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EQUILIBRIUM AND DEMAND FOR MEDIA OF EXCHANGE

IN A PURE EXCHANGE ECONOMY WITH TRANSACTIONS cosTS*

by

Ross M. Starr

Mathematical general equilibrium analysis has to date developed al-
most completely without reference to monetary phenomena or money as a com~
modity. Clearly this leaves us somewhat at sea in looking for a mathema-
tical general equilibrium analysis of a monetary economy. This gap in
the theory reflects actually a more fundamental lacuna, the absence of a
theory of transactions.

Money's primary function--the one from which its other roles derive
--ig as a medium of exchange, a facilitator of tramsactions, But what do
transactions look like in a general equilibrium model? The story that is
usually told to describe the market of a general equilibrium model is some-
thing like this: All the traders get together in one place with an auctioneer.
The latter eventually calls out equilibrium prices. All traders then put
their excess supplies at those prices into a central pile of goods and with-
draw from that pile their excess demands. Because the prices are equilibrium
prices, supplies and demands balance and no trader is left with an unsatisfisd

demand.

*It is a pleasure to acknowledge the patient advice and criticism of Renneth
J. Arrow. This research was supported by the Office of Naval Research. The
research was also partially supported by a grant from the Ford Foundation.
Errors remain the author's responsibility.



For a monetary analysis the main point to note here is that no one
trades with anyone else. All trade is between individuals and “the market.”
In this story--indeed in 21l our abstract general equilibrium analysis--
buyer and seller never meet. They confront not each other but the market.

A less sympathetic but more accurate story to go with this model is
to say that the market is a black box with numbers, representing prices,
posted on the outside of the box. Excess supplies are put into the black
box, deliveries of excess demands are made from it. Our existence of equi-
librium theorems merely tell us that there are numbers which could be posted
on. the outside of the box so that at those numbers the box will not be in
net deficit of any commodity. 7Two points should be emphasized here. As
noted before, there are no transactions between buyers and sellers. All
exchange of goods takes place instantaneously in a single act., One does
not first receive one good, then supply another, and then receive a third.
GCoods trade for other goods and they do so all at once., Clearly this eli-
minates an important function of media of exchange, bridging the gap between
receipts and expenditures. For each trader the market constitutes itself
as a trading partner with exactly complementary wants, In the terms of
[14], for each trader the market sets itself up as that trader’s mirror
image. But as demonstrated there, in an economy where the mirror image
of every trader is present, there is no need for media of exchangs. Such
a model of economic equilibrium gives us not so much no theory of money
as a theory of no money.

The burden of this argument is of course that the reason it is dif-

ficult to get general equilibrium theory to give us a monetary theory is



that it embodies no theory of transactions. Generating such a theory is

an important part of the analysis below. Another part, one I suspect, with
deeper implications, is a theory trading group size and formation. The use
of a medium of exchange allows a sequence of pairs of traders to achisve a
net trade through the exchange of goods and the medium of exchange (acting

as quid pro quo) which could otherwise be achieved in pairwise trade only

by foregoing quid pro que or by trade of all the participants simultaneously

rather than pairwise. An adequate theory along these lines would explain
the two observations of casual empiricism that almost all transactions in
our economy involive the transfer of money and most transactions imvolve no
more than two parties. By contrast the traditional general equilibrium
ansivsig assumes that all traders trade together at once and use no media
of exchange.

An example of the point at issue is the three man-three good case of

1 -1 ]
[i4). Let excess demands be Xy = -1 1, Xy = 0, Xy = i,
07 1 -1

There are fundamentally twe ways for trade to proceed. If the three fraders
wish to follow the procedure of the general equilibrium model they will
constitute themselves as a market and trade individually with the market.
Let yiu denote the flow of goods from the market, y , to trader 1 .
Positive elements indicate goods received by 1, negative elements indicate
goods delivered by i . Then if we let yiu = X for 1 =1, 2, 3, ex-
cess demands will be gatisfied and the market will clear.

Alternatively the three traders may engage in bilateral exchange.

