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THE PRICE OF MONEY IN A PURF EXCHANGE MONETARY ECONOMY™

by

Ross M. Starr

"Shew me the tribute money. And they
brought unto him a penny.-

And he gaith unto them, Whose is
this image and superscription?

And they say unto him, Caesar's.
Then saith he unto them, Render therefore
unto Caesar the things which sre Caesar's.™

Matt 22:19-21

I. The Role of Money and Its Value in Exchange

Money is peculiar among commodities im that its usefulness depends
on its price., In the terms of the classical economists valuve in use varies
directly with value in exchange. In this essay the term “price of money"
will mean for money precisely what the "price” of any other commodity means
for that commodity. Price is a number which, taken in ratio with another
guch number imndicates a rate of exchange between twe commodities. If pm >0
is the price of money and pn is the price of good mn ;, then pn/pm is
the number of units of money which must be traded (spent) on the marke: in
order to acquire (buy) ome unit of gosd n . This wusage iz at variance
with twe standard approaches. It is sometimes woted that meney is the unique
comsodity performing the function of numerasire. Thus ite "price” is set
identically equal to unity. Altermatively, the term "price of money” is
often used to denote the rental rate of money, that is, the rate of interest

[6]. Neither of these last two usages emnters hers,

*It iz a pleasure to acknowledge the advice and criticism of K.J. Arrow who

bears no responsibility for errors im this essay. The research described in
thie paper was carried ocuvt under gramts from the National Sclence Foundatiom
and from the Ford Foundation.



It would not upset the theory of value if.water ¢r diamonds had a
price of zero. But the theory of money depends on money having a positive
Price. Unfortunately for thisz theory it is far frow clear that the price
should be positive [4, 8, 9, 10]. This follows after all since modern money
~=debt instruments rather than items decorative or uvseful im themselve§=c
genierally consists of useless pieces of paper or accounting units whose only
use is to eventually be exchanged for some nom-zero quantity of other goods.
Money is accepted because it is accepted. But {f the price of money were
zero then for even arbitrarily large amounta of money ome could buy precisely
nothing. If money were not accepted them it would mot be accepted because
it would not be accepted. Thus when the price of money i{s zero there will
be no unsatisfied demand for meney. Hence, there ig an equilibrium in which
the price of money is zerc., This is argued more completely below.

Further, it is distressingly easy to find ecemomies in which zere is
the only price of money consistent with equilibrium. Consider an economy
over time with a finite horizon. With only one exception [2] this is the
only treatment of time in which we can show that there exists an equilibrium,

Near the terminal period the ecomomy will be imbued with a Weltuntergangstimmung,

Clearly there i8 no point in having a pesitive money holding at the end of
the last pericd; at any pogitive price of money consumers will seek to

trade money for goods to be consumed before the emd of the world. But no
one with any sense will accept money during the last peried in exchange for
goods. You can't take it with you. Seo the price of money in the last period

will be zero. Money is useless during the last period.



_ But then in the next to last period traders should be wary of accepting
money. Since the price of money is zereo in the last peried there is ne
point in getting stuck with any money at the end of the next to last period.
So the price of money will be zero in the next to last period as well.

But this argument can regrezs indefinitely so that the price of money is
zero in all perieda. We have argued then; that in any discrete time finite
horizon model in equilibriuwm the price of money will be zere in all periods,.
This is the argument of {93] and of Thevrem 4 below.

What to do then? Net only is it conceivable that there be an equi-
librium where the price of money is zere. Imthe oniy model in which we can
show there to be an equilibrium, zero is the only price of money consistent
with equilibrium. But in order to write any meaningful monetsry the@ry;
the price of money wust be positive. Prospects look bleak indeed for the
integration of wmoney and value theory.

Part of the resolution of the difficulty is ¢o note that it is some-
what contrived. Though finite horizoms are convenient to work with_we
don’t really believe in the end of the world occurring at a definite
future date. S¢ it 15 mot too unreascnable to impose termimal conditions
on money holdings--vaguely analogous to terminal capital steock conatraints
in finite horizon growth medeis--to eliminate depletion of money balances
in the terminal period. A¢ is shown in Theorem 3 below, an appropriate
depletion constraint can insure that in equilibrivm the price of money
need not be zere, Unfortunately there is still an equilibrium where the
price of money is zero. The argument is symmetric after all: if money
is accepted because it is accepted, then momey i® not accepted i it is

not accepted.



Consider a_trader who has an apple which he wishes to exchange for
an orange, Suppose the prices of the two commodities are equal and their
relative prices are unaffected by changes in the price of momey. Our trader
takes his epple to ﬁarkgtg trades it for moﬁey at current prices, trades
the money for an oramge. If the price of m@ney falls, he will require more
money to wske the same trade., A® lunmg as the price of momey remalne vositive,
the momey required for this tramsaction varies inversely with the price of
meney. Let pa denote the price of an apple (assumed egqual to the price
of an orange) and ﬁm denote the price of momey. Then the wmoney deﬁan&ed
to execute the tramnsaction is p&/pm 0

What happeng when the price of money is zero? At that point momey
18 merely worthless paper. A hundred pileces of worthlese paper buy the
same number of oramges a3z one piece which buys the same a3 no plece. When
ﬁm = @ the trader does equally well with meney holdinmge anywhere in the
n@nwn@gétive reals [0, o) . Thus the "money requized” c@rre&p@ndence is

-
for ﬁm >0

s P

mp ) = <
[0 ) for p=10.,

.
The importent implicatien hers is thut there is & point in the “soney required”

{demand) correspondence which tells us that when the price of money f& zero,
there need be no demand for momey: U0 ¢ w(0) . This suggests that at a
price of zero the market for momey will not experience the excess demand

required to raise the price.



