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MARKET INDUCED WELFARE OPTIMA

5y Rolf Mantel

a. Introduction

We are observing the competive equilibrium solution of a multimarket
cconomy; the invisible hand has cdonme its iob. For some such a sclutien
is optimal. If so, what does the invisinle hand maximize? A correct
answer is, the negative of the distcnce to equilibrium., This is obvious
but hardly helpful, since the equilibria have to be known to apply such a
concept of optimality. £ minimur requirement for a criterion for optimality
or social welfare function is that it be a monotone inéreasing function
of the utility levels attained by the individuel consumers. This type of
welfare function is associated with the names of Bergson and Samuelson;
its menotenicity with that of Pareto. The problem becomes then cne of
determining an increasing function of the utilities which when maximized
leads to the set of competitive ecuilibria of the standard Arrow-Debreu
reneral equilibrium medel, Such a funetion could thon be analyzed so as
to have an indication of the welfare judpments involved implieitly in
accepting the existing wealth distribution (statu~duo). Perhaps it wculd
also show a way to compute such equilibria, using nonlinear programming

methods.



b. Description ot the Model and Tools

The model annlyzed is the standard Arrow-Debreu feneral equilibrium
model of a private ownership economy as expounded by Debreu (1959). Sinece
we are lecking for a function of the utility levels, the model will be
examined in utility space. Thus for the present purpose, the actual
consumption and production allocations are immaterial, as are prices of
commodities and incomes of the apents. The followingy statement will be
used in order to justify the analysis of only the simplest pure trade

version of the model.

Prrposition: The standard Arrcw-Ichreu model can be approximated, from
the point of view of competitive equilibrium utility allocations, by the

following pure trade econcmy. There are m traders (consumers), with

1 . . . . -

initial endowments w  in their consumpticn sets, which are just the
. n . .

non-negative orthant R+ cf commodity space, and with preferences

s . i n . .
represented by utility functions u R+ to R+ which are continucus,

concave, linear homogenecus and monotone.
This propesition, not being central to the ensuing arguments, will
not he proved here. Intuitively, production can be assipmned to households,

and induced preferences defined on trades. FEach trader's utility function

tr "t

is then "homopencized" Ly introducing a new commnodity, his "ego" or

"essence'". After a convenient displacement, his consumption set can then
e . . . . .
he extended to R+ . The sense of the approximation is given by the

Fellowing assumpticn.



Assumption on Preferences: They can be represented by concave, continuous,

functions. Granted the other usual assumptions in peneral equilibrium
theory this is mot too strong, since such utility functions can approximate
convex, continuous preferences to any degree, as has been shown in Mantel
(1967), Kannai (1972), and Mas-Colell (1972).

Once the model has been reduced to the simple pure trade model
described in the Proposition, define the utility possibility set U as

follows.

<
L2

i i >
U={uce R: toug ul (x) ; X=0; Xe=We }

vhere the consumption allocation X is a matrix with n rows and m
colummse of non-nepative elements. Its i-th column xi represents the
consumption bundle assigned to the i-th consumer, The m-vector e has
all coordinates equal to unity. If a is an m-vector of positive welfare
weights, maximizing a'u on U leads to a P o optimum. Under our
assumptions, all Pareto optima can thus be sustained by some vector a

of welfare weights. Since the competitive equilibrium is a Pareto optimum,
it could be hoped that a way to determine such an equilibrium would be by
selecting appropriate welfare weights aﬁd the subsequent maximization of
the weiphted average of individual utility levels. Negishi (1961) was

the first to show that if these weights are adjusted taking into account
the budpet surpluses of the consumers at the optimum achieved, evaluating
the optimum trades ab the implicit prices associated with the resource
constraints, the resulting process has a stationary point that corresponds

