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A THECRY OF MONEY AND FINANCIAI, INSTITUTIONS
PART 24
TRADE AND PRICES IN A CLOSED ECONOMY WITH EXOGENOUS UNCERTAINTY,

DIFFERENT LEVELS OF INFORMATION, MONEY AND COMPOUND FUTURES MARKETS*

by

Pradeep Dubey and Martin Shubik**

1. THE COMPETITIVE EQUILIBRIUM

The basic general equilibrium closed static model of trade *** is

as follows. Let there be n traders trading in mtl goods. Assume

i i
2, veoay a“ri_l) *

Assume each trader i has a utility function ui which 1s con-

initially that each trader i has a bundle of goods (ai, a

‘tinuous, concave and nondecreasing

i i, 1 i i
(1) u =u (xl, Koy eees xm+1) .

A competitive equilibrium price system exiatsT if there 1s a set

of prices p = (p?, p;, vy p;, p:+1) which has the property that for:

*This work related to Department of the Navy Contract N000l4-76-C-0085
issued by the Office of Naval Research under Contract Author’ty NR 047-006.
However, the content does not necessarily reflect the pus‘:ion or the
policy of the Department of the Navy or the Gov--.ment, and no official
endorsement should be inferred,

The United States Government has at least a royalty-free, nonexclu-
sive and irrevocable license throughout the world for Government purposes
to publish, translate, reproduce, deliver, perform, dispose of, and to
authorize others so to do, all or any portion of this work.

**The authors are indebted to L. S. Shapley for many discussions, obser-
vations and specific suggestions as 18 indicated in several of the proofs
which build on his work.

***In this paper, production ia not discussed; there are several modelling
problems in describing the sequence of production which we lLi.ve not yet
resolved,

T-For further references, see Debreu [1],



i i
(2) max ui(xl’ sosy xm+1)
art1
subject to Z.pj
J=1

*(x;-aj) =0 for 1

]
[
~
-
o

n n
by xi = L

3 Eaj for j =1, ..., mtl .
i=1 i=1

This formulation of the problem of trade is noninstitutional and
nongame theoretic. No mechanism for the generation of prices is given
which in any way restricts the possibility for trades.

In the 2 person 2 commodity model this means that all points in

the Edgeworth box are feasible outcomes.

2. RELATED ING G

Suppose that the traders in this economy were required to trade
in a specially designated commodity in organized markets. There are many
different market structures which can be considered such as the auction
market, the double-auction market; markets in which individuals name price
or quantity or both as their strategic variables or name contingent bids
and so forth., Several of these have been discussed elsewhere [2]. Here
we select the simplest which hes already been considered by Shubik 2],
Shapley [3] and Shapley and Shubik [4].

This game is based on an extension of the Cournot oligopoly model.

We call a commodity a "money'" if it is accepted in trade for all
and any other commodities, A "money" is called a 'commodity money" if
it would still maintain worth (beyond that of a collector's curiosum) if
it were demonetized. It is a "fiat money'" if its only utilitarian worth

is in its use in trade and would lapse to having value only as a collector's



item if demonetized.

Suppose that the m+1Bt commodity is selected as a "commodity
money." We now consider a game In extensive form as follows.

There are m warehouses. At the start of the game all individuals
are required to deposit all of their goods except money in the appropriate
warehouse, They receive non-negotiable warehouse receipts which will be
redeemed after trade for the amount of money obtained from the sale of
each individual's goods.

The individuals know the size of the supply in each warehouse.

A gtrategy by each individual 1 1s to select m bids bi where

3

=1, ..., m and

m oy i
3) jfibj <a. .

Thus each individual operates subject to & cash constraint rather than

the classical budget constraint shown in (2). If we wish to relax the

cash constraint this can be done by introducing the concept of credit.
But in doing so we are immediately forced into considerations of banking,
bankruptcy” and bank failure. Credit has been discussed elsewhere [4].
and we do not discuss it in detail here.

In these m markets there is an explicit simple way 1in which prices
are formed. All individuals are required to bid simultaneously in all
markets. After they have bid, all money taken in is added up then divided

by the supply of the good

*There are several problems involving bankruptey which must eventually
be solved. They can be avoided by forbidding credit and defining what
is meant by "enocugh money." This device, although unrealistir, enables
us to separate out the geveral difficulties in modelling t-ade and to
concentrate on an easler problem,



By
(CY) b, = Tb
17,50
b
(5) pj=;}.

The amount which each individual 1 obtains of commodity j

(G=1, ..., m) is:*

1 i
. b. b
1, 4.4,
®) x5 Py by '

The payoff function to each trader i 1is given by:

{1 .2 1,4 i i .1
(7) Wb, b5, ..., BY) = u (], Xy eeey Xy X )

where bl = (b:, b;, coey BY) and

m m
-z b; + T ai

i i b
k=1 k=1 ok

® bl — 2ml
The feasible set of trades and hence possibly the Paretoc set of
trades are restricted by the trading mechanism. This effect of a trading
mechanism on the feasible set has been shown by Levitan and Shubik [5] and
for this model by Shapley and Shubik elsewhere. .iu example however is
given for the Edgeworth box where one of the two commodities is used as
a money. The full discussion of this diagram is given in the paper by
Shapley and Shubik noted above.

