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I. Introduction

1.1. Objectives of Paper

Two controversial questions in the theory of public fimance have

been: (a) What are the effects of alternative tax policies on risk taking?
and (b) Should the govermment tax safe industries at a higher or lower rate
than risky industries?

The earlier concensusrthat income taxation reduced risk taking was
destroyed by the clasgic article of Domar and Musgrave [10], which argued
that proportional taxation léd to an increase inlrisk taking prowided there
were adequate loss-offset provisions. More recently, Messin {14] #nd
Stiglitz [19] have shown that the Domar-Musgrave conclusions are only valid
under certain restrictive assumptions about individuals’ attitudes towards
rigk taking, namely, that either (a) the risky asset is an inferior good,

i.e. as wealth increases, less of it is demanded, or (b) as wealth increases;
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their helpful comments.



;he propqrtion of wealth h?ld in"the safe asset increases but the absolute

amount held in the risky asset also increases.l

But all of this has been limited entirely to the analysis of the

demand side of the market. There have been few investigations of the ef-~

fects of taxation om risk taking in the context of a general equilibrium

model.2 It is important to extend these partial equilibrium results to

general equilibrium models for three primary reasons:

(a)

(&)

(c)

The results from the demand and the supply side may be contradictory.
This is illustrated by the following exampie; taken up in detail in
Section 7. Under certain provisions of the tax code, namely that in-
terest payments are exempted from corporate profits taxes; it can be
shown that all firms that can, will increase their supply of bonds;3
on the other hand, under suitable restrictions on the utility functi@ns;4
it can be shown that, at given prices, all individuals will decrease
their demands for bonds.

No account 18 usually taken in the partial equilibrium acalysis of
the proceeds of the tax. It will turn out that the effects of, say,
an income tax depend on the assumptions one makes about whether the
proceeds are thrown away, or used to provide commodities which are
clogse substitutes to the other commodities om which the individual
spends his income.

It is important to know how the changes in demands for securities,
i,e. in portfolio composition, lead to changes in the real investment
of the economy,

The first purpose of our study then is to analyze the effect of taxa-

tion on risk taking in the context of a general equilibrium model.



The normative question of the optimal structure of taxes is, of course,

a much mpre_fnndamental and interesting question. As we shall note, the

specification of the objective function of the government is crucial in

the analysis. The structure of optimal taxes in general equilibrium models

has been the subject of several extensive recent studies, ([ 9, 25]) and

a second objective of our study is to extend these results to the taxation

of risky and safe industries.

1.2, Alternative Tax Structures

In this paper; we consider a number of alternative tax structures:

(a) We need to distinguish between taxatiom on investment in a given in-

(b)

dustry and on profits (output) in the given industry. Both are commonly
employed, often in conjunction with one another. An investment credit
is a negative tax on investment while a sales tax on machinery is a
positive investment tax. The usual profits tax with depreciation al-
lowances may be thought of as combining a positive tax on the profits
and a negative tax on investment. Because profits are stochastic,

the revenues generated by a profits tax are stochastic and changing

the tax structure changes the probability distribution of the govermment's
revenue (the patterns of returns across the states of nature),s This
introduces a number of difficulties in evaluating alternative tax struc-
tures which are discussed in detail below.

Different tax systems may impose different tax rates on different indus-
tries or may distinguish between the form in which the profits of the
firm are distributed, e.g. payments to bondholders and shareholders

may be treated differently,



(c) We must specify what is done with the revenues derived from the tax.
We will consider in the subsequent discussion two polar cases: (i) the
revenue from the taxatiom does not affect the individual's allocation
decisions {e.g. it is thrown away), or (ii) the government uses the
revenue to provide lump sum payments or a commodity which is a close

gsubstitute in consumption to the private good,

1.3. Plan of the Paper

After presenting the basic model in Section 2, Section 3 uses the
simple mean-variance diagram to analyze the effects of profits taxationm.
Section 4 derives the optimal tax structure for investment taxes for the
case where there are only two industries, while Section 5 discusses the
equity considerations involved im differential treatment of safe and risky
industries. Section 6 investigates briefly the implications of price um-
certainty, while Section 7 discusses the effects of tax structures which
differentiate between debt and equity. Finally, Section 8 summarizes the

major conclusions of the paper.

2., The Bagic Mnde16

(a) Techmology. 1In our basic model, we shall assume that there is a single
factor input and & single commodity output. The economy lives for only

one period.7 Firms differ not with respect to the goods they produce bat
with respect to the efficiency with which they convert the factor inmput

into the commodity output in different states of nature. Thus different



firms will yield different patterns of output across the states of nature,
and increaqing the input into any given firm increases its output im all
states of nature by the same percentage.8 If xi(Ii, &) is the output

of the ith firm in state @ , when the level of the input (which we

shall call "investment") is I, then9

2.1) X, (I 8) = g, (O)E,(T) .

For most of the analysis, we shall, for simplicity, make the somewhat stronger
assumption of stochastic constant returns to scale: doubling the level of
investment doubles the level of output in each state of nature, The necessary
modifications for the case of decreasing returns to scale are presented

in footnotes. Thus, (2.1) takes on the form
' =

(b) Firm gghavior.

(1) Distribution of Profits. A firm issues only two kinds of securities,

bonds (which are perfectly certain) and common stocks.10 After paying

2

back bondhodders, the remaining “profits" of the firm are distributed to
the shareholders in proportion te their individual shares in the firm:

If B, is the mumber of bonds issued by the 1" firm (ome bond has a

i
price of unity relative to the price of the factor input) and r-1 is the

rate of interest, then total payﬁents to bondholders (principal plus interest)

is rBi .11 The total market value of the firm's shares will be demoted by

E, and hence the total market value of the firm can be denoted by

i



(2.2) V,=E, +B

h

Thus, the return per dollar invested in the 1*® firm's share is

(2.3%) e, =

In the absence of taxation (which we have not yet introduced into the model),
the Modigliani-Miller theorem [12, 21] assures us that the value will be
independent of how the firm finances its investment, i.e. whether through

bonds or equity. For simplicity in the subsequent analysis, except in those

cases where the debt equity ratio does affect the valuation of the firm,12

we shall assume that the risky firms issue no bonds. Then the return per

dollar invested in the ith firm can simply be written

(ii) Investment. Of the total market value of the firm, I, is issued

(in bonds or shares) in exchange for the factor, so that the market value

of the original shareholders’ claims 1313

(2.4) v, - 1,

We shall assume then that each firm is a price tsker, i.e. it assumes that

i ,14 and firms maximize

the stock market value of the origimal shareholders, Hence, i1if Vi > Ii »

the firm expands indefinitely, if Vv, < I_. it shuts down. Of course, as

its market value will increase in proportion to I

b i
I, changes, V’iIIi will also change. Thus, competitive equilibrium will
15

require Vi = Ii .



Two firms with the same pattern of returns (i.e. for whom o
xi(li{ e)/xj(Ij, 8) = constant, all g, are said to be }n the same risk
class. Under the gssumption of constant returns to scale,l6 it is umne-~
cessary to distinguish among such firms. From now on; then;_we shall ag-
gregate all the firms in the same risk class together, and we shall denote
by the subscript 1 the ith “industry" (risk class).

One industry; to which we shall pay special attention in the subse-
quent analysis is the perfectly safe industry; and it will be denoted by

a subscript S . Its shares are perfect substitutes for bonds.

(c) Individual Behavior. The jth individual has twe decisions to make:

(i) How should he allocate his wealth among alternative investments? and
(ii) How much of the factor I should he supply? Although in fact these
decisions will be made simultaneously, we shall discuss them as if they

were made independently.

(i) Assume the individual supplies IJ of the factor to the market. It
igs his initial wealth which he must allocate among alternative investment
opportunities. If hi 18 the proportion of the individual's wealth allo-

cated to the ith security, then his terminal wealth (income) in state

j 17
6, Y'(8), is

(2.11) Ye) = e, + (1 - myor?
i i

We assume that individuals may sell securities short (i.e. Ai % 0).

Individuals choose their portfolio (i.e. choose ki y in order to



maximize their expected utility of terminal wealthlp

j j j 1 j!l
(2.13) max EU-(Y'(8)) , U >0, U <O0.
Thus expected utility maximization leads to

(2.14) EU'jei = gyl

The average returns, weighted by marginal utilities; of all securities must
be the same.19 since U™ <0 (2.14) is both a necessary and sufficient

condition for an optimal allocation.,zo"21

(ii) In the subsequent analysis, we shall make two alternative assumptions
about the supply of the factor I . In the derivation of the optimal tax
structure, we shall assume that the individual gets disutility from supplying
the factor I (I may be thought of as labor). Thus he chooses Ij to

maximize
PN 3 3,03 i, '  we
(2.16) u” = EU{¥"{a)) + L°{ Ij) L'">0, L 0

where Yj(e) is given by (2.12)022 Hence utility maximization requires
the marginal disutility of labor to equél the expected marginal wtility of

income:

]

]
(2.17) £y’ e, = 13

orx

(2.18) gl ¢l = 13



Alte:patiyely, where the gain in simplicity seems worth the loss in

generality we shall assume that Ij is supplied inelastically.

(iii) Derivation of demand curves. From (2.14) we may derive
demand curves for the securities of the different industries (risk classes).
Since the total value of the ith industry is Vi when its investment

is Ii »
the states of nature defined by gi(e) , it is natural to think of

i,e. it is producing Ii units of the pattern of returns across

(2.19) p, = Vi/Ii

as the price of a security of the ith type. The jth individual's demand

for securities of the ith firm, Zi ; may then be written as a function
of the prices of the different securities23
(2.20) z =0l . p,)

- i i 1, LI N n

Similarly, we can write the supply of the factor as a function of the same

variables
(2.21) =y, .elop

Because of the strong assumptions on differentiability imposed om our utility
functions, it is easy to show that the demand functions for securities and
supply function of the factor I are continuous in prices. (Continuity

can be proved under much weaker conditions.)

(d) Market Equilibrium. From here, it is easy to describe the market equi-

librium of this economy. Adding up the demand functions over the individuals,
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we obtain the aggregate demand functions,

e j o
(2.22) z, = £z §D 1Py eeee B

As we have already argued, competitive equilibrium requires
(2.23) Py = i,

il.e., Vi = Ii for all firms. For demands to equal supply of each security,

(2.24) v, =%y

while for the factor market to clear,

(2.25) o1, = 1
i i

Substituting (2.19) into (2,24) we obtain

(2.26) I, = 2(L .oe 1)

determining the pattern of allocation of investment. Walras’ law ensures
us that when all securities markets clear, the factor market clears [{2.25)

is satisfied). 24

3, Profits and Production Taxes

The purpose of this seéction is to review the partial equilibrium
analysis of the effects on the allocation of investment of profits and pro-

duction taxes, to show how, under certain circumstances, these results may
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be extended, with very iittle alterstion, to the general equilibrium frame-
work developed in the preceding section, and fimally, to show how, under
other circumstances; the partial equilibrium results must be modified when
extended to the gemeral squilibrium sitvatiom.

For expository convenience, we make two special assumptions, that
the expect@d weility can ba described completely by the mean snd variamce
of the terminal wealth (income) and that the factor is imelastically supplied.
These assumptions are not crucial o the ensuing analysis, but are only
made go that we can employ The simple meanmvariamée diagrams; our resultszs
may be readily extended to the move general case.

Subsection (a) considgrs the case where there are omnly two industries
and the proceeds of the tax sre used to provide goods which do not enter
into the individusi’s utility funcriom (for privete goods) and hence de
not affect his portfolieo allocation. Subsection (ﬁ) considers, for the
game case, the design of an oprimsl tax structure when the government alseo
has attitudes towsrds risk which awst be taken into account, Subsection
(e} considers the gituation where the government revenuss are used to pro-
vide lump sum payments. The appendix to Section 3 extends the results to

cases where There {8 more tham one rigky industry.

{8) Allccative Newtraiiry and the Effects of Proporticnal Taxatiom,

As we already indicated, we will employ in this section the assumption
that expected utility can be written as a function of the mean, p , and

standard deviation, ¢ , of terminal wealth

(3.1) u = EY{8)
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2 ' ‘
(3.2) o =E(Y(8) - u.)2
We thus assume that26

(3.3) EU(Y) = M(u, o)

where
)| = oM
(3.4) M, = ” >0, M, = o <90

There is positive marginal utility to increments in mean income and disutility
to increments in standard deviation.

If the distribution of returns are jointly normally distributed, it
can be shown that (3.3) will always hold; and that the indifference curves
will be quasi-concave, provided only the U" < 0 . (Alternatively, (3.3)
will hold independent of the probability distribution if U is quadraftc.)
The shape of the indifference curves will; of course; depend on the shape
of U .

Because the.only properties of the probability distribution of re-
turns the individual is concerned with are the meanland variance, the risky

asset may be completely described by

(3.5) Eg(n)

MR

(3.6) E(s - E8)° = of

The safe industry's return will be denoted by r .
Becduse of constant returns to scale in both industries, in competitive

equilibrium, the return per dollar invested by the firm must be equal to the

¥
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return per dellar invested by the individual. Hence

EeR = u,R

2 2
Efep ~ ug) =0y

If the individual (society) invests a fraction a of its resources
(1)} in the risky industry, the mean and standard deviation of terminal

income (wealth) is
(3.73) o= I(auR + (1-a)r)

(3.7b) g = lagy

The individual’s and society's opportunity set may be depicted as in Figure 1;
whére R represents the point where all resources are invested in the risky
industry and § the point where all resources are invested in the safe
industry. The opportunity set, from (3.7), is clearly just the straight

1ine batween the points, 1f all individuals were identical the competitive
equilibrivm would then be depicted by the point E , at the tangency of

the indifference curve with the oppertunity set27 i.e. where
(3.8) MM, = (= THop

We now consider the effects of the intreduction of taxes, We shall

discuss two kinds of taxes: Gross preduction taxes and profits taxzes.

