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A GENERAL EQUILIBRIUM MODEL OF WORLD TRADE
PART II

THE EMPIRICAL SPECIFICATION

by

Victor Ginsburgh and Jean Waelbroeck™

1., Introduction

The aim of this paper is to give a full description of GEM WT, a
general equilibrium model of the world trade between developing and de-
veloped countries, This model is the basis of the computational and econo-
mic results given in [3], [6], and [7].

The paper will be organized as follows, We start in Section 2
with the theoretical formulation of competitive and tariff ridden inter-
national equilibria. Section 3 discusses the theoretical significance
of a number of devices which are helpful in specifying equilibrium models,
Sections 4 to 9 describe GEM. We discuss in turn:

4. linearization procedures;

5. the gubmodels for Latin America, Asia, and Africa;

6, the Middle East oil producers submodel;

7. the submodel for developed countries;

8. the international export import balances;

9, the relation between international prices and marginal

utilities, and the specification of balances of payments.

*University of Brussels and Center for Operations Research and Econome-
trics, Louvain. The paper was written while V. Ginsburgh was visiting
the Cowles Foundation, sponsored by the Ford Foundation whose support
is gratefully acknowledged, and while J, Waelbroeck was with the Inter-
national Bank for Reconstruction and Development, Washington.



Several appendices, avallable on request, are devoted to (a) the
numerical data used in constructing the model, (b) a detailed descrip-
tion of the computer programs which have been written and (c¢) particular

technical aspects,

2, Formulation and Solution of International Trade General Equilibrium

Problems

2.1. TFormulation of an International Competitive Equilibrium

In the formulation of the model, it is assumed that each country
(or group of countries) acts as an economic agent,who,'at the same time,
produces, consumes, exports and imports; this departs from the usual for-
mulation in which one considers consumers and firms within each country.
We assume in this section that no country invests In another country,
and that the profits of a country are not distributed to the others.1

Let y, , X, , &, ™ and ;i be r-components vectors of pro-

duction, consumption, exports, imports and initial endowments in country

i (i=1, 2, +ss, m) . Let Y X, , E, and Mi respectively de-

i’ i i
note the production, consumption, exports and imports sets of i . Assume

the rl first commodities are traded and the remaining r2 =r -rl are

not; then Ei and Mi are the sets of vectors of which the first r1
components are non-negative and the remaining r2 components are zero,
Partition accordingly the vectors Y0 %y and ;i . Let P; = (p pi)
be the vector of prices; the rl first components p are the interna-

tional prices while pi represents the domestic prices of non-traded

goods in country i . Assume finally that the preferences of country

1This assumption is relaxed in GEM.



i can be represented by a continuous real valued utility function
Iﬁfxi)'

Then we define an international competitive equilibrium as:

Definition 2,1: The allocation {;i'! 5 {;1} » {gi} s ﬁﬂ supported

by the non-negative price vectors f;iW is an international equilibrium

if the following conditions hold (for i =1, 2, ..., m )

(a) Equality of exports and imports for non-free traded goods on the
international market

zx'n"i -;Eigo; pi-(za.-zei)=o .
i i i

(b) Utility maximization of each country: ;i maximizes Ui(xi) subject

to the following constraints:

(bl) feasibility: X; € Xi »oYy e Yi ;oey € Ei ;o omy e Mi

(b2) balance of payments constraint: ;i-(mi-ei) <0
(b3) supply-demand equilibrium constraints on national markets:

x,te ~y, -m -w < 0.

Remark: By constructing the lagrangean of the maximization problem de-
fined by condition (b), it can easily be shown that the following condi-
tions will be satisfied (for i =1, 2, ..., m ):

(cl) 2zero price for free goods on national markets
Pyt tmyty -e;-x) =0

(c2) ¥4 maximizes profits Py'Yy subject to y; € Yi

(c3) ;i meximizes U, (x,) subject to the budget constraint

pi'(xi-yi-wi)go, and xiexi.



2.2, TFormulation of a Tariff Ridden Equilibrium

The concept of a tariff ridden equilibrium is more complex. Tariffs
distort prices as perceived by economic agents, so that the decisions are
not based on the true prices paid by the country for its exports and im-
ports. It is therefore necessary, in defining equilibria, to work with
true and tariff ridden prices, and two budget constraints: the true bal-
ance of payments, and the distorted balance of payments which reflects
the tariff ridden prices perceived by agents.2

For the sake of concreteness, it 1s assumed that tariffs are ad
valorem.3 Let tariff rates on exports and imports of country i be de-

m

fined by ti ;b s with components tik and t

m
ik

and less or equal to 1 in absolute value. Let pi represent the domestic

possibly zero

prices in country i of the r, first traded goods so that we can define
Py~ (p pi) as before and p:= (pi pi) . It will prove convenient to

e m e
define also vectors 1 and Py with components (1 tik)pik and

(lﬁ-tTk)pik ; pi and p? are respectively international prices reduced

by the export tariff and increased by the import tariff. Finally we de-

M

fine tariff receipts as ti = (P}

e
pi)-mi - (pi -pi)-ei . Then:

2Tariffs may also affect decisions through their impact in increasing

the income of the government and reducing that of consumers, This second
impact is not relevant in the context of GEM, since consumers and govern-
ments are aggregated into a single decision unit with a single budget
constraint and preference function. To treat this other effect of tariffs
rigorously in a general equilibrium context, it would be necessary to
consider the governments and consumers of countries as separate agents
with distinct budget constraints and preference functions. This 1s quite
feasible, in principle.

3The formulation is easily modified to take account of specific tariffs,
or of price equalizing tariffs such as those used in the EEC Common Agri-
cultural Policy.



Definfition 2.2: The allocation [;i} s {;i] ’ {€1] s {mi} , supported
by the non-negative price vectors {511 is a tariff ridden equilibrium

if the following conditions hold (for 1 =1, 2, ..., m ):

(a) Equality of exports and imports for non-free traded goods on the

international market

By ’feiﬁo; Pyv(Emy~Tey)=0.

i

e

(b) Utility maximization of each country: Xy maximizes Ui(xi) subject

to the following constraints:

(bl)} feasibility: X; € Xi 3oY; € Yi H ei € Ei i mp e M

i i
(b2) perceived balance of payments constraint: ET-mi - E?-ei S.E?
where 5? , 5: and E? are the values of p? , pi and

ti corresponding to the equilibrium solution.
(b3) supply-demand equilibrium constraints on national markets:

xgteg mypmmp w0

Remark 1: The (b2) constraint implies that agents in country i regard
Ei as independent of their importing and exporting decisions in maximiz-
ing tﬁeir utility., The true budget constraint with which the country is

faced is of course Ei-(mi-ei) < 0 . It is easy to check that, at equi-

1ibrium this constraint is implied by (b2).

Remark 2: The Lagrangean of the maximization problem defined by condi-

tion (b2) is

oy = L - - H _TM, e,
Li( ) - Ui(xi) + Pi'(Wi‘Fmi"'Yi Ei Xi) + ?\.i(ti pi l'l'li+ Pi ei)



At the maximum point, we have:

(cl) =zero price for free goods on national markets

S —
pi-(wi+mi+ yi -e,

1'-xi) =0.

From the saddle point conditions, it is easy to show that

(c2) i maximizes profits B?-yi subject to vy, e Y, .

(c3)

X

=

maximizes Ui(xi) subject to the budget constraint

=l

i-(xi'“yi-wi) < 0 and X, € Xi .

(c&) ;£ maximizes profits (higi'-ai)-ei subject to e, ¢ E, .

i i
= ; Sk _, Ty, .
(¢3) my maximizes profits (pi hipi) m, subject to mo€ Mi .
In (c4) and (c5), X, can be interpreted as the exchange rate of country 1 .

i

Remark 3: The last two conditions (c4) and (¢5) imply the well-known de-
cision rule that exporters (importers) trade only if the difference between
the export (import) and the domestic price of a commodity k covers the

profit (cost) of the corresponding tariff. This is usually expressed as:

_+€ \T % . . -
{cb) Ki(l tik)pik S-pik ; equality holds if L >0,
equality holds if m, >0 A

m = ) .
©7) M QA+ eI 2 Py

4In the international equilibrium it is unnecessary to specify profit

maximization for exporters and importers, as the other conditions imposed
ensure that their profits are zero, If the Lagrangean of the interna-
tional equilibrium is written as: '

= *, W - - D e -
L(') = Ui(xi) + pi (Wi'*‘mi'*‘yi ei xi) + Kipi (ei mi)

it would follow that

- = =y - —
e maximizes (%.ipi pi) e S.t. e, € Ei , or hipi < P;
= . s =% _ 3 T N, - %
m, maximizes (pi kipi) m, s.t. m. € Mi P S > Py

implying hipi = E? and zero profits for both importers and exporters,



2.3, <Computational Procedures for Tariff Ridden Equilibria

In [6], we defined a "master program" which can be associated with
" a general equilibrium, and showed that if q are the prices which enter
the budget constraints of this master program and if the Lagrange multi-
pliers associated to the resource balance constraints at the optimum are
proportional to E y, then, the solution of the master program is an equi-
librium. We then discussed three procedures designed to find the desired
price vector E . |

A similar approach can be used to solve a tariff ridden equilibrium.

