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COLLECTIVE RATIONALITY*

by

Donald J. Brown

A central concern of the soclal sciences i1s the nature of choice
or decision making. Economists, psychologists, sociologists, etc. spend
much of their energies investigating how individuals or groups of indivi-
duals make or ought to make choices. A widely accepted point of view
is that choices, however they are made, should be rational. This thesis
has its origin in the utilitarian philosophy of Bentham and Edgeworth's
application of that philosophy to problems of political economy.

The utilitarian approach to choice is simply that an action or de-
cision should be judged by its consequences. Hence if one has well de-
fined preferences over outcomes and each action is uniquely associated
with an outcome, then the utilitarians prescribe that one ought to choose
the action which produces the most preferred outcome.

Ignoring the questionable descriptive content of this prescription,
there are still a number of questions regarding its normative meaning.
First, how do we know that there is a most preferred outcome? Second,
what does this prescription mean when the decision maker is a group of
individuals?

The body of literature concerning the second question comprises

the theory of social choice, where the seminal paper is Arrow's Social

*This research was conducted under grants from the National Science Foun-
dation and the Ford Foundation. The author would like to acknowledge the
helpful suggestions and remarks of Steve Bloom.



Choice and Individual Values. One of the important distinctions made

by Arrow is the difference between reconciling conflicting interests and
tastes and summarizing differing estimates of the "general will" or "com~-
mon good." As examples, he points out the difference between theories

of committees or elections, i.e. preference aggregation, and the theory
of juries. In the latter...'voters are judges of some truth rather than
expressing their own preferences.' Although both the theories of commit-
tees and the theory of juries lie within the province of social choice
theory, we shall follow Arrow and concern ourselves with the aggregation
of preferences.

Arrow requires that the aggregation procedure, subject to a few
reasonable ethical and institutional constraints, produce a weakly ordered
social preference. This condition is called collective ratiomality.
Since Arrow assumes individuals have weakly ordered preferences, i.e.
individual ratiomality, Guilbaud [4] notes that the collective rational-
ity condition is equivalent to requiring the preservation of individual
rationality. This observation has been made by others, and has occasion-
ed some confusion in the literature. Arrow has falsely been accused of
subscribing to an organistic view of society. Even those sccial scien-
tists who do support the "general will" theory are unhappy with the col-
lective rationality condition.

Certainly, there 1s no a priori reason for the '"general will,"
if it exists, to be rational in the way we prescribe individual ration-
ality. But this observation does not apply to the essentially utilitar-
ian position taken by Arrow. That is, the problem of social choice is

the aggregation of preferences.



Hence 1n designing Iinstitutions, we are free to impose any condi-
tion which will facilitate the process of aggregation. As Arrow observes,
collective rationality guarantees the existence of a socially preferred
alternative,l and an unbiased procedure for realizing it.

Unfortunately, Arrow demonstrated in his Posaibility Theorem that
the only aggregation procedures satisfying his conditions are dictatorial.

Consequently, if we wish to construct non-dictatorial aggregation
procedures, then we must modify some of Arrow's conditions. 1In [l], we
argued that the collective rationality condition is too stringent. We
shall not repeat that argument here, instead we will address the ques-
tion raised by Guilbaud.

What properties of individual preferences are preserved by Arrowian
aggregation procedures?

This question is necessarily prior to any collective rationality
assumption.

Sen [7] produced the first example of an Arrowian procedure which
preserved quasi-transitivity. A complete characterization of all the
Arrowian procedures preserving quasi-transitivity was given by Hansson
[5]. Brown {2] extended Hansson's results to acyclicity.

But what about semiorders or, in the case of economic applications,
continuity, are these properties preserved by Arrowian procedures?

The purpose of this essay is to give a complete characterization

of all first order properties of individual preferences, which are pre-

1Here we are assuming that choices are always made from finite subsets
of alternatives.



served by aggregation procedures satisfying the ethical and institutional
conditions suggested by Arrow.

We will consider a preference relation as a particular type of
relational structure. That is, if A 1is a nonempty set of alternatives,
then a preference relation, P, on A 1is a binary relation over A,
i.e. P 13 a subset of AxA . xPy 1s to be read " x 1s preferred
to y ." More formally, 7/ = <a,P> 1is a binary relational structure.