But when the price of momey (the value in exchange of money) is zero
there can be no monetary exchange. OQur trader will be forced sither to
cuntent himself with consuming an apple rather than an orange, or he will
--an option not further comsidered in this essay--resort teo barter,

How can we eliminate the possibility of the price of wmoney being zero
in equilibriwe? In order to do this we must arrange that whenever the price
of monevy 18 zero there will be & positive excess demsnd for moaney. Abba
Lerner summarized an appropriate amd realistie techmique for achieving

this [61:

The basic conditicn for {money's) effectiveness iz thar it
should be generally acceptable....The modern state can make
anything it chooses generally acceptable as money and thus
eztablish its value gquite apart from amy commectiom, even
of the most formal kind, with gold or with backing of any
kind., It is true that a simple declaration that such and
gsuch is money will not do, even if backed by the most con-
vincing constitutional evidence of the state's absolute
sovereignty. But if the state i willing to accept the pro-
posed money in payment of taxes and other obligatioms to
iteelf the trick is done. Everyome who has obligatioms to
the state will be wiliing co accept the pieces of paper
with which he can settle the obligations, and all other
people will be willing to accept these pieces of paper be-
casse they know thsat the taxpayers, ete., will be willing
to acgcept them in turno.

Taxes can be used to create a demand for money independent of its usefulness
as a wmediuw of exchange, thereby ensuring that ifts price will not fall to
2Era.

In the example above, we can use taxes to put & floor om the trader's
demand for money, even at a price of gzero, so that when the price of money
is zero, there will be sufficient excess demand to drive the price up.

in this instance the new "money required” correspondence may look like



a
P for pm >0
pm
m
m*(p ) =
[7;4e) for p=290
where + > 0 1is a tax payment. Appropriately chosen taxes, T, will

ensure that there is no equilibrium with the price of money equal to zero.

11. Trade in a Monetary Economy

The central fact of a monetary economy is that goods are not traded
for goods. Goods are traded (scld) for money and woney is traded for (buys)
goods. The task then is to write out a general equilibrium model which
embodies this aspect of a monetary ecouneony. A far more 4
damental task--one I will not attempt here--is to discover conditicns uliich
will ensure the establishment of a monetary economy. In actual economics,
we observe that the use of money is almost universal, but this does not stem
from the impossibility or illegality of barter transactions. To the casual

empiricist this would seem to be simply because monetary exchange is more

cifieiont or nove convenient thoan havter  And cortainly, when an individual
Cooomciory Ve barier cmchonooe U6 ds ou these grounds.  But from the
viewpoint of the theorist, noihing hove fu ouxploined by assuming the obvious

--that money is used because it is usoful--any more than one "explains"
the law of gravity by assuming that unsupported objects are likely to fall.

What is called for is a general equilibrium model which includes both barter

*Professor Sontheimer's significant study 10 ] unfortunately makes usce of
just this sort of half explanation.
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and monetary exchange as special caseg where those properties of monetary
exchange which cause traders to choose it over barter dsvelcp as the result
of more fundamental consideraticans. Let's proceed to the more modest task

of modelling the monetary econcmy. There are N real goode; money iz the

st . - Y i -8t
N+1 gecd. The real goods will be dencted n -1, 25 ..., N . The N&l
gocd, money, is denoted w . Traders are siements of the set T . Each t
=t . .
in T has an endowment x > 0 ., ard a continuous wtility functicon
ut(xt) en possible consumpticns [elemsnts of the nonnegative arthant of
N . _ . . c . s
R™ ). u, o is suppessd Lo e semi-slrictly guasi-concave, ond to fulfill

~
o

. " .
s L i 7 . c PP P
gstrong monctonicifty. That is x° >x implies ut\x j = u lx) and

b

{¥ ut(y) >wu {x}} 1s wonvex fur =ul x . Further, one distinguistes

betwezn buying; P, end selling; o , traossctions. &p individual’s

vrades are characterizsd by what goods he buys and what goods he sells.

., ] -
b, AN T

Trader t's trade will be represented by ¥ - ¥  has an sulry

% . . . ,
y.sn for each of the Nl commodities n ; and each of the two peossi-

bilities, § = ¢, B, selling or buving. yta is trader t’s selliing
t - : o
trapgacticns. ¥ R Y eoppoged of Tlows of goods from +  ©0 the market

and flows cf meopey from the market to T .

(1) | y® >0, A iy eee, N
(1m) YO

L

th is t's ‘Dbuving transactions. yts is composed of flows of goods from

the market to t and flows of money from + to the market.

o~
4V
&
§
e
=
\'
D
)

811 0 =1, ecoy N,

(2m) S0,



yt ig the vector of both t's buying and selling transactions.

y o= ™ Gt

At the end of trade, trader ©'s holdings will be subject to nonnega-
tivity constraints., t can't sell whst he didn't have to start with and

didn’t ecquire in trads,

. -t | o, " ,
{33 x4 vtﬁn - ytan P, for no= [ s N .
Price vectors will be slements of P, the unit simplex in EN+1 .
N+l Nt
et P={plpegk , p>0, v B, = 1Y . Prices are the same for buving
n=].

and selliing. If one wished to ewtend the snalysis to a model with trans-
actions costs it should not be difficult te let buying and selling prices
differ merely by dovbling the dimensiomality of the price space.