Consider the following:

Master Program: max EIuiUi(xi)i-Xi(Ei-Ei)-ei4-xi(gi-E?)-mi] subject
i

to x, te -y, -mg -w, <0 ; x, e Xy 5 y i eY, 5 e e E. 5 moeM;
pi-(mi- ei) < 0 for all i and E_mi - E ey <0.

Let ;1 = (; Gi) , where v and ;i are respectively the Lagrange

multipliers associated to the r1 first constraints ¥ m = ¥ ey <0
1 i
2 —
and to the r last constraints X, + e, Ty Tmy - Wy < 0 at the

optimal point; let also T, be the Lagrange multipliers associated to

i
;i-(mi‘-ei) < 0 at the optimal point. Then, a straightforward applica-

tion of the reasoning used in Theorem 2,1 of [6] will prove

Theorem: If ;i = k;i where k 1is a positive scalar (or, more simply,

if v=%kp ) and if Xi=k+??

, » the solution [§i1 R {;il , féii,

(., f{v.}, {m of the master program is a tariff ridden equilibrium,
i i i

The three computational procedures described in [6] are thus appli~-

cable to tariff ridden equilibria. There are however several remarks



which have to be made:

(1)

(2)

3)

(4)

3.

3.1.

At each iteration, a value has to be set for k . A reasonable choice

would be k = ¢ vﬂlf.p! . In practice, since v and p are close
A T

together, k =1 gives good results.

The terms Ki(ﬁi-ﬁi) = -Xiti-Ei and Ki(Ei-E?) = ~iit2'5i appear -
ing in the objective function of the master program have to be re-
evaluated at every iteration of the computational procedure.

In the third procedure defined in [6] (indirect computation in utility
space), the balance of payments constraints do not appear in the pro-

gram to be scolved so that 7, = 0 and A

i = k for all i .

i
Since, at equilibrium, the balance of payments constraints will be

satisfied as equalities, nothing prevents us from writing them down

as equalities, This, together with pe(T Ei- T 'e'i) = 0 shows that
i i

one of the balances can be dropped.

Formulation of General Equilibrium Models. Methodological Remarks

Reduced Production Sets and Trade Welfare Functions

Due to lack of data or to cost considerations, it may be difficult

to quantify the international equilibrium problem in full detail. We

discuss here ways of reducing the size of the problem, compatible with

the

goal of obtaining price and allocations which meet fully the condi-

tions of equilibrium.



3.1.1. Reduced production sets

It is a general observation that some commodities are used by one
group of production processes only, and cannot be consumed, exported, or
imported, For example, agriculture is the sole user of land; the steel
industry -is the sole user of blast furmaces. This means that the produc-

tion vector Yi and set Yi can be written as:

1.2 1 1. 2 .2
MFI FID VR LR I PR

where the last r** coordinates of yi € Yi are identically zero. Par-

% et Fok
titioning yi into yi ) yi , where yi contains the last r**
coordinates of yi , the mational balance constraints imply that any so-

lution of the equilibrium problem must satisfy

_ .1 2 1 1 . 2 2 2%k dede
Y=Yyt ygs oy eY s oy e¥y s oy, Swy
where w*¥

;" contains the r** last coordinates of w, . This leads to
defining the reduced production set Yi composed of (r - r**) dimensional

vectors as:

1% 2%
%, ek *| % 1% 2% Vi 1 Yy 2 Dk "
= = + oy ; ;- <
Yy = |yglyy = vy vy e Yy pxr] © Yis oy Sw
0 zi

Replacing Yi by Yt and Yy by y? in the definition of a general

equilibrium in no way changes the nature of the problem posed,S but reduces

5The treatment of the energy sector in {8] is an excellent example of this

type of production set reduction procedure. They do not however give the
general formulation of the approach which we provide here.
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the number of commodities which must be covered.

3.1.2. Trade welfare function

International trade theorists have for a long time been using, as
a matter of routine, an even more drastic reduction of the production sets
considered in the general equilibrium problem. The theoretical deriva-
tion of this concept i1s analogous to that of the reduced production sets.
% * %
The function US(w,; ey, m,) defined by
ivi TY L
max Ui(xi)

subject to:

. . * . *
Xg € X, 5 ¥y, ¢ Yi ;oey and e ¢ B, 5 m and my e M,

is the (obviously concave) trade welfare function of country 1 .

3.2. Reduction to a One Period Problem

Any modeling exercise requires that the future be truncated at an
appropriate point, beyond which the model builder feels that he does not
have enough information to predict the course of the economy. There are
many ways in which this may be done in the framework of an equilibrium
model, according to the way in which time enters into the analysis. We
confine our attention to one period models covering several years.

In this theoretical section it will be assumed that the model builder

6See [11] for further details.
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1s able to make a forecast of total investment in the terminal year, and
assume that production capacities of all activities can be increased by
investing a single capital good., Once this "capital putty" is embodied
in specific production capacities, it becomes clay and cannot be used for
any other purposes,

Knowledge of initial and terminal levels of investment is of course
not sufficient to determine the amount of capital which accumulates over
the whole span of the model. The indeterminacy disappears, however, if
the time siope of the investment path is known. Many assumptions are
possible, see e.g. [9], [10], [12]; the simplest is to follow Sandee [12]
and assume that the investment path of each activity is linear.

Then we can first calculate what initial capacities will be in the
terminal year T if investment fell to zero in that year. Assuming, and
this leads to useful arithmetic simplification, that there is no lag be-
tween investment and the resulting increase in capacity, the accumulated

investment and the resulting increase in capacity of activity k will

T 0 r T
be = I and < =— respectively, where X is the capital coefficient.
2 "k 2 Kk k

If production in the initial year is zg and if capacity was fully em-
ployed in that year, then the initial capacity available in the terminal

year is

N
o

- 0
(1) L = % +

=

The linear investment increase assumption therefore implies that,

unless investment in the base year 12 = 0, the available capacity in

the terminal year will be higher than in the base year, This is reasonable,
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though whether the linear investment path assumption is correct is of
course debatable.

Part of the capital accumulated during the period is absorbed by
the linearly declining sectoral investment levels described above. The

amount of investment which is not so committed will clearly grow from

zero in the initial year to IT in the terminal year, where IT = E.Ii
k
is aggregate investment. The linear investment path implies that a stock

of "capital putty"

T
_ TI
will accumulate which can be allocated to activities which need to expand
thelr capacity above the initial capacity Ig defined above. The expres-
sions (1) and (2) can be used to define the initial resources of produc-

tion capacities and of capital putty which can be introduced in the one

stage equilibrium model defined to describe equilibria in year T .

3,3, Linear Programming Representation of Production Sets and Utility

Functions

3.3.1. Linearization of the underlving non-linear functions

In [5] it was shown that any convex production set or concave utility
function can be represented to any degree of approximation by linear pro-
gramming constraints. Linear programming provides therefore an entirely
general framework for the study of general equilibrium. The only restric-
tion is that utility functions need to be concave rather than merely quasi-
concave; this is harmless from an empirical point of view.

In [5] we discussed only the cases of general production sets and
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utility functions, as well as the homothetic and separable cases. 1In

Section 4 we describe the specific linearization procedures used in GEM.

3.3.2., The approximation region concept

Clearly, it is useless to approximate functions over the whole
range of values which variables can take, if a guess can be made of an
approximate solution. It 1s enough to linearize the equations in a neigh-
borhood of this solution. This way of proceeding has the advantage of
reducing the number of variables and comstraints.

The results of the model of course become doubtful on the borders
of the approximation zone, which will, in practice, be truncated by ad hoc
constraints; these are unrelated to the non-linear specification which is
approximated and will distort both prices and quantities, and render the
solutions meaningless.7

When this happens (usually because of a poor guess of the solution),
the approximation region should be extended further. This can be done
either in an ad hoc way as we have done, or by incorporating into the
"revigion phase' of the solution algorithms, instructions which modify
the linearizing constraints or add new ones whenever the optimal solution

lies at the border of the approximated region.

3.4, Value constraints

As 1s apparent from Section 2.3, the master program associated with
the equilibriumlcontains constraints and objective function terms which
include both primal variables and (dual) prices. Such value constraints
will also appear (see Section 4.2.3) in the treatment of investment; and

they are, of course, present in many second best models.

7For an excellent analysis of these distortions, see L, Taylor [13].
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It could be thought that the problem is due to the use of linear
programming, which cannot handle bilinear comstraints, and that more gen-

eral non-linear algorithms would solve it. Clearly, this is not the case.

