COWLES FOUNDATICN FOR RESEARCH IN ECONOMICS

AT YALE UNIVERSITY

Box 2125, Yale Station
New Haven, Connecticut 06520

COWLES FOUNDATION D{SCUSSION PAPER NO. 705R

Note: Cowles Foundation Discussion Papers are preliminary
materials circulated to stimulate discussion and
critical comment. Requests for single copies of a
Paper will be filled by the Cowles Foundation within
the limits of the supply. References in publications
to Discussion Papers (other than acknowledgment that
a writer had access to such unpublished material)
should be cleared with the author to protect the ten-
tative character of these papers.

CONSUMPTION, LIQUIDITY CONSTRAINTS, AND ASSET ACCUMULATION

IN THE PRESENCE OF RANDOM INCOME FLUCTUATTIONS

Richard H. Clarida

July, 1985



CONSUMPTION, LIQUIDITY CONSTRAINTS, AND ASSET ACCUMULATION

IN THE PRESENCE OF RANDOM INCOME FLUCTUATIONS

by

Richard H, Clarida

1, 1 ion

Recent empirical research [Flavin (1981), Hagashi (1982)] has rejected
the certainty—equivalent formmlation of permanent income hypothesis [ﬂall
(1978)], These findings are often attributed to households’ inability to
borrow completely against expected future labor income, This paper is a
theoretical investigation of optimal consumption behavior under risk
sversion, random income fluctuatioms, and borrowing restrictions., Our
principle objective is to establish the existence and to investigate the
properties of the stationary probability distribution which characterizes
the asymptotic behavior of consumption under these conditions,

Schechtman {1976) proves that optimal consumption converges almost
surely to mean income if the rate of interest on savings is zero, the
{(infinitely lived) household does not discount future utility, borrowing
is prohibited, and income is an i.i.d, random variable. Bewley (1976)
generzlizes Schechtman’s result to the case in which income is a
stationary stochastic process, In both snalyses, asset holdings converge

almost surely to infinity so that, asymptotically, the household is able



to self-insure completely. Foley and Hellwig (1975) and Schechtman and
Escudero (1977) generalize Schechtman (1976) by establishing the existence
of a limiting distribution for wealth if future utility is discounted at =
positive rate., Schechtman and Escudero also prove that the wealth
accumulation process is bounded so long as the rate of time preference
strictly exoeeds the constant rate of interest on savings and the
elasticity of marginal utility is itself bounded. Our contribution to
this literature is to establish the existence and a number of properties
of the stationary probability distribution which characterizes the
asymptotic behavior of consumption in a version of Schechtman and
Escudero’s (1977) model which allows for lending as well as borrowing in
amounts which can be repaid with probability one at a constant, positive
rate of interest.

In Section 2, we establish the existence of a unique stationary
probability distribution which characterizes the asymptotic behavior of
consumption, relaxing Foley and Hellwig’s (1975) and Schechtman and
Escudero’s (1977) assumptions that the rate of interest is zero and that
borrowing is not allowed.

In Section 3, we derive some basic properties of this distribution,

We show that in the stochastic steudy-statc,‘thera is a strictly positive
probability of being liquidity constrained, by which we mean that
discounted expected marginal utilities of consumption are not equated
across time. We also establish that if the rate of interest is zero —
the case studied by Foley and Hellwig (1975) and Schechtman and Escudero
(1977) — expected asymptotic consumption equals mean income independently
of utility function curvature, the rate of time preference, and the

probability distribution of productivity shocks, In the more general case



of a positive interest rate, the relationship between oxpected asymptotic
consumption and mean labor income will depend upon the rate of time
preference, utility function curvature, and the probability distribution
of labor income drawings. In particular, we show that if the rate of time
preference is sufficiently large, consumption is an i,i.d. random variable
in the stochastic steady—state with mean strictly less than expected labor
income,