to the welfare weights sought. Since the budget constraints are then



satisfied, that point corresponds to a competitive equilibrium with
equilibrium prices equal to the implicit prices that have been mentioned,
Unfortunately that process is not stable in peneral (Mante, 1971). Neither
do the values of the welfare weights at an equilibrium relate in any
simple way to the initinl Jata of the prchblem. Thus the linear welfare
function is not what we are looking for, especially taking into acccunt
that in peneral it may lead to several maximizing utility allocations,
not all of which correspond to equilibria, while other equilibria will
not maximize such a simple function without a modification of the weights,
Note that the utility pessibility set does not hold sufficient
information to locate competitive equilibria, For the latter it is
nccessary to know the distribution of initial holdings cof poods and
gservices. One way of retaininpg more information is to use the utilitv

transformation cone
> < i 1. > <
T=1{ (u,v) = C : u, = ut (xM) : X=03; Xe = W }

which can be interpreted as a sct of processes which transform pecple

-— the numbers ] of consumers of type 1 -~ into utility levels. Of
course in the end we are intercsted in the driginal economy, in which
there is only onc consumer of each type obtained by setting v = e .
Note that T is defined in a way similar to VU ; the latter now becomes
the section of the eome T corresponding to one person of each type.
This cone has been introduced by Mantel (1965), together with the coffer
sct to be defined subscquently. It has been shown there that T has all
the properties usually assipned to the technology of the wvon Neumann

prowth model,



Let the polar come -- or dual come -~ of T be defined as follows,
o 2 <
™={(a,b) =0 : au-bv =0 for all (u,v) €T} .

Then the offer set, in the space of utility levels, is defined by

T*(e).
T*(e) = { u : there exists (a,b) € T such that bi = a.u, for all i }

The name assigned to this set comes from its boundary when there are two
traders and two commodities, which consists then of utility allocations
corresponding to pairs of consumption allocations on each consumer's offer
curve corresponding to some price vector. The present use of the term
"uwffer set" should he distinpuislicd from the related definition used
previously by the author (1975, rcmark 5).

As has been shown by Mantel (1565) the intersection of the offer set
with the utility pessibility set is the set of competitive utility
allocations; these allocations were there desipnated as coordinate-wise
value—preserving. The existence of competitive equilibrium was there
demonstrated by showing that it is possible to determine in a finite
number of steps a point in the utility possibility set which is at a
preassipned distance from the offer set, and then letting this distance
tend te zero. That proof was not constructive in the sense of converging
to the intersection; but it did provide an approximate solution of the '
general equilibrium model in the sense of present day fixed point methods.

The utility transformation cone is closely related to other concepts

. . i -th . .
in economic and game theory. If e represents the 1 unlt vector 1in



m . S i o .
R and if & = z e , where S 1is a coalition (i.e., subset) of
i€s
consumers M , we can consider the sections of the utility transformation

cong T .
T(v) = { v : (u,v) €T },

As noted before, T(eM) is the usual utility possibility set. The
restriction of the correspondence T(-) to subsets cf M leads to market
pames in characteristic function form, extensively analyzed in a secuence
of articles by Billera and Bixby and one by Mas-Colell (1975). The
restriction of the same correspondence to arguments which have non-negative
integer coordinates not exceeding some inteper k gives the market pame
associated with the k-fold replica of an economy, concept useful in the
Scarf-DPebreu limiting theorems. Finally, the restrictions to the convex
hulls of coalitions give Aubin's fuzzy pames.

The utility transformation cone can be defined for any game in
characteristic function form if it is balanced, by applying the
characterization theorems which imply that such games are penerated by
some economy; this permits extending economic concepts such as competitive
cquilibrium to pames not originating in markets. Alternatively, if V
is a characteristic function on coalitions to subsets of utility space,
define T as the union os sums of the form ZS dSV(S) for non-negative
wolghts ds . The restriction of T(-) to the coalitions corresponds to
the cover of the game, which coincides with the game if the latter is
totally bhalanced. Here we use the strong concept of balanced games used
by Billera and Bixby, as opposed to the conecept of quasi-balanced games

due to Scarf.