The difficulty is that Kuhn-Tucker's mathematical programming theory does

not cover the case where multipliers enter the definition of the feasible set.
The way we solved the difficulty was to alternate between solv-

ing mathematical programs giving market clearing prices and revising the

bilinear constraints by plugging in the market clearing prices. If this

procedure converges, it gives an answer to the problem.

4, The Model. An Qverview

4.1. A Non-Technical Description

The model is designed to study the relations between the develop-
ing countries of Latin America, Asia, and Africa and the rest of the world
economy, divided into the Middle East oil producers, and developed coun-
tries. As the emphasis is on the first three zones, only they are repre-
sented by failrly detailed, though still highly aggregated models. The
economy of the oil producers is represented by a simplified set of equa-
tions, since at the time the model was comstructed their érade and other
relations with developing countries were still relatively small, Finally,
to avoid constructing a detailed representation of the economy of developed
countries their behavior is described by a trade welfare function.

As explained above, each region acts as an economic agent who, at
the same time, produces, consumes, exports, and imports; capital flows
net of debt service into latin America, Asia, and Africa are supposed to
be exogenous. In the case of oil producers, on the other hand, it is as-

sumed that, because of the pull exerted by financial markets in developed
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countries, and their large foreign assets, theilr surpluses or deficits
are covered by building up or drawing down their accumulated financial
assets. Only one balance of payments needs to be specified to cover both
the Middle East oil producers and developed countries.

Traded goods are aggregated into 13 categories: six primary com-
modities (tropical competing foodstuffs; tropical non-competing foodstuffs;
temperate foodstuffs; agricultural raw materials; ores and non-ferrous
metals; oil) and seven manufactures (food products; textiles; chemicals;
non-metallic products; basic metals; machinery; other industries). How-
ever, since commodities produced by different regions are not considered
identical, the number of traded goods is close to fifty.8 In Latin America,
Asia, and Africa, non-traded goods include construction, services, capital,
13 import substituting commodities, 15 production capacities, 13 export
capacitieg, and urban labor. The agricultural production sets are reduced
sets from which land and labor constraints are eliminated. These goods
are therefore not treated explicitly as commodities. The reduction of the
developed countries model to a trade welfare function means that there
are no non-traded goods in that region. Finally, there is only one non-
traded good in the Middle East.9

The production sets of Latin America, Asia, Africa, and the Middle
East are partly linear, and partly non-linear. The latter are approximated
by appropriate linear programming objective function terms and constraints.

The non~-linear utility functions are based on a specification,

8Regions do not necessarily export all goods, so that the number of traded
goods is less than 5 x 13 = 65.

9A full list of commodities produced by each region is given in the Ap-

pendix 1.
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which makes it possible to represent certain non-separable functions by a
small number of variables and constraints., Utility in Latin America,
Asia, Africa and the developed world will be represented in this way,
while the function is linear for the Middle East. An unorthodox feature
for Latin America, Asla, and Africa is that the functions include terms
which impute psychological costs to certain types of labor migration.

Our feeling is that it is not appropriate to use general equili-
brium models to describe short-run economic behavior which is dominated
by expectational phenomena and other types of disequilibria, difficult
to insert into equilibrium analysis.10 The lO-year span of GEM is, how-
ever, long enough for equilibrium forces to assert themselves. The model
describes economic behavior in a one period framework. This requires that
some way is found to cut loose a meaningful static equilibrium from the
dynamic fabric of possible future developments. This problem is dealt
with using the ideas presented in Section 3.2.

Agents and goods are highly aggregated. We have sandwiched into
a mere five zones the multitude of countries whence come the throngs which
congregate at the UN General Assembly and similar meetings. The spectrum
of goods exported by each zone is aggregated into 13 commodities. There
is only 1 type of labor in each major region, etc. An aggregation problem
is likewise involved in the representation of the behavior of all agents
in a region by a single utility function, It is well-known that aggre-
pation of utilities is permissible only under extremely strict assumptions
which are unlikely to be realized. Though it is impossible, from a prac-

tical point of view, to represent the behavior of each agent by a utility

1O‘I‘he temporary equilibrium concept, however, offers a promising approach

to the description of this behavior.
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function, it would be extremely desirable--and quite feasible, in prin-
ciple, with our approach--to specify separate utility functions and bud-
get constraints for different social groups in each region.

Given these drastic simplifications, compounded by the defects
and lacunae of the data, the emphasis on the general equilibrium under-
pinning GEM, should be taken as a parable rather than as an assertion
that world economic equilibrium is truly described. We found the parable
useful in that it forced us to adopt theoretically sound formulations of
relations., The benefit from the general equilibrium framework is not
principally that the results are more accurate than those obtained by
less rigorous approaches. There is some gain in accuracy, but of much
greater Importance is the intellectual discipline which forces the model
builder to incorporate only theoretically significant constraints, avoid-
ing the use of the crude heuristics which play such a large role in de-
velopment planning models. The real gain is that the results have a clear
meaning and provide a sound and rigorous basis for further analysis of
problems.

All econometric models are in any case parables which stress the
relevant features of the situation and omit irrelevant ones. Ours empha-
sizes the gubstitution mechanisms which determine adjustments in foreign
trade, and omits details which do not affect them. The aspects of reality
stressed are:

(a) competition between less developed countries on developed

countries' markets is reflected in the specification of the

trade welfare function of developed countries, describing
a demand behavior in which overall demand for each commodity

is somewhat inelastic, whereas there is strong substitution



(b)

(c)

(d)

(e)

18

between different suppliers of each commodity. As transport
costs are neglected, the competition between developing areas
is not influenced by freight rates.

inelasticity of supply of traded commodities in developing

countries: for non-agricultural commodities supply is assumed
to be elastic, apart from the fact that, beyond a certain
level, increases in exports require additicnal investment to
extend harbor facilities, etc. Constraints on available land
recognize the inelasticity of supply of agricultural goods,
and also the high cross elasticities of supply which imply
that the increase in price of any agricultural good shifts
upwards the supply curve of other goods.

import substitution: Latin America, Asia, and Africa are

assumed to be capable of replacing imported by domestically
produced commodities. The cost of this import substituting
production increases however quite rapidly as output expands.

capital-labor substitution is assumed to operate very weakly.

Labor enters costs of production only in industry, at a level
reflecting a rough estimate of urbanization which raises the
cost of city labor above the (supposedly zero) marginal pro-
ductivity of labor in rural areas. Except in agricultural
production, processes involve fixed coefficients, so that sub-
stitution between labor and capital is possible only through
shifts in the commodity composition of output,

substitution in consumption is reflected by the utility maxi-

mizing behavior of consumers described in the models for Latin
America, Asia, and Africa (and implicitly by the developed

countries' trade welfare function).
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(f) psychological costs of migration: it seemed worthwhile to

recognize the psychological sacrifices involved in shifting
labor between activities. These are thought to be especially
significant for movements between primary sectors, which are
often geographically far removed from each other; these costs
are taken into account by appropriate utility function terms.
The events the model is designed to study are mainly changes in
import tariffs by developing and developed countries, and changes in the
level and distribution of aid. The model can also be used to examine
the impact of changes in the growth rate of developing and developed coun-
tries, in growth of particular agricultural commodities and in changes of

oil prices (which are quasi exogenous).

4,2, Technical Devices Used in Constructing the Equations11

4,2,1, Production processes

GEM uses extensively activity analysis, Let zj represent the
activity level of the jth production process; then the inputs and out-

putsl2 of commodities k =1, 2, ..., T by process j can be simply

11Notations are defined when used first, A complete list of notations
is given in Appendix 2. Let us simply state here a few general rules;
subscripts i, j and k will be used respectively for the country,
the production process and the commodity; subscript i will usually be
omitted when it is clear we deal with one country; subscript h will
be used as a local summation index; superscripts refer to the linear
piece of an approximation. Except for technical coefficients (akj)

and labor coefficients (2) we use greek letters for coefficients.
Latin letters represent variables; when upperbarred, they are right hand
side constants. Functions are usually represented by capital letters.

12We use the familiar convention that negative

positive ykj s outputs.

ykj describe inputs,
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described by functions ykj(zj) + A process j will be linear--or con-
cave~~-if ykj(zj) is linear--or concave--for every k ; j will be strictly
concave 1f at least omne ykj(zj) is strictly concave. TFrom an economic
point of view, linear, concave, and strictly concave processes correspond
to the cases of constant, non increasing and decreasing returns to scale.

No detail needs to be given about linear activity analysis processes,
which can be used as such in linear programs by simply setting ykj(zj) = 6kaj .
Non-linear processes must be linearized. Assuming that they are concave,
it is possible to break up the range of variation of the activity variables
into a series of steps z° s over which ykj(z

3

piecewlse linear function. The formulation is

) is approximated by a

i

where the Gij are average values of the derivatives dykj/dzj over
the intervals s . These average values and §£j are chosen to ensure

-8 - 5 =8
that ykj(O) = ij H ykj(f zj) = ykj + E bkaj . As a result of con

cavity, step s will enter the solution before step s+l ,
More complex processes Were used only in agriculture, to take ac-
count, in an ad hoc way, of the competition for land between different

crops. This formulation is described in Section 5.4.

