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Introduction
e

This is a theoretical s:tudy of monetzry and fiscal pelicy in a
general ecuilibrium model with rationzl exteztations, with perfect

markets for current goods, but with restrics:

Y
o]

nz on borrowing and in-
surance and with a Clower constraint on paryments. Fiscal actions are
understood to be manipulations or taxes znd subsidies. lonetary policy

is understood to be the purchase and salz

o]

f government cebt or contre!l
of the banking svstem's ability to lend.

The model contains the following elezents. Tnere are overlapping
generations, eacn of which lives many periods. Consumers face individ-
ual risk., There is a continuum of individuals and the individual risks
are mutually independent. For this reason, individual risks do not
cause fluctuations in the aggregate. There is also uncertainty at the
aggregate level, This uncertainty appears in production functions and
Preference orderings and is generated by a random variable which every-
one observes. The individual uncertainty faced by one person is not
Verifiable by other agents and so is uninsurable. The aggregate uncer-

tainty is insurable in one version of the model and is not insurable

e,
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in a second version., When agents can insure, they can sell insurance
only against the collateral of assets held. Such sales of insurance
can alsc be used to borrow, Individuals are never permitted to borrow
against future wage income. Individuals hold assets for self-insurance
and perhaps as a reserve to be spent during retirement. The assets
which can be held are money, government debt and equity in firms,

There is a Clower constraint on pavments, which gives money a role be-
sides that of a store of value. All income is received in monev at

the end of a-period. Even though all markets alwayvs clear, there is

a form of unemployment. There are several industries, and when a worker
transfers from one industry to another, he has to pass through a fixed
period of unemplovment. This period may be interpreted as search time,
but is not modelled as such. It is simply part of the technology and
is included only to give a likely mechanism by which aggregate uncer-
tainty could give rise to trade fluctuations,

By "trade fluctuations," ] mean what is commonly called business
cycles.l It is easy to imagine how something resembling trade fluctu-
ations could occur in the model, even though all markets clear. Suppose
there is a change'of consumer tastes and that one industry must reduce
output. Wages in that industry would fall and some people working there
would find it advantageous to change jobs and so would suffer a period
of unemployment, The budgets of the temporarily unemploved would slowly
deteriorate and these people would be obliged to decrease steadily their
spending. The same might be true of the people who remained at their
jobs and earn reduced wages. Those working in unaffected industries
would have extra savings, for they would no longer spend as much on the

newly unpopular commodity. If they do not spend these savings, they
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will accumulate assets. This accumulation could increase their spend-
ing on other goods, offsetting the decline in spending by the unemployed.
But the savings might be kept, perhaps to buy a new product that would
satisfy the new tastes when it became available. 1f the net result of
the changes in expenditure were a steady decline in aggregate spending,
deflation would result. The deflation could in turn increase_real in-
terest rates and so discourage investment. So, temporary deflation (or
inflation} could result from simple changes of taste, and such episodes
could affect investment.

One may well ask "so what?", for in an overlapping generations
model, Pareto optimality does not require that the real interest rate
be constant., Fluctuations in investment resulting from fluctuations
in the real interest rate do not indicate lack of Paretc optimality.
This is so even though fluctuations in investment may cause fluctuations
in emplovment as labor shifts in and out of investment good industries.
In the model of this paper, unemployment is simply part of the produc-
tion process. One can argue that fluctuations in real interest rates
decrease welfare only if one has in mind a social welfare function which
assigns relative weight to the welfare of different generations.

With some such welfare function in mind, I prove, roughly speak-
ing, that there exists a monetarf and fiscal policy which fixes the
price level and the nominal interest rate on'government bonds.2 This
result is similar in spirit to the second welfare theorem of general
equilibrium theory. There is an ambiguity as to what is meant by 'price
level," If the object is to fix the real rate of interest, then the
usual Euler equation of optimal growth theory seems to indicate that

-

N . L q - . 2
one should fix consumers' averape marginal utility of expenditure.
B ) T



This is what I do, but I could equally well have fixed some conventiona]
price index, It would have the advantage of being observable,

I do not maximize any explicit social welfare function. I believe
that doing se would lead to enormous complications. It seems that in
order to have an interesting model with money and asset holding, one
must include features which preclude also Pareto optimallity of equilibriyy,
Optini:zation of a social welfare function in such a model would involve
all the problems of second best optimization. A number of features
of the model I use prevent Pareto optimality. They include constraints
on insurance and borrowing, the Clower constraint on payments, the lack
of compensation for time spent unemyloyed, and the fact that taxes are
not lump-sum,

The proof that a stgbilizing policy exists is alsd 2 proof that
equilibrium exists. One may wonder whether equilibrium exists only because
of the policy. For this reason, I also prove existence of equilibrium
when government policy is neutral. A neutral policy is one which leaves
constant the money supply and supply of government debt,

This result may be viewed as a generalization of the many theorems
which exist proving the existence of equilibrium with money and unin-
sured risk. It generalizes them by including stocks and a special form
of insurance sold against collateral. Papers containing existence
theorems with money and uninsured risk include Lucas (1980}, Hellwig
(1982), Townsend (1983}, and Bewley (1980a).

As stated earlier, I consider two versions of the model, one with
insurance of aggregate uncertainty and one without, My primary reason
for introducing insurance is to show what insurance looks like

when modelled in a way which seems to me realistic. The realistic aspect



is that insurance can be sold onlv against transferable collateral.
Future wages cannot be used as collateral. In my inexpert opinion,
these restrictions reflect roughlywhat occurs in practice. There are
obvious problems of moral hazard which make it dangerous to accept
future wages as collateral. The insurance I define is not equivalent
to unlimited trading on Arrow-Debreu markets in contingent claims,
People may not be able to buy full coverage, for in order to buy a
great deal of insurance against one state of nature, they might have

to sell insurance against other states. A seller of insurance would
already have to have accumulated assets, and he mav not have accurulated
many assets or he might not have sufficient incentive to do so. If

his rate of pure time preference were high relative tc interest rates,
he would accumulate few assets. The insurance I define would certainly
decrease the magnitude of the sort of deflationary episodes described
earlier, but would not necessarily prevent them.

Another reason for including insurance is that it makes possible
a kind of asset pricing formula. Without such insurance, no such form-
ula seems possible,

When one permits insurance one permits borrowing as well, for bor-
rowing is the same as the sale of equal amounts of insurance against
all states of nature. Borrowing in turn makes it possible to distinguish
inside from outside money. The distinction may be important, for an
increase in the aggregate supply of inside money need not have the same
effects as an increase in outside money. However, the possibilities
opened by this distinction are not pursued very far here,.

Four types of equilibria are possible, corresponding to whether

insurance is allowed and to whether the government has a neutral or



stabilizing policy. I prove equilibrium existence theorems for twe
of these cases, that with no insurance and a stabilizing policy and
that with insurance and neutral policy. The other two cases could be
handled in a similar fashion,

Models with incomplete markets have their own special set of dif-
ficulties. One is that different shareholders may not agree on what
a firm should do if thev face uninsured risk which is correlated
with the firm's profits. Each shareholder would want his firm to em-
phasize periods or states of nature where he had the greatest need.

1 avoid this problem by making special assumptions. Each firm is finite
lived and corresponds to an investment project. Firms do not choose
investments. Consumers do so when they invest in new projects. The
technology of each firm is such that it cannot affect the temporal or
stochastic distribution of its profits.

Another problem is that it is hard to prove that prices of capital
goods are finite, This problem does not occur when markets are complete,
for in that case prices are the dual variables of a social maximization
problem. Here they are not, I avoid this problem by assuming that the
only capital inputs are labor.

A number of other special assumptions are made in order to avoid
technical problems. I cannot pretend to be sure that the conclusions
drawn would survive removal of the special assumptioms.

The plan of the paper is as follows. The next section contains
the formal model. The assumptions and theorems follow. In Sections
5-13, I discuss the model and the results. In particular, in Section
6, 1 discuss the fact that Pareto optimality puts almest no restrictions

on interest rates. In Section 7, 7 show that trade fluctuations may



occur in the model. Here, I draw on a recent paper by Scheinkman and
weiss (1983). In Section 8, I show that one may include inside monev
in the model, and discuss briefly the idea of Sargent and Wallace
(1980} that the money supply should be market determined. In Section
10, I discuss briefly an asset pricing formula. In Section 11, I show
that transaction costs in the trading of assets would cause a discon-
tinuity in individual consumer demand. The proofs are in Sections 14
and 15. They are long and complicated, but they use arguments tipical

of equilibriun theory.

2. The Model

Time

Tizme is discrete. Time periods should be interpreted as short,

sich as a day or a week,

Consumers
A continuum of consumers is born in each period t . Each consumer
lives N periods, where N 1is a positive integer. The consumer born

in period t 1is indexed by (i,t} , where i € [0,1] .

Random Disturbances

Each consumer (i,t) observes a random variable sil’t) in the

(n+1)St period, where n =20, 1, ..., N-1 . Nobody but consumer (i,t)

observes sil’t) so that it represents individual uninsurable risk.
The sequences (sél’t), ...,séfit)) are mutually independent and iden-

(i,t)

tically distributed as i and t wvary. Each = belongs to a

finite set S, which is the same for all (i,t) . Very often, the

. . . (i
superscrint (i,t) 1is suppressed from the svmbol ™ s‘l’t) M

L



All consumers alive at time t observe a random variable &

t L]
Each of the at belongs to a finite set @ . The stochastic process
(Et):=l is independent of each of the processes (s{l’t))::é .

The finite sequence (el, 62. ....et) is denoted §¢ . Similarly,

(i,t) (i,t) (i,t)
Sn denotes (so »oeees Sp 3

Consumers born at time +t should really be distinguished by the

event (gt, S

in which they are born, This distinction is made
implicitly when it is required that a consumer's allocation be measur-
‘able with respect to these events. Hence, [ will speak of the consumer

{1,t) as if he were one person.

Commodities
The same finite set of commodities may be traded at any time.
The set of these commodities is C ., The set of produced goods is de-

noted Cp , and C\Cp is denoted by C, . C_ 1is the set of types

of labor. The set of consumption goods is denoted C. -

RC denotes the Euclidean space of real-valued functions on C .
C
C

The symbols R , R € and so on have the obvious meanings.

Urility
Each consumer has a utility function which is additively separable

with respect to time., The one period utility of consumer (i,t) is

¢

u; R, x@x5~ R . He discounts future utility by a factor ¢ ,

where 0 < 6 <1 . The lifetime utility of consumer (i,t) , born.

N
in peried t, is E } énui(x

(i,t) =
n=n t+n(2t+n’ 2n )’et+n’ Sn) = Ui(x} *
t
where x = (xt+n(§¢+n’ Eﬂ]]ﬁ;i and where n, = max(Q, -t+1} .

t
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Production

There are J industries, where J 1is a positive integer. Far

each j , there is a technologyv, which is described by i) Ki € RE

ii) a positive integer Nj ,» and iii) an input-output possibility set
Yj(e) , foreach B €e. Kj represents the initial capital of one

unit of investment. Nj is the lifetinme of the investment, Yi(=‘

-

is the input-output possibility set made pessible by one unit of in-
vestment,
A firm in industry j 1is represented by the date-event pair of

its birth (t, gt) and by an initial capital ¥K, , for some y > 0

The firm then lives Nj periods after period t and has the use of

the production possibility sets Y, (S

j tén) in each of these periods.

Endowment

The only endowment consumers have is labor. Endowments are defined
by a function k : [0,1} - C. . A consumer (i,t) can offer labor
of type k(i)..

Whether a consumer can work in any period is also a random event.

)y oy

Consumer (i,t) <can work in period t+n if in(Snh R

where

&) g

w, :§-{0,1} . If inln ,

in he cannot work., (He may be

sick or retired.)

When a consumer works, he offers one unit of labor per period.

Unemployment

Workers may be employed either directly by other consumers or by
one of the J industries, This makes J+1 emplovment sectors. If
a worker changes emplovment from one sector to another, he must pass

through a period of unemployment., A worker offering labor of type
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k € C, must wait Tk periods before obtaining a mex job, where
Tk >0 . After Tk periods he nay obtain a job in any sector which
uses his labor. Labor markets always clear and workers alwavs change

jobs voluntarily.

The Extended Set of Commodities

It is necessary to treat the same kind of labor emvloved in dif-
ferent sectors as distinct commodities earning different wages. For
this reason, [ define an extended set of commodities,

CE = () v {(x,j)|k€C., i=¢,1,...,J}. The symbol (k,j) stands
for labor of type k wused in sector i

. The sector ¢ 1s the con-

sumer sector, From now on, all commodity vectors referring to one

CE . The input-output

CE

period will be thought of as belonging to R

possibility sets Yj(e) will be thought of as subsets of R bv the

obvious embedding.

Initial Conditions in Production

For t <0, wél’t) denotes the number of consecutive periods

individual (i,t) has been unemploved in the periods immediatelyv pre-

ceding period 1.

For =1, ..., J and m=20, ..., Nj -1. Eﬁmo will denote

the size of the investment in industry j made in period -m . That

is, hijKj was invested in industry j 1in period -m

Resource Allecations

A resource allocation for industry j 1is represented by a vectoT
. = . 5 ies over the iti i n
yJ (yjmt(«m)) , where t varie positive integers,

varies over 0, 1, ..., Nj and £, varies over all histories of the

L R (ﬁm) represents the input-output pos<ibility vectoT

jmt



11

in period t and event &£,  of a production process initiated at time

-

t-n . The allocation ¥ is feasible for industry j3 if the follow-
ing are true,

For all m, either hjmo = 0 and yj'm+1,1(61) =0 or
— 1

For a1l t and g{ , there exists tht such that

ijt(im) = -HﬁOtKj and for n > 0 , either H}Ot =0 and

_ - -1 .
‘JP t+"(~f*n) =0 or tht >0 and n10t im,t+m € \j(‘t+m}

A resource allocation to consumer (i,t) 1is of the form

. - . . (i:t) - (i,t) - . 3
(GL) = O (B £a 3o Lo Gl &, } , where n varies

over nt, . +1, «v., N, for n, = rax(0, -t+1) . Et+n varies over
L3,
~

histories of the € process and varies over histories of the

i,t : . . .
s( 1) precess, Xe4p 15 consumption and Lt+n is emplovment status,

both in period t+n . The amount of labor offered in period t+n is

(1 t)] (s i tJ)

1n t+n ~¢+n “ﬂ

W, The allocation (x,L)} is feasible

for the consumer if (2.1) and (2.2) below are true,

C
2
(2.1) For all n and Bron? S0) FponCrans &) € R and
(& s ) equals zero or the (k(i), j) standard basis

t+n ~¢+n ~

vector of R CE , forsome jo=¢,1, sv., J.

I now define variables wiis t)(

tane18eino1? Sq.p) ¥hich indicate the number

of consecutive periods the consumer has been unemployed at the end of
period t+n . The definition is by inductionon n . If t <1 and

ten =0, wi'® s defined by the initial conditions. If t3 1,

Ai,t s . . i,t
hé ) - 0 . Suppose by induction that hE+n 1(6 ten-1’ _1} has been
defined. Then, w(l t){ s ) = (l t)(° Y + 1 if

t+n Seen? 2a
{6 ) = 0 and w( t)("

t+n ~t+n’ t+n ~t+n’ ~n

Yten-1'2t+n-1’ 2n- 1

3 =0, otherwise,



- . (i,t)
2 .
(2.2) (2 on? s #0 only if n=20 or “t+n 1(

) =

t+n Atan-]? .-.z- 1)

2 Tk(i] or if L *n(5¢+n’ 2y I'1:+n 1(~¢+n 17 A 1)

This condition says that periods of unemployment must las: at least

Tk(i) periods, where k(i) 1is the tvpe of labor offered by the con-

sumers.

A resource allocation is of the form

(), (B8, L8y,

. . wl ack V.
€[0,1],to-x+2,-¥+3,,,, ) + Wnere eadh y.
3 3 : A . i h) -’i -
is a feasible allocarion for industry j and each (\( ) f ,L))
1s a feasible allocation for consumer (i,t) . The functions

(l,L) & (i,1) . '
a are required to be mezszurable
Xt 41 (~n+n "ﬂ) nd Lt +n (~¢+n ~n) required t € 1

with respect to i

Aggregation over Consumers

The aggregate consuuption associated with consumer allocation

D) (0,

in period t and event 6, is

N-1 (1
(2.3) X, (8,) = 1} I E[x(l »t-n) I M(xl A “))[gt]di :
=0 ’0

Similarly, the aggregate supply of labor in period t and event L. is

N-1 1 . . s
(2.4) T (g) = 7] J E[wn(sél’t-n))Lgl’t-n)(e , Eél,t-n))lﬂt}di .

Notice that the variation over ééi’t'") is averaged out. This defini-
tion may be justified by appealing to the strong law of large nuzders.
The aggregates are what would be obtained in the limit if one took
averages over €Ver larger random samples of consumers. For detzils,

see Bewley (1980b).
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Feasibility

A resource allocation ((yi], (x(l’tj, L(l’t})J is feasible if

N,
- - J j
(2.5) x. (&) - L. (8,) = )

. )
j=0 m=0

yjmt(-E't
where x_ and Et are as defined above.

t

The Timing of Financial Flows

In describing financial flows, a distinction is made between the
beginninyg and end of each time period. Taxes are pzid and transactions
are rade at the beginning of each period. All gocds and assets bough:
are paid for immediately at the beginning of the peried., The seller
of an asset receives pavment immediately. However, income in the forn
of wages, interest or dividends is received only at the end of the
peried. Stocks and bonds bought in period t pay dividends or interest

in that period to the buyer.

