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1. Introduction

Many authors have considered housing markets from theoretical
points of view, formulating several types of mathematical models.l
For example, Alonso studied a housing market on a linear or circular
city in his classical work [1], and Backmann [2], Montesano [11],
MacKinnon [6], Romanos [12] and others considered varieties of it more
rigorously. One common feature among them is to formulate housing
markets as models in which households or house-owners can choose sizes
of their houses freely. That is, they assume that houses were perfectly
divisible like the standard commodities in the usual equilibrium analysis.
0f course, this can be observed in existent housing markets to a certain
extent. We know, however, another feature of existent housing markets
that households or house-owners can select any houses freely under their
budgets but can not select sizes freely. For example, consider rental
housing markets. That is, if house-owners have already built houses,
then households can only select one or more from them. Then they en-
counter indivisibility. Existent housing markets have these two features,
which are entangled with each other. We should also study the second
extreme case, which would help our understanding of existent housing
markets. The purpose of this paper is to provide a model of housing
market in which houses are treated as indivisible commodities.

A general theory for this feature has been developed in a related
field to game theory, i.e., Bhm~-Bawerk [3], von Neumann and Morgenstern

[16], Gale [4], Shapley and Shubik [13], Telser [15], Kaneko [7, 9].

10f course, there are many more papers which studied housing markets
from empirical points of view. But we do not refer to them in this
paper.



It has concerned the relations among competitive equilibrium, the core
of market game, or the dual prices of assignment problem and the exis= -
tence of them.2 The theory seems to be enough matured to be applied to
the problem of housing markets, which motivated originaliy the theory.
The attempt of this paper is on lines of this. Exactly speaking, this
paper is an application of Kaneko [9] to a housing market.

In the model of this paper, houses are indivisible and every
househeld wants to rent at most cone unit of house. We treat other con-
sumption commodities as one composite commodity, which we call "money."
We consider competitive equilibria in this market model. We provide a
certain recursive equation which determines a competitive equilibrium
and argue that it can be regarded as a representative of the set of
all competitive equilibria. Using these results, we present several
propositions on comparative statics, that is, we consider how the com-
petitive rents change when certain parameters of the model change.

This paper is written as follows. In Section 2, we describe
a model of housing market. In Section 3, we define competitive equi-
librium and provide several theorems which describe fully the structure
of the set of all competitive equilibria in the market. In Section 4,
we provide several propositions on comparative statics. Throughout
this paper, we provide several numerical examples which would help our

intuitive understanding of the model and the results.

2KDOpmans and Beckmann [3], Heffley [5) and others considered location
problems of industries in terms of assignment problems. The purpose
of these studies are a little different from that of the above works.
The work of Sweeney [14] is closer to the subject of this paper. The
basic idea of this paper is the same as Sweeney's.



2. A Bousing Market (M,N)

We consider a mathematical model of rental housing market (M,N)
in which s-kinds of houses appear. We call a house an aparrment in
this paper. Let M= {1, 2, ..., m} and N = {1', 2", ..., n'} ., We

call a member i e M a landlord and a member J € N a household. Each

i
1 e

he can lease to households. We assume that each apartment is indivisible.

landlord {1 e M owns wi = (w ‘e w:) units of apartments which

Hence each wi (k =1, ..., s, 1 &M 1is a nonnegative integer.

We assume:

]

i
{A) z v, > 0 for all k=1, ..., s and Z W, 2m.

ieM k=]l ieM
That is, the potential supply of each apartment is positive and the po-
tential total supply is not smaller than the number of households. No
household in N rents any apartment in the beginning. Each household

jeN owns I, >0 awmount of available money for renting an apartment.

i

0f course, money should be interpreted as a "composite commodity."

We also may call Ii household i's income. We assume that money

is perfectly divisible. Hence Ii can be represented as a real number.

We reorder the households as follows:

(2.1) I, > 1I

We assume a very simple objective function for the landlords.

Each landlord {1 ¢ M has the evaluation function ui(x) on the set

i_ i
X = {x = (x, ...,xs) P 02X S and x_ is an integer for all

k=1,...,8} such that for all x € x1 ’




s
® @ = ]

i k i k
u(xe) and u(xe ) = for all k=1,...,8 ,
Wy * *k "

where ek is the s-dimensional vector with e? =1 1f j =k and
e? =0 4if j ¢k and a, 1s a positive real number. Note that ay
is independent of landlords in M .

Here we should explain assumption {(B). First we note that x
in (B) means the units of remaining apartments, i.e., wi-x iz the
units of apartments which landlord 1 1leases to households. a, is
the least value at which a landlord can lease one unit of the kth
apartment without decreasing his utility less than that of the state

of not leasing it when the price of money is equal to 1. Hence when

landlord i leases wi-x units of apartments at rents Tys Tos sees I,

&
his utility (profit) is

] 8

Z%&+zrﬁ§—ﬁ).

i S 1
(2.2) u(x) + r,(w ~x) =
L5 % k=1 k=1

k=1

It should be noted that a monotone transformation of (2.2) has the same

5
meaning as (2.2). For example, subtracting ¢ = z akwi from (2.2),
k=1

we get

i f 1 E i f i
u (x) + r. (v, -x) - w, = (r, —a )(w, -x)
T A T T e SR T T e
This formula means really landlord 4i's profit when he leases wi-x

units of apartments. Kaneko [9] explained the conditions for a preference

ordering to be represented as (2.2). See also [8]. We call 8, the



evaluation value of the kth apartment.3

In this paper we always assume that the price of money is equal

to 1.

We assume that each household 3 € N has the same consumption

set Y= {0, el, s ey e®} x R+ , where R+ is the set of all nonnegative real
numbers. For convenience sake, we may use the notation es+l =0 and
a1 " 0 in the following. (x,m) ¢ ¥ means that if x = e k <8),

then household j rents one unit of the kth apartment and his avail-

able money is m after paying the rent and if x = es+1 =0 , he does

not rent any apartment and of course, m = 1, . This formulation already

j

assumes that any households never rent more than one unit of apartments.4

3The evaluation function means the substitutional relation between apart-
ments and money but not any relation between apartments and nominal
profits., One possible interpretation of this evaluation function is

as follows. When landlord i builds wi-units of the kth apartment

and the cost is M measured in terms of the composite commodity, a,
is determined by

T
i t

where <y is the interest rate and T is the rentable term. If we
employ this interpretation, we should reinterpret the initial endowment

W, as a potential supply which is not built before contract. This is

the simplest interpretation, and we could provide a more complicated
one. As we work in statics and do not concern this much more, we do
not specify it. Anyway, 8, is measured in terms of money (the composite

commodity) but not nominal value. If the price of money p is not
equal to 1, the landlords' objective function is written as

i f i 1) § et - %)
u(x) + r,{w, -x)/p or pu(x) + r, (w, - .
T 2 ol T K

4In Kaneko [9) a more general consumption set is employed and this
property is assumed on preference relatioms.