4,2,2, Utility functions

The other extensively used device is a utility function which has
a number of nice properties., Though non-separable, this function involves

few parameters and can be approximated by a small number of linear con-
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straints and variables. It is easy to derive parameter values which cor-
respond in a rough way to the results of econometric studies.13 As these
functions do not seem to have been used by other authors, they will be

t "].4
referred to as "GEM functioms.

GEM utility functions have the form

Ux) = V(T %) - TW.[x, -7, -8 7(x -7
ok bl S S T

where V 18 concave and the wk are non-negative convex functions which

7o through the origin. Also T Bh =1,
h

The distinctive property of these functions is that all indifference
curves can be obtained by sliding a single indifference curve along a ray

poing through 7 . This is depicted in the diagram below,

13The procedure which we have used to quantify these functions is described
in the "“data' appendix of the paper.

14It is quite similar in purpose, but both simpler and less rigorous than
the procedure suggested by Fourgeaud and Nataf in an interesting, but little
quoted article [2].
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It follows that:

(a) the Engel line corresponding to a situation of equal prices

has the equation

(1) e 1f(xh-rh)

(b) along this line the Wk

vanish so that U(x) = V(T Xk)
h

(c¢) 1f V(¢) 1islinear the other Engel lines areparallel to (1)

(d) defining V', WL as derivatives dv/d(T x ) and

dwk/d(xk'-yk-ﬁk(g xh-yh)) , the marginal utilities are

(2) ——-I: =V - (w{(-}? BLWE)

It will be noted that the function is not additively separable,
The property (c) appears to be thought unfortunate by persons with whom
we have discussed the model and who seem to have picked up the idea that
homotheticity of preferences is an attractive property not because it is
mathematically convenient but because it is an economically realistic
assumption. Since the function is used to represent preferences in the
neighborhood of equilibrium only and not in the large, homotheticity is
not an important issue in the present context. The function happens to
be computationally convenient because its linearization involves upper
bounds which are cheaper to handle by lineaf programming codes, than are
constraints.

GEM functions can be approximated by the following linear program-
ming objective function terms and constraints, where subscript k
(k =1, 2, ..., r) refers to commodity k and superscript s to the

sth linear piece:
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(3) v(x*) = max[ElmsxS - X Szni(x;+4—xi-)]
8 k s

sub ject to

]

(4) Tx -Tx =0 w)
8 k
) M " BTy T T -y - _;z(xf‘f -x30) W)
+ +
(6) xli < %, (W§+)
(7) X <X oy )
(8 <% W)
9) X, = X v

where we have written, at the right of each constraint, the dual variable
associated with the constraint., The first term of the objective function
corregsponds to V(T xk) : see constraint (4). The W'  are approxima-
tions of V' over the steps s . Because of the concavity of V ,

s+1 s . .
m < w ; this ensures that steps enter the solution in successive
order,

The second term of the objective function corresponds to

S
Ewk[xk-'yk-ak E(xh -7h)] : see (5). The o are approximations of

Once again the convexity of the W, ensures that

the derivatives W! "

k *
s+1 S
oz

The marginal utilities of the goods are obvicusly equal to the

and that the steps enter the solution in successive order.

vector v of dual variables associated with the constraint (%9). This

leads to studying the dual constraints
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w oo+ w > ms (xs)

-w + W, oo E Bhwh + Vi >0 (xk)
s+ s s+

Wii- + wk > -w (xi-)

where the primal variable which corresponds to each constraint is noted
in brackets at the right of the constraint.
By complementary slackness, non-negativity of a primal variable
implies that the corresponding dual constraint is exactly satisfied,
and non-negativity of a dual variable implies the same for the correspond-

ing primal constraint, TFor the sake of simplicity, we will assume that

at the optimal point, (< xif < §i+ (or15 0 < xi- < ;i_ ) for a step
+
s+ (or 5 ) and 0K x> < x° for a step s , so that w o=t
(or W ) =0 by complementary slackness.16
Then, the dual variables must obey
(10) wo= o
(1) vy =V - (wk-;: Bhwh)
5 $ st s
= = - >
(12) W T W o W W, according to whether Xy C 0 or Xy >0,

Since ms and mi are approximations of the derivatives V' and

w& of the GEM function, it is clear that expression (1l1l) is identical

15It is easily shown that if xi+ >0 then xi- =0 .

16The reasoning is easily extended if these primal constraints are satis-
fied as equalities, but the expressions become more complicated.
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to (2) which defined marginal utility of consumer goods for that func-

tion,

4.2.3, TFormulation of the problem as a one stage economic equilibrium

In the methodological Section 3.2 we explained how it is possible,
given a forecast of investment levels in a future year and an assumption
on the time path of investment, to specify a one stage equilibrium problem
which provides what amounts to a snapshot of a dynamically growing economy.
This section explains how the idea was implemented.

We had to face two problems which were disregarded in the methodo-
logical section, Investment is composed of two goods, machinery and con-~
struction; and its level of future years is not exogenous, but depends
on the overall growth of the economy. This raises three difficulties:

(a) Even if total investment is known, its distribution between
different capital goods depends on which sectors invest; this
affects sales of capital goods in the terminal year. Hous-
ing for example consists of construction only and ships solely
of '"machines."

(b) The stock K of capital goods available for investment then
consists not of one, but of several goods. This could be
taken to imply that several capital balances should be created,

(c) The feasible investment in the terminal year is probably best
defined by a current price constraint which matches saving
plus capital imports to investment at current prices; saving
itself is a function of national income at current prices.
Such a constraint, which involves both dual and primal vari-

ables, cannot be formulated in a linear programming framework,
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There are several ways in which these problems can be solved;
nene is perfect but all are good enough for practical purposes. In GEM
the following solution was adopted. The model solved in the first "near
equilibrium" iteration of the three solution procedures contains a sav-
ing constraint which relates saving to national income at constant prices,
and equates this saving to investment at constant prices.

For each process two capital coefficients K12,j and Kla,j are
defined, one for construction and the other for machinery. Knowing initial
investment, it is then easy to calculate what the initial capacities
E? of each process would be if investment declined linearly to zero from
its initial year level.

The solution of the near equilibrium model will give figures of

terminal year sales of machinery and construction, shadow prices Uyg s

Uiy of these goods and the part K12 ’ K14 of capital accumulation

in these goods which iz not absorbed by creation of the initial capaci-
0 .

ties ij .

The construction and machinery coefficlents are then aggregated
using these shadow prices: Kj = u12K12,j + ulAKlﬁ,j . The same is done
for the capital stocks: K = u12K12 + u14K14 . This reduces the two capi-
tal balances to one. At the same time the terminal year investments in
machinery and construction are made exogenous and shifted to the right
hand side of the constraints; the investment activity is suppressed.

In {4], the whole procedure is outlined in more detail,

In the equilibrium iterations of the computational procedures this

capital balance and these exogenous investment demands are left unchanged.

The equilibrium is thus calculated as though the capital stock and these



27

investments were independent of the equilibrium solution. To the extent
that the final equilibrium is close to the initial near equilibrium solu-
tion, this procedure does not introduce a gignificant incomsistency in

the solution.17

5., The Submodels for Latin America, Asia, and Africa

5.1. Production Sets Outside Agriculture and the 0il Industry

These sets are represented by activity analysis processes. For
each commodity there are defined processes which produce:
(1) a "home commodity'’;
(2) a commedity which replaces imports;
(3) additional capacities needed for production of the home
commodity;
{4) additional capacities needed for production of the im-
port substituting commodity.
Fach of these aptivities produces one commodity (the corresponding
output coefficient is normalized to be unity); and consumes one or more
of the following commodities:
(1) 15 "input-output' goods, referred to hereafter as 'goods";
(2) one type of urban labor;
(3) 15 production capacities for home goods;
(4) 13 production capacities for import substituting commodities;
{5) 13 imported commodities;

(6) one type of undifferentiated capital good.

17We feel that, given the crudeness of the linear investment time path
assumption, or of any other time path assumption, there was no point in
refining this procedure.
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The product groups identified in the model are broad aggregates
of many different commodities. Of these there will be several for which
the country has a competitive advantage; they are the "home goods,"

Others can find a profitable market only if they benefit from protection
or if the domestic exchange rate drops sharply; they are the "import sub-
stituting goods."18

The parable which we used to represent this situation is that, for
each type of commodity, the home goods can satisfy only a part of the
market., The rest of the market can be filled either by imports, or by
import substituting goods; the latter however are produced under diminish-
ing returns to capital, and have higher capital requirements at all out-
put levels, than the corresponding home goods.

This leads to representing the production sets for home and import
substituting goods by linear activity analysis processes using production
capacities (the input coefficients corresponding to those capacities are
normalized to 1) and other commodity inputs., The activities which "pro-
duce" production capacities use the undifferentiated capital good. The
output coefficient is unity; the input coefficient is the marginal capital
output ratio, Capacities for production of home and import substituting
goods are created by linear and strictly concave processes, respectively.

