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COMPARISON OF PUBLIC CHOICE SYSTEMS

The area of socilal decision-making is one in which the disciplines
of game theory, economics, and political science all meet. One of the
simplest decisions to be faced is the election of one candidate (or the
choice of ome alternative) from several. Varilous voting systems have been
proposed for such elections. In order teo compare these systems, the three

papers collected here develop a measure of "

effectiveness," which indicates
the extent to which a voting system selects candidates representative of
the voters' preferences.

The first paper, "Comparisoﬁ‘of Voting Systems," defines effective-
ness in terms of the expected social utility of the candidate elected from
a "random" soclety. Working in the same terms, the second paper, "Multiply-
weighted Voting Systems,' develops an equivalence relation among voting
systems under the assumption of optimal (equilibrium)} voter behavior. The
last of the three papers, '"Reproducing Voting Systems," gives an altermative
derivation of the effectiveness measure from the viewpoint of a single voter.
It is seen that a voting system of high effectiveness in terms of social
utility is of equal effectiveness in satisfying the desires of each indivi-
dual voter, An appendix to this third paper presents a characterization
of the uniform probability distribution which motivates the use of that
distribution in the definition of a random society.

A number of specific issues are also dealt with., In the first paper,
several recent elections are reviewed to illustrate drawbacks of the standard
voting system (in which each voter casts a single vote, and the candidate

receiving the greatest vote total is elected). It is shown that as the



number of candidates becomes large, the standard system becomes totally
ineffective. The Borda system (in which the voters are called upon to rank
the candidates, and then votes are awarded in proportion to the ranks as-
signed) is seen to be the most effective of all voting systems in which
the votes received by candidates depend solely on the voters' rankings.
We introduce the approval voting system (in which each voter may cast one
vote for every candidate of whom he "approves'"), and show that for three-
candidate elections it is slightly more effective than the Borda system
(which is in turn substantially more effective than the standard system).
A variety of practical considerations are presented, which argue in favor
of the implementation of approval voting.

The second paper treats several familles of voting systems related
to the approval voting system, and introduces the important concept of a
"reproducing" voting system. The effectiveness of particular three- and
four~candidate systems is determined; the three~candidate system is the
most effective we have discovered to date.

A general treatment of reproducing voting systems 1s presented in
the third paper. A formula for the effectiveness of any reproducing system
is derived, and is applied to voting systems which allow a voter to vote for
a fixed number of candidates, and to the Borda system. It is found that,
in contrast to the standard voting system, the Borda system is asymptotically
(for elections involving many candidates) as effective as any system can be.

The papers presented here are the first in a series concerning the
comparison of public choice systems. Subsequent work will center on three
toplcs: the search for specific highly-effective voting systems, the study

of the merits of multistage election processes, and consideration of elections
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meant to yileld several winners or to lead to proportional representation
(such as the apportionment of convention delegates among the candidates).
The support of this work by the National Science Foundation, under
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COMPARISON OF VOTING SYSTEMS

by

Robert James Weber

Abstract. There are various methods by which a group of voters may
elect one candidate from several. Among these are the standard 'one man,
one vote'" system and other weighted ranking systems, and the approval vot-
ing system (in which a voter may cast one vote for each of the candidates
of which he "approves"). In order to compare these systems in terms of
their tendency to elect a candidate representative of the voters' preferences,
a measure of "effectiveness'" is developed. As a result, the approval vot-

ing system is established as a desirable alternative to the standard system.

This paper 1s an extension and revision of an earlier paper with the same
title.



COMPARISON OF VOTING SYSTEMS

Introduction. A democratic society frequently faces the task of choos-

ing one from a group of several candidates. If the choice is between only
two candidates, there is little argument against letting each member of the
society vote for one of the two, and then choosing the candidate who receives
the greater number of votes. However, the selection of a procedure for choos-
ing among three or more candidates is open to coniroversy.

Among the many methods which have been proposed are the standard voting
system (in which each voter may vote for a single candidate), the Borda voting
system (in which each voter ranks the candidates, and then each candidate is
swarded a number of votes proportioﬁal to his ranking), and the approval vot-
ing system (in which each voter may cast oﬁe vote for each of as many candi-
dates as he wishes). These methods can be compared on various heuristiec
grounds or with respect to specific historicel examples of elections, but
such comparisons are inconclusive. An important eriterion is that a voting
system should be likely to lead to the election of a candidate who represents
the desires of the voting publiec. In this paper, we develop a measure of
the effectiveness of a voting system in meeting this goal. The various voting
systems can then be subjJected to direct, objective comparison in terms of this
measure.

Central to the definition of effectiveness is the concept of a "random"
society. In such a soclety, the utilities of the candidates to the voters
are random variables. As the utilities vary independently over their range,
every conceivable society (thought of as a collection of voter preferences)
is generated. Hence, by computing expected social utility in the random
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society, an average of social utilities over all possible societies is
obtained. The effectiveness of a voting system is defined as a comparison
between the expected social utility of the socially-optimal candidate and
the expected social utility of the candidate actually elected under the
system. (An alternative derivation of this measure, which does not employ

the notion of social utility, is also available.)

Applying this idea, we explicitly determine the effec£ivéness“5£ the
standard voting system for elections involving any numbér of candidates. It
is shown that the Borda voting system is the most effective among all systems
in a class which includes the standard system. Finally, for the case of
three-candidate elections, it is demonstrated that the Borda system is sub-
stantially more effective than the standard system, and that the approval
voting system has a slight edge on the Borda system. Because the approval
voting system (which is, of course, equivalent to the standard system in the
two-candidate case) can be used in conjunction with existing voting machines,

we conclude that its implementation merits serious consideration.

Voting Systems. Consider an election in which a group of voters is to

select one from a group of m candidates. A voting system is a collection

of (one or several) sets of m weights. Each voter assigns the weights from
one of the sets to the candidates. (The weight assigned to a particular
candidate by a voter is the number of 'votes" cast by that voter for the
candidate.) The candidate who 1is assigned.the greatest total weight (that is,
who receives the greatest vote total) is the winner of the election.

The standard voting system, used in almost all one-winner elections in

the United States, consists of the single set of weights (1,0,...,0) . Under

this system, each voter has one vote, which he may cast for the candidate of
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his choice. This system has several practical strengths, among them the
facts that it is easily comprehended by the electorate, and that the vote is
easily tallied by mechanical devices (voting machines). However, the stand-
ard system has historically led to a number of candidate-selections which
were (apparently) not representative of the voters' preferences.

Two recent examples come from the State of New York. In 1970, the race
for = seat in the U.5. Senate was contested by three major candidates. James
Buckley was endorsed by the Conservative party, Charles Goodell by the Liberals
and the Republicans, and Richard Ottinger by the Democrats. Public opinion
polls indicated that politically liberal voters were in the majority in the
state, but that their sympathies were divided between the latter two candi-
dates. Politically conservative voters were soiidly behind Buckley. The
outcome of the election is indicated in Table 1. It appears unlikely that

the public desire was well-satisfied by this outcome.

Table 1

The 1970 U.S. Senate contest in New York

Buckley 2,288,190 38.82%
Goodell 1,434, k72 2L, 3L%
Ottinger 2,171,232 36.84%

This example has a traditional interpretation. If it may be presumed
that either of the losing candidates would have beaten Buckley in a two-way
race, then one of them (the winner of a head-to-head contest) was preferred
to each of his opponents by 2 majority of the voters. Hence, the actual out-
come violated the well-known Condorcet principle, that a candidate who would
win all two-way elections (if such & candidate exists) is most representative

of the preferences of the voters. Although there are good objections to a
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general application of the Condorcet principle, its violation frequently
indicates misrepresentative election results.-

Another example arises from the 1971 mayoral contest in Ithaca, N.Y.
The outcome is indicated in Table 2. Conley and McNeill were the Democratic
and Republican candidates, respectively, Bangs was & Democrat running inde-
pendently, and the other candidates were independent Republicans. In this
case, it is not clear which candidate would have best represented the desires
of the voters. However, it is apparent that the presence of several candi-
dates kept the standard voting system from providing definitive information

concerning voter preferences.

Table 2

The 1971 mayoral contest in Ithaca, N.Y.

Bangs 653 10.2%
Conley 1862 29.1%
Johns , 1151 18.0%
MeNeill 1853 28.9%
Rumph 886 13.8%

Both of these examples indicate a political application of the "divide-
and-conquer" rule: +the shortest route to victory may lie in encouraging
your opposition to run several similar candidates against you. A strong
argument against the standard system is that it leads to this conclusion.

In view of these examples, it is of interest to investigate alternative
voting systems. One class of systems, which includes the standard system as
n special case, results when a ranking of the candidates is elicited from
each voter, and each candidate is then assigned a welght dependent only on

his rank. Formally; a weilghted ranking voting system is any voting system

consisting of a single set of weights (wl,...,wm) . A special case which
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will be of interest later is the Borda voting system, which corresponds to

the set of weights (m,m-1,...,1) .
Another kind of voting system consists of the m=1 sets of weights
(1,0,....0), (1,1,0,..4,0),.4.,{15...,1,0) . This, which we have named the

approval voting system, permits a voter to cast one vote for each of the

candidates of which he "approves'. It may be notéd that the additiomn or
subtraction of a fixed constant, from every weight in one of the sets of
weights of a voting system, vields an egquivalent voting system. Hence, in
the three-candidate casé, the approval voting system is equivalent to the
system with weight sets (1,0,0) and {0,0,-1) , under which each voter may
choose t0 vote either "for" or "against" a single candidate. Recall the
Buckley-Goodell-Ottinger example. It seems reasonable to assume that a number
of supporters of the latter two candidates would have welcomed the opportunity
+o vote for both of these men (or, equivalently, to vote against Buckley).
Therefore, the outcome of that contest would probably have been different had
the approval voting system been in effect. |

With such a variety of vofing systems'at hand, the question of compari-
sons naturally arises. A discussion of relevant social, economic, and polit-
ical factors {such as ease of implementation) will be presented later. How-
ever, one of the most important areas of comparisonlmust be that of
"yrepresentativeness". That is, which systems are most likely to lead to the
election of & candidate representative of the preferences of the voters? It

is this question to which we address ourselves.

Rendom societies. Consider a random society of voters facing a choice

among m candidates. Assume that, in this society, the utility of any given

candidate to any given voter is a random varisble, uniformly distributed on



the unit interval, and is independent of all other utilities of candidates
to voters. (In other words, for each voter, his m-dimenslonal vector of
utilities of the candidates is randomly selected from the unit m-cube. When
a voter is called upon to vote, he bases his action on the specific values

assumed by his random urilities.) The social utility of a candidate is the

sum of his utilities to the voters. It is our belief that an equally-weighted
sum of commonly-scaled utilities yields a social utility function which
represents well the egalitarian geoals of a democratic society. ' It should

be noted that this definition reflects the intensity of interest various
voters have in the outcome of the election, to the extent that a voter to
whom the candidates have approximately equal utility has little impact on

the relative social utilities of the candidates. (For a further discussion

of the definitions of a random society and of social utility, see the appendix.
It should be noted that another approach to the comparison of voting systems,
which yields the same results as those below but does not employ the concept
of social utility, is presented in {13].)

If there are n voters in a random society, the social utility of any
given candidate is the sum of n independent uniformly~distributed random
variables. By the Central Limit Theorem, this sum will be asymptotically
normal, with mean % and variance f% . In particular, consider the

candidate of greatest social utility. His expected social utility is

asymptotic to

n /n '

> + 13 ° Normmax(m) .
where Normmax(m) is the expected value of the maximum of m independent
unit normal random variables (see Table 3). This provides an (asymptotic)

upper bound on the expected social utility of the candidate elected under

any particular voting system.



Table 3

The expected value of the meximum of
m independent unit normal random varisbles.

m Normmax(m) m Normmax(m)
1 0.0 7 1.35218
2 0.56k419 8 1.42360
3 0.8L4628 g 1.48501
L 1.02938 10 1.53875
5 1.16296 20 1.86748
6 1.26721 30 2.04276

Two-candidate elections. Consider the case of a two-candidate election.

If it is assumed that each voter acts so as to maximize the expected utility
(to him) of the elected candidate, then all voting systems are essentially
equivalent to the standard system (in the sense that all voting systems will
yvield the same result). The expected social utility of the elected candidate,

in a randem society of n voters, is

i 1 n 2 1
> 'E'(k) ( 3 mex (k,n-k) + E-min (k,n-k) )}
=0 2
B,z n-1 if n is odd
2 3.2n n-1
_ 2
Il n Il N .
= 4 ——
5 ey 'n) if n is even
3.2 -
2
~ I el
B 2 * 18

Since s randomly-selected candidate has expected social utility %-, this

result suggests defining the "effectiveness" of a two-candidate voting system

as the ratio between the coefficients of f; in this formula and in the
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formula for the expected social utility of the socially-optimal cendidate.

Then the effectiveness of every two-candidate voting system will be

>
J-—= 0.8165 , since Normmax(E) = 0.56419 = . In other words, it is

ey
3 Jr

impossible to find a two-candidate voting system that falls much less than

20% short of perfection.