& recurring problem in a finite borlzonm model with money is tche
rendency for money to be dumped om the market at the end of trade, forcing
its price to 0. To prevent this, ¥ will consider several posesible constraimis

on depletiom of money balances To start, consider

4 A £ £
ih. L} L y Om . yt £

{D.1) is the constraint that trader ¢ can't spend more money than his
receipts from sales plus his dnitial sndowment. (D.1) is merely the extension
to money of the nonnegativity constraing on final bholdinge thar has been
enunciated for real goods above. It will be seen below that (D.l) is not

a sufficiently stromg comsbtraint to prevent the price of money from going



to zero. An alternative constraint is (D.2) Xt ytam + thm = xt s

or equivalently (D.2'} yt&u - ytam = 0 . (D.2) amounts to saying that

the trader camnnot spend more money than he takes in, independent of his
initial endowment of money. This would make sense if the present model

were one element in & sequence of economies over time, taken tc be unchanging
in the course of time, that is, & steady scate. An alternative interpretion
of (D.2) is that ir makes the role of monev in this model that of a medium
of exchange rather than a store of value. This follows inasmuch as (D.2)
eliminates money's store of wealth Ffunction by requiring that the store

not be drawn down. Under (D 2) ¢'s initial endowment of money will en-
bance t's liquidity but his consumption will deperd on the valiue of his
real ezndosment noc¢ on his initisl money holdings.

A third form of depletion restriction I will consider is one where

the constraint varics with prevailing pricos.

i

s " "
(n. 3} ;:Lm yi-.m . Yt‘)m

where gt(p) is a continuous function of prices; there may be a different
gt(p) for each t ¢ T . One way inzerpret this restricticn in terms of
a gequence economy a3 a saving requirement depending on prices. Note that
if gt(p) # e then, in squilibrium, there i a change in money holdings
gmong traders from the start to the end of trade., 1t will appear below
that Gt(p> is closely related to the tax fnncti@né gt(p) to be developed
in the latter part of this essay.

Having defined the constraints te which trades may be subject we can

now define trader t's possible trade sat Yt . Yt will of course depend



10

on which of the three money balance depletion comstraints we decide to

impose. 1In addition to one of the depletion comstraints all trades will

be subject to the constraints (1},

Thus; if we decide to require (D.1} trader

the set
Y; = (yly e 2D fuifills
Under (D.2) trader t°s

v e (yly ¢ BT fulfills
Simt lariy
Yz = (y|y ¢ B2 falfills

Budget constraints apply separately to

In the standard gemeral equilibrium model, of

only one budget constraint.

can receive from the market goode whose value

(lm);, {2);

(1), (lm),

possible trades are

(1), (Im);,

(1)y (lm)y

There the budget

t'u

(2m}, (3) discussed above.

&8 possible trades will be

{2}, (2m), (3} and (D.13} .

(23, (2m), (3) and (D.2)} .

{2), (3m), (3) and (D.3}} .

buying and selling transactions.

course, each trader faces
constraint says that the trader

at market prices does not

excead the value of the goods the trader suppiies to the market at those

prices.

The twofold budget constraint here reflects the two reguirements

that the trader must supply Lo the market commodities equal 1n value to his

money receipts from the market at market prices, and that the trader must

pay to the market money egqual in value at market prices to the goods he

receives from the market,

The constrainte then are
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(49@) p"y = ﬂ ?
(4.8) poy P o 0,

Given the depletion conmstraint and prices we can now write t's trading
oﬁportunity get, This set consists of those trades consistent with thg chosen
money depletion comstraint, the budget constraints at prevailing prices and
the ether requirements abeve--(1), (Im}, (2}, (2m); {3). Thua; t's trading

opportunity set under depletion comstraimt (D.1), $ =L, 2, 3, is
i i -
T.(p) = {vly e Y, s ¥y fulfills (4.) and (4.B) &t »} .

It is from ni(p) that trader t will choose what trade to make., If he
~chooges y ¢ ﬂi(p) then his consumption bundle ¢comsists of his original
endowment plus his net trade. Consumption is wt = ;t = ya +-yB « The

trader gets no satisfaction from money; utility varies only with the first

N elements of wt . Under depletion comstraint (D.1) t's choice corres-

p

pondence then is 7i(P) = {viy e ﬁi(P} » whom xC - ya +y maximizes u(w)
subject to ¥ ¢ niwﬁ o

For some D, ni(p) may not be bounded so Vi(p) may be empty.
As a technical convenience I introduce a bound on the sets under comsideration.
This is an artificial comstraimt; it will not be binding in equilibrium.

¢ E@(N+I)

If x s let Ax = x+ +x ., That i8 Ax is the vector each of

whose components is the absolute wvalue of the corresponding component of

% » A# the bound considers

2™ s caeFxasEIn.

= {x|x e
jeT JeT
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Thus, limiting consideration to elements of § amounts to restricting con-
sideration to trades involving less than twice the economy's endowment.
Not a particularly severe restrictiom. _

Let ﬁi(p) = ﬂi(p)fl ¥ - ﬁi(p) is trader t's truncated (by“ ;)
trading opportunity set at prices p with depletion comstraint {b.1).

When t chooses a trade in ﬁ%(?) s we should choose an element of

p

?i(m ={yly e ‘ﬁi(w ; W o=xt o y¥ 4 9P meximizes u (¥} subject to

¥ & ﬁi(p)? )

Clearly ?i(p) is the counterpart of 7:(P) in the case where choice is
constrained to be within ¢ . In equilibrium the comstraint will not be
binding so ;i(p) and yi(p) will have at least one point in common.,

it iz fairly easy to gee that the function gt(p) in (D.3), if not
suﬁtably restricted; can make the analysis vacuous. For example, if qt(p)
required trader t to amass a large final money balance at unfavorable
commodity prices--im particular if the value of the required money balance
is greater than the market value of the trader's endowment--then it might be
impossible simultaneously to satisfy (1)-(4), (D.3). Insucha case ni(p) would
be empty. To avoild this I adopt the following:
Restriction or s, { p'

For all pe F |

and
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The restriction ssys that under (D.3) no trader will be required to accumu-
late money holdings greater in value than his origimal endowment, nor will
he be required to accumulate money holdings twice as large as the stoek of
money in the whole economy. The 4wo parts of the restriction serve to ensgure
non-emptiness of nsﬁpﬂ and %S(P) respectively.

