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It is part of the common casual knowledge of general equilibrium
theorists that any commodity can be used as a numeraire. Suppose that
there is an exchange economy with n types of traders trading in m

commodities. A representative trader of type i has an endowment of

(ai, aé, ...,a;) and a utility function of oi(x;, xé, ...,x;) . At
equilibrium there are m prices (pl, Py» ...,pm) . But as price is a

ratio between two commodities only m-1 independent prices are needed

m
to describe the equilibrium price system. We may set E =1 or

P.
j=1 -

alternatively we could set some Py = 1,

¥hen an exchange economy is modeled as a strategic market game an
explicit price formation mechanism is given. Prices are formed as a
result of the strategies employed. Prices could even be specified as
part of strategies, thus it may become necessary te distinguish between
ex post and ex ante prices or between proposed prices and realized prices

at equilibrium. In particular this holds true when prices (or proposed
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prices) are part of the strategies employed to determine final prices.

There are two basic explicit price forming mechanisms for strategic
market games. The first is associated with Cournot's oligopoly model
and the second with the work of Bertrand and Edgeworth on duopoly. The
models of Cournot, Bertrand and Edgeworth were all limited to partial
equilibrium or open models but they can be generalized for closed exchange
economies. Two natural types of closed models may be constructed., The
first is intrinsically symmetric and corresponds to the Arrow-Debreu model
of complete markets. For m commodities the strategic market game model
will have m(m-1)/2 markets. The second is intrinsically non-symmetric,
One commodity is selected in advance as a means of exchange and in total
there are m-1 markets,

As the prime purpose of this article is to illustrate some basic prob-
lems in the modeling of strategic market games with a single means of ex-
change or with complete markets a simple example will serve to make the
points clear. In particular we consider three types of traders trading

in three commodities.

1. COMPLETE MARKETS OR ONE MONEY

Let every trader have the same utility function ‘D(xi, yi, zi) . A
trader of type 1 (2, 3) has endowments (A,B,B) , (B,A,B) , (B,B,A) .
With only three commodities an economy with one money has two markets as
is shown in Figure la; an economy with complete markets has three markets

as is indicated in Figure 1b.



FIGURE 1a FIGURE 1b

1.1. The Bid-Offer Models: Complete Markets

Let there be n traders of each type.
An offer by trader i of type 1 (2, 3) for good k in terms of good
is wi { i zi )

g kg kg’ *kg

There are three markets 12, 23, 31, and any trader could be on both
sides of the market, or less, Thus a strategy for a trader i of type 1
. . . e i i i i i i
is a vector of dimension 6, (w12’ Waps Wigs Wgps Woa, n32) . The payoff

to an individual i of type 1 is:
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where w {etc.).

kg (ykg’ zkg)
We must specify what happens if there is no bid or offer in any market.

A reasonable convention is that if there is either no bid or offer or both

there is no trade in that market, no price is formed and any bid or offer

is returned.



In order for this game to have an equilibrium with all markets active
we Tequire that there be at least two active traders on each side of every
market. Thus we might require as many as 2m(m-1) individuals if all
markets are to be active,

If there were a continuum of all types of traders in all markets then

expression (1) would simplify to:

iodi i i i i if1 i
(2 "((A " W21 "¥31 Y¥W12P12 +W137313)’ (B “¥12 V32 +“’21( ) +’”"23]323)’

At equilibrium (plzj(pzs) = py3 Dust hold, otherwise an arbitrage

situation would be available which is inconsistent with equilibrium.

1.2, The Bid-Offer Model: A Money Selected

Suppose that the third commodity is selected as a money and there are
only markets 13 and 23, A strategy for a trader i of type 1 is a vector
. . i1, .1 i
of dimension 4 (bl’ 915 by, q5) where
i i
b1 + bz.i a

Thus (1) becomes:
2

(3) w((A-q}+b}{q1/b1}), (B -a; +b3{a,/b, 1), (B-bi-b“qiplw;pz))

=T pd -
where b, = ; by, p; =bi/q; .



1.3, An Example

For illustration we specialize the utility functions to log(x,y,2)
Thus with complete markets given endowments (A,B,B) , {(B,A,B}Y and (B,B,A)
where A > B we may guess and then establish that there is én equilibrium
point where the strategies are of the form: (wél, o, wél,
{0, wiz, 0, 0, w%z, 0y , (0, 0,0, w§3, o, wéE) . If this is so, then:

0, 0,0),

i
. . W w
_ i i 21 31
(4) Hl = 1og(A--w21 -w31) + log(B +wi +w'i(w12)) + log(B +-T__——:T{w13))
21

21

where wai sum of offers of all traders of type 1 except i of good

1 for 2,

I

W,y = sum of offers of all traders of type 1 of good 1 for 2.

Similar expressions can be derived for H2 and ns .
Taking derivates and setting the results equal to zero to check first
order conditions, if we assume that a type symmetric equilibrium will exist

and that there are n { > 2) traders of each type we obtair:

1 1 (n-1) or
+

2 A-2x B

_ (n-1)A - nB

i
{6) X = SR where X = w for all.

jk

For an active strategy we require A > H?TB .