The completely shaded area in Figure 1 indicates the attainable

*There are some problems in evaluating this when bj = {} . Here if
bj = (0 we define x§ =0 .,



oc’
—
2
¢ - joz
\
\
1 \
A \
\
| R
M1 M2
2 spends
\ . nothing
\ /
\
\
\ 1 uses &all
\ his cash
\
\
\
2
! A
\
\
\ 1 uses all
\ is credit
\
\

6" / /

2 uses all 2 uses all
his credit his cash

FIGURE 1. The Feasible Set with and without Credit®

*Reproduced from Figure 5 in Shapley and Shubik [4].



trades using one of the two commodities as a money. The half shading
indicates the extra attainable trades when credit is permitted (i.e. in-
dividuals can bid more than they have cash on hand),

The game tree description of this game is shown in Figureﬁz for

two traders.*

(F

VA

FIGURE 2

2.1, The Nonccoperative Equilibrium

A noncooperative equilibrium will exist if there is a set of stra-

22

tegles (51, b, a4y ﬁn) such that:

max w0, 1L pt, 6L 8™ - bt = B for 1=1, ..., 1 .
i
b
It has been proved elsewhere [6] that the noncooperative equili-

brium solution for the game whose payoffs are given in (7) always exists.

*Pechnically as this game has continuous strategy spaces we cannot use
a finite tree, but for purposes of illustration we assume a finite grid
on these strateglc cholces.



2.2. Convergence

Shapley and Shubik {6] have also shown that if the game is replicated
by replacing each trader by k traders identical with each of the original
traders, then as k increases the noncooperative equilibria will approach

the competitive equilibria.

3. TRADE WITH EXOGEEQUS UNCERTAINTY

3.1. Symmetric Information

Suppose that there is uncertainty in the economy concerning tne
endowments available to the traders. Suppose that there are s possible
states for the initial endowments and that state u occurs with a pro-
bability of f >0, where %apu =1 , Suppose furthermore that all
individuals are informed of th:se probabilities., Arrow [7] and Debreu [1]
have shown that by enlarging the number of commodities to be traded, so
that instead of m+l commodities as in Section 2, there are (mtl) s
commodities, a competitive equilibrium price system can be shown to exist,
The interpretation of this enlargement of commodities is that trade takes
place in "contingent commodities" or futures contracts.

Congider an economy with two states of Nature: rain or shine.

The commodity "oranges' can be regarded as two commodities ''cranges if
it rains" and "oranges if the sun shines."

Before we model this economy as a game we distinguish among pure

futures markets, compound futures markets and spot markets (or certain

futures markets), A simple example will help to make the distinctions
clear. Suppose that there is one commodity '"oranges' and two states of
Nature: rain or shine. There is a probability p for state 1 (rain)

and 1-p for state 2 (shine). If it rains there will he A oranges



for sale and if it shines there will be B oranges for sale (assume that
B>A).

We may consider three different market organizations where the
first has two black boxes up for bids, the second has one black box and

the third has one black box and one transparent box.

(1) Pure Futures

A with o B with (l-o;ﬁ

0 with (1-p) 0 with o

The bidders are confronted with two black boxes whose contents
they cannot see., They know that the first box contains A oranges
with probability p ; otherwise it is empty. The second box has B
oranges with probability (1-p) ; otherwise it is empty.

A pure future is a single black box which pays out for one contin-
gency, 1f the contingency does not arise then all bids on that box are
lost-«they have turned out to be worthless. The way in which Arrow and

Debreu have modelled uncertainty is this.

(2) Compound Futures

A with p

B with (1-p)

The bidders are confronted with one black box which pays out vary-
ing amounts depending upon which contingency occurs. Individuals who
have bid on the black box will obtain a percentage of the orange crop,

but the amounts they obtain will vary with the contingeucy that occurs,



In this paper we carry out an analysis of this market structure
where there are m compound futures markets, one for each commodity,
where each box has the contents arising from s states. This contrasts

with the Arrow and Debreu (m+l)s markets,

(3) Spot Markets

rB-A with (1-p)
A for certain

0 with o

The market organizer could assign A oranges to a market which
is independent of state and assign the remaining B-A oranges available
in the second state to a pure futures market. Here we may assume that
all individuals can see the contents of the first market.

A minor difficulty in terminology arises in talking about a spot

market. Common usage refers to a market for a good to be obtained now

with certainty. We might wish to consider a certain futures market where

a good is obtained at g later date with certainty. As the models con-

sidered here are essentially static we do not make this distinction,

The Extensive Form

Figure 3 shows an economy with two contiugent states., Nature
moves first and selects the first state with probability p and the
second with 1-p . Then traders 1 and 2 move without further informa-
tion, A more detailed description of the traders' moves would be re-

quired to distinguish the different markets noted above.
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FIGURE 3

3.2. Nonsymmetric Information and a Trading Game

Suppose that one trader is informed about the move of Nature
while the other is not informed, This possibility is illustrated in the

extensive form ghown in Figure 4. Here we note that Trader 1 moves

JANRIA
AR

FIGURE 4
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without knowing the outcome from Nature's move, then Trader 2 moves know-
ing Nature's move but not knowing the move of Trader 1.