Each household J £ N has the same preference relation R om

Y. (x, ml)R(y? m2) means that each household prefers (x, ml} to
(y, mz) or is indifferent between them., We assume that R 1s a weak

ordering.5 We define the strict preference P and the indifferent

relation Q by

(x, m)2(y, m,) 1iff not (y, BIR(x, m)) ,

(x, m)Q(y, m,) 1ff (x, m)R(y, m)) & (y, m)R(x, my) .
We assume:

(C) for all (x,m) e Y, 41f 6 > 0, then (x, m+§)P(x,m)

(D) 1if (x, ml)P(y, mz) , then there is an m; > 0

such that (x, ml)Q(y, m3) ’

(E) 1f (x, ml)Q(y, mz) » Wy <M, and 6 > 0, then

(x, m1+6)P(y, m2+6) .

Assumptions (C) and (D) are called "Monotonicity with respect to
money"” and "Archimedean property,” respectively. These are quite mild
and need no particular comment. Asgumption (E) deserves a small comment.
It means that the marginal utility of money is diminishing, in other
words, the housing is a normal commodity, i.e., as income rises, the
demand of a better apartment increases. If the conclusion of it is

replaced by that (%, ml-bﬁ)Q(y, m24-6) , this condition together with

5 R is said to be a weak ordering iff (x, ml)R(y, mz) or (y, my)R(x, m,)

for all (x, ml), (y, m)) € Y and (x, ml)R(y, mz) & (y, mz)R(Z, mz)
imply (x, ml)R(z, m3) .



(C) and (D) becomes a condition for transferable utility, in other words,
a condition for consumer's surplus to be well-defined.6 As well-known,
this case cannot permit any income effect. When we consider a market
such as a housing market, we cannot neglect the income effect because
rents are not negligible relatively to income. This consideration makes
it easier to understand assumption (E). That is, as the income level
becomes lower, additional income 6 becomes more important. This is the
income effect and the implication of (E).

The following example provides a preference relation satisfying
the above assumptions. 1In the succeeding example, we will use the same

terminologies and so note it.

Example 1. Let hl, h2’ ey hs be positive real numbers but hs+1 =0,

and let g(m) be a strictly concave, continuous and increasing function

on R_ with lim g(m) = 4o ., The utility function U(ek, m = hk + g{(m)
e
for k=1, ..., s, s+l gives a preference relation R on Y, i.e.,

U(ek, ml) 2 U(et, mz) iff (ek, ml)R(et, mz) . This preference relation

satisfies the above assumptions. Of course, any monotone transformation

of this U(x,m) 4s also & utility function representing R .7

6See Kaneko [8].

7Sweeney [14] introduced the concept of convexity of R in the usual
sense of equilibrium analysis as follows: If (x, ml), (v, m2) eY,

0svysl, and (v(x, m;)+1-v)(y, my)) € Y, then
(v(x, ml)-+(l-Y)(Y. mz))R(x, ml) or (v(x, ml)-+(1-y)(y, n,))R(y, mz) .

But we can easily find an example which satisfies the convexity but not
assumption (E). For example, the preference relation generated by

U(ek, m = hk + m2 satisfies the convexity but not (E). Let hl = 2]

and h, = 10 . Then U(el, 5) = 21 + 25 = 10 + 36 = U(e?, 6) , but
U(el, 6) = 57 < 59 = u(e?, 7) .



Lemma 1{i). If (x, ml)Q(y, m2) and 0 <§ cm, < ®, , then
(x, ml--é)P(y, m2—6) .
(11). 1t (X, 0)p(et, 0) and (€K, m)Q(e’, m,) , then

n, <m, .
Proof. GSee Appendix,

We assume for simplicity that when households consume no amount
of money, there is no indifference relation between any pair of apart-
ments, i.e., for any k and t with k ¢ t , (ek, O)P(et, 0 or

8
(et, O)P(ek, 0) . Further we reorder 1, ..., s such that

@ (el, 0P, 0P ... P, 0) .°

Assumption (F) is equivalent to the following condition (2.3), which

gives us a clearer meaning of assumption (F):

(2.3) (el, m)P(ez, m)P ... P(e®, m) for all m >0.

That 1s, if the amounts of consumable money are the same, the households
have the same preference relation on the apartments as that given by (F).

The proof is easy: 1if (ek+1, ml)Q(ek, m) , then m. >m by Lemma

1
1(ii), which implies (e, m)P(eX*, m) .

We define a function G6(k) (k =1, ..., 8) by

8It is easily verified under our assumptions that (ek, O)Q(et, 0) if
and only 1f (ef, m)Q(et, m) for all m 2 0. So,further,if a, = a,, then

we can regard these apartments as exactly the same one. Hence this
assumption would be innocuous,

9Note that we do not necessarily assume that the apartments are ordered
according to the distances from the center of the city. We just order
them according to the qualities. See Example 2.



10

i

k
(2.4) k) = 1 Fw, .

t=]l ieM

If G(k) in, then it can correspond to the household G{(k) . 1In

this case we call G{k) the kth marginal household. Assumption (A)

implies
(2.5) G(f-1) < n < G(f) for some f <s .

We call £ the marginal apartment. These concepts, the marginal house-

holds and the marginal apartment, will play essential roles in this

10
paper.

We define a vector '(pl, crey pf-l) backward recursively by

(2.6) e, Toeso1y - 2P0 Ig(£-1) ~Pga1)
e, Toce 2)'Pf-1)Q(ef-2’ To(e-2) ~Pg2)
(ez, I P,)Q(e”, 1 P
G(1) *2 G(1) "1
Note that IG(k) is the income of the marginal household G(k)

(k =1, ..., £-1) .

In fact, we will construct a competitive equilibrium using this
rent vector (pl, vaey pf-l) » 1l.e., will show that this rent vector
forms a competitive rent vector under appropriate assumptions. The

following lemma provides a condition for (2.6) to own a unique solution,

1OWeordE‘rthe households according to the income levels and attach
households with larger incomes to better apartments. But these are
just notations but not an a priori assumption. In Theorem 3, we derive
this fact as a result. This 1s much different from the studies of
Beckmann [2] or Montesano [11].
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Lemma 2. If In > a and (ef, In-af)P(el, 0) , then there is a unique
vector (pl, ey Pf-l) which satisfies (2.6), and it has the follow-

ing property:
(2.7) Py > Py > er. 2 Pep > 8¢ -
Proof. See Appendix.

We assume the supposition of Lemma 2 and the following condition:

£ 1
© 1,28, (e, 1 -a)p(el, 0 ana (ef, 1 -a)p(ek, I -a)

for all k (f <k < s+1)

(H) P, > & for a11 k=1, ..., f-1 .

Assumption (G) means that the household with the least income
can rent the marginal apartment if the rent is the least, i.e., the
landlords' evaluation value 8; and that he prefers it to the best
apartment with zero consumption, and that he chooses the £th apartment
among ones which are worse than it even when the rents are the landlords'
evaluation values. Py means the maximal amount which household
G(f-1) pays for the f—lth apartment if he can also rent the fth
one at a. . Pe o is the maximal amount which household G(f-2) pays
the f—Zth apartment if he can also rent the f—lth one at Peq -
Further we define P backward recursively. Assumption (H)
means that these values are greater than the landlords' evaluation values.
Under these conditions, it will be shown in the next section that these

values Pys «vres Py form a competitive equilibrium.