In Section 4, we begin by comparing the expected asymptotic
consumption behavior of two individuals who differ in their pure rates of
time preference. We prove that the expected asymptotic consumption of the
low time preference individual is greater than or equal to that of the
high time preference individual, even thowgh the former consumes less at
sny given level of wealth, Ve conclude this section by comparing the
asymptotic consumption and acoumlation behavior of two individuals who
confront probability distributions for labor income which differ by a
logcation parameter, If the individuals are able to borrow completely
against certain future labor income, we establish that the stationary
probability distributions which characterize their consumption in the
stoohastic steady-state are identical. However, the stationary
probability distributions which characterize the asset accumulation of two
such individuals are shown to differ by a location parameter equal to the
annnity value of the difference in the certain component of their labor
incomes., This implies that differemces in certain future labor income
are, on average in the stochastic steady-state, offset by differences in
asset scoumulation, The variance and higher central moments of the
stationary distribution for asset holdings are thus invariant to

differences in certain future labor income.



2, An 'Income Flugtpations’ Problem

¥o consider the following 'income fluctuations' problem., An
individual with an infinite planning horizon must decide at the beginning
of each period how much to comsume and how many financial olaims to
purchase or sell, A finanoial claim costs one consumption good and
entitles its owner to p = l+r consumption goods next period, where =
is the constant, non—negative rate of interest on consumption loans,
Total resources available for consumption and saving in perioed t , w, ,

t
are

(1) v, = PR, + s, +0,

where L is the stock of financial claims purchased at the beginning of

period t-1 , LN is the wage received at the beginning of period t
(the inelastic supply of labor being normalized to umity), and # is

a non—negative, finite limit on borrowing, Consunmption of e £ v, goods
in period t yields utility of ﬁtu(ot) where £ = 1/148 , & the posi-

tive rate of time preference, The individual acoummlates financial claims

and wealth according to

(2) Y =pa, +e,~0, ,

t+l t t t

(3) LA p(wt - °t) BT f .

Formally, the individual’s problem is

.t
max E ) B ule,)
tzo t



subject to °y + 2.1 = PA, + &, »

c, + a "80.

6, 20, a +820,

We shall find it useful to make the following standard assumptions:

(Al) wu(e) is a striotly increasing, strictly comcave, bounded and twice

continvously differentiable with u’(0) == and u'’(s) =0 ,

(A2) The income received in each period is an independent and identically

distributed random variable, Furthermore, there exists finite 3

and & for which the stationary cumulative distribution function of

g, denoted G , satisfies:

G(s) =0, s8{3¢0, G(s) =1, 62e>0,

dG(e) 2 0 , ocontinnously for all e - lg.:l ’

(A3) The limit on borrowing satisfies:
0B <e/r,
a restriotion which insures solvency with probability omne,

Let v{(w) be the value of the objective funotion of an individual who

beging the period with resources w and behaves optimally, This function

must satisfy:

(4) v(w) = max{u(c) + BS/vip(w—c) + &' - rP)dG(e’)) .
ciw

Denote the optimal consumption and szsset accumulation decision rules by



¢ and g respectively. The following proposition establishes the
existence and properties of optimal consumption and asset accummlation
decisions in the presence of random income fluctuations and a borrowing

limit which satisfies (A3).

Propogition 2,1: By Assumptions (Al), (A2}, and (A3), there exists a
unique gsolution to the agent’s problem. There is a ng;ggg.‘hounge »
continuous, strictly increasing, striotly concave, and once continuounsly
differentiable fumction v such that

(5 vi{w) = max{u(e) + pSfv(p{w—c) + &’ - r#)dG(s")} .
ciw

There also exists a unigue, continuous, and strictly increasing functiom

¢ such that
(N v'{w) = u’(c(w)) .

If r <& , there exists z unigue w(5) which solves

(8) ut(w) = gpfv'(e’ - rB)dG(e’) ,

and for all e — 1§ {wv ¢ v , optimal consumption is given by

(9 olw) = w ,

iy
[
b

or a

1 wow, the optimal consumption decision rule satisfies
is

¥ {olw) (v and is uniguely defined by

(10) a'(c(w)) = ppSv'(p{w — o(w)) + ¢’ - r#)dG(s’) .