(1) Gross Preoducticon Taxes. In this case, ts of the output of the safe

industry and tR of the output of the risky industry must be turned over

to the government. Hence, the after tax return on an investment in the
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FIGURE 1

Determination of Equilibrium Allocation of Resources
between Safe and Risky Industry: No Taxes
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safe industry is

u -
(3.9) r Q1 ts)xslls r(l ts)
and in the risky industry
(3.10) (1 - €)X /T, = g(8)(1 - ¢t,)

from which it follows that the after tax mean return in the risky industry

is just

(3.11a) uﬁ = (1 -ty -
Similarly
g o
(3.11b) op = (1 tR)cR

Thus, the after tax opportunity locus for the individual is given, as in
Figure 2, by the straight line R°S' . Note that R' 1ies along the line

from the origin threugh R ; i{i.e. mean and standard deviastien are reduced

proportionately., If tR = ts R

the pre-tax locus. If a fraction a of the individual's portfolic is al-

the new opportunity locus is parallel to

located to the risky investment, the before and after tax mean and standard

deviation of terminal wealth (income) are given by
wo= (e, + (1-a)r) p'o= ICap (1 - t) + (Ll-a)r(1 - )
' -
o aoRI o agR(l tR)I

Note that a is the ratio of the actual standard deviation to the total

possible (both before and after tax). Thus a can always be calculated
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FIGURE 2

Production Tax: Determination of Point of Allocative Neutrality
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as follows. Draw a line through R parallel to the horizontal axis, and

draw the projection of E on that line, P, Then & = 0'P/O'R . (Figure 2)
From this, it is easy tc describe the effect of a uniform production tax.

It is immediate that if the original allocation is E , if the new allocation

is at A ; the tax is allocatively neutral, i.e. leads to the same propor-

tion of resources invested in the two industries after tax as before tax; if

it is to the left, it results im increased investment in the safe industry,

if to the right, in the risky industry. But where the new equilibrium lies
depends simply on the shape of the income consumption curve. We have already noted
that a proportional tax simply shifts the opportunity locus dowm in parallel.
Thus, if the income consumption curve bends upwards, there is an increase

in investment in the risky industry and conversely if the income elasticity

of the safe asset is less than unity,28 (See Figure 3.)

The fact that a proportiomal tax imcreases risk taking when the in-
come elasticity of demand for risky assets is less than unity does not mean
that allocative neutrality requires in that case that a higher tax be placed
on the risky industry--nor dues the converse apply when income elasticity
is greater than unity. We must also know the price elasticity of the demand
for the safe asset. If an increase in tax (equivaient to an increass in
price or decrease im return) for the safe asset leads to reduced demand for
the safe asset, then allocative neutrality requires, when the income elas-
ticity of demand for risky assets is less than unity, that the risky industry
be taxed at a higher rate than the safe; but if the price elasticity is

positive--as it may well be-=just the opposite 1s required.
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FIGURE 3a
Proportional Production Tax:

Unitary Wealth Elasticity of Demand

for Safe Asset (Constant Relative Risk

Aversion) Investment Allocation Unchanged

pre-tax equilibrium
after-tax equilibrium
allocatively neutral investment allocation

FIGURE 3b

Proportional Production Tax: Wealth
Elasticity of Demand for Safe Asset
Less than Unity (Decreasing Relative
Risk Aversion) Investment in Risky
Industry Increased

FIGURE 3¢

Proportional Production Tax: Wealth
Elasticity of Demand for Safe Asset
Greater than Unity (Increasing
Relative Risk Aversion) Investment in
Safe Industry Increased

BGT
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Notg“tha;‘glphough the substitution effect alwayslleads to an increased
standard deviation of income (and mean), it may or may not lead to an in-
creased proportion of one’s wealth in the risky asset. Eor_che gampgpsat;op
required to maintain the individual at the same indifference curve means that
the maximum possible standard deviation has also ingreased; and it is the
relative increase in the two which determines whether the substitution effect
leads to an increased or decreased demand for the risky asset relative to
the safe. But the income effect may also lead to an increased or decreased
demand of the risky asset relative to the safe, depending, as we have noted,
on whether relative risk aversion is increasing or decreasing. Clearly
then the net result ig ambiguous. Figure 4 illustrates a case where the
substitution effect leads to a decreased proportiom of wealth allocated
to the risky asset while the income effect leads to an increased proportion,
the two effects exactly cancelling each other out. It is possible to show
that sufficient conditions for the price elasticity to be negative are that
{a} the income consumptioun curve is negatively sloped (which wiil be the
case if absolute risk aversion is increasing) or (b) relative risk aversion
is less than or equal to unityozg

Diagrammatically, the allocatively neutral tax t_ corresponding

s
to the tax rate tR on the risky industry is found by the intersection of
the line P'P' 2nd the locus of tangencies of the indifference curves with

the budget conmstraints rotated through the point R' 0 (Figure 5)

(11) Net Income (Profits) Taxes. Now the after tax return per dollar

invested in the two industries is given by
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FIGURE 4

Substitution and Income Effects from an Increase
in Tax in Safe Industry Alone

(S"R" 1is the budget constraint after the imposition of the tax on the safe
industry and after the individual has been compensated to return him:to the
original indifference curve. S'R 1is the after tax (without compensation)

budget constraint, E' 1lies directly below E, so the investment alloca-

tion is unchanged.)
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FIGURE 5

Calculation of the Allocatively Neutral Tax
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FIGURE 6

Proportional Production Tax: Non-Constant Returns to Scale
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' o= (r-13(1 - ts) + 1
u,l;ﬂ(ug"l)(lth)'l'l
cﬂ = GR(I - tR)

The after-tax point_corresponding to R does not lie on the line RO but
above it, as depicted in Figure 7; gince the standard deviation is reduced
in proportion to the tax, but thg mean {gross) return is reduced less than
in proportion, Indeed, if T denotes the terminal wealth of the individual
if there were a zero rate of return en all assets, R' 1lies along the line
IR . If 2 proportiocnal tax is imposed in both industries at the same rate;
i.e. tR = ts R
then the slope after tax equals that before tax:

then the opportunity locus is moved in parallel, since

In the case of tR = t it is clear that the before tax income corresponding

S 3
to the after tax point E' is A’ , 1i.e, the locus of constant allocation
is a straight line through I . Hence, whether the profits tax results in
increased or decreased allocation to the risky asset depends on whether

the tangency of the pre-tax budget constraint lies to the left or right of
A'. Notice that if risky assets are inferior, so that as individuals become
wealthier, the variance of their income is reduced, the tax always results

in increased risk taking., More generally if the income elasticity of risky

assets is less than, or equal to, unity, there is increased investment in



FIGURE 7a

Propertional Income Tax.
Inelastic Demand for Risky Asset

{Constant Absolute Risk Aversion):

Increased Allocation of Investment
tc Risky Industry

FIGURE 7¢

Proportional Income Tax: Wealth
Elasticity of Demand for Safe Asset
Greater than Unity {(Increasing
Relative Risk Aversionk Increased
Allocation of Investment to Risky

Industry

l7a

FIGURE 7b

Proportional Income Tax: Negative
Wealth Elasticity of Demand for Risky
Asset (Increassing Absclute Risgk
Aversion}: Increased Allocation of
Investment to, Risky Industry

FIGURE 74

Proportional Imncome Tax: Wealth

Elasticity of Demand for Safe Industry

Less than Unity; Allocation of
Investment to Safe Industry May be
Increased or Decreased
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FIGURE 8

Proportional Income Tax: r-1l =0
Investment in Risky Industry Increased
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the rigky industry. If, however, the income elasticity is sufficiently .
greater than unity, there will be decreased investment in the risky industry.31
Note that if the safe industry had a zero return {a pure storage
activity) the after tax mean and standard deviation would be the same as
before tax; to obtain this, the individual would, of course, have to increase
his demand for the risky assats°32

The implicatioms of these results for the design of an allocatively

neutral tax are straightforward, and follow along the lines of the previous

discussion.

{b) Optimal Productiem and Profits Taxes

When taxes are imposed on profits or production the conventional
approaches to evaluating altermative tax structures, e.g. of comparing the
loss ef utility of equal revenue taxes, encounter difficuzlties, for now
the revenue depends on the state of nature, Differimg tax systems will
change not only the digtertions they impose on individwale, but also will
change the pattern of returns across the states of nature: a tax on the
safe asset only will vield a certain revenue to the govermment, while a
tax on the risky asset will yield a varisble revenue. Omne obvious criterion
that has sometimes been suggested is comparing the loss of expected utility
for equal expacted revenue taxes, but this criterion assumes in effect that
the govermment is risk nemtralp33 and unless it can be argued that that is
{or ought to be) the case, thisz criterion is clearly unsatisfactory.

Another criterion that has been sometimes suggested is allocative neutrality:

What tax structure yields the same allocation (between safe and risky in-
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vestments, between one risky industry and another; etc.) as the competitive
pre~tax equilibrium allocation,3& The preceding subsection investigated
what this implies for relative tax rates, but it is important to realize
that there is ne presumption that from & social point of view one ought
to have the same allocation after the tax has been imposed as pre=tax.35
This leads us to the suggestion that the govermnment, like the indi~
vidual, has a "atility function” of income, with attitudes towards risk.
The government's attitudes towards risk may or may not be the same as those
of the individuals in society or, more precisely, as individual attitudes
towards risk in the consumption of private goods. One way of viewing this
formulation of the problem is that the government provides & public good
with the revenues from the taxation. Then the supply of these public goods
will depend on the tax revenue. Agssume the government is concerned with
maximizing the representative individual's welfare. The individual’'s utility

depends both on his consumption of private and public goods:
(3.12) T =0t T)

where ¥ is the individual’s after tax income, and T 1is equal to the
supply of public goods which for gimplicity we assume is just equal to the
proceeds of the tax. For simplicity, let us assume that the utility func-

tion (3.12) is additive; i.e. = 0 and that the expected utility from

(19
private and from public goods can be written simply as a function of the
mean and standard deviation of consumption of those goods. Then if the

government imposes proportional pr@ducti@n36 taxes on the safe and risky
industries at the rates tg and T respectively, the level of social

welfare i{s given by



20

(3.13)  M(r(l - t)Ig +pp (1= £)(L = L), (I - I (L - t)oy)

+6(e r1g + tou (T - Is)’ T - Is)tRcR)

there is no reason that
where G represents the expected utility from public goods; fand ¢ ought

to have the same shape: attitudes towards risk in the public good bgar
no necessary relationship te attitudes towards risk in private goods., It
should be emphasized that this difference does not arise from Government's
ignoring individual’s attitudes towards risk, but from the fact that the
goverrment is concerned with individuals' preferences and individuals have
different attitudes.

In short we are suggesting that the criterion for an optimal struc-
ture for & profits tax ought to be the maximization of social welfare,
expiicitly taking into account attitudes towards variability of govermment
revenue.

Before discussing the oprimal tax structure in the competitive economy,:
iet us consider a controlled economy in which the govermment is constrained
to specifying what proportion of the output of each firm will be allocated
to® each individual and to public goods, before production occurs, This is
analogous to Diamond’s second best constrained optimum [ 8 ]. The government
wishes to maximize (3.13) with respect to t ,t and IS « Thus,

s’ ®R°

(3.162) M (r{i=tg) = ug(1=t)) = Moy (l=t)) + 6 (ter~ton,) = Cptpop = 0

(3. 14b) M TI + G,xI = 0

(3. 14c) “’(Hlu,RIR + MZIRGR) + GluRIR + GZGRIR = 0
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or

(3.15a) M, =G,
(3.15b) M, =G,

and

{3.15¢) =M1/H2 = (up = THoy

Condition (a) says that the margimal utility of (mean) income will be the
game in the govermment sector and in the private sector, and (b) that the
marginal disutility of risk be the same. (ondition (c) states that the
adjusted coefficlient of variation (taking the mean of the safe asset as
the origin) equals the marginal rate of substitution between risk and
average returns.