Now we should conslder what we defined. Let Jj be a household
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-
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3 o (o] J
with IG(k-1)+1 < Ij < Ic(k) and let us define p (pl, cees ps) by

(et, Ij-pg)Q(ek, Ij-pk) for all t =1, 2

y sess B 4

where p is the vector given by (2.6). pj is the rent vector such

that if the rent of the kth apartment is Py » then it makes the
household indifferent between the k™ one and every other. The fol-
lowing lemma implies that p 1s the envelope curve of pl, p2, seny pn .11
See Figure 1. From this fact, we know that p has a shape like a convex

curve, though, of course, it is not necessarily exactly convex.

The following lemma becomes necessary in the next section.

Lemma 3. Let I be an income level such that I 1

Clk-1)41 = T £
(1 <k £ £f-1) . Then the following propositions hold:
+1

G(k)

(1) (ek, Ili—pk)R(ek . I-pk+1)R R(ef-l, I-pf_l)R(ef, I-a.)

f
and (ef, I-af)P(et, I-at) for all t > f with I >a_ .

t
t+1

(i1) (ek, I-pk)R(ek-l, I"pk-l)R ves R(e 7, I-pt+l)R(et, I-p,)

t
if P, £ I.

Proof. See Appendix.

Before discussing the main subjects of this paper, we check the
consistency of our model by the following example, and it also helps our

understanding of the mathematical model.

Example 2. Let us consider a model of a city with one center. Every
household is employed by factories, banks or universities, etc., which

are located in the center of the city. Every day he goes to his office

llLemma 3 implies pg ip, forall t< f and, by definition, it holds
t}:{(k) G(k)

that p = Py & Phin’ ™ Py for all k g f-1 .
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in the center. Everyone uses the same transportation system. Let the

potential supply of apartments, i.e., Z wi » be represented by Table 1.
ieM

means that there 1s no supply of apartment of the kind.

Note that it is not necessary to specify exact numbers of supply. Let

the households' utility fumction be
V(s,t,m) = 6/10s + 5/B0-t + 2/m ,

where s = number of rooms, e.g., s = 3 means a 3-room apartment,
t = distance from the center, measured in terms of minutes, e.g.,
t = 30 wmeans that it takes 30 minutes to go to the center,
m = amount of available money after paying rent, e.g., m = 750
means that a household can spend 750$ on consumption for a

month.

hk‘s in Example 1 are reached by calculating 6v10s + 5/80~t , and
we get Table 1 by reordering them. Let the landlords' evaluation values
of apartments be given by Table 2, Further we assume that the marginal
apartment is the 13th, and that the incomes of the marginal households
are given by Table 3 and I = 700%/month . Finally, we get Table 4

solving the following backward equation:

hy4 + 2/800-160 = hy, + 2/800 - p,,

h, + 2/1900-p, = h; + 2/I300-p; .

It is not difficult to verify that this example satisfies all assumptions

(A) through (H). Note that as will be shown, (pl’ cees pf—l) forms
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¢ 1 2 3 4
10 | 10 | 60.80 4 | 68.66
20 | 13 | 57.70 6 65.56 2 71.59
30 { 14 | 54.33 9 62.19 5 68.22 73.31
40 | 16 | 50.59 ( 12 | 58.45 8 64.48 69.57
50 | 17 | 46.36 | 15 | 54.22 | 11 | 60.25 65.34
t : distance (minutes)
Table 1. | k hk s : number of rooms
k : apartment number
t 1 2 3 4
10 | 10 180 4 220
20 |13] 160 | 6 | 200 | 2 | 240 |
30 | 14 140 9 180 5 220 260
40 | 16 120 12 160 8 200 240
50 { 17 100 15 140 11 180 220
Table 2. Kk 8 8 the evaluation
value ($/month)
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t 1 2 3 4
10 10 1000 4 1600
20 13 700 6 1400 2 1800
30 14 $ 9 1100 5 1500 1 1900
40 16 $ 12 800 8 1200 3 1700
50 | 17 ¢ 15 ¢ 11 | 900 | 7 1300
I : the income of
Table 3. |k | Lge, Gk} * ousehold G(k)
and I = 700
n
t 1 2 3 4
10 10 241.6 4 485.1
20 13 160 6 383.2 2 588.0
30 14 9 281.8 5 470.4 1 649.6
40 16 12 178.8 8 349.9 3 516.6
50 17 15 11 226.3 7 376.2
Table 4. k ($/month) and Py = 160
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a competitive equilibrium of this market.12

From this example we know that our model is applicable to com-
plicated housing markets to a certain extent, but that it cannot be
applicable to housing markets in multi-center cities. For example,
we cannot analyze market models like that of Romanos [12]. The reason

for this is to assume that every household has the same preference

relation.

3. The Competitive Equilibria in the Market (M,N)

We are now in a position to discuss the main subjects of this
paper, that is, we define competitive equilibrium and provide theorems

which describe the structure of the set of all competitive equilibria.

1 1
Definition. (r,x) = (1), ..., T, x5, e, B x, o, %) is said

to be a competitive equilibrium iff

(3.1) x* e x! for all 1ie M, x3 € {el, cees €7, es+1}
for all j e N and T, 2 0 for all k=1, ..., 5,
(3.2) Tt 7= 7ot
feM  §eN  1eM
(3.3) for all 1eM, ul(xh) +rewl-xb) = max (ulw+reet-x)
xexi
(3.4) forall jeN, r < I, and =3, Ij-rxj)R(x,m)

for all (x,m) ¢ ¥ such that rx +m = Ij .

12In Beckmann [2] and Montesano [11], the transportation costs are taken
into account explicitly. If it is assumed ([2], [11]) that all house-
holds go the same number of times to the center, it is easy to introduce
the transportation costs into our example.
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We call r = (rl, caey rs) a competitive rent vector and each rk

(k =1, ..., 8) a competitive rent of the kth apartment.

Condition (3.1) means that each commodity bundle belongs to the
appropriate set. (3.2) means the equivalence of the total supply and
the total demand of the apartments., (3.3) means the utility maximiza-
tion of the landlords. (3.4) means the budget constraint and the utility
maximization of the households under the budget constraint. Note that
the equivalence of the total demand and the total supply of money is
automatically satisfied.

First we show the existence of a competitive equilibrium,

Theorem 1. The rent vector r = (rl, cves rs) which is given in the
following (1) or (i1) is a competitive rent vector in each case:

(i) If G(f-1) <n < G(f) , then

p, if k <f
(3.5) =

T
a, otherwise,

where (pl, ooy pf-l) is the vector defined by (2.6).

(i1) If G(f) =n , then r is defined by

*

(3.6) r, =& for all k > f41, a; ST, 2 pg and

K k+1 - _
(e, IG(k)-rk)Q(e . IG(k)'-rk+1) for all k=1,2,..., f-1,

where p; is defined by (ef, In-p;)Q(et, In-at) for some t such

t k
that t > f+1 and (e’, In-at)R(e , In-ak) for all k with k > f+l
13
and In > a .
13

Note that we permit k = s+l or t = s+l .
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This theorem says not only the existence of a competitive equi-
librium but also the procedure of computing a competitive rent vector.
In each case the backward recursive equation (2.6) provides a competi~
tive equilibrium. So, Table 4 provides a competitive rent vector of
the market of Example 2, 1In the case (ii), there exists multi-competitive
rent vectors. We will consider further this case in the following.