In this case let yij denote the flow of goods from j to £ . Positive



elements indicate goods received by i from j , negative elements indi-

cate goods received by j from i . Dealing bilaterally then traders 1
. .
and 2 agree on y;, = | -l | 8o that trader 1's excess demands are satisfied.
0
Tn exchange for one unit of commodity 1 trader 2 recelves one unit of com-
modity 2 for which he has no more use than he had for the commodity 1 he

gave up, Commodity 2 here is used as a medium of exchange. It acts as

money.
0

Next, traders 2 and 3 get together and agree on Yo3 ® -1 .
1

Trader 2 uses the commodity 2 he received from trader 1 as money to purchase
a unit of commodity 3 from trader 3. In bilateral exchange two pairs of
traders using a good as a medium of exchange achieve an efficient allocation
which would otherwise have required multilateral exchange, that is, the use
of the three man market. Why two two-sided exchanges rather than one three-
sided exchange? 1In general why does exchange not take place~-as per the
general equilibrium model--in one large market rather than in the many two-
sided exchanges we observe? The answer seems to be that there are very sig-
nificant costs associated with bringing large numbers of persons together.
These costs are so high as to make it preferable to have large--and presumably
also costly--flows of goods acting as media of exchange rather than incur
the costs of bringing people together.

The deepest study along these lines is Professor Ostroy's [10].
The model there is an elaboration of the game theoretic model of a pure

exchange economy. As noted above, one concept of the role of money is that



money allows a sequence of exchanges among small groups of traders to achieve
an end which would otherwise require a larger trading group. Ostroy notes
that a game theoretic formulation of this phenomenon would be limitation
on coalition (trading group) size in a market game., This has something
of a sledge hammer air to it since it amounts to imposing a cost of O
on the formation of small trading groups and an arbitrarily high cost on
the formation of large groups. From this analysis we get an interesting
and elaborate structure.

In the analysis below I set up several general equilibrium models
of exchange. These point up explicitly: choice and cost of trading group
size, choice and volume of flows of media of exchange, transactions costsy1
effects of transactions costs on choice of medium of exchange. I fear this
analysis is subject to the same criticism as Professor Ostroy's, being more
elaborate in structure than in results. Nevertheless, it does give one a
vocabulary and a model in which one can meaningfully and rigorously discuss

transactions and media of exchange in a general equilibrium context.

Bilateral Exchange

The first step is to construct a model of a pure exchange economy
in which all trade takes place in two sided exchanges. Let there be a finite
set of traders T . For convenience, the elements of T will occasionally
be numbered 1, 2, ..., |T| , where |T| denotes the number of elements

in T.

1Unfortuaately taken to be linear to preserve convexity.



There are N commodities, denoted 1, 2, ..., N . Commodity bundles
are elements of the nonnegative orthant of EN » 33+ « Each trader t ¢ T
has an endowment ;t and a utility function on his consumption bundles
ut(y) y Ye EN+ . U is real valued, continuous, semi-strictly quasi-
concave, and increasing Iin its arguments. Semi-strict quasi-concavity means
that u, is quasi~concave and if ut(xz) > ut(xl) then for 1>a>20
ut((l-a)x2 + axl) > ut(xl) « That is, indifference curves have no thickness.

In an economy where alil trade takes place bilaterally, what do traders
t's trading opportunities look like? In the Arrow-Debreu economy trading
opportunities are subsets of N-dimensional space. This follows inasmuch
as there are N commodities and only one party with whom they can be traded,
the 'market.” 1In bilateral exchange there are |T|-1 parties with whom
trader t may trade the N commodities, so the trading space is (lecl)N
dimensional. It turns out to be slightly moxre convenient to use a [TIN

dimensional space. Thus, we say t makes trades yt ¢ Yt . Ytg EIT’N s

t tl t£2 ti T ti N .
v =Y , Y 5 voes ¥ 5 ssoy ¥ | I) . ¥ ¢ E . The superscripts

1, 2, coey i, oosy |TI denote the party with whom t 1is trading. The
initial physical limitation on t's trades is his endowment, Fer any com-
modity he cannot deliver more in trade than he receives in trade plus his

endowment, Thus,

£, t TN ti -
Y. ={vly eE'I, Ty z-xd .

ieT
5 yti is the sum of all trader t's deliveries and receipts from trade
ieT

t
y L

In the absence of transactions costs the analysis here would be identical



to that of [14]. Questions of cholce of media of exchange, efficient coali-
tion size are meaningful only in the presence of transactions costs.

There are convincing arguments to the effect that transactions should
have diminishing marginal costs. To write a check for $1,000 requires less
than 1, 000 times the effort required to write a check for $1. Thus, trans-
actions costs are likely to be strictly concave, giving rise to non-convexities
in the opportunity sets. But in the absence of convexity it is not generally
possible to prove the existence of equilibrium. This embarassment is partially
eliminated by [12}. Unfortunately that analysis relies on the dimensionality
of the choice space being held constant while the number of traders becomes
large. Clearly this is going to be difficult to apply to in model where the
dimension of the choice space varies linearly with the number of traders.