Let zj and zj be the processes which produce home goods and
1 2

import substituting goods and let ij and ij be the processes which
1 2

18Ideally import substitution could be represented by a very detailed
model based on information on the structure of costs of the goods which
can be produced. This data is lacking, and anyway such a detailed treat-
ment of production would have led to a model which could not be built

and handled with available means.
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produce the respective capacities. Then if k is the commodity involved,

the production set is described by:

production of goods < a, ., 2z, + a,, z,
- le Jq sz 19
input of urban labor < -4, z, - % =z,
T3y Ik
input of j _
capacity 1 < zjl + lJl
- input of 5
Y, = set of vectors Yy such capacity 2 < -z ) + T i,
that thelr non zero ele- s 2
mentg are ( k=5 and net input of <
7 to 15) imported goods = *ujlzjl + -“jz)zjz
input of undiffer- s .s
< =K1, - TK, i
entiated capital i iy s 1273
subject to the linearization bounds i? 5,1? + Inputs are represented
2 2

by negative outputs, and the output coefficient is normalized to be unity.

5.2, Production Sets for 0il

Here again it is necessary to specify commodities and production
processes in a way which takes account of the excessive aggregation of
the model. In each of the three developing zones, some countries are
capable of producing oil at costs that are comparable to those involved
in the Middle East: Venezuela in Latin America, Indonesia in Asia and
Algeria in Africa. The remaining countries which have oil reserves can
only exploit them at relatively high costs (e.g. Brazil or Tunisia},

To capture this aspect of reality, it was decided to treat the ex-
ported oil of the low cost producers and the import substituting oil of
the high cost countries as different products. It 1s then assumed that

the low cost oil is demanded only abroad, while the domestic market is
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supplied either by the import substituting oil or by imports. As will
be seen later, exported oil is affected by high export tariffs, which

increase 1its cost to foreign importers.

If zj and zj represent processes which export and substitute
1 2

for import and ij and ij represent processes corresponding to the
1 2

respective capacities, the production set is defined as

production of goods < a

input of urban labor < -4, z, -~ £,
- Jl Jl ]2 32
Y6 = set of vectors Y such input.of I < =z + i
capacity - jl iy
that their non-zero ele-
ments are: input of i, < -z +Ti
capacity -

net input of

imported oil = 1 jl 9
input of undiffer- . s .8
ntiated capital -Kj 1j i Kj lj
N 1% s 232
.8 =5
subject to linearization bounds i < ij .
2 2

5.3, Production Sets for Asricultural Goods

The representation of agricultural production sets is far more
difficult than for manufacturing and service activities, Agriculture
uses a large number of types of land which differ in climate, location,
and natural fertility. Most types of land can serve alternative uses,
and a principal goal of any model will be to find out the optimal allo-
cation of land between different crops.

Mathematical programming offers an excellent framework for analysis
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of agriculture, as shown by a number of studies.19 But successful imple-
mentation of this approach requires a large and costly effort even for

a single country. Construction of a world agricultural model was not
feasible with the means at our disposal,

The representation of agriculture in GEM is the result of a brutal
simplification of the complex underlying reality., To understand the equa-
tions, we can start from a picture of agricultural production as the sum
of productions on numerous types of land, to each of which corresponds a
different production function, say

a

j)

a

fa(z";.‘, i L‘;) <a (1)

where the subscript j runs over the four agricultural commodities, the
superscript a refers to the type of land; 2% s the amount of land
a which is available; L stands for labor.

The goal is to describe very crudely by a few constraints the re-
duced production set obtained by eliminating all the land constraints
(1) from the agricultural production set, The linear constraints which
are designed to approximate this set reflect the following ideas about
its structure:

{(a) There are different qualities of land. We distinguish only

two.

(b) The more fertile lands will be fully used. As a result, each

crop grown on fertile land can be increased only at the ex-

pense of other crops.

19E.g. see J, Duloy and R. Norton [1].
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(c) There seems to be a substantial supply of marginal land, even
in Asia. There is less likelihood therefore that the expan-
slon of one crop on these lands will limit the possible expan-
sion of other crops.

(d) The yileld (and to a certain extent the area) of fertile land
can be increased by investment in irrigation, drainage, and
fertilizer production.

(e) On marginal land there is no similar choice between capital
and land intensive production techniques.

(f) Labor is overabundant and has zero marginal productivity.

This is a hotly debated question and the assumption may be
wrong; but the opposite view would also draw criticisms,

(g) Because marginal lands are less fertile they require higher
capital and intermediate goods inputs per unit of production
than fertile lands.

These 1ideas are embodied in the following comstraints. Let jf

and jm be indexes designating the processes which produce an agricul-

tural commodity on fertile and marginal land respectively and let jp

be the index of the process producing the corresponding import substitut-

ing commodity.20 Let similarly i. , 1, and 15 (s =1, aue; 8.)
g i Ip *

be production capacities of the processes where, as the notation indicates,
capacities for producing import substituting commodities are broken down

into steps s = 1, ..., 8, + Let finally i? be activities which in-
f

crease the amount or the productiveness of fertile land. Since there

20For the sake of simplicity it i1s convenient to assume that import sub-
stituting goods are produced on one type of land only.
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are. four agricultural commodities in the model, we have j = 1, 2, 3,

and 4. With these notations, the agricultural production set can be

described by:

4
Output of goods < T (a,, 2z, +a ., z, +a .z, )
=1 Mg dp R dn kg
Input of j _
capacities < zj + 13
f £
capacittes ™ <7y
P S I
Y, = set of vectors
k Input of j ]
h that - i
Vg Sue & capacities P pS zj + lj
their non-zero P8 7p
elements are: 4
(k=1 to 4) Input of
=T (u, 2z, +u, z, =(l-u, dz,)
d d -
imported goods j=1 Je Jg g 1a JP Jp
Input of 4
undifferentiated < » T (K, i, +#, i+ v k5 1% +x¥* 1% )
capital j=1 PR P P s Jp Tp jf 1g

Yy is subject to the following constraints:
(a) Linearization constraints, reflecting the non-linear relation

between capacity and capital intput in import substituting

activities iz 'S.Iﬁ

P P
(b) Constraints reflecting the fact that the amount of fertile

land suitable for a particular crop is limited =z, -i¥ < z,
1 Je — Jf
f f f
also, irrigation possibilities are limited: i? <
f

(c) Constraints‘recognizing the same as in (b) for marginal lands:

+

f

!

Z S';. .

i 3

m m

(d) The three last constraints recognize that there is competi-

tion for fertile land between different crops. Since land
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may be used for several crops, the maximum output of both
tropical competing (j = 1) and non-competing (j = 2) 1is

less than the maximum output of either crop

<8 (z, tz,); & <1,
£ £ A A T 1

Likewise, for temperate foodstuffs (j = 3) and agricultural

raw materials (j = 4)

z, +2z, -1, =1, <@, (z, +2z, }); 9o, <1
I 23,7 %, 2

and for j =1, 2 and 4

z, +2z, +z, -4, -1i, -1, < 8,(z, +z, +2, ) ; 3 <1
e T At P J

5.4, Production Set for Urban Labor

Increasing the supply of urban labor involves an urbanization cost
which reflects infrastructure and "skilling" costs. Tor the sake of sim-
plicity, these costs are assumed to consist only of undifferentiated
capital, The relation between the production of urban labor and the re-
quired capital input is described by a strictly concave activity analysis

process, This is defined by

production of urban labor

I
i1
e

Y,, = set of vectors vy
16 such that: 16

input of undifferentiated capital < -7 K16216

=5

subject to Z16

]
16 =
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5.5. Export and Tmport Sets

In GEM poods imported into a country and goods available on inter-
national markets are considered as different commodities; the same holds
for exported goods and goods available on these markets. There exist thus
import and export processes which "transport" goods betweenldomestic and
international markets.

For each traded good, an import process is defined in each region,
which purchases the commodity in fixed proportions on international mar-
kets and delivers it to the domestic market as an '"imported good.' There
is therefore no direct price substitution between suppliers of a commo-
dity to developing countries; as will be seen in Section 7.2, the same
is not true on developed countries' markets. This, we feel, is not a
serious weakness of the model, since the share of developed countries
on developing countries' markets is so large that substantial shifts in
the distribution of these imports are unlikely over the period covered
by the model.

For exports, likewise, we adopt the convention that there exist
export processes which buy each traded good on the domestic market and
transform it into an international good. To reflect the infrastructure
bottlenecks which so often hamper the growth of developing countries we
assume that these processes require export capacities, which can be in-
creased by drawing on the available stock of capital putty.

