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AN EXTENSION OF THE BROWN-ROBINSON EQUIVALENCE THEOREM

by

Donald J. Brown™ and M, Ali Khan

I. Introduction

In this note, we show in Theorem 1 that if the initial allocation
is integrable, in the sense that 'numerically negligible" coalitions are
"economically negligible,'" then every core allocation of a nonstandard ex-
change economy is integrable. This result allows us to extend the Equi-
valence Theorem of Brown-Robinson.

Brown-Robinson (see Theorem 1 in [1]), assumed that all allocations~-
including the initial allocation--were standardly bounded in showing that an
allocation 1s in the core of a nonstandard exchange economy 1ff it is a compe-
titive allocation. We show in Theorem 2 that their proof 1s essentially valid
for a much larger class of nonstandard exchange economies, where only initial
allocations are required to be integrable.

As a consequence of their Equivalence Theorem, Brown-Robinson in {2]
proved a limit theorem on the existence of "approximately" competitive prices
for core allocations in a sequence of economies. Of course, the conditions
on the economies in the sequence are such as to guarantee--among other things

--that the initial allocations and the core allocations in the nonstandard

*The research described was undertaken by grants from the Ford Foundation and
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limit economy are standardly bounded. Consequently, Theorem 2 in this paper
sugpests a generalization of the Brown-Robinson Limit Theorem to a wider
class of sequence economies, where no assumptions are required on the core
allocations and whose associated nonstandard limit economies need only have

integrable initial endowments. This generalization is given in Theorem 3.

II. The Results
In this note we conform to the notation and concepts as used by Brown-

Rebinson [1]}, However, wherever they use the term allocation or final allo-

cation, we shall take it to mean instead any assignment Y(t) from the set

of traders, {T =1, 2, ..,, w}, 1into *" such that

W w
(1/w) TY(t) ~ (L/w) T I(t) .
t=1 t=1

We shall also need the following definition: An allocation Y(t) is

said to be integrable if

w
(1/m) TY(t) is finite and |§|/w ~ 0 ==> 1/w T Y(t) ~0 ,
t=1 teS
In [1], Brown-Robinson assumed that I(t) , the initial allocation,
was standardly bounded. This is assumption (i1i) on page 44 in their paper.

We shall replace (i1) by the weaker assumption: (ii)' 1I(t) 1is integrable.

Theorem 1, If 6 is a nonstandard exchange economy satisfying assumptions
(1) to (iv) (see [1l], page 44), with (ii)' substituted for (ii), then every

allocation X in the core of 8 is integrable.

This Theorem reduces to the following two lemmas:



Lemma 1. (Ve >0)(37n ¢ M){(|s"|/w) > 1-¢} where s" = {t ¢ T|X(t) < ne} .

Proof. (|8V|/w) ~1 (Vv ¢ *N-N) . If not, we contradict the fact that

X is an allocation by virtue of (i1)'. Let )& = {n ¢ *N[(Isnllm) < 1-¢' .
1f X{- is empty, the proof ls finished, If not, being an internal, star-
finite set, ,J has a greatest element, say p, and p ¢ *N-N . Let

n= ptl , which completes the proof.

Lemma 2. If X 1s any allocation in the core of 8!1) , then for any commodity

r and any internal, negligible set V , (1/w) T Xr(t) ~0 .
teV

Proof. Suppose not, i.e. there exists a set C of commodities, say 1, 2, ..., k,

k< n ; and internal, negligible sets Vi such that (1/w) T xi(t) iO .
rev
i

(Vi ¢ C) . Let V= UVi and (1/w) Exi(t) =m, (Vi ¢C) . Certainly

1eC t eV
|V|/w ~ 0 and m 30 forall ieC.

