market clearing and rational expectatioms. Consider the
following variant of the Samuelson consumption-loan model. Discrete time begins
at time 0 and extends indefinitely into the future. There is one perishable
consumption good available at each point in time with its quantity denoted
by x . There is also a second commodity, money, denoted by m , which
can be carried from period to period. One generation, consisting of a single
agent, is born each period and lives for two periods. The generation born
in period t can be described by the strictly quasi-concave, twice differ-
entiable utility function u(xt, x§+1) and the endowment vector of consump-
tion goods e = (el, ez} = (ez, eE+1) . (Superscripts denote period of
birth; subscripts denote period of consumption.} The utility function and
the endowment vector are identical for each generation t > 0 . However
at t =0 , there is also one agent (called t = -1 ] who will live only
one period and whose endowment consists of e, plus the entire stock of
money, M . This agent simply wants to maximize consumption in the single
period of his or her life, The price of money is one in each period. (We
will only describe equilibria in which money has positive value.,) The
remainder of the price system is a positive vector p = (po, Py ees) of
consumption good prices, For each genmeration t > 0 , the following problem

is solved:



pt+ lxt-l»]. =

Tt t
(xt’ xt+1) 3_ 0 .
In addition the one generation born in the past solves:

-1

max X
0

The demand of this agent for the consumption good is clearly e, + H/po .

Assuming that for each generation t > 0 desired money holdings satisfy

t . . .
m >0 , we can combine the two constraints to vield the standard con-

. t t . . .
straint p.X. + P, X .1 = P& * Ppq® - We define the relative price
q, = pt+1/pt . Each generation t > 0 solves the first maximization prob-
lem above, yielding a market demand function denoted by

f(qt) = [fl(qt)’ fz(qt)] which can be shown to be differentiable. A per-

fect foresight equilibrium is p = (po, Py» vee) = (po, q) such that:

M
fl(qu + % = e]_



, and suppose that

du(e,, e,) f3u(e,, e,)
o1 _— 1* &2 1’ ©2
PROPOSITION 1: Let qo = 3X2 // axl

qy > 1 . Then there is a Pp > 0 such that for all pj € (Pys =) » there
is an equilibrium (po, Pys ...) for the OLG exchange economy

E = (u, (el, ez), M) described above with first period price Py - More-

over, all these equilibria are distinct in the sense that real consumption

for any agent is different across all of them.

PROOF: By hypothesis

is solved at (xl, xz) = (el, ez) , 1.e. fl(qo) = e . Consider now the
equation f.(g,) = e - M . If p, 1is sufficiently large, say bigger
1*%0 17 B 0

than ﬁb , then by the implicit function theorem there must be qq that

of
solves this equation, since 39 |— # 0 (this coincides with the pure substitution
RY

effect, since at Eb there is zero excess demand, and hence the derivative
cannot be zero). Let Py = 95Pg - Thus Py will clear the market at time
0, provided that Py is expected to prevail at time 1. Furthermore, if p,
is sufficiently big, 9 is very near ﬁb . But by hypothesis Eb > 1,
hence q; > 1, and P; = qyPp > Pp - Thus the whole argument can be re-

peated for the equation f£f.(q.,} = e M , getting q, > 1,
171 1 P, 1

P, = 4P, > Py > Pg » and by induction, for all t > 1 . Q.E.D.

lA similar proposition has been established long ago by Gale [1973].



Note that the essence of the proof is that the price Py that clears
the market at time O depends on the expectations of the agents about the
price P - But the market clearing price Py for period 1 commodities,
in turn depends on the expectations consumers at time 1 have about prices
in period 2, etc. Since there is no end to time we can always fix Prsq
to clear the goods market at time t . A finite Walrasian economy arbi-
trarily declares there to be an end to time, consequently preventing this
argument from working. In OLG economies, however, the hypothesis of opti-
mization, rational expectations, and market clearing are consistent with
indeterminacy.

Let us observe that the above argument does not depend in an essential
way on there being only one agent born in every period., Nor does it depend
on the fact that we assume every generation is identical.1 This point is
important since the problem of indeterminacy in OLG economies is often dis-
missed with the claim that the independence from time of agent characteris-
tics naturally singles out of the possible continuum a steady state equi-
librium. (Thus in our model if there is some (El, Eé) ,

Ju(ey, o) dulcy, <)

Cp*c,=€ +e,, c<e, with o, = 5%, then there

is a "Samuelson" steady state with Py = M/(Eé -e2) for all t >0 )

Let the representative consumer from generation t have utility

t, .t

t
u(xg, and endowment e” = (e , e, ;) , and suppose that there is some

aut (e t+1)//3u(e et+1)

x1;4- 1)

a > 1 with >a , Then, if all the second

2t t
3 u (e et+1)

derivatives TR are uniformly bounded, exactly the same proof
17

demonstrates the same kind of indeterminacy.
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The claim that the economy naturally 'chooses" the Samuelson steady state
equilibrium is of course suspect in a decentralized framework. Moreover,
when there is intergenerational heterogeneity there tvpically are no equi-
librium steady states among the continuum of equilibria. Finally, let us
note that the indeterminacy we derived does not depend on there being an
arbitraryv starting point for the economy: one can demonstrate the existence
of the same kind of indeterminacy when time goes from == to = , We can
interpret the model by supposing that all agents expect one of the equili-
brium price paths to occur =- we might call this the state of long-term
rational expectations. In other words, there is a vector of expected
prices p = (30, ;l’ .s+) ; each agent at time ¢t , having observed

(Pgs Pys +-esP._y) » expects (p., P_yq» +++) - Givena p , during
each time period t the market clearing price level P, = E; will be
unique. This economy is distinctive, of course, in that there is a one
dimensional set of vectors ‘; . Agents can choose any ; in the equili-~
brium set; then if there is unanimity among all agents p will in fact

be the equilibrium price vector that is revealed through time.

It is helpful to reinterpret the model as a simple production economy,
Imagine that the endowment & in the first period of life is actually
labor, & , which can be transformed into ocutput, ¥y , according to the
production function, y = ¢ ., We would then think of any purchases of goods
by the old generation as demand for real output to be produced by the young.
The young in turn now derive utility from leisure in their youth and con-
sumption in their old age.1 Notice that the quantity equation, Py = M,

helds for this economy. (Velocity equals one.)

1This interpretation is due to Azariadis [1].
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The indeterminacy of expectations has the direct implication that op-
timistic expectations by themselves can cause the economv's output to expand
or contract. In short the economy has an inherent volatility. The Keynesian
story of animal spirits causing economic growth or decline can be told with-
out invoking irrationality or non-market-clearing, Moreover, the Kevnesian
claim is that exogenous changes in expectations cannot be relied upon to

increase output, and that therefore the government should actively intervene.

In fact, the indeterminacy of equilibrium expectations is especially
striking when seen as a response to public (but unanticipated) policy changes,
Suppose the economy is in a long-term rational expectations equilibrium
p » when at time 0 the government undertakes some expenditures, financed
either by lump sum taxation on the young or by printing money. How should
rational agents respond? The environment has been changed, and there is
no reason for them to anticipate that (El, 52, «..) will still occur in
the future. Indeed in models with more than one commodity (such as we wiil
shortly consider) there may be no equilibrium (ﬁo, ﬁl’ 52, +..) in the
new environment with ﬁl = fﬁ . ﬁz = fz , etc. There is an ambiguity
in what can be rationally anticipated.