Securities
The securities are government bonds and shares in firms. Consunmer
(i,t)'s holdings of government bonds at the end of period t+n is

i,t) The symbol hgl’t) (g s )} denotes

(
denoted by hg,t+n(§t+n’ 5, - jm,t+n‘~+n’ Rn

his holdings of shares of firms in indu;try J which first invested

at time t+n-m . One such share represents ownership of a process re-
sulting from an initial investment of Kj . One government bond is a
pPromise to pay one unit of money at the end of the period, so that bonds
live only one period.

(i,t)

The symbol h stands for consumer (i,t)'s holdings of all

assets in all periods of life. An investment allocation is of the forn
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(i,t) . . . . .
(h ) , where (i,t) varies over all consumers. It is required
that every component of (h(l’t}) be measurable with respect to i .
civen (n(1:%)y

jmt(éc) is defined by

_ ~ N1l
(2.6) RimeEe) = nEO JOE[hjmt (8., 55) 18, ]di

This is the aggregate holdings in period t of stock in firms of age

m 1in industry 3 . The aggregate holdings of government bonds,
hgttgm)’ are defined in a similar way,

Part of the initial conditions of the model are the securities

held at the end of period zero, h(l’t) >0 and h(l’t) >0, for
g0 = jm0 =
t = =N+2, ..., 0 . The initial conditions Eﬁmo defined earlier are

simply the aggregates corresponding to the hg;ét)

Insurance

I now introduce insurance on the aggregate or uniyersal uncertainty,
I follow up on Arrow's original paper (1963-4) on contingent claims
by placing in an intertemporal context his matkets for contingent claims
on units of account.

An insurance program for consumer (i,t) is of the form

N _ .
8= (a,, (8., .1 En))n=nt , where n_ = max(0, -t+1) and where each

; ived
at+n(g¢+n+1, En) is a number and represents the amount of money recei

(>0) or paid (<0) in event E¢+n+1 at the beginning of period

+n . i i riod
t+n The commitments at+n+1(2¢+n’ 2¢+n+1’ En) are arranged in pe
+ in event
t+n and in (Et+n’ En)
Part of the initial conditions of the model are the insurance con-

tracts falling due in the initial period. -let aéi’t)(el) be the amount



of money due to consumer (i,t) at the beginning of period ¢, for
0 1 (,1)
t >0 . It is reguired that Z I atts (8,) =0, for all = .
= _ - 0 i
z-N+2 70
An insurance allocation is of the form (a(l’t))

NERY

,» Where each

is an insurance program for consumer (i,t) . It is required

(i,t)

that the components of a

(a(l ,t))

be measurable with respect to i
Given the aggregate insurance commitment is defined to be

- (i,t-n) ..
- = -
‘ [at (~¢+n nnJ]é{+n}c‘

Allocation

An allocation is of the form ((r,), (o0 ) (G (e,

-

. . i,t)
is a resource allocation, (h( ? J)

where (3 ),
is an investment allocation and is an insurance allocation.

The allocation is feasible if

((yj), (x(l’t), L3583y is feasible as a resource allocation,

ijt(Em) = JOt(e )k, , forall j, t and g ,
Rine (&) = P5 ne1,ee1(& 8ay) o foT 2Ll Jom=0, ., Ny-T,

and for t > 0 and all § , ¢€

~t t+] ?

=0, for all t and §¢+1 .

The last condition implies that there is no aggregate borrowing

or lending.
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Prices
All prices are in terms of monev,

A commodity price svstem is of the form p = (pl(éd)’ pz(ij)’ o)
CE

+ ]

where pt(it) € R for all t and £, « A security price system
.

is of the form q = (ql(gl), qz(ge), ... } , where
q.(8,} = (qgt(gt). (Qe (810D - qgt(gt) is the price of a government
bond in peried t . qjmt(it] is the price in period t of a share of

a firm in industry 3 which invested initially in period t-m ., A

system of insurance premiums is of the form v = (vl 22)’ v:{iﬁ), “er )

where Vt(E:’ 5t+1) is the amount of money paid in period t and event

Et from one unit of money in period t+1 and event (2_, Et+1)

A price syvstem is (p,q,v) , where p , q and Vv are as abave,

Profits

CE I
For p € R, let m;(p,8) = suplpeyly €Y, ()} . If p = (p(g,))

is a price system, then "j(pt(gm)‘ ,) 1is the dividend paid at the
end of period t on one share of stock in a firm in industry j which

produces during period t .

Taxes

The government chooses a sequence of tax functions
T = (Tl(.’ Bl)’ 12(': ez)a ‘s ) > where Tt(w, et) is a function
of a consumer's wealth, W . Taxes will always be either proportional

to wealth or lump-sum subsidies.

Initial Money Balances

Additional initial conditions are the end of period 0 money balances

Mél,t) > 0 of consumers alive in period zero.



wealth and Monev Balances

Let a price and tax svstem (p,q,v,t) be given and fix an alloca-
tion (x,L,h,a} for a consumer (i,t) . 1 now define corresponding

. y(i,%) .
wealths and money balances. t+n (§¢+n Eﬂ) denotes monevy balances

. . (i,t)
keld at the end of the [n+1) period of life. It+n (~t+n ~n)

denotes the quantity of monev held during the (n+1) perioc of life

(i,t) (e

d as an investment. W
an t+n ~t+1’ Eﬂ-l)

is wealth at the beginning
3+ . o . .. .
of the (n+1)"" period ef life. 1 now define these gquantities by in-

duction on n .,

If consumer (i,t) 15 alive at time zero, his initial money balances

are Mél’t) Otherwise, they are MEllt) = 0 . Suppose by induction
that M(I’t)( , S ) has been defined, for n > 0 . Then,
t+n-1'~t+n-1’ ~n-1 -
wist) (i,t) .
2 - a
(2.8) t+n (2 ~+n’ ﬁﬂ-l) - “t+n 1(~t+n 1’ -1) * at*n-l(f“vt*-n’ En-l)
3 Ny
* jzl mzoqj,m+1,t+n(2¢+n)hjm,t+n-l(§¢+n-1’ Eﬂ—l) '
Also,
(i,t) o plit) -
(2.9) It+n (E¢+n nn) “t+n (E¢+n’ Sn) - Pt+n(2¢+n) t+n (‘ +n’ En)

N.
- qg,t+n(§¢+n) hg t+w(~¢+n n JEI meq] m, tan e n)'hjm,t+n(gm+n’§ﬂ
_ o (1,t)
- ) t+n(2¢+n et+n+1)at+n(revt+n ®ten+15n ) -t (‘ (§

t+n+l

Finally,

~t+n’ ~n-1}’~”+n)
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(2.10) N5 s )= 1B 5 )

t+n  ‘Agen’ 2 t+n  ‘Zten’ 2 +pt+n(£¢*n)“in(r5~ﬂn' (2

t+n ~ten? §)

}\
(g

<
g,l+n " ~t+n’ An

) o+

]

u 18y

1 mg " (pt+n(;¢+n) t+n]hj,m,t*n Sten’ R

The Budget Constraints

The budget set of consumer (i,t) 1s E(l’t)(p,q,v,t)

= {(x,L,h,a)|(x,L,h,a) is an allocation for consumer (i,t), which is

(1 t) N (1 <)
feasible for him and u (~f+n 5. 1) >0 and I {~t+n in) > 0,
e (i,t) (1,tJ . :
for all n, Emtn and gﬂ} , where ht+n and It+n are as just de-
fined, The constraint Ifiét} > 0 means that the consumer never holds

negative money balances., The constraint Wéiat) > 0 means that all

pavments on insurance contracts (or loans) are fully secured by nego-
tiable collateral. One cannot pay off insurance contracts by selling
new ones. Nor can one use futvre wages as collateral. This last re-

striction mav be justified by referring to the random variation

(i,t) 3
r dowments,
W n(in 7Y in labor endowments

Consumer Demand

i,t .
The consumer demand correspondence, 5( ? )(p,q,V,T , 1is the

set of solutions of the problem max{Ui(x)l(x,L,h,a] € B(i’t)(p,q,v,r)} .

SuEEIX
The supply correspondence for industry j 1is nj , where for
CE

pE€R,” and 8 €0, nj(p,e) is the set of solutions of the problem

max{pe+y|y € Yj(e)} .
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Eauilibrium
Ldunoerin o

\(1 T L(i,:) hfi,tJ’ a(i,t)),

]

An equilibrium consists of {{y;), (
(r,a,v,7)} such that

x(l’t}, L(l’t), h(l’t], a(l’t))} is a feasible allocation,

1) tt}j), (
2 (p,q,v}) is a price systen,

3) t is a tax syvsten,

4) 1f any good or security is in excess supply, its price is :zero,

5 ijt(Eﬁ} = 'tht(it]hj , fer all i, t and £e o
- . a = = VY 2 - e
6) )jmt(:vt] h1mt(2t)}jrrt(§ntJ » where \jmt(-:-:) € ﬂjfpt(,;,t), ':’[) ’

. » with equality
8) (x(l’t), L(l’t) h(l’t) a(l’t)) € 5{1'1)(p,q,v,t, , for almost

every i and all t

Nothing yet has been said about equilibrium in the market for govern-

ment bonds or about the monev supply.

The Money Supply

The appropriate definition of money supply seems to be after tax
money supply. The after tax money supply cf consumer (i,t) at the

s) = u{E:t) s )

_ : : (i,1)
beginning of period t is M (8 ton-18ten-17 201

tﬂ'} et +0’

(w(l t)(a nt 3 J, 8.. )Y . The aggregate money supply in period

t+n A~ ~t+n
Tt is
K-1 .1
Y A(i,t-n) .
(2.11) M (g) = nZO Jos[w (8> iﬂjfgmldl .

2|

Because government debt is repaid every period, M represents the

government's entire liability, including debt.



The Marginal Utility of Expenditure

Policy intervention uses the aggregate marginal utility of expen-

CE c

diture as an index of the price level. Given p € R;” and x € R+c

3

the marginal utility of expenditure of an individual of type 1 is

su. (x,8,s)
o, (p,X,6,5) = max p. ———— ,
1 ke, 9%,

assuming that the derivative exists. In an equilibrium

((Yj), fX(i't); L[i’t), h(i’t), a(i’t}), (p,a,v,t)} , the marginal

utility of expenditure of consumer (i,t) in period t+n is

(i,t) - . Ai,t) ¢
“ten (x¢+n’ Eﬂ) ai(ptm(:-'t*-n)’ *ten (Zt+n’ En)’ et+n’ En) - The

aggregate marginal utility of expenditure is

(2.12) w.(9,) = I\il 1f-:[ (1,t-n) (s | s y]p Jai
RO -7 120 Jo “r ! Anl 1% .

Types of Equilibrium

let @ >0 and Q be such that 0 <Q <1 . An (a,Q) controlled
equilibrium is an equilibrium such that ct(gt) =g and qgtch] =Q,
for all t and Et . That is, the aggregate marginal utility of ex-
penditure is always a and the price of government bonds is always
Q . The government is assumed to provide in each period t and state

i oy i ine

2{ the quantity hgt(gm) of government bonds demanded. One can imagl
that the tax system is chosen so as to achieve at(§¢) = o ., In this
equilibrium, the money supply fluctuates freely in response to changes

in tax collections and the demand for government debt,

A (G,M) balanced budget equilibrium is an equilibrium such that

M

= " = >O'
. Em) M and hgt(g{) G, forall t and &  where M>G2
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That is, the government debt and money supply are fixed at G and
M, respectively. It follows that the government's budget always
balances.

Other kinds of equilibria exist. One can fix the tax system anc
money supply and allow governrent debt to vary, or one could fix the
tax svstem and allow the money supply to vary, One cannot fix all
three independently, of course. One can define equilibria without in-

NeR)

surance simply by excluding the symbols and vV, evervwhere

above.

3. Assumptions

Assumptions about Utility

Ce

+

(3.1} For all i, ¢ and s , the function ui(-,e,s) : R~ =K

is continuously differentiable, strictly increasing and concavs.

aui(x,e,s)

(3.2) There is u > 0 such that u, forall i,

“x

HA

k, x, 8 and s .

Bui(x,e,s)

i

(3.3) There is u > 0 such that

Hv

u, forall i, %k,

8 and s and for x such that x, 8 1, forall n.
. 3ui(x,e,s) __aui(x,e,s)
(3.4) There is a number M5 > 0 such that < MS
axk = axn

forall i, k¥, n, 8, s and x.

This assumption says that marginal rates of substitution are uniformly

bounded.
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Assumptions about Production

Associated with each technology j there are sets C; <« C and

C; c CP . Industry j wuses the goods in C} as inputs and produces

goods in C] . Let X; = {y €R |y s0ifk €C]andy

. . +
k20 if k € Cj

and y, =0 otherwisel} .,

(5.5) There is gj(-,s) : xj ~ R such that Yj(E) = {y € legj(y,ej <0},

I remind the reader that in the discussions of eguilibrium, Yi(e)

should be thought of as a subset of RCE .

(3.6) For all j and & , gi(-,s) : xj -+ R is continucusly differ-

Egj(y,e)

2 Ll

entiable and convex. Also, for all k and ¥ =T

nv
L)

k

for k with strict inequality for some k . Finally,

gj(o,e; =0, forall j and & (so that 0 € Yj(s) Y

(3.7) There is B > 0 such that for all j and € and all y € Yj(e),

yy <B, forall k€ c; . Also, if k € c; , then

-——3§;-— = 0 whenever Yg 2 -B .
__ ag. (y,8) __2g.(y,8)
(3.8) There is a number MP > 1 such that —JTy-— < I\IP—%—— s
k n

for all j and 6 , forall y € Yj[e) and for all n € C;

and k € C. .
J

That is, marginal products are uniformly bounded.

C
(3.9) K. ER W , for all j .
jo T ’
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That 1is, the only investment goods are kinds of labor.

(3.10) Kj >0, for all j

Measurabilitv Assumptions

e

aui(x,e,s)
#%

for all 6, s and k.

(3.11) The function is jointly measurable in 1 and «x

5.12) The functions k(i) , =, (s) , wibo®)  pthe) 0,00
in 0 g0 ind
aél’t)(sl) , and Mél’t} are all measurable with respect to

Other Assumptions

(3.13) N> 2,
That is, people live more than two periods.

(3.14) miV(S) =0, forall i and s .

That is, people don't work in the last period of life.

N-1

(3.15) The stochastic processes (sél’t))n=0

and (Bt)t=1 are all
. (i,t).k-1
mutually independent., The processes (sn )n=0 are all

identically distributed as (sn)g;é

(3.16) There is n > 0 such that for all t and 8, > Prob[9t+1|§¢] > n

whenever PrOb[et+1IE¢] >0 .

Without loss of generality, it may be assumed that for all n and 50

Prob[sn+1|§ﬂ] > n whenever Prob[sn+ll§n] >0 .

i

]



{3.17) Good 1 belongs to Cw n Cc and is not used as an input by anv
industry (that is, 1 € CE and Kjl =0, forall j). Also,
mes{i € [0,1]]|k(i) = 1} >0, where mes denotes Lebesgue meas.
ure. Finally, there is w > 0 such that E[uin(sn)] >w , for

all i such that k(i) =1 and for n < N-1 .

Good 1 may be thought of as domestic help. This assumption guarantees

a minimum level of ecomomic activity.

- . (i,t) (i,t) (i,t) W1,
(5.18) Tne functions h 0 s hjmo » 8 (el) and M
are uniformly bounded and Eb(él) =0, forall 51 . Also

(i,10) (i,1) -
35 (el) * MO >0, for all i, t and 61 .
4. Theorems

I prove the existence of two of the szveral types of equilibria

possible. Assume that assumptions (3.1)-(3.18) apply.

(4.1) Theorem. For every o« > 0 and every Q such that 0 <Qgs1,

there exists an («,Q) controlled equilibrium with no insurance.

1 . .
Assume now that J (Mél’N'z) + aél’N'z)(el))di >0 and
0

Lo(,8-3) , (1,8-3)
(M:? + a:’’ (8,))di > 0 , for every 6, .
0 0 0 1 1

(4.2) Theorem. For every G and M such that M > G > 0, there

is a (G,M) balanced budget equilibrium,

After having read the proofs of these theorems, one will be able
to see how to prove the existence of an (a,Q) controlled equilibrium

with insurance and 1 (G,M} balanced budget equilibrium without
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insurance. One will also see how to prove the existence of a controlled
equilibrium where instead of keeping “t(ét) constant, one fixes a

. . - . -1 -
consumer price index of the form [ J X (3017 P (8.) X, (

k€C
c

2.

)

In an (a,Q)-controlled equilibrium, the control of interest rates
becomes ineffective if no one buys government bonds. I include no con-
dition which guarantees that bonds are held. One can, however, manipu-
late the tax system so as to create as large a demand as one likes for
assets. One simply gives a large subsidy to voung consumers which is

taxed away later in life--a kind of reverse social security svsten.