¢. Special Cases for Which the Competitive Model

Can Be Solved by Nonlinezr Propramming Methods

In the present section 2 rlassification of cases in which competitive

solutions can be found by maximization will be given,

1, General not homothetic preferences.

i.

ii,

All consumers have the same preferences and endowments of
commodities —— this is a special case of the next point ——,
The initial endowments are distributed optimally according to
the Pareto criterion. An obvious welfare function for this
case is

b(u) = min u, / ui (Wl)
i

2, Homothetic preferences.

i.

All consumers have the same preferences with possibly different
endovments. The e¢quilibrium prices are the marpinal utilities
of the apgrepste endowment. Each individual's consumption
bundle will be in proportion to this aggrepate endowment, its
level heing consistent with the value of his initial endowment
at those prirces. Social welfare in this case can be taken to
be the utility of aggregate consumption. In fact a more

gencral from of this case 18 given by requiring that the

utility transformation cone be the sum

T=J 1



of the m intersections
™ = Tn { (uv) € R?m ty = 0 for k¢ i}

representing the levels of resources needed for consumers of
type 1 to attain given utility levels if there were no other
consumption demand. Results are similar to those later
described under item 2.iii.,

The relative income distribution is independent of market
prices. This case has been analyzed by Eisenberg. Chipman,
Scnnenschein and Shafer, chipman and Moore have generalized

the result. Gale studied the particular case in which the
utility functions are linear. Under the present assumptions
the apgprepate economy hehaves as if it were a single consumer,
The welfare function maximized by the community is the average
utility of the consumers, weighted by the relative income
distribution, One has to takc the geometric mean if utility
functions are linear homogencous; the arithmetic mean if they
are lops of linear homogenecus functions. What makes this

case especially attractive is the fact that the equilibrium
solution can be found by maximizing this average using standard
methods of nonlinear programming since the sccial welfare
function is concave. Written out explicitly, if di represents
the fraction of the nggrepate endowment owned by the i-th

cnnsumer,

i d.
blu} = 1 [ u ] 1.

=N



The market is perfectly balanced. This is the case when the

utility transformation cone T 1s the sum

of the m ccnes

™ =Tn{ (u,v) € R?m A O for k# il

Therefore, the utility levels that can be attained by the
community are just sums of the levels that can be achieved
separately by using only the endowment of each individual. It
has been shown by the author (1978) that the cffer set of
perfectly balanced markets is convex, and that it is posgsible
te construct a concave social welfare function whose maxima
coincide with the set of competitive equilibria.

A special case of perfectly balanced markets has received some
attention in the literature by Gale (1957, 1976), Eaves (1976),
and Mantel (1976), under the name of linear exchanpe model.
Linearity refers to the utility functions ui = ci . xi . As
shown in the paper mentioned last, the unique competitive
utility allocation can he obtained maximizing the concave,
linear homogeneous, strictly monotone welfare function defined

by

h{u) = max min u; Py / [ ct (w1 . p) ]
p EF i,3 3 J

on the utility possibility set U . The set P denotes the
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unit simplex P= {p €R} : ¢ .p=11},

The following sections will refer to the gencral case. It could be
hoped a priori that the results mipght be similar to those listed in the
present section. This could be inferred if one made a parallel between
the development of the theory of the linear utility model and the general
model,

The first equilibrium existence proof for the linear utility model
has been provided by Gale (1957) using the fixed voint theorem of Kakutami.
Writing in 1975, Eaves (1976) provided an alporithm of the Lemke-Howson
type which also led to an existence proof, TFinally, the present author
(1976) reduced the problem of existence of equilibria to a problem in
non-linear programming applying the Kuhn-Tucken theory to the maximization
of a convave welfare function subject to linear inequality constraints.