1

Let H:‘ = {t e T-V|xi(t) >1/n} for all 1 dC ., We can assert that

there exists r e N such that |H: |/w £0 . Suppose not. Then by Robinson's
i

Theorem ([4], page 65), there exists v e¢ *N-N such that IHtl/w ~0 , Certainly

(1/w) T Xi(t) ~0 . If (l/w) ¥ Xi(t) £#0, 1 £C, then we contradict
i i
tcT-Hv teHv
the definition of C . Thus (l/w) T xi(t) ~0 , and we have a contradiction,
tel

by virtue of (ii{i), to the fact that X 18 an allocation, If r = Maxr
14C

and H_ = UH: s then |?f Ilwfo . By Loeb's Theorem, see Appendix of [3],
i x

i L

we can pick H < ﬁr such that H_ 1is internal and 0 £ [H |/w il . Let

|H [ /o= ¢ .



Lemma 1 guarantees the existence of v ¢ N such that

|s'|/w>1 - (e/2) . let W=H_ NS , then |W|/w £0 . If not,
|Hr U Svllf.u = |Hr|/w + |Svl/u.) - IHr Ns'|/w~1+ e/2, which contradicts that
H CT and § CT.

For any t ¢ W let Y(t) = X(t) + (m/2|w|) (ml, crey Ty, 0, ve0uy 0) .
From (iv)y w(Y(t)) >, X(t) . Define &= {8(e)[S(¥(e), &(t)) > X(t)} where
S(x,v) 1is a closed ball of radius v centered at x and $(x, V) >t X(t)
means all points in the closed ball are preferred to X(t) . 4 1is Q-closed

and given the irreflexivity of >t s bounded from above. Thus Max &(t)
5(t) el
exists. Denote it to be _b(t) . 'E(t) i 0 : otherwise we contradict

that p(Y(t)) > X(t) if and only 1f S(Y(t), 8) > X(t) for some § i 0,
a fact proved by Khan in [3], page 561,

Let & = Min ‘S(t) . & is well defined since W 1is an internal
teW

gtar-finite set and —é(t) has been chogen in an internal manner. Let

T\ = Min(l/r, 8§ , B = T-V and considering the following

z(t) = Y(r) - {0, ©W/2} (Vt ¢ W)

= X(t) + (w/2|B-W]) (m, .oy m, NCW| 72w), oo vy T W[ /20))

(Vt ¢ B-W) .

{0, M/2} 1is a vector with 0 in the first k coordinates and T/2 elsewhere.
By comstruction, w(Z(t)) ‘.>t X(t) (Vt e W) . By (iv)B, u(Z(t)) >t X(t)
(Vt -4 B-W) .

Now, for any 1 e¢C,



(1/w) L (2,(t) ~I,(t)) = (L/w) T (X;(t) -1 ,(t)) +m /2
t eB i i t B i i i

(1/w) T X () -I.(t)) +m, = (1/w) ¥ (X, (t)~I,(t)) + (L/w) T X, (t)
p A 1 1 A 1 e

~ (1/w) T (X (t)~ I,(t)) since 1/w Z I, (t) ~0 .
tel teV

For any { ¢ C,
(l/w) T (Zi(t) - Ii(t)) = (1/w) T (Xi(t) - Ii(t))
teB teB

- (L/w) T2+ (|W]/]|B-W]) T Tbw
teW teB-W

< (1/w) T X, () - (/w) I,(t) - (L/w) T T2
teB teT teW

j_O since (1/w) T 7/2 i 0.
teW
Thus we have an allocation Z that blocks X via the non-negligible
coalition B , a contradiction to the fact that X is in the core.

Q.E.D.

W .
Proof of Theorem 1. (1/w) ¥ X(t) 1is finite because of (ii)'., Thus suppose
t=]

that there exists a set of commodities C and an internal negligible set V

such that (1/w) z:xr (t) £ 0 for all r ¢ C . We then have a contradiction
tev

to Lemma 2,

Theorem 2. TIf (D is a nonstandard exchange economy satisfying assumptions
(1) to (iv), with (i1)' substituted for (ii)}, then an allocation X is in the
core of 8 if and only if there exists a price vector p such that (p,X)

is a competitive equilibrium of E .