Lemmas 1 and « establish technical characteristics of L ﬁ 5
Yy, and ; . While of interest in themselves, these properties do not enter
essentially in the anelysis bslow. Their preocfs and some other lemmas
concerning 1 ; % s ¥ and % are in the appendix.
Lemma 1: ﬂi(P) P) ﬁ%(y) are convex and nonnull for each 1 , p , and
ﬁi is contimuous In p at 811 p < P Buch,fhat Pm >0,
Lemma 2: For each i , %i(p) is nomnull; convex for all oD . ;i(p) is

upper semicontinmuous at all p 2 P suzh that pm >0 .,

The restrictionof lemmss L and 2 to regions where pm >0 reflects

8 fundsmental technicasl problem in this field. Consider p0 £ P with

pOﬁ = and for some commodity n p@n = Q . Then at prices po a typical

trader can buy arbitrarily large quantities of good n . But consider

ik v

p¥ = p° such that p" = kpY" . For any v, if ¥V ¢ ﬂz(p”) s

yvBe < -% £ W™, But there may be ¥ ¢ ﬂi(pa) with yoio >-§ g ¥,
JeT JeT
This is why ni(p) 5 trader t's budget set, will not in general be

lover semicontinuvous in & neighbtorhood where pm =0 ,

Thie is vaguely enalagous to aspects of Hahn’s [5] . He also found
that budget sets may fail to be lower semicontinuous in some areas of

the price space.
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I1T, Egquilibrium in the Monetary Economy

Let 2 = {xlx ¢ BV¥L) 4 <zt =¥y,
JeT
= Xy, 11,2, 3.
JjeT
Q= X §o
7|

Concelvabie attempted trades in the eccnomy are elements of 'ﬁi +  Stuch
a point lists for each trader J an element of his possible trade get Y§
under depletion restriction (D.i). Q is an artificially bounded wversion

of Q. On the basig of attempted trades we can compute exceass demands.

Let
£ :0=2Z.

tlx) = = JOLI K&

JeT JeT

Thus for a proposed group of tramnssctions x € () ; the excess demand,

¢(x) ; is the amount sought for purchase, £ oL 5 less the amount

ja jeT
traders seek to supply; Z x
JeT
Definition: Let p* ¢ P, y» « QiL Low* e 4. (p*, y¥, z*) dis an equi-

librium for the economy under depletion restrictionm (D.i) if for all t ¢ T

t tA

(1) y*t € ﬂi(p*) , for all + e T {(ii) w = %5 - y* meximizes ut(w)

for all y e To(p*) , and (i11) 2% = ((y*) and 2% <O .

This is a traditiomal definition of equilibrium. Cne has an equi-
1ibrium when the results of individual maximizations subject to comstraint

imply non-positive excess demand.
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IV. The Price of Mcmeg

We now note & curious property of the monetary economy. When the
value of exchange of money ls zsro, no one can seek to trade. On reflec-
tion this is quite reasonable in the context of the model. We have required
that all trade take place using money as medium of exchange. If the price
of momey is zero then money is literally worthless psper. What will one
sell for worthless paper? Nothing. What can one buy with worthless paper?

Nothing. Thus ws have

Lemma 3: let pe P pY =0 . Then if v ¢ ﬂ?(p) 5 ﬁnyan =0 for all

J QT; igl, 2;3; Hglg eooyNo The same hOldS for all ye‘y‘?(p) ®

Proof: Y;(p) Clni(p) o But v s ﬂ;(p) implies y fuifills (4.q) and

{(h.p) at p . Thus peya =0 , poy8 =0 . Let y° denote the N-dimen-
sionel vector consistirng of the Pirst N componente (the real goods elements)
of ¥ -

&
pey =0

- Cﬁo e
peyd =P ¥

By (1), (1m), (2), {2m) ve have 3" <0, ¥% >0, Bt P® =1 iuplies

20, so

Y

o 4 ]
0 = poy® = oy &

L pey® .

m
TP ey

S0 pmoyan =0 3 n=1l; oasy N &

Q,o E.D,
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Lenma 4: Let peP. p =0, p >0 all n=1, ..., N. Then for

each j e T, ye ﬂ;(p) implieg y° = 0O ; Oe ¥

1t o(p) <¥" in (D.3) then O ¢ el s 0 e vl

Procf: By Lemma 5 we have ¥ ¢ n?(p) implies py™® =0 . But pe >0

. n
for m =1; cooy N s0 ya

=0 Ffor Hglg ooo;Na Thus ycgc}e

Under

(D.1); (De2), {(D.3) with Gﬂ{p) g}’jm we can gatisfy the depletion con-

straint with 3° =0 thue, O ¢ ﬂé(p) o Further since uj

F
Jm s 4 1is indifferent among all elements of n;(p) « Thus

with W

0« v;‘(p') .

Q,u E. Do

do=s mot vary

This leads ue to the fundementsal quandary of this gtudy. Lemma &

tells us that if we anpounce & price vesior p for the market such that

the price of money is zerc swd the price of goods iz positive then traders

will demand and supply zero quantities of all goods, But if &ll individual

demands and supplies sre zero then sxcess demsnds snd suppliesg are zero in

all markets. The merkete are im equilibrium. p iz an equilibrium price

vector,

But this is & very curious aguilibrium. It is an equilibrium with

po trade, This is mot %o eey thet there are no mutuelly beneficisl trades

conceivable between traders. Rather; becsuse it is requived in the monetary

economy that trade take place through money, there are no effective damends

or supplies vhen the price of money is zerc.