This equilibrium cannot in general be generated by a competitive
econcmy with the govermment constrained to proportional taxes. To see this,
abgerve for condition (¢} to obtain in a competitive economy the marginal
rate of substitution between wmean and standard deviation must be equal to
the bafore tax adjusted coefficient of variation, while in a competitive
economy, it is equal to the after-tax adjusted coefficient of wariatiom.
¥or the two to be equal, the tax rate im both industries mast be identical.
In general, however, the solution to (3.15){a-c) will not entail tR = ts o

Hence we obtain the important result that if the govermment is restricted

to imposing proportional , taxes the level of social welfare obtainable

under a centralized system of producticon and distribution is greater than
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that ob:ainable ugdg: a decentralized (competi;ive) system of production

and distribution using
Two questions remain:
1. what is the best that the govermment can do under a decentralized (com-
petitive) system of production and distribution, assuming that the govern-
ment is restricte& to imposing proportiomal production taxes?
In this case, we can write the competitive allocation between the
safe and risky investment simply as a function of the two tax rates, t

R

and tS o Thus, we wish to maximize

(3.16) M(r(l = tS)IS +'”R(1 - tR)(I - Is)j (I - 13)(1 - tR)gR)
+ Gl rL + tou (X - Ig) (T = I)top)

We require,

dl
s
{(3.17a} “Mrlg + Gy¥Ig + {(tsr uRtR)Gl GchtR} T 0
¢ -
(3.17b} (MluRIR + MQGRIR) + GluRIR + GZGRIR
dI

S
+ {(egr -t )6 = Gyoptyd at, 0

We draw attention to two special cases:
(a) The govermment is risk neutral and the marginal utility of income is
the same in the govermment and private utility functions: G2 =0
and G, = Hl « Then tsltﬂ = uRIr . The taxes are inversely proportional

to their mean return, i.e. the safe industry, since it yields a lower

mean return, should be taxed at a higher rate than the risky industry.
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Although_a numbgr of the lobbyists for special groups like oil aqd
Qrugs‘hgve argued for some time that risky indus;ries ought to be taxed
at a lowgr tate, note the special conditions nude: which this obtains.
This result is not surprising, since the social evaluation of ;isk
is lower than the privatq? the secial return to risky industries is
higher tham the private return and the government should accordingly
encourage these industries.

{b) The disutility of risk to the govermment is identical to that for the
private sector, and the marginal utility of income to the government

is identical to that for the private sector: Ml = G1 » M2 = G2 .

Under these circumstances, using (3.8) (3.17a) becomes
dE
M reeg @ £ E“Ei = 0
or
tS = tR

The risky and safe industries should be taxed at exactly the same
rate. This in fact is close to the practice actually followed. It is im-
portant that the reader remember that because the goods supplied by tax
revenues are not necessarily perfect substitutes for private goods, there
is no necessary reason that the attitudes towards risk employed by the
government in evaluating different patterns of tax returns should bear any

particular relationship with private attitudes towards risk with respect

to private goods. On the other hand, if the good supplied by the govermnment

is @ close substitute to the private good, there is a presumption that the
govermment and private attitudes towards risk should bear a close relatiom-

ship to each other, and this is discussed in detail below.
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2. The second question that remains to be answered 1s, is there any simple
modification of the tax system which would al;aw the economy to attain an
"o#timum?? The answer is yes. If, in addition to our proportional tax,

we allow the govermment to levy a lump sum tax on each industry (a franchise
tax), then the comstrained pareto'optimum is, of course; unaffected. On
the other hand, we can, as illustrated in Figure 9, obtain the allccation
identical te the centralized allocation in our competitive econemy in the
following manner. Denote by tz and tg the optimal "tax” rates on gross

oatput in the controlled economy; let z be the optimal proportion of total

investment allocated to the safe imdustry, %R and ¢t the tax rates

s)

on gross output in the competitive economy, and Ii the tax rate per unit

of investment in the risky industry (independent of the realized level of
profits in the industry). Then we require that (a) the after tax ("adjusted”)
coefficient of variation  equal the before tax ("adjusted") coefficient
of variation [so (3.15) may be satigfied],

(1=t )y =t =x(l=2t) g4 =1
{3.18) BB & £ o.-B ’

11 . g U
og R) R

and (b} the tax revenue in each state of nature be equal tc the allocation
te public goods in the constrained pareto optimal problem, which implies

that

(3.19) %R = t;

and

o . vy *
(3.20) rtsz + (1 z)tR-sztsr ’
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FIGURE 9

Proportional Production and Franchise Taxes
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The solution to (3.18)~(3.20) requires that

(3.21a) Es = ztg + (l—z)t;
and
(3.21b) 'ER = 2r(t} - t;)

The_proportional tax rate in the risky sector is the same as in the contrqlled
economy; in the safe industry, the profits tax i1s a weighted average between
the rates of taxation in the controlled economy in the two sectors; with

the weights being the proportion of total investment in the given sector;

and the franchise tax is proportional to the difference between the tax

rates in the two sectors in the controlled economy. Thus, of course; if

‘the controlled solution involved proportiomal taxation; at the same rate

in both sectors, in our competitive economy no franchise tax need be levied.
Note that if tg > t; ; then there is a negative "franchise tax." But in
all cases, the average taex rate paid by the‘risky industry is greater or

< t; , as straightforward

smaller than that paid by the safe industry as t; >

calculation will verify.

(¢) ZTaxes when Proceeds Redistributed

I1f the govermment uses the revenues from the profits taxes to make
lump sum payments (in the different states of nature) or to provide a public
good which acts as a perfect substitute in conswmption for the private good
(1.e. enters additively into the utility function with the private gooed),

then it is easy to show that if consumers correctly perceive the riskiness
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of the government subsidy, the allocative neutral tax requires taxation of

both ;gdusﬁries at the same rate. We wish to maximize

M(rIS(l - ts) + uR(l - tR)IR + ri t, +-uRtR;R, GR(I - tR)IR +uthRIR)

where IS and IR depend on the tax rates ts and tR H

_ pe(t = £ = £(1 = £)
1 o (1 - tp)

SINK

It is cléar that if tR = ¢ the allocation is identical to the no-tax

S 2
allocation, which can be shown in our model to be Pareto optimal. (In
Figure 10 we illustrate the consequences of taxing the safe industry at
a higher rate than the risky.) This result should not be surprising, for
in this case a tax at the same rate on both industries is identical to
a general tax on investment, for we have already noted that when the two
industries are taxed at the same rate, the slope of the opportunity locus
remaing ynchanged, and since the proceeds of the tax are redistributed,
there is no income effect from the tax. Hence, such & tax is completely
non-distortionary when investment is inelastically supplied. (See below

for a discussion of the optimal tax structure when investment is not in-

elastically supplied.)
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APPENDIX TG SECTION 3

Two Risky Industries

In this appendix; we extend the analysis for the mean-variance model
to the case of two or more risky industrieaoaj (Recall from the preceding
section that all firms in a given industry have the same production funetion,
and industries differ from one ancther only in the patterm of returns across
the states of mature.)

Tn the mean variance model, we can divide the process of portfolic
allocation into two steps: what propertion of ome's wealth one allocates
te the safe asset (and thus what propeortiom te the risky assets); and what
proportion of the amount invested in the risky assets is to be allocated to
each risky security. It iz easy to show, for the mesn-variance model, that
individuals will demand risky assete in the proportions which minimize the
coefficient of variation (adjusted to teke the return on the safe assget as
the origin), i.,e. if there &re two risky industries, and % is the ratio
of investment in the first to the total investment in both risky industries,Bs
competitive equilibrium requires that A be chosen to minimize

% + Bfie + (Im?\,mz@%;m o

(3.22) = B
iul + uwﬁ,mz - g

where My and oy are the wean return and standard deviation of return
th
per dollar invested in the i risky industry, Cielcz ; the correlation

coefficient and g and are the mean and standard deviation of return

R
per dellar invested in the risky industries, when divided among the risky
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industries in the proportions given by A .39 This implies that

thy "y ﬁoi - (1»&)52 + (1 - 20)c

W, = 1) 2
-4 UR

(3.23)

As in the preceding sections, consumers will allocate their portfelio between

the safe industry and the risky industries se that

(3.24) -

From (3.23) it is clear that if we consider ‘proportional production
or profits taxes, if we tax both risky industries at the seame rate, and
if we are interested in allocative neutrality with respect to the proportion
of our risky assets allocated to each of the two risky industries, we must
tax the safe and risky industries at the same rate.40 This is clear from
Figure lia. Peoint Rl represents the mean and standard deviation of ter-
minal wealth if we inveat all our rescources in the first risky industry,

R, 1s the corresponding point for the second, the curved line joining them

2
gives the mean-standard deviation combinations resulting from different
proportions invested in the two risky industries. 8 represents the return
(terminal wealth) from investing in only the safe industry. The opportunity
locus is the line SRR from S tangent to lez .

If we impose a production tax on all three industries at the same
rate, we simply move all points on the opportunity locus towards the origin,

i.e. it is equivalent to a simple change in scale. Hence the optimal allo-

cation among the alternative risky assets is unaffected.
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But g}thongh a“proportionglJtax.ap thg same rate in“all industries
is allocatively neutral in its relative effects on different riaky_industries;
as before it is not allocatively neutral in its effect on the qllocgtion
between tisky industries as a whole and ;he safe industry (except in the
special case of unitary wealth (income) elasticities).

if we do tax the safe industry at a different rate from the risky;
Wwe must tax the risky industries at different rates to preserve allocative
neutrality among the risky industries, e.g. as we decrease the tax on the
safe industry, we increase the allocation to the industry with the higher
mean. (See Figure 11b.) To offset this we must change the relative tax
rates on the two risky industries. It is important to observe that whether
we increase or decrease the tax on, say, the industry with the higher mean
does not depend at all on the properties of the indifference curVes, since
the choice of the proportions in which risky assets are to be purchased
depends only on the properties of the assets themselves. Unfortunately
whether an increase in the tax on the industry with higher mean results
in an increased or decreased relative allocation to it is ambiguous; con~-
sider; for sinplicity; the case where the two risky industries are independent,

i.e, C =0, Then

2 2
—x{ _ w1 = t) = v - t))/oy (1 - ty)
A, - t) - (1 - £)l/o( - £y
sc that
ar “1(1 - tl) 2r(1 - ts) - ul(l - tl)

Ta, ~ Byd - £) - =(1 - &) -2

1 = u, -_El) -x(l - tg)
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i.e, deperds on the extent to which the after tax mean return from the first
igdustfy exceeds that from the safe industry, If wy 1s not large relative
to r, tben a tax on the first indnstry reduces the demand for it (rela-
tLVelto the secon@) as one might expect, but otherwige a tax on the first
industry may actually increase the demand for it., Similar results obtain

when C £# 0.

4. oOptimal Taxes on Investment in Safe and Risky Industries

In this section, we consider the structure of optimal taxes on in-
vestment in the safe and risky industries. The government wants to raige
sufficient revenue to-purchase a given amount of the‘factor, Ig . Ihg
factor will be used to purchase a commodity which does not affect the in-
dividual's allocatiqn among alternative risky assets or his supply of the
factor, although the taxes ueed to raise the revenue will. The government
is not allowed to levy other (non-distortionary) tgxea.41

We begin our analysis with the sﬁmplesg case, where there are only
two industries, a safe industry and a risky industry, both of which have
constant returns to scale,reserving our analydis of the case of two risky
industries to an appendix. The return per dollar invested in the safe and
risky industries before tax are given by r and e(p) = g(8) respectively.
Hence if a tax is imposed on the purchase of securities of the safe industry

at the rate t_ 8o the price of the safe security is Pg = 1+t and

S 8’
on the purchase of securities of the risky industry at the rate tR , 8o
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its price is 1 + tR - Pk ’

tax) is simply r/(1 + ts) and ef(1 + tR) respectively.

then the return per doldar invested (after
%2 1f the ini-
tial wealth of the individual (i.e. that not derived from selling his factor)

is Y ,43 we can express the allocation problem of the representative

consumer as follows:

(4.1) maximize EU(r'Zg+e'z.) + L(w, = ZgPg = ZpPy)
wvhere, it will be recalled, zs is the demand for securities of the safe
industry, 2, that for the risky industry, e' and r' are the after
tax returns per dollar invested in the risky and safe securitiea, respec-
tively, and -L' 4is the marginal disutility of labor (supplying an extra
unit of the factor).

Thus, total welfare attained may be expressed simply as a function

of the prices of the securities (i.e. of the taxes imposed), and of imitial

wealth, Wyt

¥Y(Pg Pps Vo)
Similarly, his supply of labor and his demand for securities of the safe

and risky firms may be written simply as a function of the tax rates.

The objective of the government is to choose that set of tax rates
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which maximizes ¥ subject to all markets clearing, i.e.

(4.2) max ¥
(4.3) subject to I = Ig + IS + IR

where Is and IR are the derived demands for the labor factor in the

safe and risky industry, and are therefore simply given by

(4.4) IS = Zs
and
(4.5) IR - zR

In Appendix A we show that the seolution to this problem requires44

wo 360,56, 2R, 2@,

The percentage change (along the compensated demand curve) im the demand
for the two securities must ‘be the same. For small taxes, if L' were con-
stant (constant marginal disutility of supplying I ), so there were no

income effect,

3z,
@ < ) <apn>-
¥

is the total percentage change in the demand for the ith security induced
by the tax system. (4.6) asserts then that the percentage reduction inm
demand of each security be the same (and indeed equals the percentage in-

crease in the supply of the factor). This is close to what one might mean
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by allocative ngu:rality in this case. Thus, under these assumptions the
optimal tax is allocatively neutral in this specizl sense (same percentage
change in investment). On the other hand, when there are income effects
or when the tax is not small, (4.6) does not imply that there be the same
percentage change in the investment in the two industries when comparing
the new equilibrium to the pre-tax equilibrium.

It may be useful to give a simple geometric interpretation teo the
above result, The optimal tax must have the property that it is impossible
to raise additional revenue without lowering utility. As we noted earlier,
we can write the level of expected utility simply as a function of t

S

and t and pR) . The duality relationships between the direct and

g (Ps
indirect utility function guarantee that the indifference curves between
ty and tp are downward sloping and convex, as depicted in Figure 12,

An individual is indifferent then between any pair of tax rates lying on

the same indifference curve. The slope of the indifference curve is gilven by

The revenue from the tax (in I numeraire) is just

T = tSZS + tRzR

so along an indifference curve

), ), o) ()

Y
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When dT/dts = 0, wusing the symmetry of the compensated price derivatives,

2,26, 2 @) 46),

which is exactly the result derived above for the optimal tax.