In Kaneko [9], the existence of a competitive equilibrium is
proved under a much more general assumption but with additional cme.l'zI
For example, a variety of landlords' and households' preference rela-
tions 15 permitted. Hence the existence theorem can be applied to a

multi-center model with multi-transportation systems. The existence

theorem, however, provides no explicit shape of rent curve.

Proof. We prove in the case (i) that the rent vector is competitive.
As we can show similarly it in the case (ii), we omit the proof of (ii).
Since Lemma 2 ensures the existence and the uniqueness of

(pl, ceey pf-l)l it is sufficient to construct a vector

1 n 1 n'
x=(x, ..., , %X , ..., X ) and to show that (r,x) is a competi-

] T
tive equilibrium. We define (xl, reey X, xl s veus x" ) as follows:

0 1if k < f

1
(3.7) =
& wi if k > £,
xi + 2 xj = Z wi and 0 < xi < wi for all 1 e M,
f £ f = f = "f
ieM JeN ieM
(3.8) x) = e 1f 6(k-1) < § < G(k) and k=1, ..., f.

ll"I"nal: is, assumption (D) of [9] is not assumed in this paper and
Example 2 does not satisfy it. But this assumption concerns the exclu-
sion of corner solutions and is not so strong. It is easy to modify
Example 2 to satigfy assumption (D).
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1'

It is easily verified that (x', ..., x® %', ..., x'') satisfies

(3.1) and (3.2). We should check (3.3) and (3.4).
Since T > a for all k=1, ..., f-1 by assumption (H) and

T, =& for all k = f, ..., s by (3.5), it holds that for all {1 e¢ M,

vy + reet o) = max i) +revt-0)

xexi

Let j be a household such that G(k-1) + 1 < j < G(k) . Lemma

-r.) .

k t
3 says that if r_< I, , then (e, Ij-rk)R(e . Ij "

t= 3
Q.E.D.

Theorem 2. Let us consider the case (ii} of Theorem 1. Each e with

< r determines exactly one competitive rent vector satisfying

*
8¢ 2 Tx 2 Pg

(3.6). 1If re > r% and r , r' are the competitive rent vectors

determined by r,. and 1! then it holds that

f £
- 1 - ] - [ 3 - L
(3.9) 0 < I =T STy =Ty <...<T. 4 Te g ST~ Tg,
1 ] T L
(3.10) 1 < rl/rl < r2/r2 < ... < rf_llrf_1 < rf/rf .

Proof. It can be proved in the same way as Lemma 1 that each re deter-
mines exactly one vector. Since it can be shown similarly by Lemma 2,
that ri > ré > ... > r% . (3.10) follows (3.9). But we omit the proof
of (3.9) because it is almost the same as that of Theorem 5, which is

much more important.

Q.E.D.
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Example 3. Let us consider the housing market of Example 2, and let
n = G(13) . Then the competitive rent vector r* determined by pI3
is provided by Table 5. Table 5 provides also the vector determined

by Ti3 = 8555 the differences and the proportions between all pairs

of their rents.

s
¢ 1 2 3 4
295.2 | 53.6 532.2 1 47.1
10|10 4
241.611.222 485.1]1.097
216.9| 56.9 432.7 | 49.5 633.1 | 45.1
20113 6 2
160 | 1.356 383.211.129 588,.01{1.077
140 0 334.1 | 52.3 517.8 | 47.4 693.6 | 44.0
30(14 9 5 1
140 1 281.8 | 1,186 470.4 11,101 649.6 | 1.068
120 0 234.9 | 56.1 400.2 | 50.3 563.11 46.5
40 (16 12 8 3
120 1 178.8 | 1.314 349.9 | 1.144 516.6 | 1,090
100 0 140 0 280.5 | 54.2 425.8 | 49.6
50117 15 11 7
100 1 140 1 226.3 {1.240 376.2 | 1.132
* %
T | Tk " Tk
Table 5. k "
T rk/rk

This result could be explained verbally as follows. The competi-
tive rent vectors we think of are determined by the marginal households

G(k) , di.e., (3.6). A household G(k) is indifferent between

k o k+1 L
(e, Ic(k) rk) and (e . IG(k) rk+1) . In this case he should pay

a higher rent for the kth apartment than for the k+1th one because
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the kth one is better than the other. So the remaining income is lower

in the case of renting the kth one than that in the other. If both
Tents rise a little, but if he also is indifferent between them, then
the increment of the better cne should be smaller than that of another,
because he should pay the additional payment from his smaller budget.
This is the implication of assumption (E).

We considered the competitive rent vector of the special type,
i.e., that defined by (3.5) or (3.6). But this can be a representative
of all competitive rent vectors. That 1s, an arbitrary one has similar
properties and is not so different from that defined by (3.5) or (3.6).

To show this, we need two theorems.

Theorem 3. Let (r,x} be an arbitrary competitive equilibrium. Then

the following propositions hold:

(i) For every j e N, xj = ek for some k < f , and for every
ieM, x; =0 for all k z f-1.
h ok ok
(1i) 1If IJ < Ij (jl, iy e N , x =e and x "= e ",
1 2
then kl > kz .

(iii) T 28 for all k=1, ..., and L for all
k= f+l, ..., 5 .

(iv) r, >

1 1‘2>-.. >

>Te > Tg -
Proof. Note that if I, < e then the landlords never lease any

h

mit of the Kt apartment and that if e, then the landjords

lease all units of the kth one.

First we show (ii). Suppose kl <k, . By assumption (F),

k k
(e 1, C)P(e 2, 0 . Since (r,x) 1is a competitive equilibrium, we
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k k
2
have (e l, Ij -r, JR(e 7, Ij -rk) . By assumptions (L) and (D)
1 1

1 2
kg ky
there is a & > 0 such that (e ~, I, -r, )Q(e 1 +8) .
- oK '

2
By Lemma 1(ii), we have I, - r, < I, ~-r + & . Then we have
b k j k
1 1 1 2
k) k) k2
(e ", I, -1, )P(e °, I, ~r, +8)R(e °, I, -1, ) by assumptions (E)
2k 12 Ky 12 Tk
and (C). This is a contradiction to that (r,x) 1s a competitive

=T
ij; 'k

equilibrium.

Next we show (i). Suppose that there 1s a household j with

' k
xj-=0. If ¥ =e for some j' € N with I,, < I, and some

] 3

k < s, then (ek, I ,-rk)R(O, Ij‘) . Hence we get (ek, I —rk)P(O, 1,)

] h
by assumption (E), which is a contradiction. So we have shown that

h

1]
if xj=0, then x =0 for all j' with I, < I Hence we

=

£ = 3 >

j'
can assume x = 0 without loss of generality. If r

(ef, In—rf)P(O, In) by assumption (G), which is a contradiction. So

then

Te > ag . The total supply of the fth apartment is zw% . Hence
ieM

there are Z wi number of households who rent the fth apartments.
ieM

This and the supposition x" =0 imply that some household 3§ with

I,> rents the fth apartment. Hence

j IG(f-l)

ef, 1 —ror(e™, 1 -r ) .