I think there is legitimste guestion ss to the significence of the

equilibrium with zero price of money., Within the bounds of the model the
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implication is explicit: no trade. An slternative interpretation--going
outside the model--is that there is nc monetary trade but that there is
probably recourse to barter. I think this i1s an acceptsble interpretation
but I will not deal with it further here (see [10]). The implication of

the structure of our demand functioms is

Theorem 1: Under (D.l), (D.2), (D.3), with O‘J(po) <3 a1 jeT,
there is am equilidrium for the ecomomy (p°, y°, z°) such that p°™ =0 R

yoﬁOo

Proof: Let p " =0, p >0, m =1, eoo, N. By Lemma b, Oe‘{j‘(po).
But ((0) =0 so (p°, 0, 0) is en equil ibrium. |

Q.E.Ds

The equilibriue (p°, 0, 0) shown to exist in Theorem 1 1s peculiar

in that no trade {ekes place. There is only one case im which such an
equilibrium can be Pareto efficient. It will be Pareto efficient if and
omly if the original endowment of goods, ;J s 1s & Pareto efficient allio-

cation, However, there are equilibria vhere the price of money is positive.

Theorem 2: Under (D.2) there iz an equilibrium (po, yo, z°) for the economy

with p°® >0 .
Proof: Let (p*, ¥v*, z*) De an equilibrium for the barter (Arrow-Debreu)
economy. Choose pOm 8¢ that 1 > pom,> 0 . Let

[+]
p° = ((1 - p®™p*, p°M) ,
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YOI L (IS (2 L g, eI

7P s (P, (1L ey

Thew z° = (2%, 0) awnd elnse (p*, ¥y*, z*} is an equilibrium
(Pap v°, %) 1s an equilibrium.

Q.E.D.

In ao equilibrium with & positive price of monsy trade takes place
unimpeded. Just as & competitive equilibrium is Pareto efficient in @
barter ecomomy (17, s0 a competitive squilibrium with a pesitive price of

money is Pareto efficisnt.

Theorem %: Lat (pgp ygy 2”) be an equilibrium for the ecomomy under
. : = t
(Det)e Let 1> >0, Tan o' «X¥ o 3754 " Lo & Pareto

efficient distribution of goode among t e T .

t

Proof: By [1] it is sufficient to show thet w°° meximizes ut(x)

subject to Poeewote > p%%. %% . Suppose not. Then theres is r ¢ T sgo

. re
that for some x

=

POC‘EG:&T@ < POQQWOI”G 5 ur(xre) = ur(%?@r) .

We will show that this impliss thet y@r is not & meximizing choice im

niEPO) and kence & comtradiction of the hypothssis. Without loss of

o t
generality take pgbox € = pweowgr@ » Lhoogs yr 80 that

r re =Ty
ywﬁi(xhﬁx
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rom ~p°c=(xrc _ Erﬁ)m 1

J om

P
B I s
yrac - (xrc _ xrc)

ol .} o wple re =read 1

y Poo{xT - x )
Y

i o) —ro -
arzc" c nt(po) simce P cc(xre vt ) = p@coxrc _ Poc-irc . Pocc.worc _ pOc:‘xrc

Thus (p°; y°, z°) camnct be an equilibrium. The contradiction proves the

theorem,

QDEDDB

Lerma 5: Let p >0, p >0 for some m =1, oce, N - Then let

v e yj(p) for 4 =1, 2, 3., Then

Procf: Suppose (D.i) is overfulfilled by the amount si . Then there

ion  _fom *yipm < yism *yiﬁn > yibn

15wyl e mi(p) witn o+ L R

;

with the strict imequelity holding for some n . Further by sirong mono-
tomicity of wu *yi iz preferred to yi 8O yi ¢ Y?(p) contrary to
hypothesis. The ecomtradiction proves the lemma.

@ E.Do

ﬁc)':



The gist of Lemma 5 is that when the pricg of money is positive,
the depletion restrictions (D.i) are binding. The mischief one gets into
then when the (D.i) are imsufficiently restrictive now arises. When the
price of mdney'is positive traders will deplete their money holdings to the
point where the depletion comstraint is binding. But if the comstraint
ig not restrictive enocugh this will result in an excess supply of money
on the market and an excess demand for goods--clearly a diséquilibriumn
1f we do mot make the depletion constraints more restrictive the sole al-
ternative is to let the price of mdn@y become zero. This gives us an equi-

1ibrium of the sort in Thecrem 2.

Theorem 4 - In (D.3) let ¥ o.(p) < T gjm

JeT JeT
(pi’ ¥ys zi} be an equilibrium for the economy under (D.i) i = I, 3

for all pg P . Let

(1L 42). Then p‘ﬁ‘fa—a@'o

j 3 p? >0 some mn . Suppose the theorem

is false: FE >0 . Then by Lemma 10

Proof: By insatisbility of u

R R e R
jeT h jeT

30 Oom
which implies ¢ yjam = yjﬁm . But we have 0 = p oyja = Pceyj ¢ +-pmnyj
7 i i i 74 i1 i i

je JeT

= o jﬁ En ca jﬁc mv‘ j&ﬂ
and O Py°¥; ¢ Py R RV o We have then

c_iBc e Jae
[T A jom  “Pe¥i
vy =g s oyyo= m °
Py Py
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By the inequality above then

pc\ po o\
i joie . !
o [ ot s o [ 5L
jeT Py / jeT Py
so for some n = 1, ..oy N, ¥ ygam < % yﬁﬁn o But zg = 3 yiﬁn = % ?gan
JeT JeT JeT jeT

> 0 and therefore (piy yi,'z{) is not an equilibrium; The contradiction
shows that p? e ),

Q.E.D.