Proof. With the exception of the strict concavity of v and the strict
monotonicity of ¢ , all results are proved in Schechtman and Esc¢udero
(1977). Following Lucas (1980), let L be the space of continuous,
bounded functions u : Rf —> R normed by
(11) [lull = suplu(w)] .

w
Define T as the operator om L such that (5) reads v = Tv ., Using
Berge (1963), T : L = L ., Using Blackwell (1965), T is a contraction
so that Tv = v has a unique solution v* € L and [T - v*ll > 0 as
n >« for all u €L . Lucas, Prescott and Stokey (1983) prove that T

takes concave functions of w into strictly concave functions of w so

that v* is strictly concave, Q.E.D.

Corollary 2,2: Thore exists a unigue, continuous, apd pon—degreasing
function g guch that

(13) viw) = ulw - g(w) - 8) + Bfvip(gi{w) + 8) + &' — rP)dG(s") ,

that is, § is the optimal asset accumulation decision rule. For all

g~ {wiw ; optima]l asset accummlation is given by

(14) glw) = -8 ,
For all w ) v, g Ais strictly ingcreasing and is uniquely defined by
(15) u'{w - g{w) = 8) = 8/v'(p(g(w) + #) + &' - r8)dG(s’) .

The funotion ¢ and the cumulative distribution function G of =

together define 2 Markov process



(16) w = p(wt - °('t)) + - rf

t+l t+l

with state space R+ « That is, given an initial distribution for totzal
wonlth Fo(w) , the distribution G(s) and the difference equation (16)
together determine the sequence of distributions Fl(w). Fz( )s ++s which
prevail at dates ¢t =1, 2, ,.. . If this sequence converges, its limit
is the stationary distribution for wealth., Schechtman and Escudero (1977)
provide the following restrictions on preferences which insure that the

wealth accumulation process is bounded:

(Ad) The elastioity of wu’(¢) is uvniformly bounded; i.o., there exists

2 o s.t., for all e > ;

~gu'’(o)}/u'{e) { M (=,

(A5) The rate of time preference strictly exceeds the real rate of inter—

est on consumption loans; i.e.,

0 {r<<bd.

Schechtman and Escudero (1977) go on to show that (Al), (A4), and the
edditional sssumptions that the income received in each period is a
countable random variable, that borrowing is prohibited and that the rate
of interest is zero are sufficient to prove the existence of a limiting
distribution for total wealth.

Our first task shall be to reslax these latter throe assumptions and to
prove the existence of & unique, continuous limiting distribution for
total wealth under assumptions (Al) through (A5). Armed with these
results and the properties of ¢ and g , we than establish the

existenoe of unigue, stationary cumulative distribution functions which



characterize asymptotic comsumption and asset accumulation behavior in a
stochastic steady—state.

To say that a sequence Wor Wys see is subject to the transgition
probabilities K means that X(w, w’) is the conditional probability of
the event ['1 { w'] given that Yo=Y, Equation (16) and the defini-

tion of G imply that
(17) E(w, w') = G{w’ = hiw) + 8) ,

where h(w) = w = o(w) . If the probability distribution of L/ is F0

the distribution of v is given by
(18) Fltw') = ano{dw]K{v, w'l} .

Definition: The distribution F is a stationary distribution for K if

HF = F , where the operator H is defined by

(19) HF(w') = fnrtaﬂx{w, w') .

Following the approach suggested by Mendelssohn and Sobel (1980) as
adapted from Feller (1971), Donaldson and Mehra (1983), and Rosenmblatt

(1967), we now prove the following theorem.