3 j £l

. £-1 £
Since (e -, Te(e-1) - Pg_p) Qe IG(f-l)_af) by (2.6) and p. , > a;

f-1
by Lemma 2, we have (e  ~, Ij-pf_l j
f-1 f f f-1
Since re > ag, (e” —, Ij-pf_l)R(e s Ij-af)P(e . Ij-rf)R(e . |

)R(ef, I -af) by assumption (E).

j = rf-l) ’

which implies > a by assumptions (C) and (G). Repeating

Teal ” Peog > 85y

this argument, we get

T, > a, for all t =1, ..., £ .
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f
Then the total supply z z wi exceeds the number of households who
: k=1 ieM

rent one unit of apartment, because n does not rent any apartment.
This is a contradiction. Hence every household rents one unit of apartment.
If some household 3 rents the kth apartment with k > f , then

(ek. I -rk)R(ef, Ij-rf) . But since (ef, Ij-af)P(ek, Ij..ak) by

3

Lemma 3 and T 2 a (ef, Ij-af)P(ek, Ij -ak)R(ek, Ij -rk)R(ef, Ij -rf)

which implies ag; < re . So the argument of the above paragraph is applic-

k

able to this case and a contradiction is derived. Hence xj =g for

some k < f . If x11(>0 for some i ¢ M and k < f-1 , then there is

h B,
a j eN by (1i)such that Ij > IG(f-l) and x e . In this case we

can prove analogously to the above paragraph that r for =all

kP 7%
k < f-1 . Hence we have xi =0 for all k < f-1 by the first remark
of the proof. This 15 a contradiction.

Proposition (iii) follows proposition (1) and the note at the be-
ginning of this proof.

Finally we show (iv). Suppose r ST for some k and k' < f

with k < k' . Then no household rents the k'th apartment because

(ek, I --rk)P(ek . Ij--rk)R(ek . Ij"rk') by (2.3) and assumption (C).

k)
This is a comntradiction to (1). Q.E.D.

In order to investigate furthermore the structure of the set of
all competitive rent vectors, we define two concepts. We call

r = (rl, ceuy rs) the waximal (minimal) competitive rent vector iff

(3.10) r is a competitive rent vector,
(3.11) for any competitive remt vector r' , T, > (3 1}

for all k=1, ..., 5.

It should be noted that if the maximal (minimal) competitive rent vector

exists, then it is unique.
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15
Theorem 4(i).”” let G(f-1) < n < G(f) . Then the maximal competitive
rent vector is given by (3.5). Next let r = (rl, ceey rs) be defined

by

£ £-1
(&% Toeg1ye1 =2620¢ s Tore 1941 ~Teoy)

f-1

(3.12)

£~2
(e" % Toceoyer ~Te-10Qe s Igee oy4y =Te )

LR RN NN N EEE RN NNNE NN NN NN S e s s ssanssss et

2 1
(€% Toaye1 ~T2 U Igqy4y ~ 1)

r. = a

£ £ and n = max(0, pk) for all f <k < s, where

f k
P 's are the numbers such that (e, In-af)Q(e ’ In-—pk) .

If .28 for all k=1, ..., f-1 , then this (rl, ceay rs) is
the minimal competitive rent vector.

(ii). Let G(f) = n . The reant vector r determined by (3.6)
and P; is the maximal rent vector. The rent vector given by (3.12)
is also the minimal competitive rent vector under the assumption that

r, 23 for all k=1, ..., £-1 .
From Theorem 4 we get the following corollary.

Corollary 1. Let G(f-1) <n < G(f) . Suppese IG(k) = IG(k)+1 for
all k=1, 2, ..., £f-1 . Then it holds that for any arbitrary competi-

tive rent vector r' ,

{(3.13) ri =r

k for all k=1, ..., £,

where r 1s the maximal competitive rent wvector.

151n fact, the maximal and minimal competitive rent vectors correspond
to, respectively, the imputations (u*, v,) and (u,, v*) in the core
of the assignment game given in Shapley and Shubik ]13, Theorem 3].
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If n is large and if the potential supply | w; of each apart-
isM

ment is large relative to the number of the kinds of apartments, i.e.,

f or 8, then it seldom happens that G{f) = n , Further it often
happens in this case that IG(k) = IG(k)+l for all k=1, ..., £-1.
Although this does not hold exactly, we can say that this holds approxi-
mately. These assumptions are plausible when we consider housing markets
in not too small towns. Further the rents of kth apartments (k > f)
are not important because they are not rented actually at all. Therefore
we can regard the maximal competitive rent vector as a representative.

In the next section we assume:
(I) G(f-1) < n < G(f) .

Further we employ the maximal competitrive rent vector as a representative

of the set of all competitive rent vectors to consider comparative statics,

Proof of Theorem 4. We show that r given by (3.5) of Theorem 1 is the

maximal competitive rent vector in the case (i). We can prove almost
similarly the other propositions, and so we omit the proofs of them.
Let r' be an arbitrary competitive rent vector. Theorem 3(iii)

says that rﬁ S a for all k > f+l . Suppose r; > a Then the

f £
th

total supply of the £ apartment is Z wi . Since r' 1is a com-
ieM

petitive rent vector and G(f-1) < n < G(f) , there is a household

th

j with who rents one unit of the f apartment. This

Iy 2 Tg¢e-1)
implies (ef, I -r%)R(ef_l. I
(ef""l

— '
j j rf-l) . By Lemma 3 we have

f
s Ij"pf-l)R(e . Ij-af) s Where p = (pl, vens pf-l) is the
vector defined by (2.5). Hence we get (ef-l, Ij-pf_l)R(ef. Ij-af)P

(ef, 1 -r%)R(ef_l, I -r%_l) by assumption (C), which implies

b h|
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Pey < r%_l . Repeating this argument we can get ri > Py > 8 for
all k < f . This means that the total supply is at least Z f wi .

k=1 1eM
which exceeds n . This is a contradiction. Hence we have shown that

By Theorem 3 we can assume without loss of generality that
in an arbitrary competitive equilibrium (r', x) each kth marginal

household G(k) (k < f-1) rents one unit of the kth apartment, i.e.,

xG(k) = ek . Since r' 1s a competitive rent vector, we have

f-1

f
- ' -
(e” —, IG(f-l) rf_l)R(e , IG(f-l) af) . But since

f-1 f
(e . IG(f_l)-pf_l)Q(e ’ IG(f—l)"af) by (2.5), we have
—-— ‘ - ]
IG(f-l) T g2 IG(f-l) Pey by assumption (C), i.e., r%_l S Peg Te g -
f-2 o f-1 et f-1 _
Hence we have (e °, IG(f—Z) rf_z)R(e , IG(f—Z) rf_l)R(e . IG(f—Z) rf_l)Q

(ef-z, IG(f-Z)"rf—Z) by assumption (C), (3.5) and the supposition that

rl

is a competitive rent vector. This implies r%_Z:g Te o by assump-
tion (C). Similarly we get rﬂ Sr, forall k¢ f-1.

Q.E.D.

4. Comparative Statics

In this section we consider effects of some changes of certain
parameters of the housing market (M,N) wupon the competitive rent vectors.
Let (M*, N*) be a new housing market which 1s yielded by changes of
certain parameters from the housing market (M,N) , and which is also
assumed to satisfy all the assumptions (A) through (I) of the previous
sections, M* = {l1%, ,,., m*} 1s the set of all landlords, and
N* = {1%', ..., n*'} 4is the set of all households. Of course, members
in M* or N* may be different from those in M or N respectively.