It is not surprising that no perfect voting system exists. The expected
social utilities of the candidates are evaluated over & random society which
has an infinitude of realizations. Consider one particular instance, a
society in which a slight majority of the votérs marginally prefer one can-
didate while the remaining voters strongly prefer the other. If each voter
acts in his own self-interest, the result of thé election (that is, the
election of the first candidate) will not be socially oﬁtimal. Indeed, only
by external measurements —-- such as the use of a polygraph in the voting
booth, or the weighting of votes according to the payment of a voluntary
voting fee —- can strengths of preference be estimated in a two~candidate
race. And the employment of such measurement methods is, of course, open to

many severe objections.

Optimal voting strategies. When more than two candidates are under con-

sideration, the determination of a winning candidate depends on the voting
strategies employed by the various voters. For this reason, we turn our
attention to the topie of voter behavior.

The behavior of a real-world voter will likely depend upon the informa-
tion available to him. If he knows that there are only two candidates with
any chance of being elected, he may ignore his préferences among all other
candidates and vote in & manner designed to maximize the probability that the

more-preferred of the two is elected. Generally, predicting behavior in the



9
face of public opinion polls 1s quite difficult. For example, in the final
weeks of the Buckley-Goodell-0Ottinger senatorial contest, most polls pre-
saced & Buckley victory. In spite of this, the supporters of Goodell and
Ottinger failed to coordinate their actions in a manner sufficient to avert
Lhe predicted result.

We will sssume that each voter in a random soclety, besides knowing nis
cwn preferences, knows only that the utilities of the candidates to the other
voters are all independent and uniformly distributed (that is, he knows that
the rest of his society is "random"), and that his fellow voters will buse
thelr behavior sclely on their own expectations. Under these assumptions,
conslder the probability that a number v of votes cast by one voler for s
particular candidate is critical {that 1s, whether or not the candidate
veceives thegse votes determines whether or not he wins the election). If
the paper of voters in the soclety is large, then this probability depends
{arproximately) linearly on v
]m

Iindeed, let f£:{0,17 - R be a density function, with f(xl,...,x )

m

proportional to the probability that each candidate ¢ receives X, percent
of +he maximum vote total attainabie by a single candidate. If the percentage
received by a particular candidate (say, candidate 1) is increased by ¢ ,

the vrobability that this changes the outcome of the election (by moving that

candidate into the lead) is

IOIO ..IO f(t,xe, .,xm) dxe...dxmdt
1.t
- Iolg Iq f(t,xg, .,xm) ax,,. . -dx dt
_ Lt t
= E(mml)JOfO.. fo f(t,t,x3,. ,xm) ax ...dxmdt + o(e) .

{The symmetry of £ in all m arguments has been used to simplify the last
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expression.) This final expression is essentially linear in ¢ .

Consider a voter to whom the utilities of the candidates are uys
and assume that he casts Wis sees W votes for the candidates., If, as a
result of this voter's actions, candidate ¢ moves past candidate d and
wins the election, then his actions yield him a utility gain of u, “Yy -
From the preceding paragraph, we know that the probability of this event is
asymptotically (when n , the number of voters, is large) proportional to

max (0, wc-wd) . Therefore, the voter's subjective expected gain from voting

is asymptotically proportiomnal to

b (uc - ud)max(O, w, - wdl = m[ch(uC - uy} ,
c#d c
_ Zuc
where u = ~— . This motivates the following definition. Given a parti-

cular voting system, an optimal voting strategy for a voter with utilities

Uy aeey U is an assignment of weights (votes) w W to the can-

10t
didates which maximizes ch(uc-E) .

The. election can be viewed as an n-person game. An initial chance
move assigns utility m~vectors to the voters, then each voter casts votes
for the candidates. In these terms, the unique symmetric equilibrium point
of the game arises (asymptotically) when the voters follow their optimal
voting strategies (as defined above). Furthermore, a voter's optimal voring
strategy is asymptotically his best response to any symmetric (n-1)~tuple
of opposing strategies., This indicates that real-world voters might arrive
at their optimal strategies through adaptive behavior.

For weighted ranking voting systems, this definition yields the anti-
cipated results: the optimal voting strategy is to assign the greatest weight

to the most-preferred candidate, and generally to assign the weights in

correspondence with the preference ranks of the candidates (for example, if
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Uy > ... z_um ,» assign the weights so that Wy > ... z_wm }. For the approvil
voting system, the result is_not quite so obvious: the optimal voting
strategy is to vote for every candidate of utility greater than u , Tthe
nverage utility over all candidates (that is, take wc =1 if uC -u>0 .

and L = 0 otherwise). Throughout the remainder of this paper, it is

assumed that voters always follow optimal voting strategies.

The effectiveness of a voting system. Recall the previous discussion

of "effectiveness". 1In an n-voter random society, the expected social
utility of the socially-optimal candidate 1n an m-candidate election
exceeds g— (the expected social utility of a "typical" candidate) by an

amount asymptotic to J %E-' Normmax(m) . Now that optimal voting strategies
have been specified, it is also possible to determine, for any given voting
system, the expected social utility of the elected candidate. We define

the effectiveness of a voting system for an m-candidate election as the
asymptotic (for large societies) difference between the expected social
utilities of the elected candidate and a typical candidate, normaiized by

the maximum possibie difference. TFormally, let Emaximal(m’n) be the

expected social utility of the best of m  candidates in an n-voter random

society, and for a given voting system let E {m,n} be the expected

elected
social utility of the candidate clected under this system when ail of the

voters follow optimal voting strategies. The effectiveness of this voting

system for m-candidate elections is

lin Felecteq ™) -

N rois

n - o R m -

maximal( n)
Thiy definition at last provides a mothod for comparing voting systems, in
torms o the extent to which they lead Lo the election of a candidate repre-

sentative of the prefercnces of the voters.
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The gstandard voting system. Conslder the standard voting system, employed

in an m-candidate election. As indicated previously, the optimal strategy
for a voter is to vote for the candidate of greatest utility to him. The
expected utility of that candidate to the voter is E%I' (this is the ex-
pected value of the maximum of m independent uniform random variables).
The expected utility of each other candidate to this same voter is §T£%I7 .
(This is the expected value of a uniformly-distributed random variable, given
that it is not the greatest of m independent such variables.)

The voters can be partitioned into m c¢lasses, each according to the
identity of his most-preferred candidate. Each voter in a random society is
equally likely to fall intc any of the m classes. Therefore, in an n-voter
random society, the probability that the candidates respectively receive

. 1 . . . . .
kpseoesk  votes is -E-(kl,.?.,km) . Given this distribution of votes, the

m

l’
expected social utility of the elected candidate {the candidate with the

. m
greatest number of votes) is ——= max(k. ,...,k )

+ - .o
L 1 n 2(m+1) (n - max(x 5. .0k )

m

Therefore, for the standard voting system,

(m,n) _

I 1
elected T — { n M *——-max(k waerok )
K. +...+¥k =n o kl""’km mtl 1 m
1 m
+ == (n - max(k, ...,k )]
2(m+1) 1’ *m
= ———EL—-E l— ( n o + max(k,,...,k )]
(m+1) K, sese, K 127"
m 1 m
1
= (m+l) in + — (k Dk ) max(kl,...,km)]
m 1 m
=L, Tz L ( n ) max{k. ,....k ) — = ]
2 2(m+y) N K. yeeeskK 1’ > m m
m 1 m
n n
= 2 b ———_— P
~ ( +l) [Muj—t a.x(m’n) m ] s

whore  Mult, {(myu) is the cxpected value of the maximum of m random
max
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variables with a joint multinomial distribution, with equal cell probabilities
end summing to n .

Multmax(m) is asymptotic (for large n } to §'+ J%:Normmax(m)
This can be verified by approximating the multinomial distribution with an
equicorrelated multivariate normal disiribution, and then expressing the
expected value of the maximum order statistic of that distribution in terms
of the expected value of the maximum order statistic of an uncorrelated
multivariate normal distribution (see [11] for details). Hence, for the

standgrd voting system,

2]

(m,n) = Norm {m} .
max

n
— ——
Eelected 2 2{m+1)

This immediately yields the result: the effectiveness of the standard voting

system for an m-candidate election is . Observe that in the two-

m+l

candidate case, this result indicates an effectiveness of J%- , 45 was
demonstrated earlier. Also cbserve that the effectiveness of the standard
voting system decreases as the number of céndidates increases.

[As a matter of curiosity, one might ask how this result is affected if
it is assumed that the utilities of candidates to voters in the random society
are independent and identically distributed, but not necessarily uniformly
distributed. Assume that the new common distribution has mean %- and
standard deviation ¢ , and let DiStmax(m) be the expected value of the
maximum of m independent observations under this distribution. In this
case, the effectiveness of the standard voting system for m-candidate elections

vin

=y -+ (pist () - %) ]

18 (m-1

The Borda voting system. We now widen our attention to weighted ranking
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voting systems in general, which of course inelude the standard voting
gystem as & special case. A system which is the best among all voting
gystems of this type can be explicitly characterized. Recall that the
Borda voting system for an m-candidate election consists of the single

set of weights (m,m-1,...,1) . The Borda voting system has the greatest

elf'fectiveness of all weighted ranking voting systems. A verification of

this statement follows.

For each voter in an n-voter soclety, there is an ordering of the
candidateg corresponding to thelr ranks on his utility scale. Enumerate
the m! possible orderings, and let (kl""’kml) represent the profile

of a sceciety in which ki voters rank the candidates according to ordering

i . Let vq(c;k ,...,km,) be the number of voters for whom candidate ¢

1

stands in position q in their orderings. The expected social utility of

candidate c¢ , in a random society with profile (k ,...,km,) , 1s

1
Bloik. sere,k ) = Ly (C3k. 5eessk )
i P! mtl 1°7°°71° >“m!
1
oot v (c,kl, .5k t_) .

Under the weighted ranking voting system with weights (wl,...,wm) satisfying

LOREARTE Z W candidate c¢ will receive

(esk sk )

V(c;k s"-skmt) 12

1 T

+...+w v (c3k,,.
m m( P m!

votes. Let c(kl,...,km,) be the candidate who receives the greatest number

of votes. Then the expected social utility of the elected candidate in a

random n-voter society is



Eelected(m’n) - z

. E(c(kl,...,kml);kl,...,gm,) .

Certainly, no weighted ranking votlng system can yield a greater expected
social utility than a system for which E(c;kl,...,km,) is maximized by

¢ = Ekkl""’km‘) for every profile (kl"'°’km') . This is precisely what

happens under the Borda voting system, since in that case V{c;k ""’km')

1
= (m+l)E(c;kl,...,ka) and therefore the candidate ¢ who receives the
greatest vote total in a society with a given profile simultanecusly is the
candidate of greatest expected social utility for a society with that pro-
file. Hence, the Borda voting system is the most effective of all weighted
ranking voting systems.
It can be shown [12] that the effectiveness of the Borda system for

m-candidate elections is /E$I . Therefore, this system differs substantially

from the standard system; it is nearly 100%-effective for many-candidate elections.

The approval voting system. The various welghted ranking voting

systems depend only on ordinal voter preferences, in the sense that two
voters with the same ordering of candidates on their utility scales will
cast the same pattern of votes. On the other hand, the approval voting
system brings a cardinal element into consideration, since the votes
optimally cast by a voter indicate the locations of the candidates on his
utility scale relative to the average utility of all candidates to him. One
might hope that this introduction of a qualitatively different aspect into
the choice among voting strategies would yield a system which compares
favorably with the welghted ranking voting systems.

In order to compute the effectiveness of approval voting for m~candidate

elections, several quantities must be determined. OCne is the probability Py
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that a random voter will cast k voles. {This is, of course, the probabil-
ity that precisely k of m independent, uniformly distributed random
variables are greater than the average of 811 m .) In a three-candidate
election, pl = p2 = %—, because the middle-ranked candidate is equally
likely to be of utility greater than or less than the average of the utilities

of the other two. It is also necessary 1o determine the expected utilities

ak and dk of approved and disapproved candidates to a veter, given that

the voter casts k votes. When there are three candidates, al =-% ’
d, = = and s, = i1 d, = 1 (For example, if it is given that three
T 2716 %274 pies 8
independent uniform random variables satisfy u; 2 u, > ug and 2u2 > uy +u, ,
then their expectations are respectively %3 33 and-%. Therefore,
13,5 -1 -1
8,239 =16 ad 4 =7 )

The voters can be partitioned into 2m—2 classes, according to the set
of candidates for whom they vote. With the preceding information at hand, the
expected utility of the elected candidate in a random society of given voter
profile can be determined. Then, by averaging expectations over all social
profiles, the expected social utility of the elected candidate in a general
random soclety can finally be determined. For the three-candidate case, the

result of such computations is reported below.