Theorem 4 tells us that not only do we face the difficulty of Theorem )
~=that there exist equilibria with price of money equal to zero--but that
in & broad class ef casesz, those where the money depletion comstraints are
not restrictive enough, theMggig‘eqnilibria are those where the price of
money L8 zero. Such a situation could make life in a monetary economy down-
right awkward, Faced with & situation where the equilibrium price of a com-
modity L8 for whatever reason too low the economist's first impalse is to
increase demand for the commodity. The impulse is sound. Tn this medel
the demand for money is based on the depletion comstraint. Ae illustrated
in Theorem 4, when that constraint does not require sufficiently large ter-
minal money holdings the demand for movey is not sufficiently great to lift
the equilibrium price above zers. It will appear below that the converse
helde~-at least partislly--when terminal money holdings are réquir@d to be
sufficiently large, but not so great as teo ba impogsible, the only equilibrium

will be those with a positive price of money.
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Thus,

Theorem 5: Let Uj(p) be Gj(pm) ; @& funetion of pm only.

Let Uj(p) be such tbat there is 0 < b <1 sc that for all pe P

86 that O < pm‘f b, Zop}> £ %™ ., Then there is an equilibrium
JeT jeT

for the economy under {D.3) mad if (1°, y°, 2°) is such an equilibrium

then Pom g TN

Proof: Note that the restriction on 0,(p) iaplies that if Pt =1, p° =0
thea 0,(p) < ™ | Then by the intermediate value thecrem there is p*" ,

5<p™<1 o that Eo(p¥) = T ™ | Consider the barter (Arrow-
jeT * JeT

Debreu) economy with prices om the simplex
N i . i
S={plpe® ;020,85 =1-p*¥}

+.
and where traders, t & T ; choose %% 4o maximize utility subject to

the budget constraint

Pl S

: - tm
pex ¢ < p.x (P L

m
A = ]

o (%) - p

Then there is an sequiiiprium price vector p*@ € 8§ in this economy [3] 0

Let

tom =1, P*@nyyom

thm 1 t8c
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Then p* = (p*°, p*™) is an equilibrium price vector for the economy
under (D.3). This gives existence.

Suppose comtrary to the theorem pom_i b . Then we have
-0 Jm alom e}
N +yjﬁmgﬁj(p)

gROM L pyodamy, g yoitms o (p) > ¥ U™

jET JGT ng jGT 3“,-”:'
b) y@’ij S yo‘jm >0
JeT JeT

L2

Thers 1z excess demsnd for w apd hence (pQ, yO, z@) is not an
equilibrium. The contradiction proves the theorem.

Qﬂ EC DG

Corollary to Theorem 5: Let Uj(p) be & continuous function of p such

that for p- =0 , = Uj(p) > 5 %%, Then there is an equilibrium for
JeT 36T

the economy under (D.3) and if (p°, ¥°s 2°) 1is such an equilibrium then

>0,

Proof: Let b =0 in Theorem 5 .

QoEoDo
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Theorem 5 and ite corsllary tell us that if we can get traders to

fulfill the right sort of terminal money holding comstraint g {p) , that

k|
the price of money will be positive. Why should trader j want to hold
cj(P) of paper when he could scquire goeds instead? He shouldn’t. The
depletion constraint with by far the stromgest claims to legitimacy and

congistency with micro-economic theory is {D.1} which reguires only that

terminal momey holdings bhe nommegative,

Y. The Economy with Taxation

However, the appropriate taxation has much the same effect, If the

government presents trader j with a tax bill for o, (p) payable in money -

i
this will create the same demand for money as the depletion comstraint (D.3),
The rigorous demongtratiom of this statement requires some additiomal strue-
ture; the tax system, Taxe® are merely one more transactiom for our traders.
They are paid in money. Texes are distinct from other money expenditures
only in that they don't buy anything for the trader, The addition of tax
payments to trader j's actions consists merely in the addition of one

p

more component to the vector of his actioms y . Thus y = (yay v, yT} 5
where ya . yﬁ are N+1 dimensional and yT , the trader's tax payment,
is a scalar. Denote the first 2(N+l) components of y , those dealing
with market transactions by ¥' , the final component, that dealing with
tax payments {2 of course yT . It turme out that the distinction amoung
the several depletion conetraints is less significant in the economy with

taxes o we will only require that terminal money holdings after spending

and tax payments be nonnegative, that is,



(D*);tm - ytcm + ytﬁm N ytvr a 6 .
Further, introduce trader t's required tax payment function (which may vary
with prices)} et(p) . Then another constraint on trades 1is that traders

pay their taxes. That is,
£
(5) =9 (p) .

What will be meant by an eguilibrium in the monetary economy with
taxation? Proposed prices, and transactions are said to be an equilibrium
for the economy if for each trader (i) the transactions fulfill the sign
conventiong and commodity nonnegativity constraints (1), (Im),i (2),: (2111);
{3)g (ii} at the proposed prices transactions fulfill the price comsistency
constrainta (G.a), (4.B): (1ii) transactions fulfill the depletion constraint
(D*) ; (iv) traders pay their taxes, that is, tramsactions fulfill (5);
(v} the transactions are individually utility maximizing subject to (i),
(i), (iii); (iv), and (vi) excess demands are nonpositive. That is; we
have én equilibrium for the economy with taxation if in addition to the
other qualities of an equilibrium the point in question includes payment
of taxes., This statement of the problem allows us to use & good deal of
the structure developed for the econcmy without taxation. We can do this

because of

. gD+

Lemma &_: Let . v fulfills {p*} and (5) if and only

1f y" fulfills (D.3) with o (P} =& _(P) .

Proof: (D*) and (5) are x™® - y'™® 4 ¢"P® L y5T 5 o uhich hold if and

tam

only if =% . ytom , CPm 8. (F) 2 0 which holds if and only if
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-t tom i
X ey +ym9t(p)

vhich holds if and only if y fulfills (D.3} with Bt(p) = Ut(p) .