If n=2, we obtain x = (A-2B)/4 and hence the final (not Pareto

optimal) distribution is (% + B, %-+ %, %-+ %) for traders of Type 1 .

For n=ee , x - (A-B)/3 giving the C.E. distribution

A+2E A+2B  A+2B
3 33 :




1f we cut down the number of markets to two the game becomes nonsym-
metric. Suppose that the first commodity is selected as the money (see
Figure la) then traders of Type 1 (A,B,B) are more liquid than all others.

Suppose that a trader i of Type 1 bids yé and yi in the market
for goods 2 and 3. A trader j of Type 2 bids xj and offers q% . A

3
trader k of Type 3 bids x, and offers q§ . Thus strategies are of

=

t2

four dimensions and can be characterized as (YZ’ 0, yé, 0) ,
j j k k
(0, qz’ xs! 0) > (xz’ 0’ O} qs)

The payoffs can be written as

i i i j
(7)1, = log{A - y3 - y3) + log(B + y;/p,) + 1og(B + y3/py)

o . 1
(8) T, = log(B + p,a} - x3) + log(A - q}) + log(B + x3/p)

(9) I

(73]
1

k -
log(B + pyay - X3) + 10g(B + x5/p,) + log(B - ay)

We see that H2 and T, have the same symmetry, but I. does not,

3

First order conditions give

1

1 _._p 3 . __£*~+l __Z.EB}
A%y ey v /P Ty D2
8p _ 1
but 3y ha hence
1 _ 1 f y
(10) ATy "yl npq}

This is derived from (7) thinking a1 /8y3 = 0 , setting yj = yi =y

and P, =P and taking inteo account n of each type.

From (8) we obtain



|

__l___(+a)— 1
B+ pq - X P g/ " A -q°’

but &2 = - nlxty) _ Xy hence
39 n2q2 nq
X+y
(p E: ) 1
(11) . B+ pq - X KT

This is derived from (8) taking anq/aq; =0 .

Also from (8) taking the variation of x% we cbtain

] 1B .
B+ pis-x B+ x/p —é'f{x/P} g1ving

1 1 JI _ X }
B +pg-x Bp+xi{ nng

For n » « equations (10), (11) and (12) should give the competitive equi-

librium, They simplify to:

(13) pB +y = A -2y
(14) p(A-q) = B + y and
{15) Bp + x =B +y.

These together with p = (x+y)/q yield

3y(A+2B) = (A+2B)(A-B) or y = (A-B)/3

and x = (A-B)/3, p=1 and q = 2(A-B)/3 .
We note that if (A-B)/3 >B or A > 4B then x > B and this would

require that the model of trade permit credit as the expenditures of x by



traders of type 2 and 3 would exceed B , their amount of cash at hand.
This constraint is not present with complete markets; A and B could
be of any relative size.

If A > 4B and there is no credit, the monied players even in the
limit with many players are benefitted. A simple example illustrates this.
Given x =B instead of (15) we obtain p = (B+y)/q which can be substi-

tuted into (14) to yield
{18) q = A/2 .
Then from (13)

(a7 A+ 2B

A quick check shows that for A=4B , x=y =B and g = 2B . But, for

example, suppose A = 6B , then:
x=B, q=38, y=1.7B and p = .9,

Thus the final distribution is (2.6B, 2.8B, 2.8B) , (2.7B, 3B, 2.1B) and

(2.7B, 2.1B, 3B} which favors the monied plavers.

1.4, Discussion of the Example

1f we regard the competitive exchange economy as the limit of a stra-
tegic market game then as long as there is enough money it does not matter
whether we model the economy with one money and m-1 markets or complete
( m(m-1)/2 markets) or for that matter one money and any extra number of
markets we wish. All of these strategic market games yield the competitive
equilibrium in the limit. The example above shows this for (m-1) markets

and complete markets. But the contrast between a strategic market game



with a single money and with complete markets raises several problems as

indicated in Table 1,

Complete Markets A Single Money
numbers of
markets m(m-1}/2 m-1
enough not always
money always {(may need credit)

no existence
proof - conjectured| existence proof
yes

existence of
active N.E,.

ex ante, eXx post | naturally defined

numeralire problem by price of money

TABLE 1

The problem of enough money has been illustrated by example 1.3 and
discussed elsewhere {Shubik and Wilson, 1977 and Shubik and Dubey, 1978).
The definition of what is meant by “enough' can be intuitively seen as
enough to guarantee an interior N.E. (noncooperative equilibrium), but some
care is required to make this precise.

The existence of an active pure strategy N.E. in a strategic market
game with a single money is well known (Shapley, 1981, Dubey and Shubik,
1979). But these proofs do not apply to the strategic market game with
complete markets. The example in 1.3 shows an equilibrium with all mavkets
active., It is conjectured that an equilibrium with all markets active will
exist if there are at least two players on each side of every market who
have enough endowments and want the other goods.