Three-candidate elections. Consider an election involving three

candidates. The effectiveness of the standard voting system for such an
election is E%%-= 75% . TFrom our earlier results, it is known that the Borda
voting system will be more effective than this; the approval voting system may

be better still. Exact computations have been carried out for a number of specific

values of n . These are reported in Table &4, along with results for the



17
standard voting system which are included for purposes of comparison.
Lest it be thought that the differences between the entries in the three
columns are insignificant, it should be noted that in a random society it
is very likely that one candidate is o highly favored by the voters as to
be chosen under almost any reasonable voting system. Therefore, a major
component of the expected social utility of the elected candidate corres-
ponds to noncontroversial situatlons. It is, however, the difference
between systems in controversial situations which is of great interest, and

the numerical differences in the table reflect precisely these situations.

Table L

The expected social utility of the elected
candidate, under three voting systems.

Number of Standard Borda Approval
voters voting system voting system voting system
2 1.2500 1.2917 1.2917
3 1.8333 1.8750 1.86Lk6
Ly 2.3889 2.4236 2.4213
5 2.9167 2.9765 2.9726
10 5.5975 5.6706 5.6T19
15 8.2245 8.3206 8.32h45
20 10.8328 10.9472 10.9531
25 13.4328 13.5588 13.5662
30 16.0190 16.1597 16.1684

It seems reasonable to assume that for each of the three voting systems,

the expected social utility of the elected candidate in an n-voter random

. -1/2 .
society ¢an be expanded in powers of n / ; that is, generally, for an

m~-candidate election

+ B + Cn_l/2 +Dn T+ ...

-y
(m,n) = = + Anl/‘

In
“elected 2
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(The plausibility of this expansion follows from results on high-order
terms in the Central Limit Theorem; see [5].)} Under this assumption it
is possible to estimate the value of A for each system, by extrapolation

from the table., We obtain the following results. For a three-candidate

election, the Borda voting system is 86.06% efféctive, and the approval

voting system is 87.5% effective. These figures are significantly higher

than the 75% effectiveness of the standard voting system.

The case for approval voting. There are a number of factors which

deserve consideration before a particular voting system is adopted for use.
Certainly, the system should be one which is easily understood by the
general public, and the choice among voting strategies should not be too
complicated. In addition, the system should be perceived by the voters as
teing likely to yield a result representative of their desires. Both the
Borda vdting system and the approval voting system satisfy these criteria.
They are simple to comprehend, and the decision of how to vote, given one's
preferences, is not overly complex. The results of this paper make it seem
likely that the voting public could be convinced that either system is more
representative (more effective) than the standard voting system.

Most municipalities already have a substantial capital investment in
voting machines. These machines are designed to tally the results of standard
voting., Tor implementation of a new voting system to be economically
feasible, it is neceasary that the system be compatible with these machines,
requiring at most minor modifications to them. The Borda voting system fails
to satisfy this criterion. However, many voting machines can be adjusted to
allow the casting of multiple votes, one for each of several candidates in a

single race. This feature permits the use of the instruction, "vote for k
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or less of the m candidates"”, in board or council electicns in which
several {usually k )} "at large" seats are at stake. By setting these
machines to correspond to the instruction, "vote for m or less of the
m candidates", the results of approval voting can be tallied. Therefore,
the approval voting system has the potential for low-cost implementation.

Tn cur earlier discussion, the approval voting system for m-candidate
elections was defined as a collection of m-1 sets of voting weights. The
weight sets (1,...,1) and (0,...,0) were omitted from consideration
because they luck theoretical interest: no optimal voting strategy need
involve their use. However, an aoctual implementation of approval voting
should allow the use of either set. A winning candidate often claims not
only his vietory, but also a "mandate" from the voters. By allowing a
voter to indicate approval (or disapproval) of all of the candidates, we
give him the option of strengthening (or weekening) that mandate, irrespective
of the outcome of the election.

Consider an election involving two major-party candidates and a number
of minor-party or one-issue candidates. Under the standard voting system,

a voter may face a difficult decision. If he wishes to express his sympathy
with one of the third-party causes, he must sacrifice the opportunity to
vote for his more-preferred of the leading candidates. In contrast to this
situation, both of his desires can be satisfied under the approval voting
system. As a result, the winning candidate is provided with another indica-
tion of the nature of nhis mandate, since the election results display the
relative support received by minor parties and by individual issues.

Another disadvantage of the standard voting system is particularly

apparent in the case of primary elections. Consider the results of the 1976
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Massachusetts Democratic presidential primary, as indicated in Table 5.

The total vote was divided among so many candidates that no clear-cut
winner emerged. (Interestingly, this worked to the advantage of Jimmy
Carter, who found himself with little competition for the attenticn he won
the week before in New Hampshire and the next week when he beat Wallace in
Florida.} Under approval voting, the number of votes cast for a candidate,
expressed as a percentage of the number of people voting, is a clear

indication of the candidate's popularity.

Table 5

The 1976 Massachusetts Democratic
presidential primary.

Bayh 34,963 5%
Carter 101,948 147
Harris 55,701 8%
Jackson 164,393 23%
McCormick 25,772 L3
Shapp 21,693 3%
Shriver 53,252 T%
Udall 130,440 18%
Wallace 123,112 17%

This last example suggests two arenas for the testing of public reaction
to the approval voting system. A number of states, such as New Hampshire and
Pemnsylvania, conduct two simultanccous presidential primaries: one to select
convention delegates, and a "beauty contest” to indicate the relative popu-
larity of the candidates. Adoption of the approval voting system for the
latter type of contest would provide the public with contact with the system,
without binding anyone by the results. The other arena is that of the public

opinicn polls. One of the expressed goals of the major polling organizations
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is to provide a public service by accurately reporting the sentiment of the
populace. If they were to regularly report approval/disapproval ratings
for each candidate during the primary season (rather than merely estimating
the likely result of a primary election using the standard voting system},
this public service might be more successfully performed.

A number of the practical advantages of the approval voting sysiem
have been discussed in the preceding paragraphs. Furthermore, a major
purpose of this paper has been to precisely document the signifiecantly
greater effectiveness of this system than that of the system currently in
use. In view of all of this, and particularly in view of the possibility
of implementation at little expense, the case for the trial adoption of

the approval voting system appears quite strong.

Related work. OQur concern with the comparison of voting systems, and

with approval voting in particular, dates back to the elections of 1970 and

1971 cited in the beginning of this paper. The method of comparison presented
here was first investigated and privately discussed in 1973, Recently, interest
in the approval voting system has arisen from several sources. Fishburn and
Gehrlein {6] have investigated the probability that various voting systems (includ-
ing the approval voting system) select the candidate satisfying the Condorcet principle,
when such a candidate exists. Since they deal only with ordinal voter pre-
ferences, they are forced to treat voting strategies in an ad hoc manner. It
would be interesting to duplicate their work in the context of random sccieties,
in which optimal voting strategles are well-defined. Brams [2] and Brams and
Fishburn {3] have investigated strategic properties of voting systems {again,

in terms of ordinal preferences), and have obtained several results which
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confirm the desirability of the approval voting system. Kellett and Mott
[8] have considered the potential use of approval voting in presidential
primaries.

Merrill has independently taken a cardinal approach to voting systems
[9], and has obtained results concerning strategic considerations which
are similar to those derived here. Using these results he has examined
cardinal preference data from the 1972 Democratic presidential primaries
[10], and has contrasted the probable outcomes of those primaries under

various voting systems.

Appendix: Social utility and random. societies. The concept of social

utility has a history of controversy. 1In essence, one wishes to take as
given the utility functions of a number of voters (which are determined

only up to arbitrary changes of origin and scale), and to construct from
these a single utility function which represents certain ideals of social
welfare. To do this, one must establish a method for comparing the relative
intensities of preference of the voters. Many social theorists deny that
such interpersonal comparisons can be made in practice.

As an article of faith, we believe that the concept of interpersonal
comparisons is meaningful. However, we agree with the traditionalists that
there may be no methods by which a scale for such comparisons can be con-
structed. (This situation is somewhat analogous to that in mathematics:
within a given logical framework there may be theorems which are true, but
for which no proofs exist.,) Indeed, our inability to compare the preference
intensities of voters is the source of many non-representative election
outcomes.

For example, assume {as earlier in the paper) that a slight majority
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in an electorate favors one candidate, while the remaining voters favor
a second, We believe that there are situations (such as when the latter
group of voters 1s by far the more fervent) in which the second candidate
is more representative of the society's desires. We do not assert that
these situations can always be recognized (although, in practice, extreme
cases are readily apparent}.

In our work we make the egalitarian assumption that all voters have
the same capacity for intensity of preference. That is, we assume that
the utilities of a candidate to the voters are distributed on a common
underlying scale. It is known (Harsanyi [7]) that under certain plausible
assumptions any social utility function must be a weighted sum of individual
utility functions; with the further assumption of a common scale, the
weights are naturally taken to be equal. In consequence, we treat social
utility as the unweighted sum of commonly-scaled individual utilities,

Again, we emphasize that assuming the existence of a common underlying
utility scale does not entail assuming that such a scale can actually be
constructed. Assume that the utilities of the candidates to the voters
are independent, identically distributed random variables on the underlying
scale. Let the true utilities of the candidates to a specified voter be
up < ... 2u . Although these cannot be directly observed, the "normalized"
utilities O, (u2-u1)/(um-u1), cees (um_l-ul)/(um-ul), 1 can be
measured by asking the voter to choose among various lotteries over the
candidates. If these normalized utilities provide information concerning
the origin and scale of the true utilities (that is, information concerning

u, and u_ )}, then interpersonal comparison of utilitles is feasible.

1
What assumption concerning the distribution of the utilities must be made,

in order that no interpersonal comparisons are possible? It is shown in

[13} that Uy and u, will be independent of the normalized utilities
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only if the probabllity distribution is uniform. Hence, our use of the
uniform distribution in the definition of a random society conforms with
our desire to avoid assuming that interpersonal utility comparisons can
actually be made.

Our interpretation of expected social utility in a random soclety is
as the average of social utilities over societies of all possible preference
profiles (and furthermore, over all conceivable combinations of individual
preference intensities}. Therefore, without ever being able to determine
the relative social utilities of the candidates in any particular election,
we can nevertheless distinguish voting systems which, gg_ghg_avefagé, lead

to the election of candidates of high social utility.
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MULTIPLY-WEIGHTED VOTING SYSTEMS

by
Robert James Weber

Yale University

Abstract. The area of social decision-making is one in which the
disciplines of game theory, political science, and economics all meet.
One of the simplest decisions to be faced is the election of one candi-
date from several. Various voting systems have been proposed for such
elections. In order to compare these systems in terms of their tendency
to elect a candidate representative of the voters' preferences, a measure
of "effectiveness" has been developed.

The study of the effectiveness of voting systems is contlinued in
this paper. In particular, two families of voting systems are found to
contain three- and four-candidate systems which are more effective than

any previously discussed.
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Introduction. One of the simplest choices which a democratic society

may face is the election of one candidate (or the selection of one alterna-
+tive) from several. Because the voters are likely to have differing pre-
ferences for the candidates, it is desirable to have available a procedure
for making a choice which, in some sense, represents the overall preferences
of the electorate.

When the choice is between two candidates, the generally-accepted pro-
cedure is to let each voter indicate his more-preferred candidate, and then
to select the candidate preferred by the majority. However, it has long been
recognized that, when an election involving three or more candidates is faced,
the "standard" system of voting (in which each voter casts a single vote, and
the candidate receiving the greatest vote total is elected) may fall far short
of the democratic ideal (see, for example, the historical cases discussed in
[31).

There are several approaches to the construction of more effective
methods for selecting from among a group of candidates. One is to hold the
election in seversal stages, gaining information about the preferences of the
voters from the outcome at each stage. For example, several candidates may
be eliminated from consideration after an initial stage, with the ultimate
winner selected in a subsequent run-off election. Another approach is to
allow greater variety in the responses of the voters. It is this approach
whieh will be taken in this paper. As examples, one could consider the Borda
voting system (in which the voters are called upon to rank the cendidates, and
then votes are awarded in proportion to the ranks assigned), or the approval
voting system {in which each voter may cast one vote for every candidate of

which he "approves'").
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How should & choice among voting systems be made? Practical considera-
tions, such as expense of implementation, sensitivity to strategic considera-
tions, and the complexity of elicited responses, are important. But first
and foremost, the system adopted must be effective in making a socially-
representative cholce among the candidates.

A measure of effectiveness was proposed and developed in [3]. It centers
on the idea of a "random" society. In such a society, the utilities of the
candidates to the voters are random variasbles, As these utilities vary inde-
pendently over their range, every conceivable society (as determined by
individual preferences) is generated. Therefore, expected social utility in
the random society corresponds to an average of social utilities over all
possible situations. The "effectiveness" of a particular voting system is
defined as a comparison between the expected social utility of the candidate
elected under the system, and the expected social utility of the socially-
optimal candidate.

In other works ([3], [4]}, we have shown that the effectiveness of the
standard voting system decreases as the number of candidates under considera-
tion increases. In contrast, the Borda system becomes progressively more
effective. For three-candidate elections, the approval voting system is
slightly superior to the Bordn systen, which in turn is substantially better
than the standerd oystem.