First order properties of 77? are those properties which are ex-
pressible as sentences in a formal language £ , 1i.e. the (lower or first
order) predicate calculus. This language will contain a symbol, called
a binary predicate, corresponding to the preferencé relation P . £
also contains variables ranging over the elements of A . Finally the
language contains a number of logical symbols such as conmnectives: A
(and), V (or), R (not), ==> (implies) and quantifiers: 31: (there
exists x ) and ¥x (for all x ). & 1is called first order since vari-
ables range only over the elements of A (and not over subsets of A,
or relations over A , etc.). Hence quantification is only with respect
to elements of A .

If x and y are variables of £ and P denotes the binary
predicate, thenm =xPy 1is sald to be an atomic formula.

A formula & of L 1is said to be a basic Horn formula iff «
is a disjunction of formulas 91 ,» L. =8V ...V Gm s where at
most one of the formulas 61 is an atomic formula, the rest being nega-
tions of atomic formulas.2 If m=1, then @ is either an atomic

formula or the negation of an atomic formula. If m>1 and Qm is an

2 ® 1is the negation of an atomic formula iff © =718 where B 1is an

atomic formula.



atomic formula, say, them « is written as (Bl A Bz Ao A Bm-l > Bm)
where Gi ='TBi for i=1, 2, ..., m=1 and each Bi is an atomic for~
mula. If the basic Horn formula « consists of only the negations of
atomic formulas, then & can be written as (131 A Bz AL A Bog = -'Bm)
where 9i =_151 for i=1, 2, ..., m,

A Horn formula 7 is the conjunction of basic Horn formula, i.e.

y = all\ _— o where the o are basic Horn formula. (Note n may
be 1.)

{ is said to be a Horn gentence if { 1is of the form
(lel) oee (ann)7 where 7 1s a Horn formula, each Qi is a quantifier
synbol and every variable is quantified.

A universal Horn sentence is a Horn sentence where all the quanti-
fiers are of the form V¥x (for all x ).

Transitivity is a first order property of a preference relation
which can be expressed as a universal Horn sentence. Recall that P is
said to be transitive iff for all x,v,z in A, if x 1is preferred
toc y and y 1is preferred to =z , then x 1is preferred to z . More
formally, (Vx)(Vy)(vz)(xPy A yPz ==> xPz) .

There are first order properties of preference relations which cannot
be expressed as Horn sentences, and therefore we must consider a larger
class of sentences. A disjunction of atomlic and negations of atomic for-
mulas 91 V ... V'qm is sald to be weakly Horn L{ff at most two of the
terms Bi s ej are atomic formulas, the rest being negations of atomic
formulaa. Weak Horn sentences and universal weak Horn sentences are de-
fined in the obvious manner.

The following set of axioms for weakly ordered preferences are

universal weak Horn sentences:



(1)  (¥x) (¥y) (xPy => TyPx)
(11) (¥x)(¥y)(Vz) (‘IxPy A —|sz — —lez)
In contrast, the following set of axioms for quasi-transitive pre-
ferences are universal Horn sentences:
(1i1) (Vx)(Vy) (xPy => lyPx)
(iv) (Vx)(¥y) (Vz) (xPy A yPz => xPz)
To characterize acyclicity, we will define a specilal class of Horn
sentences. A negatlve Horn formula 1s a disjunction of negations of atomic

formulas. Again, negative Horn sentences and universal negative Horn sen-

tences are defined in the obvious manner,

P 1is acyclic iff for all integers n :

(v) (%) (¥R) e (V) (% Pxy A XoPxg A ooo Ax Px ==> 1xnpx1)

It is important to note that the notion of acyclicity requires an infinite
set of axioms. Also cbserve that the axioms are universal negative Horn
sentences .

We now recall the ethical and institutional conditions for the
aggregation of preferences suggested by Arrow.

I is a finite or infinite set of individuals.

A 1s an infinite set of alternatives.

W denotes the set of weak orders on A .

P denotes the set of quasi-transitive orders on A .

@ denotes the set of acyclic orders on A .