THEOREM 2,.1: By Assumptions (Al) through (AS), thore exists & gontinuous

and increasing stationary distribution function for wealth, denoted

F(w) , which is the unigume solution to the functional equation HF =F :

(20) Fiw!) = fnﬁ(w' ~ phiw) + r#)}dF(w) .

For any F, ,
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(21) lig B'F = F .

hermore, F possesses a continuous dengity function which is positive

on the compsct subset 8= [g ~ rf, wl yheze
(22) w = minlw : ph(w) + s - =0 = w] ,
Proof. By Assumption (A2), the stochastic kermel
(23) K(w, w') = G({w' ~ ph(w) + rf)

has a continuous demsity, denoted k{(w; w’) . We first show that K is
regular in the sense of Feller (1971), p. 272, That is, we must show that

the family of transforms ut( ) defined by

(24) e lw') = Jx(w, w!

for p continuons and bounded is equicontinuous whenever Ko is uni-
formly continuons on any closed interval [!,;] .

Let M = max_ |n0(w)| . By the recursive definition of p () ,
t
"e[!p']

Yt Ip (w)| { M, Then

(25) Iy = u (w) | = [xtv,mp,_ (9dv = Selv,wdp, _ (v)dvl
£ Slxtv,m = xtv,w) |l _ (9) lav

{e

for some & sufficiently small to ensure |w—w'| ¢ 8 = Ik(v,w)-k(v,w")|
{e/M, Yv ., Sucha 8 4is possible as k is uniformly continuous on
(w,v] .

¥We next show that, once the process (16) has entered 0 , there is

zero probability that it will depart from it (see Figure 3). Schechtman



11

and Esoudero (1977), Theorem 3.9, p. 162 show that Assumptions (A4) and

(AS) are sufficient to enmsure that there exists a w { © such that
(26) plw ~c(w) +s-B<w, wiw,

This implies that there exists a unique v which sclves (22) and that
27)  plw-olw) +e-0<w, wivw.

Observe that for w > ¥ , u’'(c{w)) = BpEu’(c(ph(w) + &' - rf)) by the
envelop theorem, This implies that nu'(c(w)) < Bpu’{(c(ph(w) + g - z6))

so that w > ph(w) + g — =# . It follows that, for wé€ 0
(28) g-s0 {phiw) + 8"~ {w,

That is, for W not in 0 and w- 1

(29) k(w,W) = dG(W - ph(w) + ) = 0 ,

We now show that any interval disjoint from Q is a transieant set,
There are two types of intervals to consider, depioted as [;, 11] snd
['1’ w2] in Figure 3., Suppose first that, for some time ¢t ,

v, = € [;, '1] i we must show that the process passes out of

(v, w1] . Consider any sequence {s . } , a2 =1, 2, ..., and form the

t+n

sequences w and 't+n(') defined, respectively, by

(30) = ph(w )

Yien t+n-1’ T tem *

= wt(s) - -

(31) (8 bl () 45, W,

t+n

Without loss of generality, assume 3 1 e s then Vn , w

c+ 4 't+n(') .

t+n

By construction 't+n(;) = w so that for some N " ¢ w with prob-—

t
ability one. Thus [;, 11] is a transient set. Suppose now that
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v =W, € [wl. wzl « Since w > ph(w) + g -~ r# , there exists by

continuity an & > g¢ such that, for all wé€ ['1' wzl ., phiw) + 2 < w,
Consider any sequence {st+n {& , a=1,2.,, . By construction w(%)
converges to some point to the left of w, , so that for some N ,
Yein L4 v, 3o long as each =
is at least CN where

t4n S ¢ . The probability of this occurrence

3
(32) E = j d6(s) > 0 .
2

Thus with probability at least tN s, the process leaves [11, '2] never

to roeturn, The expected number of visits to [wl; w2] is less than

e i
(33) 21(1 - (-,
j-

Hence, ['1’ '2] is transient,

We finally show that the set [g — =rf, w]l 1s irreducible
{Rosenblatt (1967)) by which we mean that any open set AC [g - rﬁ,-Q]
can be reduced from any point w < [g - 1#, wl in a finite number of
steps with positive probability., Pick an open subset A = (13, w4) and =
point Yo €A in 0. Since A is open, for some w* A, we can find a
neighborhood J(w®, n) = (w® — n, w* + 1) such that J(w*, ) C A and

thus w* - 3 > w Consider the following set

1 .