Another partial solution to problems of non-convexities in market economies
is Shapley and Shubik’s [11]. This approach depends much less on a given
dimensionality of the commodity space. This may be a promising approach
thought it is a little difficult to include transactions costs in a coali-
tional, non-market model, One approach would be to write individual utility

functions as ut([xl}, {x,1 0o) [xn}) where {x,} = ng[xil ; where

xi is the amount of commodity i received from trader j and the notatiom
[ ] is defined as [x] = max(0, x ~ xo) R x° being some predetermined
level of the commodity in question. Such a utility function embodies the
idea that in the presence of non-convex transactions costs it is better to
receive a quantity of a good from one other trader tham to receive the same

quantity in small amounts from each of several traders.



Whatever the merits in versimilitude of strictly concave transactions
costs, they are far outweighed by the disadvantages of intractabllity. I
suspect that at this level one misses little of interest in the study of
transactions by taking them to be divisible.

Transactions costs are resources consumed in the process of trade.
They depend on the goods transacted, the tramsactors, and vary linearly
in the quantity changing hands. Largely as a technical convenience I
suppose that costs incurred by a trader are independent of whether that
trader receives or delivers the goods. To do otherwise would require dis-
tinguishing between buying and selling transactions, and hence doubling the
dimensionality of the space (see [13]). I think the loss of generality is
more apparent than real inasmuch as for any pair of traders and any good
traded, one will be the buyer, the other the seller. Only if they were
both buyers and sellers of the same good to one another (apparently engaging
in wash sales) does the pessibility arise that different transactions costs
of buying and selling might both be incurred in a single transaction of a
given commodity. Some problems are being swept under the run but on the
whole, I think the exclusion of wash sales above is the primary loss of
generality.

Let ginv be the amount of trader t's commodity y expended in
making a unit trade of commodity n with trader i . Then the vector

in = (ztinl’ ztinz, vooy ztinN) is a list of the goods used up by trader

£
t in exchanging (delivering or receiving) one unit of commodity n with
trader 1 . The list probably looks like: 3minutes of t's time, 0.1

gallon gasoline, 0.05 unit of n lost in handling, and so forth. There



is a similar list LG of costs born by trader i 1in a unit exchange of
commodity n with trader t ., For each t ¢ T there is an N dimensional

transactions cost vector giu

N for each possible trading partner 1 and

each commodity traded in n . Variations in these vectors across traders
and commodities indicate that some traders are more convenient than others
to trade with or that it is convenient to deal with some traders in some
commodities and other traders In other commodities,

Trader t has (|T|-1)N vectors Ltn
we assume that it is costless for t to trade with himself LG =0 all

« For bookkeeping convenience

n .

We place the transactions cost coefficients inm a |T|N x |T|N rec-

tangular array Lt . Let the typical element of this array be A:nJv 5
i, jeT, D v=1 .oo) No For i=3, xt“j"a tm"sgi“". For
i3, Ainjv = 0 . This gives us quite a few zero entries in the matrix,

which certainly make it bulky and may cause confusion. They act as a con-
ceptual and technical convenience below. Using the matrix Lt we will be
able to subtract out from each trade t makes with another trader the trans-
actions costs induced and attribute them to that trade. Use of a smaller
matrix, an N x |T|N matrix for example, could subtract the same costs
but would lack the attribution to the trades from which they arose. Let
transactions Y. € Y, be column vectors, having |T|/N row entries.

We want trader t to incur transactions costs both as buyer and
seller. But if, for example, we characterize transactions costs incurred
as L yt we would have t incurring costs for receiving goods but receiving

t
transactions costs (a sort of commission in kind) for delivery goods. This



10

is clearly not what we want. We reéuire both sides of a transaction to incur
transactions costs. Thus let A be an operator on vectors which replaces

each co-~ordinate of the vector with its absolute value., Then

tll
|y~

|t12
y

Iytl T| NI

Transactions costs incurred by trader t in the transactions yt will then
be LAy", a |T|¥ dimensional column vector.