Tax indifference curves

Curves of constant tax revenue

FIGURE 12

Determination of Optimal Tax Structure

Our problem now is to see exactly what (4.6) implies for the relative tax
rates for the different securities, i.e. we require a calculation of the
compensated demand schedules for our particular problem. This we do in
Appendix B. Substituting the calculated values of the compensated price

derivatives into (4.6) we obtain (after some manipulation)45
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tsEE"Y(e-r)

(4.8) 2 " s T T L - mutry
The demominator is unambiguously positive. Om the other hand, we observe

that we can rewrite the numerator,
-g" ’
(4.9) ~EU"Y(e-x) = E T Y ) U'(e-r) = EpU'(e-r) ,

using the Arrow-Pratt measure of relative risk aversion, -y"y/y’ = p .

Then, defining p* to be the value of p when e =r, (4,9) may be written
(4.10) EpU'(e=z) = E(p - p*)U'(e-1) + p*RU'(e~1)

Observe that the second term is zero (meking use of the first order condi-
tions); 1if p 1is constant, the first term is zero; 1if p increases with
Y, when e>r, p>p*, and conversely when e < r . Hence, the first
term is positive. Similarly, if p decreases with Y , the first term

is negative. Thus, we have established that the tax rate on the rigky in-

dustry should be greater than, equal to, or less than that on the safe in-

dustry, as relative risky aversion is an increasing, constant, or decreasing

function of income.

But it is easy to show that the wealth elasticity of demand for the
safe asset is greater or less than unity as the individual has increasing
constant or decreasing relative risk aversion [2, 19]. Thus, the above

result may be restated in the following way: The risky industry should be

taxed at a greater (smaller) rate than the safe industry if the wealth-elas-

ticity of demand for the risky agset is less than (greater than) unity, i.e.

the industry with the higher wealth-elasticity should be taxed at the lower

rate.
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In the analysis so far, we have assumed (a) comstant returns to scale
in both industries; (b} the proceeds of the tax are mnot distributed to in-
dividuals (or do mot affect their portfolic all@cati@n}; and {¢) all imndi-
viduals are identical. The first two of these points will now be discussed:
the third is the major subject of the next section,

(a) 1f there is decreasing returns to scale in one or both industries;
the initial cwnership claims of the individuals will have @ positive value
(instead of, as in the constant returns to scale case% a value of zeroj,

But these can be taxed at up to 100% without creating any distortiomary
effects; and hence the optimal tax structure will in fact tax them fullyo47
1f, on the other hand, as seems likely in practice, 2 tax at less them 100%
is applied on such initial ownership claims, them the effect of the tax in
reducing producer surplus must alsc be taken inte account. {(With constant
returns to scale, there is ne producer surplus, only consumer surplus.

The above calculations may be thought of as simply a detailed calculation
of the tax structure which minimizes the loss of consumer surplus from the
imposition of the tax.) It is easy to show that the smaller the elasticity
of supply (the closer to constant returns to scale) the higher the tax rate
{(other things being equal), as suggested by the conventiomnal partial equi-
librium analysisn48 {by If the government spends the proceeds of the tax
to provide a good which is a close substitute for the private good, the
result that the sign of tR = ts depends on whether the expenditure elas-
ticity of the demand for the risky security is less than or greater than

unity still obtains, but this will not depend in general omn zimply whether

there is increasing or decreasing relative risk aversion, as in the earlier
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analysip. Note that it will, in the special case where the government in-
vests in the two kinds of investments in the same preportions as the indi~
vidqals de. But if, as another polar case, the govermment were to invest

only in a safe project, then tR - tg will be of the sign of

<EG"(Y~F)(e-r)
where
Y= ZRe + rzs + F

and F 1is the (fixed) level of income provided by the govermment. This
will be positive if there is increasing relative risk aversion and decreasing

absolute risk aversion, But in other cases, the sign is indeterminate.

APPENDIX A

Derivation of Optimal Tax Formula

the solution to the constrained maximization problem (4.2) may be
derived as follows: 1if  is the Lagrange multiplier on the constraint

(4.3), necessary conditions for the solution to (4.2) are given by

2z, Az
s, %R _ a1
- =0
Teg ¥ "(aps ¥ 3pg a"s) -

Z 3
vo to B4R 2L Lo

R ] BPR BPR

(A.1)
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From the budget constraint

we obtain by differentiation

3z 3z
%% o %, .2
(A.3) Ps 3, * Pa 3p, * %1 " b,

Substituting into (A.l) we obtain

Y, -vltg O P Sy 0
P S 3pg = R3pg S
(A.4)
3z 2z, )
v - +t = -2 0
g “\'s3p, TR, R

The securities of the two kinds of firms are, in this problem, simply like
any ordinary commodities, and so must satisfy the basic Slutsky relation-

ships:

5-(5), (=)

The change in the demand for the ith security carn be broken down into

two parts: the substitutiom effect, the change that would have resulted
from the tax if, simultaneously, we had compensated him by an increase in
his wealth to make him as well off as before, and the income effect. More-

over
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az
-1
(4.6) (:apj:> (:api:)_
¥

the compensated change in the demand in the demand fer the ith security
from a change in the price of the jth security (tax on the jth gsecurity)
is equal to the compensated change in the demand for the jth security from
a éhange ig the price of the ith security (tax on the ith security).
Finally, we recall the well-known fact that the increase in wealth required

to compensate an individual for the increase in the price (tax) on the ith

commodity (security) is just equal to the individual's consumption (purchases)

of that commodity (security):

a?fapi
-7) dpi " v,

Substituting these into (A.4), we obtain

azg azg 3z 3z,
Zglv =¥, Y - v\ gl 35 + el 3P “tels gw. T RisEw. ) <O
0 S /- R/— 0 0
¥ ) 4
Az YA
s R
(v-v, ) - (: -t 7 —= -t 2 ———j) =0
g (i 3P :}_ apR SR 3w, RR 3w,

), )
T NEE

(A.8)

(A.9)
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APPENDIX B

Calculation of Compensated Price Derivatives

From the first order conditions of utility maximization
1 - t,. =
EU (zRe + Zsr)e pRL ( (pRzR + pszs)) 0
(B.1)

EU'(ZRe + Zst)r - pSL"(a(pRzR + pszs)) =0

we obtain by total differentiation

2 2
1 1] 1] i)
EU% + L pR EU%er + L pRpS dZR
Et'er + L"p_p EU"rz + L"p2 dz
RS ] S
(B.2)
v uw o Th
Lo - ppZph L7PpZg drp
- L1} B oy 0t
PgZpl L° - LipgZg dpg

iIf we call the determinant of the LHS of the coefficients of the above equa-

tion D, we can obtain by direct calculation

]

...:!'... -.-.B.. ™ .l:.‘_ (EU"IZ + L"pz) - L"(EU"P 1‘2"'9 EU"er) /D
Zp dp, Zy 8 R S

dz v Z
i_sg ,,,.,I'.',.... " a nn_g, 2 81 - Elz
zs dpn ZS (EU"er + L pRps) + L Zg (pREU er psEU e ) »/D

(8.3) ~

d ' z
EL -&-;3- -L- -é'w- (EU"er + L"pRps.} + L E‘i (pSEU'“er - pREU"r ) /D
R S R

dz P
._l__....g.., L " 2 n 2 - TN ,,Zg ",
Zg dps 4 Zg (EU"e” + L pR) L ps(psEU e pREU er) »/D
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To calculate the compensated price changes, we must calculate the income

effects,
dz L" (EU"r2 = EUMerp.)
R Py Pg
dwo " D
(B.4)
dzs L"(EU"rzpS - EU"erpR)

thus arriving at the results,

L' 2 2
= = (BU"r" + L"p_)/D
(apn Za §

oz = L_D ] L1}
( > Zg (EU"er + Lpppo)/D

1%
Zp\ ?Ps

L' 2
= — (Et"e” + L"p )jn
<aps> ZS

(B.5)

- l-l " L]
= ZR (EG"er + L PRPS)/D
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APPENDIX C

- Optimal Tax Structure with Two Risky Assets

The introduction of more tham ome risky asset not only complicates
the caleulations, but actually may change the analysis in more fundamentsl
ways. In particular, the simple relationships used in the previous section,
between the properties of the wutility funmctions, i.e. whether relative risk
avergsion was decreasing, constant, or increasing, and the structure of the
demand functions no longer necessarily hold. Somewhat heuristicaliy, the
reason for this may be put as follows: As the individual becomes wealthier;
if he has increasing relative risk aversion, he wants a "safer” portfolio.
If there are only two assets, one safe and ome risky, the enly way by which
thiz can be done is to invest relatively more in the safe asset. But if
there are more than twe asgets, he cam, as an alternative, increase the
propertions in which he holds either of the two risky assetSO&Q The only
sat of cirvcumstances in which the results cited earlier can be shown to always
go through are those in which the porcfolio separation theorem obtains,

i.e. the proportions in which the risky assets are held are independent

of wealth, so a single mutual fund of risky assets may be formed. The
portfolic allocation problem is them divided inte twe stepz: finding the
optimal propertiom in which the risky assets are held, and finding the
optimal proportions of dividing the entire portfelic between safe and
risky assets. The precise conditions under which the portfolio separation
theorem obtain have been explored elsewhere [ 5]. Here, we shall simply

assume as we did earlier in Sectiom 3 that the preference of the individual
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(attitudes towards risk) may be completely represented in terms of the mean
and standard deviation of terminal wealth, As before, our strategy will be
to derive the optimal tax structure in terms of certain properties of the
utility function, and then to interpret these properties for the specific
problem at hand. To simplify the calculations, we shall assume that the
marginal utility of leisure {(work) is constant; and that there &re only
two risky asgsets, but the results may be extended in & straightforward way
to the more general case.

Expected utility may be written simply as a function of the quantity

of the alternative securities owned by the individual:

(c.1) EU(Y) = B2y 24 Z5)

We can derive, in exactly analiogous manner to the preceding case,
the result that the optimal tax structure implies that {where all price

derivativez are along the compensated demand acheduies)

R YRR YR R E))
B EIRTEI)

= (dZ iaij and t
@

which may be written in matrix notation, letting Ai

be the tax vector
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or
(C.4) ¢ = -aA"lz

where o 1is simply a proportionality factor. The first order conditions

of utility maximization may be written

(C.5) mi =Py

vwhere without loss of generality we have let the marginal utility of leisure

equal unity, Totally differentiating (C.5) leads to

(C.6) {$;;}0dz;] = [dp,]

80
2 (mN Lk
{C.7) %, = 55, : = Tﬁf

A

where @ is the cofactor of the ijth element of the matrix [ﬂijT s

ij

and |#] is the determinant of the matrix @ But since the matrix

it

of cofactors (divided by the determinant) is just the inverse matrix, its

inverse is the matrix # i.e.

5 I

(C.8) t, = =05, . Z

By assumption, we can write expected utility as a function of simply

mean and standard deviation, i.e.

(c.9) P(Z); Z, Zg) = EU(Z e + Zye, + Z.T) = My, o)



where
b= Zlu'l + Zzu.z + Zsr

2 22 2 2

The calculations will be somewhat simplified if we write

1 — |
(C.9") M= M(Zjuy + Zony + 25T, zlh(z))
where
2 2 2 2
h ~_~01+220+ch
and
Z,
Z==72—=
1

Thus the first order conditions are

P =Mpy + (h - hi2M, =p,
(c.10) g, =Mu, +h”M2 = Py

9y =M = Pg

or

1 o = I Pi  Pix
(c.11a) h-nwz & | h-nz W

which can be solved for Z = Z*¥ as a function of pu, ,

uvzﬁ

r

2

45

P, /pg
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and pzlps , and
(C.11b) R .2

where

R v B Tl e
R PiZ) + P2y Py + PpZ*

(C.12)
I i h(z*)
R Py2y +Py2y Py + PyZ¥

o]

Differentiating (C.10), we obtain

2
= 2 - t ; w R 2 A 1]
’11 My + 2M12u1(h h'z) +-M22(h h'z)” + M, Z, h

- o ! ' o v _ w Z
(C.13) p12 MlluluZ +-H12[u2(h h'z) + ﬂlh ] +-M22(h h'Z)h th 7]

= A
B3 =M T +M,r(h - h'z)

etc.
Substituting into (C.8), we obtain

L] ?
(C.14) t, = -ofu M, u + M ,[(h=h'Z)y +p,2,0] + M,,(h-h’Z)hz }

which, upon substituting (C.10) becomes

15) Lo (a cw )y ko(u, -u ok + M, + o]
€139 5 1 1" Mz i 0t o\ Mz T Mg i W, (M1 * oMy,
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We observe that [from (C.1l1lb)]

c. 16) d(1-a) _hp *My0 My + M0
. d In w, ~ M, M,

where, as before (l-2) 1is the proportion of total assets held in the form

of money and

d In 2
S _ 1+ d In (l-a)
d In WO d In wo

(C.15) becomes

1n Z
(c.16) d In w,. o - +ta

where o' and o" are constants. (C.16) has some very important impli-
cations:

(i) The structure of taxes among the different risky industries depends
simply on differences in mean returns; it does not depend at all on
elther variances or covariances, although there may, of course, be
some relationship between means and variances,

(ii) Although the allocation among alternative risky assets depends simply
on characteristics of the assets themselves and not on preferences,
the tax structure does depend on preferences.so

(iii) For small taxes, (C.16) can be approximated by
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o (4102 /4 In 2
(€.17) LT T-@\T Taw, yLten \d_fﬁ"w—o BRYA