5. Indeterminacy

The use of the word "controlled" in the definition of an (a,q)
controlled equilibrium is somewhat deceptive, for the equilibrium may
not be determinate. In that equilibrium, the.government Pegs the interest
rate on bonds and announces and institutes a certain tax system. There
may be many equilibria corresponding to these choices. The work of
Geanakoplos and Polemarchakis (1983) and Kehoe and Levine {1982) makes
clear why this is so. In the simplest overlapping generations model,
there may exist a continuum of equilibria, even if we exclude inflation-
ary equilibria. Thus, the government cannot be sure that the outcome
of its policy will be the desiréd equilibrium,

In the model of this paper, it is possible to exclude inflationary
equilibria by placing an upper bound on the money supply. The argument
is simple. Assumption (3.17) puts a lower bound on the level of economic
activity, and the Clower constraint says that a certain level of real
balances is needed to support this activity. In the equilibrium of

Theorem 4.1, the money supply is in fact bounded.



6. Why Stabilize the Real Interest Rate?

I now indicate why it is that one needs a social welfare function
to justify interest rate stabilization in the model of this paper,
Consider a Diamond (1965) overlapping generations model in which people
live two periods. One person is born each period. There are two com-
modities, labor and a produced good. Each consumer has an endowment

of Li units of labor in the ith period of 1ife. Each has a utiliry

function u(xl, X.) , where X5 i1s consumption of produced good in

the ith period of life. The production function is L f(Kt_l, Lt)’
where Ye is output in period t , Kt-l 1s output set aside as capital
in period t-1 and L. is labor used in period t . Assume that f

is homogeneous of degree one. Consumers can hold capital goods or govern-

ment debt as assets. The debt held from period t to t+1 earns in-

terest at real interest rate T, . Government debt and. r, may be

negative. Let the numeraire in each period be the produced good in that
period. Suppose that there is a lump-sum tax of T, paid by everyvone
in period t . The budget constraint of a consumer born in period t

. -1 - -1 -

1s X, * xtz(l +rt) < thl - Tt (1 +rt) (wt+1L2 -Tt+1) , where

X4 is consumption of produced good in the ith period of 1life and

W, 1s the wage in period t . The technology is operated so as to

maximize f(Kt_l, Lt) - (1 +rt)Kt_1 - w.lL for every t .

Ye

If appropriate regularity restrictions are made, then every equi-

t ]

librium of this economy is Pareto optimal provided

o T ‘1
(6.1) 0 < ) T (ler) " <o,
t=1 n=1

The equilibrium allocation simply maximizes the social welfare function.



« t-] -1
(6.2) ] o (1+r)) Tulx

y X o)+ u({Xq,, Xoa) s
£21 n-l tl’ el 01’ "0

where x61 is given as an initial condition. In fact, condition (6.1)
is stronger than necessary. (See Balasko and Shell (1980).) The above
is a version of the first welfare theorem of equilibrium theory. A
version of the second also applies. Let the interest rates T, be
prescribed so that (6.1) is valid. There is a feasible allocation maxi-
mizing (6.2), and one may choose the taxes T, So that the maximizing
allocation is the allocation of an equilibrium with these taxes and the
interest rates <, and with the price of the consumption good alwayvs
equal to one. One may renormalize prices so that interest rates are
always non-negative. Tne taxes pay the interest on the government debt,
They may be negative just as may be the government debt. Negative debt
corresponds to lending by the government to consumers., The tax T, is
chosen so as to balance the budget of the consumer born at time t-1 .
A version of the second welfare theorem is in Diamond (1973). Another
version is proved in Balasko and Shell (1980). The theorem holds in
great generality, with many commodities, people living many periods,
and so on.

Thus, Pareto optimality puts no practical restriction on the Teal
interest rates T, . Periods of inflation (rt < 0) may alternate

with periods of deflation (rt > 0) , or the capital stock may be driven

to zero (lim r, = ») , In either of these cases, equilibrium would

tox
be Pareto optimal.

These two welfare theorems may be interpreted just as are the usual

welfare theorems. Thinking of the first theorem, we can assert that



there is no such thing as a just interest rate. We have only equilib-
rium interest rates. Thinking of the second theorem, we can assert
that if other considerations tell us what real interest rates we want,
then these rates can be engineered by appropriate choices of taxes and
subsidies. The distribution of welfare among generations is just as
subject to manipulation as is that among contemporaries. Since the
real interest rate determines the rate of economic growth and the wel-
fare of future generations, it seems quite appropriate to think of it
as an object of policy.

Theorem 4.1 is of interest only if one adopts the view expressed
by the second welfare theorem. The point of view expressed by the first
theorem is, of course, equally valid. It has found expression in the
literature, as in Sargent and Wallace (1982).

There is no reason that a social welfare function should specify
constant interest rates, as I have done in Theorem 4.1. Interest rates
were made constant there simply for economy of exposition.

If consumers were immortal, the situation would be different.

For instance, if a2ll consumers discounted future utility ar rate o ,
then p would be the matural target real interest rate. With restric-
tions on borrowing, the equilibrium real interest rate could be less
than p , but can be greater than p only temporarily. An appropriate
policy prescription in this case would be to drive real interest rates

as high as possible.



- The Possibility of Trade Fluctuations

Examples of trade fluctuations in models like that of this paper
have been provided by Scheinkman and Weiss (1983) and Grandment (1983).
Grandmont demonstrates that cyclic fluctuations can occur in the simp-
lest Samuelson consumption loan model, provided the utility function has
special properties. The fluctuations in the model of Scheinkman and
weiss are similar to the trade fluctuations mentioned in-the introduc-
tion, which would be generated by changes in taste and unemployment.
Scheinkman and Weiss consider an economy with two immortal consumers
who use labor to produce a single consumption good. Labor is the only
input in production. Labor itself causes disutility. At any time only
one worker can work, and the ability to work passes from one to the
other randomlv. The person who works accumulates money to be spent
when he is unemployed. Since he discounts future utility, there is
a limit to how much money he is willing to accumulate. As he reaches
this limit, he consumes more and works less. Thus, the output of the
economy depends on the distribution of wealth among the two consumers.

1 have not included a disutility of work and prefer to think in
terms of fluctuations in output as being caused by fluctuations in in-
vestment due to changes in real interest rates. By including investment
in the model of Scheinkman and Weiss, one can obtain such fluctuations.
Imagine that time is discrete and that every. nth period the ability
to work passes from one consumer to the other, 1Imagine for the moment
that there is no investment, but that goods are produced directly from
labor, as in Scheinkman and Weiss. Finally, imagine that the model
is otherwise as in Section 2 above, with a Clower payments lag. Then,

it is easy to see that there is a cyclic equilibrium with period 2n .
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Let p be the price of the consumption good in the perioed in which
one of the workers first gets paid after a period of unemployment.

The price of the consumption good will be 6kp in the kth

period
thereafter, for k =1, ..., n-1 , provided & is sufficiently close
to one, where & 1is the discount factor applied to the future utility,
If there is no disutility of labor, output remains constant. Imagine
now that one introduces a little bit of investment. Then, the prices
of the cyclic equilibrium will be nearly the same as before, and invest-
ment would jump upward during the periods of inflation (when the price
jumps from 6n_1p- to p ). A specific example of this kind is given
in the appendix (example A,1).

One might well ask why on earth labor endowments should ever fluc-
tuate as in the example., However, the example can be modified so as
to rteflect a story cleser to that involving changes in consumer tastes
which was told in the introduction. Let there be four produced goods
and suppose that consumer 1 is in the industry producing goods 1 and 2
and that consumer 2 is in the industry producing goods 3 and 4, Sup-
pose that consumer demand is such that the following are true: goodl
is demanded in periods d4kn+l, 4kn+2, ..., (4k+2)n ; good 2 is demanded
in periods (4k+2)n+l, ..., 4(k+1)n ; good 3 is demanded in periods
(4k+1)n+1, ..., (4k+3)n ; and good 4 is demanded in periods
(4k+3)n+l, ..., (4k+5)n ; for k any integer. Suppose also that it
takes n periods for a worker to switch from the production of one
good to that of another. Then, a pattern of employment will result
much like that previocusly described,

The secondary effects of unemployment would be reduced by the in-

surance defined in Section 2. However, even perfect insurance could
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not eliminate fluctuations in real interest rates. In order to see that
this is so, it is sufficient to realize that in the model of this paper
the real interest rate depends on all the elements of the economy, If
any of these change, the interest rate may also change. An example of
this sort is given in the apvendix (example A.2). There a change in a

production function causes a change in the interest rate.

§. Inside Monev

It is possible to include in the model a distinction between inside
and outside money. Inside money is created by borrowing by individuals,
Outside money is an obligation of the government.

The number Et[§¢’6t+1) , defined by equation (2.7), is the aggre-

gate indebtedness of individuals in period t and event £ for period

t+l and state (8., 9.,1) + In Theorem 4.2, the at(gm, 8,,.:) were

t+l
all required to be zero. Now let there be numbers At(gt) <0, for
each t and 8, and recuire that at[Et’ et+1) = At(2¢) , for all

t, & and 6.,1 + Then, the aggregate borrowing of individuals in

period t and event 2¢ is 'At(2¢} Z vt(e , B
t+]

t+1) . Define this

quantity to be the quantity of inside monev in period t and event

8, » and call it Mi(ﬂt) . Outside money is defined to be

MS(E{) = ﬁngt) - Mi(ﬁt) , Wwhere ﬁA(gt) is defined by equation (2.11).
In interpreting inside money, one may think of the government as

owning the banking system. Think of banks as making non-contingent

~ loans each period to be repaid at the end of the beginning of the fol-

lowing period. The aggregate value of the loans is the quantity of inside

money. The rate of interest paid on loans in period t and event 8
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is [} v (8., st+1)]'1 -1.
t+l

Since the government owns the banking syvstem, the interest on loans
is its revenue. The government's budget is balanced when tax collectiong
at the beginning of period t equal interest paid on government debt
minus that earned on bank loans during the previous period. If the
government's budget is alwavs in balance, then the quantity of outside
money remains constant. (Recall that because government debt is repaid
every period, Ei includes government debt.) However, the quantity of
inside money can fluctuate, so that a balanced budget may call for fluc-
tuating taxes. The taxes may, in fact, be negative. That is, subsidies
may be called for.

The quantity of outsiﬁe money mav also be negative. Negative out-
side money may be interpreted as demand deposits with the banking svstem
held by the government.

An increase in outside money at the expense of inside money increases
the taxes of a balanced budget and, in simple examples, it raises interest
rates. Interest rates increase because the supply of loans decreases.
Thus, inside and outside money seem to be separate instruments of mone-
tary policy. However, it is not always possible for the government to
control the quantities of both inside and outside money, for the simple
reason that if enough deflation were to occur people might not be willing
to borrow at all, even if the interest were zero, as is shown by example
A.3 of the appendix. In order to control inside money, it would be
necessary to use fiscal policy to prevent deflation.

Sargent and Wallace (1982) have'argued that the level of inside
monéy should not be controlled at all. They give an example of an over-

lapping generations model in which the real rate of interest and borrowind
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fluctuate widely and nevertheless equilibrium is Pareto optimal. They
argue that the aggregate borrowing should be determined by market forces
alone.4

If banks may not payv interest on loans, then competition among
banks would reduce the nominal interest rate to zero, or to a level
which just covered the cost of doing business. This is what occurs in
the paper of Sargent and Wallace, If banks are allowed to pay interest
on money, then there seems to be a problenm of indeterminacy of equilib-
rium. Example A.4 in the appendix shows why. I do not know how general

this indeterminacy may be.

g, Consumer Durables

It is easy to include consumer duratles in the model., These would
be goods which could be bought by corsumers only in discrete quantities.
Also, they would have a lifetime of more than one period and holders
of a durable good would derive utility from its services. It would be
necessary to include a market for each consumer good of each age. Be-
cause there is a continuum of consumers, the discreteness of purchases
of durables does not cause a discontinuity in aggregate demand. I have
reluctantly excluded durables from the model in order to save space
and reduce notation. The advantage of including durables is that one
can make quite convincing examples in which changes in taste for dur-
ables lead to temporary defiation. It is natural to suppose that if
such a change of taste occurred, then pEOple would save money in order
to buy new durables corresponding to their new tastes when these new

durables became available,
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10. An Asset Pricing Formula

Suppose that there is insurance of the aggregate events £
Let qt(E{) be the equilibrium price of any security in period t ang
let Qt+1(§¢+l) be the total return of the same security in period

t+] (that is, principal plus interest on price plus dividend). Then,

I

-~
-

~

(6. 1) qttgc) © ic’ et+1)Qt+1(it’ 6t+1) , with equality if a

positive quantity of the asset is held,

where v ) is the eguilibrium insurance premium. A simple arbi-

(g
T+l
trage argument demonstrates this inequality. It follows that in equi-
librium all consunmers are indifferent between holding securities or
buying insurance.

If there is no insurance of aggregate insurance, then there is

no equation relating an asset's price to its total returns.

11. Transactions Costs in Financial Assets

It would be desirable from the point of view of realism to include
transactions costs in security trades., Doing so would give a Baumol-
Tobin motive for holding money. However, such transaction costs intro-
duce-a discontinuity into consumer demand functions, as the example
below shows. Thus, equilibrium may not exist. In order that the dis-
continuity in individual demand not appear as a discontinuity in aggre-
gate demand, it would be necessary that only a set of consumers of
measure zero have a discontinuity at any given vector of values for
prices and taxes. In order to prove a result of this kind, it would

be necessary that the individual random variables S.p Vvary over
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continuum.

Example. A single consumer lives two periods. He buvs one can-
sumption good., His utility function is log(x1 +1) + log(.\'2 +1) 3
where X, is consumption in period t . He can hold money or a single
security. He holds one unit of each at the end of period zero anc has
no other source of income or wealth. One unit of the security heid at
the beginning of period one yields a dividend of one at _the end o<
period one, The consumer must payv a tax of one half of his weal~> z=
the beginning of period one, The price of the consumption good iz ane
in each period. That of the security is a in each period. Eaz:-

transaction in the secutity costs one unit of monevy. The tax basz

wealth net of transaction costs.

If q g1, the consumer prefers to sell his security in peizg

R

2 and his consumotion is X, = 19 X=¢q. If g>1, hei: forced

to sell in period 1 and his consumption is X = X, = %q . Hencz, Zemand

-~
o b

is discontinuous at q = 1 . More precisely, the demand correspiziznce

is not upper semi-continuous.

12, The Clower Constraint

The model of Section 2 is asymmetric in that the Clower payne~=

lag applies to payments of income but not to the sale of securitiz:

-l

The proceeds from sales of assets may be spent immediately.
The Clower constraint has been restricted in order to reduce =--

tation ‘and the complexity of the arguments. Theorems 4.1 and 4,7 -==zin

-

valid if the Clower constraint is extended to transactions ip gs=.— -

ties. However, the asset pricing formula (10.1) must be replac=<

two inequalities,
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Extending the Clower constraint to transactions in securities woulg
increase the demand for money and make it possible to have a more in-
teresting demand for money in examples. For instance, the demand for
money would depend on the volume of transactions in securities.

The Clower lag would also be extended to borrowing and sales of
insurance, However, doing so would require major changes in the model,

Loans or insurance contracts would have to be for at least two periods.

15. Critique of Assumptions

The Nature of Firms

As was pointed out in the introduction, firms and technologies
are described in such a way that firms cannot affect the temporal or
stochastic distribution of their profits. This was done so that con-
sumers facing uninsurable risk could agree on the objective of their

firms.

Bounds on Relative Prices

Assumptions 3.4, 3.8 and 3.9 put bounds on relative prices. As-
sumptions 3.4 and 3.9 are especially restrictive. A similar restric-
tion is that there is no durable productive asset, such as land, in
the model,

These restrictions could be dropped if one knew that there was &
positive lower bound on the amount of any good that could be produced
in any period. This is the so-called interiority property. In turn-
pike theory, it is common practice to assume that optimal paths have
this property. The property seems plausible, but conditions guarantee-
ing it are so complicated that one usually just assumes it, However,

one can hardly assume interiority when proving th .aistence of equilibrhm'
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The Lower Bound on Economic Activity

i

Assumption 3.17 guarantees a minimum level of economic activity,
gome such assumption is always needed in ecuilibrium existence theorems.
In the case of the model of this paper, it is easy to make up examples
in which no ecenomic activity is possible in equilibrium. Think of an
overlapping generations model in which there is ne production without
capital and in which consumers earn all their wage income im the last
period of 1ife. Then, unless one allows borrowing, no one would be able

to buy any capital and so there would be no production.

Individual Uncertainty

One might ask why individual uncertainty was included in the model.
It is not necessary for the existence of equilibrium. I included this
extra bit of generality both because I believe that individual uncer-
tainty is important in reality and because iirdividual uncertainty is

useful in making up illustrative examples,

Continuum of Tndividuals

The continuum of individuals was included so that individual un-
certainty would not cause random fluctuations in prices. It also enables
one to include discrete individual actions involving unemployment or

durable goods,

Minor Restrictions

A number of minor restrictions have been made simply to economize
netation. For instance, utility functions could be more general and

there could be disutility for labor.
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Fixed Lifetimes

It should be possible to generali:ze Theorems 4.1 and 4.2 to a model
in which lifetimes are random. However, it might be difficult to do
so, In proving the theorems, I fredquently use the fact that people

consume all their wealth in the last period of life.