1f the information conditions faced by the traders are not symme-
tric (as 1s shown above) then the way in which we can think of them in
terms of the '"black boxes" described above is as though some of the traders
are equiped with special glasses which enable them to see part or all of
the contents of the various black boxes,

The Arrow-Debreu analysis runs into difficulties when the traders
no longer perceive the same number of contingent commodities. Radner
[8] has shown that with nonsymmetric information conditions it is possible
that no competitive equilibrium price system exists,

The price system 1in the noncooperative game with markets and trade
using a money, may nevertheless exist, In Section 4 we show that a non-
cooperative equilibrium always exists even with nonsymmetric information.
In Section 5 a simple example is calculated and examined to show the be-

havior of the noncooperative equilibrium under different conditions,

3.3, Futures Markets

It is possible to construct a strategic game and solve for its
noncooperative equilibria when any combinations of futures r:z.kets exist,
In order to do so however we must completely spe.irfy the nature of the
contracts and method of trade. Details such as who gets the money bid
on contingent contracts when the contingency does not materialize must
be noted, An explicit model of trade with simple futures markets is

given in a subsequent paper ([9].
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4. THE EXISTENCE OF A NONCOOPERATIVE EQUILIBRIUM WITH NONSYMMETRIC

INFORMATION

4,1. The Existence Proof

For a positive integer r we shall denote by Ir the set
{1, vs., £}, by E° the Euclidean space of dimension r , and by

d the non-negative orthant of E .

Let
In = the get of traders
Im+1 = the set of commodities
Is = the set of "states of nature," which occcur with

pOBitive probabilities pl, *eey ps -

The initial allocation of trader 1 1is a vector ai ¢ CFm+1 ’

where ka; is the amount of commodity j available to 1 1in state k
. i
(for j e L4’ k e Is ), and a .1 Tepresents the money held by 1 ,

The traders' utility functions are real=-valued:

ui ! dn+1 — f} s lelI

n

and are assumed to be concave, continuous and non~decreasing. We shall say that trader
i '"desires" good j if ui(xi) is an increasing functior uf the var-
iable x; , for any fixed cholce of the other vaiiables xi . A trader

1 for whom ai

bl >0 will be called "moneyed.” Finally, to complete

the basic data of the market, we must gpecify the information of
every trader 1 ., This will consist of a partition 6’1 of Is into
non-empty sets, where the states in any member of fi are precisely those

that 1 cannot tell apart.
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When we drop an index and use a bar it will indicate summation over

the indexing set. Thus, for xi ¢ f" ’ kEi means b kﬁi

j ’
k— j CIm

We assume that a; >0 for all k and j§ .

To cast the rules of the market in the form of a game we define

etc.

the strategy set of trader 1 to be

i i sm kel 1
s =t e ™% a,y for kel , and

IA

]
k b1 = kbi whenever k and k' are both elements

of the same member of #311

Here kbi is 1i's bid for commodity j in state k . But since i 1is

3
uninformed about which state in § e Pi actually occure, he is constrained
k' i kbi '
to bid the same amount for each state in § ({i.e, bj = ; 1if k' e 5§

and k ¢ 5 ). Note that st isa |§Jﬂ1<m dimensional set if i is

moneyed, and a single point if he is not. Thus the lack of information of
amoneyed trader shows up in a reduction of the dimension of his strategy set.
The product S1 X +ve x 8 will be denoted 8§ ; it is a compact

convex set of dimension at most ( 3 I{Pil)xm .
iel
n

The outcome of the game engendered by a particular b ¢ S 1is
determined in three simple steps., First, we calculate a ".r‘ce vector
for state k ," kp e CF,,by dividing the amouvant bid for each good by

the total supply:
k kF k=
= a all I .
pj j/ j) je m

Next, we calculate the "final allocation'" that results when the bids are

executed:
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(#bi k k .
jl Pj s 1f 3 e ﬁn and pj >0 ;
ki
E,(b) =k 1= k
3 xj < 0 , 1f j e Eﬂ and py = 0 ;
a;'- S‘kbi+ ?kaikpi, £f § = mHl .
Lel fel
., m m

(Clearly this is nonnegative.) Finally, we calculate the final utilities

of "payoffs" to the traders in state k :
ki 1 k.1
Pr(p) =u (CE(®), all {eI .

Thus the average payoff over all the states 1s clearly Pi(b) = ¥ pkkPi(b) .
kel

8

In this way, we obtain an n-person game in the standard strategilc® (or
"normal®") form.
An "equilibrium point" (or "EP") of this game is defined to be a

b* ¢ § with the property that, for each 1 ¢ L

i i
Pi(b*) = max P (b*|b7) ,
bieSi

where b*|bl is b* but with b*} replaced by bl ..

Theoreml. Assume that for any good in L, there are at least two moneyed

traders who desire it. Then an EP exists.

Proof. To prove this, it will be ugeful to define continuous games

which approximate the game above. We assume, in effect, that some outside
agency places a fixed bid of ¢ >0 in each of the sm markets., This
does not change the players' strategy spaces, Si , but it does of course

change the outcomes and payoffs (which will be denoted Pi)- It is obvious
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that Pt(b) is continuous. To see that it is concave in bi (if we

keep Eh fixed for h ¢ i ) first note that

14 K
P, Bbh) = 1 opulctel (blb Yy eery

kel
]

Ik 1

i *
1, B 12)

where, for £ ¢ Im , k@i ¢ {as a function of the variable bi ) has
¢

the form
k kbi
C
kgt (BWbi) -t b ( kC and kD constants),
s € k])-i-kbi £ )
£ L

This is concave in kbi {hence in bi )} since kcf >0 and kD.e >0 .
Moreover k§;+1 c is a linear ¢(hence also concave) function of bi .