Because we think that economic agents are also parameters in our economy.
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But the kinds of apartments do not change, i.e., there are s kinds
of apartments. The landlords in M* have the evaluation functions
in the form given by assumption (B) with the evaluation values

*

815 «ees a: - The households in M* have the same preference relation

R as that of the households in N . Similar to Section 2 we denote

the kth marginal household in (M*, N*) by G*(k) , {i.e.,
X 1.%
(4.1) G*(k) = (] ] wp*.

t=] feM%

Let f and f* be the marginal apartments in (M,N) and (M*, N%)
respectively, i.e., G(f-1) <n < G(f) and G*(f*-1) < n* < Gk(f*)
Here we should give a brief interpretation to our comparative
statics. The two markets (M,N) and (M*, N*) may be considered to
be ones held at two different times. Let (M,N) and (M*, N*) be
markets held at times t and t* respectively (t < t*) . Every
apartment appearing in (M,N) and (M*, N*) has a term of contract,
which may be different or may be determined endogenously. Now suppose
that an apartment owned by a landlord in M 4is engaged in T year
contract with a household at time t . If t* < t+T , then the apart-
ment does not appear in the market (M*, N*) unless the contract has
been cancelled by time t* . Hence if the apartment appears in (M*, N*),
then t* € t+T or the contract is cancelled before time t* and it
has not been engaged between t+T (or time when the contract is can-
celled) and time t* , Of course, apartments appearing in (M*, N¥)
also may not appear in (M,N) , that is, they are newly-buillt ones or
ones the contracts of which were made before t and have expired by

time t* or have been cancelled. Thus we provided one interpretation
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of our comparative statics. But it is much easier and does not yield
any conceptual difficulty to interpret (M,N) and (M*, N*) as two

different cities.16

t t*  t+T

The main result of this section is the following theorem.

Theorem 5. Let f* > f, and assume

17

(46.2) Lexcn) “Teq) 2 Tox(2) ~Te(2) 2770 2 Tox(e-1) ~Te(s-1) -

Let r and r* be the maximal competitive rent vectors in (M,N)
and {(M*, N*) respectively. Let k be a number with 1<k < f-1.

Then the following propositions hold:

(1) Taxao ~ To(k) % rl’(‘-rk if and only if r;—rk E r;+1-rk+1 .
(11) 1f 1:1"é-rk > rlt-#l_ k4l * Chenm rI-rl > r;—rz > >
or
(111) 1f rl‘:-rk < rlt+1—rk+1 , then rlt+1'rk+1 < he. < r;—rf .

161t is conceptually difficult to construct an argument which makes

our interpretation complete or consistent in a dynamic situation. Still,
I think that the first interpretation is very valuable and helps our
understanding of existent housing markets.

17Iu the case of f* < f , this theorem remains true, replacing f
by f£* .
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Proof. (i) Let IG*(k) IG(k) <r -1 . Let b (rk rk)

: k k+1
= (Toagyy ~Tg)) - Stnce (e, Touqy —1dQe ", Toyqy = Tyy) bY

« . k+1 _ k -
(2.6) and ry > rf,, » we get (e °, G(k) rk+1)Q(e , IG(k) r )
k+1

k
= (e, IG*(k)-r{-kbk)P(e . G*(k) 1+b ) by assumption (E) and

(2.6). This implies I +b

- - &*
k) ~ Tk+l T Tor@) T kel Py
Let

i.e.,

% - * _ - *
el ~ Tkl > Tk T Ty ¢ IG*(k) IG(k) >rp -1, . Then we put

. _ k k+1
b, (IG*(k)-IG(k)) - (r; r,) . Since (e, IG(k)-rk)Q(e , IG(k)-rk+1)

by (2.6) and r, > r we get (ek+1,

i X
k> Tkl Toxqi) ~Tr410208 > Igkge) ~ T

k k+1
= (e, Ic(k)-rk-+bk)P(e . IG(k)"rk+1'+bk) by assumption (E) and
. _ ek
{(2.6). This implies IG*(k) Tt > IG(k) 1+ bk , i.e.,

x _ *
Tx T Tk T Tk

41 " Tpe1 Similarly we can prove that IG*(k)"IG(k)

- p¥_ *_ = rk -
T Ty implies " T T TR T T4l

(i1) Let rﬁ - r;+l - Tpyl - Then we get, by (i) and (4.2),

LR T Let bk = (I

Tere-1) " To-1) 2 Texao ~ Te) o (k-1) ~ Lg(k-1)]
1

k- k
- (rz-rk) . Since (e 7, IG(k—l)"rk-l)Q(e . IG(k—l)"rk) by (2.6)

k-1 k
and T,y > T, » Wweget (e, 1 T3 +b )P(e , IG(k—l)_r )

) by assumption (E) and (2.6).

G(k-1)

k * k-1
= (7 Toeqeen) " T s Touken) ~ Tl
- _ vk
This implies IG(k—l) r_1 + bk > IG*(k-l) Te-1 °® i.e.,

*  _ * _
TP 1 " Ther T Tk T Tk - We can repeat the above argument. So we get

the result of (ii).

(iii) Let Then we get, by (i) and

*x _ * -

Tk T Tk Tkl T Tkel
_ x _ K

(4.2, Towrn) ~ Toern) = Texo) " Te) < Tk T Tk Tkl T Tkad

Hence it follows from (i) that rﬁ

*
+1 ~ T+l S Tr4o T Tpy2 - We repeat

this argument, and so we get the result of ({i1).

Q.E.D.

Although this theorem provides a general criterion for changes

in rents, the causal relations between changes in parameters and those
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in rents are not clear. So, we should consider the causal relations.

Corollary 2. Assume that the marginal apartments in (M,N) and (Mk, N¥)

are the same, f.e., f = f* and that a -« a; . Assume that

(4.3) Terny = Yoy 2 -+ 2 Tenge-1) ~ Teqe-1) > 0 -

Let T and r* be the maximal competitive rent vectors in (M,N) and

(M*,'N*) respectively. Then it holds that

(4.4) Ioe) ~ lgao) > Tk - T for all k=1, ..., £1,
(4.5) A T RLE PRI 18
18

Let us consider the case where the price of money (the composite com-
modity) changes into p > 1 . Let aﬁ =a for all k=1, ..., s

and f = f* ., Note that the evaluation values ak or a: reflect

the costs of building the apartments measured in terms of money. See
footnote 2. Further we assume that the nominal incomes of marginal
households do not change, i.e., IG(k) = IG*(k) for al} k=1, ..., f=1 .