In this paper, scveral additional aspects of the comparison of voting
systems are discussed. Two specific results are obtained. A three-candidate
voting system is found which is more effective than any system previously
discussed, and a four-candidate system more effective than the four-candidate

Borda system is also discovered.
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Definitions. We direct our study to one-stage elections, in which the
voters cast, varying numbers of votes for the candidates, with the candidate
who recelves the grestest vote total being declared the winner. Formally, an

m-candidate voting system iz a collection of {one or several) sets of m

weights. ZEach voter assigns the weights from one of the sets to the candidates.
(The weight assigned to a candidate by a voter corresponds to the number of
“"votes" cast by the voter for that candidate.) The candidate assigned the
greatest total weight is the winner of the election.

The most familiar type of election arises from the standard voting system,

with the single weight set (1,0,...,0) . Under this system, each voter may
cast one vote for the candidate of his choice. More generally, a weighted

ranking voting system is any voting system consisting of a single set of

weights (wl,...,wm) . In essence, such a system elicits a preference order-

ing of the candidates from the voters by having them assign welghts dependent

solely on the candidates' ranks. The Borda voting system, with weight set

(m,m=1,...,1) , is an example of this type.
Much of our attention in this paper will be directed toward voting systems
consisting of several weight sets. One such system, which has recently drawn

substantial interest, is the approval voiing system, with the m-1 welght sets

(L,0,...,0) , (1,1,0,...,0),...,(1,...,1,0) . TUnder this system, a voter may
cast one vote for every candidate of whom he "approves.”" 1In a sense which
will be made precise later, the three-candidate approval voting system is
essentially equivalent to the positive/negative voting system with weight sets
(1,0,0) and (0,0,-1) . This system permits a voter to vote either "for" or
"against" a single candidate. Two classes of multiple-weight-set voting

systems, which generalize this system, form major objects of study in this paper.
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Voting systems may be compared in terms of their relative effectiveness
in electing a candidate representative of the desires of the public. To

this end, we define a random society as n group of voters for which the utility

of any particular candidate to any particular voter is a random variable,
uniformly distributed on the unit interval. If an n-voter soclety is choosing
among m candidates, there are nm of these random variables; we take them
to be mutually independent. Hence, each voter's m-vector of utilities is
chosen at random from the unit m-cube.

In an n-voter random society, the social utility of a candidate is the

sum of his utilities to the voters (and is therefore itself a random variable).

By the Central Limit Theorem, the sccial utility of any given candidate is

asymptotically (in n ) normally distributed, with mean L and variance %5 .

2
The expected social utility of a candidate may be regarded as an average of
social utilities over all possible socleties. In particular, the expected

social utility of the socially-best candidate in an m-candidate election is

. n .
(m,n) = 5t J12 Nbrmmax(m) R

where Normmax(m) is the expected value of the maximum of m independent

standard (mean 0 , variance 1 ) normal random variables.



We work in terms of social utility for the sake of notétional convenlence,
However, it is possible to construct our model, and to study effectiveness
as defined below, in terms of the utilities of the various outcomes to a
silngle preselected voter. Due to the symmetry of our considerations, the
choice of any other voter would lead to the same measure; hence, a voting
system which is highly effective in terms of social utility is of equal
subjective effectiveness to each individual voter. Furthermore, the use
of the uniform probability distribution in the definition of a random society
can be justified by the assumption that interpersonal utility comparisomns
cannot be made in practice. These issues are discussed in detail in [6].

The cutcome of an election depends on the strategles employed by the

voters. Assume that the utilities of the candidates to a specific voter

Lu
are u;, ..., U, and let u = HEE be the average of these utilities.

An optimal voting strategy for this voter is an assignment of weights

Wis sees W

n O the candidates which maximizes Ewc(uc-—;) . {This quantity

is shown in [4] to be asymptotically (for large societies) proportional

to the voter's expected gain from casting the votes w seey WO rather

1’

than abstaining. Hence, the optimal voting strategies correspond (asymp-

totically) to an equilibrium point of the "voting game.") For a weighted



ranking voting system, this yields the anticipated result: an optimal voting
strategy is to assign the weights to accord monotonically with the utilities
(for example, if Up 2 eee 20 take Wy 2 oeee 2W ). For the approval
voting system, the result is not quite so obvious. A candidate ¢ 1s said to
be of "greater-than-average" utility to a voter if u, > u . Under the
approval voting system, it is optimal tc vote for all candidates of greater-
than-average utility (that is, take L 1 if uCQE >0, and v, =0
otherwise).

In the case of approval voting, there are several distinct optimal
strategies if a voter's utilities are such that uc = u for some candidate
¢ . However, in a random society such a relationship holds with zero pro-
bability. We shall therefore, at no essential cost, frequently disregard the
possible nonuniqueness of optimal strategies in subsequent discussions.
Throughout +the remainder of this paper, it is assumed that all voters follow
optimal voting strategies.

We are now prepared to formally define the "effectiveness" of a voting
system. Consider a particular m-candidate voting system. Let Eelected(m’n)
be the expected social utility of the candidate elected under this system in
an n-voter random society (when all of the voters follow optimal strategies).

This quantity is bounded above by E (m,n) (which is, of course,

maximal

independent of the voting system under consideration). The expected social

E-. The effectiveness of the

utility of a randomly-~selected candidate is >

voting system is the {asymptotic) difference between the expected social utility
of the elected candidate and a '"typical" candidate, normalized by the upper

bound on this difference; that is,



Eelected(m’n) -

Effectiveness = 1lim

are Emaximal(m’n) -

SR NP,

This measure provides a means for comparing voting systems, in terms of their
tendencies to lead to the election of candidates representative of the voters'
desires.

A more extensive discussion of all of these definitions appears in [5].

Essentially equivalent voting systems. Consider the two-candidate stand-

ard voting system, with the single weight set (1,0} . If this is compared
with the voting system with weight set (2,1) , it is apparent that there is
no essential difference between the two systems (in the sense that, if all of
the voters behave optimally, the same candidate will win under either system).
Similarly, the votes cast by the voters under the voting system with weight
set (2,0) differ from the votes cast under the standard system only by a
scaling factor. And the voting system with the two weight sets (1,0) and

(l

E’O) can be expected to yield the same results as the standard system, since
no optimally-behaving voter need ever use the second set of weights.

Generally, the outcome of an electicn under a given voting system will
not be changed by adding a fixed constant to all of the weights in a parti-
cular weight set, or by multiplying all of the weights in all of the weight
sets by a fixed positive scaling factor, or by introducing or eliminating

welght sets which need never be used in optimal strategies. Therefore, we

define two m=candidate voting systems to be essentially equivalent if they

anlisTy the following property: there is a K > 0 such that, for every

m-tuple (ul,...,um) of utilities, there is a constant d and there are
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optimal assigmments of weights (w ,...,Wm) and (w

' .—
1 ..,wm) to the candi

i,.
dates under the respective aystems, for which W, = K(wé+d) for all o

Ifor exnmple, for two-cnndlidnte ciecllons nll (noptrivial) voting usy:itemn
are essentially equivalent to the standard system. The only strategic con-
sideration is to select a weight set (if there is more than one)} for which the
difference between the two weights is maximal, and then assign the greater
weight to the more-favored candidate.

Consider the three-candidate approval voting system, with the two weight
sets (1,0,0) and {1,1,0) . As was previously indicated, this is essentially
equivalent to the positive/negative vobing system with weight sets (1,0,0)

and {(0,0,-1) . Consider the three-candidate voting system with the infinite

family of weight sets {(1,a,0): O <a <1} . If the candidates have utilities

Up 2 Uy > ug to a voter, he will seek the value for a which maximizes
(ul;ﬁ) + a(u2—a) . This can be done while restricting a to the extreme
values 0 and 1 . Therefore, this system is also essentially equivalent to

the approval system.

Mong slightly different lines, it also follows that the m-candidate
approval voting system, which has m-1 weight sets, is essentially equivalent
to the voting system with the m+l weight sets (0,...,0), {1,0,...,0),...,
(1,...,1,0), (1,...,1) ; these are the weight sets of the approval system in
combination with two weight sets in which all of the weights are equal. Under
this system, a voter has the additional coptions of expressing either "approval"
or "disapproval™ of all of the candidates. Although it is never optimal to
avail oneself of these options, an implementation of the approval voting system
would most likely take this latter form.

Using the idea of essential equivalence, we can define a canonical form
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for voting systems. A voting system is O-normalized if the least weight in

each weight set is 0 , and is (0,l)-normalized if, furthermore, the greatest

of all weights (over all weight sets) is 1 . Finally, a voting system is
minimal if, for every weight set of the system, there is at least one vector
of utilities for which the weight set must be used in the

corresponding optimal strategy. ZIEvery nontrivial voting system is

essentially equivalent to a unique minimal, (0,1)-normalized voting system,

Because of this, we will frequently refer to a single voting system, when the
context makes it clear that we are actually referring to a family of essentially

equivalent systems.

Basic results. The study of the effectiveness of various voting systems
was begun in [3]. It was shown that the effectiveness of the m-candidate
standard voting system is 5%%-. Since all two-candidate voting systems are
essentially equivalent to the standard system, it follows that every two-
candidate voting system has effectiveness Ji% = 81.65% . In other words, no
two-candidate system can be much less than 20% short of perfection.

In the same paper, it was shown that the Borda voting system is the most
effective of all weighted ranking voting systems. BSimilar results, character-

izing certain voting systems as the most effective within particular classes,

will be presented in this paper. In [4], it is shown that the Borda system

has effectiveness J-JE—
m+l

Observe the qualitative difference between the standard and Borda systems,
The former is of decreasing effectiveness as the number of candidates increases,
while the latter is nearly 100%-effective for many-candidate elections. Several

natural questions suggest themselves. Are there any voting systems which are
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more effective than the Borda system for elections involving relatively few
candidates? Are there any which approach 100%-effectiveness for many-
candidate electicns more rapidly than the Borda system? Can any such highly-
effective systems be practically implemented?

An attack on these questions was initiated in [3], where the approval
voting system was studied. It was shown that the three-candidate approval
voting system is 87.5% effective, in contrast to the 86.6% effectiveness
of the Borda system. In addition, the feasibility and desirability of imple-
menting the approval voting cystem were discussed. In the next few sections,
we shall make further progress by considering several generalizations of the
three-candidate approval voting system. We will show that the three-candidate
system with weight sets (4,3,0) and (4,1,0) is !%z = 90.14% effective,
and the four-candidate system with weight sets (6,5,3,0) and (6,3,1,0) is
Y21

Tl = 91.65% effective.

Average-dependent voting systems. The exercise of an optimal voting

strategy consists of two phases. First, a weight set must be chosen from the
several weight sets constituting the voting system, and then the weights from
the selected set must be assipgned to the candidates. However, the optimal
assigmment of weights is stralghtforward: they should be assigned t¢ accord
monctonically with the utilities of the candidates. Therefore, it is the
choice among weight sets which is of primary strategic concern.

Consider the approval voting system. An optimal strategy for a voter
under this system is to vote for all candidates of utility greater that u ,
the average of all of the candidates' utilities to him. In other words, the

choice among weight sets is based solely on the number of candidates of greater-
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than-average utility to him. We generally define a voting system to be

average-dependent if the optimal choice among weight sets similarly depends

only on the number of candidates of greater-than-average utility.
The average-dependent voting systems can be explicitly characterized.

Every m-candidate average-dependent voting system is essentially equivalent

to a system with m-l weight sets w(l},...,w(m_l) . The weight sets are
of the form
(k) _
W = (al,...,ak, bk+l,...,bm)
for all 1 < k < m-1 , where the sequences {al""’am—l} and {bg""’bm}
satisfy the lnequalities 8y 2 .. 28 o 3_bm > 8 3_b2 > e 3_bm > and

a z_bk for all 2 < k < m-1 . CObserve that all weighted ranking voting
systems, as well as the approval voting system, are average-dependent;
accordingly, they are instances of this result.

The remainder of this section is devoted o a verification of the character-
izaticon. Consider any particular m-candidate average-dependent voting system.
There are m-1 strategically distinet situations which a voter might face,

depending on the number of candidates of greater-than-average utility to him.

(k) _ (¥ (k)

1 ,...,wm be the corre-

If there are k such candidates, lei w
sponding set of weights used in an optimal stategy. Clearly, no generality is
lost by assuming that the voting system under consideration consists of
precisely these m-1 welght sets.

We further assume the system under consideration to be O-normalized, so

(k)

that w = =0 for all k . {This corresponds to taking b =0 in the

characterization; no generality is lost in our arguments.) Given a vector
of utilitles u = (ul,...,um) with uy > .- z_um , and given a weight m-

vector w , let Eluw) = ch(uc—ﬁj . The optimal choice of a weight set, by
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(k)

& voter 1O whom the candidates have utilities u ..,um s 1s that w

1"
which maximizes this function. Consider a particular vector wu for which

w = u . From the continmuity of E(u;w) in u s it follows that both w(k_l)

and w k) are optimally-chosen weight sets for a voter with utilities wu ;

that is, E(u;w(k-l)) = E(U;W(k))

1 (1)

For example, let u = (l,%u...,§30) . 'Then we must have E{ujw ') = ...
= E(u;w(m-l)) . Since E.=-% . E(u;w(k)) = wik)(l - %) . Therefore, all of
the wik) are equal. (This common value will be ay in the characterization.)