We shall argue that it is possible to explain the differences between
Keynesian and monetarist policy predictions by the assumptions each makes
about expectational responses to policy, and not by the one's supposed ad-
herence to optimization, market clearing, and rational expectations, and
the other's supposed denial of all three,

Consider now the government policy of printing a small amount of money,
AM, to be spent on its own consumption of real output--or equivalently to
be given to generation t = -1 to spend on its consumption. Imagine that
agents are convinced that this policy is not inflationary, i.e. that 50

will remain the equilibrium price level during the initial period of the



12

new equilibrium. This will give generation t = =1 consumption level
d@+5M)f;0 . As long as AM is sufficiently small and the initial equilibrium
was one of those described in proposition 1 , there is indeed a new equili-
brium price path p beginning with BO = 30 . Output has risen by Aﬁ/ﬁb s
and in fact this policy is Pareto improving. On the other hand imagine

that agents are convinced that the path of real interest rates

_ - P P
(qo -1, 4 -1, ...} = (%l-l, ;5-—1, ...) will remain unchanged., In this
)] 1

economy, price expectations are a function of Py - Agents expect

ﬁ(po) = (ﬁbpo, Eiﬁbpu, ...) . Recalling the initial period market-clearing
equation, (ﬁ-raM)/pO + fl(pllpo) =8, it is c¢lear that if

ﬁlfﬁo = Ei/ﬁb then 50 = Pl + &M/M) , i.e. that prices rise proportion-
ally to the growth in the money stock. The result is '"forced savings";
output is unchanged and generation t = -1 must pay for the government's
consumption. If the govermment's consumption gives no agent utility, the
policy is Pareto worsening.

We can also ask about the effects of a "balanced budget' increase in
government spending and taxes., If the government taxes the initial young
generation and spends the output on its own consumption, what will be the
change in output under the Keynesian expectations assumption, ﬁo = Eb ?
The new total output simply equals the sum of government consumption and
the old generation's consumption, G + bVﬁo , where G 1is the real level
of povernment spending. If 50 = 5b s M/p0 is unchanged and the balanced
budget multiplier equals one, precisely as in Keynesian policy analysis.

This model is only a ¢rude approximation of the differences between
Keynesian and monetarist assumptions about expectations and policy. It
is quite possible to argue, for example, that holding pI/p0 (the infla-

tion rate) fixed is the natural Keynesian assumption to make, This ambiguity
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is unavoidable when there is only one asset into which the young can place
their savings. We are thereby prevented from distinguishing between the
inflation rate and the interest rate. Our model must be enriched before

we can perform satisfactory policy analysis, Nevertheless the model con-
veys the general principle that expected price paths are not locally unique,
There is consequently no natural assumption to make about how expectations
are affected by policy., A sensible analysis is therefore impossible with-
out externally given hypotheses about expectations. These can be Keynesian,
monetarist, or perhaps some combination of the two.

It is important to understand that despite indeterminacy, this economy,
in its design, is an immediate extension of Walrasian economies with finite
numbers of agents. In particular the notion of equilibrium is conventional:
the price vector (po, Py» +«+} 1is parametric to agents and equilibrium
occurs where aggregate excess demand is zero.

The presence ¢f money, however, calls for some comment. First as we
noted earlier, for generations t > 0 , the money stock falls out of the
budget constraint, Second, if the additional commodity were another perish-
able consumption good rather than money, or if markets stretched infinitely
into the past and there were no second commodity at all, the indeterminacy
result would recur. Finally, the inclusion of money in this model in no
way departs from the typical description of a Walrasian economy. Obviously,
money does not enter the utility functions. Indeed it may be misleading
to consider the extra commodity to be money at all, since we could equally
well consider it to be a durable capital good. (We could also let the
commodity depreciate at a known rate over time.) It is the fact that
generations overlap and do so indefinitely in time which gives this commodity

value, and not the description of technology or tastes.



The limited 7role that money plays in the model

circumscribes the number of applications to standard macroeconomic ques-
tions. For Keynes, holding money had a precautionary motivation, and also

a transactions purpose. In our model there is no uncertainty, and exchanges
take place instantaneously, so neither of these aspects of money is present,
Since introducing uncertainty and the institutional detail necessary to

capture the transactions role of money would greatly complicate our analysis,

we shall sometimes put real money balances directly into the utility func-
tion. This is not a satisfactorv solution, but it is necessarv if we are
to retain the tractability of a simple macroeconomic model. Since the
qualitative features of our analysis remain the same whether we write

u(xt, Xeh1? m/pt, m/pt+1) s Or more simply u(xt, m/pt) , we shall

*re1’
choose the latter form. One can verify at once that as long as the marginal
utility of real balances is not too high at the point (el, e, 0} then

exactly the same proof of indeterminacy applies with this more general

utility function.
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2. A Macroeconomic Model with Keynesian Indeterminacy

We have shown in a simple pure exchange overlapping generations model
that there is a continuum of rational expectations equilibria. This imme-
diately leads to the conclusion that changes in expectations, or animal spirits,

can affect the course of the economy. Furthermore this creates an ambiguity in

the effects of policy which on the one hand might appear Keynesian, and at
the other extreme, monetarist, So far, however, our model is not Tich
enough (even with its production interpretation) to express the central
aspects of either macroeconomic theory. Without capital, for example, it

is impossible to discuss the volatility of investment. We have already
pointed out that the lack of a second asset in which to hold savings creates
some difficulty in deciding what constitutes a Keynesian expectations as-
sumption; we certainly cannot model at present the idea that money demand
involves a tradeoff between the returns to holding capital and the benefits
of cash in hand. In particular we cannot yet describe open market opera-
tions. Nor can we describe in the exchange model the Keynesian claim that
lowering real wages (and raising employment) can be the equilibrium conse-
quence of government policy. Finally, let us note that the model considered
in the ]last section showed one dimension of indeterminacy; by definition

it is impossible to consider simultaneous and independent changes in both
the "animal spirits" of the agents and thé nominal wage while maintaining
equi librium.

We will present two models that repair these deficiencies., Both models
include the possibility of capital accumulation and a neoclassical produc-
tion function depending on variable inputs of capital and labor. In the
first model, which corresponds most strongly to standard Keynesian macro-

economic models, we will place real balances in the utility function and
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agents will be endowed with a fizxed labor supply, the use of which does
not affect their utility. We will study '"Keynesian'" equilibria in which
the labor market is permitted not too clear. This allows for involuntary
unemployment and for government policies and expectational changes that
can affect the level of employment. The IS-IM apparatus is ideally suited
to describe the comparative statics of this model.

However such a model is subject to the now standard criticism that
it is methodologically unsound in that it does not give an optimizing
explanation for its assumed lack of market clearing. Therefore we also
consider a second model in which all markets clear but where labor ser-

vices are elastically supplied (as in Keynes' General Theoryv). To make

this second model more tractable, we will use specific functional forms

to describe utility and production. To make the model both more simple

and more orthodox, we remove real balances from the utility function. We
find that in the elastic labor supply model there is a continuum of Walrasian
equilibrium levels of employment, and that the IS-LM apparatus is still
appropriate for analyzing the effects of government policy on output and
employment.

There is a central advantage to the elastic labor supply model. If
labor supply at time <t+]1 is known by a firm with certainty at time ¢t ,
the firm need only know the real interest rate to decide on an equilib-
rium level of capital investment, The interest rate tells the firm what
the appropriate capital-labor ratio is; the added information of equilibrium
labor supply at t+1 tells the firm the absolute level of capital required.
However with elastic labor supply, we must include in the model some quantity
signal indicating expected output next period. This variable plays a large

role in the General Theory, since it signifies entrepreneurial expectations.




We will see that it is not uniquely determined. An equilibrium model

of Keynesian economics can come to fruition only in a model with elastic
labor supply: in that case both current output and expected output
(animal spirits) are indeterminate.

The model with fixed labor supply nevertheless serves a number of
purposes. It provides a complete intertemporal version of a Keynesian
unemployment equilibrium that can be analvzed accurately by the 15-LM de-
vice. Moreover many economists will view the presence of involuntary
unemployment as a positive descriptive virtue of the model. Finally the
model will serve as a general introduction to overlapping generations

economies with production.

2.1. Fixed Labor Supply and Walrasian Equilibria

Suppose once again at every period t an agent is born and lives for
two periods., Each agent has the quasi-concave utility u(ct, Cra1? M/pt)
for consumption, and real balances, and an endowment of labor equal to one.
In some periods, we will give agents the labor supply constraint, Et » which
may be less than one. In contrast to our previous model of pure exchange,
we shall now suppose that consumers can save in two different ways.