Major Implicit Restrictions

Two very important assumptions underlie the whole medel. These
are that expectations are rational and that information about aggregate
uncertainty is fully symmetric. Clearly, these assumptions do not applﬁ
strictly in reality. But they still may give a useful approximation

of reality.

14, Proof of Theorem 4.1

The rough plan of the proof is as follows. I truncate the hori-
zon so that the model has only finitely many periods. I fix the price
of government bonds at Q . A fixed point argument proves the existence
of an equilibrium for the truncated model. I calculate upper and lower
bounds for the prices and then allow the horizon to go to infinity.

A compactness or Cantor diagonal argument yields an equilibrium in the
1imit., The same plan has been used before in proving existence of
equilibrium in infinite horizon models. See, for instance Bewley (1980),
Balasko and Shell (1980}, Balasko, Cass and Shell (1980), or Wilson (1981).

Without loss of generality, I may assume that o = 1 , where &
is as in the definition of an (2,Q) controlled equilibrium.

The argument is broken up into a number of steps.



step 1:  Truncation

1 do not go through this in detail. Let T > 3 and imagine that
all economic activity stops after period T . A T-period equilibrium

is defined in the obvious way,

Step 2: List of Bounds

In applyving a fixed point argument, a number of bounds are used.

These are listed here in order to show that the proof is not ¢ircular.

(4.1) H 1is any number greater than 1 such that for each i =1, ...,J,

HKjk > N-1, for some k.

By assumption 3.10, H exists.
Let B be as in assumption 3.7 and let ?j[e) = {v E Yj(e)ilyk\ < B,
for all k} . Let ﬁj(p,e) be the set of solutions of max{p-y|y € fj(e)}

By assumption 3.7, ﬁj(p,e) c nj(p,e) , forall j and € .

J
(4.2) b = max(AB( | X.} + 1, X+1)
j=1 7
(4.3) p=NES)U + 1,
where U is as in assumption 3.2 and M5 is as in assumption 3.4.
_ el
(4.4) pp =1 + (1 +MP) P,

where MP > 1 is as in assumption 3.8, Cp is the cardinality of

P
N
w
p
o
n

-1y -
(1 + max{thjklj =1, ...,J and Kjk > 0})[Cp[Bpp .
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aui(x,e,s)
Let e. = inf{———:——————
! k

~ k € Cc, t€¢g, s €S8, and 0 <X, S 4|cc|b

for all n € Cc} . By assumptions 3.1 and 5.11, €, is positive for

all i and measurable. Let e > 0 be such that mes{ilei > 2} > 3

4
where mes denotes Lebesgue measure.

(4.6) p-= %min(g,g) )

L
.

where u 1is as in assumption 3.

(4.7)

o

=1 + Bﬁplcplma}x N,
P

where B is as in assumption 3.7 and 55 is as in (14.4)

(14.8) L, = w mes{i[k(i) =1} >0,

where w 1is as in assumption 3.17. That assumption implies that L1 >0,
(14,9) R 1is any positive number less than E_min(Ll(N-l), 1} ,
where p is as in (14.6) and N 1is the lifetime of consumers.

Step 3: Tax Functions

I define tax functions depending on a parameter ¢, If c 20,
let t(W,c) =c¢. If c2>0, let t(W,c) = c¥ . The parameter ¢

will vary over ([c,1] , where

(14.10) ¢ = -p|C b + 1,

where b and p are defined in (14.2) and (14.3), respectively.
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Step 4: The Fixed Point Argument

Let q be any small nurber less than q , where q is as in

CE : -
(1.7} Let & = {(p,q,e){p € R, , p 2p, if KEC, p 5P, for

g p
all K € Co, py 57, for k € Cu a = (ay, (qjm)j=l’“_,_j;m=0,l,...,Nj)’

g = Qs a5 = max(g, PeK:), all j, a5 aq < q, for all j and m, and

jm
cgc g1, where p is as in (14.4), p is as in (14.6), and ¢

. T _ T 2

as in (14.10). let Ag- {p, (8, a, (8, ct(gt))t=1l(r>t(;_,t), q,.(g,),
. : T -

. (g € Ly for all t and g} . To each (p,a,7) € ﬁg_’ there cor-

responds a T-period price and tax svstem (p, g, t{c)) , where

TV 8 = (W, e (g )

If (p,q,c) € A; , let ET(i’t)(p, g, t{c)) be the demand of
consumer (i,t) in the T-period economy. Since the prices of assets
and consumption goods are bounded away from zero, g5t pas closed
T(i,t)

graph and (p, g, 7(¢)) 1is always non-empty. Since the asset

prices and subsidies are bounded, the graph of ET(l’t) is bounded

uniformly in i and t , Here, use is made of assumption 3.18., The

proofs of these key facts are routine,
Let

e Y6, 0,10 - {(x,L,h,u) x,L,h) € 61, g, 7(e))

and @ = (o t+n("t+n’ $q0) » where at+n(21+n’ Eﬂ) 3
= max p-1 (e )au t Xten@eanr 20)r Opan sn)}
o % '
éti,t)

will also be referred to as a demand correspondence, even though
o . a(1,t)
one of the components is the marginal utility of expenditure. E( ’

1s again non-empty valued and has a closed graph which is bounded uniformly
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in 1 . Assumption 3.12 implies that E(l’t)(p, q, t(¢))} has measur-

able graph as a correspondence of i , p, q and c¢ . Hence,

E(l’t)(p, g, t(c)) has a measurable selection

(x(i’t), L(i’t], h(i’t), a(i’t)) . (See Hildenbrand (1974}, p. 34,

Theorem 1.) Choose such a selection for each t . Let xt(Em) s Ltqk)'

_3mt(e ) , and E;(§¢) be the corresponding aggregates defined by

equations (2.3), (2.4), (2.68), and (2.12). Next, let
hOjt(Et) = min(H, Hbjt(gi)) , where H is defined bv equation (1.1},

and denote E'Otfém) by (u ) again, Finally, let

JOt

(e } = (hjm(u )) J,m=0,1,. ’xj and let {x,L,h,a)
- - N
= (%, (&), L (&), b (B, o (8 Aggregate demand is
t(p, q, t(c)) = {(x,L,h,a) ! (X,L,h,s) is obtained as above from measur-

able selections from the correspondences E(i’t)(p, q, t(c})} . Since
the measure space of all consumers is atomless, & is convex valued.
(See Hildenbrand (1974), p. 62, Theorem 3.) Since the E(i’t) are
uniformly bounded, the graph of the correspondence ¢ is bounded.
Since the correspondences E(i’t) have closed graph and are uniformly
bounded, & is compact valued and has closed graph. (See Hildenbrand

(1974), p. 73, propositions 7 and 8,)

Next, let Z(p,q,c) = {(z, h, o) = (z,(8,), 8h (8,), ﬁt(§¢))I=1l

there is (X,I,h,q) € (P, G, t(c)) and for each j, t and Em’ there is

?;(2¢) € ﬁ-(pt(s ), 8 ) such that the following are true:

1) 208 = X (80) + ) Kige (8K, = T, (8, ) ZJh RIARY
T~ zl jot et 3 521 m=1 jmt At
2) ahy(8,) = (8hy (8.3 = (Ay oy o (&) - Hj,m,t-l(fi-t-l))jﬂ,...,J,m=0,-"

and 3) ¢ = E} . (The svrbol ﬁj(p,e) was defined just before equation

(14.2).) Z again is non-empty and convex values and has bounded and
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T - . . : .
closed graph on 5,.( Z is convex-valued in spite of the product

H
-t

hy , which appears above, In order to see why, notice that if

0<y<l, h >0, hy>0 and y, and y, are veciors, then

vhyyy + (1-vh,yy = (vhy + (1-v)h,) [vh, (vhy +(1‘Y)h2)-1)
+ (1=9)h,(vhy + (1-¥)hy) "lyo] )

Z maps into a Euclidean space. Let K be a compact convex set

T
. Llet F: Az x k-4l x K

— -

be defined to be F(p, q,c¢; z, &k, a) = {u(p, @, c; =, 8h, a)> x Z(p,q,c) ,

in tnhis space containing the range of

where ¢ 1is defined as follows. wu(p, q,¢; z,2h, a)

= By 4,5, &, (8)) ., » where

D) Ppl8,) = min(p, max(p, p. (§,) +z,, (8)) »

) qgt(im)

Q qut(% ) = max(g, pt(Et)-K.) , for all i,

3 = 1 d

3) ﬂmh ) = min(g, max{q, qﬂm@) JmJn)n , for all i an
for m 2 1, and

4) ¢ (&) = min(c, max(l, ¢ (§) -a,(8.) +1))

F is a convex and non-empty valued correspondence with closed
graph from a compact convex set to itself., Hence, by the Kakutani fixed
point theorem, it has a fixed point. That is, there is
(p, q, ¢, z, 8h, a) € A;.x K such that (p, q, ¢, %, Ah, @)
€ F(p, q, ¢} z, AR, a) . Next, let ?jt(g¢) € ﬁj(pt(e , 8,)) and let
the measurable selections {x[i’t), L(i’t), h(i’t), u(i’t)} from
E(i’t)(p, q, 1(c)) be such that (z, Ah, a)} is obtained from them
in the manner described above. Next let ijt(Et) = min(H, F}Ot(ﬁm))Kj

- . be th
and mex(zm) Jmt(e Y. (g,) » for m>0 . Let (yJ) e the

jmt et
corresponding production allocation,
I will show that ((y)), () G0 )y g, 1))

satisfies most of the conditions of a (1,Q) controlled equilibrium for
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the T-period economy. Specifically, it satisfies all the conditions

in periods t < T-1 , except that there may be excess supplies of

stock.

Step 5: hj,m+1,t+1(§¢’ ét+1) < hjmt(gt) , forall j , m, t and

0 B -

That is, there is no excess demand for shares of stock.

The bounds on output and prices imply that the dividend fron a
share of stock ‘mav never exceed d = B]Cp]ﬁ . It now follows by back-
ward induction on the lifetime of a stock that no one would buy a stock
whose price exceeded d times the stock's lifetime. If the price
exceeded this number, money would be a better investment. But q ex-
ceeded d times the lifetime of any stock (see (14.7), and by the
definition of the fixed point map F , any stock in excess demand has
price q . Hence, one obtains a contradiction if a2 stock is in excess

demand,

Step 6: Supply is bounded by b , where b is defined by equation
(14.2).

By the construction of E , tht(Et) b H . Since stocks are never

in excess demand, Fsmx(gm) <H, for m>0. If k is any produced

N.
J f" _d
good, aggregate supply is jzl m=1hjmtk(2¢)yjmtkcgt) < Bszle <b.

If k 1is not a produced good, it is a kind of labor, and its supply
is bounded by N-1 <b . This proves Step 6.
i,t- - . ..
Let agl’ n)(e , Eﬂ) and at(ﬂm) be the individual and aggre-

gate marginal utility of expenditure corresponding to the candidate

equilibrium obtained as a fixc  -oint,
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Hh

a(

Step 7 1 ¢

e

) ;' 1 N thEn fOT k E CC ; At}\(it) = 0 whenever

-
s

ptktﬁm) > p , where D is defined by equation (14.3)

Suppose that for some t and & s Ef(ét) > 1 and that for some

k€C, , pylg)2p and xtk(gm) >0, sav for k =2 . I now show

thet p,(8,) 2 (US) , forall k€ C_, where MS is as in assump-

tion 3.4. Since xtk(im) > 0, there are (i, t-n) and N such that
(1 t-n)

X¢o (24» S,) > 0. Then, for all k€C_,
{i,t-n) .
a » v i) -
oo S A S SN G PR
Ptk ~t oX.K =t ~t? An
5 '(i,t-n) o (1!‘- ﬂ) a =3 <
- -l(ﬂ )dui(-\t (f:tt’ .-Sun):r ets sn) < -1(’ V& cul(kt (‘:‘t’ S.is Tor S0
= pt: ~t X, = pzt 2‘t > a\}\

where the second inequality holds by assumption 5.4, Therefore,
-1

P (8y) 2 p .

Because of the inequality just demonstrated, th: following is true

. ,t-
for al} (i,t-n) and S0 El n)(et gn)

-1 °ui (xil’t-n) ("e“t’ Eﬂ)’ 8
= max ptk(a ) Y
keC, "

y S) g _
L. < MSp 13 < n! , where u

is as in assumption 3.2. The last inequality follows from the choice
of p . Hence, E£(E¢) <1, contrary to hypothesis, This proves

Step 7.

Step 8: Tttgt) >¢c, forall t<T and for all & -

=c, forsome t and § . By the choice

Suppose that Ct(gt) 8.

of the fixed point function F , EE(Em) > 1 . Each person of age
N alive in period T and event B, has after tax wealth of at least

-¢ at the beginning of the period. A person of age N spends all

his after tax wealth on consumption. Since there is a mass one of
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persons of age N and each spends at least -¢ units of monev, it
follows that at least -|CC{"15 is spent in the aggregate on some goog
k. Them, X, (§) >0, sothatbyStep7, p (g) <P . Hence,
x4 (8.) 2 -ﬁ'llccl_c_ >b , by the definition of ¢ (equation (4,10)),
Hence, by Step 6, there is excess demand for good k . Therefore, by
the construction of the fixed point map F , P (&) equals P or
P, both of which exceed $ . Tnis contradiction proves Step 8.
The after tax wealth of consumer (i,t-n) in period t is

(i:t'n)

S O R T IR (SR I BT S

t ~t? ~n

The corresponding aggregate after tax wealth is

N-1 1 .
Rz = 1 | (s

t(it t (gt’ En)lgt]di :
n=0 “0
Step 9: For t < T, if ﬁ;tgt) <R, then Ek(gt) >1 , where R

is defined by equation (14.9).

- . ) i,t- : B
Suppose that R (§,) <R . Let I = {(1,t-n,sn)IR£1 “)(gt, s.) S

Then, mes Z > %N , where mes is the product of Lebesgue measure over
i , counting measure over n and the probability on Sq

Since prices of consumption goods are bounded, people always have
an incentive to earn wages (except in period T ). Since P, (8,) 2P >0,
the supply of good 1 in period t is at least (N—I)L1 , where Ll is
defined by equation (14.8)}. The demand for good 1 in period t and

. -1 = -1 )

event 8, is at most ptl(gt)Rt(Em) <p R« Ll(N-l) , Where the last
inequality follows from equation (14.9). Therefore, there is an excess
supply of good 1 and Pttgt) =P -
(i,t-n)
tk

If (i, t-n, 5) €Z, then x (8> 55) s 22 N7R

for all k , where the last inequality is by equation (14.9). Hence,



Bui(xt(i’t'n)(ﬁ,t, s )

. . . ~n (i,t-n)
v ; = > : R - )
by assumptien 3.3, Y > u aad so N (nm’ Sq
. | " - - , .
>p u> Therefore, at(gm) >2mes Z>N>1. This proves Step 9,

Sten 10: Tt(it) <1, forall t <T and E{ .

If < (§¢) = 1, then by the definition of the fixed point map

t
F, o, (g) g1 . Butif 7.(g) =1, then R (2) = 0, so that
by the previous step, E£(§¢3 > 1, This contradiction proves Step 10,

Step 11: o_(5.) = 1

< (& , for all t < T and

;l]‘!
s

This follows immediately from Steps 8 and 10 and the nature of

the fixed point map F .
Step 12: ptk(gﬁ) >p, forall k¢ CC and for all t < T and 21 .

I will prove that if Ptk(2¢) =p, for some k€ Cc , then
E;n(gc) >b , for some n € CC . This assertion proves Step 12, for
if Eén(§¢) >b , then by Step 6, there is excess demand for good n ,

so that p_(8,) equals p or p_, both of which exceed p . Since

P
at(gt) =1, it follows from Step 7 that xtn(gm) = 0, which is a
contradiction.
Suppose that ptk(2¢) =p, for some k , say for k =2 . Let
(i,t-n) '
. Bu. (x:77 8., s.), 8., s5_)
t- t ~t t .
mél’ “)(e , En) = — sz it L . For all (i, t-n, gn) ,
{i,t-n) (i,t-n) =
Peal8p)e @ 2z my (&y» &) » sothat p =p.,(8)
= (8 )Nil lE{a(i’t'“)(e s )le _1di » Nil 1E[m(i’t_n)(a s )€, ]di
PeatRe < t ~t’ ~n’ Tt = & t ~’ Ant Yt .
n=0 ‘0 n=0 0
Hence mes{(i, t-n, Eﬂ)]mgl’t_n)(gm, §ﬂ) < 2p} 2 %—, where mes here

refers to the product of Lebesgue measure over 1 , counting measure
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on n and the probability on s . Let €5 and € be as just before

3

equation (14.6). Finally, let Z = {(i, t-n, Eﬂ)\mgl’t'n)(g‘, én) < 2p
and € 2 2e} . Then, mes Z > 1/4 , by the definition of ¢ . Since

P <g, it follows that if (i, t-n, Sn) € Z, then

Xgi’t_n)(Q{, 5o) > 4lc.db, for some k € C, . Hence, for some k ,
mes{(i, t-n, En)lxgi’t-")(ﬂm» s 4‘Cc‘b} > {4lCC|)'l . Therefore

§¥k(£¢) >b , as was to be ﬁroved. This completes the proof of Step 12,
CE
Let Zt(§¢) E R betheexcessdemandvectorforperiod t andevent
Et corresponding to the candidate equilibrium obtained from the fixed

point, The definition of zt(e ) is contained in the definition of

&

the map :(PsQ:c) .