In order to complete the justification of the characterization, we will

show that, for any 2 < f <m1 ,

(1) _ =G0 () - (m-1)
) L - % £

.)

(The first of these common values will be bg 3y the second will be a

3
Assume for inductive purposes that wik) = ,,, = Wﬁm—l) (= ak) has been
. 2+1 2+1
established for all 1 <k < & . Let u = (1,...,1,;:5, ..,2+2,O) , where the
- +
first L+1 components of u are equal. Then u = %;% . We must have
E(u;w(2+l)) = ... = E(u;w(myl)) But, applying the inductive hypothesis,
t (t),, — (t)
E(u;w( )) ( ) (l-u) + ... + v, )(l—u) + W2+l(l- u)
_ - (t)
= al(l-u) + ... (l—u) + w2+l(l—u) .
(8+1) _ _ A{m-1)
for all 4+l <t < m1 . Therefore, Vodl T ottt T Vg
Similarly, assume that wil} = ... = wik-l) (= bk) has been established
1 1

for all R <k <m . Let u-= (1 0,...,0) , where the last

,m_1+35- --sm_£+3a
m-2+2 components of u are equal. Then u = 53%15 » and we must have

W(1)) - (2-2),

= B(u;w . But
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Blage' ™) = Wl + w00 + P v L e Fo
= o (1-0) + v T (0-0) + b, (0-7) + ... +b_(0-2)
1 -1 '3 ) m ?
for all 1 <t < 2-2 . Therefore, wiii = L. = wifie) .

Finally, for any 2 <k < m-1 , let u = (ul,...,um) satisfy

L P u > w > ... 2u . Then w1 will be an optimal set

of weights, and consequently

E(u;w(k-l)) _ E(u;w(k)

) = (b3, Mg -u) > 0 .
Therefore, a,_ > b, . This completes our verification.

k— "k

Computing the effectiveness of an average-dependent voting system. Given

a particular m-candidate average-dependent voting system, it 1s possible, at
least in principle, to determine the effectiveness of the system. An efficient
approach requires the establishment of some terminology.

Consider a voter in an n-voter random society. He can be classified
according to the ordering w of the candidates on his utility scale and the
number 1 < k < m-1 of candidates of greater-than-average utility to him.
Therefore, the society can be partitioned into m! « (m-1) classes. Let
an(m:k) represent the number of voters in a specific class. Then {n{m;k)}
represents a profile of the n-voter society. (For example, in the three-
candidate case there are 12 classes, and {n(mk)} =
{n{1723;1),n(123;2),n(132;1),n{13252),...} .)

For any given social profile, let v_ , (c3;{n(mik)}) be the number of

Ly

voters for whom candidate c¢ 1lies in position q in their orderings and to
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whom precisely £ of the candidates have greater—theh—average utility. The
number of votes cast for candidate ¢ (that is, the total weight assigned

to him by the voters) is

m-1
Vies{n(mk)}) = £ [ = ayv - (es{n(mk)}) + = by E(C;{n(ﬂ;k)})]
171 q<b a, b Qs

{In the three-candidate case, for example, v, 2(1;{n(w;k)}) = n(123;2)
>

. : . = + + +
+ n(l32,2) . A.lso, V(l,{n(wsk)}) alvl,l alvl,e b2v2,l 5-2'\"2’2
t bV, | * bV, 5, Where all of the v are evaluated at (Li{n(mk)}) .)

let E({n(n;k)}) be the candidate who maximizes V with respect to the given

social prefile. Then e 1s the candidate who will be elected by a society
with this profile.

The expected utility u of a particular candidate to a voter depends

q,%

on the position q of the candidate in the voter's preference ordering, and
on the number & of candidates of greater-than-average utility to him. (In-

. - - 3 = 3 = 2
the three-candidate case, ul,l = ul,2 = u2,l =3 u2,2 g and

=)

3.1 = u3 5 T Y It follows that the expected socilal utility of candidate
3 >

u
¢ , in a society with a given profile, is

Ule;{n(msk)}) = = {e;{n(w:k)})

o uq’zvq’z
Let p{w;k) be the probability that a randomly—chosén voter 1s a member

of the indicated class. {In the three-candidate case, all twelve classes are

equiprobable. Therefore, each plmik) = %5-.) The probability that the

soclety has a particular profile is

Pla(mo))) = 1 p(mp R 2
{m3k) ’



15

whoere the intteor factor ioc o multinomial coefficient of the form

( n ) . (In the three-candidate case, the first factor is
U

1 m!e(m-1)

. 1
simply (EE 2

The expected social utility of the elected ecandidate, in an n-voter
random society, can be expressed in terms of the gquantities just defined.

Summing over all social profiles,

B coreg(™n) = I P(n(m1)}) - 0(e({n(nk) D3 in(nk)})

In [3], estimates for the effectiveness of the three-candidate Borda and
approval voting systems were obtained from expressions similar to these. The
expected social utilities of the elected candidates were computed for relatively
small values of n , and these results were then used in extrapolations.

The preceding formulation is valid for any m-candidate average-dependent

voting system. For which such systems is {(m,n) relatively large?

Eelected

The only term in the expression for this quantity which varies with the
choice of voting system is c({n(mk)}) . It follows that the best of all
average-dependent voting systems would be one for which U(c;{n(m;k)}) always

attains its maximum when c = o{{n{m3k)}) , if such a system exists.

Since ¢ is defined as the candidate who maximizes V , it is

certain that U will also be maximized by ¢ if U 1is linearly related to

V . In the three-candidate case, there is a voting system for which this is

1 LK% T8 %

1
sponding average-dependent voting system with weight sets (%}%?E) and (%;%f%) s

50. Simply take a = %—, and b3 = %-. For the corre-

the functions U and V are identical. Therefore, this system is the best of

ull three-candidate average-dependent voting systems. (An essentially equi-

valent system, which does not invelve fractional weights, is the system with
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weight sets (4,3,0) and (4,1,0) .) The approval voting system was the
most effective three-candidate system discussed in [3]. Since the approval
system is obviously average-dependent (after all, it was as a generalization
of the approval system that average-dependent systems were originally defined),
this new system is more effective than any three-candidate system previously
studied.

I+ is natural to ask whether the best four-candidate average-dependent
voting system can be similarly obtained. Unfortunately, our approach does
not generalize. The values of the utilities uq’g are given in the table;
they cannot be used as the weights of an average-dependent voting system.
Therefore, in cases involving more than three candidates, another approach

must be taken in order to determine the most effective average-dependent

systems.

Table 1. The expected utility of a candidate to a
voter in a four-candidate election, given
the position g of the candidate in the
voter's preference ordering and the number
£ of candidates of greater-than-average
utility to the voter.

1| 2h/30 11/30 9/30 6/30
3 2| 2h/30 19/30 11730 6/30

3| 24/30 21/30 19/30 6/30

The effectiveness of the best three-candidate average-dependent voting

. . 1
system. Consider the voting system with weight sets (%3%3%0 and %;%;E) .
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For this system, V(ci;{in{m;k)}) = Ul(c;{n{m;k)}) for all candidates and all
gsocial profiles. That is, the number of votes & candidate receives in a
random society of given profile is equal to the expected social utility of
that candidate.

In an n-voter random society, the twelve quantities n{mik) are random
variables. They have a Joint multinomial distribution, with equal cell
probabilities. In other words, one method of genersting a social profile
for the random society is to assign each voter equiprobably to any of the
twelve different classes. Therefore, E (3,n) is simply an expected

elected

value with respect to these Jjolntly-distributed variables. BSpecifically,

(3,n) = E(max V(c;{n(mk)})) .
C

Belected

For notational convenience, let 32 _ = Vie:{n(mk}}) , for ¢ =1,2,3 .

Then

(n{123;1) + n(123;2) + n(132;1) + n(132;2))

=

Zl =

(n{213;2) + n(312;2)) + % (n(213;1) + n(312;1})

+
copan

(n(231;1) + n(231;2) + n(3213;1) + n(321;2))

=l

Z2 and 23 can be similarly expressed as weighted sums of the random variables

n{mk) .

It is well-known that multinomiaslly-distributed random variables have an
asymptotic multivariate normal distribution. Although the twelve indicated
variables have a degenerate Joint distribution (their sum is constant), the

three random variables 2 Z2 , and 7 can be written as independent

1° 3

linear combinations of some eleven of the variables (by expressing one of the

n{mk) in terms of the others, and then substituting for it throughout) .
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These eleven will have a nondegenerate Jjoint distribution which is asymptoti-
ol )y normal . HL ol 10w (e, for exampie, Corollary 2.1 on page 254 of

[2]) that Zl , %, and 7. have a nondegenerate (asymptotic) multivariate

2 3

rormal distribution.

In order to determine the parameters of this final distribution, ncie

Pirst that for any m and %k , E{n(mk)) = %E and E([n(ﬂ;k)]2)= Eéﬁiél + %5

Mrthermore, if (w3;k) and (#';k')} are distinet classes,

Hnlnik) « nlr'sk")) = H%ﬁﬁll-. After some tedious term—-counting, this leads

_ 2
o the following results: for all ¢ , ®(Z ) ==, n(7°) = & 3 and
c e n 3
yA )
o]

2
far(Zc) = g% . Also, if c #e' , E(ZCZ f) o= %w-- %g , Cov(

+
= n_
’Zc' T T L8

L .
ind Cor(ZC,Zc,) = - §-. These results specify the joint distribution possessed

c

(asymptotically, with n ) by Z1 . Z2 , and Z3
The expected value of the maximum of m jointly-normal equicorrelated

random varisbles, with mean u , standard deviation ¢ , and common corre-

lation p , can be written as

i/2

) /

+ Norm  {m) ,

+ o{1-
H o{1-p max

where, as before, Normmax(m) is the expeected value of the maximum of mnm inde-
nendent standard normal random variables. (This result is developed in [11.)

In our case, this implies that

nl "-E —.....T.;l_.- _1-{;1/2 . _‘I"-l-' 39n'
Lelected(B’n) - * q 6L (1+ 9) Normmax(3) ) * 2L I\IOI"mmLa}-c(B)

Also, as previously stated, it follows from the Central Limit Theorem that the

cxpected social utility of the socially-best candidate is

n) =

+

an
G

s

’ 3, « N
Ioptimn.l 0 ormmax(3)
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From the preceding two expressions we finally obtain the sought-after

result. The effectiveness of the system under consideration {that is., the

/13

most effective three-candidate average~dependent voting system) is n = 90.14% .

This new system therefore provides some increase in effectiveness (slightly
more than 2.5%) over the three-candidate approval voting system, and is
dramatically superior to the standard system, Unfortunately, broad imple-
mentation of this system is not practical, since 1t would require allowing
twelve different types of voter responses. However, in iimited situations,

these resuits might justify adoption.

Midpoint—-optimal voting systems. The family of average-dependent voting

systems does not yield readily tc analysis for elections involving more than
three candidates. lowever, there is another naturally-defined family of
systens which coincides with the average-dependent family in the three-
candidate case. These "midpoint-optimal™ voting systems form our next object

of investigaticn.
Consider a voter facing a three-candidate election, to whom the candidates

> u, . Under an average-dependent voting system, his

2 3

that is, his optimal choice of a weight set) will depend on
ﬁ ul+u2+u3
whether u, is less or greater than u = ————g*—* . The relation between
) u_+u
. . . 1 .
these quantities is the same as the relation between u2 and 5 3 {(simply

u,

have utilities u 2 u
optimal strategy (

subiract from both, then multiply by -% ). Generalizing this, we define

an m-enndidate voting syntem to be midpoint-optimal if the optimal choice of

a weight scet, by a voter to whom the candidates have utilities Uy > .. >2u

depends solely on the relation between the average of the utilities of the
u2+...+u 1
m_

— ., and the average of the

m-2 centrally-ranked candidates,
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. +u
m

2

An explicit characterization of the midpoint-optimal voting systems can

utilities of the most- and least-preferred candidates,

be glven.,  Dbvery m—candidate midpoint-oplimal voting system is essentially

equivalent to a voting system with two weight sets. These weight sets are of

(1) _ (2) _ ¢

the form w al,ag,...,am“l,am) and W al,a2+c,...,am”l+c,am) .
where the parameters satisfy the inequalities ay T, 3_am and
a, —a,xc > 0 . Observe that all weighted ranking voting systems are

trivial instances of this result.
In order to verify this characterization, consider a particular m-
candidate midpoint-optimal voting system. A voter to whom the candidates have

utilities u, > ... > u may face two strategically distinct situations,

1 m
i w.. = +... - i
depending on whether LW (u2 +um~l)/(m 2) is less than or greater than
Eéxt = (ul+um)/2 . Let W(l) be the weight set selected by an optimal strategy

= (2)

in the former case (when Em. < ), and let w be the weight set

id uext

selected in the latter case. We lose no generality in assuming that the
voting system under consideration consists of precisely these twc weight sets.