As before, they can hold paper money M which always has a price of 1 and
which in period t+1 will allow for the purchase of M/pt+1 units of the
consumption good. By holding money, a consumer foregoes the chance of con-
suming M/pt units of the consumption good in period t . The gross rate
of return to holding money is therefore (M/Pt+1)/(M/Pt) = pt/pt+1 . Al-
ternatively, consumers can save from period t to period t+l1 by holding
new capital, which in period t is a perfect substitute for the consumption

good. If the capital Kk is invested (e.g. planted in the ground) in

t+l
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period t , it becomes productive capital in period t+1 . It can then
be combined with labor, instantaneously producing the consumption good and
disappearing. Productive capital is not a perfect substitute for output;

its price r is endogenously determined in equilibrium. The agent who

t+l
foregoes one unit of consumption in period t to hold capital, gains the
power to purchase rt+1/pt+1 consumption goods in period t+1 . Thus

rt+1/pt+1 is the gross rate of return to capital, We can summarize these

relations by writing the budget constraints:
K —
() PeCe * M % Prfeyp S ¥k

Pea1Cee1 20 % Trarken

c m, k >0,

t* Cte1’ t+l 2

Notice that if pt/pt+1 > rt+1/Pt+1 , the agents can earn a better return
by holding money than by holding capital, and in addition get the satisfac-
tion of holding real balances. Hence the only interesting case occurs when
pt/pt+1 f-rt+1/pt+1 . Indeed, let us suppose that at the prevailing

(pt, Peo12 Weo rt+1) the consumer chooses to hold kt+1 > 0 , Then we

can combine the two budget constraints into one:

(B") c, + ¢ Juel + 24 - Pt Prel <L t
t 7 Ct+li T P P,., T -"Y4p, )’
t+] t t+1 “t+l t
Py pt+1

Notice that the "price of money" is , which, as we would

pt+1 rt+1

expect, varies inversely with the return to money and directly with the
return to capital. We define the income of the (young) agent at time t

as I{ = (wt/Pt)IE . The demand functions (or correspondences) for e s
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v
P

Cra] and M/pt are determined by pt/pt+l s rt+1/pt+1 , and Iy -

Using the prices defined by the single budget constraint above, we

assume that the utility has the following gross substitutes property:

(G5P) The maximization problem: Max u(co, C1s g)
!

A
—

=11

111 m
gives rise to continuous, single-valued demands for €y s € > and m/p .
Each demand is decreasing in its own price, and increasing in the other

prices and in income I . (=]

Needless to say, there is a large class of utilities which satisfy this
gross substitute property {GSP). From this one assumptien on utilities,
we will later derive all of the classical properties of IS and LM curves.

The GSP assumption has implications not only for the demand for consumption

when young and for s? = m/pt ; but also for capital heoldings s: , and
total savings st + s? . Clearly it implies that s? varies directly with
Py/Py, » and inversely with Te1/Pray -
P, P
Observe that capital savings can be written si il -2t rt+1 .
Pe Pes1/Ten1

Total savings are given by Sy = st + s? = I¥ -c . Using these defini-
tions we can also conclude from GSP that st is decreasing in Pt/pt+1 ,

for if pt/pt+1 rises, m/pt rises and ¢ falls, Furthermore since

t+l

¢, 1is decreasing in rt+1/Pt+1 and pt/pt+1 s S, 1s increasing in those

t t

m . .
two variables. Given that demands for ., ct+1 » and / are increasing
t

in Iz ,» we conclude that S, = I{ -c, is also increasing in Iz (the

marginal propensity to consume is less than one).

We can summarize the implications of GSP that we will use below by
the following assumption (which also includes the continuity and limiting

properties of the functions that are necessary for the subsequent proof).
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{Al) The functions sk(li, T and

t+41/Pra1s Pe/Proy)
m N .
s (I{, rt+1/pt+1, Pt/pt+1) are continuous; s is monotonically increas-

. S k . .
ing in its own rate of return; s™ and s. are both increasing in the

competi t . i Y
mpeting rate of return. The function S(It’ rt+1/pt+1, pt/pt+1)

k m v
= g . - 7
(*) + 5 (*) 1is increasing in It’ T, 1/pt 19 and pt/pt 1 ° For

any fixed r /pt+1 and IZ s lim sm(IZ, T

t+1 =0, ©n
pt/pt+l*0

t41/Pea1s Pe/Pryy)

The last part of (Al} says that as the rate of inflation approaches infinity,
desired real balances decline to O, Obviﬁusly the reader can take the as-
sumption on demand functions to be primitive rather than the assumption
about the utility function.

Let us turn to the productive side of the economy. We assume that for each

t>0 there is a firm that can transform Kk units of capital (i.e.

t+1

of the consumption good} invested at time t , together with 2i1 units

of labor applied at time t+l1 into F{kt+1, 2t+1) units of the consump-
tion good at time t+1 ., Since there is no uncertainty we can imagine that
the firm raises the resources to buy each unit of capital at time t by

issuing a bond that pays r dollars at time t+1 , The firm maximi:zes

t+1
profits pt+1F(kt+1’ 2t+1) - rt+1kt+1 - wt+1£t+1 . We shall assume

{A2) The production function F(kt+1’ 2t+l) has constant returns to scale
and is strictly quasi-concave. Also lim 3F(k, ) | lim 3F(L,4) == , It
ek 22
k-0 £=+0

follows that there is a uniquely defined, continuous, decreasing function

(the factor price frontier) w/p = o(r/p) , © : (0,=) + (0,#) , such that

aF(k,2) 3F(k,2)
3k ? alk

Ok, 2)
CY

) € graph v for all (k,2) . Finally, we assume

is increasing in 2 , for any fixed Kk . o
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With the exception of the last part, (A2} makes the standard assumptions
used in neoclassical growth theory. The last part of (A2) accords with
the Keynesian hypothesis that diminishing returns are ''not too severe."
1f the firm knows Lee1 * hypothesis (A2) implies that the prices

(r/p, w(r/p}} uniquely determine the capital demand at time <t . We can
describe this choice by the function k(r/p, &) . Since there are constant
returns to scale, capital demand would be indeterminate without the quan-
tity signal ¢ . We will sometimes use the expression k(r/p) = k(r/p, 1) .
Looking ahead to the next model with elastic labor supply, it is clear that
we could also use a function k(r/p, y%) where y® is the expected level
of demand next period.

We need to make one more assumption, which relates the preferences

of the consumer to the technology of the firm,

(A3) There is (r/p) < 1 such that sk(ﬁyﬁ; T/p, 0) - kK = 0 where
w/p = o(t/p) ,» K =k(z/p, 1) . There is also (r/p) > 1 such that
SV, T8, D)

w/p = o(T/p)

K, and sm(WVE, ?7;, 1) > 0, where

~
#

k(t/p, 1) . o

Assumption (A3) simply states that there is both a monetary and a non-
monetary steady state. It is the analogue to the pure exchange hypothesis
that there was some price ratio that supported a monetaryless equilibrium,
and alse that the Samuelson steady state equilibrium P, = P for all
t>0 involved holding positive monetary balances.

The description of the economy is completed by a specification of the
stock of productive capital k, on hand at time 0, and the stock M of
paper money held by the old at time 0. We assume that the old at time O

own all the capital k0 , and desire only the consumption good ¢, .



(B8]
[ 8]

-1 t ot
0 *Tor (ker cpo ct+1)t:0)

for the fixed labor supply economy is a sequence of prices, labor constraints

A Walrasian equilibrium ((pt’ w c

te e 1-)
t’ Te+1” Pesrr Mo £>0°

and consumption choices such that

t

t .. t t
1) (ct, Crel? M/pt, kt+1) maximizes u(ct, c

t+1’ ant) subject to

the budget constraint, B , and the labor constraint EE , for

all t>0,
2) (kt’ 1t) maximizes ptF(k,z) - rtk - Wk for all t >0,
-1 .
3) oy = Wpy + kgTo/py
tel ot _ -
4 €, * &= F(#t, Et) - kt+1 for all 1t >0, and
e e
5) Piol " Prel » Trap = Tpeg ? for all t >0,

6) ﬂt =1, forall t>0.