)
Since ui is nondecreasing this implies that ui k 1(B'[b )} 1is concave

as a function of bl . Then clearly so is Pi(SWb ) . Now define

gty = Frest:p (b|B'i) = max P (blb 1yy

1 si

and consider the correspondence from § into § given by
~ 1.~ I
gb)y =0 @) x ... x §7()

It is easy to deduce that § is convex valued and u.s.c. (using the fact
that Si is compact and convex, and Pt is continuous in b and con-
cave in bi }. Therefore by Kakutanl's fixed point theorem there is a

b ¢ 8§ such that

* x i
j:

external bid of ¢ placed in each commodity for each state.

is the allocation computed on the assumption that there is an
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(9) b e g(b)

which will clearly be an E.P,

Taking a convergent subsequence of these equilibrium points, as
e~ 0, we would like to conclude that their limit is an equilibrium
point of the original game., This will indeed be the case if the limit
b* 13 a point of continuity of P, i.e. kE? >0 for all k ¢ I
and 1 ¢ Im « This is proved in lemma 2 below.

QIE.D.

Remarks.
1., We could have made the model somewhat more general by stipu-
lating that any good j will have different utilities in different states.

Then

ui = I pkkui where kui : d“”' - Ql
keIs

gives the utility of goods in state j . Theorem 1 remains true in this
case as well (so does Theorem 2 stated later)., Of course, we will now
require that for any (k,j) ¢ Is x I there exist two moneyed traders
£ and r such that kuL and kur are both increasing in the jth
variable.

2, Another variation,* for which Theorems 1 and 2 continue to
hold, would be to let money be state dependent. Then we would say that

k1

trader 1 is moneyed in state h 1f min "a 1
keS b

He would be required to bid within this minimum in the states in § ,

>0, where h e S ¢ Gﬂ .

*
This was suggested by L. S. Shapley.
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3. Finally we may allow each trader to have his own subjective
probability distribution (p:, ey p:) on IB . His payoff would then
involve his subjective probabilities. Clearly this does not affect

Theorems 1 and 2,

It will be convenient to consider (f(m+1) with an axis for each
commodity in each state. By axis jk we will mean the axis for the
jth commodity in the kth state. ejk will denote the vector in
ff(m+1) whose jkth component is 1 and all others are 0 . Let us
define for 1 eI, ol s PO Lol by
vt = £ puto
keIs

Then Piev) = vidtel®), ..., ®el(b)) . Note that if 1 desires good

3} then Ui is increasing in the variables jk (k ¢ Is) .

lLemma 1, Let U : ff(m+1) —- Ql be a continuous, non-decreasing function
that is actually increasing in the variables jk (for a fixed J e Im s
and all k ¢ Ia }, and let H be a positive constant. Then a positive
nuzber h = ﬁ(U,j,H) exists such that for all x and y in (f(m+1)

and ﬂi >0, if
x|*<® and |lyx|| <h,
then

Uy + ¥ ‘ﬂiei + ejk) > Ux)
i#3k

for any k ¢ Is .

*Il || stands for the maximum norm.
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Proof. By Lemma C in [6], there exist positive numbers h(U, jk, H) such

that

U(y+ed) > U(x)

if x and y satisfy the conditions of the lemma. Put

h = min [h(u, jk, H)] . Then, since U 1is non-decreasing, we get for any
kel
8

t 1
Gs,

UGy + % niei +e3% > um+ed®) suw) .
i#jt

Q.E.Dl

Lemma 2.* Let ui be continucus, concave and non-decreasing for each
ie In . Suppose that there are at least two moneyed traders that desire
good j* Py Im . Then there is a positive constant Cj* such that for
every e >0, every k e Is , and b ¢ § satisfying (9) we have

l%J*+G>Cj*.t

Proof. Wlog j* = m , and traders 1 and 2 desire it, Define

ke
(10) H = max{ ay jeIl ., ke 131
~ 1 ~ 2
(11) h = min{h(U", m, H), A (U, m, H))
! 1 2
(12) A= —=minfa_,, a1

*The proof of Lemma 2 closely followa the proof of Lemma 4 in [6].
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where the function h in (1I1) is that defined in Lemma 1. Note that
these three constants are independent of b and e, and are positive.

.
let 8= min [k bm1 » and suppose that this minimum is attained for
k'el
8

t e Is . Let x be the alliocation that results from the bid matrix b
in the "g¢-modified"” game.

Suppose first that the joint condition

i
m

< §/2 and a,, - % tbiaA

t
{13) b
w1 jeIm i

holds for at least one of i1 =1, 2 ; say for 1 =1 ., Then an increase
& in 1's bid for good m in states k ¢ S (where t ¢ 8 sdﬂl) would

be feasible if A< A (for note that kbl = %' for k e 5, hence

1

a .- T kb1 >A for all k¢S ). Take 0 < A< min(e,A) . Then

jeIm

the incremental effect on 1's final holding would be:

(15a) kx;(ﬁ) - kx; =0 for j e Im_1 , ke IS
{15b) kx;(n) - kxi =0 for j=m or ml, k485,
e 1 le— 1
(15¢) kxl(A) - kxl _ a'm(kbm+ 8) amkbm
™ m

kg-i-b‘i-e kE+e
m m

% -Ble
_(k§m+ (T _+ e+ 0|

—

= (%3 A]

m

=an

k§m12 + e/2 + A2

> (5,8

.fkgﬁ4-g)(kgﬁ+-c+ Al

k8
m

for keSS .
Z(kﬁm+-e) ’
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k1
k1 k1 an