What do prices look like in the model of bilateral exchange? The
Arrow-Debreu world with a single market and essentially a single-~though
many sided--exchange gives rise to a single price for each commodity, N
prices in all., 1In the model of bilateral exchange, there are essentially
as many '"markets' as there are pairs of traders. Each such "market" has
its own prices. Since transactions costs differ for every pair of traders,
it seems reasonsble that ﬁrices should do so as well, Further, each trader
is already making choices in a |T|N dimensional space, so there is mo
added complication introduced by letting him face |T| sets of N prices.

Prices facing t g T are pt € Pt . Pt = [ptlpt >0, pt e EITIN,
for each 1 ¢ T, g pit = 11 . That is, prices for a pair of traders are

n=]
subject to the traditional restriction to the simplex.
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Conceivable prices for the economy, all possible pairs of traders,

are elements of

P={plpe )('Pt s pij = pji for all i, § ¢ T} .

teT
The restriction here is merely that traders i and j should agree on the
prices at which they are trading.
From the utility functionr on consumption we can derive a well behaved

utility function on transactions., Let d(;;; yt) = 7 yti +x . o is

1eT t
merely a summation operator taking |T|N dimensional trades, N dimensional
endovments and summing them to an N-dimensional consumption choice bundle.

Thus let vt(§£, yt) = utG’(;t’ yt)) . Vv, 1is a synthetic utility function

t

on transactions. To any transaction it imputes the utility t would derive

from consuming the results of the transaction in addition to what is left

of his endowment after the transaction is concluded. u, is real-valued,

continuous, quasi-concave, and increasing; Ve retains these properties.
Pairwise trades are subject to bilaterial price constraints. Thus

t’s trading opportunities are a subset of the price constraint set

ti i
Wt(p) ={y'|y' ¢ ElT'N, p ey’ =0, all ig¢ T}

for pe Pt . wt(p) is a choice of goods which t may market consistent
with prices p . However, wt(p) includes neither restriction of feasibility

nor subtraction of transactions costs. These are included in nt(p) .

t
Let 1,(P) = {0 Ny eW.(P), y=y' - LAY, yeY} for peP, -
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The distinction here is between goods actually changing hands in trade, and
what 18 left from those trades after transactions costs have been subtracted out.
In 1.(P) > y' 1s a vector of goods exchanged in bilateral trade con-
sistent with prices p . y is the corresponding vector of trades net of
transactions costs. nt(p) is trader t's opportunity set. Given prices
p he can choose any elemént of nt(p) +« The criterion he will use is the
utility he will receive from available trades net of transactions costs.

Thus we derive t's cholce correspondence 7t(p) = {(y', ¥}
(" ¥) ¢ N.(P), y maximizes v (x, y) for all (y', ¥) ¢ 1, (P} -
For any prices p ¢ P , 7. (P) tells us what transactions, y' , trader
t will seek to make and what this transaction yields net of transactions-
costs, ¥V - 7t(p) is the equivalent in a transactions theory of the tra-
ditional household excess demand functions of general equilibrium theory.
In the standard general equilibrium theory global excess demand is derived
from household excess demand by summation over households. In a transactions
theory where every pair of traders constitutes & separate "market” a glotal
configuration of excess demands is derived from the individual excess demands
by Cartesian multiplication.

' {s merely the marketed part

Let 7.(P) = {y'|Gv's ¥) e 7, (P} . 7
of 7 ; these are goods actually demanded or offered on the pairwise markets
without subtraction for transactions costs. Let T(p) = )<'7£(Pt) where
pe P, and pt is the tth part of p . An element oéezhe correspendence
r(p) 1is a list at prices p ¢ P of the trading plans of all traders at those

prices. For each pair of traders it shows how much of each good each member

of the pair expects to get from trading with the other, how much of each
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good each member of a pair expects to deliver to the other.,

We are almost ready to discuss equilibrium in the bilateral exchange
economy. We have to bound the variables under consideration by a technical
constraint which is never binding in equilibrium. Let M be as in Lemma 6

below. Then let ¥ = '>ﬁ [-2M, 2M] , where the notation ]>< denctes
TIN TIN

ITIY ien side 4 .

| T[N-fold Cartesian product. ¥ is a cube in E
¥ 1is a compact subset of E’TIN containing the achlevable set as a proper
subset, It will often be conveniént to limit our attention to ¥ rather

ziw

than consider all of & Let

a=Xy.
|
Let §.(p) =N (MN @ xy) let 7. ={¢5 NGH v ef @)y
maximizes vt(§;, y) for all (v', ¥) ¢ ﬁt(p)} « The clrcumflex notation

here indicates restriction to ¥ , a bounded subset of ‘E’TIN . Let

7% = (76" ¥ e 7,00} end ler fi(p) = X 51(p) where p g P
and pt € Pt is the tth part of p . et