T%(we, n) = (s : ph(w) + ¢ = w for some v € J} .

We consider first the case in which J° has positive measure, Since

G is continuous

(34) I 4G(e) =@ >0,
¥
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Suppose that at some time t , . =¥ and for esch & - J% oconsider

g g e
the sequence {'t+n] , a=m1,2,3, ... defined by w ph(wt+n_1)

+ e-1f, For each ¢ there is a T(s) such that for = > T(e) ,

. > w, and let T* - sup {T(e)} . By construction T* { » , Thus

t+n
et

T*+1
Prof(w, ., € Alwt “w) 2w >0,

Consider next the case in which J° has only one element. Using the
arguments of the previous paragraph, there is a positive probability of
reaching some interval to the right of A, say B = (ws, 14) » in &

finite number of steps. Now let v, € B . The process

Yern ™ ph('t+n—1) + g~ 18 converges to 0 (v and by continuity,
~ R
there exists & > ¢ such that Yein ph('t+n-1) + &2 - f converges

to the left of (w3. w4) . Thus, there is a positive probability that,
starting from v, € B, the process onters A in a finite number of

steps., Q.E.D,

Consumption and asset holdings also evolve according to Markov pro-

cesses which are given by

(35) - c(p(c_l(ct) —6) e, -,

t+l t+l

(36) a = pa_ + ¢

41 ¢ ¢ c(pat +ts + #) .

The existence of limiting distributions which characterize the asymptotic
behavior of consumption and asset accumulation in the stochastio-steady

state follow immediately from the theorem,
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Corollary 2,3: There exists a unique, gontinuous, increasing statiomary
distribution, denoted J(o) , which gharacterizes the behavior of
sonsumption in the stoohastic steady-state. The support of J(e) is the
compset interval [e ~ r#, o(w)] . J(c) is given by

(37) J(e') = Prob(e, £ c') = Fs 2(o")) .
Corollary 2.,4: There exists a mnique, almost-everywhere continmous, in-

greaging stationary distribution, denoted X(a) , whigh characterizes

asset socumulation im the stochastic steady-state. The support of X(a)
is the compagt interval (-4, g(w)1 of R. X has s single mass
point at a = —§ such that

(38) X(~8) = Prob(a = -§) = F(w) .
For =z > -9, X(a) is defined by

(39) X{a') = Prob{(a ( &') = F(s_l(n')) .

Proof, g(w) = —# for 0 { w { w which implies (38), g(w) is con-

tinuous and strictly increasing over the compact intexval [3,;] so that
the inverse ;-1(1') oxists and is right continunous at a' = —§

which implies (39) and the right continuity of X at -§ . Q,E,D.
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3. Co ion the Stochastic Steadv—State: Bssioc Properties
In this section, we derive some basic properties of the stochastic

stoady—state behavior of consumption, We begin with the following result.

Theorem 3,1: There jis a strictly positive probsbility of beinpg liguidity
constrained in the stochastic steady—state this probability is given by

(400  Probfu’to) > Iraro, )] =F® 0.

Proof. Follows directly from Proposition 2.1, equation (8) and the result

that the stationary distribution for wealth is strictly increasing over

the ergodic set [g - rf, wl . Q.E.D,

Foley and Hellwig (1975) and Schechtman and Escudero (1977) study the
spocial case in which r£ = 0 , We now prove that in this special case,
expected asymptotic consumption equals mean labor income independently of
risk tversion; time preference, and the probability distribution of labor
income drawings, This result is the analogue to Schechtman’s (1976)
rosult in the no—discounting case that consumption itself converges almost

surely to mean income,

Theorem 3,2: If the rate of interest is zero, expected asymptotic
consumption eguals mean labor income for all u satisfying (Al), G
satisfying (A2), and 8 > 0.