In Walrasian equilibrium expectations are rationally held (there is perfect
foresight}, and all markets clear. We can now state the indeterminacy pro-

position for a market-clearing economy with production,

PROPOSITION 2: Let E be an economy meeting assumptions (Al)-({A3), with

an initial level of the capital stock, kg , 1lying in the interval

[k(??ﬁﬁ, k(r/p)] . Then E possesses a one-dimensional family of equi-
libria indexed by the price of output at the initial point in time, This
remains true under small perturbations of the economy at time 0, due for

example to government policy interventions.
PROOF: See Appendix. Q.E.D.

First of all, we should note that this result is unrelated to the presemnce
of money in the utility function., If we take money out of the utility
function, the model then reduces to the Diamond [10] model with money,

for which a parallel proposition could be proved. Although the proof of
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Proposition 2 is also in the Appendix, it is worthwhile to discuss the
simple idea that lies behind it. In the exchange economy proof we noticed
that at t = 0 there were two relevant prices for current decision-makers
(the young); Py and P - There were two markets that existed at t = 0 ,
the goods market and money market. But by Walras' law, only one of the market
clearing conditions is independent. Thus it was unsurprising that we could
choose Po freely and let Py adjust so as to clear the one remaining
market. (As with all economies in this paper, we have already chosen money
as numeraire.) We then proceeded by induction. In the present economy
there are four markets (goods, bonds, labor, and money) and thus three in-
dependent market clearing conditions. There are, however, four relevant

e

independent prices at t =0 : Pop» %o » T{ > pi . Hence we might

expect there to be a one-dimensional indeterminacy.

2.2, 15-LM-IB

We can describe market clearing in any period by means of IS and LM
curves. The equilibrium condition for the goods market in period 0 is,
cy{Ig, rl/pl, pO/pl) + (rO/po)ko + M/po + k(rl/pl) = ¥, Wwhere () is
the consumption of the young. The second two terms are the demand for con-
sumption goods by the old and the last term is the demand for capital by

firms. Firms rationally anticipate ¢

i ]

1 1 . Rearranging this equation,

and using the fact that Yo - (ro/po)k0

f

(Wo/DpY%, » we have

(wO/pO)Eb - cy( ) - M/po = k{rl/pl) . The first two terms are simply the
aggregate savings by the young, and so we have s(Ig, rl/pl, pO/pl) - M/pO
= k(rl/pl} . This version of the goods market clearing condition simply
states that the savings of the young less the dissaving of the old equals

new capital demand; in the language of Keynesian economics, it is an IS



24

curve, Recall assumption (A2Z) that states in part that given a fixed kt

worker income (Ii) is increasing in Et » ©Or equivalently increasing

in Yy - In that case we can use the same symbol s and write
IS: sy, 7/P)s Py/Py) - M/py = k(x,/py) ,

and we know that since sk( ) + s™ ) is an increasing function of Ii .
s( } 1is an increasing function of Yo - We can now draw the IS curve in
(y, r/p) space (Figure 1). Assumption (Al) states that s{ ) is increas-
ing in rl/Pl . Since k{ ) 1is decreasing in the same variable, it is
clear that Yo must fall if r1/p1 rises; hence the downward slope of

IS in Figure 1. Using the same substitution, money market equilibrium can

be described by
LM:  s™(yy, T,/P}» Py/Py) = WP, -

Since s"( ) is decreasing in r,/p; » the LM curve must be upward slop-
ing in Figure 1. Thus we can describe the equilibrium pair (rl/pl, yo}
given the equilibrium values of p, and po/p1 . We do not need to know
the equilibrium Wy to draw either the IS or LM curves. We know from
Walras' law that if we have accounted for the goods and money markets,

the bond market clearing condition must be redundant. We can confirm this
by summing the IS and LM equations. Recalling that s( )} = s( ) + s™( ) ,

this yields,
k
IB: s (vg, ,/Pys P/Py) = k(ry/p;)

which is indeed the bond market equilibrium condition. The IB curve must

therefore pass through the intersection of the IS and LM curves,
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rl/pl
LM

IB

18

- e . -

N

f(ko,l)
FIGURE 1: IS-LM-IB

The GSP assumption on utility is not sufficient to sign the slope of the
IB curve. Thus although we could choose any two of the three curves
1S, LM, IB to do comparative statics, the IS-LM pair gives the most infor-
mation. Note, incidentally, that if the IB curve is downward sloping, as
we have drawn it, it must be less steep than the IS curve,

Labor market clearing is achieved at Yo = F(ko, 17 . By shifting
po/pl , we can move all three IS-LM-IB curves over to intersect simul-

taneously with the Yo = F(ko, 1) curve, while keeping Pp fixed.

2.3. Keynesian Equilibria and Comparative Statics

We have developed a model in which it is possible to pose the classi-
cal questions of macroeconomics. The difficulty is that with a neoclassi-
cal production function with given capital stock k, and inelastic labor
supply, no government policy or aggregate demand shock can possibly change
initial period, Walrasian equilibrium output.

The Keynesian hypothesis is that the labor market need not clear, at

least in the short run, in period 0, We define a Keynesian equilibrium

as a sequence of prices, expectations, etc. satisfying 1-6 of the last



section, except allowing Th < 1 rather than 2, = 1 (so that producers
are still on their demand curve for labor, but not all workers who want
jobs may be able to find them). A trivial extension of the proof of Propo-
sition 2 now shows that there is a two-dimensional continuum of Keynesian
equilibria, which is robust to small policy changes at period 0. If we
also permitted the period 1 labor market not to clear, there would be three
dimensions of indeterminacy.

As in the exchange economy, there is a large choice about how to
analyze the consequences of policy interventions. Keynesian expectations
and institutional assumptions are best described by fixing po/p1 and

w, and then asking how rl/p1 and yg are affected by policy or exogenous

0
changes in pO/p1 or W, . So far, however, we have indexed our IS-LM-IB
diagram by p, and po/p1 . This could easily be changed, for if w,

_ W, aF(kO,TO)
is fixed, we could solve for p, from the equation: T = — We

0 0

could therefore find the monotonically increasing function po(yo) that
relates these two variables, and use this function in the IS and LM equa-
tions. The only result would be to maké both curves more steep; it would
not change the sign of their slope. For now, we shall maintain p, and
po/p1 fixed,

Imagine that at a Keynesian equilibrium the government unexpectedly
makes a public purchase of ALVpO bonds-with freshly minted money, promis-
ing to retire the money it will receive in interest pavments in period 1.

We know from Proposition 2 that there is a two-dimensional set of equilib-
rium continuations. If we assume that Pg and po/p1 do not change, there
is a unique equilibrium continuation. The new LM equation is

m

s = (M-+ALD/P0 which constitutes a shift outwards of the LM curve, since

at each rllp1 » Yo Must be larger in order for money demand to equal



the larger supply. The IS equation sk + [sn-?Vp0] = k(rl/plj will be
unaffected., Recall from the derivation of the IS equation that M/p0
appears only insofar as it indicates the demand of the old (which does not
change under this policy experiment). Shifting out the LM curve along a
stationary IS curve cobviously raises Yo and lowers rl/p1 . (See Figure
2.} The medium run effects are also expansionarv, Since rl/p1 falls,
kl increases, and since labor input is fixed at 1, Y rises.1

We can also examine open market operations in the face of a ligquidity
trap. In a liquidity trap, agents are so saturated with money holdings
that additional money holdings provide no additional utility. This is pre-
cisely what is described when money holdings do not enter the utility
function. In that case the rate of return on holding money must equal the
rate of return on capital, i.e. rl/pl = po/p1 . If this condition is met,
distinct capital and money demands are not well-defined, since savers will
then not care about the composition of their savings pertfolic. Since
po/p1 is fixed, the LM curve must be horizontal at r1/p1 = po/p1 . The
only equilibrium occurs where savers agree to hold the money stock that
happens to be on the market. Increasing the money stock therefore merely
alters the composition of private saving and effects no variable at t =20 .
Just as in the Keynesian parable, the LM curve camnot shift out (Figure 3).

