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Abstract: We consider the market value of excess demand as a measure of
disequilibrium. We show that, in a fixed exchange economy, there exist
approximate equilibria whose measures of disequilibrium depend only on
the endowmentsland not on the preferences. A related bound on the norm
of excess demand, depending on the endowments and the approximate equi-
librium price, is also obtained. We show the existence of allocations
which are nearly competitive, as measured by the largest proportion of
demand given up at the allocation by any trader. We use these results
to obtain, for very general sequences of exchange economies, allocations
giving all traders bundles close to norm to their demands. This result

includes a 0(1/n) rate of convergence in the case of uniformly bounded

endowments.

*The first version of this paper was written in December 1977, while the
author was a McMaster Fellow at McMaster University. The author is very
grateful to Donald J. Brown and M. Ali Khan for suggesting this study,
to John Kennan for pointing out an error in the first draft, and to Hugo
Sonnenschein and two referees for some helpful comments.



l. Introduction

A number of authors have treated the existence of approrimate equi-
libria in finite economies with non-convex preferences. The papers most
relevant to this study are the following:

Ross M. Starr [8) introduced the Shapley-Folkman Theorem to the
study of approximate equilibria. He showed the existence of a price so
that excess demand could be bounded by a constant depending on the degrees
of non-convexity of the individuals' preferences. The results were re-
fined in Arrow-Hahn [2].

Hildenbrand-Schmeidler-Zamir [6] considered families of economies,
where the preference-endowment pairs were taken from a fixed compact set.
They showed that, given such a family and 6 > 0 , there exists n ¢ N
s0 that any economy in the family with at least n traders possessed
a price and an allocation f so that, for all traders a , f(g) was
within &6 of a's demand correspondence. Their result gives no computable
relationship between n and & , and hence no rate of convergence.
Their proof makes use of Aumann's existence theorem [3] for markets with
a measure-theoretic continuum of traders. Hildenbrand [5] weakened the
compactness assumption to tightness of preferences and uniform integra-
bility of endowments.

M. All Khan {7] established a systematic collection of existence
results in sequences of finite economies. His theorems were similar in
form to those of Hildenbrand-Schmeidler-Zamir. He used Brown's theorem
[4] on the existence of competitive equilibria in nonstandard exchange
economies, and nonstandard analysis.

Our approach focuses on what we shall call the market value measuTe

of disequilibrium. Given a price, we consider the cost (with respect



to the approximate equilibrium price) of the absolute value of the excess
demand. This measure is closely related to Starr's notion of an t-value
equilibrium. We éhow that there exists a price so that this measure of
disequilibrium is bounded by a constant depending on the endownents but
not on the preferences or the number of individuals. This says that,

in a large economy, the per capita cash value of any shortages or sur-
pluses is small. Heuristically, this says that any inventory adjustments
required to make markets clear would be easily absorbed by the economy.

Moreover, we can obtain a bound on the norm of excess demand depend-
ing on the bound determined above and on the approximate equilibrium price
itself. Since the price is not known a priori, this is somewhat unsatis-
factory; however, we shall argue that in most situations, the bound could
be determined from a priori considerations.

We also show that there exists an allocation which is on average
nearly competitive in the two senses--market value and norm--noted above.
However, this does not preclude the possibility that the allocation gives
a few individuals commodity bundles far from their demand sets.

The above-mentioned results have analogues in Starr's maper., The
principal improvement is that we substitute easily computable bounds based
on endowments in place of Starr's bounds, which involvgs measuring the
non-convexity of the preferences.

We also obtain a uniform bound on the proportion of any commodity
demanded by any individual which must be given up in going to the alloca-
tion. Thus, while a few individuals might be allocated bundles far from
their demand sets, these individuals would necessarily have large endow-
ments, and the amount of any commodity given up in going from the demand

to the allocated bundle would be a small portion of the amount demanded



of that commodity. Heuristically, this says that no one suffers a great
injustice. There is no result analogous to this in any of the papers
cited.

Neither Starr's results nor our theorems mentioned so far preclude
the possibility that a few individuals may be allocated commodity bundles
far from their demand sets. 1In order to obtain such results, we must
consider sequential formulations, The first step is to show that, for
very general sequences of economies, the approximate equilibrium prices
can be chosen within a cowpact subset of the open simplex. These sequences
generalize those considered by Hildenbrand-Schmeidler-Zamir [6], Hilden-
brand {5]), and Khan [7] through a weakening of the assumptions on the
preference-endowment pairs. The proof ig a translation of a nonstandard
proof which appeared in the first version of this paper, and which in turn
was adapted from arguments in Brown [4) and Khan [7].