The import and export sets are then determined as
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k

imported goods made avail- m

M, = set of ) the non-zero
which are able to domestic markets - "k

elements

Mg
of
for the mi component :

purchases by the importing
for the e component : process of goods produced > uisz(Z Vi = 1)
by region 1 it

domestic goods purchased ,©
Ek - set of the non-zero by the exporting activity = "k
®x input of export capacities < -zi + ii
elements of which are
d input of undifferentiated e.e
for the e component : capital S--Kklk

domestic goods supplied to
component : international markets by < -z
the export process

for the ek

where, as before, inputs are negative outputs.

5.6, Consumption and Migration Sets

5.6.1. Sets of feasible consumptions

For traded goods, the consumption processes involve joint inputs
of the domestically produced and of the corresponding imported good.
For non-traded goods only the domestic commodity is purchased.

The consumption sets are thus defined by:21

X, = set of consumption vectors input of domestic good > Akzi

k X, such that their non-zero

C
clements are: input of imported good > (1 - kk)zk

where hk =1 for non-traded goods.

21The cbjective function linearization constraints might appear to restrict
the consumption set., We feel that this restriction should be disregarded,
since it depends on the arbitrarily chosen extent of the approximation
zone. As was pointed out, this zone should be extended wherever the
solution is on its boundary.
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5.6.2. 8Sets of feagsible migrations between primary producing activities

. ; 22
These migrations can take positive, zero, or negative values.

5.7. Commodity Balances
In addition to the linearization constraints defined in the pre-
ceding section, the constraints set of the regional submodels contains
the balance equations specified by equilibrium condition (b3). The ;i
vector of this conditlon has zero elements except for positive initial
resources of production capacities and the capital putty constraints;
section 4.,2.3 shows how these figures are generated. As also explained
there, it is mecessary to include in the balances the (exogenous) terminal
year investment levels; let these be represented by the vector xi whose
only non-zero elements correspond to the balances for home and imported
machines, and construction. The regional balances for region 1 can
then be written simply as
d —_
i

% d
+ x; e, - =m, <W, .
X, * Xy ‘el i i

5.8, Utility Functions

The utility functions have the form

1

Ux,L) = U¥(x) - U (L)

]

L
T = TLW (x, -7, -B. Tl 7)) - RV, (L)
o S i S g *» " 'h j 1

where Wy and V? are convex non-negative functions going through the

origin.

22The same remark as in footnote 21 applies for migrations.
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The first component U¥(x) is a GEM function the first term of
which is linear. This implies no loss in generality, since it is always
possible to find an increasing transformation of the utility function

which 1s linear on the Engel curve £ + Bk(ﬁ X, - 7h)
h

The introduction of terms reflecting migration in primary produc-
ing activities is not usual. It accounts for an aspect of economic mechan-
isme which 1s very apparent to observers of reality, though it is usually
disregarded in theoretical analysis.. Primary producing activities are
usually widely separated geographically, sc that the labor movements in
and out of these areas involve substantial psycholopglcal costs which merit
recognition, as much as the satisfaction associated with the consumption
of goods. This is a way of reflecting the fact that these activities
face upward sloping supply curves for labor.

In the model, divergences between primary sectors' rates of growth
and the overall growth of the economy are used as an indicator of these
forced migrations.

The GEM function is represented in the model by a linear program-
ming approximation. The consumption part of the function U*(x) is given

by the following system

u*(x) = © X, - E Emi(xi++-xi-)

k

subject to

s+ _ —8+
¥ S ¥
8- oy
¥ S ¥

_ s+ s~
X T Py E“‘h"’h) "N T By mxEp )
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where, since ¥ Bk =1, T E(xi+'"xi') =0.
k ks

The migration part of the function is:

* > gl, s+ 8-
(1) U (Ly = £ Tw, (L, +1L, )
j=1s 4 3 J
subject to
(2) 5t o
i =73
3 L5 < T
(3) j S
+ g -
(4) z, +z, +z, -eP=3x0S -5y 5=1, ..., &
if g 5 b g 3 b ? ?
+ _s-
5 z +z, - P=y L% -L 3 =5
(5) i) iy € S( ; 3 ) h|
4 15
(6) P= v (zj -|--zj +-zj Y+ T (z, 4-zj )
=1 ~f m P j=5 -1 2

For the sake of simplicity, the model does not contain a full accounting
of labor migrations. Equations (4), (5) and (6) represent these flows
by proxies equal to the divergences between the growth of primary produc-

ing activities and the average growth of total production P .

5.9. Import and Export Tariffs

As explained in Section 2, the representatioh of a tariff ridden
equilibrium requires that the tariff revenue net of subsidies of each
country be deducted from the corresponding utility function. These re-
venues should be evaluated at say E , the equilibrium prices, corrected

for exchange rates, as explained in Section 2.3.
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R m ,
Import tariffs Tk are taken as ad valorem tariffs; the resulting
m—

income is therefore T T Pp™ There are export tariffs omly for oil,
k

and they are thought of as specific. The tariff terms in the objective

e~

functions are therefore

it g e
*= .
t ¥ 'rkpkmk + T6%6
k
The export tariff on oil accounts for the considerable taxes and
royalties which are levied by governments of o©il rich countries. It may

also, to a certain extent, reflect the above-average profit margins which

0il companies are able to earn as a result of monopelistic collusion,

6. The Middle East 0il Producers Submodel

GEM was constructed before the oil crisis, at a time when oil pro-
ducers were less at the center of attention than today. The Middle Eastern
o0il producing countries are accordingly represented by a very simple set
of equations since, from the point of view of the world economy, they
appeared principally a reliable source of oil. Their reole is much more
important and complex today; but the path of their development is still
far from clear, and it is not yet easy to see what model would adequately
represent their economies.

The economy of this zone is supposed to consist of closely inter-
linked industries: oil, and industries whose growth depends on the income
gpenerated by oil exports. It is thus oil which generates the forward
momentum of the whole region,

All goods are aggregated into two commodities; oil, and an aggre-

gate good used mainly locally. O0il output is not constrained by initial
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capacity resources; costs of production are extremely low, and (at least
at the time when the mpdel was bullt) the capital required to produce
more crude oll could be easily supplied by the international companies.
Unlike other processes in developing countries oil production was there-
fore not subjected to a capacity constraint and depends only on demand.

The expansion of the non-oil modern sector depends on the initial
productive capacity, increased by the accumulation of capital made possible
by oil royalties and by saving in that sector. A small part of the accu-
mulated domestic capital is, however, absorbed by investments in housing
and infrastructure which are required for oil production but not financed
by the oil companies.

The economy is thus described by the following ;onstraints where
the subscripts 6 and 0 refer to oll and other products.

The oil production balance is
g + g < Vg

Capacity in the non-oil sector is given by
7o < (% ~0¥g + 9g¥g * ¥y

This expression reflects the fact that production is bounded upwards

by the initial capacity §O , 1increased by the capacity which can be
created using the savings generated by the oil and non-oil sectors (coef-
ficients o , 04 } , net of the domestic capital used by the oil industry
(coefficient « ). The logic of this equation is discussed in Section

3.2.

Imports are related to activity levels in oil and non-oil production.

6 0
M = e t WY -
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The supply demand balance for the non-oll commodity is

X, =y. - Te
W] 0 k6 k

and welfare in that region is simply:

The model finally takes account of heavy export duties on oil,
representing royalties, taxes, and to a certailn extent the high profit
margins made possible by the operation of the cartel. These appear as
a negative term 15e6 in the objective function and are treated as
gpecific,

The tariff ridden welfare function is accordingly

g - T6e6 = x0 - T6e6 .

7. Developed Countries Submodel

7.1. Import and Export Sets

Import processes are defined for every commodity originating from
every developing region., These activities directly purchase on the in-
ternational markets. The import set is the non-negative orthant.

Export procegses are defined in the same way., They sell directly

to international markets. The export set is also the non-negative orthant.

7.2. The Trade Welfare Function
As has been explained, developed countries are represented by
a trade welfare function and not by a full-blown model. This implies

that their production and consumption sets need not be specified
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explicitly; the trade welfare function, however, depends parametrically
on initial resources of non-traded goods.

The coefficients are chosen in a way which ensures that generated
demands functions have income and price elasticities consistent with a
priori values suggested by econometric studies and other data.

The underlying non-linear trade welfare function consists of two
parts:

(@) a sum of GEM welfare functions for imports of each commodity
(except for temperate foodstuffs for which net imports are con-
sidered). This sum enters the function with a plus sign.

(b) a sum of exports of developed countries, with a minus sign.

Separability and additivity seems a reasonable assumption for the
broad commodity groups considered in the model, The strong apgregation
implies that products which do interact--e.g. copper and aluminum--are
included in the same aggregate commodities. It makes sense, therefore,
to build up the trade welfare function by adding components for the dif-
ferent commodities imported and exported,

For exports (with the exception of temperate foods) it seemed
safe to assume that, to domestic consumers, the marginal utility of ex-
ported goods did not depend on the volume exported. For almost all goods,
sales from developed to developing countries are a very small fractiom
of the available supply; they congist mainly of manufactured goods which
have highly elastic long-term cost functions., The corresponding components
of the welfare functions are thus simply minus the sum of exports of zone

o: =-YTe
k

For traditional commodity imports of developed countries--and for

ok °*

their exports of temperate foodstuffs--the constant marginal utility
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assumption was not appropriate. This judgment is based on the follow-
ing reasons:

(a) These comnodities represent, in most instances, a substan-

tial share of the supply available to domestic users.