(154d) xnrl_l(A)-xm1= E—-&-l A>-pA, for kesS.
m

Define

_2be) 5 (mHD)K

t_
a keS

Then we have

A

1 m mk
+ mr—(z +
2(6¢) (2 kfsnke )

(16) £ () > x

where T]k_ZO, and 'ﬂt=1. By Lemma 1, 1if both x1+z?_0 and
llz]| < h, then

Ul(xl o4+ T 'ﬂkemk) > Ul(xl) .
keS

Since U1 is concave, this implies that

ta A

T

2(6te)

U:l xl+

k 1,1
(z+ E em) >U (x)
kgSnk

for sufficiently small A, and hence by (16), remembering that U1

is non-decreasing, that
ul(xl(A)) > ul(xl)

for such A . But this means that trader 1 could have improved, contra-
dicting (9). Hence either x1 +2 %0 or |{z|l >h . If the former,

we have
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kxl - E%EFEZ <0

w1
an
for at least one k ¢ S, which implies (since kxi+1 >4A)
tzﬁkx;+l tEQA
(17a) be > > .
2 = 2
If the latter, then
280 5 o,
a
m
i.e.,
h'a
(17b}) bte > 7

Now consider the case where (13) faills for both { =1, 2 , Wlog

we may assume that

£ 1
b < &2 .

£ %lsal -A>ma.
j w1
jel
m
Hence tb1 > A for at least one j e Im « If j=m, we have

]

8 > th; > 24 and so
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(17¢) e > 24 .

If j#m, wlog let j =1, Trader 1 could then decrease kb; by

a small A >0 and increase kb; by the same amount (for k ¢S ),

with the incremental effect:

koo B!
k1 k 1 14 P 1 °1
(18a) %) (B) - xp = o -
kgl - A+ e k§1+ e
5,
> - kg for k ¢ 8§
1t e
(18b) kx;(A) - kx} =0 for §=2, .e.y, m-1 and k ¢ Is
(18¢) kx}(A) -kl -0 for =1, m ml and k ¢§
k-
a_ A
(18d) kel - &ty
m o 2(%m+ e)

(by the same calculation as at (15¢)); and

kal kal
k1 k1l m 1
(18e) xm+1(A) R PR R e - A
a a
m 1
kal
1
S =
1
Define
k; kal
R TC P B B
a keS (kb1+-e) keS a,
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Then (16) is satisfied as before; and, arguing as before, we find that

either x* + z $0 or llz]| >h . If the former, then either |kz1| > kxi
or Ikzm+1| >kx:ll_ for some k ¢S . But
k= k 1 k—
k1 a by S Al
1 ]? + e l? + g
1 1
and

k1 1 k1
alkbl A

k 1 1
*ml 2 ke 2 ke
! 1
In either case we get
"2,
(17d) bre > —5—
k k
If the latter, then either | z1| >h or | zm1| >h for some k ¢§ .

In the first case the inequalities 1?1 + ¢ > A and

a, <H, yield
“a_ha
(17e) e > —5r
in the second, ka]l. < kiil ylelds
‘a_h
(17£) e > —5— .

This exhausts all cases. Collecting (17a) through (17f) we see that it

— —
will suffice to take C,x to be the minimum of { amAIZ, ke.tmhlz, 24,

K
amAhIZH ke Ia'Q .

j

Q.E.D.
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4.2. The Value of Information

A simple two person example serves to illustrate the possibilities
of the worth of changes in information. 1In particular we show that the
expected payoffs to the traders under symmetric incomplete information
can be higher thén under complete information, but that if one individual

is informed but the other is not the former gains and the latter loses.

TFigures 3 and 4 show the game trees for symmetric incomplete information
and nonsymmetric incomplete-complete Information. Figure 5 shows the
game tree for complete information. We now consider the three different

2-person models.

FIGURE 5

Suppose that there are two traders trading in one commodity using

" 3 n
a commodity money. There are two states of the universe 'rain" or "shine.

Under the first state the first individual has 4 units of the good and the
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second has 12. Under the second state ownership is reversed. Each in~
iividual has 100 units of money under all circumstances. The utility

function of individual { (i =1, 2) is:

i i i i
U™ = plog(q)) + (1-p)log(qy) +M - m
where qj is the amount of the consumer good in state j consumed by
trader 1 . mi is the net change in money of 1 after trade.

let x., and X, and Yy and ) be the amounts of money spent by traders

1
land 2 instates ] and 2, If say, the first trader cannot distinguish between
states 1 and 2 his decision variablewill become x rather than X and Xy

Forsimplicityweset p=1=-p=1/2. There 15 asingle compound futures market.

{(a) Symmetric Incomplete Information

Here the payoff for trader 1 is:

16x
111 = p log(ﬂy) + (1- p)log(}ﬂ_ - x + 100 + (x+y)

and similarly for trader 2, It is easy to check that x =y =1 and that

the final expected payoff for each 3 log 2 + 100 , or .90309 + 100.

(b) Symmetric Complete Information

Here the payoff for trader 1 is:

16x l6x
= p log % + (1-p)log (== % T oyt (1i- p)x + 100

+ Rx +y)) + 3(1-9) (xy+¥y)
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and there is a similar expression for trader 2, Hence X = 4/(14—J§) =¥, -
Here the final payoff for each ig .B869 4+ 100 and

Xy = GIV3(L+J3) = AR This is less than was obtained with incomplete

information.