The last point concerns the selection of a numeraire which appears to
be a more or less trivial afterthought in the study of a price system. This

is discussed in Section 2.
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2. THE NUMBER OF INDEPENDENT PRICES

The game described in Section 1.1 is intrinsically symmetric in the
strategy sets and all m(m-1)/2 prices are determined by strategic behavior,

In equilibrium as no profitable arbitrage will be possible only m-1l
independent prices will remain. Thus when an equilibrium has been reached
a numeraire can be selected.

If one attempts to select a numeraire before trade takes place this is
tantamount to imposing (m-1) constraints on the game. The prices of all
commodities are given in terms of the numeraire but until equilibrium has
eliminated all arbitrage there are m(m-1)/2 not m-1 independent prices,

The game described in Section 1.2 is intrinsically nonsymmetric in
the strategic behavior. Thus there is a natural normalization which has no
influence ex ante. The single money can also serve as the numeraire, the
setting of Pp =1 has no influence on the strategy sets. The physical
meaning of price in a strategic market game with a single money is:

P-

j = bj/qj for =1, ..., m=-1 .,

Price of nonmoney j 1is the ratio of the amount of money given in
exchange for the quantity qj . Its dimensions are quantity of money
divided by aquantity of good. The price of money is a pure number. Its
dimensions being quantity of money divided by quantity of money.

In England the numeraire for medical doctors' fees, solicitor's and
tailors' fees was the guinea rather than the pound (a guinea equaled 21
shillings, a pound equaled 20 shillings). 1Its price, like that of the
pound is still a pure number and equal to 1 in terms of itself or 1.05 in
terms of the pound. This change in name of the numeraire has no strategic

impact.
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If instead of using the money as a numeraire we wished to use cabbages
or another nonmonetary commodity as the unit of account the strategic mar-
ket game will be influenced. We must distinguish between ex ante and ex
post prices and the meaning of strategy in terms of a promise to pay. This
is best illustrated using the strategies in the price-quantity game (Shubik,
1581, Dubey and Shubik, 1980, Dubey, 1982). A strategy in a price-quantity

game with m commodities one of which (say the mth) is money is a vector

~1
Pm—

market j an individual i states a selling price p3 or more at which he

of 4(m-1) dimensions (piqi, 5%3%, vauy p;_lq;_l, 15;_1) . In each
will sell q§ units or less; and a buying price 5% or less at which he will
buy a§ units or less. There is some mechanism which takes all 2n prices
and quantities in each market and produces a final price and set of trades.
A simple and natural way is shown in Figure 2 where aggregate bid and offer
curves have been drawn. We could determine an overall market price by

taking the price at the intersection of the tw0o curves.

1
pricef D -__’r______r‘_-—_- S

e rm e -

T D’

quantity

FIGURE 2

The meaning of a bid or offer is a promise to pay or an offer to accept
an amount of money E; or p? per unit for commodity j , where Pp = 1
has been fixed in advance. But if the means of payment is commodity m

and the numeraire is say commodity 1 the meaning of a strategy is somewhat



12

forced. 5? stands for I promise to pay for one unit of j , some amount
J
of m . But this amount cannot be specified until the price of m in terms

of 1 has been determined.

3. CONCLUDING REMARKS

The usual casual discussion of the role of a numeraire is implicitly
given in an ex post context, i.e., where prices already exist. If one
attempts to construct a playable game for an exchange economy in which prices
are formed strategically then the choice of a numeraire before prices are
formed is not feasible without influencing strategy sets in the strategic
market game with complete markets, The game with one commodity serving
as a& money is nonsymmetric and the selection of the money as a numeraire
is natural and does not influence the strategic structure of the game.

In a strategic market game with a money used as a means of payment
an attempt to utilize a different commodity as a numeraire without it being
a means of payment has no operational significance. Its price must be
formed by the game and is not available as a measure before the game is

played.



13

REFERENCES

Dubey, P. (1982). "Price-Quantity Market Games,'" Econometrica, 50: 111-126.

and M. Shubik (1980)}. 'A Strategic Market Game with Price and
Quantity Strategies," Zeitschrift fUr NationalBkonomie, 40: 1-2, 25-34.

Shubik, M, (1981}, "A Price-Quantity Buy-Sell Market with and without Con-
tingent Bids," in Studies in Economic Theory and Practice, edited by
J. Los, Amsterdam: North-Holland, pp. 117-124,

and P. Dubey (1978}, "The Noncooperative Equilibria of a Closed
Trading Economy with Market Supply and Bidding Strategies,” Journal
of Economic Theory, 17, 1, 1-20.

(1979). '"Bankruptcy and Optimality in a Closed Trading Economy
Modelled as a Noncooperative Game,' Journal of Mathematical Economics,
6: 115-134.

Shubik, M. and L. S. Shapley (1976)}. '"Noncooperative General Excahnge,"
in Theory and Measurement of Economic Externalities, edited by A. Y.
Lin, New York: Academic Press.

Shubik, M. and C. Wilson (1977). '"The Optimal Bankruptcy Rule in a Trading
Economy Using Fiat Money," Zietschrift flir NationalBkonomie, 7: 337-354.