It is an immediate corollary of the compactness of the sequence
of approximate equilibrium prices and our earlier results that the norm
of the per capita excess demand converges to 0. 1In case the endowments
are uniformly bounded, the rate of convergence is O0{(1/n) . ¥No rate cof
convergence is specified by Hildenbrand-Schmeidler-Zawir [6], Hildenbrand
{5), or Khan [7]. Subsequent to the writing of this paper, Weber [9]
showed how the Hildenbrand-Schmeidler-Zamir argument could be modified
to obtain a rate of convergence result. We also show that there exist
allocations so that the maximum proportion of demand given up by any trader
converges to 0, with the same rate.

In addition, we show that if the endovments are uniformly integrable,
one can choose an allocation so that every individual is assigned a bundle

close to his or her demand set. Uniform boundedness again yields &



0(1/m) rate of convergence. Similar results (without the rate of con-
vergence) are given under stronger assumptions on endowments and preferences
in Hildenbrand-Schmeidler-Zamir [6] and Khan [7], and under stronger
assumptions on preferences in Hildenbrand [5].

This paper is closely related to Anderson [1], which shows that
core allocations are approximate equilibria according to a measure of

disequilibrium rather similar to the market value criterion used here.

2. Results

We bepgin with some notation and definitions. Suppose x, v ¢ Rk

ACRk, and § >0 .

¥

xi denotes the ith component of x

k
Il = max [x'| L, (=l = § xY]
liiik i=]

x <y if xiiyi (1<1i<k)
x<<y if x <yl (Q<i<k
con A 1is the convex hull of A

k k
R+ = {x e R

: x > 0}
k | }
B(x,8) = {y e R_: [ly=x]|_ <8
|x| 1s the vector with x| = |x!]
e is the vecter (0, 0,...,0,1, 0, ..., 0) , where the
1 appears in the ith place.

Let P denote the set of preferences (i.e., binary relations en

R. ) satisfying the following conditions:

£

(1) transitivity: x>»y , y>z == x> 2
(11) drreflexivity: x ¥ x
(111) continuity: {(x,y) : x > y} 1is relatively open in R:

' (iv) monotonicity: x>y, x¢¥y==x)}y



Thus, P 1is the family denoted by Pmo in Hildenbrand [5].

k
+

set. For ac A, let b be the projection of e(a) onto P, and

t . *h is interpreted as the pref-

An exchange economy is amap ¢ : A+ P x R , where A is a finite
e(a) the projection of ¢(a) onto R
erence of trader a , and e(a) his initial endowment. An a2llocation is

amap f : A~ Ri such that | f(a) = I e(a) . Let
ach acA

M= max{”e(al) + ...+ e(ak)”°° P85y eeey 3 €A, 8, distinct}. A price
. k

p is a vector in R, such that l]p”l =1 . Let S be the set of all

prices, S° the relative interior of S . If pe S, let

Cp = llmin{pl, ceey pk} . If peS® and ace a , let D{(p,a) be the
demand set of a , i.e., D(p,a) = {x ¢ Ri : p'x < pre(a), p'y < pre(a)

—> y ¥x} . Let D(p) = ] D(p,a)/|a] .
ach

The following theorem asserts the existence of approximate ecuilibria.
Conclusion 1 says that the market value of the absolute per capita excess
demand is small; in other words, the market value of any inventorv adjust-
ments required to make markets Elear is small. Conclusion 2 gives a bound
on the norm of excess demand., It is not entirely satisfactory since the
constant Cp depends on the approximate equilibrium price, which is not
known a priori However, it should be possible in practice to obtain an
upper bound on Cp for a given economy. For example, it should be possible
in a particular case to determine a; SO that lowering pi below oy
would result in a shortage of some commodity i . Then the approximate equi-
librium price p determined by Theorem 1 would have pi 20y, 80 that
cp £ l/win{ay, +.., o, } . Conclusion 2 also shows that there is an allo-
cation which is close to the demand in the aggregate; however, the deviations
may be relatively large for a few individuals. Conclusion 3 says that

there exists an allocation so that no individual gives up more than a



small fraction of his or her demand for each commodity. Heuristically,
this says that no individual is significantly inconvenienced in accepting

the allocation instead of taking his or her demand.