Step 15: For all t < T and all Q{ . zt(gt) <0 and pt(ng'zt(ﬁmj =

Fix t and g, - From the previous step and the nature of the

fixed point map F , it follows that ztk(2¢] >0, forall k € Cc .
let Cy=1{k¢€ cclxtk(ﬂt) >0} . By Step 7, p,(g) <p, for

k € Co -

I now define sets of commodities Cn , for n=1, 2, ... . Sup-

post that C  has been defined, for n >0 ., Let C

v

ey = Cp U {k € CE|

for some j, ?tjk(gft) <0 and ¥,

Jtm(gt) > 0, for some m € Cn} . Since

C. =C

n nel ? for all n, it follows‘that C, = C

nop » foT m 2 |Cp| .

It follows from assumption 3.8 and by induction on n that if

. — Tl A
k € Cn , then ptk(gm) < (MP)'p . Hence, for k € C|C

|s
el .
Ptk(ﬁt) < (MP) p < min(pp, pw) . The second inequality follows from

equations (14.4) and (14.5). Hence, by the nature of the fixed point

map F , ztk(ﬁm) <0 and ptk(ﬁt)ztkﬁgtl =0, forall k€ CICPI .

v 2 k ' S -
I now show that “tk(ﬁm) <0, for €C Cﬁ\clcpl Let
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I o= {3V, L(“ } <0, for some kK € C'} , If 35 € J', then Yoo (8) < ®

jtmiAs = 0
for all m€ CIC l UC“ . Therefore, for j € J' , (~ )-\Jt 21
~ 1- .
< ke%fp‘“( WieglE) - 1f K€ and z,(2) <0, then kgcC_,

. - ¢a
since ‘tk(;c)

v

. . 1
0, for all k € Cc . Hence k € C' and ztk(gc) <0

imply ptk(ii) 0 , since zero is the lower bound for prices not in

CC . {1 have here once again used the nature of the fixed point map F .}

Hence ke%,ptk(gm):tk(it' >0 . If €1, then V@) 20, for

all] ke by the definition of J' . Therefore, far k € cr.,

n A

[ 1 - 1 a ¥ =3 ~
1€§' th( J . Finally, since ¢ € \j(-t) and

since y.t(gt) € nj(pt(ic)’ t} , 1t follows that P, (3, ) (e ) 2

for all j . Insummary, 0 < ] p (z)er. (8) < } Z P (8 )y, ()
= e [ AR JETT KeC! th e’ jrk

< - E P80z, () <0 so that Z P (5.0 L (E,) =0 . Hence,

= yepy thmti kiRl = 7 ke TR~ Tk iR

for k€

0 24y (8) 50 and p(8,)z2,(8,) =0, and so the same
statements are true for all produced goods k .

Now suppose that k € Cw"--(cc U CIC I) and that t ¢ T-2 . Then,

either ztk(§¢)

A

{0 and Ptk(ﬁm) =0 or ptk(gt) > 0 and for same
i, yjtk(ga) <0 or tht(Et)Kjk > 0 . Suppose that Ptk(Em) >0 .
If thk(2¢3 < 0, then since profits are non-negative it follows that

Jtmte }) >0, for some m € Cp » Then, by assumption 3.8,

ICplet,
Pex(Q) & Ppe) < B P P <, . Thus, 2z, () =0.

Dividends are bounded by T = le]BE - Therefore, if h., (8,) >0,

jor At

it follows that pt(gm)'Kj < Njw » S0 that ptk(e Y s J}\JT < p

{The strict inequality follows its definition of P, in (14.5}.) There-

fore, ztk(gmj = 0 in this case as well,

The case k € (Cw N CC)\C]C ] remains to be considered. Since



X € Cc , :tk(§¢) >0 . Also xtk{h{) =0, since k& CO . Hence,
if :tk(ét) >0, it follows that good Kk 1is used as an input into
production or as an investment good, and one mav repeat the argument

just made., This completes the proof of Step 13.

. H 3 o
Step 14: E&Ot(gt) <H, forall j andall t <T-2, andall &

This says that the demand for new investment equals the supply.
Recall that in defining the candidate eguilibrium, the supply of new
capital was restricted to be no more than H .

I now prove Step 14, By assumption 3.9, Kjk >0 onlv if k€ Cw s
where C . 1s the set of kinds of labor. The supply of any type of
labor is at most N-1 . Since markets for goods clear in periods before
T, JOt(' )k -1, for t <T ., By the definition of H (equa-
tion (14.1)), h (e ) <H . This completes the proof of Step 14,

joti~t

I have now shown that in periods t < T , all the conditions of

a {1,Q)-controlled equilibrium are satisfied except that there may be
excess demand for shares of stock. I now proceed to obtain some bounds

that are independent of T and g .

Step 15: For each t , there is c, < 1 such that ct(§¢) s Sy

for all §, and <c, is independent of T and q .

Let thgt) be aggregate before tax wealth at the beginning of
period t in the.T-period equilibrium. Wealth can be money or stocks.
Since government bonds are one period bonds, their value would show uP
as money at the beginning of a period. Stocks are bounded in value bY

qH
]

1t Mf—l

Y M oney
l(hj +1) . Let Mt-l(ﬁc-l) be the aggregate value of the mone)
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neld before taxes at the beginning of period t . K&_l(;{_l? can in-
crease only from interest in the government debt, from subsidies and
py the value of the excess supply of stock. The interest rate is
r=0Q -1. The value of the subsidy is bounded by -c . The value

of the excess supply of stock is bounded by qH Z(Nj +1) . Llet m
i

= Aemmg - o+ qH %(xj -1) ,

with m = Fgo + M, being given by the initial conditions of the model.

solve the difference eguation m,

Then, httiqj Lw, E H q%(xj +1) + B Lez ¢ solve  (: —ct}wt = £

wiere R 1is defined by equation (14.9). By Step 9, if ¢ [

H

227

t 3

then 'Et(im) , which is impossible. This proves Step 15.

Step 16: For everv 8 > 0 , there is an ¢ > 0 , independent of T

and g , such that for all t £ T-1 , and for all ¢

ﬁ,t Hl
i,t-n
aui(X£ ’ )(gt, 5.0 S0 Sy)
mes{(i, t-n,fﬂ)[ min =X < e} <5, where
kECc k

mes 1is the obvious measure on {0,1) x {0, ..., N-1} x {sn} .

let B> zicc\bs'l , where b is defined by equation (14.2).

C
c

+ 7

_ aui(x,e,s)
S ]

k € Cc’ xER x g B, for all n € Cc’

axk
8 €0, and s € S} +g is measurable as a function of i and is
positive, by assumptioms 3.1 and 3.11. Let e > 0 be so small that

mes{i]si < e} < B/2N . Suppose that for some t < T-1 and some 8§, ,

~t
the inequality of Step 16 were false. Then,
_— (i,t-n) "
mes{(i, t n’fn)lxtk (9 En) > B, some k} > /2 . Hence, for some
(i9t‘n)

k., mes{(i, t-n,5){x (8, 5 > B} > e(z[cc|)'1 . so that

tk
- = -1 . : . )
thtém} > Batzﬂcc\) > b . This contradicts the fact that markets
for goods clear and that no more than o of any good may be supplied.

Tais proves Step 16,
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Step 17: For every £ > 0, there is an ¢ > 0 , independent of T

»

and ¢ , such that for all t < T-1 and all £,

(i,t-n)

mes? (i, t-n, §_ﬂ)|at (g{, gﬂ) e} si.
, (i,t-n),.
It a(i’t-n)(e s ) <€ then maxdu-(xt o ) O W
? b ] -
t ~tT oAt = X axk

< max(E&, E;Js , where EE and E; are defined in equations (14.4)

and (14.5). Hence, Step 17 follows from Step 16.

Step 18: For t < T-2, there is a positive number ; < = inde-

- 3
L

pendent of T and g, such that for all

H
“jt(pt(ét)’ Et) + qj,m+1’t+1(e , Gt+1) < :tqjmt(ic) , for all j,

and & . Similarly,

S t+l €

qjl,t+l(2t’ t+l) : thjOt(Em) ’

Et and at+l

That is, there is an upper bound on rates of return on investments.

At the beginning of each period t < T-1, there is a population
of at least L, of consumers of age N-1 who have provided good 1
in the previous period and so have before tax wealth at least p .
(It is here that I use the assumption N > 2 .)

The marginal utility of money of consumer (i, t-n)- in period
t 1is denoted by lgi’t-n)(gm, En) . The marginal utility of money
may exceed the marginal utility of expectations if the person does not

consume but only saves or invests his money,

By the previous step, there is e > 0 such that for all t and

8, » mesi(i, t-n, s)|al ™ (g, s ) £ e} < 1nf2le]|s]T!, where

n 1s as in assumption 3,16.

i . . (i, t-N+2) Sy..°
Fix t <T-2 and g, . Yet I = {(i, t-N+2, 2&-2)!“5 (Et’“*
} L]

s e, .alle, and Sy

t+1? 2N-27 °n-1Y 1



[

where

-
ikl

C o wan
KEl’t +2) ig defined by equation (2.8). Then, mes I >
L

where mes here refers to the obvious measure over [0,1] x {s‘ 1}
N-

Since a person spends all his money in the last period of life,

(i,t-N+2)

t+l (Zer Brayr Sxo2r SN-1)

-1— S .
re1? 320 SN-I) <p u, where u 1s as in assump-

we have that X

i,t-N+2
£+i 1 )(Ea’ ¢

tion 3.2 and p 1is defined by equation (14.6).

Let s ()t -T. N max(@l, 7Y, 200-) 7t TNGE % (N, +1)
e Ct En—- r+l ] s t IE { J::l J i

Here E& and Et+1 are as in Step 13,

Suppose that the inequality of Step 18§ is violated at date t and
in event §, by some stock (i,m} and event Et+1 . Denote qﬁn?(ic]
by qt(:?-t) and :t(pt('e\’c)’ et) * qj,m+l,t+l(a » et+1) by
QopBer Brag) « TE m= 0 det Q& Beip) = 94y e Bee ey
Then, Q,, (%, Et+1) > tht(ET) .

If (i, t-N+2, gx_ﬂ) € 2, then
(a11) AEND e s ) > (12T, e dne

I now show that consumers in Z do not buy government bonds in

. (i,t-N+2)

period t and event § . Suppose that hgt (8> 8x.0) > 0,
for some (i, t-N+2, s nN 2) € Z . Let c+(e ) = max(0, <, (6 }} . Then,

+ (1,t~N+2)
(1 -cpy (B 0 DT BT 2 0 e 3.2 2 (-0 @ Brag)ogine

so that . S (Qgpe)'lﬁ', contrary to the definition of Py - Thus,
no bonds are bought, A fortiori, no money is held as an investment

from period t to t+l .

i, t=N+2) ,
Next, I show that xﬁ ’ (Em’ sﬁ-lJ =0, 1if

~

(i,t—N+2)(a

(i, t-N+2, SN-Z) € Z . Suppose that LN s EN-l) >0, for

some (1, t-N+2,

(i,t=N+2) . _
Sy (A¢’ 2&-2) -

_En

_2) € Z . Then, by (14.11), (1 - t+1)°t6n£

(1, M2 1
vt (Be» 200 2B U, O
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£, < (1

¢ S -E;*I)—l(ﬁgne)'lg ., contrary to the definition of e,

I now show that if a consumer in I buys a share of stock at time

t and in event 8 then the price of a share is bounded above by

“le—

a=( 'E;+1)-l(pt2ﬂs) gu . Let v be the price of the stock in
question. We know that the sum of the dividend in period t and price

in period t+1 1is bounded by g . Hence, if a consumer

- -1-—

(i, t-N+2, SN-E) € Z buys the stock, we have that v E'E ug

(i,t-N+2) - . C e o L oA
> At (Q{, EN—E) > (1 -ct+1)ctcns . This implies that v <gq ,
In period t and event £ o the consumers in I spend all their

mcney on stocks, The price of any stock they buy is at most § . The

—J
total supply of shares is at most H I (Nj +1) . Hence, they spend
=1
at most aﬁ'Z(Nj +1) on stocks. But their wealth is at least

1 — J . - . 1 -
7{1 'Ct)LIE-' By the choice of e s at g(kj +]1) < 5{1 'ct)LlR-’
so that there is an excess demand for stocks. This contradicts Step

5 and so proves Step 18.
Step 19: Allow the horizon to go to infinity.

Fix q >0 . For each T, let ((y?), () T, ) T,y
(pT, qT, T(CT)}) be a T-period equilibrium as obtained by the fixed
point argument of Step 4. The vectors ??t(gt) , EE(Et) , If(gt) ,
Ef(g¢) . P¥(2¢) s qz(gm} and the numbef CI(EQ) corresponding to
these equilibria are bounded for each 1t . Hence, by a Cantor diagonal
argument, one may obtain limit vectors and numbers corrésponding to
T = » . Denote them as above but without the superscript T . By the
generalized Fatou's lemma, there exist {x(i’t), L(i't), h(i’t))
€ E(i’t)(p, g, t{c)) , which are measurable with respect to i and

such that the corresponding aggregat , are (x, L

e ht} . (See



55

Hildenbrand (19 ), p. 73, prorvosition 8.) Then,

(G, (D, L8 T

, (p, g, t(c)) satisfies all the con-
ditions of a (i,Q)-controlled ecuilibrium except that there may be ex-
cess supply for shares of stock. Also, all share prices are at least
g and the rate of return from buving a stock in period t and holding
it one periocd does not exceed €y -1,

Since the arguments proving these facts are standard, I do not

give details.
Step 20: Allow g to go to zere.

Once again, I apply a Cantor diagonal argument. Since the rates
of return on stocks and wages are bounded, the wealths of individuals
at any fixed time are bounded. Hence, purchases of goods are bounded
If the price of a stock converges tc zero as ¢ goes to zero, an in-
dividual's purchases of it may diverge to infinity. However, the aggre-
gate purchases are bounded by H . Since the Cantor diagonal argument
is applied only to aggregates and prices and input-output vectors, this

argument may be carried out, Let the limit objects be denoted

Time @) » B@) » L) » Blg) s Prg) » au(g) » and c (g
Call this the limit array.

I now cannot apply at once the generalized Fatou's lemma, for the
individual demand correspondences are discontinuous at stock prices
equal to zero. However, it is possible to take advantage of the bound
on aggregate demands for stocks in order to pass from the aggregate
limit demands to individual demands.

First of all, I modify the limit aggregate holdings of stock,

h. (8 ), by setting R

jme = (&) = 0 3 ayp (8] = 0. Call these
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modified holdings hjmt(i:) again,
Observe that because of the bounds P, -1 on rates of return,
if a stock ever has price cero in the limit array, then it has price
zero and earns no dividend in all the succeeding periods and events,
Now fix attention on one generation, say on that born in period
one. For simplicity, suppose that only one stock has price zero during
their lifetime and that there is a single initial date and event, t
and Eé—, at which the price is zero. Once the érgument is understood,
in this case, it will be clear how to proceed in the general case,
Let the name of the stock be (j,m) in period t . Let qt(it) be

the price of the stock in each peried and let “t(ém) be its dividend:

Then, qt(gm) = wt(§¢) =0, for t>1t and Em equal to or follow-
th

ing [ Let qi(gm) be the corresponding stock prices in the k

k

o r s (i,1) .;
equilibrium of the Cantor subsequence and let ht (Et’ §¢_1) be

the individual demands in this equilibrium. Let Hi(ﬁt’ Em—l)

1
- J ekl g, s

. 1) 18,11 . Let t' be the last date the stocks
. . . . _ k - '
in question exists. Finally, let bk = H max{qt(gc)lt <t <t Et

follows EE} .

—k

We may assume that ht(e ’ Em-l) converges, say to ht(2¢’ §¢_1) '

Observe that lim bk = 0 . By passing to a subsequence if neces-
ko

sary, one may assume that lim J /b =
K+ k=K

Let Z, = {(i, 1, so) for some t 2 t and for some 8, equal to of

following Eé and for some 5. following s,, qt(gm)hﬁ{l’l)(e » it-l) > ﬂ%? :

In order to obtain a bound on meszk , nhotice that

k % . k k(i,1)
by 2 4 BIRL(8yr 5op) 2 b, mes{(i, 1, Et)lqt(gm)ht (8er 5¢-1)

> ﬂi:} . It now fo''~'s that mes I, £ A/S;', where
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'\' -
a= L (Isllent .

)

-5
—

Let :k = U :n . Then, nmes Ek <A z vbn , S0 that 1im me:s

n=k n=k k-

-~

Define the sets Kn by induction on n as follows.

K = {4, 1, 50)1(1, 1, so) £ zl} . Given K, K o= I~C 0.

. ©
The sets Kn are mutually disjoint and mes U
n=1
5o €St =1.