(c) Nonsymmetric Incomplete-Complete Information

Here the payoff for trader 1 is:

16x. 16
) 1°ch+y‘) + p)log@+

and for trader 2 it is:

!

3
’;Z) - x + 100 + fx+y)) + 7P (x+y,)

o |
1]

16y1 16y2'
9 p log ragn + (1-p)log X+-y2 - pyl - (l-p)y2 + 100

+ Jotxty) + A0 (x+3,) -

The maximization conditions give us:

4! Y2
xry) T ERGry,)
x+y, x(x+y,
X 1 X 3
—Eme = 2 and ————— =
v (xty) 4 yo(xty,) 4

which have a solution x ~ 1.032, ¥, = 1.580 and Yo = .7655 and the

f

payoffs are “1 = ,8505 + 100 and ﬂz 1.8506 + 100 .
A change from incomplete information to information for one bene-

fits the recipient and hurts the other. A further increase to complete

information may leave both worse off than with symmetric incomplete in-

formation.
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These observations appear to be quite general and depend neither
on the special example nor the two trader case. They raise several prob-
lems concerning the modeling of information which are discussed further
in a subsgequent papef.

It is, of course, obvious that increasing a trader's information
while keeping that of others fixed will only improve his payoff at equi-
1ibrium, since this makes his strategy set larger, leaving those of the
others unchanged.

5. AN EXAMPLE

5.1, The Replicated Market

There are two commodities and two states of the economy and a
third commodity used as a money. Under State 1 endowments are (A,0,M)
and (0,B,M) for traders 1 and 2 respectively. Under State 2 endowments
are (B,0,M) and (0,A,M) .

A trader i of type 1 cannot distinguish states hence his strategy

conslsts of two numbers xi and x; which are the amounts he bids on

1
goods 1 and 2 respectively. A trader j of type 2 can distinguish states

hence his strategy consists of four numbers yil R y%l and ygz s y%z .

The payoff to traders of types 1 and 2 are, respectively:

1 kAx: ka; ka; kAx;
(19) - e+ (1-9) + oy + Q)
! Xty ¥ty *ptyy LRRLY

R S K: a-9
Xy X, + M + k(xl-l-yll) + " (x14-y12)

n It j
where x_ = Tx,, ¥y, _= Yy
j=1 i 311 j=1 8n
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j Ay{l Byg1 I‘Byiz 1“‘-”’%2
(20) T = pllog + (1-p)|log
Xy %t Yy Xt [ 12t Y22

. 3 iy oo i k| ] 1-p
p(y11+y21) (1 ﬂ)(y12+Y22) + M+ k(x2+Y21) + i (xz'l"yzz) .

First order maximization conditions are as follows:

"1”11"‘: x1”12"‘% 1
(21) A (——22—2 ht (1-p)kB (=5t ) 1 + L= 0
(xy +¥43) () +312)
i g
X, t¥, =X KXot Yoy = X
(22) pkB _g-.....-.g.]'—.—i -+ (l‘o)kA _2._......._..2..2_._.,..3. -1=10
(x, + y,)° %y + ¥5,)°
27 Y 27 Y22
1 "“1“’11'5’%1
(23) -p=0
i Py
11
L Rty t Yy
(24) p -p+f=o0
j X, + vy l
Y21 2 21
i
x,ty -y
25y (227 Vm Y\
') 1 12
1
I |
ey mo) (X2tVarTY2\ o 10
(26) (1-p) + .
A X, +Y k
Y29 2 22

Assuming symmetric treatment of identical players we may set

_ i
xy = b

be rewritten as:

and we may drop all superscripts. Equations (21) to (26) may
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(28)

(29)

(30)

(31)

(32)

(33)

We note that for

78a

F\A + + (l-D)B - +1 = xl Y]
11 k(x +y11) 17 Y12 k(x, +7,,)
1 )
+ (1-pA - =1
ty X, +y
21 k(x +y21)} 2 722 k(x2+y22)
n

Dyl A 4
k(x, +y,,) 11

]
e
(%)
sk
S
~|T
\._/

k(x2 + y21)

{
[
{ oy
{

p o2\
k(x1+y12) 12

N~ -

L .22 -1
k@, +y,,) +y22)J Y22\ "k

For k—=eo and M

pA + (1-p)B - 1

"
L}

X, B+ (1-p)A -~ 1

Y11 TV V2T V2 < L

p=1 or 0 this gives
X, = A-l or B-1 and Y1 = Y12 T Vo1
Xy = B-1 or A-l Y11 T Y12 T Y

sufficiently large (see below)
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and P, =P, = 1 in either case, provided M > max[A+B-2, 2] ., If
there is less of the mometary commodity a boundary solution must be con-
sidered,

This extremely special example was selected in order to illustrate
the structure of the payoffs and strategies and the nature of the limit-
ing equilibrium point. It does not depend upen the separability of money

in the utility functions. This was selected for simplicity in computation.

5.2, A Sensitivity Analvsis

In this simple example the effect of changing the "odds" on the
uncertainty can be geen to be smooth in influencing the equilibrium, the
X and x, more continuously from their values at one competitive equi-
librium state to that at another,

owing to the special features of these simple utility functions

the worth of extra information is not shown. However in 4.2 we have noted

that all other things being equal more information available to a single

individual will give him a payoff as great or higher than without that

information. This is not necessarily true for two or more.