There are substantial problems in this model in insuring that choice
functions be continuous £or prices in the neighborhood of zero., The well
known difficulty here is that opportunity sets-- 7| and ﬁ in this model
-~-generally have discontinuities when incomes (p-;t) are zero and some
prices are zero. The way to avoid the'difficuikies this discontinuity poses
is to keep incomes from being zero. There are essentially two ways to do

this. The earliest and simplest approach (used for example in Debreu's [3])

is to make the unfortunately unrealistic assumption that all traders have
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positive endowments of all goods. Then no matter what p on the simplex
is chosen as prices, the value of each trader's endowment is positive.
The alternative, more aesthetic, and far more complex, approach is to
make assumptions insuring that

(i) at least one trader has positive income, and

{1i) preferences are such that if one trader has positive income then
all traders have positive income. (Sge McKenzie's {7], or Arrow-Hahn [1])
The latter approach, though it recommends itself by the weakness of its
assumptions, requires a substantially enlarged analytic structure.

In this study positivity of income is rather less important than
in the traditional analysis., It is also harder to achieve. The reduced
importance comes inasmuch as at a zero value of endowment with some prices
zero the trader may be unable to trade. He must have the comnedity inputs
to cover transaction costs. 1f the trader is not already endowed with these
inputs he will have to acquire them in trade and may be unable to do so be-
cangs the inputs may have positive price.. This may eliminate what would
otherwise be a large class of discontinuities. The increased complication

comes from the multiplicity of small "markets,”

one for each pair of traders.
Positive income on one need not assure positive income on any other. Such
an inference would be justified only in the case of costless arbitrage--that
is, no transactions costs--between the two "markets." Hence, stronger as-
sumptions of coinciding wants would be required to assure the absence of
discontinuities at zero prices for each pair of traders. The necessary as-
sumption would probably be something like: For all ¢t e T and for each

tn

i ¢ T cthere is x i > 0 for some n, so that no matter what i's com-

i
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sunmption yi s yi plus some positive amount of good n, less transacticns

i

costs incurred on accepting the n, is strictly preferred to y .

i

This is a2 strong assumption: weaker than strict positivity of endown-
ment-=though how much weaker depends on the structure of preferences--but
much stronger than the indirect productive relatedness or irreducibilicy
used by the standard analysis. If the above assumption really is necessary
to insure equilibrium then there may be a moderately interesting family of
disequilibria to be deduced from that necessity. Unemployment in such a
model would be the result of failure of endowment to cover transactions
costs.

Since the alternative seems to be the investigation of a rather sub-~

gtantial can of worms, I will assume strict positivity of endowment. Thus

agsume for all t ¢ T, T >0,

Lemma 1: nt(p) » ﬁt(p) are continuous, convex, and nonnull for each

teT, all peg Pt .

Proof of Lemma l: Convexity and nonemptiness are obvious, Continuity

requires upper and lower semi-continuity. Continuity of the marketed goods
(the first of the two |T|N dimensional entries in 1, fi ) implies con-
tinuity of the trade net of tramsactions costs (the second entry} by con-
tinuity of the transformation y = y' - LtAy' » Therefore it is sufficient
to show continuity of y' , the first entry.

Upper semi-continuity follows directly from continuity of pey’ .

o
To show lower semi-continuity let pY -~ pq s yo ¢ wt(p )(ﬁ Yt » We seek
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wWoe Wt(pv)[')Yt so that yY - yo o Let y'>>0, y"<KO0, vy, y'¢ Y, -

Note that the existence of such y' , y" depends on strict positivity

of the trader’'s endowment. Let Yy', y° denote the line segment between

)

y' and y° « Convexity of Y, implies that y'; yoc: Y, s y', y°C T, -

Note that pY+y' >0 all y, pY.y" <0 all y . For y such that

pYsy° < 0 let y¥ be the point of intersection of y', y° and Wt(p“) .

Such a point always exists by the intermediate value theorem. For 8o

that pY+y® > 0 let y¥ be the point of intersection of ¥, y° and

Wt(Pv) . If pYsay® =0 let yY =3° ., Them y¥ exists and is unique

Y " Vo eV AT NGO . gV VN
for each y . ¥ ¢ W, (p") F\Yt s ¥ ay’ oyt gy 3 A, QG oy 20,
ay-ay =0 . p’ - p°, Yy’ =0 implies p°-y¥ ~ 0.