I now apply the generalized Fatou's lemma on each of the sets

LD oy

, . : _ K.
kn . If (i, 1, sO) € Rn , then for kzn, qt{im)'ht Zer Seon

< /E; , for all t > t and for 8z equal to or following S— and
for all 5., «

Let gkil’l)(p,q,z) be the demand correspondence for consumer
{i,1) with the added restriction that

(

—, (&=, )

95 mem, Tem ST +m

*h D s, for m=0, ., N oW and for

—— — 08— —
j,msm, t+m ST +m’ -
EkP(i,l)

. -t —.— . A
&om following Em . Let be the correspondence obtainec

k(i,l .
from £ (i,1) by setting hj,ﬁ+m,?¥m(25+m’ §E¥m-1) =0, for

P

m=0, ..., hj -m and for Ef+m following Let

(i,1)

8 -
obtained from £ in the same way, {The " P " stands for "pro-
jection.™)

If (i,1, -5-0) € KI] , thenthe demand, xk(lat)

, of (i,l,gb) in the
equilibrium of the Cantor sequence belongs to gk(i’l)(pk, qk, r(ck)} s
for k >n . (More precisely, the part of consumer (i,l)'s demand

conditional on

Ek(i’l)(pk

Ekp(i’l) (pks q]\s T(Ck)) b810ng to Epcl,l) (pl q, T(C)) » which is

5 = Eb would belong to a demand in

, qk, r(ck)) .) It is easy to see that the limit points of

in turn contained in g(l’lj(p, q, t{c)) , where p, q and ¢ ODe-

long to the limit equilibrium,

0.

Kn = mes{(1,1,50)|1 € [0,11,

th
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. k
Now :
ow et xt

5 (B

80 511 }di and make similar

. (8> 54-1
n

) J MICH)
K

definitions for the other components of consumer demand, except for
the demand for the stock in question on and after date t and event
E;—. By passing to a subsequence if necessary, it may be assumed that

. X, . .
lim nxt(ic’ x, (£, s

2c.1) X8 8, ) exists forall n, t, & and
ko -

~t
5{_1 , and that similar limits exist for the other components of con-
sumer demand. Individual demands for all commodities are uniformly

bounded, except for the demands for the stock in question, It follows

that there is some number D > 0 such that

k
2 & < ‘
(14.12 nxt(1¢’ §¢_1) < D mes hn , forall kK, t, g, > and S4o1
Also E xk(= s ) = xk(e s ) Because of (14.12), this in-
’ nTti? Ar-l Tt~ A-17 0 Temae

finite series converges wmiformly in k , and so z x (B, s 1)

= . . : f
xt(Et’ E{-l) . Similar arguments apply to the other components o

consumer demand,

By the generalized Fatou's lemma (Hildembrand (1974), p. 73, pro-
position 8) applied to gkp(l’ll(pk, qk, T(Ck)) and to Ep(l’l)(p, q, 7(c))

for each n , there is a measurable solution (x(l’l), L(l’l), h(1'1)]°

from Ep(i’l)(p, q, t(c)} = E(i’l)(p, q, t(c)} such that

(i,1) .
IK Xy ? (Qc’ it_l}dl = nxt(§¢’ Et-l) , for all t, Qc and Se-1°
n
This defines consumer demand in the limit equilibrium for all

[--]

(i, 1, so) € U Kn ., Since this set is of full measure and the indi-
n=1

vidual demands aggregate to the limit aggregate demand, we are done.

After this operation has been applied to consumers born in every



period, there is no demand for any stock of price Zero. There might
be an excess demand for these stocks, but this does not contradict

the definition of equilibrium.

Q.E.D.

15, Proof of Theorem 4.°

The outline of the proof is the same as that of the previous one.
1 truncate the horizon, obtain a finite horizon eauilibrium, calculate

bounds, and pass to the limit.

Step 1: The Reduced Economv

In this proof, I take advantage of the fact that asset pricing
formula (10.1) must hold in equilibrium. This implies that consumers
are indifferent to their portfolio. Thev would be just as glad to buy
only insurance, So, I eliminate all securities from the consumers'’
domain of choice until the end of the proof. In order to do so, I
define a reduced economy in which consumers buy only goods and insurance
and in which the production sector is entirely autonomous from consumers,
let p and v be a commodity price system and system of insurance
premiums, respectively. These imply asset prices q by formula (10.1).

Call these the derived prices. They are defined as follows.

qgttﬁml = 9 1 Vttgm’ e,,1) - Stock prices are defined by backward induction
t+l
on m, the age of the stock. qjN.t(Et)’= . Z vt(e s 8t+1)ﬂj(pt(§¢], Et]
3 t+]
Give‘ﬂ qj,m+1,t+13 qjmt(g‘t) = ez vt(it’ 9t+1) (qj,m+1,t+1(§4t’ et"'l)
: T+l
+ nj(pt(§¢), Bt)) , if m>0, and

= q
qut(Emj z Vt(ﬂm’ et+1)qj1,t+l(&¢’ et+1)
T+l
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Consumers are restricted to reduced allocations. A reduced allo-
cation for a consumer is of the form (x,L,a} , where (x,L) 1is a

resource allocation for the consumer and a 1is a non-negative insurance

. : 3 N
allocation (that is, a (3..) 20).
. (1,t . i
I now define wealth h£+; ) and investment monéy balances Iitﬁt) .
let (p,r,t) be given, where p 1is a commodity price system, v 1is a
system of insurance premiums, and Tt is a tax system. Let q be the

derived system of security prices. Finally, let (x,1,2) be a reduced

allocation for consumer (i,t) . The definitions of wealths and balances

are by inductionon n . If t>1, wil’t) =0 . 1f t<1,

(i,t) (i,t) (1,t) % ¥

(1 (i, 1,t) ;. .
K)TE)) =g vag e e mzoqj,m+1,1(81)hjm0 . Suppose by

1

. . (1 . :
induction on n that h£+6t) has been defined, Then, investment monev

3
balances are

(i,t) = xdT g
(15.1) I1.007 Bronr &0) = Wean  Grun? Sn-1)

¥ Z Vt+n(§-ft+n’ 8 L (2¢+n’ En)mi,t+n(§n)

t+n+l

t+n+1)pt+n(§t+n t+n

) vt+n(-§'t+n’ et+n+1]at+n(£'t+n’ 6t+n+1]

et+n+l

(i,t)
Con? ~ TeanMin Reant 2ean)> 2¢+n) )

-P_ (8,.,)

t+n A+ 'xt+n

MNotice that it is assumed that the consumer sells insurance on

his end of period wages. Thus, his insurance allocaticn includes these

LG,

wages. Given, tan

beginning period, before tax wealth is

f(i)t) - (i’t)
1‘t-'-rwl(-er:a-ml’ En) - at+n(2¢+n+1) * It+n (§¢+n’ éﬂ) ’
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Because wages have been sold, thev are not included in the formula for
wealth.

The budget set of consumer (i,t) is

B(l’t)(p,V,T) = {(x,L,a)|(x,L,a) is a reduced consurmer

allocation, feasible for consumer (i,t} and

I(IJL)(B

con  (Branr 50 20, for all n, Erin and En} .

By maximizing utility on this budget set, one obtains the reduced deran.

R i,t
correspondence 5( ! )(p,v,T) .

A vector of initial investments is a vector (h, 0) (h 1Ot(G 1},

where j varies over 1, ..., J and t varies over integers at least as

>0, forall j, t, and

v . . N R
large as Nj , and where njOt(ét) > i
The vector is said to be feasible if for t <0 , 1Ot(s } = J,-t,O ,
where h. is givenu by the initial conditions of the model.

J:'t90
A reduced equilibrium consists of ((y;), (hy), (x(3:8) LG
NERSH

(p,v,t}} such that

D (), (),

2) p, v and t are a commodity price system, an insurance premium

Ltl’t))] is a feasible resource allocation,

system and a tax system, respectively,
3) (h.o) is a feasible vector of initial investments,

4)

]Ot(e ) = JOt(e )Kj , all t and 8 >

5) ijt(ﬁm) = hjo,t_m(gm_m)yjmt(gt) » Wwhere Jmt(e ) €n; (pt(e ), 8.) ,
forall j, m>0, t and Q¢ ,

6) Jot[s ) s pt(gm)'Kj , with equality if tht(2¢) >0, for all
j, t and et , Wwhere qut is the derived stock price, and

7 (x(i’t), L{l’t}, a(i’t)) 3 g(i’t)(p,v,r) , for almost every 1 and

all t .
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Step 2: Passage from Reduced to Ordinmarv Equilibrium

1 now define what 1 will call {(G,M)-balanced budget, reduced equi-
librium and show how it may be transformed into an ordinary balanced
budget equilibrium,

Let ((yj), (hjo), (x(i’t), L(i’t), a(i’t)),‘(p,v,f)) be a reduced
equilibrium with derived security prices q . The after tax wealth of
consumer (i,t) in period t+n is

- A(L,t) < (it
(5.2) Wlw " Beun Spe) = Weon Geens £ac)

- T (“(1 t){c

Eean’ Sn-1) Epen)

The corresponding aggregate wealth at time t is W.(2.) The after

.

tax aggregate money supply in period t is

(15.3) Fp(g,) = Foeg,) - ) Z s

Geop) -
t'~t =1 m=1 Jmt t 30 t-m'~t-m

I define the aggregate excess demand for insurance in period t to be

(15.4) 83,08,,1) = 3.(g,,)) - [P (80T (g,)
) )
* jzlnj(pt(gt)’ et)m=1hj0,t-m(9--t~m)

h
le mzlqjm t+1(~t+1)h30 t-m+1Reoper? * G >

where E; is the aggregate corresponding to the insurance allocation

2"y . A (6,M) balanced budget, reduced equilibrium is defined to

be & reduced equilibrium such that



€3

(13.5) ¥

$(3.) =M, forall t and

z'f ¥l
T

(15.6) Aa (V 1) =0, forall t and §

Given a (G,M) balanced budget, reduced equilibrium as above, one

obtains an ordinary {(G,M) balanced budget equilibrium as follows. Let

(i,t) -l (i,t) S .
hg tonEran &) C NG and let th t+n&een’ En sp) = N hJO t+n-m'Eeen-z’
for all i, m, (i,t) , n, Et+n and 5 - That is, evervone has
the same porfolio. Let
2(1,t) (10 L1, o
“t-n (~1+n*1’ 5m] (§¢+n+l’ ) C pt+n(~¢+n) t+n (ht*" eteintt
J
-1
- N [iz nj{Pt+n(~’+n) +n) Yzhjo,t+n nEten-n)
3 N,
* jgl mzijm,t+n+l(£¢+n+1)hj0,t+n+1-m(§¢4n+l-m) *+ 6.

Then, ((y,), 0 1) Gt P el v 1)) forms a (6,M)

balanced budget equilibrium.
The rest of the proof demonstrates that a reduced (G,M)-balanced

equilibrium exists.

Step 3: Truncation

The truncation at time T 1is carried out just as in the proof

of Theorem 4.1.

Step 4: The Tax Function

The tax function t(W,c) 1is defined just as in Step 3 of the proof

of Theorem 4.1,
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Step 5: List of Bounds

Let H be as in (14.1). Let
(15.7) p =1+ 20770+ [3]6) ,

where L1 is defined by equation (14.8) . Let

{c_|
(15.8) P = ({1 + (W) PO + 1)p

where MP is as in assumption 3.8 and MS 1is as in assumption 3.4,

Let

15.9) 7 = |C_|Bp ,
(15.9) = Iplp

where B 1is as in assumption 3.7. Let

(15.10) q = w(l + max Nj)

j
- -1 -
Let B1 =1 + max{Kjk]Kjk >0, 3i=1,...,J, kK E CW} . Let
(15.11) 5@ = max(p, Bla) .
Let
- __ g,

(15.12) B, = [N-1+(2+max Nj)(NB) +H {Nj)lcp|a][(1 + (MP) WS +1]

j j
Let
(15.13) © = 1—%MW+G+Eﬁ+(?+ﬂDHZ%]d )

j

Let
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tn

1 .
(15.14) p, = (Blc_lb)™ (1-T)min J (Mél'*'l) ealb e yyar
: g
1

(1,%-1)
M;

i,N-1 . . ..
where and aé ’ )(el) are given by the initial conditions

and b 1is defined by equation (14.2).
It will be shown (Step 14) that the € and £, defined in (15.153)
and (15.18) below exist.

(15.153) The number €, > 0 is such that for any t-1 and é*-l ,
-1 2 l c = 9
mes 't-l(*t-l) > 7L1 , Wwhere C I(Et-l) {(1, T-N+2, 5&_3]
k(i) =1, wi,\-S(éﬁ—S) = 1 and
PO I L h S a . .
U Xl TGy Ser S Aoy Sxoae Sna)s Frar SN-1)> €
X 1’

Kk

for all £ € 1 and for all k € Cc} s

t? “tsl® Sxo20 Sh-

where L1 is defined by equation (14.8) and mes 1is the obvious meas-

ure on [0,1] x {QN-S} .

(15.16) The number € is such that for any t and 21 ,

2
-2 1 2
mes at(gt) > ELI , where Zt(2¢)
= {(i, t-N+2, éN_z)lk(l) =1, mi,N-ZtéN-Z) = 1 and
(i,t-N+2)
Bu; (x¢l (s Bra1r A2 Sn-1)s Btays Sn1)

7%, €y

for all 6t+1 and SN-1 and all k € Cc} .

I now define lower bounds v, and P, by induction on t . Equa-

tion (15,14) defines Py - Suppose that Pys ++es P and Vio eees Yo g

have been defined.
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T 1 -l -1 2 -3
(15.17) v = smin((2]0D)7", B'L), p._,e,(n8(1-C))"(FU) 7, &n e, (1-9)°

—— . S—
(up) v 1 mln(Rténsl(l-c)(u) s Et—lénel

2ol "TE jc ipy a0

where € is as in definition (15.15), B, 1s as defined by equation

(15.12), n is as in assumption (3.16), ¢ 1is the discount factor on

7]

utility, ¢ is defined by equation (15.13), u is as in assumption
5.2, NS is as in assumption 3.4, and L1 is defined by equaticn (14.8),

Now suppose that Dys «ees P and Vs eees Vo have been defined.

(15°18) E:-pl = %Z-Et min(anez(l'z)a-lg [};,(I-E]szna'l] ‘ei

-(2]offB[c_[b) " (1-T)L))

J
(15.19) M= -[M+ 1 +qH § N.J.
—_— j=lj

Step 6: The Fixed Point Argument

1 first define a domain for prices, then I define demand and the
fixed point map.
The domain of prices and the tax parameter in period t is
CE —
by = {{p,v,c)lp € R™) Py 2 By for all k € C_, p, ¢ P, for all

k € CP'U Cc’ and Py < P, otherwise, v = (v{8)) v(g) 2 Yoo for all

8€Q’

8 and § v(8) <1, and -M < ¢ <1} , where M is defined by equation
BED

(15.19). The domain ef prices in the T-period economy

2 = (B Vo (8)s (80 ray| (805 Vo (8)s € () € &, for
all t mdgt}.

(T8

Given (p,v,c) € AT , let v, t(c)) be the reduced
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demand for the T-horizon economy. It is defined just as is reduced

demand in the infinite hori:-on econemy, except that one must take ac-

count of the T-period horizon. Let }mt(e ) be the security prices
derived from p and v . Foreach j, t and g{ , let
r(J , if q... (8. ) <p (8K, ,
jot ™~ TRt
Qi0¢(Pr V2 &) =) [0,H) , 3f a0 (8) = P(g,)+K; » and
B e (8) 2 P (200K

Let ni(p,e) be as defined just before equation (14.2}.
1 may now define the appropriate "excess demand” function for the

fixed point argument. Given (p,q,¢) € LT , let I{(p,qg,c)

= {{z, ta, M}-(" (-},:_a(

tion (x(i’t), L(l’tJ

[F4]

D

—

m

L]
)

AL .
o) ! t(,\,t))lthere is a measurable

s a(l’t)) from E( ’t)(p, q, t(c)), for all t, and
there are h (5 ) € wJOt(p, , ﬂt) and y (9 ) €. [pt(= ), 8 ), for

all j, t and 8 such that
- J — f ~
D 2(8e) = % (&) + jzltht(gft)}‘j L&) - le o thO t-n(&e-n)¥je (2e)

2) Aat(§¢+l) is defined by equation (15.4), and
3) M(g,) is defined by equations (15.2) and (15.3) ,

when xt , Ek and 5; are the aggregates corresponding to the selec-

tions (1), L8) L(,0)

and where hjot(e ) = for

J -t,0°?
t <0 . (The E} _¢.o Aare part of the initial conditions of the model.)
> b4

Also, in applying equation (15.4) to define AaT » it is understood

that q, =0.

jm,T+1
Because the prices of insurance and consumption goods are bounded
away from zero, the individual demand correspondences g(l’t)(p, v, t{c))

are non-emp* valued and have closed graph. Because prices are bounded
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as well, these demand correspondences are uniformly bounded. Because
the set of consumers is atomless, I 1s convex-valued, It is uniformly
bounded and by the generali:ced Fatou's lemma it has closed graph
(Hildenbrand (1974), p. 73). Let K be a compact convex set contain-

ing the range of Z and define u : AT x K » AT

as follows

(p, v, ¢; 2, Aa EA) = (p_(8.), v (8, ), ¢ _(2)) where the components
vip, v, € &, 3 e Yelkear/r Srlke » T
are defined as follows.