6. CONVERGENCE OF THE EQUILIBRIUM WITH REPLICATION
Let us consider a "replication sequence" of economies
Ty vees Tis wee o There are a fixed number n of types of traders, char-
acterized by their utilities ui , endowments ai , and information
cpi . The economy Fk has t = nk traders, % of each type. An E.P,
in which tradefa of the same type choose the same strategies is called
type-symmetric (denoted T.S.E.P.§.and such an E.P, b can be represented

n
as a vector b in §= X Si where Si is the strategy set of trader-
i=1

*
That a T.S.E.P. always exists is shown in [6].
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type 1 in I\ . Thus, for each k, a T.$.E.P. b in T, gives
k k k

us a price and an allocation in T, via ,b ¢§ . We will say that
1 k

~

kb is an interior E,P. if it is in the relative interior of .S .*

Given a price vector p e O°" , we will comstruct a p ¢ Of ™1) by

putting =1 for all & e Is « (This is tantamount to having the

)
Pl
"price" of money equal to 1,)

Define the budget set of trader 1 at prices E to be

~ t, !
3L 5 = x ¢ D) | ke ko < ke k1 . and ki;jkxj _k pjk X,
for j e Im s whenever k and k' are in the same

member of Pi] .

ke ko k'a k!
Pyt ¥y 7 Pyt x

since he cannot distinguish between k and k', must act (i.e. "bid"

The reason for putting is that trader 1 ,

in our framework) identically in both states, and therefore the value
As k k'
{under p ) of x, and x, must be equal., Then we define competi-

N ]

tive prices in the usual way.
When the inequality in the definition of Bi(33 is replaced by

an equality, the resulting set will be denoted 54(33 .

Given a symmetric allocation (xl, seey xk, ey x(n-l)k*l, ceey xnk)

for the traders in Fk s, we shall denote by ﬁi the common value of
x(i-l)k+1 ik

] o wsy »

Theorem 2. Suppose we have a sequence kb of interior T.S8.E.P.'s such

[

that kb —“b ¢S . Let p be the prices resulting from b . Then P

is competitive for Fl and indeed for each Tk .

*Conditions for having interior E.P.'s are given in {6].
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Before the proof we will require a series of lemmas.

Lemma 3. Let WP € ™ be the prices given by kb s using the notation

]

of Theorem 2, and let kﬁ -+ b , Then WP P >0.

Proof, We first show that there is a positive constant D such that

£ %15 forall kK, fel and § el . By Lema 2, b,
iel k™ j 8 m k™3
1

must satisfy one of (17a)-(L7f).

%; A
(17a) = 15 >-—EL—
s
==>k I ﬁg% >(k L %a%)AIZ , since kb is symmetric
iecl J igr
n n
- T ;js? > ¢ = %aban .
ilel iel
n n
(Here A = a;+1 , where t 1is a moneyed trader-type who desires j --

there is no need to require two distinct types of traders desiring j ).
(17b), (17d), (1l7e), (17f) lead in a similar way to lower bounds for

r ig; + {(17¢) does not, but~-recalling its proof--we see that it can
iel
n

be sharpened to ﬁﬁ; > A ; hence afortiori z iﬁj >A . We can then
ieI
n

pick D to be the minimum of all these lower bounds.

Now

L=§i>kD_D
ba__

kP 71 710>

k T aj z aj
ieIn ieIn

%*
Here In igs the set of trader-types.
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for all k . The theorem easily follows.

Q.E.D,

For Lemma 4, we need to introduce some further notation. For any
a e PO ong any 8>0, let (a)-= x e of (ML), [x-a|| < 8% ;

for AC(‘P("H-]') let (A)6= U(a)b.
aeA

Now note that gince p > 0O * there is a T >0 such that
i,m T i T
B (p) € (0)  , and B (kp) C (0)" for large enough k .

We will denote Bi(k;') by B' and 'ﬁd(i;) by B  henceforth.

k

Lemma 4. For any ¢ >0, there is a ke such that for all k > ke s
e

'ﬁ"i c (kBi) .

Proof., There exist a kl and positive numbers L and M such that,

for k> k1 ; Le< ki;< Me (where e is the unit vector in Qa(m-'-l) )

i

and B C (O)T .

k
e L1
Let G =min{p-a" : L e Is"r . For aimplicity we assume that

G >0 . (The proof can be easily modified otherwise.) We denote by Sz

the set in {Pi which contains £ ¢ Is .

Consider any y e '1‘34. For any £ ¢ I, let Lyr(!,) = max["yj o | gImH'} .
)
Then yr(z)?_G/(m-l-l)M for any & e L - Define kz(y) as follows
((Lﬁ"ey-c) ifjeIm, j=r(T) for some ’lesz
—d3 " R
. lfgj 1f j=mtl , and J = r(d)
2y = e
54
_—Lj-...—l otherwise.
p
L kS

* 0 denotes the origin of na(m+1) v
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Let e<GL/(mt1)D. Then there is a kc > k1 such that for k > ks

|-
P I~ b L

l-¢ < -;;l< 1+¢ , |kp-£ai‘ - p- ail < e
Py

for all £ € IB » j [ ] Im *
It is easy to verify that for such k , kz(y) € kBi s and
||kz(y) ~y|l < (T+2/L)e for any y ¢ ﬁd . Since ¢ was arbitrary this

proves the theorem.