Fp 1is the set of all functions from I to & , where X ={, P, ori" .3

An aggregation rule is a mapping ¢ from F]? to de .

Given f ¢ RQ, £(i) denotes the preference relation in GQ assigned

3Arrow only considered the case Q = 0.



by f to individual i eI . If a,b ¢A and JC I, then

af(J)b <==> af({)b for all i e¢eJ . Given f,g ¢ Qe , E(1) = g(i)

on {a,b} wmeans that af(i)b <==> ag(i)b and that bf(i)a <==> bg(i)a .
£(J) = g(3) on f{a,b} means that f(1) = g(i) on {a,b} for all i eJ .

¢ is said to be an Arrowian aggregation rule if it has the follow-

ing properties:

Pareto (P) For all a,b ¢ A and f ¢ qﬁ s af(I)b => ao(f)b .

Positive Responsiveness (PR) For all a,b e A and f,g ¢ Fo ,

{i ¢ I]af(i)b} < {1 ¢ 1}ag(i)b} and ac(f)b ==> ao(g)b .

Independence (I) For all a,b ¢eA and f,g ¢ %e , f=g on

fa,b} => o(f) = 0(g) on {a,b} .

The notion of decisive set allows us to construct a large and im-
portant class of Arrowian rules.

A set of individuals J 1s decisive for an aggregation rule o
if for all a,b eA and all f eEp, af(J)b ==> ac(f)b .

Every family of subsets of I , I , defines an aggregation rule
op where for all a,b eA and f e¢Fg, ac(f)b iff fLer[af(1)b} e T .

Note that the family of decisive sets for is T.

r
We say that an aggregation rule n 1is completely defined by its
decisive sets if = op for some family of subsets T' . For the remainder
of this essay, we shall restrict our attention to Arrowian aggregation
rules completely defined by their decisive sets.
If op is an Arrowian rule, then
(1) 1 ¢l
(2) Ael, ACB=>B¢el.

A less obvious, but more important fact is that T will possess some kind

of finite intersection property as a consequence of being an a?-aggregation



Tule for @a: Q_.’P, OI'V.

Proposition 14
() 1If Op FQ - Q—, then T 1s a prefilter

(8) If op :Fp= P, then T is a filter
() If op: Ry~ W, then I' is an ultrafilter

Recall that ' is a prefilter if it satisfies (1) and (2) above
and the intersection of any finite subfamily of I' is nonempty.

I' is a filter, if it is a prefilter and the intersection of any
finite subfamily of I' belongs to T .

I' is an ultrafiler, if it is a filter and for every subset JC I,
either J eT" or J , the complement of J ¢T .

In all cases, we assume that @ , the empty set, £ 7T .

Originally, we introduced the formal language £ as a means of ex-
pressing properties of a given preference relation P over a set A of
alternatives. If Q is a weak Horn sentence in [ then we shall now
congider all the binary relational structures 77? = <X,R> such that «
ig true in K? . In this event, 777 is said to be a model of « .5 It 1is
important to note that 1if 7((&) is the class of models of «a , then
7n?= <A,P> , the original binary structure, may or may not belong to
71(&) . Similarly, if @ 1s a set of weak Horn sentences in £ , then

7’((@) will denote the class of models for @ , that is 7773 7\'(@) iff

4See [1} for a discussion of the normative content of the assumption that
I' is a prefilter, filter, or ultrafilter, See {2] for a proef of Propo-
sition 1.

5The definitions and concepts of model theory as they are used in this
paper may be found in [3].



every sentence in @ is true in 77/.

Consider the sentence (Vx){(Vy)(Vx)(xPy A yPz ==> xPz) . A wmodel
for this sentence is the set of commodity bundles, where P 1is the re~
lation of "preferred to" induced by a utility function. Another model
is the get of infegers where P 18 the relation of 'greater than.™
A binary relational structure which is not a model of this sentence is
the set of living males and we define the relation as "is a father of."

1f {Pi}ieI is a family of preferences over A , then we shall
consider them as binary relational structures 77?1 = <A,Pi> y 1 el
If T 18 a prefilter, filter, or ultrafilter over 1 . Then <A’PF>
is called a prereduced subproduct, reduced subproduct, or ultrasubproduct
respectively. Where for all x,y eA , xPpy iff {1 e I|xPiy} el .