1) P (8,) = min(p,, max(p, Py (8} * 2, (3,)))

- . AL

2) ct(;u;t) = min(-M, max(1, ct(f;’t) + '\rt(E't) - M)

3) Gt is more complicated to define, Fix gt and let Ve = Vo it, &) ,
Ve = V(8 &), and tay =sa (g, & . If é(v5+aae) <1,
let be = L\.ae +\'e . If g(ve +AaE) > 1, let

_ -l ) o
b, =day + v, KX [g(Aae +vg) =11 . Let ¢y =min(y,, b

g 6)

A -1
Then, ve =Vt D {ce 'Xt) , wheTe

D = max(l, (1-]oly) " (e, - loly,)
8

Since v < %]el-l , Vv, is well defined,

t

Now let F : AT x K + AT x K be defined by F(p, v, ¢; z, Aa, ﬁA]
= ulp, v, ¢; z, ba, ﬁA) x Z(p,v,c) . By the Kakutani fixed point
theorem, F has a fixed point, To this fixed point,there correspond
input-output vectors ?st(ﬂa) , excess demand vectors zttgm) , and |
a candidate T-period equilibrium ((yj), (x(l’t), L(l’t), a(l’t)), (p,anﬁ
The corresponding aggregates will be denoted xt(Et) , Lt(gm) s at(gtll
ﬁat£§m+l) and so0 on. Throughout what follows, c:(gm) denotes
max(0, ¢, (g,))



Step 7: b%(§¢) =M, for all t and g{ .
Y . =, A
If h&(gm) > M, then Ct(gm) = 1 and so Mtkzm) < ht(&I) =0 <M,

which is a contradiction,

]

If ﬁi(gm) <M, then ct(ﬁm) -4 , so that by equations (15.3)

and {15.19), ﬁi(it) > M , which is a contradiction. This proves Step ~.

Step 8. If Aat(§¢+1) < 0, then E{(§¢+l) =V, -

Proof. Llet fe , V., Aia

=
4

g b. o, and D Dbe as in part 5 of
the definition of the function u . If ta. < 0, then b, <v

if b

naA

(8 3]

. D = v = desi . . >V
l{ , then Vo = Ve =V, as desired, If bc Y. s then

since

Lo
Itw

1, v, =v, + D-l(bﬁ -v.) <by <

s = Y. , which is impossible

(113

by the fixed point property. This proves Stey 8.

Step 9: If Aat(e , 6t+1) >0, for some Et+1 , then gvt(e , 8y = 1.

I continue to use the notation used in the previous step.

Suppose that v, <1 . Them, it must be that Jvg+tag) <1,
B 8

for otherwise Eve = Eﬁe =1. Also D> 1
2] 6

Aae >0 , then Vg = min (v g

But, if D » 1 , then Zve =-ZGB = 1 . This proves Step 9.
g N

, forif D=1 and

Vg *hay) > v which is impossible.

t’ '8

Step 10: If Vt(gm’ 8t+1) >V, for all & then

t+l !
- L) 1
Aat(e , 9) = Aat(ﬁm’ ') , for all 6 and @' .

This is obvious from part 3 of the definition of the map u .
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Step 11. For all t and gt ,
" 6 DoveQaer Eeandar(Be &rpp) * pp (8 X (8
T+l
J —
Z 0t @00 &) Ge Dve@er 8ap) * TiED)

t+]

This is proved by aggregating the individual budget constraints

and by using (15.3) and (15.3).

Step 12. z (g ) g0, whenever Ezk(it) >0, for K€C, , tx T-1

and all g{

I will prove that ptl(gt) f_ﬁ , where p is defined by equation
(15.7). From this, Step 15 follows. For suppose that ;tkcﬁt) >0,
for k €C_ and k #1 . By assumption 3.4, p(8,) g Mp <p,
where p 1is defined by equation (15.8). But, if Ztk(ﬁm) > 0, then
Pex(8e) =P -

In order to prove that ptlcﬁm) <p, I need an upper bound on the

purchasing power of consumers. By Step 1I, pt(gm)Ek(E{)

<M - . ) Vt(gt’ 8, ,1)02, (8, Bt+l) . If Aat(2¢, 0., <0, then

t+l
V(8 8,,,) =¥, - Also, by the definition of Aa_ (equation {15.4),
-2 (8, 0,.,1) < P, (N-1) + ?HZNJ. + Eﬁ}}lj + G, where P, 7, and

3 3 _
q are defined by equations (15.11), (15.9) and (15.10), respectively.
It follows that, p (g, )x.(8,) <M+ lolv,G + v, B,p , where B, is
as in (15.12). Use has been made of the fact that E@ , 7T and g
are all constants times ﬁ .

Clearly, if ptltgm) =p, » weare done, since Dy < P . So sup-

pose that Ptl(ﬁt) > Py - Then ther 1s no excess supply of good 1.
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At least Ll(N-l) of good 1 is offered (since t < T ) , where Ll
is defined by equation (14.7). Therefore, ptl(gc)Ll(N'l)

<M+ v (le|G+B,p) . If p () >p, then pLi(8-1) <M+y (|eiG+B.>0 ,
or ﬁ(Ll(N-l) -v,By) <M+ E{[@lc . By (15.17), v, <1 and

v.By < 2L (¥-1) , so that %ﬁLl < B(L (%1 -v.B,) < ¥ +|o]G .

This contradicts the definition of p (equation (15.7)). This proves

Step 12,

Let b be as defined in equation (14.2}.
Step 13: Supply is bounded by b .

Tris follows from assumption 5.7 and the fact that no more than

H units of production are installed in any industry at anv time.

Step 14: The statement of Step 16 of the proof of Theorem 4.1 applies

here, for t < T .

The proof of this statement relied on the fact that consumers could
not demand more than b units of any good. By Step 12, this fact is

true here.

Step 15: ct(ga) < ¢, forall t and 8 > where ¢ 15 as defined

by equation (15.13).

I must calculate an upper bound on W (8.) = It—l(gm-l) +3,(8,, €.}

t+l
First of all, since W, (g, ) =M, it follows from equation (15.3)

and aggregation of the consumers' period t-1 budget constraints that
J

I, 108, y) s M+ ql{jgle +p, . Secondly, observe that I may assume

that sa (g, 8,,,) 0. If gvt(§¢, &) <1, then that is true by

Step 9. If {vt(e , 6) =1 and if Lat(gt, +l) =8 >0, then [ can
e
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a(l,t-n} ~1

. a 4 (i:t_n)
reduce (Eqr e,éﬂ) by N "2 and increase all It (gt, En)
-1

by N "8, for all (i,t-n) , €& , and 5 - In so doing, 1 need

change no other action of any consumer at any time, all consumers are
equally well off and I do not change W&(gm) . After having made this

change, I have Aat(gm, 8..4) <0, If Aat(e , 8,.,) <0, then

t+l t+]
2, (8, 8., <P,(5-1) + (z+a)H %Nj + G . Therefore,
W(8) sM+G+PN~+ (E'+Zﬁjﬁ'ZNj . Call this upper bound W .
J
. =L . - : = -
Clearly, if (l—c)..t 00 0C M, then ct(5¢] < ¢ . Since << satis-
fies (1-c})W <M, it follows that ct{gr) <c, forall t and g,

This proves Step 15.

I now introduce the numbers

alist) _ o(1,t+n)
t+n+l(~¢+n+1’ $p) = Weansl  Zpens1’ in)
(i,t)
- PeanZes ) Leen (Ctan Sp)vin(ey) »
Etni1(6 en+1’ En) is the wealth transferred from period t+n and "%
event § . to period t+n+l and event Qeensl *
step 16: 1¢ A2E (g, 0,0, 80 c0, forall 6., , andif
i,t- i,t-n .
£+1 “)(e Brpy? En) < 0, for some Bpyty then xg ’ )(Em’ gﬂ) ’.0

This step follows immediately from the equation

(l’t-n) 0

) Ve & SICPLNR] (Bra1r 20) = F
t+l

which follows from the definition of the consumers' wealth, This proves

A(l t- n)(e (i,t- “)(e.

5n) P (8e) %
N T~

Step 16.

The marginal utility in period t and event 8  of transferring

«zalth to perioed t+. and event §e,p 1S



~I
(9]

c ,(i,t-n) -1
3 = &1
(15.20) & (8p,17 8o) = &V, (8,00 - 1Hl(e )
o (i;t'n) o =3
EDL] T Ceays 80 Spep) |8eays Sp)PTORlE (12 ]
where AEl’t'n) denotes the marginal utility of money. The following

assertion should be clear,

-, (l t- n) [i,t-n)

Step 17: If At+1 (Eer Eruy 5,) £0 and ALl (QI 8£+1, ) >0,
._(i,t'n) - ~ {i,t-n) gt

then J.t ('E‘t’ Ut"’l’ E.r;) i flt (E t"'l’ S ) .

Step 18: If the people of age N in period t < T-1 and event =Z_

-

have before tax wealth W > 0 , then ntk(; ) > (ﬁgf!Cc!b)_l(l-EjW s

for all k € CC

Since these people of age N spend all their money on consummtion,
P (8,) Et(g,t) 2 W= TN, e (8,)) > W(l-c) . Since ? {8) ¢b, for
all k (Steps 12 and 13), we have that p (g,) x (g,) < prtk(e ),
where the sum is over the set of k such that th(im) > 0 . Hence
for some such k , say k=2, p.(g) > ([CCIb)-l(l-E)W . If
k€C. and p.(8,) < (Fﬁj—lpt2(§¢) , then ;kz(gtl = 0, by assump-

tion 3.4. This contradiction proves Step 18.

Step 19: plk(el) >py > 0, for all Bl and all k € Cc .

This follows from the previous step, the definition of Py (equa-
tion (15.14)) and the special assumption made before the statement of
Theorem 4.2,

The next two steps are the hard steps of the proof. Let Vo and

P, be as defined in (15.17) and (15.18), respectively.
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Step 20: Suppose by induction on t that for n =1, ..., t ,

P (&) > p, » for all g, ancall k€ C. and that for n =1, ceey 19

Vi@piy? > ¥, » for all Eoe1 - Then, Vel8e ) 2 v, » for all Zra1 o

provided t < T-2

Clearly, if Probl[s and

] =0, then Vt(gﬁ’ 8

t+1'%t t+1)

Aat(gt, et+1) may be set equal to anything we like. So, I will always
assume that PrOb[et+lliT] >0 .

Fix ¢ and let >0 and I =

-1 1
Throughout what follows, » stands for the marginal utility of

-1 . - 1e
Lt-l(it-l} be as in (13.13).

money .
Case 1: There is (i, t-N+2, Sy 3) € Z such that
(1 t-N+2)
-1 2e-17 A3 > 0

I will show that for all 8, following §¢_1 R

{i,t-N+2) - Ty
(15.21) E[x; (Br-10 Opr &30 Sno2l€pr 6ps Sy 5] < ulp, (800

Since consumption is positive, the marginal utility of money equals

that of expenditure, As a result, “E{ 12 (l t- N+2)(et_1, Sn-3)
= (1 t-N+2) (1 t-N+2)
= o1 (€1 ~N3)-t1 (8¢.1 2 -3)
(i,t-N+2)
> &(1- C)nE[l (8e_1» 8¢5 Syo30 SN-2)|2¢-1’ 8.» Sy 3] , for all

2¢ » Wwhere A(llt N+2) is defined by equation (15.20). This proves

(15.213.
I now prove that

(15.22) v (8

t -1’ ®

— 2= -1
£ Gpay) 2Ry (n6(1-c)) (P u)

Let (i, t-N+2, SN-S) be as in Case 1. In period t+1 , this

. . . e
persor . of ac= N and so spends all his wealth on consumption. Hence:



his marginal utilities of money and expenditure are the same in that

period. It follows that for all &_ and &

t t+1
C(1,t-N+2) - _ =-1_-1
Ay (8e-17 Bpo 3x-30 Sno) 2 8(l-c)eip “nv T(E, ;s B, € 1)
where € is as in (15.13). Hence, if inequality (15.22) is violated
- e (1 t-N+2)
for soze ©_ and S..1 » We know that (810 B¢r S5 SN-E)l

. - . - =1 . .
E_1 Et’ E&-S] > u(gt_lo(l-cjn) , for all Sy_n - This contradicts

inequality (15.21} and so proves inequality (15.22). Singe the right

hand side of inequality (13.22) exceeds v_ , Sten 20 is proved in

Case ].
(1,t-N+2) . . -
o B - > . Nan
Case 2: X ] (~¢ 1 Sl ) , for everv (i, t-N “’EN-S) €.
Tnen, by Step 16, for each (i, t-N+2, EK-S) €2,
(1,t-%+2) . -
At (it—l’ et, 5&-3) >0, at some S - Hence, there is &t
such that mes :(F ) 2 ]e}“lmes ta L (2]@])'1 , where
- . . i,t- \+-
Z(E) = G, tNe2, 5 D € zal e T ey s 00 . The

last inequality above follows from the definition of Z in (15.13).

I now prove the following

(15.25) v, (8,_;» 5y See10Pei1,kEeo1r Bpo Spay)

Wy
.
1]

= min(p,éne, (1-9) (@ Y, P, 6ne, (2]6]%u s e bt a-ecL)

for all @ and for all kK€ C .
t+l c

Let V(et+1) = Vt(ﬂm-l’ 8> Bt#l) ‘and let P(et+1)
=m1np ( ,-8—,6 )'
kEC t+l,k ~t-1 t t+l

. (1,t-N+2) —
Subcase 1: X, (Em-l’ et, SN-30 SN-Z) >0, for some

(i, t-N=+2, EN-3) € Z(et) and for some Snoo -

I now show that in this subcase,



(15.24) V(e ,)P(2.,;) > p éne;(1-C) @™

Let (i, t-N+2, EN-S) and Sy be as in Subcase 1. Then,

——— (i,t-N+2) - (i,t-N+2) =

u = H = = !

By o &1 Beo Sxo3r Sy T A Beo1v Eor s Sy
-c r'l -1 i i i

s (1 c)nsl\ (st+1)p (et+1) , for some Bt+1 . This prove inequality

(15.24) and so proves inequality (15.23) in Subcase 1.

. L(1,t-N+2} = -
Subcase 2: X (Et-l’ S0 Sno3 SN-Z) =0, for all

(1, t-N+2, 2&-3) € Z(Ek) and for all s

N-20°
_ (1,t=-N+2) . = .
Let A(et+1] - J_(E E[At [‘t-l’ v B A SN-Z)!*t-l’
"Mt
et, et+l, EN_S]dl di&-s . Notice that each person in ,(et) has at

least (I"EUE&_I units of wealth at the beginning of period t in
event (&, Ei) . Hence, collectively the people in Z(?E) have at
least (1-3)1:1_1_'_1L1(2]c-)|)'1 at this date-event pair. Let

@' = {e]A(8) > 0} . From the defining conditions of the subcase it

follows that | V(0)A(8) 2 [ V(8)AG®) 2 (1-9)p, ,L,(2]e]y™ . Fron
6€0" 6€o

Step 18, it follows that if A(8) > 0, then P(8) > (B|C_|b) ™ (1-T)A)

so that

(15.25) e)j V(e)P(8) 2 p,_,2|0[Blc [0) Tt (1-D)L
geo!

1 -
I will show that if A(e') > 0 , then

(15.26) V(8)P(8) > (W 'éne, (1-O)V(8")P(8') , for all o .

The previous two inequalities prove inequality (15.23) in Subcase€
2. For let &' € ©' be such that V(8')P(8') > V(8)P(g) , for all

6 € ' . Then, for any & , V(6)P(8) (E)'lnale(1-€)v(e')P(e')
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| AV

> (Jejw’” ne 3(1-T) ) V(2)P(e) 2

-1.. — 3
L 2 p_q8ney (2 le : T |Cc|b) (1-c)°1_1 ,

which is no smaller than the right hand side of inequality (15.23).

I now prove inequality (15.26). Let @' = e{+1 . Since
(]_ t-N+2) —
IYCH +l) >0, (;¢ 1 St, e£+1 Sx_30 Sn.a ) >0, for some
(i, t-N+2, SN 3.) € Z(et) and some Snoa * But then
(1 t-N+2) = - _ T et " da ry
b (Bepr B> Syyr Syp) = 8Q - e (G L BL L V0 R FL ey
— (i,t-N+2) -
t ] L]
Problel, 1 18e 1, B¢ JEl.] (8.1 8¢ Pfars Sxos Snea Syop) Sl
= ~ -1
] 1 ot
for frerr &xop Sxo2l SOV (“t+1)P ((f.) » But
(i,t-8N+2) = -1,
b (8 -1 Et’ Sxo3 } > dne (1= v ( t+1)P ('till , for
all €. - These two inequalities prove inequality (15.26).

This completes the proof of inequality (15.23). I now prove Step
20 in Case 2,

Suppose that for some & and @, ,, v, Vel&r1r By By

For everv (i, t-N+2, s

-3 € F

]

(i,t-N+2)
(15.27) he ©e-10 82 257 Sy

ny

sne; (1-0) @‘%;1 .