AMlso without loss of generality, we assume the voting system under con-

(1) _ (2

sideration to be O-normalized, so that wm m = 0 . (This corresponds

to taking am = (0 1in the characterization.) For any vector of utilities

u = (ul,...,um) and any weight m-vector w , let E(uyw) = I wc(uc-u) . If
u= (1 ;'... l'O) then 1 = u =q =L . Therefore, a voter to whom
*2° ol ? mid ext 2 ?

the candidates have these utilities will be indifferent in his choice of weight

sets, and we must have E(u;w(l)) = E(u;w(z)) Equivalently, wil)(l—a)

a
il) w{“) . {This common value will be a in the

wﬁg)(]~ad , s W

characterization.) LT m = 3 , this completes the verification.

Assume that m > 4 . For any 1 <k <m-3 , and any small e > 0 , let
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1 1 1 11

u = (l,—'+€,--.,—'+€,§3---,53§'—ka,0) , Wwhere exactly k components of u

1 - = —= 1

=+ g, = = ==,
are equal to 5 € Then u umid uext > it follows that

1

E(u;w( )) = E(u;w(g)) ; equivalently,

() (1) (2) (1) (2) (1)

- + . + = = - .
(w2 v, e ( K1 wk+l)8 (Wm—l wm?l)(ke)

For X =1 , we obtain Continuing inductively

() (1) _ (2) (1)
ng 'Wel N Wm—l*wmil
(2) (1) _ A2) (1)

(in k ), we eventually obftain w = -w

I A A for every 2 <k < m-2 .,

This common value is the quantity ¢ in the characterization.

A word is 1in order concerning the relation between u ia and Ut
M.

Consider m independent observations of a uniformly-distributed random

variable (representing, of course, the utilities of m candidates to a

random voter). Let u and u_. he the largest and smallest observations,
max min

and let the transformation ur (u-uw . )/{u =

. u . ) be applied to the other
min max min

m-2 observations. It is well-known that the m-2 transformed observations
are independent and uniformly-distributed on the unit interval. As a parti-
cular application of this fact, the distribution of the average of the central

m-2 observations with respect to {(u +u . }/?2 is linearly related to the
max min

distribution of the average of m-2 independent random varisbles, uniformly-

distributed on the unit interval, with respect to %—. Hence, concern about

the relation between Eﬁ. and E; arises naturally, rather than szolely

id xt

as an artifact. It is for this reason that we work in terms of the order

relation between U4 and Eéxt , rather than the equivalent relation between

u and u
ext

The most effective four-candidate midpoint-optimal voting system. The

familics of midpoint-optimnl and averape-dependent voting systems coincide for
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three-candidate elections. Therefore, the most effective three-candidate

331
4784
(or, equivalently, (%,3,0) and (4,1,0) ), with effectiveness 90.14% .

midpoint-optimal system is the one with weight sets (53%3%0 and (

Consider an m—candidate midpoint-optimal voting system. Any voter to whom

the candidates have utilities u eesu o can be classified according to the

13

ordering of the candidates on his preference scale, and according to whether

Wosq is less or greater than uext . There are 2m! classes of voters, and

a voter is equally likely to fall into any one of these classes.

We can follow an approach similar to that taken in cur discussion of the
average-dependent systems. Eventually, we will obtain a condition sufficient
for a voting system to be the most effective of all m-candidate midpoint-
optimal voting systems. This condition is that the number of votes received
by a candidate from a random society of any given profile is equal to the
expected social utility of the candidate tc that soclety. Consider a random
voter with utilities u, > ... 2 woo- For the condition to be satisfied by

l‘- —
o : . i : (1) (2)
the midpoint-optimal voting system with weight sets w and w , We must

have w( 1) . E(uk|um 4 Géxt) and’ w(g)

<
. (1) (2) _ (1)_(2),_1
This ylelds Wl Wl m+l , and Wm = wm = ol For the system to

(1)  (2)

actually be midpoint-optimal, we must of course have w -V constant for

ukl mid ext) for all k

all 2 <k <m-1
(1) (1)

The sequence {wk _wk+l} is striectly decreasing in k , and the sequence
{wie) i+£} is striectly increasing. Assume that m > 5 . Then
w(l)—w(l) > w(l) w(l) and w(g) w(g) < w(e) w(z) . Subtracting the second

2 3 3 7 2 773 3 L

inequality from the first, we obtain

(w

(1)_,(2)y _ (w(l)_ng)) 5

(1)  (2) (1) (2}
2 2 3 ) - =)

Yy
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But, as Just noted, if the system under consideration is midpoint-optimal,
both sides of this inequality must be zero. This contradiction shows that
our approach fails to isolate the most effective midpoint-optimal voting
systems for elections involving more-than four candidates.
However, in the four-candidate case we find success. We obtain weight
(1) 8 5 3 2 ) W(Q) - (_ﬁ__l 2.2

vectors w = (T2, T0°10°10° 70

10°10°10°T0’ &nd

) , which are indeed

the weight sets of a midpoint~optimal voting system. Hence, these weight sets

determine the most effective of all four-candidate midpoint-ocptimal voting

 systems. (An essentially equivalent voting system, without fractional

weights, has weight sets (6,3,1,0) and (6,5,3,0) .)

The effectiveness of the best four-candidate midpoint-optimal voting

( 8 5 3.2

g — and

system. Consider the voting system with weight sets 56313’10’10

(2,122

10’10’1010 - For this system, the expected social utility of the candidate

elected in an n-voter random society, Eelected(h’n) , 18 egqual to the

expected number of votes received by the winning candidate. If Zc is the

random variable representing the number of votes received by candidate ¢ ,

L = K .
then Eelected( ,n) L(mix Zc)
For any fixed society, the voters can be partitioned into 2-4! = L8

classes, according to their preference orderings and according to the relation

between u . and u for each. Let n(w;l) and n{w;2} be the number
mid ext

of voters with ordering w for whom Eﬁid is respectively less or greater

than E;xt . Then {n{n;k)} represents a profile of the society. In an

n-voter random sociecty, the U8B quantities n{w;k) are random variables with
A Joint multinominl distribvution (swmming to n , with equal cell probabilities).

Tneh ﬁc 13 A linear combination of these random variables, and consequently
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(21’22’23’Zh) has, asymptotiecally in nr , a multivariate normal distribution.

For any class {m:k) , E{n(m;k)) = -2 and E([n(n;k)]z) = n{n-1} + B
8 2 18
(L8)
T (mk) # {n'3k") - 1)) = nln-1)
5 mtk » then E(n(w;k) « n{n';k")) = 5~ « Then, for any
(L8)
candidate ¢ , it can be verified by extensive computation that E(Z ) = %
2 C
2y _n 1lln 1in .
and E(Zc) =gt 200 > 5° V&r(Zc) = %00 - furthermore, if ¢ # ¢' ,
2
=0 _ _3n _ 3n _ 3
E(ZCZC.) L S00 * °© Cov(Zc,Zc,) = - %00 and Cor(Zc,Zc,) =-13-

Continuing along the lines of our treatment of the best three-candidate
average-dependent (and midpoint-optimal) voting system, we find that the
expected value of the maximum of the random variables 21’22’23’Zh , which
have a joint (asymptotic) normsl distribution with common correlation - I% s

ig

é}\l

+

« Norm (k) .

(b,n) = % + Jll_n (1 2, Horm (k) = "

200 11

N B
!_l
o

Eelected

Combining this result with the asymptotic expression for E (L,n) , we

optimal

obtain the desired result. The effectiveness of the system under consider-

ation {that is, the most effective four-candidate midpoint-optimal voting

system) is l%i = 91,65% . The effectiveness of the four-candidate Borda

(L .
system, which is also midpoint-optimal, is J 5 = 89.4L% . Hence, this system
provides a gain in effectiveness of more than 2%  over the best system pre-

viously studied. (We do not currently know the effectiveness of the four-

candidate approval voting system.)

Summary. In the preceding sections, we twice followed a paradigm for
determining the offectiveness of certain voting systems. First, a family of

voting systems is selected for study. The systems in the family are similar
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in the sense that they induce the same partition of society into strategic
classes, Next, for each voting system, the expected utility of a candidate
to a typical voter in a particular class is compared with the number of
votes which would be cast for the candidate by any voter in that class.
If these two quantities are equal for each of the strategic classes, then
the voting system under consideration is the best in its family; a voting
system for which these equalities hold is said to be reproducing. For such
a system, the expected social utility of the candidate elected by a random
soclety is equal to the expected number of votes received by the winning
candidate. But the number of votes recelved by any candidate depends linearly
on the number of voters in the various classes. In consequence, straight-
forward computations permit the effectiveness of a reproducing voting system
to be explicitly evaluated. A more extensive treatment of reproducing voting

systems appears in [4].
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Abstract. Voting systems can be compared in terms of their effectiveness
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REPRODUCING VOTING SYSTEMS

Introduction

Societies frequently face the need to choose among various alterna-
tive policies. The democratic approach to such a choice is to put the de-~
cision to a vote. But what should be the format of the voting? Should each
voter be asked simply to indicate his most-preferred alternative, or should
more detailed information be elicited? And how should this information be
used in making the final choice?

An approach to these questions was first presented in [3]. An index
of effectiveness of a voting scheme was defined, which measures the extent
to which the scheme leads to selections which represent well the preferences
of the voters. In that paper it was shown that the standard voting system,
in which each voter indicates his most-preferred alternative and the plur-
ality winner is selected, is only wmoderately effective when a choice among
three alternatives is involved. Furthermore, the standard system becomes
progressively less effective as the number of alternatives is increased.

In this paper.we develop several general classes of voting systems, and show
that the Borda system, which is defined below, is asymptotically as effec-
tive as any voting system can possibly be in choosing among a large number

of alternatives.



Voting Systems

We shall investigate one-stage elections, in which the voters cast
varying numbers of votes for the candidates, with the candidate who receives
the greatest number of votes being declared the winner. Formally, an m-
candidate voting system is a collection of (one or several) sets of m
weights. Each voter independently selects one of the weight sets, and assigns
the weights to the candidates, The candidate assigned the greatest total
weight is the winner of the election,

The commonly-used standard voting system consists of the single weight
set (1, 0, ..., 0) ; each voter casts a vote for one candidate, and the
plurality winner is elected. Generally, a weighted ranking votimg system
is any voting system consisting of a single weight set (wl, ceey wm) .

For any 1 < k <m , the vote-for-k voting system arises when

Wy = eee S Wy = 1, wk+l = W4. = wm‘= 0 ; observe that the standard voting
system is simply the case k = 1 . The Borda voting system, proposed by
Jean-Charles de Borda in 1781 [1], is the weighted ranking voting system
with weight set (m, m-1, ..., 1) . Under this system each voter ranks

the candidates, and they receive weights proportional to their rankings.

The approval voting system, which has attracted recent interest [3],
consists of the m-1 weight sets (1, 0, ..., O, (1, 1, 0, ..., b), vens
(1, ..., 1, 0} . Under this system, a voter may cast one vote for every
candidate of whom he "approves." We will not study this system directly,
but will consider the vote-for-or-against-k voting. system with weight sets
(wl, vy wm) and (wi, ...,z%;) , where Wy = ee. =y = 1= wi = ... = %é—k

and w = ..z =0=p!

= = 4 -
L+l - kb1 oae wm . The three-candidate approval

voting system is of this form, when % =1 . The vote-for-or-against-k

system is essentially equivalent to the system with weight sets (1, ...,1,0, ..., 0)



and (0, ..., 0,-1,...,-1) ; both of the indicated sets have %k nonzero
components. (For a formal treatment of the equivalence of voting systems,

see [4].)

The Effectiveness of a Voting System

In studying the relative merits of various m-candidate voting systems,
we wish to take into account all possible combinations of individual pref-
erences for the candidates. To this end, we define an n-voter random society.
In such a society, the utilities of the candidates to any given voter are in-—
dependent, identically uniformly-distributed randpom variables. The utilities
to distinct voters are independent, and may come from distinct uniform dis-
tributions. (A discussion motivating this use of the uniform distribution
in our work is presented in the appendix of this paper.) As the #nm random
utilities vary over their ranges, all conceivable preference profiles of the
society are generated. When a voter is called upon to vote, he bases his
action on the specific values assumed by his utilities, without knowledge
of the values assumed by the utilities of the other voters.

Consider a particular voter to whom the candidates have utilities
UPs wees B and let 3 = Euc/m . Under any given voting system, an ¢gp-

timal strategy for this voter is to assign weights w to the
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candidates so as to maximize zwc(uc-a) . The election can be thought

of as an n-person game, in which the payoff to any player is his utility
for the elected candidate. It was shown in [3] that (asymptotically, for
large values of x ) the unique symmetric equilibrium point of this voting
game arises when the players follow the optimal strategies defined above,

(Indeed, as long as the other voters' strategies induce a probability dis-

tribution over vote totals which 1s symmetric with respect to the candidates,



a voter's optimal strategy is, asymptotically, his best reply to their
actions.)

Under the vote-for-k voting system, the optimal strategy of a voter
is clear: vote for the %k candidates of greatest utility. Under the Borda
system, the optimal strategy for a voter is to assign the weights to accord
monotonically with his utilities. The optimal strategy under the vote-for-
or-against-k voting system is not quite so obvious. A voter should vote
for his n-k most-favored candidates (rather than the % most-favored)
if the utilities of the n-2k centrally-ranked candidates average to at
least u . We shall return to these results later in this paper.