Proof. Asset holdings evolve according to the Markov process

(41) TR N + 8, c(pat + 8, + 8#) .

By Corollary 2.4, there exists s nnique limiting distribution for assets
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X(a) such that 1im X(a, t, no) = X(a) where X(a’, t, a.)

t—ye
= Prob(nt £ a, ao) . By Feller (1971), Theorom 1, p. 249

0

(42) lim E(a, X(a, t, ao)) = E(a, X(2)) ,
o

which, along with (41) implies

(43) 1im Ec, J(c, t, op)) = Ee . QE.D,
t~de

In general, the relationship between expected asymptotic consumption and
mean labor income depends upon u , G, and & ., V¥We now establish that
for any given u , G, r , there exists a finite & such that
consumption is an i,i.d., random variable in the stochastic steady-state

with mean strictly less than expected labor ingome,

Theogem 3,3: There exists a finite & such that if & > &

(44) E(c, J{c,5,u,G,r) = Be — r#
for 811 uw satisfying (A1), G satisfying (A2), and fipite r .
Furthermore,

(45) J(e', 8, u, G, r) = G(c' + z#) .

Proof, The ergodic set for wealth is given by [z - rf, w] . The

theorem will be true if there exists a E such that GE > : since this

implies that wealth evolves into the interval [z - rf, ¢l . In this

interval c(wt) = W

e r 8 ™ ~f so that w, = ¢ — rf . Now

t

(46) uw’(¥) = Bpfv'(e* — r$)dG(e?)

(47) < Pov'(z ~ £8)
(48) < BPu'[i{‘;(g - rl)]
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where the last inequality follows from Schechtman and Escudero {(1977),

Theorem 1,1 and Lemma 2.2, pp, 153-155, Let w solve
2 - + i _
(49)  w(@ = L[ - )]

is a continuous, strictly increasing fumction of & with 1lim @6 = o,
5=

Also ¥ ) 2 . So there oxists a finite & suoh that w 2 ;6 >z for

L §d

5§ >8 . In the stochastic steady—state, consumption is i,i.d. with

E(c, J(c,8)) = Ez - r§ and J(c’',8,r) = G(c’ + r#) . Q.E.D.

4, Co Sto Steadvy—State: The Role of Time

Preference and Certain Labor Income

We now compare the expected asymptotic comsumption of two individuals
who differ only in their pure rates of time preferences, Clarids (1984)
shows that the average propensity to consume is directly related to the
rate of time preference. This result, along with Clarida's (1984),
Theorem 4, p. 19, implies that the expected asymptotic asset holdings of
low time preference individuals are no less than those of high time
preference individuals., However, this reasoning does not necessarily
apply to the probability distribuntion of consumption, for, although
expected assot holdings are inversely related to time preference and
consumption is a strictly incressing function df assots, less is consumed
at each level of asset holdings given a lower rate of time preference, We
now establish that, in the income fluctuations problem studied here,
expected asymptotic consumption is itself inversely related to the rate of

time preference,

Theorem 4,1: Expected asymptotic consumption is inversely related to the

rate of time preference.
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Proof, Consider two otherwise identical individuals with rates of time

preference 81 and 62 such that 81 24 62 « Then, from Clarida (1985),

Theorem 3, p. 17

(50) olw, 8,) = olw, 8,) =w, for w( 3(52) .

(51) olw, 8,) < olw, 8,) Cw , for w) w5,) .

From Clarida (1985), Corollary 4.2, p. 231

(52) E(a, X(a, 62)) 2 E(s, X(a, 61)) .