0 VIR M8 W, 0
P '(aly +a2y *‘1’33’)”03

yp®ey' + e’y + oY%y’ w0 .

RY

Hence aq, oy =0, yY - v° .

QED.

Lemma 1 says that trading opportunities are a continuous function of
prices. They are also convex and nonnull., When suitably bounded--by ¥ ,
as in ﬁ -=-they are compact. The next step is to show that in the face of

these well behaved opportunities, choices are well behaved.

Lemma 2: ?t(p) is nonnull, convex, and upper semi-continuous for each

t, all pe Pt .

Proof of Lemma 2: ﬁt(p) is compact so Vt(;t’ y) achieves a maximum on

ﬁt(P) + Hence ?t(p) is nonnull., Convexity is trivial. Upper semi-
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continuity follows from [Berge [2], p. 116; or Debreu [3], 1.8.k(4)].

QED.

The reader who has mastered the intricacies of the notation here
will note that Lemma 2 tells us very little about the behavior of the choice
function 7t « Rather, it suggests that if the potentially unruly (unbounded
or perhaps empty) choice function % can be held within bounds (¥) it
will be quite well behaved. What will happen of course is that in equilibrium
the restriction to ¥ will be redundant, and can be dropped. For convenience
--but mainly to give a spurious impression of authenticity--I will refer
to &t and 7t indifferently as choice functions though the former i1s more
correctly a truncated choice function.

The individual choice functions consist in a list, for given prices,
of goods that each trader seeks to trade with each of the other traders, and
a corresponding trade net of transactions costs which he anticipates receiving
as a result. One of the two traders of a pair may plan on making very dif-
ferent trades with the other than the latter had anticipated. Trader 1
may seek to supply trader j with more of commodity n than trader j
wants at the price prevailing for the pair. It seems reasonable to call this
an excess supply of commodity n for pair ij . Similarly if trader j
seeks to acquire more of commodity m from trader i then the latter had
planned to deliver, there is said to be an excess demand for commodity m
for the pair i, j . Note that a commodity way be in excess supply fer
one pair and in excess demand for another. If trader i seeks to make trade

yij and trader j seeks to make yji

i, j 1is zij = zji = yij + yJi o Thus if i seeks to supply j with

then the excess demand for pair
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3 units of m, yijm = ~3, and j demands 4 units, yijm = 4 , then,

zijm - zj:i.m - yijm + yjim

m =3 +4 =1, Thus, for the economy as a whole,
excess demand is a list for each pair of traders of excess demand or supply
of each good for that pair.
- 1 - |T]2N
let 0 = {x| F%e G} . That is 0 is the set of points in E
no more than twice as large co-ordinate wise as elements of (Q . Then let
:Q-Q.

Definition: Let y ¢ Q and let z =[f(y), then z1jn = yijn + yjin .

f 1is a simple arithmetic operation. We will think of it as mapping anti-
cipated trade vectors of all traders (elements of () ) into the corresponding
excess demand vectors for each pair of traders, Note that if =z = £(y) ,
Zij = zji [

For proving the existence of equilibrium the function p mapping
excess demands into prices is traditional and convenient p: 5 - P,

p(z) = {polpo maximizes pez for all p e P} . Note without proof that
p 1is an upper semi-continuous nonnull convex correspondence.

Our family of functions deascribing relations in the economy is now
complete., ' describes supplies and demands as a function of prices, ¢
describes excess supplies and demand as a function of supplies and demands
and p describes prices as 2 function of excess supplies and demands.

Consider (p, W, W) e PX Q%0 -

Let tx(p, w, w) = T(p)
gk (p, W, W) = (W)

p*(p, W, W) = p(w) .



19

Then p* x f* X[¥: PXQX 5 - PxQx 6 . p*x P x ¢* 1s nonnull upper-
semicontinuous, and convex.