The developments reparding the procf of existence of competitive
equilibria in the peneral case from the point of view of welfare
maximization start with Nepishi's (1960) existence proof mentioned above
applying Kakutami's f{ixed point theorem, deviating from the then
fashionable and fruitful tradition of equating demand and supply. The
present author (1955), usinp a Lemke-Howson type argument, followed
esscntially Nepishi's formulation for another proof, Can it be inferred
from here that the next step would again consist in rcducing the problem
to one of non-linear programming, where the Kuhn-Tucker theory can be

applied? We will sec that repretfully this is not the case.
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d. Market-induced optima in utility space

1t is now a simple matter to construct a monotone, linear homogeneous
function of the utilities which when maximized leads to the set of

competitive utility allocations, nefine
b(u) = sup [ t :u is in T*(te) ]

which under our assuptions is continuous on R$ , if we add one of the
usual requirements for consumers to have positive incomes at quasi- or
compensated equilibria. Explicitly, we assume Arrow and Hahn's resource
relatedness assumption. In our terminology, this assumption is equivalent
to the requirement that the utility peossihility set can be expanded in the
direction of the payoff tc some consumer in a cozlition by proportionate

increases in the endowments of consumers not in the coalition. Fermally,

if u is in T(e) , for any subset S of M there exists a non-negative

LAY

v with v, = I for i din S , and u in T(v) such that u = u

and u, > u

a Wherce sets are used as indices, we mean the sum of the

g -

elements corresponding to the indices in the set, so that ug stands

fer U . This assumption z2llows us to ignore the boundary of the

Lies
welfare weipht space, since competitive welfare weights will be strictly
positive. By what has been said in section b., the intersection of

U= T(e) end T*(e) consists cf the set of competitive utility
allocations. Any such allocation u* maximizes b(u) subjet to u in

T(e) , and bhu¥*) =1 .

In the peneral cese, even if T*(e) , the offer =et, is not convex,
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the welfare function b will be well defined, continuous, homogeneous of
desree 1 , and strictly monotone cn R$ . It will be maximized on
T(e) , the utility possibility set, at any competitive utility allocaticn
u* , the value being h(u*) = 1 , whereas no other feasible utility
allocation will achieve that value. Thus the set of maximizers will be
the intersection of the utility possibility set with the offer set, that
is to say, the sct of competitive utility allocations. Since in peneral
T*(e) 1is not convex, b need not be concave. In fact it cannct be
concave if there exist several isolated competitive utility allocations.

Figure 1 shows how T*(e) is constructed in the general case. Point
e 1is the origin for the Utility possibility set U = T(e) ; the added
dimension corresponds to chanpes in the relative numbers of v, and Vy
The cone T has heen nermalized sc that the sum of the coordinates of v
is constant to allow the representation. Corresponding to a vector of
welfare weiphts a there is an efficient point u in U . The hyperplare
H supports T at wu , and is therefore a peint in T¢ . If m= 2, the
intersection of H with the nonnegative orthant has four vertices.
Congider those two labelled R and S . They define a "diagonal™
-- really an m-dimensicnal linear subspace -- intersecting the flat
defined by v = e at the unique point u in T*(e) . The nonnnegative
orthant, displaced seo that its oripin coincides with u , is a subset of
T*(e) . Since H need not be unique, the welfare weights a may generate
several points such as u .

In the two dimensional casc it is quite obvious that a can be

selected so that u and u coincide. For m larger than 2 fixed point
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arpuments are needed. Note that the "diaponal" througsh u does not meet
the interior of T . This means that no point in the cone can deminate
u in the sense that no point in T provides a higher u; per unit of
v for every i . No feasible transformatien provides a hipgher expansion
rate for all i .

By the cdefinition of H , corresponding to welfare weights a
interpreted as "prices" on the "outputs" u one can associate "prices"

U, « In
ii

with the "inputs" v , such that v, carries the 'price” a
particular, at equilibrium, where v = e , this pricing relaticnship

means that the value of ocutput 1 , aiﬁi , equals the value of the
corresponding input, (aiﬁi) x 1 , where the unity stands for the quantity
of the input.

This property cf the cquilibrinm utility allocation u has been

designated as beinp coordinate-wise value-preserving in Mantel (1965).

e, Market-induced optima in commodity space

In order to understand better the meaning of the optimality concept
involved, it is instructive tc translate the concerts expressed in terms
of utility nllocations to their counterparts in commodity space.