Let ® be a set of weak Horn sentenceégng];)and ‘h(aéinihe classwn
of models for ®. Anarbitraryclass ofmodels \K is said to be closed
under prereduced subproducts, if every prereduced subproduct of every

family of binary relationsl structures {xq&}iel s where zﬁg = <4,P.>,

i
belongs to 'f( . If '1f = ?{(@) for some family of weak Horn sentences
and ?{ 1s closed under prereduced subproducts, then we will say that the
gsentences ® are preserved by prereduced subpreoducts. Similarly for
reduced subproducts or ultrasubproducts.

Clearly, if ?{(@) is closed under reduced subproducts then any
Arrowian aggregation rule or defined by a fiiter [ preserves @ .
That is, for all assignments f , cr(f) is a model of ® ., Moreover,
if 1{(@) is not closed under reduced subproducts, then there exists

a set of alternatives A, a set of individuals I , an assignment

g , and a filter T over I such that Op 18 not a model of 8.
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Similar.atatements hold for ultrasubproducts and prereduced sub-
products.,

Hence our preservation theorems are immediate corollaries of the

following two theorems of S. R. Kogalovskij [6].

Proposition 2, 4{ is closed under ultrasubproducts iff there exists a

set of universal weak Horn sentences such that ?( = 1§(GD .
185 {mi} 1g) 18 2 famlly of binary relational structures,

Tﬁ= <A;,P.>, then the direct product 77?= <A,P> 1is the set A= T4

ieI i

and for all f,g ¢ A, fPg iff f(i)Pig(i) for all i eI .

Proposition 3. 7? is c¢losed under reduced subproducts iff there exists

a set of universal weask Horn sentences such that 3k'- 7%(@) and 72 is
eclosed under direct products.
The following lemma due to Chang and Keisler [3] allows us to give

a simpler version of Proposition 2.

Lemma 1. Let & be a universal weak Horn sentence. Then O is preserved

under finite direct products iff & is a universal Horn sentence.

Propoaition &4, 7«’ is closed under reduced subproducts iff there exists

a set of universal Horn sentences, ® , such that ?? = 5@ .
Our final proposition, concerning prereduced subproducts, is a straight-

forward consequence of Kogalovskij's two theorems.

Proposition 5. %( is closed under prereduced subproducts iff there exists

a set of universal negative Horn sentences, ® , such that ?%'= }f(®) .
In general, Proposiéions 2, 4,“and75 are most useful as sufficient

conditions for preserving certain types of sentences under Arrowian aggre-

gation rules.
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If one has a given property, like semiordered, which can be ex-
pressed in terms of the following universal weak Horn sentences, O,
(1)  (¥x) pPx
(2) (vx)(Vy) (Vz) (VW) (xPy A zPw ==> xPw V zPy)

(3)  (¥x)(Vy)(Vz)(W)(xPy AyPz => xBwVwPz)

Then, by Proposition 2, we know that they are preserved under ultrasub-
products. Hence Op Ppreserves ® for all ultrafilters T ., If op

is the aggregation procedure, then we can extend Hansson's proof that
the preservation of quasi-transitivity forces T to be a filter to the
case of semiorders. The following example ghows that if Op is defined
by a filter T, then GF need not preserve semiorders:

{x,y,w,2]

{1,2}

It

A

=t
]

4]
]

1 {(x: y), (z,w), (X,W)]

)
]

2 {(K:Y): (z,w), (Z)Y)}
r =f1)

P1 and P2

by op is P, ne, = {(x,v), (z,w)}, which is not a semforder,

are gemliorders over A and the social preference defined

Hence, we have shown that, in general, the only Arrowian procedure
Or , over a finite set of individuals I , which aggregates semiorders
into semiorders, is dictatoria1.6 See [8] for a similar result.

In the introduction, we asked is continuity of preference relations
preserved under aggregation. This question cannot be resolved by the pro-
positions in this paper as continuity is a second order notion. That is,

it requires quantification over sequences {sets) of ordered pairs of alter-

natives.

6Every vltrafilter T over a finite set I 18 of the form

I'={ac1fi, eAl, where {, is the "dictator."
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