Q:E. Do

Lemms 6 establishes the equivalence of depletionm copstrant (D*)
and the requirement that taxes be paid in the economy with taxaticn to the
depletion comstraint (D.3) ir the economy witbout taxatiom. This equi-
valence allows us to apply the results schieved im the econcmy without

taxation directly to the economy with taxation. We can do this by virtue of

Lemwma 7: Let y@t? = Bt(p@) . (pa, y@, zoj is an equilibrium for the

economy with taxeation if amd only if (p@j ycﬁj zo) is an equilibrium for

the economy without tsxation under (D.3%) with Ut(p) = et(p) .

Froof: Let an asterisk denote functioms for the ecoromy with taxetion.

{ ¢ Q\H . 3/ Q
By Lemma 6, {y'|y ¢ H;Kp ) in the ecomomy with taxstion} = Nip ).
Neither taxes nor fipal wmomey balances enter the utility function so maxi-
mizing elememts of the opportunity eet sre the same {except for the addi-
tion of the tex component) for the two economies, that is YE(p@) - YS(PO)
and ygt € Y:(pa) if and omly if yOtﬁ € Yg(p@) o The remaining conditions

for equilibriuwm ere identical in the two economies.

Q. E. D

Lemma 7 makes life very convenient. It allows us tc extend directly
to the economy with taxaetlion &l1 the rezsults previously derived for the

economy without tuxation under (D.3). Thus
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VI. The Price of Momey in the Feonomy with Taxatiom

Theorem 6: Let ej(P) §§Jm for p =0 for all JeT. Then there is

an equilibrium for the ecomomy with taxatiom such that pom =0 , yOﬁ z0 .

Proof: Theorem 1 and Lemma 7.

Qo E.D.

Theorem 6 notes that if taxes are not sufficiently high when the
price of money is nil then zero iz an eguilibrium price of money and there

ie no trade in goods {though taxes will be paid) at equilibrium.

Theorem 7: Lat (p@, yﬂ, 20}- be an equilibrium for the monetary economy

with taxation and let P@m_> 0 - Then w@t ﬁ';t = yptﬁa + yotnﬂ is &
Pareto efficient distribution of goods among ©+ € T
Proof: Theorem % and Lemma 7.

Qo Eo Do

Theorem 7 tells us that if we can arrange taxes so &s tc keep
the price of money positive, then an equilibrium will be efficient. Theorem

8 telis us explicitly how mot tc achisve this.
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Theorem 8 Let T et(p) < Tx™ for all Pe P . Let °, yo, z°)
teT teT

be an equilibriom feor the economy with taxation. Then pom =0 .

Proof: Theorem 4 and Lemma 7 .

Q.-E.D.

Theorem 8 tells us what class of tax functions are definitely inadequate
to achieve a positive price of money. Theorem 9 finishes the job, telling

ug what taxes are adeguate to insure positvity of pm N

Theorem 9 : Let et{P) be a continuous function of P such that:
(1) for each te T, sll peP, Po.(P)< px
(i1) et(p) is Gt(pm) . & funetion of p° alone,
and

{1i1) there i&8 0 < b < 1 so that for all p so that 0<p <b,

(@< nx .

% 9.(p) > Tx" and for some L>p >b, T
) JeT jet JeT

JeT
Then there is an equilibrium for the economy with taxation and if (po, ym, zo)

is such an equilibrium then po" >0,

Proof: Theorem 5 and Lemma T .

QIEBDG
Corollary to.Theorem 9 : Let et(p) be a continuous function of p so that
for pm =0, ¥ ej(p) > % ;jm and for some p, 1> pm >0, bX Bj(P)
‘ JeT JeT jer

< £7™. ret g, fulfill (i), (ii) of Theorem 9 for all t ¢ T . Then

T ieT
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there is an equilibrium for the economy with taxation and if (po, y°, zo)

is an egquilibrium then Pom >0,

Proof: Let b = 0 in Theorem 9 .

QDEODO

Theorem 9 tells us that a sufficiently exacting_tax system puts a positive
flgor on the price of money. All one has to make sure iz that the tax func-
tion will create an excess demand for money when the price of money iq_belaw
the proposed fl@@f but will allow supply to equal demsnd for money somewhere
at or above the floor. The tax is payable in woney and varies inversely
with the price of monmey., Moreover, the tax is not & tax on any commercial
transaction; it is not a tax on income nor is it an excise, Rather; it is

a capitation, a head tax or pslil tax., This can probably be generalized
without difficulty,

There is a more felicitous interpretation of @ . We can consider
ej(pm) to be a tax on the money value of trader .j“& endowment. Let
ej(pm) = a min [Kﬁ/pm; Ml where 1>a >0, M large, in particular.
a[TIM > ¥ Qjm « f[hen ej will do the job in Theorem 9 . Nevertheless,

jeT
a tax on income or sales will not guffice in Theorem 9 because when pm

= 0
no trader has positive income or sales 2o that any ta. proportional to these
variables will not create an excess demand for money at pm = 0 and hence

equilibrium will remain undisturbed.

VII. Summary

The structure of the problem and its solution are now fully articulated.

In the pure exchange monetary economy we have the following statements:



(1) There exists an equilibrium (Theorems 1, 2; 5).

(11) Under (D.1), (D.2), (D.3) with insufficiently restrictive con-
straints, there is an equilibrium with the price of money equal to zero
(Theorem 1).

(1ii) 1Indeed, under (D.1l) and (D.3) insufficiently restrictive, the
only equilibria are those with the price of money equal to zero (Theorem k).
Under (D.2) there are equilibria with positive price of money (Theorem 2).

(iv) Under (D.3) sufficiently restrictive there are equilibria a.d
they all have positive price of money (Theorem 5).

(v) Similarly, a sufficiently exacting tax system will ensure that
the price of money is positive in the economy with taxation {Theorem 9 )
but,

(vi) an insufficiently exacting tax system will have equilibria
with price of money equal to zero, indeed, these may be the only equilibira
{(Theorems 6, 8 ).