Thus, whether industries with higher mean are taxed at a higher or
lower rate depends completely on whether the elasticity of demand
for the safe asset is greater or less than unity. Thus, if there
is ﬁnitary elasticity of demand; all assets are taxed at the same

rate. If ty > thg >r, then if d In Zsld In wg > 1

t1 > tZ > tS

while if d In Zsld In wy, < 1

0

< <
tl tz tS

5. Taxation and Equity

The discussion so far has focused on economies with identical consumers
(the "representative individual"). Although this is convenient for the analysis
for the distortionary effects of alternative tax structures, it ignores, of
course, the important distributional questions. There are two separate

issues here:

(1) Horizontal Equity. We should like to treat individuals who are in "all

essential respects" identical, identically. Difficulties arise, however, in

defining what is to be meant by "all essential respects.' What is clear is
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that if two individuals have identical consumption patterns except for the
kind of ice cream they consume, one eating only chocclate, the other only
vanilla, a tax system which only taxed ice cream, and taxed chocolate and
vanilla ice cream at differential rates wouid vioiate the principle of
horizontal equity.,

As the careful reader may note, there is in general an ambiguity
in the meaning of horizontal equity; there will be few cases as clear cut
as that just presented. This does not necessarily deprive the concept of
all interest. We can attempt tc make the concept more precise, We define
horizontal equity in the following manner: Consider an optimal lump sum
taxation scheme; consider two individuals which would have paid the same
lump sum tax. Then a tax structure is horizontally equitable if the amount
by which each must be compensated to restore him to his original level of
utility is the same. Society may take horizontal equity as a value in itself;
and it is net unlikely that this value will conflict with other social ob-
jectives, e.g. vertical equity (redistributiom); that is; it may be true
that commodities which on average have a very high income elasticity (and
therefore are a good basis for vertical redistribution)51 have a high variance
in expenditure withio any income (utility) growp and therefore taxing them
results in horizomtal inequity. Proportional taxes on perfumes and auto-
mobiles may be a case in point. The optimal tax structure will depend then
on the relative social weight piaced on horizontal equity and on the other
objectives of social policy. (Indeed by increasing sufficiently the relative
weight on horizontal equity, our optimal tax problem is simply cne of finding

that tax structure which comes as close as possible to horizontal equityJ
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In any case, it should be emphasized that some notion of horizontal equity--
in an undoubtedly very ambiguous form-=-is an important part in all Western
concepts of justice, and most govermments seem to pay some attention to
horizontal equity in the design of their tax structure.

Now no tax system is going to be horizontally equitable if individuals
who would have been taxed the same amount under a lump sum tax system have
different preferences. 1If, for instance, the supply curve of labor of two
individuals who would have paid the same lump sum tax are different then
a uniform consumption tax would be "horizontally inequitable." For small
taxes, the amount which an individual needs to be compensated to attain

52

the pre-tax level of utility is Ecidpi . 1f, as in our model, the change

{ ° It is

clear that any tax system which differentiates in the rates levied on dif-

in price is just equal to the tax, this is equivalent to Etic

ferent kinds of commodities is liable to be "horizontally inequitable."

For horizontal equity we want to tax those commodities for which the con-
sumption patterns are most alike among individuals who we would tax equally
if lump sum taxes could be imposed. I would suggest that this is likely

to be true for broader categories of commodities than for narrow categories,
e.g. for "cheese" rather than for “Blue cheese' or "Cheddar chcese" and for
"food" rather than for "cheese.” If it could be shown that individuals

who would have paid the same lump sum tax supply the same amount of labor,

8 tax on aggregate consumption (or on labor income) would be horizontally
equitable,53

In the particular case in point, the relevant empirical question

is how significant are the disparities in investment patterns among different
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individuals in the same wealth-income class. This is essentially equivalent

to the question of how different are different individual's attitudes towards
risk (in the same wealth-income group)., I suspect that such differences

are significantiy larger than, say, that in the proportion of income spent

on housing or food, and thus, from the viewpoint of horizontal equity aione,

differentiation between safe and risky assets would not be desirable.

(ii) Vertical Equity. A second general maxim of taxation is that we should

like to tax the "rich" at least as high a percentage of their income (expen-
diture) and probably at a higher percentage than the "poor." Here even if
individuals differed only with respect to initial wealth, if the only taxes
that were available were proportional taxes on safe and risky assets (so
that the only means of redistributing income would be the imposition of a
higher tax rate on the security which is demanded relatively more by wealthier
individuals) the objective of redistribution and that of "effeciency" would
conflict with one another: Assume for instance that all individuals have
increasing relative risk aversion; if we were to consider only efficiency
(minimizing loss of consumer surplus) both the rich and the poor would prefer
that the proportional tax rate on the risky asset be at a higher rate than
that on the safe asset (for given revenue). On the other hand, because
of increasing relative risk aversion, for redistributive purposes, we should
like to tax the safe asset at 2 higher rate than the risky.

To see these results somewhat more precisely, consider an economy
in which there are only two groups, the rich and the poor, differing with

respect £o their endowment of labor.
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Our objective is to maximize social welfare
1 2 1 2, 2
(5.1) U+ (1-0)U° = g2’ by By Wo) + (1-0)Y (g By W)

@here £ is the relative weight placed on utility of the rich and U1 and

2
U“ are the utility levels of the rich and the poor respectively, subject,
of course, to the market clearing constraints. The first order conditions

may be written

t t

8 1 - 2 R 1 _ 2
(5.2) vg = g (7Ngg + (1 73)1155) + b (7Mgp + (1 7s)nSR)
(5.3) v=f-s-( 1+(1- )2)+:5( 1+(1- )2
‘ R~ Pg 7ors 7g)Mrs Py 78RR LUty
where

1 1

dZ Az
= Lyl S — - £1-4) 2
_7i<v1r + t + t + (1 71) " vw

v
i wo 3 awo R awo 0
az§ azi
—S . R} _
+ tg aw0+ Raw
(5.4)
3 In Zk
I R
nij 3 Inp
j
—x
v
v =2z, , (1-7.) =212
T s i 1’3

and y is the Lagrange multiplier associated with the market clearing con-

straint.
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The_interpretation of {5.2) and (5.3) should be clear. We noted
in the previous section that optimal taxation required an equal percentage
reduction (along the compensated demand schedule} in all comodities?a That
will be Fhe case here if and only if Vg B Vpe Vg will equal Ve if
78 =% , 1.e. the percentage of the safe industry owned by the rich is
the same as the percentage of the risky industry which they own. This is
equivalent to the rich and the poor allocating their assets between the two
industries in the same proportiomns. More generally, (5.2) and (5.3) state
that the percentage reduction in output will be greater in the industry
which is in relatively greater demand by the rich, just as one might have
expected. This, of course, will imply that the structure of taxes may be

very different from that proposed in the previous section.

To see this, we derive from (5.3)

1 . 2 1 2
tg/Pg "Vs(7aﬂgggf (l~)j§)nkgg= vp(FgMgp + (L= 7g)Mgg)

t /p. 1 TN N 1 5. 2
RUR - v (7glgg + (1= %)Mge) = vg(ZTlpg + (1~ 7p)Mgg)

(5.5)

Attention needs to be drawn to two cases.

(a) If 75 = then it is impossible to achieve any redistribution

R
objectives by taxing the two assets differentially; i.e. no matter what
the tax structure, the rate of taxes paid to expenditure is the same for
the rich and poor. This does not necessarily mean that distributional comn-
siderations are not important in the design of the tax structure. For the

distribution of the loss of consumer surplus may differ among alternative

tax structures.



54

When ¥ = 7S = 7R » (5.5) becomes

13 2 1 2
te/Pg (Mg + (1=70Mpp) = OMgp + (1=7)Mg)

(5.5")
tR/p

= 2 1 2 .
R (7nss + (1w7)nss) - (7nRS +>(l*7)ﬂRs)

When 7 =1, (5.5') may be shown to be equivalent to the results established
in the preceding section. When cross elasticities are zero (which is very
unlikely) (5.5') gives the familiar result that tax rates are inversely
proportional to demand elasticities. More generally, (5.5') states that

the ratio of tax rates should be inversely proportional to the difference
between the own price elasticity and the cross elasticities, where each

of the elasticities is taken to be a weighted average of the elasticities

of the two groups. Note, however, that the weights to be attached to the
elasticities of the rich and the poor are in proportion to their contributien
to the purchases of the commedities; since the rich purchase more than the
poor, the optimal tax structure is closer to that which would prevail if
there were only rich individuals than if there were only poor. This is

a somewhat surprising result; one might have thought that even if the rich
and poor spent the same proportion of their income on different assets if
price elasticities differed distributional considerations would require

that the optimal tax structure use a weighted average of the price elasti-
cities, with a greater weight on the poer than simply their relative con-

tribution to demand. But this does not seem te be the case,

(b) On the other hand, if 7S # 7& 5 the result obtained earlier about

whether tR : tS may actually be reversed. To see this, consider the case
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where the compensated price elasticities of the two groups are the same.

Then (5.5) takes on the form

v V.
Ene T Meg -7
5.6) tS/pS ) vSnRR - Valer ) vp RR SR i} RR  vg SR
/P VRUss ~ VsMgs ) R,
"ss " v Tes v, Mss * Tgs

We first observe that, for fixed nij ; the ratio of the relative
tax on the safe to the risky industry is an increasing function of vS/vR ,55
This has the immediate implication that the industry which is in

relative demand by the rich is taxed at a higher rate than it would have
been had we 1gnored distributional considerations,56 Indeed; not only is
it possible that we tax the industry with the lower price elasticity at a
lower rate, than the other industry, but we may actually subsidize it (i.e.

impose a negative tax).

Consider the polar case where vR/v =0 . Then

s
tg/Pg . EBB
ta/ Py Trs

The relative tax structure depends simply on the ratio of the own elasticity
to the cross elasticity of demand for the risky asset. This will be greater
or less than unity as the expenditure elasticity of the demand for the risky
agset is positive or negative, or, what is equivalent, as the Arrow-Pratt
measure of Absolute Risk Aversion (-U"/U') 1is decreasing or increasing

with wealth.57 In the normal case tslps > tR/pR . This should be contrasted

with the earlier result, in which the relative tax rates depended on whether
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the expenditure elasticity was greater or less than unity. Thus; in those
cases where the expenditure elasticity on the risky agset 1is between zero
and one, efficiency considerations aione dictate that the rigky industry

be taxed at a higher rate than the safe, while distributional considerations
suggest that (for the polar case examined here), the safe industry be taxed
at a higher rate,,58 The tax structure depends crucially on the relative

emphasis to be placed on these two considerationsrsg

6. Price Uncertainty: The Many Commodity Model

The sole source of uncertainty in the preceding analysis was techno-
logical; i.e. arose from uncertainty abeut the physical output of given pro-
duction processes. In fact, firms often seem more concerned with price un-
certainty than with such technological uncertainty: the uncertainty of what
the price at which they can sell their output next period will be. There
are many reasons for price uncertainty, the most important of which may
in fact be associated with oligopolistic markets--the uncertainty associated
with the behavior of the eother producers in the given market. However, even
in competitive markets, there may be price uncertainty arising from variations
in the relative quantities of different commodities produced. This has
been particularly characteristic of primary commodity markets. This is
not the place for an extensive discussion of uncertainty in such models.

We do wish, however, to make note of how much of what we have said earlier
is dependent on the one commodity aszumption (no price uncertainty).

First, we should note that in general relative prices will move in

opposite directions to the changes in relative quantities, and so the fluc-
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tuations in profits are to some extent ameliorated. Indeed; if the elgsti-
cities of demand are small, the fluctuations in profits may move in the
opposite directions to fluctuations in output.

Secondly, it should be observed that when there is more than one
commodity, it is not unambiguous which is the "safe" asset, which is the
risky. For the returns to different assets will be correlated with move-
ments in relative prices, and the marginal utilicty of income will also de-
pend on relative prices. For instance; the return to housing is likely to
be highly correlated with the price ¢f housing, that in agriculture with
the price of food. For an individual who consumes only the services of
houses, an investment in housing would, from a consumption point of view,
be a safe asset, while an investment in agriculture would be risky. On
the other hand, for an individual who consumed only food, an investment
in housing would be risky, and one in agriculture would be safeo6 In
particular, it should be observed that even if the readl output from an
investment were perfectly certain, fluctuations in outputs of other com-
modities would still make the given investment risky, since its price rela-
tive to other prices would vary and the marginal utility of income would
vary. Moreover, attitudes towards risk will in general depend on relative
prices,61

To illustrate how these points affect the analysis, we consider the
following special case. Assume the indifference map is homothetic and can

be represented (in one ordinal numbering) by the parametrization
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A A
sxl + (1-5)32

VR 0<A<1l, or A<D

(6.1) U=

where Xy and %, are the two commodities. For simplicity, and without
loss of generality, we shoose the units in which X and x, are measured

so that § = (1-8) . The indirect utility fumction, giving the maximum
94 -
level of utility attainable at a given set of prices/and a given income,

corresponding to (6.1) is, letting q, =1 (x, be the numeraire)
3 2 2 2

(6.2) fj:%—[1+q

where Y is the individual®s income. If he has an initial wealth, I,
invests a proportion 2z 1in the first industry and 1l-z in the second,

his income, in X, numeraire, is

(6.3) Y = ‘I{ze_1 + (1-z)e2?

where ey and e, are the returns per dollar invested in each of the two

industries.