One can similarly analyze other standard macroeconomic policies. Con-
sider a bond financed government expenditure, where the government raises
the revenue to make its interest payment in period 1 by taxing the young

born in period 1. This shifts out the IS curve, leaving the LM curve in

1Note that no matter how the government promises to dispose of its interest
payments in period 1, as long as it does not affect the budget constraint
of the generation born at t = 0 , the period 0 analysis will remain the
same, although economic activity after period 1 may be affected.
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place, in period 0. The new IS equation is sk + 5" - M/p0 =k + AG ,
where AG is the increment to government expenditure. If we subtract the
IM equation, we arrive at the correct IB equation sk =k + AG . As a result,
Yo 80es up, rl/Pl goes up, crowding out some private investment, so that
kl is lower than in the original equilibrium, as is next period output
Yy -

It is sensible in this model to consider the effect of a pure change
in expectations, say of po/p1 . If investors expect the rate of growth
of prices to drop (i.e. pO/pl to increase), then according to the GSP
assumption, both monetary savings and aggregate savings will increase, and
the IS and LM curves will shift back. The IB curve will also shift since
sk( )} is a function of po/p1 . Period 0 output will decline, and the
economy will be moved onto a path in which investors' pessimism is justi-
fied. Hence this economy can grow or shrink merely due to the changing
state of expectations. This captures the Kevnesian idea that the economy
is intrinsically volatile (see Figure 4}. 1In order to give a completely
Keynesian account of an economy receiving an expectations shock and the
government policies that can remedy the change, we will treat Wy as
exogenous rather than Pg - As we mentioned earlier, this will merely make
the IS and LM curves more steep, but it will not change their orientation.

The analysis of the last paragraph still applies. One of Keynes'
central arguments was that although a fall in L could return Yo to
its original level (by shifting out the IS and LM curves), it is extremely
unlikely to occur. It is more feasible to engage in govermment monetary
and fiscal policy. We have seen that the two policies of bond financed
government spending and open market operations can move the IS and LM curves

independently. Therefore, with Wy fixed, stabilization peolicy can move
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the econcmy to the pre-shock levels of rI/PI . and Yy - Notice that
wage-cutting cannot achieve this dual objective, since the IB equation,
sk( } = k() , 1is not affected by wage cutting, and therefore wage cutting
can only choose among the pairs (yo, rl/pl) on the new IB curve (see
Figure 5). 1If the IB curve is downward sloping, then the original level
of output Yo ¢an be achieved by cuts in W, alone only at the expense
of a higher level of real interest rates rl/p1 s and hence ultimately
with lower output Yy -

One last interesting case to consider is a balanced budget increase
G in government spending and taxes, with Py and pO/pl (ot Wy and
po/p1 ) held fixed. Let us suppose that the taxes G are raised in a
lump sum way from the old and the young in proportion to their share of
total income Yo - Suppose for simplicity that the income shares do not
depend on output, i.e. that F(k,%) = k%1% g Cobb-Douglas. The text-
book Keynesian analysis suggests that if the LM curve is horizontal, then
output rises by G, but if the LM curve is upward sloping, then the
interest rate rises with the shift in the IS curve, crowding out some in-
vestment, and reducing the balanced budget multiplier. However, in our
model, where money demand has a portfolio explanation, as it does in
theories of liquidity preference as behavior towards risk, government spend-
ing and taxation affect wealth and so shift the LM curve as well as the
1S curve, 1In fact, one can easily check that under the simplifying hypo-
theses we have adopted, the LM curve will shift out just far enough, with
Pg and po/p1 (o Wy and pO/p1 ) held fixed, so that output Yo Boes
up by G ! The balanced budget multiplier is still one.

It is important to understand that the description of Keynesian

dynamics above hinges on the adoption of Keynesian expectations and insti-
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tutional assumptions, Imagine that we fix the ratio wo/p0 instead of
either Wy ©T DPg - This embodies the monetarist notion that workers are
not willing to accept a cut in real wages in order to gain greater employ-
ment. Further suppose agents still expect pl/PO to be fixed. Notice
that the 1B equation, sk(rl/pl, Yo pO/pl) = k(rl/pl) , is unaltered by
the new institutional assumption. Now consider an expansion of the money
supply. Since wo/p0 is fixed, the level of output Yo 1s fixed. Since
the IB equation has not changed, we can then conclude that rI/p1 also
cannot change. With rl/p1 and Yo unchanged, and po/p1 fixed, the
demand for real balances, sk(rlfpl, PO/pl’ yo) » cannot change and there-
fore in equilibrium the real money supply cannot change either. The
monetarist model, properly specified with the correct institutional assump-
tions, yields the monetarist result that monetary expansion is inflationary,
even though the labor market is not required to clear. It is tempting to
believe that if we require the labor market to clear that there is in fact
only one equilibrium wo/p0 . If labor supply enters the utility function,

however, we shall see that this is not the case.

2.4. Elastic Labor Supply, Walrasian Indeterminacyv, and Keynesian

Macroeconomics

Keynesian policy analysis is most naturally represented in a medel
with two dimensions of indeterminacy. We saw that we could gain the second
dimension of indeterminacy in our production model simply by allowing the
labor market not to clear in period 0. This made output and employment
variable in period 0, and gave unemployment an involuntary character,

It is a general property of overlapping generations economies (as

explained in {21], [15], and [16]) that the greater are the number of endo-
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genous variables per period, the higher is the dimension of possible
indeterminacy of Walrasian equilibria. Thus in this section we make labor
supply endogenous, letting the labor-leisure choice affect marginal utility,
and we thereby obtain a second dimension of indeterminacy while maintaining
labor market clearing in every period. We find that there is a continuum
of levels of equilibrium employment and unemployment., Of course now the
unemployment is all voluntary, in the sense that at the going wages, any
worker who wants a job can find one. Recall, however, one definition of
unemployment that Keynes gave. He wrote that it occurred at a given real
wage wo/po if a rise in the nominal price level Py {(presumably with

L held fixed) would lead to higher actual emplovment. This is precisely
the phenomenon we shall now investigate.

The analysis of government policy interventions and comparative statics
in models where the labor market alwavs clears can also be undertaken through
the IS-Lil apparatus. In Section 2.1 there were four independent prices,
Pg» Wy s Py, T that affected behavior at t = 0 . Since firms could
predict .Il with certainty, they did not need a quantity signal at t = 0 ,
Now, with El endogenous, firms need some quantity signal, which we take

to be y] . In this section we will hold both Wy and y‘f fixed, which

is the most natural interpretation of the General Theorv's institutional

assumptions. Assuming that the price of future consumption affects the
young's labor-leisure choice, we can always adjust po/p1 to maintain labor
market clearing, and so we can conduct the IS-LM analysis in the same

(yo, rl/pl) space as before, adjusting the curves to take into account

the fluctuations in pO/p1 . HMoreover, we find that Keynes' policy predic-
tions will then be borme out.

Let us consider a concrete example for which we can derive closed form
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formulas.1 Accordingly, let

u(kt, CerCopy? ﬁ%) = - %ﬂi + %c1+1 » B21,y<1,vy#0,
We have left real money balanced out of the utility, in order to make our
model as classical as possible; we shall say more about this shortly. The
absence of <, from the utility function is of no importance--it makes more
dramatic the difference between the marginal propensities to consume of

the young and the old., Of crucial importance is the inclusion of labor

as a choice variable; its presence in the utility function means that mar-
ket clearing can be consistent with a range of different levels of employ-
ment,

Let the production function F be Cobb-Douglas:

=-Q

Fk., 2.) = X2

a
<a<l=-0<
er %t + , O<a<l-a«l

1
t
Clearly the production function satisfies assumption (A2); in particular,

the share of output y that goes to labor, zafl§f£l = (l-a)y , 1is increas-

ing in y , for any k .