Using Theorem 3,2

(53) Ela, X(a, 61)) = {1+r}E(a, X(a, 81)) + Eg - E(o, J(ec, 61)) ’
for &i = 61, 62 « Thus
(54) E(s, J{o, 52)) = rE(a, X(a, 82)) + Bz

2 tE(a, X(a, 61)) + Ee = E(c, J(s, 61)) . @Q,B.D,

We conclude with a comparison of the asymptotic consumption and
accumnlation behavior of two individuals who confront probability dis—
tributions for labor income which differ by a location parameter ¥ . We
shall assume that the individuals can borrow completely against that part
of their future labor income which is known with ocertainty. We shall also
assume that u’(0) ( ® , The location parameter is thus eoqual to the dif-
fersnce in the individuszls’ certain labor income, the lower support of G .

We begin by showing that o , the optimal consumption funmctiom, is
invariant to additive differsnces in the probability distribution

governing income fluctuations,
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Theorem 4,2: Consider two otherwige identical individunals whose incomes
are governed by the probability distributions G(ct) and G(st. %
sespectively, Y > 0, suoh that Gle,, ¥) = G(e, +¥) . The two
individuals have identical gonsumption fumgtioms. That is,

{55) e(w) = o(w,t) .

Proof: From Theorem 1 we know that a necessary and sufficient charac~

teristization of optimal consumption is given by
(56) n'{c{w)) = BpSv'(pl(w — c(w)) + &' - r#)dG(e') ,

for w)w s ¢ =w otherwise, The theorem follows directly from the
assumption that #(¥) = @ + ¥/r and definition of G(e,¥) . Together
these imply that the random variables &' — r# and g’ + 'V — e8(Y) are

identical, 4Q.E,D.

Corollary 4,3: At any given level of wealth, the agent with the greater

gertain income purchases fewer financial assety. Furthermore,
(57) glw,t) - gty = N/,

Proof, Follows directly from the theorem and the budget constraint

c+g=w-8Y ,

These results make sense., So long as the individual with the greater
certain income is allowed to borrow against it — to a limit of Y/
which can be repaid with probability one — the stationary statistical
decision problems faoed by him and another individual with lesser certain
income are identical except for initial conditions, Thus, the optimal

consumption functions coincide, Howsver, it is the case that the
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individual with the greater certain income does consume more initially,
acoomplishing this by borrowing against his greater human capital,
The next theorem establishes the stochastic steady—-state implications

of these results,

Theorem 4,4: Consider two otherwise idemticsal individuals whose income
fluctuations are governed by the probability distributions G(st) and
G(e , V) respectively. The statiomary probsbility distributions which
ghagracterize these individuals' gonsumption in stochastic steadv-state
are jdentical, J(o) = J(c,¥) . The stationarv probability distributions
which gharacterize these indjviduals’ asset socumunlation differ by the

logcation parameter Yir . In particular,
(58) X(a,¥) = X(2 + ¥/2) .

Proof. The stationary probability distribution which governs total wealth

is the unique solution to the functional equation
(59) F(w’) = [G(w' - ph(w) + r#)dF(w) .

The solution to squation {58) depends omly on G and h , which by
Theorem 4.2, is independent of ¥ . Thus J(¢') = F(c Y(c')) is
invariant with respect ¥ so long as the individual can borrow completely
against the lower support of G , Using the fact that

glw, ) = h(w) = #{¥) , we obtain,

(60)  X(a') = F[h “(a’ + ®)1 ,

(61)  X(a', V) = FIh L(a’ + 8 + ¥/ .