For simplicity, we shall assume the production in both industries

is described by a stochastic constant returns to scale production function

BO

. =it
1TV

i

where Vi is the value of the firm, Because of constant returns to scale,
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competitive equilibrium requires Vi = Ii 3

(6.4) ©1 T 948

1f, as we have assumed earlier, all individuals are identical, then the
relative prices in each state of nature will be determined by the relative

marginal utilities in the given states, i.e.,

) ]
(6.5) -g<11>

Assume the representative individual has a strictly concave cardinal utility

function of the form

(6.6) T = B(D)

' >0, H"<O

The individual's optimal portfolio allocation is given by

| LA
(6.7) B (Y N1+ q?/A L (ey = e} = 0

where the individual takes the probability distribution of q and e,
as given. The competitive equilibrium allocation is then that (unique)

allocation for which [substituting (6.3)~(6.5) into (6.7)]

(6.8)

A aja-1] 1A
EH' — + (1-2)g . g Z
((lwz)gz)A 1 2 (1 z)gz 1\ (1-z)g,

]
=
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To ascertain the effect of a proportional investmenf tax at the same
rate in the two industries on the allocation of investment resources, we
observe, as previously, that such a tax is equivalent to a reduction in I .
Hence, since it 18 easy to estabiisn tnat (6.8) 1s concave in z , the

change in 2z 1s of the sign eof

ETLIMS . . " 1=A
(6,9) E L_ET,UJ H.BYA ](1 _l_‘,‘q‘l;fﬂ l) (e

R -

i 2)

For reasons analogous to those im the one commodity case, it is natural
to call

“‘H”U
..-ﬁr_

the measure of relative risk aversion. Hence, we observe that if there is

constant relative risk aversion the allocation of investment is unaffected

by a proportional investment tax, regardless of the pattern of rigk or

consumption,

On the other hand, when H is not of constant elasticity the effect
will depend both on taxes and the pattern of risk. Consider, for imstance,

the case where only the first industry has a variable output: =1 1in

)
all states of nature. Then, for any given allocatien, 2z , the higher 8y »
the better off is the individual,; on the other hand, whether g? increases

or decreases with 84 depends on whether A is greater or less than zero.

For this, it immediately follows that a proportional tax on investment in both

industries results in an increased allocation to the industry with no technmo-

. ‘ . 62
logical uncertainty if the elasticity of substitution _ between the commodities
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is_less than unity (A < 0) and risk aversion inc:eaées_with utility or

if the elasticity of substitution between the commodities is greater than

unity (A > 0) and risk aversion decreases with utility. Conversely, in~-

vestment in the industry with no technological uncertainty is reduced if

there is an elasticity of substitution between commedities less than unity

and risk aversion decreases with utility, or if the elasticity of substi-

tution between commodities is greater than unity and risk aversion increases

with utility,

These results suggest that if the elasticity of substitution were
equal to unity, then the pattern of allocation would be unaffected by the
tax, and that in fact is the case. The utility function may be written in

the form

6.1") U= x

and the indirect utility function is of the form

(6.2%) 0 = 4% Mg b gy

Relative prices are just inversely proportional to relative quantities:

O SN
x, 1-A ~ gL (1-A)

605!
( ) 0,
The individual’s optimal portfolio allocation is given by (again letting

X, be the numeraire)

2

=4
(6.7") EHEqu (el - ez) = 0
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so that, if all individubls are identical, the competitive equilibrium allo-

cation would be given by the value of 2z for which

. (1‘2)32 2(1wz)A (1ﬂz)g2A é:)
12
- A g
- A 1-2 2
=({1l-2)A - z(1-4)) m (i j) i)EH 4 (; :)
(i (1~A)2 A\ = 2

which, for an interior solution, requires

(6.8")

l-z = A

independent of the pattern of uncertainty or attitudes towards risk (i.e.

of the function H ). A proportional tax on investment in both industries,
or indeed, a tax at a differential rate in the two industries, cannot affect
the pattern of allocation of investment; it can only affect the relative
prices which prevail in the different states of nature.

These results are in accord with what we would expect. With unitary
elasticity, price changes exactly offset quantity changes. If the elasticity
of substitution is less than unity, the price changes more than offset the
quantity fluctuations.

Hence the industry with no fluctuations in output experiences, in
effect, greater uncertainty than that experiencing the technological uncer-
tainty. Accordingly, it "behaves" like the relatively risky industrya63
Conversely when the elasticity of substitution is greater tham unity, in which
case price variations are not sufficient to compensate for the quanticy

variations.
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7. Taxation and Financial Policy

The taxes considered in the previous sections have differentiated
among investment (profits) in different industries, but not in the manner
in which the funds for investment are raised (and hence the form in which
the profits are distributed). As a result the Modigliani-Miller theoren;
asgerting that the value of the firm is independent of the financial policy
pursued by the firm (provided that it does not borrow a sufficient amount
to go bankrupt in any state of nature) remained wvalid throughout the pre-
vious analysis,

We now consider what happens when the government does treat from
a tax point of view different financial instruments differently. 1In par-
ticular, we shall consider the case, where, as in the United States; a dis-
tinction is made between debt and equity financing. Assume there is a cor«
porate profits tax at the rate tp . Interest payments on debt are tax
deductible. On the other hand, indiwiduals must pay a tax of t  on in=-
terest income receipts, and a tax 4t the rate te on receipts from equities.
Hence the total tax payments to the govermment in state @ 1if the profits
of the firm are n(A8) , if the firm issues B bonds, and the rate of in-

terest is r = r-1 , are
tp(n « ¥B) corporate profits tax
+ tr?B tax on interest pavments by individuals
+ te(l - tp}(ﬁ - ;B} tax on income from equities by individuals®%

=ty +t (1=t = rB(t, +£ (1=t)-¢)
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Observe that in each state of nature, tax payments are increased or decreased

with B as
{7.1) t. +t{l~-t ) ~-t t -t t (1 t-) N 0
? ] e p r e r ¥t e’ >

If t = te s as Modigliani and Miller [13] and Baumol and Malkiel [3]
implicitly assume, this is unambiguously positive, so tax payments in every
state of nature are reduced by issuing bonds. Hence, it will be in the interest
of all individuals for firms to finance as much of their investment as they

can by issuing bonds. The effect of this kind of tax on the investment de~
cisions can easily be seen as in Figure 13, where we have again for simplicity
assumed constant returns to scale in the two industries. Assume the maximum
proportion of investment in the risky industry which can be financed by bonds

is KR < 1. Then the mean return after tax is just
# - - .3 - - a
TR (b ~ 1 rKR)(tp + tr(l :p)) trrKR
= gy - (u“l)(tp +vtr(1 - cp)) +—rKRtP(1 - tr)
s £ £
o' =o(l - e (L~ t)

i.e. it is equivalent to a simple income tax at the rate tp + tr(l = tp)
plus a "lump sum® subsidy (ipndependent of the state of nature) of

KR(l = tr)tp§ per unit of investment. One would nermally expect that the
safe industry, can, however, finance a larger proportion of its investment
through bonds, since there is no risk of default i.e. KS‘> KR . Hence,

the after tax rate of return on safe investments is given by
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FLGURE 13a ‘
Effects of Profits Taxes: te = tr 5 KR = K

R
RE
S /
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T
I
FIGURE 13b

Effects of Profits Taxes: t, =t KR = § < KS
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=¥[1 = (t 4 ¢ {1 - ' - 114
r{ ktp + tr( tp)) + Ks(l tr)tp]

in Figure 13a, we have depicted the effects of the tax on real in-
vestment. 1f KR = Fs =0  thie iz jyet a proportional preofirs tax, at
the rate tp +-tr(1 - tp} ; the points R and § wove towards point 1

in the same proporcion (to R'S' 3 : and g0 the opportunity set moves down

in parallel, as discuzsed earlier {(Sectiom 3). If KR =‘KS >0, the op~

1 ]

portunity set moves up: the point R’ moves up te R", 5’ te 8" ;

the amount of the upward shift is ideptical, and so the new oppertunity set
is stiil parallel te the origimal, 1f E" is the new equilibrium, the pre-
tax mean-variance cerresponding to E" is given by P" , which is found

as follows, The mean and stendard deviation, pre-lump sum subsidy but after
the income tax, corresponding te E" is P', i.e. the same standard de-
viaticn but smaller mean, and the pre-tax point corresponding to P' is

just P" , as in the earlier amalysis. Whether the tax structure increases
or decreases risk taking depends on whether P" is to the left or right of

E , the initial equilibrium. Asufficient condition in the mean variance
model that the tax increase risk taking is that there is increasing or con-
stant relative risk aversion (income elasticity of the demand for safe assets
greater than unity). One would generally expect, however, that KR < K,S ’
i.e. risky firms can finance a smaller proportion of their investment through
debt. In that case, the "lump sum" subsidy to the risky industry is smaller
than that to the safe, sv that the new opportunity locus is flatter than

the pre-tax locus (Figure 13b). The effect of this is normally (if the price

elasticity of the demand for safe a2sset ie¢ negative) to reduce risk taking
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from what it would have been had KR = KS . Whether risk taking is increased
or decreased vrelative to the no-tax gituation depends on the extent to whigh
KR and KS differ, and the income and price elasticities of the demand for
the safe asset.

It is important to distinguish these real effetts from the tax from
the superficially more dramatic but economically less significant changes
in the financial structure of firms, Now it no longer is true that firms
are indifferent as te the debt-equity ratio: in this case each firm will
attempt to have as high a debr equitv ratio as it can, subject to the con-
straints of bankruptey.

On the other hand, just the opposite conclusions obtain if tr is
sufficiently greater than te , which seems to be the case for at least
some wealthy Americans. The returns from the firm which are not distributed
te bondholders may be redistributed to the stockhelders by several devices
which take advantage of the special treatment of capital gains. The firm
may buy back their shares (although few companies seem to avail themselves
of this oppertunity) or they may reinvest the funds, The latter is possible
even if the given stockholder does neot wish to invest his profits (e.g.,
he wishes to consume them), for provided that there exists some other in-
dividual whe would have been wiiling to invest the given amount in the firm,
as there will normally be in a growing dynamic economy, the original stock-
holder simply sells that proportion of his shareg which represent the incre-
ment in value resulting from the investment of the firm to the new shareholder.
If capital gains are taxed at one half the rate of normal income, t = % t

then the critical rate for tr ; at which the individual
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is indifferent as to the financiasl pelicy of the firm, is given by

or, if tp = .5, r.o= .67 . Individuals with & personal tax rate in excess
of 67% would prefer the firm to issus ne debr.

If capital gains are taxed ar ¢ither one-half of the nmermal rate or
25%, whichever is lower, then the critical value of tr {with tp = ,5)
is 625,

In fact, however, because the tax on capital gains is omly paid when
the gains are realized, and if they are nor realized upon death, they are not
paid at all, the effective rate on capital gains may in fact be considerably
less than one half that of the personal tax on interest income. AL the
extreme, if te =z 0, the critical value of t. = tp . All individuals
whose personal tax rate exceeds the corporate tax rate desire that the firm
have a zero debt equity rario. In this case, the interest deductibility
provisions have no effect, and the real effects are identical to those analyzed
earlier in Section 3.

Note that the effect of the interest deductibility provision is to
pelarize firms into two groups: those whichwant a very low (zere} debt equity
ratio, catering to individuals in very high income brackets, and those which
want a very high debt equity ratio. On the other band, a large percentage
of the wealith of the Unirted States is owned by individuals whose personal
tax bracket is in the range where the savings resulring from the firms changing

its financial policy is relatively small, Consider, for instance a firm which
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had pursuved a policy of a zero debt equity ratioé and decided it would im-
mediately refinance itself, resulting in a debt equity ratio of 1/2_(g;eater
than most firms in fact have). Assume tp = .5 and the ratic of the meag
return on the risky asset to that on the bond {before tax; 18 &¢. An indi~
vidual in the 50% bracket who pays half the rate on capital gains as on
interest income would have his taxes reduced by omrly 5%. Under similar comn-
ditions, an individual who was in the 60% bracket and who plapned to die
before realizing his capital gains would make a savings of only 3% 1f the
firm changed its financial policy from a debt equity ratie of 1/2 back to
zero. Given the variations in the tax structure in the last 30 years, the
costs associated with dramatic changes in the financial structure and the
normal lags of response, it is not surprising that the tax system has ap-
parently not had a major effect on the financial structure of firms. If,
however, the tax system were to remain unchanged for a long peried; it would
seem not unlikely that gradwally firme would take advantage of even these
small gains.

The important point to observe is that these two provisions of the
tax structure--the tax deductibility of interest payments with special treat-
ment of capital gains+-is, in terms of its effects on the pattern of allocation
of investment, much closer to being equivalent to a uniform proporticnal tax
system than has previously been thought., This is not to say that the effects
of the tax system on the financial structure of particuler firms might not
be quite significant. If such a polarization as suggested above should occur,
one might expect firms whose maximum debt equity ratio was small, e.g. risky

firms, to be more likely to pursue an all equity policy, while firms with
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little variance to pursue a high debt equity policy. Since the major method
of taking advantage of the special provisions of capital gains is through
investment, again one would expect firms with high investment rates to have
a low debt equity rati@oés

One might argue that it would be far simpler to eliminate the interest
deductibility provision of the tax system, and tax all incomg uniformly.
Although in the model presented here, this would clearly seem advantageous
over the present s$ystem; in more general models the answer seems less clear.
For a number of reasons, one may want to tax pure profits and fents at a
higher rate than income from capital. Unfortunately, it is oftem difficult
except for payments on bonds to differentiate the two; but where it is pos-

sible, we do treat them differently,

8. Summary and Concluding Remarks

The object of this study has been to describe the effects of alter-
native tax pelicies on the allecation of resources between safe and risky
industries and to decermine, under alternative objectives, the design of
the optimal tax structure. The major results of the study may be summarized

as foliows:

1. If the proceeds of the tax are not redistributed as ilump sum payments
(and do net in any other way affect individual's allocation decisions), then
the partial equilibrium results derived earlier [19] obtain in our compe-
titive general equilibrium model; for instance, a proportional tax on pro-
duction at the same rate in all industries, decreases, leaves unchanged,

or increases investment in the risky industries relative to the safe industry
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as individuals have an expenditure elasticity ¢f demand for risky assets

greater, equal te, or less than unity.