Assume that all n voters follow their optimal strategies. We wish
to assess the effectiveness of a given voting system in yielding an outcome

representative of the voters' preferences. Select a fixed voter %k , and

(k)
elected

voter. (The expectation is taken over the #m random utilities which deter-

let F (myn) be the expected utility of the elected candidate to this

mine the preferences, and therefore the actions, of the voters.)

Define E(k). (m,n) to be the expected value of the maximum of
maximal
m quantities, each the average of % independent random variables drawn

from voter k's (uniform) utility distribution. This is an upper bound
(k)

for &
alecle

f(m,n). In order to verify this, assume that all »n voters'
utilities are drawn [rom the same uniform distribution. (No generality

is lost through this assumption, since the following argument applies in

the general case after taking appropriate affine transformations.) Any
particular realization of the random society corresponds to a collection

of 7 utility m-vectors. Given this collection, no matter how these vectors

are assigned to the voters, the use of a particular voting system will always

lead to the election of the same candidate. Since voter %k would be equally



likely to be assigned any one of these vectors, he would most prefer a vot—
ing system which selects the candidate whose average utility, over the =

. k)
vectors, is greatest, E(

maximal(m’n) is the expected utility of the elected

candidate to this voter, under a hypothetical voting system which makes
such a selection in every possible situation.

Unfortunately, there is no such voting system. For example, con-
sider a two-candidate election. There is a realization of the random society
corresponding to a collection of utility vectors, such that slightly more
than half of the vectors show a slight preference for one candidate while
the remaining vectors show a strong preference for the other. Voter &
would most prefer a voting system which selects the minority choice in this
case. However, no actual voting system can have this feature. Hence, the
theoretical upper bound on E(k)

elected

(k)
It should be noted that Emaximal

cannot be attained.

(m,n) 1is not only a bound for voter
k's expectation from one-stage elections. If some other kind of choice
system, such as a multistage election, is considered, the same bound will
apply.

Let E(k)

Pandom(m) be the expected utility to voter % of a randomly

selected candidate. Clearly, we would hope that any reasonable voting sys-
tem would out-perform random selection. We define the effectiveness of an

m-candidate voting system to be:

(k) (k)

14 elected ™™ - Epandon™ .
-y (k) 2
" Eﬁamimal(”bn) - E}andbm(m)

this is the relative advantage of the given voting system over random choice,
normalized by an upper bound on that advantage.

It should be observed that this definition is independent of the



specific uniform distribution from which the utilities of voter k are
drawn, and hence is independent of k& . Therefore, in the sequel we will
assume, without loss of generality, that every random society contains a
voter whose utilities are uniformly distributed on the unit interval. We
will further assume that the various terms used to compute effectiveness
are derived from the utilities of this standard voter. In this case,

{m) = 1/2 . Furthermore, from the Central Limit Theorem we can con-—

E}andom

clude that

-1 1
Z(m,n) 7+ 12n-Normmam(m) R

E ,
maxima

where Narmmax(m) is the expected value of the maximum of m independent
normally-distributed random variables with mean 0 and variance 1.

The effectiveness of the m-candidate standard veting system was shown
in [3] to be ¥3m/(mtl) . Since all two-candidate voting systems are essen-
tially equivalent, this implies that no two-candidate voting system can be
more than v2/3 = 81,657 effective. For three-candidate elections, the
standard voting system is only 75% effective; as m increases, the effec~
tiveness of the standard system decreases to zero. By numerical methods,
it was shown in [3] that for three-candidate elections the Borda system
is 86.6% effective, and the approval system is 87.5% effective. We shall
obtain these results as special cases of our work in this paper.

We have viewed effectiveness through the eyes of a single voter.

A mathematically equivalent approach considers the utilities of the voters
as being drawn from a common distribution, and defines the social utility
of a candidate as the sum of his utilities to the »n voters.

Eelected ?

and are expected social utilities, which are obtained

1y . F
maetmal 2 random

from the expectations defined above after multiplication by # . Hence,



the same measure of effectiveness is obtained through this alternative ap-
proach. This approach is developed and discussed in [3] and [4]; the in-
dividualistic approach presented here is an outgrowth of a conversation

with David Schmeidler,

Reproducing Voting Systems

In a random society choosing among m candidates, each voter's utility
m-vector is drawn uniformly from an m-dimensional hypercube, Consider a
given voting system. It induces a partition of each voter's utility m-cube
into a number of regions, each corresponding to those situations in which
the voter casts a particular m-tuple of votes., These partitions are geo-
metrically similar for all voters. Each region, or. atrategic class, has
associated with it a probability, which is the likelihood that the voter's
utility m-vecter lies in this region; the probability is (due to the uni-
formity assumption) the relative volume of the region within the utility
m-cube. Under the Borda voting system there are m! equiprobable strategic
classes, one for each ordering of the candidates. The vote-for-k system
yields [2} classes; the vote-for-or-against-X system, ZFE) classes;.
the approval voting system, 27" 2 classes.

Let. 11, 2, ..., T} 1index the strategic classes. A voter is of
strategic type t 1if his utility vector is in class ¢ . Let {pt} be
the probabilities associated with the strategic classes. Let vt(c) be
the votes cast for candidate ¢ by a voter of type + , and let ut(c)
be the conditional utility of candidate ¢ to the standard voter, given
that he is of type ¢ . For example, under the Borda system consider the

strategic class composed of vectors u = (u ceny um) for which w, < ... < u

1’ 1= =
If this is class ¢+ , then vt(CJ = ¢ and ut(c) =e¢/(m+l) . Under the



standard voting system consider the class t of voters u# for which
Uy Z Ugy wens U o In this case, Ut(l) =1 and ut(l) = m/(m+l) ; for
e >1, vt(c) =0 and ut(c) =m/[20m+1)] .

Any particular collection of preferences for the »n +voters in a
society will partition the voters among the strategic types. A profile

k is an enumeration of the voters of each type; naturally,

{k.} = (k

1* e T)

Ekt =7 . In an n-voter random society, the I components of the profile

£

are random variables, having a joint multinomial distribution with cell prob-
abilities {pt} . Let v(ec; {kt}) = ZRtvt(c) be the number of votes cast
for candidate ¢ by a society with profile {kt} . The candidate EY{kt})
who maximizes v(c; {kt}) is the candidate who will be elected by a society
with.this profile,

Given that a random society has profile {kt} » the expected utility

of candidate ¢ to the standard voter is

ufe; {kt}) = ] Pr(standard voter is of type t|
t
society has profile {kt})-ut(c)
k
= ZMEu (c)
not )

Therefore, the expected utllity of the elected candidate to the standard

voter, when the voting system under consideration is used, is

Bt Mon) = E{kt}(“(c”kt} )5 Ak, 1)

y kl kT _
= E Koo,k Py eee pj,u(c({kt}); {kt}) .
{kt} 1 7

A number of voting systems may induce the same strategic partition.

For example, any weighted voting system which employs m distinct weights



induces the same partition as the Borda system. Consider a family of voting
systems, all of which lead to the same strategic classes., If we vary our
consideration among the systems in this family, then only the function &
will change in the expression for Eelected(m’n)‘ Therefore, no voting sys-
tem in the family can be more effective than one for which

u(EY{kt}); {kt}) = max ule; {kt}) for every profile {kt} .

Not every family of voting systems contains such a member. (The family
of m-candidate average-dependent voting systems, for any m > 4 , provides
an example; see [4].) However, assume that there is an a > 0 and a collec-
tion of constants {bt} s Such that the voting system defined for all ¢
and ¢ by vt(c) = a-ut(c) + bt is in the family; a voting system of this
form is said to be reproducing. Under a reproducing voting system, the can-
didate ¢ who maximizes v(e; {kt}) for any given profile {kt} also maxi-
mizes u(e; {kt}) . Consequently, if a family of voting systems contains
a reproducing member, that voting system must be the most effective in its
family; for a reproducing voting systenm,

d(m,n) = E{k }(mam ufe; {kt}))

E
2Legts
eleg - o

Z—ukt
=E max (c)| .
{ kt} o n"t

In succeeding sections, we shall see that the vote~for-k, vote-for-
or-against-k, and Borda voting systems are all reproducing, and we will de~
termine their effectiveness. (The term "reproducing" suggests how a voting
system can be tested for this property. One first determines the strategic
partition induced by the system, and then computes the expectations {ut(e)} .
1f an affine transformation of the expectations reproduces the original voting

weights, then the system is indeed reproducing.)
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The Effectiveness of a Reproducing Voling System

Consider a fixed reproducing voting system, which induces a strategic
partition with parameters {ut(c)} and {pt} . In order to determine the
effectiveness of this voting system, it will suffice to obtain an asymptotic

(in #n ) expression for & (m,n) .

elected
For each candidate ¢ , let Zc = %{ktut(c) . It has been previously
observed that the random variables {kt} have a joint multinomial distri-
bution, summing to # with cell probabilities {pt} . Hence, for any class
t, E(kt) = np, and Var(kt) = nptfl-—pt) . For t#¢t', Cov(kt,kt,)==—nptpt,.
It is well-known that jointly-multinomial random variables have an asymptotic
joint normal distribution. Therefore, since each ZC is a linear combina-
tion of asymptotically normal random variables, it is itself asymptotically

normal.

For any candidate ¢ ,

l -
E(z,) = ﬁ{ut(c)E(kt) = Ju,(e)p,

= E{utility of candidate ¢ to the standard voter)

-1
=1.
Also
Var(z,) = 5[0, () var(k,) + ] u (e, (ciCovlk,, k,,)]
n ot t#t!
! 2 1
= E—%(ut(c)) p, - ﬁ-tfé’ut(c)ut,(c)ptpt,,

and fFor ¢ # d ,
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Cov(Z,, 2, ;%{%ut(C)ut(d)Var(kt) + tg;,ut(c)ut,(d)Cov(kt, k, )]

e

= %ut(c)ut(d)pt - t:%ﬂut(c)ut,(d)ptpt, .

The latter terms in the final expressions for both VaP(ZC) and Cov(zc, Zd)

can be factored:

t:%ﬁut(CJut’(c)ptpt’ = tjéjut(c}ut,(d)ptpt,

(Yu,(e)p,)? = (Yu,le)p,)(Ju (dp,) =+ .
t ¥ &

Furthermore, since the voting strategies available to the voters are symmetric
with respect to the candidates, both VaP(Zc) and Cov(Zc, Zd) are inde-
pendent of the choice of ¢ and 4 .
Consider a family of m equicorrelated normally-distributed random
variables, with common mean p and variance 02 , and with correlation
p . It was shown in [2] that the expected value of the maximum of the m
/2

variables is u + c(lhp)l Normmax(m) . Therefore, using the preceding

results we obtain the asymptotic expression

E@Eectéd(m’n) = E{kt}(mgx Zc)

]
S o

1/2
+ {var(zc) - Cov(Zc, Zd)} Normmam(m)

1
T

1 1/2
+ {E'%ptut(c)[ut(C)"ut(d)]} / Nbrmmam(m) s

where the last two expressipns are both independent of the choice of ¢ # d .
- . {th . i £
Combining this with the previously-given expressions for ErandomﬁW) and

bﬁwrinﬁltw’nj’ we can finally determine the effectiveness of the voting system.
A (L
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Theoren 1o The effeet veness of a reproducing voting system, which induces
a strategic partition with parameters {ut(c)} and {pt} , is

{lZZptut(c)[ut(c)-ut(d)]}llz , where ¢ # d can be chosen arbitrarily.
t

The Vote-for-k Voting System
Using the preceeding theorem, it is relatively simple to evaluate
the effectiveness of the m-candidate vote-for-% voting system. There are
T = [z] equiprobable strategic types under this voting system, each corres—
ponding to a different cardinality-k collection St of candidates. Hence,

each P, = l/[z} ,» and for the standard voter

1f m m—k+1 _2m-k+1 ces
kim l mtl | 2(m+l) t
ut(c) =
1 (m-k 1Y m-k+l
mkimeL oo m+l} ~ 2(m+1) ¢ £S5, -

Consequently, if ¢ and d are distinct candidates,

I, (e)u,(c) -u,(d)]

_ 1 I o0+ © 2m=k+1 [_ m } £ m7k+1_ m ]
m -5 g 2{m+1) 2{m+1) 5 20m+1} |2(m+1)
x| (¢ desy ceS, CES,

déSt dsSt

1 m-2\ 2m=-k+1 m +
T o20mt1)

- ﬂ k=1|"2(m+1)
k

mk{m-k)}
4(m—1)(m+1)2

m-2) m-k+1 m
k-1j2(m+1) {2(m+1)

)
c,dﬁSt

0
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Therefore, the effectiveness of the m-candidate vote-for-k voting system is

1 DBmk(m-ij] /2

(m+l)| m-1

When % = 1 , this reduces to the result already known for the stan-
dard voting system. The qualitative behavior of that system carries over
for any fixed %k : as m becomes large, the effectiveness of the vote-for-k
system approaches zero.