(vii) In an economy with or without taxation, an equilibrium with

positive price of money is Pareto efficient (Theorems 3, 7.
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APPENDIX

Technical Properties of Budget Sets and

Choice Functions in the Monetary Economy

Lemma 1: ﬂ%(p) 5 ﬂi(p) are convex and nonnull for each i , p ; and

ﬁi(p) ig continuous in p at all p € P such that Pt >0 .

Proof: Convexity is trivial. Continuity requires both upper and lower

semicontinuity. Let p¥ -1p° , vV e ni(p

of pﬂyt8 £ e 2, and for 1 + 3, continuity of Utﬁp) )

V) P yv ~ yo then by continuity

v° e ﬂi(po) . This is upper semicontinuity. Let p” - 22, 9 e ﬂi(po) s

p°™ >0 . To show lower semicontinuity we need to find yV ¢ nt(p”) 50
that yv - yo . The construction below is written in terms of (D.3). To

write the proof for (D.l), merely substitute O for Ut(p) ; for (D.2)

substitute }tm .

Consider ¥° defined as follows:

Let " m
o T o
PO = (min (1, LT— 1)y
p oo
v
avam __ pY° avoe
y T
P
ofm
oBc
;wﬂc = (min [1, - yvc — 1) ¥
p ofc
m * Y
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PP >0 for v large so ¥ is well defined. y° fulfills (1), (1m),

(2), (2m), (3), (k.q), (4.8) but ¥ may not fulfill (D.3) at p” .
We can now use y° to construct y¥ which fulfills (D.3) as well.

Lat

13

R

~te ~NOX
+ k(x = O.'Q; "?Bc) )

¥ (k) y

c
Mo
POy B L MR

i)

vAm. ¢ v
v P ) “Eﬁ v k), for 0 <k<1.
p
A%
y (k) fulfills (1), (im)}, (2), (2m); (3), (4.a), (4.B) and by the res-
triction on 0, (p) there is k, 0 <k <1, so that y (k) fulfilis

v
(D.3) at p . Let k° be the smallest such k . Then by continuity

of Ut(p) we have Ut(Pv) - Ut(po) implies k¥ = 0 so0 yv(kv) - ?M - yo
v
Thus, letting y~ = v (k) we have y ¢ ﬂi(pv) ; y’ = y° . This proves

lower semicontinuity.
Under (D.1), (D.2) nonnullness is trivial since for all p € P,

0 ¢ ﬂ%(p) ; O¢ ni(p) . For (D.3) note that if PP =0, Oc¢ nf(p) by

e - Oom 1
the restriction on Ut(p) . If pm'> 0, teke Y = xjc A
‘ p
- 8 —t 1
yB =0 . y fulfills (1)-(4). N v Yy e T = p°x° =
. . N p
lﬁ px’ > Ut(p) by the restiction on o .. Thus y e nz(p) and. ﬂz(p)
P

&

is nonnull. If y £ ﬂz(p) then let y' =y(-2 Z Ejm/y“m) . y' fulfil
JjetT

Ll

%Y

1s

H
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(1)-(k4) being merely a scalar multiple of y which fulfills (1)-(4).

2 £
tm _ —tm Jer am Brm
vii=xT - (y oty )
y
=X g o (p)
JeT

by the restiction on Tl - y' € nE(P) since y' € ¢ , in particular,

y™M <2 5 w¥m
- JeT
Q.E.D.

~

Lemma 2: For each 1 , yi(p) is nonnull, convex, for all p . Yi(P)

is upper semicontinuous at all p € P such that pm =0 .

Proof: Convexity follows from quasi-concavity of ut(x) .  Upper semi-
continuity is shown by [ 3], Section 1.8.k(}4). yt(p) is nonnull since

ﬁt(p) is compact, u,_ 1s continuous and hence achieves its meximum on

t

ﬁi(p) .

Ierma 8: Let pe P, ye¢ Yi(p) . Suppose for some n° = i, ..., N,

o] | I i
y >0, ygn >0 . Then there is y' e yt(p) g0 that either
lano o

y =0 or y,an = 0 or both, and y'8 @ B @

-y'"T =y -y

o} o
Proof: Without loss of generallty suppose yom > yﬂn « Then let

(=] Q Q o
. o]
OB Ly B By 8 g8 por b, 8, n 0,

o _0
y.5N+l - y5N+l + B fn

N+l , Py . y satisfies (D.1) implies that y'
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' “"ta . o ' B .;ut (o1 B .
gsatisfies (Doi). W' =x -y 4+ ¥y'" mwx -y 4+ 3y =w sgo that y

maximizes ut(w) implies y' does also.

8nC an” Bn® n® o’ n’
P Y ¥ D I ¢ Sl Ll

o ©
= g8 g1

QD EO D.

The implication of Lemma 8 ig that there are no wash sales (simul-
tanecus sales and purchases of the same commodity by & given trader). More
pracisely, vwhenever a wagh sale Is chosen It casn be replaced by a trans-
action without wash sale. In ihe absence of Lemma 8 we would face the
difficulty that transeactions might be unbounded, consisting of.simultaneous

arbitrarily large purchases snd sales ty the same trader-.

Lemme 9: Let yt € yi(p} for scme T ¢ P, a&and suppose yt ¢ Interior
of ¢ with the possible exception of the N+15t elements of yta B

ytg . Then yt € Yi(p) o

Proof: Suppose not. Then thers iz y' ¢ ni(p} 80 that ut(w‘) > ut(w)

- +
L R L y”a + yta . But for @ =0

where w' = %% - y'a +y
sufficiently small oy’ + {l=a)yt ¢ ¥ and hence by semi-gtrict quasi

concavity of u , wu (a4 (l-ojw) > ut(w) . But %then yt 4 yi(p) R

The contradiction proves the lemms. The exception of NﬂlSt elements
is irrelevant since there is no utility for the N+lst good.

Qe J I D.
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