A Walrasian equilibrium (given w, F , k0 and M) 1is a price

system (pt’ Wes rt)t>0 such that there exists a consumption allocation

t t .
c = (ct, ct+1)t30 and a production plan (kt’ such that for all

Et)tgo
t > 0

1To demonstrate the existence of two dimensions of indeterminacy for a more
general class of models requires a technical apparatus, such as can be
found in [21] or [16], more advanced than we have introduced here,
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(1) (zt, kt) maximizes ptF(k,l) - wtﬂ - rtk ;

(ii) (£t, c:, c§+1, M/pt) maximizes wu(g, €1 C3s m/pt) subject
to the budget constraints P,cp + m+ ptkt+l < W, and
Perfo 2 m* rt+1kt+l ;
(iii) p, = Teel

(iv)  (1-a)F(k,, %) = Wp, =k, -

Conditions (i) and (ii) represent firm profit maximization and agent
utility maximization. Condition (iii), an LY relationship, is required
for clearing the moner market, since monev and capital are perfect substi-
tutes. {(We encountered the same condition when we considered the liquidity
trap in Section 2.2,) Condition (iv) is the IS relationship which assures
clearance of the goods market. Savings by the young, s{ ) in the previous
sections, are now (l-a)F(kt, it) s given that the young do not consume
in the first period of life, and that the production function is Cobb-
Douglas., Conditions (i} and {ii) imply labor market clearing.

Let us consider the market clearing conditions for the initial period
alone. As we know, there are three independent markets. The money and
goods market clearing equations, (iii} and (iv) above, we now repeat for

peried 0,
LM: rlfp1 = po/p1

18: (l-a)yy - Wpy = k(ry/py, ¥])

We have replaced F(ko, 10) by Yo and given kl the appropriate func-
tional notation. Lastly we consider the labor market. The demand for

labor, given k0 , 1is zg = (1-a)1/“k0(w0/p0)'1/“ . The supply of laber,

derived from utility maximization is 13 = (wO/pl)Y/B'Y = [{wO/pO)-(polpl)

1Y/3-Y .
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Equilibrium in the labor market is obtained when

pO/Pl = A(wo/po)‘(aY*B'Y)/UY ,

where A > 0 is a constant depending on

ko , @, B and y . For fixed ko , wO/p0 is a decreasing function

of yg - Using this and combining LM and the labor market clearing equation
above, we can calculate:

(B+ay-a)/y(1-a)

LML:  r./p, = By,

where again B > 0 . We now have a simple system of three equations, IS5,
LM, and LML, in five unknowns, Pg» Py s Yoo Ty s y? , that. describe
a static equilibrium for period 0. The next proposition assures us, how-
ever, that any static equilibrium is part of a dymamic Walrasian equilibrium
involving full optimization and market clearing in the complete intertem-

poral model described above.

PROPOSITION 3: Let ko >0 and let M >0 be given. Then there is a
nontrivial 5-dimensional rectangle R such that any choice of the variables
{w“, Dys Tys Pp» yi) in R that clears the IS, LM, and LML markets can

be extended to a Walrasian equilibrium for the economy E = (u, F, kO’ Mo,

Moreover, the same is true after any policy perturbation at time 0.

Proof: See Appendix,

Proposition 3 demonstrates once again that the effects of policy are
indeterminate unless one knows the institutional arrangements which shape
the expectational responses of rational agents. We make the Keynesian hy-
potheses that W and yf are fixed, We shall show that these Keynesian
institutional hypotheses lead to Keynesian policy predictions, while other
assumptions can lead to monetarist or ''new classical" policy predictions.

For fixed vy and yf , we can think of po, as an increasing func-

tion of Yo » calculated to maintain wo/p0 = 3F/32 . Then the 1S equa-
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tion describes a downward sloping curve in (yo, rl/p1 = py/Py}  space.

For as Yo increases, wo/p0 decreases, and with w_, held fixed, that

0
means p, must increase. Thus both terms on the left of the IS equation
increase with Yo and so rl/pl must decrease to maintain the balance.

The LML equation describes an upward sloping curve in (yo, rlfp1 = pO/pl)

space, if 0 <y <1, We draw both:

= — LML

Wos ye fixed

At the intersection of the two curves all three markets, output, labor,
and money, must clear,.

Consider an increase in "animal spirits” yi . That increases the
fitm's investment demand at any rl/p1 , and hence shifts out the IS curve.
Current output y, rises, as does the real interest rate rllpl in order
to maintain market clearing in period 0. According to Proposition 3 the
increased optimism on the part of investors can be entirely validated in
a new equilibrium, in which of course the higher expectations yf will be
confirmed. Animal spirits can be whimsical and rational,

Suppose that new money AM is printed and given to the old at time
0. This is precisely the policy experiment analyzed by Lucas [23] in

an overlapping generations economy. As more money chases the same number
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of goods, Py will presumably tend to rise. Lucas argued that if the in-
crease in the stock of money is public knowledge, then a rational voung consumer
must understand that the rise in p, does not signal a change in relative
prices, but only a rise in the general price level. He will not be tempted
to alter the amount he works or his consumption. It is onlyv, Lucas sug-
gested, if the rise in price Py cannot be entirely attributed to a rise

in M (if, for instance, the agent is not informed of changes in the money
stock and if there are other influences on P ) that the agent may sus-
pect a change in relative prices pl/po and alter his behavior. Indeed

in our model, if pl/p0 and yi are held fixed, then Py will rise pro-
portionately to AM/M and real output will remain the same. A Keyvnesian
however, can maintain that even an agent perfectly informed about the money
supply could rationally suspect that his wages would not keep pace with the
increase in prices, and that he would therefore alter his spending and

labor supply. Firms expecting the same thing would try to hire more workers,
and output would rise. Indeed if we hold yf and wy fixed in our model,
the increase in AM shifts out the ISO curve, giving a higher period 0
market clearing cutput Yo and real interest rate rllp1 . Workers are
willing to work more at the lower real wage since they know that their savings
are earning a higher rate of return; in fact their utility rises. By Pro-
position 3 this effect can be fully validated in equilibrium.

One can similarly analyze other policy changes. Balanced budget spend-
ing increases (where the tax is raised from the young) are similar to the
money financed spending above; they both move out the IS curve, with Yo
and yf held fixed. Both policies have persistent consequences, since

they affect the rate of capital accumulation. In fact it is easy to see

that both policies increase employment %y in the medium run. For with
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yf held fixed and rl/p1 higher, it must be that 2y is higher too.
Alternatively, if in addition to yf we hold either wO/p0 or rl/p1
fixed (the two natural choices for monetarist assumptions) then both have
neutral effects in period 0 (though not necessarily for period 1); their
potency is sapped by an increase in current prices Pg - A balanced budget
increase in G and T shifts the IS curve out; but the LML curve is
unaffected, and with wO/p0 (hence Yo } or rl/p1 fixed, output cannot
rise. Hence prices rise, reducing the wealth and consumption of the old,
to bring the IS curve back to its original position. The result is that
government spending has crowded out exactly the same amount of consumption
by the old., It also reduces the real money stock and the real value of
savings of the young. In period 1 output is the same, but with lower real
balances, k2 = (l-a)yl - M/pl will increase,

The fact that we have not permitted money to enter the utility func-
tion in our example limits the analvsis somewhat by restricting the govern-
ment to fiscal policy. Substituting money for bonds obviously can have no
effect, since at the prevailing rlfp1 = pO/p1 savers are willing to change
the composition of their portfolies. As a result, any intervention that
raises output Y, must also raise the real interest rate rllp1 (1f
0 <y <1). 1If we had let money enter the utilitv function, then we could
" s5till have shown that there are two dimensions of indeterminacy. In that
model, with ¥y and yf held fixed, both monetary and fiscal policy would
be effective,