Proof of Theorem 2. In view of Theorem 1, we know that under (ii)', all core

allocations are integrable. Thus all we need to show 1s that the proof of
Theorem 1 of [l] carries over to the case where X and I are integrable,
instead of being standardly bounded. |

The first change in the proof is on page 47 where Fn(t) is now de~
fined as {x ¢ R | (W ¢ slln(E))E >, X(t), x-I(t) finite] G_(t) 1is defined
as before, 1i.e. Gn(t) = Fn(t) - I(t) , and each vect.or in Gn(t) is finite,

although I(t) might be infinite. Letting G(t) = U G (t) and A(U) = the
teN

S-convex hull of G(t) , we see that A(U) 1s near standard. Consequently
we can apply the separating hyperplane theorem if we prove the Principal Leuma.
For this make no change until the fourth paragraph of page 48 where now the

arbitrary ¢t in U 1is chosen such that X(to) 1s finite. The remainder

0
of the proof of the Principal Lemma goes through.
The first half of Theorem 1 of [1] needs no changing, since the only

property of standardly bounded allocations they use is |S|/w ~ (- -i',— T X(t) ~0,
teS
i.e. the defining property of integrable allocations.

Starting in the second paragraph on page 50, let X be in the core of Em .
and U be a full set of traders in the Principal Lemma. Then by the S-separa-
tion lemma there exists a standard E ¥ 0 s.t. x e S-Int{A)) , ;-;2 0.

Hence ; ¢ S-Int(G(t)) = G(t)';;-; >0 . This is equivalent to saying that
pex 25'1(” for all x ¢ S-Int(F(t)) = F(t) .

Let \'jr = {t e T|X(t) and I(t) are finitel} .F 1is external but
this won't be a prohlem. Clearly \? # @ . For all t ¢ X and all standard
z > 0 we can show that ; (;+ X{t)) > ;-I(t) s 8ame reasoning as appears on
page F. But this implies that p>0 and p.X(t) >p.I(t) for all t ¢ F .

Let A = {t e T|p.-x(t) + 1/m 5;-1(1:)1 for each m ¢ N .

Suppose for some m ¢ N, that IAm[/tu = 830 . Since for ¢= 8/4,



there exists £ ¢ N such that |{t ¢ TIx(t)| > 2} /w < ¢ and
[{t eT||I(t)] > L} /w< e, we see that |{t eA | X)) <4 |T(e)|<2}/w > 8/2 .
But this contradicts ;-X(t) ZE-I(t) for all ¢t e—;’;f . Hence Am negligible
for all m ¢ N and therefore except for a negligible set of t ,
PeX(t) > p-I(t) .

We can now ghow that except for a negligible set of ¢t , ;-x(t) :F-I(t) .
If for some non-negligible internal set, § , we have peX(t) i ;-I(t) R

then 1; F-X(t) ii—; EF-I(t) , which contradicts the assumption that X is

teS teS
in the core, i.e. L T X(t) :_--1- z I{t) .
®e 1 “t o1
To complete the proof we must show that X(t) 1s maximal in t's budget

det. We will firat show that i; :;? 0 . Suppose not: let p1 ~0 , say.

Since p is standard some coordinate of ; is not infinitesimal, say pz i 0.

But L z Iz(t) i 0 . Since X 1is an allocation it follows that L Exz(t) i 0,
wtsT wteT

so there must be a non-negligible internal set of traders S5 , for whom Xz(t) i o .
Let |8]/w = 520 . Plck = 8/4, then there exists £ ¢ N such that

[{t eT||X(t)] > 2}/w< ¢ and |{t eT|[I(t)| > £}|/&< ¢ . Therefore

[{t e s||X(t)] < & |I(t)| < LY /w > 8/2 . Let f{t ¢ 8|[X(t)]<4 |I(t)| < £} .
Now for any trader t , it follows from desirability that

X(t) + (1, 0, ..., 0) >t X(t) . Choosing t ¢ E we see by continuity that

for some sufficilently small ¢ io s X(t) + (Y, -¢ 0, ..., 0) >t X)) .