It is interesting to observe that the vote-for-k and vote-for-(n-%)
voting systems are equally effective. The latter system is equivalent to
the "vote-against-%" voting system. Hence, voting systems based on positive
or on negative options appear equally desirable to the voters. (0Of course,
in specific elections the contrasted voting systems may lead to different
results.)

For any value of m , the most effective vote-for-k voting systems
occur when m is as near to m/2 as possible. The effectiveness of these

"vote-for-half'" systems is

. 1/2
3 m m . .
AT ] if m 1is even, and
1/2
ﬁ.[’”] if m 1is odd,
2 im+l

In either case, as m becomes large the vote-for-half voting systems approach
V3/2 = 86.6% effectiveness. Hence, we see for the first time that there
are voting systems which are dramatically more effective than the standard

system for many-candidate electiepns.
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The Vote-for-or-against-k Voting System

Consider an m-candidate election in which this system is employed,
where & < m/2 . Let 5 be any cardinality-k collection of candidates.
There are two strategic types associated with S , corresponding to the
strategies "vote for S5 " and "vote against S '"; a voter is equally likely
to be of either type. Let Tl index the types of the first form, and T2

the types of the second form. Then there are a total of T = 2[2} strate-
1

gic types, so each Py =TT - The function ut(c) is tabulated below,
2[ki
t e Tl : vote for 3 t e T2 : vote against S
| 27~ (k-1 2 2
pgig e iS5 q, =3 Aamlo6k -2k
S | 2(m+1) 2 8(m+1) (m-k)
m odd 3
i, oM HOM-L6K - 6k-8mk peg.y ot
1 B{(m+1) (m-k) T2 8 (m+1)
2m - 2(k-1) 2 2
cedra = 2 cE5:a _ Sm+2m-6k” -2k
S R YY) * 42T T8 meL) (m-k)
m even 3
o g, Aok =6k 8nk peg.py o talRl)
"1 8(m+1) (m-&) "2 2(m+1)

This table can be verified through geometric considerations. As

an example, we derive the entries for m odd, ¢ ¢ Tl . Consider the sub-

set [ of the unit m-cube consisting of wvectors yu for which Up 2 e Zu

and (uk+l + ...+ um‘k)/(m—Zk) < u . This region is a simplex, with extreme

1
points (0, ..., 0), (1,0, ...,0, ..., (1, ...,1,0,0,...,0, A, ..., 1,5,
11 1 1

» 535 s m, ..., 1, IR M, {1, ..., 1); each vector has

g, -~->O))

(1, ...,

o=

one fewer zero components than its predecessor. Therefore, the centroid of

; S 3 3jm-1 Lim=3 3
H is h = o ", nz—z, ey n?—z[ 5 1, 1-+2 5 ], cees o l]




The strategic class corresponding to

kI(m-k)!

is the union of the

ing the first k , and the last (m-k) ,

Hence ut(c) is the average of the first k

tel
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S

£ {13 2,

1* . k}

simplices obtained by independently permut-

components of h if o ¢ St

and is the average of the last m-k components if ¢ £ St .

-b

let w=aq 1

For any fixed m , 1

=

1= b (It is the fact

2 2"

components of the vectors in ¥ .

>

that these differences are equal which ensures that the vote-for-or-against-k

system is reproducing.) Then for any ¢ # d ,

Iy (e)luy(e) ~uy(@)) = ==l [ aw+ | bi(-w) + | )
2 % teTl taTl tETl tETl
ceSt céSt cﬁSt ceSt
as, des, des, ags,
_ 1 {(m2) ) 2
h o |7 [k—l) 2w
k .
_ kim-k) 2
m(m=-1)

Therefore, the effectiveness of the m-candidate vote-for~or-against-k

voting system is

1/2
ki} if m 1is odd,

if m 1is even.

5m2+1-6mk[ 3k
[}Zk(nhk)'l/z . 4 (m+1) m(m=1} (m-
mim-1) -
5m2-6mk 3k 1/2
Gim+l) |m(m=-1) (m-k)
When m 1is even and k = m/2 ,

with the vote-for-k system.

formula just derived also holds for this case.

the vote-for-er-against-% system coincides

Our arguments can be modified to show that the

Alternatively it can be

checked that in this case the formula coincides with the formula for the
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effectiveness of the vote-for-half system.

For k <m/2 , it is easily verified that the vote-for-or-against-k
voting system is strictly more effective than the vote-for-k system. In
particular, for three-~candidate elections we see that the standard voting
system (75% effective) is appreciably less effective than the approval voting
system (87.5%).

What Kk yields the most effective vote~for-or-against~k voting sys-

tem when m 1is large? Set k = am and let m >« . TFrom either formula,
5-6at | 3a 1/2
odd or even, we obtain a limit of L—Z—ﬂ E:E] . This is maximized

when o = (9-v21)/12 = .368 , Hence, the asymptotically~best of the vote-
for-or-against-k systems arises when the voters are allowed to act for, or
agalnst, slightly more than a third of the candidates. The limiting effec-

tiveness of such systems is (42V§13-138)1/2

/8 = 92,25% .
The Borda Voting System

The m-candidate Borda system differs from those previously discussed,
in that a voter is called upon to differentiate among all m candidates
(rather than to simply partition them into groups). Clearly, there are
m! strategic types under this system, each associated with a particular
ordering of the candidates (say, in order of increasing utility). Hence
each p, = 1/m! and, 1f candidate ¢ has position £(e¢) in ordering ¢ ,
u (el = tle)/(mtl) .

For any ¢ # d ,
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Ip s (e luyle) —uy(d)] = St T((t(2))? - tle) t(d))
Y {m+l)

1 T2

= —————2[(m-1).' Y RS- (m-2)r ) kel

m!(m+l) =1 1<k, <m

k#%,

- 1 m(m#l) (2m+l) 1 {im(m+l)}2__m(m+l}(2m+1;1

m(m+l)2 6 m(m—l)(m+l)2[_ 2 6 __I
_ m
T 12(mil)

Therefore, the effectiveness of the m-candidate Borda voting system is

A’m 1/2 .
L

It is important to observe that, as m becomes large, this formula
approaches one. This permits two conclusions. For elections involving many
candidates, the Borda system 1s essentially as good as any other voting
system. Moreover, the Borda system is asymptotically as effective as any
other type of social choice system could be, even if the voters' utilities

could be directly observed and a candidate chosen accordingly.

Svmmary.

We have presented a method for measuring the effectiveness of a voting
system in representing the preferences of the voters., The measure is based
on the performance of the system over all possible profiles of voter pref-
erences, and can be interpreted either in terms of the expectations of indi~
vidual voters, or in terms of a social utility function.

Using this measure, the effectiveness of the standard, vote-for-k,

vote~for-or-against-k, and Borda voting systems was determined. The standard
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system is relatively ineffective for elections involving three or more can-
didates, and becomes totally ineffective when the number of candidates be-
comes large. In contrast, the Borda system is asymptotically (for elections
involving many candidates) as effective as any system can be.

Two related questions are suggested by these results. What voting
systems are highly effective for elections involving a small number of can-
didates? Are there other systems which asymptotically approach 100%Z effec-
tiveness more quickly than the Borda system? Both of these questions will

be addressed in subsequent papers.



The Kffecetiveness of Several Voting Systems

Number of
Candidates Stardard Vote-for-half
2 81.65% 81.65%
3 75.00 75,00
4 69.28 80.00
5 64.55 79.06
6 60,61 81.32
10 49.79 82.99

m -+ 0.00 86.60

Best Vote-for-
or-against-k

81

87

80

86

86

88.

92.

.65%
.50
.83
.96

.25

09

25

Borda
81.65%
86 .60
89.44
91.29

92.58

95.35

100.00
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AFPPENDIX

Individual Utility Functions, and a Characterization of the Uniform
Probability Distribution

We imagine the utilities of the candidates, to the voters in a random
society, as arising in the following manner. There is a (large) set of po-
tential candidates (or, equivalently, of issues)., Each voter has a von
Neumann-Morgenstern utility functien over this set of candidates. Hence,
the randoem selection of a candidate generates a probability distribution
over each player's utility space. A number of candidates are selected in-
dependently, to compete in a given election. Consequently, the utilities
of the candidates to a particular voter are independent, identically-distri-
buted random variables,

Most traditional theories of social choice assume that an individual's
actual utilities cannot be measured. However, by observing his choices among
various gambles or lotteries, we can determine the class of affinely-equivalent
utility functions which contains his particular function. For example, assume
that the utilities of m candidates to a voter are Uy = u, Soeee Zu,
Then, although the specific vector (ul, Ups wevs Uy 15 um) cannot be directly
observed, the normalized representation (O, (uz-ul)/(um-—ul), ceay
(um—l —ul)/(um-ul), 1) 18 experimentally obtainable.

Assume that a voter's probability distribution over candidate utilities
is known. If m' candidates, with utilities Uy S ess S U to this voter,
stand for election, the quantities (uz-—ul)/(um-ul), ...,(um_l-ul)/(um-ul)
may be directly measured. It is conceivable that these quantities, in turn,

yvield information concerning the original utilities. (For example, if the
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voter's probability distribution over utilities is concentrated at three
points, the observation of a normalized utjility strictly between 0 and 1
permits the identification of all of the actual utilities.) Generally, the
normalized utilities will convey informaticn about the location and scale
of the actual utilities whenever the normalized utilities depend on U

1

and U =ty (or equivalently, on u and % _ ). When this is the case,

1 m

we are led away from the realm of standard work on social choice, and into

a much more complicated world involving such considerations as intertemporal
or interpersonal comparison of preference intensities. Therefore, it is of

interest to ask for conditions under which no location or scale information

can be obtained from the normalized utilities.

Theorem 2. Let »n 1independent observations be drawn from the real line
according to the atomless probability distribution F , and order the ob-
servations so that z; < ... <z . The random variables xq and z,

are independent of the statistics (xz-*xl)/(xn-—xl), ...,(xn_l-xl)/(xn-xl)

if and only if F 1is a uniform distribution.

Proof. Let ¢t = (xz-xl)/(mn-—ml) , and assume that ¢ 1is independent

of =x

1 and x, . The support of F must be connected; otherwise the con-

ditional distribution of ¢ would have a connected support for some values

of (x,, # ) , but not for other values.

1° ™n
Assume that (xl, xn) = (4,B) . The conditional distribution of ¢

is then

_ F(tB + (1-t)4) - F(AJT2
Hee) =1 - [1 - F(BJ - F(A) }1 .

This must (by assumption) be independent of A and B . Hence
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F(tB + (1-t}4) - F(4)
F(B}) - F(4)

= K(t) ,

and so

F(tB+ (1-t}4) (1-K(t))F(A) + K(t)F(B) .

Let A' =4 + t5 and B'

B~ (1-t)8 , where 0 < § < B-4 . Then

tB' + (1-t)A' = tB + (1-t)4 , and therefore
(L-K(L))F(A+t8) + K(t)JF{B- (1-t)8) = (1 -K(t))F(A) + K(t)F(B) ;
equivalently, for 0 < ¢ <1 ,

K(t)

F(A+t8) - F(4) = T-RiET

[F(B) -F(B- (1-£)8)] .

The right-hand side of the preceeding equation is independent of
4 3 perforce, the left-hand side is also independent of A . Therefore,

by appropriately varying 4 and B we can define a function
glp) = FlA+p) - F(4) ,

for all non-negative P which are no greater than the length of the support

of F, Since

[FCA-p) +p) - F(A-p) ] + [F(A+q) ~F(A)] = F((A-p) +p+q) - F{A-p) ,

it follows that
glp) + glqt = glprq) ,

throughout the domain of g . F# , and therefore g , are strictly increas-
ing. The only additive, increasing functions are linear; hence there is a
€ > 0 such that g(p} = Cp . Comsequently F(x) = Cx + D throughout the

support of F , and F 1is uniform, as claimed.
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In order to verify the converse in the theorem, it suffices to note
that, for any uniform distribution F , the #-2 random variables
tz = (mz-—xl)/(xn-ml), cies tn—l = (mn_l-xl)/(mn-xl) have a joint dis-
tribution which is uniform over the region 0 < tz < .. i-tnwl <1 . Clearly,

this joint distribution is independent of x, and X, . O]

The non-atomicity of F in the preceeding theorem corresponds to
indifference between candidates being a probability zero event. Assume,
to the contrary, that F7 has at least one atom, If F is concentrated
at only one or two points (that is, if the individual under discussion sees
the world in at most two colors), then the earlier discussion has little
relevance; all observed preferences will be known to be of equal intensity.
However, assume that there are at least three points in the support of F .
Then the conditional distribution of ¢ = (xz-xl)/(mn-xl) , given ©q
and x, will depend upon the distribution of the atoms of F on the
interval between xy and T, s and this will depend on the specifie values
of zy and xr, .

In consequence of these arguments, the reason for the use of the
uniform distribution in the formulation of a random society is clear. The
use of any other distribution would imply that origin and scale information
could be obtained from an individual's normalized utilities. And the avail-
ability of such information would facilitate the making of intensity-of-
preference comparisons (from one election to the next, or even between in-

dividuals) which we naturally wish to avoid in social choice procedures.
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