Let (i, t-¥+2, gy o) € 2(5,) (thatis, aAlL®M¥e 5, s 5509,

~¥e know that this consumer has positive wage income at the end of period

t-1 i .
I in the event 21_1 Therefore

B

(15.28) (1 t- N*z)te 1 B Sg) 2 Acl £ N+2)te e 503

1,

The left hand side of inequality (15.28) is less than or equal to

1 —,-

vl
ad ™! , where d is as in inequality

- 1 -1 -
A 1Y max(E ) = Y,

(15.23). The right hand side of (15.28) is at least as big as

GWZEI{I-E)(E)’IV;I . Putting these two inequalities together one has that
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U't

. 2 -2 ==.2,—=,-1
ut > én gl(l-CJ (up) (up} d!{-l > it . This contrad the hypothesis

that v v, .
t ; -

This completes the proof of Step 20,

Step 21: Suppose by induction of t that for n=1, ..., t,
pnk(gﬂ) > P, > for all k € CC and for all Em and that

v (ﬁn+1) >V for all &,.1 - Then pt+1,k(ﬂt+1) >p..; » for all

k € Cc and all 8eiy o if t <T-3,

Fix E{ and let e, >0 and Z = Zz(et) be as in definition (15.16),

Case 1: There is (i, t-N+2, s. _) € Z such that
_— ~N—3

(i,t-N+2), .
"t Mo 2y > 0
- -1 {(i,t-N+2) (1 t-N+2)
Then, for all e, , up 2 o (e Sy_a) = &g (840 Sy
- . -1 .
g 6“62(1‘C)min(Pt+l’k(Ecx et+l)) , SO that pt+1 k(hm’ “t+1)

_ — =1 . .
2 E{Gnez(l-c)(u) >V, for all k € Cc » This proves Step 21 in
Case 1,
. (i,t'N+2) -
Case 2: X (8 et+1) =0, for all (i, t-N+2, Sn- 2) €.

Arguing as in Case 2 of the proof of the previous step, there is

such that mes Z(8,, ) > |e|'1mes Z>L (2|e|)'1 , where
(i,t- N+2)(e

et+1

Z(8,,q) = {(4, t-N+2, 5, ) € z|A] 8.5 8,10 Sy.g) 2 0 . Again

applying Step 18 as in the proof of Step 20, we have that
- - -1
(15.29) pop (&8s 8puyp) 2 p, (1-¢) (z[e[MS[C [B) 7L

for every 6 such that mes Z(8, ;) 2 L1(2|e|)'1

t+l

I now define sets On by induction on n . Let
-1 .
0, = {e,,,Imes 28, ;) 2 L,(2]6[)7"} . Given o , Ilet

Q =6 U fls, l[the e is (i, t-N+2

hel 2) € Z such that

» -



~
Ly &)

i, t-N+2
AEI )(s,. ¢

—
na

te1’ Q, and for some 2 .

A(i,t—x*f) (¢

A £rr 81y Sx.2) 2 05

I now show that

(15.30) for every 8 €e_ , pt+1,k(gt’ 9t+1)

> (v, 0-Oen@ 1M p, 2]6C_ byt a-01,

The proof is by induction on n . The ¢case n =1 1is inequality
c n c 3 ; - + 3 > o)
(15.29). Suppose that (15.30) is true for n ., Let Seal € EnaE,

a£+1 € O and (i, t-N+2, Exﬂﬁ) € Z be asz in the definition of ¢

n+l "’

By Step 17 and because people in Z are irn the last period of life in

. , -1
period t+l , we have that (1- c)shn ﬁgz;(nt+l L(~t’ 't+1]}

Ll t-\+°)( i,t-N+2)(;

na

(
2 A

~? t+1’ ~\ ’) et+1’ EN-Z)

A
-
=
=]
W
~

o

- g _, 4! . Hence, min
t+1,k( t+l) k€C P

a
o,k Reo Erap)

nwv

szn(l-E)(ED'lﬁgi? Peay kBer O1ap) 2 e n -0 @7

c
E{(Elelﬁglcc[b)'l(l-E)Ll , where the last inequality follows from
the induction hypothesis. This proves inequality (15.30).

For some n < |8] , the sequence o stops growing. Therefore,

{15.31) for every 6.1 € g 8, » pt+1,k(2¢’ Biby)

'1][@|

v

[v, (1-) e ,n (@ p (2]elBB]c [0 DL, > p,

I now show that g = U g, . Let @ be the complement of U @
n n

=

and suppose that ©' is not empty. Then, there exists

(i, z-N+2, Sy ) € 7 such that A(l t- N+2J(°

t+1’ EN+2) <0, for
all g € 8" . Otherwise, there is some ¢ € @' such that

t+l ! T+l
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- i,t-N+2 -
. L o . (1 t N*Z)
and €., € ¢, which is impossible. If At ’ (gt, R EN-ZJ <0
(1,t-N+2)
for all et+1 € @' , then At (Ec’ 8,10 Sy 2) <0, for aln
€1 € g @n , for otherwise © € : e > which is impossible. So,
i1,t-N+2 .
AE 3(8 , t+1’ ) <0, for all 6t+1 , which means by Step

16 that x(l t- h+-J(~t’ NN_,) > 0, which contradicts the defining

condition of Case 2. This proves Step 21.

7. =0 - = . =
Step 22: For t < T-2, 't(*t) <0 and Pt(gt) _t(gt) 0.

By Steps 20 and 21, tk( } o> P. - for all t < T-2 . Hence,
ztk(gt) >0, if k& CC . By Step 12, :tk(gt) < 0 whenever
?£k(213 > 0, one may now proceed exactly as in the proof of Step 13

of the proof of Theorem 4.1.

Step 23: For t < T-3, Aat(8t+1 >0, for all §¢+1 .

This is so because by Steps 20 and 21, Vt(it’ et+1) >V, o for
th_So
Step 24: One may assume that Aat(§¢+1) =0, for t <T-3 and for
all et+1 .

Since v (et+1) >V, s for all §¢+1 » it follows from Step 10

that Aat(sm’ 8) = Aatht, 8') , forall & and &' . Suppose that

Aat(gm,s >0, forall 6 Then, as in the proof of Step

t+1) =B

t+l °
15, T can increase every consumer's money balance by N'ls and reduce
nis purchases of insurance by N"le for every state 6t+1 . After ]

do so, the consumers still are making optimal choices and the excess

demand for insurance is eliminated.



§1

I have now satisfied all the conditions for a reduced, (G,)

balanced equilibrium for periods t < T-3 .,

Step 25: Allow the horizon to go to infinity,

One applies a Cantor diagonal argument and obtains in the limit
an infinite horizon reduced (G,M) balanced equilibrium. By Step 2,
this completes the proof of the theorem.

Q.E.D.

16. Conclusion

The main result of this paper, Theorem 4.1, may be misinterpreted
as saying macroeconomics is easy. Here is a model in which phenomena
Tesembling trade cycles may occur, and it is proved that policy may
prevent them. Fu?thermore, the result is not at al! surprising once
one realizes that it is an analogue of the second welfare theoren.
However, one should be aware that there are strong hypotheses under-
lying the model. These are that expectations are rational and that
random changes of aggregate importance are revealed to everyone simul-
taneously. The latter assumption, of course, precludes the asymmetric

information which underlies the so-called island models of macroeconomic

theory.,
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APPENDIX--EXAMPLES

A.l) Example. There are two immortal consumers and two goods, labor
and a produced good. There are two production functions. One
is

= L, where

Ye . and Lt are period t output and labor out-

Yt
put, respectively. The second is Yeal © (1.09)"1Lt . Use of this

process involves investment since output arrives with a lag. Each con-
. @ t
sumer has a utility function of the form | (0.9) log x. , where
t=0

X is consumption of produced goods in period t . Only one consumer
can work at any time, Consumer 1 can work in periods t = 4n or 4n+l ,
for n any integer. Consumer 2 can work in periods t = 4n+2 or
4n+3 ., There is no borrewing or insurance and there is a cne period
Clower lagin the pavment of wages or dividends. Wages and dividends
are paid in money, There are no government bonds.

The following is a cvclic equilibrium. The prices of labor and
the consumption good are always the same. The price is 1,09 in odd
periods and ! in even periods, The second production process is used
only in even periods. In those periods, 0.0l units of labor are invested
in the second process, yielding (0.01)(1.09)"1 units of output in the
following pericd. There are two kinds of securities, shares of newly
invested labor and shares of old investment, Shares cof old investment
are shares in the proceeds from sale of the output of the investment.
Let us say that one share corresponds to an original investment of one
unit of labor. The price of one share of new investment is one in even
pericds and 1.09 in odd periods. The price of old investment is 1.09
in even periods and 1 in odd pericds. The real rate of interest is

(1.09)-1 -1 <0 in even periods and 0.09 in even periods.



The nmoney supply is 1.925304.
Lez x; be the consumption of a consumer in the first period in

which he has a wage to spend after two periods with no wage. Let X,

-

H

Xs and %, be his consumption in each of the succeeding periods.
Then, X = 0.5575548 , x, = 0.546013 , Xy = 0.4516193 , Xy = 0.4430586 .
Qutput of the consumption good is 0.99 in even periods and 1.0091673

in odd periods.

Al) Example. There are two immortal consumers and two goods, labor
and a produced good. Consumer 1 has one unit of labor in even periods
and none in odd periods. Consumer 2 has one unit of labor in odd periads

and none in even periods. The utility function of each consumer is
«w

ZD :{ log X s where X, is consumption of produced good in period
t=0 2

t . The production function is of the form Ye © K:_lLi'a , where
0<ac<l, Y, 1s output in period t , L, is labor input in peried
t , and Kt-l is produced good set aside as capital in period t-1 .

There is one unit of money and no government debt. Wages and dividends
are paid at the end of the period. There are two kinds of shares, shares
in newly invested capital and shares in capital invested in the previous
period. One share corresponds to an original investment of one unit

of produced good.

The following is an equilibrium if o =1/7 ; =20

H

P=1.3830874 , w=6/7, m=q =q,=p, y=0.7230201 ,

K

0.1032886 , x, = 0.4131543 , and Xy = 0.2065772 , where Tt is

1
the real interest rate, p is the price of the produced good, w is
the wage, 9 is the price of one share of new capital, qs is the

Price of one share of old capital, = is the dividend on one share
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of old capital, y is output, K 1is capital, X is consumption in
the i° period after having received a wage. New capital pays no
dividend,

Using the same notation, the following is an equilibrium when

e =1/6 : T, = 0.13066239 , p = 1,50301553 , w = 5/6 , q =P,

L
]
|

-
= (1+r)ql , T = (l+r)'q1 , y = 0.6653292 , K = 0.08674 ,

»
n

0.3696273 , and x, = 0.2089618 .

If one checks these equilibria, one must realize that the marginal
product of capital is (1+r)2 , hot 1l+r , since an investment does

not yield dividends until the end of the period after the period of
investment. For this reason, the second equilibrium is not Pareto optimal.

In the above equilibria, all shares are held by the consumer who
just earned a wage, For this reason, Ww = X+ qlx * q2K .

One sees that in the above example an increase in the share of
capital in output, o , increases the real interest rate. Imagine
that the economy were in a stationary equilibrium with o = 1/6 and
r = 0 and that a increased to 1/7. Presumably, the economy would

adjust toward the new equilibrium with r = 0,13066239 .

A3) Example. This is an overlapping generations model in which people
live two periods and one person is born each period. There are two
commodities, labor and a produced good. Individuals are endowed with
one unit of labor when they are young and none when they are old. The
utility function of each individual is 1log X+ log x5 , where X;
is the consumption of produced good in the ith period of 1life. The
production function is y, = 4/E;jzf: , where y  is output in period

t, Kt-l is capital created in period t-1 and Lt is labor used



in period t . The capital is produced good.
The following is an equilibrium. The quantity of capital set aside dur-
ing each period is ome. Individuals consume one unit of produced good

in youth and two in old age. The price of the produced good in period

. - . . . -T+ .
t is 2°°F The wage in period t is 2 e+l . The nominal rate of

interest is zero,

The equilibrium financial flows are as follows. A youth in period

T eams a wage of 27 t71 at the end of the period. Against this he
g P g ]

~t+] L . . -
borrows 2 at the beginning of the period. He spends this on two

.

units of produced good, one of which he consumes and the other he sets
aside to be used as capital in period t+l . At the end of the period
ne uses his wages to pay off his debt and he is left with one unit of
capital. At the beginning of period t+1 , he borrows 2t against

-t

the 2 of profit that his capital will pay him at the end of the

period. He spends this on two units of consumption and pavs off his
debt at the end of the period. (Alternatively, the old could sell their
capital to the young, who would finance the purchase by borrowing.)

-t+l

The money supply at the end of peried t is 2 , being the

sum of wages and profits paid at that time. The aggregate quantity of
inside money in period t is the sum of the debts of the young and the
old, which is 2-t+2 again. Thus, there is no outside money., Inside
money declines exponentially to zero, Since the nominal interest rate

is zero, it is impossible to prevent the decline by reducing interest

Tates,

A4) Example. This example is exactly the same as the previous example,

. A - wypi/3;2/3
except that the production function is y, = Kelike -

The initial conditions =re as follows. At the beginning of period
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one, the person who was young in period zero possesses one unit of
meney and KO units of capital set aside in period zero., He does not

receive the profits earned from this capital until the end of period

one,

For each r > 0, the following allocation is that of an equi-
librium with money earning interest at rate r > 0 and with balanced

government budget. The capital set aside during period t is

= (1+1) 1 1/f , for t >0, (This difference equation converges.)

The person who is young in period t consumes

X ® (2+r)'1(1+r) (°+ar)h1/° . The person who is old in period t
consumes X , = (2+1) (2+:r)k / . Output in period t is Ye = SKI/S

(This allocation is obtained by maximizing the social welfare function

+log xtz)

T -t
log Xgo * t§0(1+r) (log X1

The equilibrium prices are as follows. The price of produced good

(2r)” (2+r)K 1/3 . The wage paid at the end

in period t 1is P,

r-1(2+r)(1+r) . The price of 2 unit of old capi-

of peried t is w,
tal at the beginning of period t is q, = (1+r)pt = (Zr]'1(2+r)Kzil
The price of one unit of new capital in period t is P, -

There are also government debt and capital. One government bond
is the right to receive one unit of money at the end of the period.
The price of one bond at the beginning of each period is (l'er)-1 .
Also, consumers pay a tax of r at the beginning of their old age.

The equilibrium financial flows are as follows., At the beginning
of period t , the firm who is producing that period sells its output
receiving P, = 3(2r)'1(2+r) . This revenue is deposited in a bank
and held until the end of the period, when it is paid to consumers &5

wages and dividends. This money earn terest at rate r , so that
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(l+r)ptyt = S(Zr)-1(2+r)(l+r} is paid outz, r'l(2+r){1+r] as wages
and  (2r)"1(241) (1+1) as dividends.

Consider a young consumer. His only income is wages earned at
the end of his youth. At the beginning of his youth, he borrows
3(2r)'1(2+r) from banks. He spends this as follows:
PeX,p = 3(2r)~1(1+r)-1(2+5r) on consumption, pth = (2r)n1(1+r)*1(2+r}
on new capital, tht-l = (2r)‘1(2+r) on the capital which is currently
productive, and 1 on 1l+r units of government bonds. His wages and
purchased assets serve as cdllateral for the loan., He pays interest
at rate r to the bank, so that at the end of his youth he owes
S(Zr)-l(2+r)(1+r) to the banks. He also receives at this moment wages
of 1 1(2+r)(1+r) and dividends of o K, (1+1) = (21) "} (2+1) (141)
These add up precisely to his debt, which he pays off, He also receives
l1+r on his bonds and pays a tax of r . Finally, his investment in
K, units of new capital now gives him the rights to dividends at the
end of period t+1 . Those rights he sells for qt+1Kt = [Zr)-1(2+r)
In all, he has (Zr)'1(2+3r) units of money, which is exactly the cost
of his consumption in old age, Pre1¥es °

Consider now the government. In each period, it collects in taxes
exactly what it incurred in interest obligation during the previous
period, In each period, it pays to the old consumer the principal of
one on its old debt and borrows one from the young consumer.

The total money supply at the beginning of period t is
PeYy = 3(2r)-1(2+r) + 1 ., The quantity of inside money is 3(2r)-1(2+r)
The quantity of outside money is one.

Any of these equilibria is possible as long as the

government always balances the budget by setting its taxes in period



t+l so as to equal the interest obligation incurred in the previous
period. Thus, as long as the government is passive in the above sense, .
interest rates are indeterminate,

Remark: One could define a balanced budget in a different manmer,
so that the face value of government debt would be constant. Above I
made the amount of government borrowing constant, The interest rate

remains indeterminate if the alternative definition is adopted,
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FOOTNOTES

1 . . . . : . .
The term "business cyvcle" is misleading, for it seems to imnly period-
icity.

2This result is related to the literature on whether a monetary policy
fixing interest rates leads to some sort of indeterminacy or instability.
{See Sargent and Wallace (1975) and McCallum (1983).) That literature

is not expressed in terms of the kind of full general equilibrium model
which is used here, but I think the main difference is that I allow
variation of both monetary and fiscal policy, whereas in that literature
only one instrument is used, the money supply.

°It would also be natural to fix the average marginal utility of monmey,
but I have been unable to prove that one can do so.

41 may be mistaken in my interpretation of the work of Sargent and Wal-

lace, for in their model there is no forma! distinction between inside
and cutside money. The moner in their model is outside money according
to the definition given here.
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