Hence X(t) + (1, -¢, 0, ««., 0) ¢ F(t) . Therefore

peI(t) < P-[X(t)+ (1, ~¢ 0, ..., 0)] = PeX(t) + pl - &p? iF-x(t) . Therefore
E-I(t) i;-x(t) for all t ¢ E , but ]El/fu iO which contradicts the fact
proved above that except for a negligible set of ¢t , PeX(t) :;-I(t) . Con-
sequently ; ?,? 0 N

Now for all t ¢ J the proof that X({t) is maximal goes thru in the



the same mannef as it appears in the last paragraph of page 50, Suppose for
some m e N, that B = {t eT|dy ¢ B (), y > X(t), ly - X(e)| > 1/m}

is non-negligible, say |B_|/w = 8§ 20 . As before we can show that at least
half of the traders in B~ are in F , which is a contradiction. Hence
Bm negligible for all m ¢ N and therefore X(t) 1is maximal in 21l but a
negligible set of traders' budget sets. This completes the proof.

We now introduce the terminology necessary to state our 1imit theorem,
Theorem 3.

We will assume that all agents in the economy have the same consump=-
tion set Qn » the positive orthant of Rn « The tastes of an agent are
represented by a preference relation > on Qn + The set of all preference
relations is denoted by ~. ¥ will denote the complement of > in Qn x ﬂn .
i P is given the topology of closed convergence, then P 15 a compact
separable metric space. Henceforth we assume that P has the topology of
closed convergence.

If x ¢ Rn and € a real positive number then
B er?:') = {z eR ||zx| < ¢} .

If C and D are subsets of R , then C ¥ D means that Jc eC,
Hd e D such that c ¥4d .

A preference > g p is said to be monotone if x > ; s l.e. x, >9

1 =~71
for all i and for some j, X5 >y then x>y .
A standard exchange economy E isa triple <T,p, I>, where T
1s a finite initial segment of the natural numbers, i.e., |T| =n ¢ N ;
T 1s the set of traders; p 1s a function from T iInto & . p(t) is

the preference relation of trader t and will be denoted >-t ; I is a

function from T into Qn « I(t) is the initial endowment of trader ¢t ;



An allocation X 1is a function from T 1into Qn such that

1 1
T }:X(t)S-FrT T 1(t) .

tel tel

An allocation X blocks an allocation Y via a coalition E 1if

t ek T e

TT}l‘T TX(t) <z TI(t) and (Ve e E)X(t) >, Y(t) .
The core of &, 6@ , 18 the set of unblocked allocations,

A sequence of standard exchange economies 511 =<T, ps L> for

n=1, 2, ..., 1is said to be purely competitive if
(1) |1 | == a8 a-~e;

1
(2) limT——I— Z I (t) exists;
o Tn tcTn n

n 1 -
(3) EnETn and 1lim -=0-->11m-ﬁ,—|- EIn(t)=0-
n tcEn

Theorem 3. Let &n = <Tn, LI In> be a purely competitive sequence of stan-
dard exchange economies, where

(1) (B >>0)(va e N)(Ve e T I (t) 2B ;

(2) For all e¢> 0, there exists a compact set of monotone prefer-

ences 7 and there exists ny ¢ N such that for all n ¢ N ,

if n?_no, then

[{t ¢ 'rn||: ¢ 70
Tl 2 e

Then (V8> 0)(Jn, ¢ N)(vn ¢ M) (VX ¢ &€ ) (TP



10

P-y < p-L(t) and B, () > B (X(t)}
< §
N

I:n?__no => |{t e T |(Jy e Q)

|{t e T, |p-X(t) > p-1(t) + 6} ]
and < 8§ .

I,

Proof. The proof of Theorem 3 is essentially the same as the proof of the

Brown~-Robinson Limit Theorem in [2], hence we will not repeat it here.
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