There is, nonetheless, a potentially significant difference (beyond
the voluntary vs, involuntary nature of unemplovment} between the Keynesian
policy analysis of Section 2.2, in which the period 0 labor market was per-

mitted not to clear, and the elastic labor supply model of the present
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section. When the LS and LM curves in (rlfpl, yo) space are combined
with the labor market clearing equation, making pO/p1 an endogenous var-
iable, adjusting to clear the labor market, with LA and yf fixed, the
resulting LML, IS curves may not have the natural Keynesian slopes. Thus
in the simple example of this section, if we had chosen the utility param-
eter vy to be less than -1, instead of between 0 and 1, then the LML curve
would have been downward sloping. We would still have found that market
clearing, rational expectations, and full optimization are compatible with
the veolatile character of animal spirits. Moreover, if the nominal wages
¥ and animal spirits y§ do not change when government policy changes,
then that policy will have nonneutral effects, and if LML is less steep
than IS, the multipliers giving the effects of policy on output still have

the Keynesian sign.1

lOne can verify this easily from the usual diagram. There is one appealing
property the model has when vy << -1 , namely that near the monetaryless
steady state, equilibrium is completely stable, in the sense that every
policy change will put the economy on a path which converges back to the
monetaryless steady state. (See Appendix.) We also show in the Appendix
that when o 1is small and vy << -1, the IS5 curve is steeper than the

LML curve,
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3. Conclusion

Expectations matter, And they are not, in the short run, constrained
by the hypotheses of rationality or market clearing (or lack of market
clearing). No short run policy analysis can be sensible, even with complete
knowledge of all the preferences and technologies of every agent and firm
in the economy, if it is not based on some explicit understanding of how
those agents expect the economy to respond to the policy.

Throughout, we have restricted our attention to the four fundamental
macroeconomic quantities: money, output, capital, and labor. In the last
section we made labor supply elastic and noted that when we counted equa-
tions and unknowns in the initial period, there were two degrees of freedom,
Proposition 3 stated that there were then two degrees of freedom in the
full intertemporal model. We then specified institutional hypotheses and
considered the effect of those assumptions on government policy.

Clearly we can reverse this procedure, If we are concerned exclusively
with the effects of policy on just two variables, say the short run interest
rate rl/p1 and current output Yo > and if labor supply is endogenous
and if money is not a perfect substitute for bonds, then one can imagine in
our model institutional and psvchological rigidities to justify any policy
prediction. This refutes the claim that, as a matter of pure logic, the
metiiodological akioms of full optimization, market clearing, and rational
expectations lead inexorably to a view of government policy interventions
as neutral or ineffectual., Of course it is equally true, as a matter of
logic, that it is possible to conceive of rational agents in the economy who
form their expectations in a way that does render policy neutral. We have
shown from this point of view, however, that Keynesian analysis has an impor-

tant unity: if one follows Keynesian assumptions about the short run
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stickiness of money wages, and the exogenous volatility of animal spirits,
then one can be led to Keynesian policy predictions.

In Keynesian analysis the assumption that the labor market need not
clear has at least a three-fold significance, which it is perhaps important
to sort out. Lack of labor market clearing makes it possible to conceive
of (Keynesian} equilibria with different levels of output and employment,
It makes the system of demand and supply underdetermined, so that endogenous
variables like animal spirits (i.e. expectatioﬁs) which are normally fixed
by the equilibrium conditions can be volatile. It creates unemplovment
that is involuntary. We have tried to argue here that one need not rely
on what has seemed to many an ad hoc assumption about the labor market in
order to get at least the first two desiderata of Kevnesian analvsis.

- Evidently if both the supply and demand for labor are elastic, then
it is logically possible to conceive of differing levels of equilibrium
employment and unemployment, unless the equilibrium condition itself deter-
mines the outcome uniquely. In our example, workers are concerned about
their purchasing power in the future, as well as their real wage in terms
of current commodities, and thus labor market clearing does not determine
a unique wO/p0 . In general, when labor supply is dependent on a vector
of prices, indeterminacy of equilibrium, and hence indeterminacy of equi-
librium output and employment will arise if anv market is allowed not to
clear.

The indeterminacy and Pareto suboptimality of Walrasian equilibria
in overlapping generations economies can indeed to attributed to a lack
of market clearing--not of the initial period labor market--but of the

markets '‘at infinity."l Let us reconsider our static one-period model.

YThis is given a rigorous interpretation in [15].
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Indeterminacy arises there because market clearing is period 0 is affected
by prices in peried 1, corresponding to markets we do not worry about
clearing in the static model. To extend the static model to periods zero
and one, we would have to specify prices through period two. Again there
would be prices in period 2 influencing the model, corresponding to markets
that need not be cleared in the model. As we extend the static model
farther, we push farther back the period during which we do not require
market clearing; in the limit, it is the market at infinity that need not
clear. Thus we have explained how the overlapping generations model main-
tains the strictly Walrasian hypotheses of agent oﬁtimi:ation, market clear-
ing, and rational expectations, and at the same time allows for the sub-
optimality and indeterminacy of equilibrium that Kevnesian analysis achieved
by dropping the requirement that the labor market clear in the initial period.
Note that the introduction of elastic labor supply in period zero alone

does not by itself increase the dimension of indeterminacv. It is the
elastic supply of labor in periods 1, 2,,..that allows the labor market

not to clear "at infinity" which accounts for the extra dimension of inde-
terminacy.

Through the introduction of elastic labor into the overlapping genera-
tions model, we showed that the comparative statics of the Keynesian model
of Section 2.2 and the strictly Walrasian model of Section 2.3 were formally
nearly identical. Each model allows for changes in emplovment, has two
dimensions of indeterminacy, and can be analyzed in an IS-LM diagram. There
remains the difference, that in the former model unemployment is involun-

tary, and in the latter, voluntary.
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APPENDIX

Proof of Proposition 2

Let k < X be chosen as in (A3) to satisfy:

5=J~,1)=T€) Sm@,é,l)=g>0
p P P P

for W/p = o(r/p) = aF(k,1)/8¢ , T/p = 3F(X,1)/3k and

b
::}
i

/B, /P, 0) =X, s®W/F, T/F, 0) = 0 where W/T = o(¥/P)
= 3F(K,1) /32 ,
We begin by proving a preliminary result about the ranpe of money de-

mand; Take (p, 1, r/p) satisfying p 2 F R E/E 1

[
A

w/P ,
T/p

UA

T/p < ;75 . Then sm(I, /D, ) = H/p0 has a unique solution
y < 1 ., Moreover the resulting function ?(p, I, r/p) is continuous, in-
creasing in r/p , and decreasing in I . To prove this, note that if
exists it must be unique, since by (Al) st is increasing in v . If
(1o (/D) (Pg) > ¥) > (I, /P, Py, ) and s"(I, (¥/P),, v.)
= M/(po)]_l , then by continuity of 5™ R sm(l, t/p, Y¥) = H/po . Thus
if y always exist, the fact that it lies in a bounded set and is unique
implies that the function ; is continuous. The fact that Y is increas-
ing in r/p and decreasing in 1 follows immediately from the properties
of s" . Finallv, to show that vy exists to solve sm(I, r/p, Y} = H/p0
for p>p, Wp<I<wWp and T/p <1/p <T/p, observe that
s™(1, r/p, 0) - Wp < 0 = s"(w/p, T/p, 1) - M/p < s"(I, r/p, 1) - M/p,
so for some 0 <y <1, sm(I, r/p, v} - M/p=0.

We are now ready to prove the indeterminacy of the equilibrium. Let

ko satisfy K < kg < kK, and let Py > F . We will construct an equilibrium
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with first period output price Pp - Llet r,/p,y = aF{ko, 1}/5k , 1let
wo/p0 = aF(kO, 1)/32 , and consider the function ?(po, wo/po, r1/p1)
derived in the last paragraph. No matter what real interest rate rl/p1
we choose, if we put po/pl = ¢(P0’ wo/po, rllpl) then we will clear the
money market, All that remains is to find the correct r1/p1 to simul-
taneously clear the savings-investment market.