Corollary 2 is applicable to these markets, That is, transforming the
price p into 1, we get a housing market (M**, N**) guch that
a;* = a for all k=1, ..., s and IG**(k) = IG(k)/p for all

k=1, ..., £-1 . Of course, (M*%x N**) 1g the same as (M*, N*%)

except the units of the prices. If rI*, . r:* are the maximal

competitive rents, then it holds that
Kk *% o

1‘1 - 1‘1 P aas > rf.—l - l'f_l

That is, all of the real rents decrease and further the real rents of
better apartments decrease more. But the nominal rents
pri*, pr3*, ..., pri* have the property that r < prp*  for all

k > £ . Therefore there may exist the possibility that the nominal

rents of worse apartments rise but simultaneously those of better omes
decrease. Regretfully the author has not found any example for this
possibility. In all his examples, it holds that 1, < pr**  for all

k
k=1, ..., 8.
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Proof. 1If is clear that Te =T =ag a; - lLet Te 1 < Te g - Then
f-1 £
since (e 7, IG(f_l)-rf_l)Q(e , IG(f—l)"af) and Te_y > ap» ve
f-1

get, by assumption (E), (e ~, I

£
or(£-1) ~Te-D P Toueogy —2g) -

* f-1
Further we have s IG*(f_l)-tf_l)R(e ’ Ic*(f-l)"rf—l) by

f-1 * f
assumption (C)., Hence (e” 7, IG*(f—l)"rf-l)P(e ’ IG*(f-l)"af) .
which contradicts (2.6). Hence we get r;_l >re , - BHence
r;_l - T, ? r? - r; = 0. Therefore we get (4.4) and (4.5) by Theorem
5(1) and (ii).

Q.E.D.

This corollary says as follows: Assume that the marginal apart-
ment and the landlords' evaluation value for it are the same, and that
for each k < f , the income of the kth marginal household rises more
than (exactly speaking, not smaller than) that of the k+l-marginal house-
hold. Then the increments in the maximal competitive rents of more
preferred apartments are larger than those of less preferred ones. (4.4)
says that the increments in the rents do not exceed those in the incomes.
These results depend greatly upon assumption (E). The dependence could
be explained intuitively as follows. Let us consider the situation where

household j is Indifferent between (ek, Ij-rk) and (ek+1, 1

h

3° Te41?

Since the kt apartment is better than the k+lth one, T is higher

than r Hence the consumption level is lower imn (ek, Ij-rk)

k+l °
k+1

than that in (e ~, 1 If his income rises, but if both the

i~ Te4y)

rents also rise in the same magnitude which is less than the increment
in income, then he chooses the better one, the kth apartment, because

the increments in consumption are the same but Ij - T < I:1 - T4

and so the increment in (ek, I -rk) makes him more comfortable than

(ek+1

h

that in ) . Hence the demand for the better one increases

s Ly
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and violates the market clearing condition. So the rent of the better
one rises more than that of the worse. See Figure 2.

This theorem is applicable to the case where the income levels
increase proportionally, i.e., for some a ,

= (1+a)l for

Tex G (k)
all k < f-1 . This case is considered in the following example.

Example 4. Let us consider the housing market (M,N) given in Example
2. Let IG*(k) - (1-+0.1)IG(k) for all k < 12 , which 1is written

as Table 6. Let the other parameters be fixed. Then the maximal com-~
petitive rent vectors are given as Table 7.

Although the income of each marginal household rises uniformly
at 10%, the rates of the increments in the rents are not equal. The
rate of the most preferred apartment is 4.6% but that of the 12th one
is 0.7%. 1In this example we get the interesting result that the maximal
competitive rent of a more preferred apartment rises more than that of

a less in both sense of absolute magnitude and proposition. But the

proposition with respect to proportion is not generally true.

Lerma 4, Let f < f* . Assume that for all k < f-1.

Tex) = Teao

1f r; > T for some k < £, then

(4.6) r: > T, for all t <k .

k-1 k-

* - -
Proof. Let ry >r . Since e -, IG(k-l) rk_l)Q(e . IG(k-l) rk)P
k _ ek k-1 ™

(e, IG(k-l) rk)Q(e . IG(k—l) rk-l) by (2.6) and assumption (C),
we have T,1 < r;_l . Repeating this argument, we get (4.6).

Q.E.D.
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s
¢ 1 2 3 &4
10 10 1100 4 1760
20 13 7170 6 1540 2 1980
30 14 ¢ 9 1210 5 1650 2090
40 16 ¢ 12 880 8 1320 1870
50 17 ¢ 15 ¢ 11 990 1430
Table 6. IG*(k)
8
t 1 2 3 4
246.5 4.9 504.8 1 19.7
10§ 10 4
241.6 11,020 485.1 1 1.041
160 0 396.8 | 13.6 613.9 | 25.9
2013 6 2
160 1l 383.2 11.0355 588.0 | 1.044
140 0 289.2 7.4 489.2 | 18.8 679.3) 29,7
30| 14 9 5 1
140 1 281.8 [ 1.026 470.4 | 1.040 649.6 | 1.046
120 0 180.0 1.2 361.4 ( 11.5 538.3 1 21.6
40 1 16 12 8 3
120 1 178.8 | 1.007 349.9 11.033 516.6 | 1,042
100 0 140 230.4 4.1 389.3] 13.1
50 (17 15 11 7
100 1l 140 226,311,018 376.2 | 1.035
k0 _k_
T | Tk~ Tk
Table 7. k .
r, 1:1‘,_/1:k
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C 11 - = * =
orollary Agsume that f f* , and that IG*(k) IG(k) for all
k=1, ..., f-1 . And assume that a¥* let r and r* be the

£ > a -
maximal competitive rent vectors in (M,N) and (M*, N*) respectively.

Then it holds that

* _ £ * _
(4.7) O <ri-r) <...<rf, Teq <8f -8,
* * *
(4.8) 1 <rjfry <o <xg (/re . < agfa; .
Proof. Since r, = a. < af = r; , we get, by Lemma 4, r: >r,  for
* -
all t < f . Hence ryoT IG*(l) IG(l) = 0 , which implies that

Theorem 5(iii) is applicable to this case. Therefore, we get (4.7).
Since ry >Tr, > ... >r. by Lemma 2, we get (4.8).

Q.E.D.

When the marginal apartment and the income levels of the marginal
households do not change, but when the evaluation value a of the
marginal apartment rises, the maximal_competitive rents also rise.

In this case, however, the shape of the increments in the rents has a
different tendency from that of Corollary 2 but rather a converse one,
that is, the increment of a less preferred apartment in the rent is
larger than that of a more preferred one. This i1s the same as Theorem
2. As the evaluation value a; reflects the cost of building one
unit of the marginal apartment f , we may think that the increment
of the evaluation value a. is that of the cost of building the

apartment.l9 An increment of the cost of building the marginal apartment

is one reason for the rises in the rents given in Corollary 3. See

1g§ee footnote 2.



Figure 3.
This result could be explained verbally in the same way as the
explanation after Theorem 2. Example 3 can become an example for this

corollary with a little change. Sc, we do not give any example here.

*
£ o) ™ Ter)

k < f-1 ., And agsume that f < f* ., let r and r* be the maximal

Corollary 4. Assume that a > as , and that for all

competitive rent vectors in (M,N) and (M*, N*) respectively. Then

it holds that

* _ * _

{(4.9) 0 < - < .. <¥E Te s
* *

(4.10) 1 < rl/r1 < ... < rf/rf .

Proof. Since r; > a? > £= T by assumption (G), we have, by Lemma
* * _ - =

4, ry>r, for all t < f . Hence ry r, > IG*(l) IG(l) 0,

which implies that Theorem 5(iii) is applicable to this case. Therefore,

we get (4.9). Since T, > T,

> s.. > T by Lemma 2, we get (4.10).