2. If a uniferm proportiomal production (or profits) tax is levied om all
risky industries, the tax which results in the proportion of assets allocated
to the safe industry remaining unchanged will not in gemeral be neutral in

its effects on the allocation among risky assets.,

3. 1f the proceeds of the tax are redistributed asg lump sum payments, allo-
cative neutrality requires that safe and risky industries be taxed at the

same rate.

4, If the govermment has a utility function over the mean and variance of
the proceeds of the tax (e.g. the proceeds are used te finance a public good)
and the govermment is restricted to imposing proportional (production or profit)
taxes, the level of social welfare obtainable under a centralized system of
production {(allocation of investment) is greater than that obtainable under

a decentralized (competitive) system of production. If the government is
risk neutral, and the marginal utility of (mean) income to the government

is the same as that to the private sector, them the propertional production
tax rates should be inversely related te the mean returns, se the safe in-
dustry is taxed at a higher rate than the risky. If, on the other hand,

the marginal rate of substitution of the govermment between risk and mean
return iz the same as in the private sector;, and the marginal utility of
(mean) income is the same, then the optimal tax structure imposes the same

tax rate on both sectors.

5. If the supply of the factor input is not imelastic, if all individuals
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are identical, and if there are only two industries, both having comstant
returns to scale, then the optimal tax structure requires that investment

in the industry with an income elasticity greater than unity be taxed at

a lower rate, i.e, the safe industry if relative risk aversion is increasing,
the risky industry if relative risk aversion is decreasing. The relative

tax rates among different risky industries depend only on the mean returns,
and in general, the tax rate is an increasing or decreasing function of mean
return as the income elasticity of risky assets is greater or less than unity

(relative risk aversion is decreasing or increasing}),

6. There is a conflict im the design of the tax structure between the ob=
jectives of minimizing loss of consumer surplus and horizontal and vertical

equity (distribution).

7. When there are two commodities, variations in relative outputs will
result in variations in relative prices. If there is constant relative

risk aversion or if the elasticity of substitution between the two commodities
is unity, allocative neutrality requires that they be taxed at the same rate.
1f only one of the industries experience technological uncertainty, it acts
like the risky industry if the elasticity of substitution between commadit#es
is greater tham unity, but like the safe industry if the elasticity of sub-

stitution between commodities is less than unity.

8. The important effects of the differential tax treatment of debt and equity
are not the change in financial pelicy which it causes, but the distortionary
effects on real production. If there were mo special treatment of capital

gains, the interest deductibility provisions would be equivalent to imposing
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a higher tax rate on riskier industriez (industries ¥for which the maximum
debt financing is relatively small), The special rreatment of capital gaigs
means that some individuals (im high tax bracket) would prefer firmws to have
an all-equity policy. The present system of favorable treatment ot capital
gaing--cum interest deductibility is probably reasomsbly ci@se; for a lacge
percentage of wealthholders, to being neutral in its effect ¢m finsmcial
pelicy {(and hence is essentislly equivalent to a uniferw tax rate on safe
and risky industries). But 1f financial neutrality is a desirable sbjective,
then it would be far simpler to accomplish this goal by eliminating both the
provisions for interest deductibiiity and the special ftrestment of capital
gaing,

From these results, no clear answer emerges te the imp@r%aﬂt policy
question of whether the govermmeni should tax riskier industries at lower
or higher rates than safe industries. The answer depends on detailed knowledge
net only on the kind of tax (e.g. production versus profit) amd empirical
information about income 2nd price elasticities of demand, but also on the
objectives of the govermment, e¢.g. the importance placed on distributicnal
objectives, Tndeed we have noted rhat the objecrives of "efficiency” and
"redigtribution" are likely to be in conflict. What is clesr ig¢ that those
who advocate govermment subsidies ro risk taking, in the form of special
tax treatment (e.g. oil industry, special treatmemt of capital gaims), special
regulations (drug induwstry), insurance schemes, etec. have a difficuir case
in establighing the desirability of these policies onm the grounds either that
a proportionate tax syvstem discriminstes agaimst them uwnfairly or that it

would be desirable to increase resources to such risk takisg activities.
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My own judgment is that unless a far gtromnger case can be made for such spe-
cial treatment of risky industries than has heretofore been made, a uniform
tax rate is the wisest course to pursue: mnot only dees it havle the advantages
of administrative simplicity and horizontal equity; but it aveids cthe poli-
tical conflicts and opportunities for the exertion of influence of special
interests groups which inevitably accompany the differentiation in taxation

between different sorts of expenditure.
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i B individual's terminal wealth (income) in state

Arrow-Pratt measure of absolute risk aversion
Arrow=Pratt measure of relative risgsk aversion
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The indirect-expected utility of imcome functiom
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j individual's initial ownership share of 1i°
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investor

Ratic of investment in first risky industry to that
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Fraction of resources invested in risky industry
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factor, I )

Individual’s purchases of i*E risky asset (if there

is only ome risky asset, it is denoted by e )]

Individual's purchases of safe asset

output of 1% firm

h

Investment of it firm

State of nature

Qutput of ith
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Ratio of output at investment level I
unit investment level

i te output at

h
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Rate of interest on a perfectly safe asset
Total market value of ith firm
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o4 Standard deviation of return per dollar imvested in

ith risky asset

C Covariance {per unit of investment)

Government
(Y, T) Utility of income and public goods
T Proceedz of tax (expenditure on‘public goods )

2]1/2

G(Ei {E(Tw?) ) Social evaluation of tax revenue (expressed as func-

tion of mean and standard deviation)

t Tax rates om safe and risky industries (nature of tax
defined in reievant sections)

Denotes after-tax value of given variables

1 Govermment purchases of factor

Y] Shadow price on market clearing constraint

4t Relative weight placed on utility of the rich
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FOOTNOTES

1Thesa are both sufficient conditions, A further sufficient conditionm is
that the rate of returm on the safe seset i zero. Thase resulte szsums
that there are only two assets, a perfectly safe asset and a risky asset.
If there is more than one risky asset, these results will only be true in
general if the conditioms fer the portfolio separation thesrem obtain [5].
Condition (a) is equivalent to the assumption of imcreasing absolute risk
aversion, i.e. if W¥(Y) is the utility fumnction, =U"/U’ = A is the mea-
sure of absolute risk aversiom, {2, 15} then dA&/dY > € . Comdition (b)

is equivalent to the assumption of decreasing absolute and increasing rela-
tive risk aversion, i.e. if p = -U'(V)¥/U’ i% the measure of relative risk
aversion, dpfdY > 0, dafdy < 0,

2The only exception te my knowledge is the recemt study by Shibata [17].
But her analysis involves a number of very restrictive assswmptions and is
primarily concerned with price uncertainty rather thasn technological un-
certainty.,

3Thi.s result holds only if there is no specizl treatmemt of capital gains.
See below.

4See sections 3 and 7.

SIndeed,'one way ef viewing a profit tex is ag an investment tax with the
proceeds of the tax used to purchase shares in the given Ffirw.

6We present the medel in somewhat greater generality than im fact we will
employ in the subsequent analysis., The various cases we consider will be
alternative modificatioms and specializationzs of this general medel.

7Because inputs precede outputs in time, this model iz sometime referred
te as a two period medel. ¥For a discussion of the limitations of the one
period model, see [8],

sit should be emphasized that the assumption that imcresses im Ilnvestment
lead te equiproportionate increases im sutput in each state of nature is
crucial for the analysis. For without if, except under the rather unrealis-
tic assumption that there are ae¢ many securities as states of nature, 1t is
not clear what meaning can be given te competitive price-taking behavior.
Diamend has shown that the competitive allecation for the market presented
here is a Constrained Pareto Cptimub. When the techwology is met of the
form (2.1), or when firms have a choice as to the pattern of ocutput across
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the states of nature, then there are strong reasons to believe that the market
allocation will not even be a constrained Pareto Optimum, in which case tax -
policy will be concerned not only with raising revenue, but also with alle-
viating the distortions in the market allocation [11, 23].

9W‘ithout logs of generality, we mav take f£(1) = 1 .

loThis assumption, in conjunction with the assumption that there are fewer
firms than states of nature, implies that there will be fewer securities

in the stock market than states of nature. We also sasume that individuals
cannot trade directly with ore another imcome in one state of nature for
income in another state of nature. Thus the stock-market is the only wmechanism
in this model for handling risks. These assumptions are not completely
realigtic; some firms do issue preferred stocks and other debt instruments
which are less risky than common stocks but riskier than erdinary bonds,
and insurance and betting do allow individuals to tske or aveid some risks
that they could not by means of securities in the stock market alone; but
introducing these considerations would complicate the analysis withoutr ser-
icusly altering the basic qualitative propositioms.

11We agsume that there is a perfect capital market and thet firms never
issue so many securities as to go bankrupt in any state of nmature., Thus

r 1is the same for all firms and constant acreoss the states of nature. I£
we agsume that there are sufficiently high "transaction" costs involved

in bankruptey, it can be shown that firms will never im fact go bankrupt.
In the simple two period model presented here, if a firm is not able to

meet ite bomd obligatiens, i.e., if for any 6, Xi(e) < rBi it is said

to go bankrupt. (In practice, a far more common cccurrence is the deferral

of interest or principal payments, but this can only be incorporated imto

a multi-period model.) For a detailed discussion of the role of bhankruptcy
in the absence of taxation in a simple model of the stock marker, see Stiglitz
[21].

12See below, Section 7, 1t is clear that provided the tax does not discri-
minate between interest and non-interest income, the MM proposition will
remain valid. (This requires, of course, provisions for full loss off set.)

13Without loss of generality, we assume firms have no outstanding bonds at
the beginning of the period.

143y the arguments above, the value of the firm, in the absence of taxzes
which discriminate between alternative forms of income will depend simply

on its level of investment, not om its fimancial policy. Later, in Section
7, we shall modify an analysis te take account of taxes which do discriminate
between alternative forms of income.
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15
I1f there are non~constant returns to scale, the firm assumes that its
market value increases in proportion to fi(Ii) ; Ll.e,

" =i
dvi ) fi(Ii)
vedt, £, (1)

(2.5)

Since we shall explicitly assume that all firms and individuals are price
takers, by the usual Figherian arguments, it can be shown that it will be
in the interest of all stockheolders to have the firm maximize (2.4), i.e.
the market value of the original shareholders:

av, vafé
(2.6) -t = ] = -t

dli fi

Since V, > 1 if the solution to (2.6) yields a value of I

128 : 7 Vi
Ii is set equal to zero, (Rather than operating at a loss the firm always
has the eption of shutting down.)

16When all firms are price takers, it caa be shown that we can describe the
behavior of the industry by aggregaring all the firms in the same risk class
together inte a single {price taking) firm, even when there are not comstant
returns to scale.

Assume there were a firm whose output was given by

(2.7) X (L 8) = max{nf, (I, g, (8)
£ A M

8ot EIi = T

" i

If it maximizes the market velue of the original shareholders

£) v

it

ef
e

all k

(2.8) 1=

This should be compared with the disaggregate egquilibrium. By definition
all firms in the same risk class have the same valuas of Vi /fi . Moreover,
"k Tk
(2.9) £) -V, =f
e e X

(from (2.6)) from which it follows that f; has the same value for ail k ,
k
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The total value of securities in the industry is just Evi = Vi - Summing
(2.9) over k, we then obtain k

(2.10) £! . v, = 9f
i i kik

which is identical to (2.8).

7Because of constant returns to scale, the value in equilibium of the in-
dividual's initial ownership claims on firms is zero. More generally, if
he initially owns Bi of the ith firm, his total wealth, which he cam

allocate among alternative securities and bonds, is given by

(2.12) D =l - 1)

i
[Since Vi = Ii represents the total value of initial ownership claims in
the 1™® Firm and the individual initially owns Bl of the 1™ firm,

the value of his initial ownership claims in the 1th firm is just

Bi(vi - 1) .

18This formulation assumes that the level of utility attained from a terminal
wealth of Yj depends only on the level of Yj » Dot on the state of nature,
This would not be the case if individuals traded this commodity internationally
for other commodities which were to be consumed, and the international price
ratios depended on @8, or if the level of utility atteinabie frem any given
income depended on such events as the weather, whether there is a war, etc.
Although the results on the constrained Pareto Optimality [8] of the competi-
tive equilibrium do not depend on this assumption, those results relating to
the structure of taxes do. The reason for this should be clear: If U de-
pends on @ (except through ¥(8) ), a security may (from a utility point

of view) be "safer" than a bond (e.g. it is often asserted that because of
inflation, in real purchasing power a security is "safer” than a bond); thus
the demand function for the security has the properties usually associated
with the safe asset and conversely for the bend. Since, as will be apparent
shortly, the structure of optimal taxes depends on properties of these demand
functions, the conclusions of Section 4 on which assets should be taxed at

a higher rate then have to be reversed,

19Equiva1ent1y [using (2.8)], we have

EU“Xi
(2.15) -l
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2OIf there are twe or more firms which have perfectly correlared returns, i.e.

belong to the same risk class, then there is an inessential indeterminacy in
the demand for the securities of a given firm. But as we have noted above,
we can aggregate all firms of the same risk class together,

1 | - 1
From now o, we shall, when there is nw ambiguelty, drop
the superscript j

= 0
22 -17 is the disutility of supplying an extra unit of the factor;through-

out we assume an additive wutility functiom.