Theorem 1. Let e : A ~F x Ri be a finite exchange economy, with

[A] =n, and ) e(a) >> 0 . Then there exists p e S° such that
ach

Z e(a)/n ¢ con D(p) . For any such p , there is an allocation
ach

h: A- RE such that p-+h(a) = pre(a) for all a , and a selection

g(a) € D(p,a) such that

1) pe] ] (ela)-e(a))] < p- ] |a(a) -h(a)] < 2
. acA acA €

[ A

2) || ] (g@-e(@)|_ < ] llgta)-na)||_ < 2¢c .
acA achA Pt

Finally, there exists an allocation f : A - RE such that p+f(a) = p-e(a)

for all a and

3) f(a)d 3_8(a)j(1.-(2CpM£/ ) e(a)l)) forall aea, 1 <jic<k.
ach

Proof. The familiar fixed point argument (see for example Hildenbrand

[5, pp. 149-150, Proposition 3 and Lemma 1]) shows there exists p ¢ s°
such that Je(a)/n ¢ con D(p) . By the Shapley-Folkman Theorem (Starr
[8]), there exist h(a) € con D(p,a) such that Je(a) = Jh(a) , and

h(a) ¢ D(p,a) for all but k traders {al, ceay ak} . Choose arbitrarily
g(ai) e D(p, '1) for 1 <1 <k, and let g(a) = h(a) for

arf {al, caes ak} . Thus, g(a) ¢ D{p,a) for all a . Since > is
monotone and g(a) ¢ D(p,a) for all a , p+g(a) = pre(a) for all acA.

Since h(a) € con D(p,a) , pch(a) = pre(a) for all a .



pr} ] (g(a)-e(a)] = p-} ] (g(a) -h(a))]

ach ach

<p+ ] |lg(a) ~h(a)|
ach

k
= p'izllg(ai) -h(a)]|

{ A

k
(1 prglay) +pehia)))
i=}

k
=2 ) p-e(ai)
i=1

k
= 2p* Z e(ai)
i=1

1T etanl
2 izle(ai)

P A

ta

2
£

[| 1 (gta)-e(a il < } Hg(a)-h(a))”w

ach ach

< pe z 'g(a)-—h(a))llmin{pl. vaes P I
ach

5-2CpHs .
To prove conclusion 3), let J = {j : Ze(a)j < Ig(a)j} and

g@I( T emd/ T gy 1 5e3
beA beA
t(l)j -

s(A)j i1f 3¢ .



Note r(a) >0, Jr(a) j_fe(a) » per(a) < prg(a) = p-e(a) . Now let

= ) prle(a) - r(a))
f(a) = r(a) + b?;'A(e(b) r(b))p_‘z (e(b) — (b)) °

beA

Thus f(a) >0, } f(a) = Jr(a) + J(e(a) ~r(a)) = Je(a) . Thus, f
achA

is an allocation. Also, p-f(a) = p-e(a) .

1 363, £ > @ =~ g@d s g@la-cru s ewmd)
P Eypea

If jed, fal=ra)l

s(a)j isih11

Ig(b)j

cayd |y - Jamyd - e(b)j]
k Je(b)?

[v

g(a)j 1- ZCPME]
C Tetyd

| v

gla)da-2cm / § emydy .
pE bea

This completes the proof of Theorem 1.

We now turn to a limit theorem for sequences of economies. Let
Py be the price determined by Theorem 1 for the nth economy. We shall
give sufficient conditions to ensure that the p, stay within a compact
subget in S° . The argument is adapted from Brown [4] and Khan [7].

Then Cp will stay bounded, so Theorem 1 will give us the desired result.
n

Definftion. A set of preferences PCP 1is said to be equi-monotone
if, for all x ¢ RE , there exists 6 > 0 such that B(x-rei, 8) > B(x,9$)

for each i (1 <4 <k) and 211 P»ec P .
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Those familiar with the topology of closed convergence on P (see
Hildenbrand [5]) will recognize that any compact set PCP 1s equi-
monotone; thus, the sequences we consider are more general than those
considered by Hildenbrand-Schmeidler-Zamir [6]), Hildenbrand [5), or Khan

{7}. Our result also improves the previous results in obtaining the rate

of convergence.

k
Theorem 2. Let g, ¢ An + P x R, be a sequence of exchange econozies

such that

@ swp || ] e ta)/lalll, <=
n aeAn

(ii) there exists P equi-monotone and & > 0 such that
i .
[{aea :) P, e@ >8}[/[a | >6 for each i

(1 <41 <k) and all ne N .

. . . [a)
Then there exist allocations h , prices p ¢ s, gn(a) e D (p., a)

and a constant L such that pn-hn(a) = pn-en(a) for all ae A and

DT ey -e & < ] {lg(a) -k ()]l <M

achA acA n
n n

Moreover, there exist allocations fn such that pn-fn(a) = pn-en(a)

for all a ¢ An and such that

2) £ (a) 1gn(a)(1-u1:n/|An]) .