£
Q.E.D.
When the incomes of the marginal households and the landlords'
evaluation values do not change, but when the marginal apartment moves
to a worse one, the shape of the increments in the rents has the same
tendency as that of Corollary 3. That is, the rent of a less preferred
apartment rises more than that of a more preferred one. This case may
occur when the population of an urban area participating in the housing
market increses, i.e., the demand of apartments increases more than
the supply. See Figure 4, The crucial assumption of this corollary

is that IG*(k) = IG(k) for all k < f , i.e., though the population
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of the area increases, the increment of population is in the group of
households with lower income levels. Hence we can say nothing exactly
by this corollary in the case where the population increases uniformly
on each group of households with an income level. If we want to con-
sider such a case, then we should take into account the effect of changes
in the marginal households' incomes like Corollary 2.

We investigated the effect of change of each parameter upon the
maximal competitive rent vector. Theorem 5 can be applicable to the
case when more than one parameter changes simultaneously. Corollary
5 says that there are three possibilities, (4.5), (4.7) and a compromise

between these two. See Figure 5.

Corollary 5. Let £ < £* . Assume (4.2). Let r and r* be the
maximal competitive rent vectors im (M,N) and (M*, N*) . Then there

are kl and k2 and that 1 h kl < k2 < f and

* * *
(4.11) Ty =Ty 2Ty - T, > e 20—,
1 1
(4.12) r* -r =r* - - ...=xF ¢
kl kl k1+1 k1+1 k2 kz
* * _ % _
(4.13) rk2 - rkz < tk2+1 rk2+1 < .. <TE =T

Proof. Obvious from Theorem 5.
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Example 5. Let us consider the housing market (M,N) given in Example

2. Let IG*(k) = (1-+0.1)Ic(k) for all k <12 , which are given as
Table 6. Let f = f* and aI3 = 260. Then we get Table 8. Approxi-
mately, it holds in this example that kl = 10 and k2 = 11 .
s

£ 1 2 3 4

341.0 | 99.4 588.4 | 103.3
1010 4

241.6 | 1.411 485.111.213

260 100 484.2 | 101.0 694.2 | 106.2
20|13 6 2

160 [1.625 383.2(1.264 588.011.181

240 100 381.5 | 99.7 573.31102.9 757.7 | 108.1
30114 9 5 1

140 [1.714 281.8 {1.353 470.4 11.219 649.6 | 1.166

220 100 278.5 | 99.7 450.3 | 100.4 620.8 | 104.2
40116 12 8 3

120 {1.833 178.8 | 1.558 349.9 | 1.287 516.6 | 1.202

200 100 240 100 325.7 | 99.4 477.11100.9
50|17 15 11 7

100 2.00 140 | 1.714 226.3 | 1.439 376.2 | 1,268

* *
T T, -T
Table 8. k k k_k
%
T rk/rk
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5. Conclusion

We constructed a simple mathematical model of housing market in
vhich apartments are treated as indivisible commodities and all the
other commodities are treated as a single composite commodity. We got
the constructive proof, the recursive equation (2.6), of the existence
of a competitive equilibrium and argued that the equilibrium given by the
equation could be regarded as a representative of all competitive equi-
libria. Further we showed that there are several but limited tendencies
of variations in rents when parameters change. We discussed that this
is caused mainly by the assumption of diminishing marginal utility,
assumption (E).

As pointed out, our analysis made many assumptions for simplifi-
cation. For example, the theory of this paper is applicable to the
case where there is a unique transportation system and all households
go the same number of times to the center. Without these the analysis
becomes much more difficult. Although Kaneko [9] provided several
general properties, e.g., the existence of a competitive equilibrium,
it cannot answer explicitly what happens in the market., For the purpose
of analysis of a general housing market, we would need the algorithm
for calculation of a competitive equilibrium because we cannot expect
to get any explicit equation like (2.6) which determines a competitive

rent vector. Now I plan to construct such an algorithm,
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APPENDIX

Proof of Lemma 1(i). Suppose (y, mz-G)R(x, ml-ﬁ) . By assumptions
(C) and (D), there is a b > 0 such that (y, mz-6)Q(x, ml-6-+b) .
Since m - §+b > o, - § , we have (v, mz)P(x, ml-+b) by assumption
(E). But by assumption (C) we have (x, ml-kb)R(x, ml)Q(y, mz) , 1.e.,
(x, ml-bb)R(y, mz) , Wwhich is a contradiction.

(11). By assumptions (C) and (D) there is a b > 0 such that
(ek, O)Q(et, b} . By assumption (E), (ek, ml)P(et, m1-+b) . Hence
(et, mz)Q(ek, ml)P(et, u&-+b) . This implies o, > my +b > n, by

assumption (C).

Q.E.D.

Proof of Lemma 2. Since (ef, -af)R(ef, In-af)P(el, 0)P

f-1
e

Te(e-1)
, 0) by assumptions (C), (F) and the supposition of this

oo P(

f f-1
lemma, there is a b such that (e’, Ic(f_l)-af)Q(e . bf-l) .

£-1
This bf-l is unique by assumption (C). Let Pel ™ IG(f-l) - bf_1 .

f-1 f-1

Since (e -an)P(él, 0)p

f
» Tgee-2) “Pe-)R(e s Tgee 1y —Pg p)Qles Toer g,
ces P(ef-z, 0) by assumptions (C), (F) and the supposition of this

-1 f-2
lemma, there is a bf_2 such that (e ~, IG(f_z)-pf_l)Q(e s bf-z) .

This b is also unique, Repeating

Let pe p = Ig(s-2) ~ Pg-2 - £-2
this argument we get (pl, aeey Pf—l) . Lemma 1{ii) implies that 1if

K k+1
(e Io) ~PIdQe s Igay =Pyyy) » then Igay = Py < Tggyy = Pyy o

i.e., Py > Ppyp ° This is (2.6).

Q.E.D.



43

t t+l
. <t < f-1 . - -
Proof of Lemma 3. Let k St < f-1 Since (e, IG(I:) pk)Q(e . IG(t) pk+1)
t t+l
and p > P, > We have, by assumption (E), (e, I«-pk)R(e , I—pk+1) .
This is the first proposition. Let t > f and let In za, . Since

(ef, In-af)P(et, In—at) by assumption (G), there is a bt >0 by

assumptions (C) and (D) such that (ef, In-af)Q(et, In—at+bt) . By

assumption (H) and lLemma 2, In - ag < In -a_+ bt . Hence, we have,

t

by assumption (E), (ef, I-af)R(et, I-at+bt)P(et, I-a) . Let

t

I>a > In + Since (ef, O)P(et, 0) by assumption (F), there is a

t
bt > 0 such that (ef, O)Q(et, bt) . Hence (ef, I-at)R(et, I_at+bt)

t
P(e,I-at) . Since I-af:In—af:O but at>1n' we have

I - ac > I - a, s which implies (ef, I-af)P(ef, I—at) . So we have

f t
(e, I—af)P(e , I-at) .
t+l

Let t <k » Then since (et’ IG(t) 'Pt)Q(e [] IG(t) —pt+1)

t+l t
» I=p  IR(e”, T-p))

and p, > p.,, » Wwe have, by Lesma 2(1), (e
if pt < I.

Q.E.D.
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