Recall that the demand for new capital, kd = Kd(rl/pl) satisfies
rl/p1 = aF(kd, 1}/3k , and the function ?d is continuous and decreasing
. A k —_— —_ >d — —
in rlfpl . Consider that s (wo/po, r/p, Y{po, wo/po, T/p)) - k (r/p)
< sk(W/E, T/p, 0) - fd{?lﬁ) = 0 since sk is increasing in income and

. B k P~ P Puat -)'d!“-lN
decreasing in pl/p0 . But s (wo/po, r/p, Y(po, wo/po, r/p))} - kK (r/p)
> sk(iys, ?75, 1) - fd(?vﬂﬁ = 0 , since sk is increasing in I and de-
creasing in plfpo and y(po, wo/po, r/p) < 1 . Hence there is rl/p1 s
py/p, with /P < T,/py ¢ T/p such that sk(wo/po, T,/p1s Py/P)) = id(rl/pl)

m 1 e M , g . .

and s (wo/po, rl/pl, Py/Py) = M/p, . It follows that Kk g k| ¢ X, and
that Py 2Py 2 ; . Thus the whole process can be repeated with these

starting values, Q.E.D,

Propositicn 3: The economy E possesses a 2-dimensional family of equi-

libria indexed by the price, Py > and the real wage, wo/pO {or,
equivalently, the real rate of interest, ro/p0 ) at the initial period

t =0 ., (Proposition 3 in the text can be immediately deduced from this.)

Proof: The initial capital stock is given and is equal to ko . Choose

P and wy/p, aritrarily but such that ky(1-a)'/®(wy/py (27172
> (1+6)M/p0 , where § = a/(l-2a) . To show that there exists a Walrasian
equilibrium price system (p*,w*, r*) with Py and Wy exogenously specified,

we proceed as follows, First we choose values for p] and w’l‘/p1 which
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guarantee that the period 0 markets clear; then we show that the construc-
tion can be repeated ad infinitum.

From the factor price frontier equation ¢(§) = a(l-a)(luu)/u(%){a'l}/u ,
the real rate of interest is determined.

Given the real wage or, equivalently, the real return to capital, the
capital/labor ratio desired by the firm is determined:

(kO/EO) = al/(l'a)(rofpo)ll(a'l)[l-a)lfu(wofpo)l/a ; since the supply of

capital is given and equal to ko , the demand for labor necessary for

equilibrium in the capital market is Qd(wa, ko) = (l-a)lfako(wa/poj'l/cl .
The supply of labor is derived from the maximization of

1R . .
u(zo, s cz) = - EQO * (l/Y)c; subject to the budget constraint

(wO, 20) = Cy'Py 5 it is thus Rs(wo, Py» pl) = (wo/po)Y/(S‘Y){PO/PI)Y({S-Y)

Equilibrium in the labor market is thus obtained by setting

(B-v) /ey, (B-v) /v, - (B+ay-y) /oy ] 7
0

(1) Pl = {{1-0.) 0 J po

The supply of period 1 capital is now determined as the difference be-
tween the real savings of the young during period 0 and the amount carried
over in real money balances, The former are s(wo, Py> pl)

8/(8- /(8- Ca iy s .
= {wofpo)(wo, Py pl) = (wo/po) /( Y)(pO/Pl)Y (8-v) equilibrium in the
money market reguires that the latter equal H/po . Substituting for Py

we obtain

2) ky = (1-2) %k wo/p) (oD /e pyp,

To guarantee equilibrium in all period 0 markets, it only remains to
make sure that the returns to money and capital coincide. This is equiva-

lent to rl/p1 = (polpl) . Substituting, we obtain
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B-y+ay

W o B-2y+ay a(B-vy) . Y(la)
(3) (_i) = al-a(l-a) y{a-1} kg(u-fy'(_g)
P; Py

To complete the proof, it remains to demonstrate that the construction

can be repeated ad infinitum without violating the boundary positivity con-

l/ako(wo/po)(a-l)/a > (1+6)M/p,

y(e-b/e (1+8)M/p] . Substi-
1/a (a-1)/a

straints; equivalently, that if (l-a)

1/

it is also the case that (l-a) kI(wi/pl

tuting, we see that this is equivalent to [(l-a) ko (wo/Dg) —H/pO]
> [(a/(l-u))(l+5)M/p0] . But by the choice of Py and Wy it is suffi-
cient that § 3_(u/(1-u))(1+6) , which in turn is equivalent to

§ > a/(1-2¢) , which is indeed the case, Q.E.D.

Remarks are in order:
°The economy has a unique monetary stationary Walrasian equilibrium

LN

K = {1_a)Y/(B-Y}a(aY+B-Y)/(l-a)(B-Y) , t/p=1, and

with
Mp** = K (1-20)/a .
°The economy has also a unique non-monetary stationary Walrasian equi-
librium with M/F =0 , w5 = (1-a) /(3% | § o oW/ (E-¥) (1) B-yrav)/(3-0) (5-7)
oIn the definition of equilibrium we have not required that the level
of employment remain bounded. This is formally correct, since we have not
assumed any such lower bound on the individual consumption sets., On the
other hand, the imposition of a lower bound does not decrease the dimension
of the set of equilibria, at least for some values of the preference and
technology parameters a and vy , respectively, To see this, consider

the non-monetary stationary equilibrium. It is an equilibrium of the non-

linear dynamical system (p, k, w/p) defined by equations (1), (2), and (3).



1f we rewrite (1) in temms of 1/p1 instead of Py and write the svs-
tem in terms of (1/p,, k, w/p) near (O, ¥, w/p) , the eigenvalues of

the linearized system at the non-monetary equilibrium are kl = af({l-a)

and Az, As = (8 4 /gzi- 4aB(1-u)y)/(Zy(1-u)) . Since 0 <a <1, for
y << = < 0 all eigenvalues are less than 1 in absolute value, and the
equilibrium is locally asymptotically stable, It follows that if the
initial values (1/pg, kO’ wy/Py) are sufficiently close to (0, X, w/p) ,
then the level of employment will stay bounded along all equilibrium paths,
converging to 1 , the monetaryless steady state employment.

We can also check the slopes of the IS and LML curves near the mone-
taryless steady state. A simple calculation shows that the two curves are

always defined (in the absence of policyv}, for fixed ye and

1 Wy by .

e
1s: zl ayl
' Py (l-a)yo - M/po

1]

afd (B+avy-v)

L L= (rea) T glen )y vl

It is clear that the IS curve is always negatively sloped. We claim
that at the monetarvless steady state, when o 1is near 0 and vy << 0 ,

the LML curve is also negatively sloped, but less steep than the IS curve.

At the Monetaryless Steady State:

_ Y Bray-y Y aB
__1_'__= T‘:_x__ s K = QB-Y(I-G)(I-C!) (B'Y) , Y = CLB-Y(].-G.) (S'Y)(l‘&)
P -
U I
YT dy, 1= T 1-a
Yo y
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af B=-2v(1-a)
we SCVPL peyeen o FED 0
oy e T (e ) Y
0 v,k
a8 aB(B+ay-y)
- B+ (o-1) o B-Y) (a-1) (l_u)(l-ﬁ)(a-l)Y(B-Y)

Y(l-a)2

B-2v(1-a) -aB(B-2v(1-a})
G(B-Y)(l-a) (l_a)(l-a)(a-lJY(B-Y)

aB-8+2v-20y -aB+28-2v+2ay
= Bry(e-1)  (8-v}(a-1) (1-q) (e-1)(B-Y)

Y

af-8+2v~2ay

g
: E+Y(a-1)( a )(B‘YN&'” (1-0) D E)
Y

l-a

’

For stability--at « = 0 --it is necessary and sufficient that

¥y < -1 .

It follows that both the IS and LM curves are nepatively sloped.

We want to guarantee that at their intersection the IS is steeper than

the LM, i.e.

I
i drl drl
dy > " dy :
%l1s 011y
Equivalently,

af-B+2y-2ay 8
(B=v) (a=1)
o B-y(l-a) « 1) (a-1 (1_u)ia-1)(8~y)

1-¢ -y l-a
or
X 8
a \*Y | B-v(1-a) DG
(o
l-a -Y

But this is indeed the case for a ~0 and ¥ << 0 ; the 1.,h.s. tends

to = and the r.h.s. to 1l-a .