Finally, 1if [An[ + = and the endowments are uniformly integrable, i.e.,

(114) [E_|/]a | + 0 == ”.ng e (@]l /]a] -0,

then the fn can be chosen so that they also satisfy

3) ::AJ; Ilfn(a) -g (a) o = LHEnIIAnl +0 as n=+=,
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Remark. 1f the endowments are uniformly bounded by a constant M , con-
clusion 3) establishes the rate of convergence

max [|f (a) -g (a)||_ = 01/]a )
agAn

Before we prove Theorem 2, we need the following lemma,

Lemma 3. Under the hypotheses of the theorem, there exist prices P, and L < ¢
such that Z e(a)/|A | e conD(p) and C <L/2, for all n .
n n n''n P -
ach n
n
Proof. The Lemma is analogous to Hildenbrand-Schmeidler-Zamir [7, Lemma 2},
but their proof does not quite cover the case we are considering. Our
original preoof used Nonstandard Analysis. At the suggestion of a referee,
we pive a standard proof which is a translation of the nonstandard proof.

By Theorem 1, we can find prices p_ such that )} en(a)llAnl e con D (p_
acA '
n

If the Lemma is false, we may pass to a subsequence and assume without
loss of generality that CP + @ ., Since § is compact, we may pass to
n

a further subsequence and assume that Pt P ¢ S . Since € -+ =
n

>0 . Choose P

L]

we have pi = 0 for gome 1 . Assume pl =0, p2

equi-monotone and & > 0 such that IEn|/[An| > 38 , where
2
E = {faech :y €P, en(a) s 28} .
Let K = sup]l{en(a)llAnIII-kld . For each x ¢ R& and »e¢ P, there
n
exists Y so that B(xi-el, ¥) > B(x,Y) . Hence, there exists y > 0

so that B(x+e,, v) »B(x,y) for all Ix]|_<X and »e P . Choose

n sufficiently large ihat (6p2/Kk)m1n{6p2/k. v/2] » pi .
2 2 2 2
If ace En and x E Da(pn) » Px = pn-en(a) :_pnen(a) >26pn'*25p .

Hence, for n sufficiently large, a ¢ E and xc¢ D.(pn) imply
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P, "X > 6p2 . Thus, there exists 1 such that pli‘xi > 6p2/k . If

2
[fX”m <K, P; > 6p"/Kk ; since pi <1, 6p2/k < xi <K .

Consider y = x + e - min{ﬁpzlk, y/2}ei .

2
w = op . 1 i $p” ¥
y =P x+p, - P, min{ ~}

Pn kK 2
2 2
< pn-x

8 z k

Thus, V¥ € B(x-+el, Y) . Hence, v N contradicting x € Da(pn) .

Thus, we conclude that given K , there exists n, such that
n>n  ioplies lIxll_ > K for all x ¢ D(p) » acE . Hence, if
z e COn(Dn(pn)) , ][z”w > 6K/k for n >n . This contradicts

ﬂgg en(a)/IAn] £ con(Dn(pn)) , and proves the lemma.
n

Proof of Theorem 2, By lemma 3, sup C <= , g0 choosing L = 2 sup C
n Pn n n

establishes conclusions 1) and 2).
In order to prove conclusion 3), we need to modify the definition

of the f slightly. Note that since |Ign(a)||m =c, Hen(a)”cr , the
n

sequence {gn) is uniformly integrable. HEence there exists m e M s0
that, if E = {a e A : ][gn(a)”m <m},
Je@2>%7 g

By -3 &y *

aeEn ncAn

Since the endowments are uniformly integrable and IAn| - =,
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HE /IAnl + 0 . Hence, by conclusion 1), there exists n

1 such that
n

I g(a> [ e(a)/2 for n>m
acEn aEAn

1

We now define fn (n > nl) as in the proof of Theorem 1, except
that all the changes from g, are absorbed on En . For convenience,
we drop the subscript n for the moment. Let

,

T (2(b) -e(b))3

g(a)j 1 -|bed if je€J and a e E

- I go)?
r(a)J = beE

g(a)j otherwise.

{

f is now defined from r wusing the same formula as in the proof of

Theorem 1. f will be an allocation provided it is positive.

@’ > s@la-2cp/ ] em)d
beE

> gla)(1-ac M / ) OL)
P& opea
j 2
> gla) (1-4cpucla (A]) » by (11).
1If a¢E, f(a) =g(a) . If acE,
Nf@) -, < 4C§H5lls(a) l.76%1a)

2
:_kcsﬂemlé la)] .

lLet L = max{&Cp/Gz, ﬁmcilﬁz] . We have shown that for each n > n, ,

there exist fn and - satisfying



14

£ (a) > gn(a)(l-LMEn/]Anl) for all a ¢ A

and

max J|f _(a)-g_(a) <1M_/[]A | .
acAn n " nm T % | ni

fn is positive (and hence an allocation) for n such that

1N, /[An[ <1 . B5ince the endowments are uniformly integrable,
n

Mc /]Anl + 0, so there exists ny such that fn is an allocation for
n

all n > ng - Redefine fn to be an arbitrary allocation (say fn =h_)

n

for =n :_no . Then (increasing L if necessary to bring the finite set

of allocations fl, N fn within the desired bounds) the result follows.

0
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