Q'E QDI

Lemma 5. Let p(kb) denote the price formed by the bid vector kb .

Let F be any positive constant. Then

Yo ()
_———i——.___-‘l

) Wi
uniformly for all b'l guch chat |]b'i|| <F.

Proof,

£
P, (D)
i oA /1.( b‘b'i)
T o) k4 j
Pj K
ks %t
tel k'
n

Tk oz Bty genkls b
e A+ ! LTIy

1 1
= 1 faL “t, 1+7. °
1+ [(ﬁb'j -lfbj)/kt:I é‘bjl K
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£ai i a1 L1
Since i 1y 2 >D by the proof of Lemma 3, Iib'jl < F and |ébj| < “a
n
we get
21
F+ "a
w1
7| £ —55 0.

Q.E.D.

Let

j"’{bedm‘:‘!b=£"b v 1, L'eSa(Pi'!.

This is clearly a convex set,

A

Consider the E,P, kb + Now kbi y for i e In , 1s a solution

to the following maximization problem:

Max P (kb|b )
b ex!

subject to ai - I %)i >0 forall L e¢I_
w1 jel j = 8
m

By the Kuhn-Tucker Theorem  there exist non-negative numbers

hl, av ey hb such that the above problem is equivalent to
MaxP(b]b)+ Eh( - E"bi
b eX
Moreover, since kﬁi is the solution,
a1
A, ‘@i, - z‘b =0 forall feI_ .

je I

*We are grateful to L, S. Shapley for suggesting the use of this theorem.
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But b is an interior point by assumption, hence ai - I Eﬁi >0
k e} j
jel
m
for all 4 e Iy » which implies AL = 0 for all £ ¢ I, -
Thus, in fact, kﬁi maximizes Pi(kb[bi) on x'.

i

Let kAi - {gi(kb|bi) e PL) Lt gty

Lemma 6, For any ¢ > 0 , there is a ke such that for k > ke
. i e
kﬁ“ < (A .

Take any vy e kﬁi .

Define ci e me by

o4t
i K3Ty”

Then c¢learly ci ] xi '

For 1< j<m

£ 2
| = 56 IS I
3

)

i L
feioleh - % e
pj(k c)

3

Since HciH < MT for any y e kBi , 1if k is large enough, by Lemma

5 we get

2
_l‘PL—_-—Ol
£ i

oy (oleh)

i
uniformly for £ ¢ Is » Jel and the choice of y 1in kB + Hence

|££;(kb|ci) - ﬂy can be made uniformly small. But since y e kﬁi

j l
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Comparing this with

L1
gml(kb|ci) = a:ﬂ - j'z:I % (kb]c ) g (b et
€

+ T 1 E i

25Geleh
jel 3
m

we see that

gmu(kb“‘) ym+1|

can be made uniformly small.

i

Since gl(kb|ci) e A, this establishes that B+

i.¢€
kB c (kA ) for

large enough k ,

Q.E.D.

Proof of Theorem 2

It is straightforward to verify that, for all £ ¢ §, and for

all k

g hto s %&1 , ¥ and

iel iel
n 11 i

4 L1 L 21

WPX =P e for all 1 e I, -

* 1 denotes the allocation resulting from the T.S.E.P kb . If kﬁ - b
o1

clearly kﬁi converges with k , and we denote the limit X~ ,
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By taking limits these equalities hold if we drop the k .

To prove that (fl, snay ﬁn, 53 is a C.E., for T

show that fi maximizes Ui on Bi .

12 Ve need to

Let

max [Ui(x) © X e Bi}

=
R

=
1

max {Ui(x) i X e kBi1

=

max {Ui(x) 1 X e kAi} .

By Lemmas 4 and 6, and noting that

u® = max &) : x ¢ kﬁiT

and

M = max {Ui(x) X g ﬁl]

gince Ui is non-decreasing, we get

lim ﬁk > lim Mk >M.

But it is easily verified that Ui(ii) = lim ﬁ# . 'This proves that £+

maximizes Ui on Bi . It is straightforward to show that if E is

competitive for Fl then it is competitive for each Fk .

Q.E.D.

Remark. If we take 8 = 1 , we get the analogues of Theorems 1 and 2

in [6].
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7. FUTURES MARKETS AND THE DISTRIBUTION OF INFORMATION

Formal mathematical models are frequently best used to present
extreme cases. The general equilibrium models clearly tell us what an
economy with perfect trust and costless information looks like, In con-
trast the noncooperative trading games described here switch from a budget
constraint to a cash constraint, and as has been done here they can reflect
clear differences in the availlability of information and structure of markets.

Most of the actual markets lie between these two extremes. The
cash constraint is too binding, the budget constraint is too loose. The
loosening of the cash constralnt usually tequires the iIntroduction of
a credit mechanisrm into the economy. In the models here this is avoided
implicitly by assuming each trader had enouph of é commodity money that
credit was not needed, If this assumption is not made, details concern-
ing banking and bankruptecy must be specified,

Therc are other market structures than the one suggested here which
can reflect trade with uncertainty. Two others specificall& illustrating
trhding in futures are discussed in the next paper. They serve to gtress
the modeling of Information and communication conditions. In the next
paper we also examine the relationship between these noncooperative mar-

ket modeld and Radneét'd treatment of nonsymmetric information,.
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