(b) Competing producers in developed countries operate in con-

ditions of diminishing returns.

(c) These commodities have no close substitutes, so that their

direct or derived demand is quite inelastic.

The products of different exporters of the same commodity are not
perfectly substitutable. Partly, this is the result of the strong aggre-
gation of the model; the "commodities' considered are not homogeneous,
and the model must reflect a complex competitive mechanism in which a
reduction of the average export prices of, say, Asian exports of non-
ferrous metals affects tin prices more than copper prices. Even with
perfect substitution for each metal, so that prices of each metal moved
together in all regions, index weighting would lead to a drop of the
average export prices of nonfferrous metals exported by Asia as compared
with the metals exported by other regions. To reflect this, the model
should treat aggregate commodities as imperfectly substitutable, even
_if this is not true of each of their components. The fact that, even
narrowly defined, commodities cannot substitute for each other fully in
all uses only strengthens the argument of course.

This leads fo including for imports of each commodity k a GEM
trade welfare component. We first discuss the relation between utility
and imports; the go and tariff terms are discussed later. If

m., = m (we restore here the zone subscript 1 ), each term is

ok { iok

written



45

m
Vor @ow? 85) - fwiok(“‘iok' U okPok’ ~ TokTok

As implied by the general specification of GEM functions
(a) the functions Vok and wiok are concave and convex non-

negative functions respectively;

(b) the Vok are Increasing functions; the W ok B89 through

i
the origin,

The trade welfare components for individual commodities are not
separable functions of imports from different reglong--separability would
indeed violate common sense here. The case of perfect substitutability
between goods of different origins can be covered by making the wiok
functions identically equal to zero.

The preferred import baskets, when prices are unity, lie along
the ray mok = MiokTok This ray has the same theoretical significance
as the Engel curves of the ﬁtility functions described earlier. It is
noticed, however, that unlike the Engel curve, the import distribution
ray for each type of commodity is a straight line which goes through
the origin; vok is strictly concave, marginal utility decreases along it.

To understand the g, term, it is useful to refer to the theore-
tical discussion of trade welfare functions in Section 3.1.2., It was
made clear there, that this function is a derived and not a fundamental
data of the problem: it is obtained as the result of a partial optimi-
zation with respect to the supply-demand balances for non-traded goods.
The trade welfare function therefore depends implicitly on initial re-
sources of non-traded goods (capital stocks and the like), and on the
corresponding parts of the production and consumption sets of developed

countries.
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This dependence is, in principle, very complex. In practice, all
~that is possible, is to reflect rather crudely the impact of changes of
domestic resources and production fpnctions on the trade welfare function,
The term 8o in this function is used as a general proxy for the impact
of technical progress on production sets and of capital accumulation on
initial resources of non-traded goods.23

The tariff terms finally reflect the theoretical discussion of
Section 2. For the sake of simplicity, tariffs are assumed to be specific
rather than ad valorem. As--except for temperate agricultural goods--
these tariffs are not very high, it did not seem that the gain in accuracy
would have been worthwhile. For temperate foodstuffs an adequate descrip-
tion of the very complex system of import regulations, which protects

developed countries' markets, was in any case not possible within the

simplistic framework of the model.

7.3. Linearization of the Developed Countries Submodel

The underlying tariff ridden non-linear welfare function is there-
fore (we drop the zone o index to lighten notations; 1 is the partner

country index)

m V M
u- E T = 'E et TV, gy - E "

+E§“mmﬁ'%ﬂﬁ'

23Likewise, it would be possible to reflect the impact of such technical
discoveries as a breakthrough in nuclear electricity generation, or a
good harvest, by changing specific import components of the trade welfare
functions.
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This function is represented in the model by the linear approximation

(1) U-TCL 1T’ =-Te, + TSwwm -8 Tms
k s kmk k k k s Kk k s K™
- Tz wik(m:ki-m;k) + % Ernikuikg
ki k i °
I o
(2) T T Mk :, Mo = My " My toBg8
s
(3) Tm, - Tm =0
i 8
+ =+
*) M S Py
(3) e S Tyg
s -s
6) mk'..(..mk

O

where it 1is seen that if ¥ Mirg = 1 and I Wyvg =

i' i

by (m+, -m‘, Yy =0 ; notice that g is an exogenous variable.

0, then

The constraints (3) and (6) together with the second ob jective
function term correspond to the term Vk(mk? go) of the trade welfare
function; while (2); (4), (5) and the fourth objective function terms

repregsent T T wik(mik"uikmk) . The export term is linear in the original
ki

GEM function and is unchanged in its linearized approximation.
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8. The International Balances

Since commodities of a given type exported by different regions
are considered as different commodities, it is necessary to ensure balance
between supply and demand of every commodity exported by each country,
These balances are simply ( i1 1s the exporting country; 1i' the import-
ing country):
4

> Y om

= 1 *
g1og 1i'k

®ik

It is useful to recall that the m have been defined as fol-

i1'k
lows (see Sections 5.5 and 7.1)

m
Wyyre = BygnZg e =L een

- + - o
Mok ~ Mok f-: Mok T Mok T Mok T HiokBo

for all traded goods k and exporting countries 1 .

9. The Pricing Mechanism and the Balances of Payments

Understanding price determination in GEM is necessary for two rea-
sons. First, prices are of course a fundamental component of general
equilibrium. Second, import and export prices of regions determine their

-balances of payments, around which our three computational procedures
are constructed. Only the second problem is of concern to us here.

We examine below, the dual at the equilibrium point of the Negishi
welfare optimum, a concept which is discussed in detail in [5]. It is

enough to recall here that at such an (equilibrium) optimum, balance of
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payments constraints are satisfied even though they are not included in
the formulation of the problem; and that the utility functions of agents
are multiplied in the objective function by welfare weights o& deter-

mined by our solution algorithms. In solving GEM and in view to normalize,

the welfare weight of the developed world Q, was set to 1 .

9.1. Marginal Utility and International Prices. Developed Countries

The marginal utility of imports and exports implied by the trade
welfare function of developed countries can be defined along the lines
of sections 4.2,2, 7.1 and 7.2,

We first note that the marginal utilities of exported goods (other
than temperate foodstuffs) is constant and equal to 1 : mnothing more
need be said about them. It is trivial to show that the corresponding
export prices are equal to 1 also.

For imports we can investigate any one of the groups of objective
function terms and constraints defined for each commodity imported (and
for net temperate foodstuffs). The mathematical program which defines
the marginal utilities of imports of developed countries is (the dual
variables associated to the constraints are written at the right of each

constraint):

* m s - s_.m 8§
(1) U(m~) = E : T o, = max E ey + T E(wk ‘rk)mk

k

+ - 0 0
- T TZw, (m,, +m, )+ T T, u,8g
Kk i ik' ik ik k1 ik"ik o

subject to
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(2) (U TR S Myt uE, ®43)
(3) “Lm, + Ty =0 )

i s
) < m 5
(%) L 30
6) me < W ()
) myp < mpy ‘ Vi) -

For each k , the program decomposes into independent subproblems of

the above form. In each of these, the dual variable v of the con-

ik
straint (7) is the marginal utility of good (i,k) --i.e. of commodity
k exported by country 1 --net of the tariff Te
The dual constraints are
8 8 m s

(8) W+ wy > @ " T ()

+ +
& Yik " ¥ik 2 Wy ()
(10) Vi Y Vi 2 Wiy ()
1) Yik " f‘, Mgy " ¥t Vg 20 ()

In the dual of the full GEM model, the constraints which corres-

pond to the activities mi , ﬁ:k , m, m are identical to the

ik ? ik

constraints defined above, except that v is now the dual variable

ik
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of the intermational balance constraints for commodity (i,k) . The same
algebra as in Section 4,2.2 shows that if good (i,k) 1is imported, its
marginal utility in developed countries equals its world price plus the

import tariff.