231f there is not constant returns to gcale, it will alsc depend on the

vector of initial ownership claims,

241n the case of non-comstant returns to scale, from (2.6) we derive the

demand for factors and the supply of securities by the iR Ffirm;

(2.26) pi<d n I >

which may be solved for I, as a fnnction of P,

i
(2.27) I, = T,(p,)

Market equilibrium requires again Ii A general equilibrium is a

Z, o
i
set of prices, pl, RTINS which generates demands for zecurities [given

by (2.22)] equal to supply [given by (2.26)] and demands for factors equal
to supply [given by (2,21)]. The usual fixed point arguments can be used to
ensure the existence of at least one such price vector.

25With the exception of those relating to two or more risky industries.

26Throughout this and the remaining sections of the paper (except Sections
5 and 7) we will conduct the analysis as if all individuals were identical
(the "representative man'),

Z?As we have drawn the tangency in Figure 1, it lies between S5 and R .
It is not possible; of course, for it to lie to the right of R ; since
society ag 2 whole clesrly cannot “borrow" (sell the safe security short)
in that case the economy simply specializes in the risky investment.
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281‘«2lse‘m':rlu=.»r¢=.-g9 it has been established that whether the income elasticity of

the safe asgset is greater or less than unity depends simply on whether the
utility functiom; U(¥) . from which M{y,¢) is derived, hasz increasing,
or decreasing relative risk aversiom. 3ee [2].

29, o p T - . i :
The procfs of these proposicions are straightforward. In tne general case
of an individual maximizing expected witility, we have

EG' o (e ) = O

The sign of the change in the proporrion of resources invested in the safe
agset when r 18 increased i3z foumd by implicit differentiation with respect
to 1 3

~EU’ + EU"(i-a)fe-r)T = EU'{=1 - 9"¥/0") + EU"el

The rest of the analysis is straightforward. (Cf. [19})

0These results are essentially unaffected by presence of mon-constant re-
turns to scale. In Figure 6, we have drawn the production possibilities
schedule for the econeomy in which there is decreasing rerurns to scale in
the safe industry. The competitive equilibrium cam be shown;, as in the
usual analysis, to be at the point E . The after production (gross out-
put) tax curve,; when the same proportionate tax rate ig imposed in both
industries is depicted in the figurs by the dotted curve. As before, at
any allocation of real resources between the two investments, the mean and
standard deviation are beth reduced proportionately, #o that the after-tax
return corresponding to ¥ is A . Whether the proportiomal tax is allo-
catively neutral, incresses or decreases risk taking depends solely on
whether the income consumption curve ig a gtraipnt line through the origin
(elasticity of demand for the safe asset of wnitydbends upwards (greater
than unity elasticity of demand for the safe asset) or bends downward.

31More generally, sufficient conditiens that an incrsase with tax increase

risk taking is that there be {a) increasing absolute risk aversion or {(b) de-
creaging absolute risk aversion and increasing or constant relative risk
aversion or (¢) r-1 =0 .

32Note that this implies that if ¢ = 1 ; the demand curves for risky se-
curities is upward sloping.

33Risk neutrality 15 equivalent te zero relative risk aversion (a utility

function which is linear in income).
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34 . . .

This criterion is not meant to yield a complete ordering of tax structures,
but allecative neutrality is alleged to be a “desirable characteristic® im
any tax system.

35 _

Although this may turn out to be the case; we are suggesting that allc-
cative neutrality is a property which one ought to preve is desirable for
a tax system, rather than assume ab imitioc.

6
The analysis for profits (income taxes) is similar and hemce 1s omitted.

7
3 For a discussion of the difficulties in extending the general model te

two or more risky assets, see below, Sectiom 6.

38
In terms of our previous notation,

T T

where h, ig the proportion of total assets allocated to the ith risky
industry.

39We have already noted that competitive equilibrium requires that the level
of investment in each industry be equal te the demand for its securities
when the ratio of the value of the firm to its level of investment is wunity
for all firms.

4oIn the special case where Uy =ty s A owill be chosen simply to minimize
variance:

?«ci + (1 = 2})C - (1%)32 = 0

Then A does not depend at all on r ; hence the tax rate on the safe in-
dustry cannot affect the relative allocation among risky industries.

1In practice, govermments do levy seme taxes that appear to be very clese
to lump sum or non-distortionary taxes, e.g. poll taxes and land taxes, but
such taxes are relatively insignificant and clearly do not raise encugh
revenuve; the govermment muast then resort te distortiomary taxes, Even taxes
like land taxes are often distortiomzry; e.g. the value of land om which the
tax is likely to be based will in general depend on improvements,

42We could have alternatively formulated the problem as if the tax were
imposed at the level of the firm rather tham at the lewvel of the individual
i.e. on the firms investment rather than om the individual's purchase of
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securities ¢f the firm. 1In this particular model, the two are perfectly
equivalent, that is, if & tax is imposed on the investment of the safe in-
dustry at the tate ES ;3 the value of the industry will be {in competitive
equilibrium) Vs = IS(I +7§s) ; similarly, VR = IR(I +vE£) . Then the
after tax returns per dollar invested in the safe and risky industry will
be given by

r = —
1+ ts
and
1+ tR

It is clear that if Ei = ti these are identical to the expressions derived

above for after-tax returns,

3Because of constant returns to scale, unless the government makes transfer
payments, w, = 0.

44The formal solution to this problem is identical to that presented in the
more general context of optimal commodity taxation, i.e., for instance [9,
25, 4, or 16].

4sAlternatively, direct substitution of (B.5) imto (4.6) yields

‘R 2. g
= L'[BU"" + L“pS] » == L' [EU"er + L"pkps]

% %y

t t
= - B L'[EU"er + L"p_ p_] +=2 L“[Eu“e2 + L“pzl
Zs R*S Zs R

Multiplying by ZSZR/L" we obtain

] - Hy
Eﬂ'Y(rtR ets) + (t LY = §

rPs ~ tsPg
or

# - 9 - . = L -
tSEU'Y(r e) +=rEU'Y(tR ts) + (LR tS)L I =20
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46This latter result can be shown to be a general property following from

the additive structure of the uwtility functions,

47 These are like pure windfall gains; in our model, there is no difficulty
in identifying these pure windfall gains from gaine rhat were anticipated
{(with a finite probability),

a tax on which would have distortionary effects. In a multiperiod
model, however, the ownership claims at the beginning of one period are
largely the proceeds from investments in previous pericda. All of this
suggests that extreme caution be used im applying the results derived from
the simple one perisd models.

4BSince uncertainty plays no special role im this resulr, the proof is omitted:
the reader is referred to [25] for a detailed discussion of these problems .

AQCass and I have explored these questions in much greater detail elsewhere,
see [6].

0In view of the resuits in the appendix to the preceding section, this
result should not be too surprising.

SlClearly, by introducing pregressive tax rates, we can increase the pro=
gressivity of the tax structure even if there is & unitary elasticity to
demand. But the high margimal tax rates may result in a loss of "efficiency,"”
the objective of tax policy with which chis paper has until now been con-=
cerned.,

52

, th
In this gemeral discussion, (., 1is the consumption of the 1 commodity

i
or (minus) the supply of the ith facter.

SBAgain, it iz important te note the trade-offs: Jf there iz a fair degree

of homogeneity in consumption patterns among the members of a given population,
we may be willing to sacrifice the logs in horizomtial equity for the gain

in efficiency resulting from the introduction of differemtial tax rates om
different kinds of expenditure (investment in different kinds of securities).

54More formally, the percemtage reduction in demand (alomg the compensated
demand schedules) for small taxes is

HECHRHCIDITE
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(which is identical to the right hand side of (5.2) and (5.3)); Vg z “¥e

>
<R

a1 L2 ¥ 2\\
) i CYS Y SAEY:
v Y v Vo 3N\3Wp dv, Ve g

The first term represents the marginal social evaluatdon of income to the two
different groups; one would normally expect

as 7 provided

5

gy, << (Legel
G 4]

i.e. that the marginal doliar given te the poor raises social welfare con-
siderably more than one given to the rich. The secord two terms represent
the tax gain that would result from giving an extra dollar to the two dif-
ferent groups. If the marginal spending propensities were the same, these
terms would be the same for the two groups. Altermatively, if the rich tock
a larger percentage of the increased income in the form of leisure and had
a marginal propensity to consume {for each unit of expenditurej on the more
heavily taxed security (commodity), that was less than that on the less heavily
texed security (commodity), then

BZ; 822 BZI azz
5 R R
ts_.._,..__ +tR [ . 5. < 0
awo awo BWO aw0

It is, of course; possible that the above expression be positiwve., Although
it seems very likely that even when it is positive, the differences in mar-

ginal social evaluaticns (gv; - (l:z)wi 3/u aremuch greater than the
0

differences in marginal tax revenues, it is not possible om a prieri grounds
to rule out the pos#ibility that just the opposite is true. In that case,
the percentage reduction in the commodity (security) which is in relative
demand by the rich is smalier than that of the other commodity {(security).
In the ensueing discussion we shall, however, ignore thar possibility.

55The derivative of {5.6) with respect to v = vS/vR is

Mer'Ngs = Vps! * (¥Mpn = Mg Mo
3
Mgg = Mgs’

which i3 of the sign of

MerTss ~ Msr'ks



89

6 ‘ ,
3 Assuming, as we have argued will normally be the case, that

1 .2 1 .2
51 1-¢) 2 (dzs dzg WA
Yoo T e, Y U\&, @,/ T \Ge &,/ ” "
vV ¥ v 0 ¥y 0 s Mo

(See Ftn. 54, above,)

57Using the results of Appendix B of Sectiom 4, we obtain

L1] - B0, 2
jlgﬁ = ] = Ev efPS B pR. E(mu“) e . E
2 2 p p

T| # 9 4
RR EU'c pS~%LWPRpS "R S

=gt af e xr \ > a-u"ju’y >
= g T U (:pn Pg z 0 as an = 0

(ct. [19].)

57The empirical evidence is ambiguous. The figures cited in [l] do suggest
that the expenditure elasticity for risky assets is between zero and unity,
but studies such as those c¢ited by {[19] indicate that the expenditure elas-
ticity is greater than unity. In that case, as we have already argued,

Ve > Vg In the case of VS/VR =} by exactly parallel arguments,

tsfPs  Mgr

£

o Py Nss

The right hand side of the above equation can be shown to be less than unity

if there is increasing absolute risk aversion (negative expenditure elasticity
of demand for risky assets) or decreasing absslute and increasing relative

risky aversion (expenditure elasticity between zero and unity). With decreasing
relative risk aversion (which we would expect under the given assumption

that 72 > Tg ¢ gince it implies that the expenditure elasticity on risky

assets is greater than unity} t_ may be either greater or less than ¢

S R’

59N0t only may vavS take on values between zerc and one, but it may actually

become negative, This implies that tR/ts will be even smaller than indicated

above, and indeed may become negative, i.e. the risky industries are sub-
gidized and the safe taxed. To see this, consider the case where the revenue
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to be raised by the government is small. That implies that either tg and

tR are of opposite sign or they are both small. The latter case implies that

Vg and vy are both small. But we may write

1 - : = 9 -
UL . (g = ) + (1 - 7 v,

R 1= 75 1 - ?S

v

But as v, goes to zero, VR does not (and conversely}. Hence T and

tR must be of opposite sign, i.e. the industry which is in relative demand

by the poor is subsidized.

60The implications of this point for the term structure of interests rates
are developed in [22].

61For an extensive discussion of this see [20].

62The elagticity of substitution gives the percentage change in relative con-
sumption of the two commodities from a percentage change in relative prices:
it U S as A0

d In plfpz 1-A < < T

631n the sense that increases im wealth result in increased proportion of
wealth allocated to the induatry with technological uncertainty when there

is increasing risk aversion and a decreased proportion when there is decreasing
risk aversion.

641n the twe period model used throughout this paper, all prefits must be
distributed at the end of the period either to bond holders or shareholders.,
The tax rate paid by shareholders depends, of course, on the form in which
these returns are paid, i.e. as capital gains or dividends. The results of
the two period model may easily be extended to the more general case.

Scertain non-financial considerations are, for some firws at least, pro-
bably fairly significant. The larger the debt equity ratio, the less fi-
nancial resources are reguired for a take-over bid, etc. These complications
make clear cut empirical resuvlts unlikely. For a wore extensive discussion
of these peints, see J,E. Sriglite, "Some Aspects of the Pure Theory of Cor-
porate Finance," [25], For a discussion of the effects of taxation on fi-
nancial policy explicitly taking into account the effects of capital gains
taxation, see alsc D.E. Farrar and L.L. Selwyn, "Taxes, Corporate Policy and
Return to Tavestors,” Matiomal Tax Journal, December, 1967, pp. 44b4=454,