It is well known that the counterpart of the utility possibility set
is the familiar contract curve in the Edgeworth box diagram. As the usual
definition of Pareto optimality poes, it is the set of allocations of

> . . .
trades Y= X - W= «W guch that Y satisfies two conditions.
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. . . <
i, Y is balanced, i.e.., Ye = C ,
ii. No halanced trade Z 1is Pareto superior to Y .
One says that the allocation Zi is Pareto superior to the allocation Y
. . . i i . i
if no trader i prefers his y tn z~ , and some 1 orefers z to
i
y .

In order to restrict the set of Pareto optima to the set of
competitive equilibria, a larper comparison set is needed in ii. From
the previous remark that competitive utility allocations have undeminated
"expansion rates" it is seen immediately that this means that per capita
utilities cannot be increased for everybody by varying the number of
consumers of each type. This can be rephrased as follows, to avoid the

fiction of altering the number of consumers. Define the allccation Y

to be a weakly balanced allocation of trades if it is individually

> . . _ .

feasible: Y + W = 0 , and if there exists a set of positive weights t
< -

guch that Yt = 00 ., That is to say that some other allocation which

. . b i,
provides each trader with a trade vy ts along the same ray as y 18

balanced., Tefine market-induced optimality by requiring that a feasible

trade Y satisfies the following two conditicns,
. . <

i, Y 1is halanced, sc that Ye = 0 .

ii. No weakly balanced trade Z is Pareto superior to Y .
It can be shown that under the usual assumptions of the standard Arrow-
Nebreu model, the set of market-induced optima in fact coincides with the
set of competitive allocations. This is a generalizatien of the
previously stated results, which hold only for preferences with concave

representation. Note that the set of weakly balanced trades is wider



than the alternative trades with which Schmeidler and Vind compare their
trades to conclude that they are fair. These authors do not allow just
any alternative weakly hkalanced trade, but only allccations which are
inteper multiples of the candidate fair allccation. This implies in
particular that fair trades need not be optimal in the present sense,
uriless the candidate fair trade spans all weakly balanced trades.

From the definitions involved, it is easily seen that market-induced
cptima are Pareto optimal and fair.

It is interesting to analyze the meaning of condition ii. for a
narket-induced optimum. That is, we observe the set Q of feasible
trades which are not Paretc dominated by weakly balanced trades. It can
o shown that in the case in which the preferences have concave
reprcsentations, the utilities associated with such trades are exactly
the points in T*(e) . Therefore we will call Q "offer set" in
commodity space. Furthermore, the boundary of T*(e) consists cof utility
allocations in the offer set which do not dominate others in the same set;
in commodity space this defines the set of trades which are not Pareto
superior to weakly balenced trades, and do not deminate others with the
same property. In the Edgpeworth hox diagram for the two trader, two
ccrmodity case, a point in this set is represented by two points, one for
cach tradcr, such that there is a line through the initial endowment point
geparating the correspondiag two indifference curves. In other words, it
consists of a pair of excess demands for some price vector, as could have
heen inferred from the fact thot market-induced optima are competitive

allocations: points on the boundary of the cffer set are weakly balanced,
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hence are competitive allocations, in an economy with a different origin
for each trader, and therefore must be points on the offer curve for the
competitive price system.

From these remarks we see that a maximum cof the welfare function

b(u) defined above provides a utility allocation which is feasible -- is
in T(e) -- and in the offer set T*(e) . The corresponding trade
allocation is feasible -- in the Edgeworth box the points for the two
traders coincide -- and a market induced cptimum -- the two points are on

the corresponding offer curves for scme given price line through the
initial endcwment point --. ;

A most interesting consequence of these investigations is that these
ccnsiderations carry over tc higher dimensicnal medels, In particular,
the offer set Q 1in commodity space provides an interesting generalization
of the offer ecurves. The usual drawback of this tcol is that it is not in
peneral possible to determine competitive equilibria by their intersection
in higher dimensions. This problem is resolved by the offer set by
considering not cach individual in isolation but by defininp it as a set

of allocations, onc¢ for each trader.



FIGURE 1}
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