9,2, Marginal yUtility and International Prices, latin America, Asia,

and Africa
The world export price of commodity (i,k) may likewise be re-
lated to marginal utility and to prices of imported goods in Latin America,
Asia and Africa by considering the dual constraints correspondihg to the
export, import and consumption activities. The reasoning is merely sketched
out:
(a) As in the preceding section, it can be shown by considering
the dual constraints of the consumption activities Xy s
xi+ and x;' , that the product of the shadow welfare weight
by the marginal utility of a good k , consumed in positive
quantities equals a weighted average of the prices of the
home good and of the corresponding imported good.
(b) The dual comstraint of the import process shows that the
price of the imported good (if imported) equals a weighted
average of the corresponding international prices, plus the
tariff levied.
(¢) The dual constraint of the export process shows that the ex-
port price of a good, 1f exported, equals the domestic price

of the home good, increased by the shadow cost of the export

capacity used, and by the export tariff if there is one.
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9,3, The Balances of Payments

We are now ready to handle the problem of the balances of payments.
Denote by V.. the international price of commodity k , country i ;

then, the balance of payments constraint is simply

Evi'k(f:: mii'k-eik) < A (1 =1, 2 and 3)

where A. is the amount of aid granted to country 1 (given exogenously).

i



APPENDIX 1:

List of Commodities Represented in the Model
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24

Latin America

101.
102.
103.
104,
105.
106,
107.
108,
109.
110,
111.
112,
113.
114,
115,

116,

Non-competing tropical foods
Competing troplcal foods
Temperate foodstuffs
Agricultural raw materials
Mining and ores

0il

Processed food

Textiles and clothing
Chemicals and fertilizers
Non-metallic products
Basic metals

Machinery

Other industrial goods
Construction

Services

Urban labor

117 to 131, Production capacities

132 to 144, Production capacities

101 to 113

145 to 157, Production capacities

158 to 170, Imported goods 101 to

171. Undifferentiated capital good

"home goods" 101 to 115

import substituting goods

exported goods 101 to 113

4Some commodities are not produced, exported, imported or consumed by
Complete lists are included in the Appendix on data.

some regions,



Asia - Africa

The numbering is the same as for Latin America, except that it

starts with 20l for Asia and 301 for Africa.

Middle Eastern Qil Producers

400, Non-oil
406, 01il

417. Production capacity for non-oil

International Markets (and Developed Countries)

1101 to 1113, Exports of Latin America
1201 to 1213, Exports of Asia

1301 to 1313, Exports of Africa

1401 to 1413, Exports of the Middle East

1501 to 1513, Exports of developed countries
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APPENDIX 2:

Notation Used in GEM WT

Variables and constants usually appear with subscripts and superscripts.

Subscripts: — 1 (or i' ) refers to the country and takes values 0
to 4 . To lighten notation, it 1s usually omitted when
it is clear from the context that we deal with a specific
country.,

- jl and j2 are used for processes producing home and
import substitution goods.

jf R jm and jp are used for agricultural processes;

the first two are used for processes producing on fertile

and marginal lands; the third refers to import substitut-
ing commodities.

— k (or h ) is used for commodities (k

]
[
-
]
L
-
.
.
L
et
w
St
-

Superscripts: — s refers to the sth linear piece of an approximation

of a nonlinear function.

Variables: are usually represented by small letters, with some exceptionms,

when confusion could have been possible,

Ai : aid granted to country i
e; : export vector, country {1
ek export of country i , commodity k
g, ° parametric variable related to growth in developed countries
ij : capacity producing process, home goods, except agriculture
1
-S + b d
lj : capacity producing process, step s , import substitute
2

goods, except agriculture



Mok * Miok °

Myivk ¢

jk= O™

1tik *

capacity producing process,

capacity producing process,

capacity producing process,
port substituted goods
capacity producing process,
lands

capacity producing process,
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agriculture on fertile lands

agriculture on marginal lands

step 8 , agriculture im-

increasing area of fertile

exports

capital accumulation in construction and machinery,

solution of the near equilibrium, and exogenous in the

equilibrium model

positive or negative deviation of production from "normal'

level, step 8 , primary commodities 1 to 5

imports of developed countries, step s , commodity k

positive or negative distortion from the "nmormal" import

pattern of the developed countries, imports from country

i, commodity k

import vector, country i

import of country i' from coumtry i , commodity k

import of country 1, all origins, commodity k

"total production"

international price, commodity k

tariff revenue, country i

domestic price in country 1, commodity k

international price of commodity k exported by i
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marginal utilities (dual variables associated with con-
straints relative to the utility functions)

congumption vector, country i

consumption, commodity k

positive or negative distortions from the '"normal' con-
sumption level, step 8 , commodity k

consumption, step s , commodity k

level of sales to investment, solution of the near equi-

librium, and exogenous in the equilibrium model

(k= 12, 14)

production vector, country 1
production, commodity k

production process, home goods, except agriculture

production process, step s , import substituted goods,
except agriculture

production process, home goods, agriculture on fertile
lands

production process, home goods, agriculture on marginal
lands

production process, step s , import substituted good

in agriculture

consumption process, commodity k
export process, commodity k

import process, commodity k
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Parameters: are usually represented by greek letters, with some excep-

tions. We only give in this list the most important parameters:

o

8y

i :

welfare weight, country i

input (negative) or output (positive) coefficient,
commodity k , process j

capital coefficient, process j

labor coefficient, process j

import coefficlent of country i , {imports of i' ,
commodity k

export or import tariffs, country i , commodity k

coefficients appearing in the utility functions

Right Hand Side Constants: are represented by upper barred small letters.
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APPENDIX 3:

Equations of the Model

1. Submodels for Latin America, Asia, and Africa

(1) Input-output goods balances (1 to 15)

4 15
cC, %, e m
+x, +z, - +a, . + - T + . ) -
lkzk X .tz jzi(akjfzjf akJ zj akjpsz) j=5(akjlzjl akazjz) 2, <

k"—"l_, eaey 15

]

0 for all k except 12 and 14

S ST

z
61
(2) Urban labor balance (16)

15
T(L oz, +4 2z,) -T2z, <0

(3) Balances for production capacities of home goods (17 to 31)

-0

z, - i - 1 <0 = 1 as e 4

P I M 3= by eew
=0

z -1 - 1 < 0 =1 'YX 4

P P P T
-5

F -1 -1 < 0 =5 so e 15

Jl j]. jl_ ] ? '

(4) Balances for production capacities of importAsubstituted goods (32 to 44)

8

2y -T1 <0 J =1, aue, &
p 8 °p
z, -£i% <o =5, eeey 13

I & 1
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(5) Balances for export capacities (45 to 57)

(6) Import balances (58 to 70)

4 13
c m
-z, + Tlu, 2z, +u, 2, ~Q-yu, )z, 1+ Ty, z, ~(Q-y, )z, 1-2 <0
S P PR M 73 s i h 37y K
k=1, [ RE] 13
(7) Undifferentiated capital balance (71)
4 s . 15
Tk, i, +K 1, +T R R LD S R i +$‘K )+ 7 K3
o1 Jde e dndan e pdp dede s i s jz . 167 16
13
+k_EK TR TL TR

(8) Linearization bounds

is‘: S_Is i=1 e 4
o ™

s -

i < 1 = 5, .eey LD
j2 - j2 J » ’

s -8

Z16 < %16

(9) Purchsses of good produced by country i

m = zm
ik - Yk Tk



(10) Agricultural constraints

* —
z, -1, -z, <0 i=1 ..., &4
Jg o Jf 3¢
1* 3% <o i=1, eeu, &
Jg g
z, -z, <0 i=1, v, &
jm Jm
2
T(z, -1, -0z, )<0

=3 g g g

4 —

£z, -1, -0z, )<0
=1 g g 33

i#3

(11) Constraints relative to the utility function

s+ —s+
X, - Xy <0
s$- —g -
xk xk <0

h
A AP
J J -
BT - <o
j i -
s+ s~

z, +z, +z, -, P-%(L, -L, )=20
g 14 .'ip ] SJ A

st 8=~
z, +z, ~e¢,P-%(L, -L. )=20
3y 3, Y gy

15

P- ${(z, +z, +z, )+ T (=, +zj
=t Jf Jm Jp 4= N1 12

% e -
£ - E TP + Teee = O

1,

..l,

as a0y

LERY]

*o 0y

eeay

‘e wy
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15

15

15



(12) Tariff ridden utility function

s, st g~
-t = - -
U E X Tz wk(xk 4—xk )

ks

5
T I(L
j=18 3

s+

+L

2. Submodel for the Middle Eastern 01l Producers

(1) 01il production balance

Yo toeg - Vg <0
(2) Non-oil production capacity ba
Yo = (G =0I¥g = ¥y = Vg S0
{3) Balance for non-oill commoditie

X+ T e

0 K6

(4) Imports

kY =0

6 0
m T e T I "0 k=
(5) Tariff ridden utility function

u - ‘T6€6 = xo - 7666

3. Submodel for the Developed World

lance

s

ey 13

3

y - tF

{1) Constraints relative to the utility function (i=

k= l, samy 13)
+ =+

My ~ My S0
Wy " Py =0
m - Ty <O

S-ﬂ.
b mik - mk = 0
i s

+ -

Ty~ Mg f. Wyrp " My Y Mgy
- =
£ zz{mk 0

1,

I..’
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(2) Tariff ridden utility function

11

4., International Balances

4

Y m -e

] 0 iilk ikso 1= 0, sy 4 3 k = l, csey 13
il=

5. Balances of Pavments

k

6. Objective Function

?’:au + . (U, +U, ) - l;'t*
i___lii 00 T4 i='01

EV1'k(5 Mgt ep) S 1=1,2,35 1i'=0, ..., 4
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