It follows directly that

(62) X(a’, V) = X(a’' +¥/2) . Q.E.D,
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Corollsry 4,3: Differences in gertain labor income, op average, in the
gtochastio stesdy-state offset by asset accumulation of

(63) Ela,8] - Els, 9(D)] = ¥/,

Corollary 4,6: The gcentral moments of the stationary probability distri-
bution which governs the accumulation of agsets are invariant to
differences in certain labor income:

(64) Ela - E(a,8), 813 = E[a - E(a, 8(})), 8(9)19,



T owmby—

_? ™

5 4

W-3a (royd

Po 2 (>

o3

-2

A



23

REFERENCES

Berge, C. Topologigal Spaces., New York: Macmillan, 1963,

Bewley; T, The Permanent Income Hypothesis: A Theoretical Formmlation,
Journal of Ecomomigc Theory, 16 (1977): 252-292,

« Stationary Monetary Equilibrium with a Continuum of Indepen-—
dently Fluctuating Consumers, Mimeo, Northwestern University, 1980,

Blackwell, D, Discounted Dynamic Programming, Appals of Mathematical
Statistics, 36 (1965): 226-235.

Brock, W. A, and L, J, Mirman, Optimal Economic Growth and Uncertainty:
The Digcounted Case, Journal of Economi¢ Theory, 4 (1972): 497-513.

Clarida, R, H, On the Stochastic Steady-State Properties of Optimal Asses
Accumulation in the Presemce of Random Income Fluctuations, Cowles
Foundation Discussion Paper No, 701, 1984,

Danthine, J-P, and J, B, Donaldson. Stochastic Properties of Fast vs,
Slow Growing Economies, Econometrica, 49 (1981): 1007-1033,

Donaldson, J, and R. Mehra, Stochastic Growth with Correlated

Productivity Shocks, Journal of Economi¢ Theory, 29 (1983): 282-312,
Feller, W. An Introdugtion to Probability Theory and Its Applications.

New York: John Wiley and Somns, 1971,

Flavin, M, The Adjustment of Consumption to Changing Expectations about
Future Income, Journzl of Politjcal Ecomomy, 89 (1981): 974-1009.

Foley, D, and M, Hellwig, Asset Management with Trading Uncertainty,
Review of Economic Studies, 42 (1975): 327-366.

Hadar, J. and W, Russell, Stochastic Dominance and Diversification,
Journal of ERoconomic Theory, 3 (1971): 288-305,

Hagashi, F. The Permanent Income Hypothesis: Estimation and Testing by
Instrumental Variables, Journal of Politioca onomy, 90 (1982):
895-916, '

Hakansson, N. Optimal Investment and Consumption Strategies under Risk
for a Class of Utility Functions, Econometriga, 38 (1970): 587-607.

Hall, B, Stochastic Implications of the Life Cycle—Permanent Income
Bypothesis, Journal of Political Economy, 86 (1978): 971-989,

Lucas, R, E. Asset Prices in an Exchange Economy, Econometrica, 46 (1978:
1429-1444,



24

+ Equilibriom in a Pure Currency Economy, in . Kareken and N.

Wallsce (eds.), Models of Monmetary Economies. Minnesota: University
of Minnesota Press, 1980, pp. 131-145%,

» E. Prescott, and N, Stokey. Notes on Dynamic Competitive
Analysis, mimeo (1983),

Mendelson, H, and Y, Amihud. Optimal Consumption Poliecy under Uncertain
Income, Management Sgience, 28 (1982): 683-697.

Mendelssohn, R, and M, Sobel. Capital Acoumulation and the Optimization

of Renewable Resource Models, Journal of Egonomi¢ Theory, 23 (1980):
243-260,

Miller, B. The Effect on Optimal Consumption of Increased Uncertainty,
Journal of Eoconomjc Theorv, 13 (1976): 154-167.

Rosenblatt, M., Transition Probability Operatioms, Progeedi of th
Berkeley § on Math § Proba s 2 (1967):
473-483,

Schechtman, J, and V, Esoudero, Some Results on *An Income Fluctuations

Problem,’ Journal of Egonomic Theory, 16 (1977): 151-166.

S8ibley, D. S. Permanent and Transitory Income Effects in a Model of

Optimal Consumption with Wage Income Uhcortninty. Journal of Economig
Theory, 11 (1975): 68-82.

Sotomayer, M, D, On Income Fluctuations and Capital Gains, Journal of

Economic_Theory, 32 (1984): 14-35,