Having set up rather an elaborate model, it is a bit late to inquire
what is an equilibrium in this model. Retter late than never. In traditional
general equilibrium models equilibrium consists in prices and demands consis-
tent with those prices such that excess demand for all goods is unon-pesitive.
I will adopt the same criterion here. The main difference between equilibria
of this model and of the traditional model is that here excess demands are

non-positive on each of the |T[(JT|-1)/2 pairwise markets, Thus

Definition: Let (po, yp, zo) e Px EIT'N p 4 E'TIN °

(po, yo, zo) is said to be an equilibrium for the economy if wt = yOt

- LtAyOt and w' maximizes vt(;t’ wt) for all w that (y, w) ¢ nt(pOt)
for all t ¢ T ; if 2z°00 2y L 30 fora11 i, jeT, andif
z <0.

Note that the definition of equilibrium neither requires nor implies

boundedness of demand or excess demand functioms. This will appear as a

conclusion in equilibrium,

Lemma 3: Let (y', v) ¢ ?t(p) ;s Pe Pt and (y', y) ¢ Interior ¥ x v .

e —————

Then (y', ¥) ¢ 7.(P) .

Proof of Lemma 3: Suppose not. Then there is (w', w) ¢ M.(P) so that
vt(;g, w) > vt(;t’ y) but (w', w) d ¥ x¥ . Then for a >0 sufficiently
small (a(w', w) + (1-@)(y’, ¥)) ¢ Interior ¥ x ¥ and by semi-strict quasi-

concavity vt(;£, (aw + (l~)y)) > vt(Et, y) . But (aw', w) + (L-a)(y', ¥))
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¢ ﬁt(P) .80 contrary to hypothesis (y', y) { ;t(p) . The contradiction

proves the lemma,

QED.

Lemma 4: Let (po, yo, zo) be a fixed point of p¥* x f* x %, and let
ot
vy >

is an equilibrium for the economy.

yOt - LtAyOt) e Interior v xv¢v for all t ¢ T . Then (po, y°, z°)

Proof of lemma 4: Definition of ™ gives that (yOt, yOt - LtAyOt) P %t(pOt)

for all t ¢ T . By Lemma 3, (yOt, y°t - LtAyOt) ¢ Interior ¥ x ¢ implies

i i
ehat (5°% ¥°% - Lay®) ¢ 7,00°%) . 2% = O 4N

all i, jeT
by definition of ¢* . It remains to show only that 2° <0.

We have p0 maximizes ponzo for all p e P, But pOij-ziJ

pozj_yoij + poij.yoji - P +0=0. Hence p°-z° =0 . But p° >0.
Therefore z0 <0.

QED.
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Lemma 5: Let (p°, ¥°, z°) be a fixed point of o x % x ¢* . Then

by yOti < 3 ;1 s T yOti < 7 ;1 for each t ¢ T .
ieT 1eT ieT ieT

igt

Proof of Lemma 5: Just as in the proof of Lemma 4, we note that p° maxi-

mizes p°-z° for all p ¢ P implies that z° <0 . Thus yooJ 4yl <o
for all i, je¢T. y°i e Yi all i . Hence T inj > -;i .
JeT
Comstder te¢T. ¥ sy dy.px, 3 nyta g yoli,oH
ieT jeT igT ieT 1T i, jeT
it ikt igt j¥t i, jft
<0. But 1§ ¥ yoij _ yo:l.t + 7 7 yoij <z yoit . yoit: +'yoti <0
igT jeT ieT ieT jeT ieT
it it j$t
implies Ty  t'<-2y°™ . mhus -3y s-pd, 2y o7,
igT iegT igT igT igT igT
ift i#t
and % yOti < % Ei .
isT igT
QED

Though the above lemmas imply the boundedness of final trades (the
sum of individual trades) they tell us very little about the size of indi-
vidual trades, Bounded sums could be the sum of arbitrarily large purchases
and sales, With the aid of the following assumption we can use the boundedness

of final trades to prove the boundedness of individual trades,

Assumption: For any n , LGv >0 for some y, all t 1i¢g T . The
assumption states that a flow of any good between any two traders imposes
a transaction cost of a non-zero amount of some commodity. The following

lemma notes that in the light of the above assumption an economy with finite
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resources can sustain only a bounded volume of individual transactions.

Lemma 6: Let

tin i, ti - t ti
M=swp swp [Ty | TLAY 'S $X,y e¥, Ty < £x,
te'.l' n"l, OCO’N icT iST ieT ie'.l‘ ieT
_ igt
t t
y - LAY ¢ Yt} . M exists and is finite.
ti i, ti t ti
M > sup sup {IY nl ELtAY nS. E?:Y CYty Ty EZ';:L,
igt

t t
Proof of Lemma 6:
X< ryt<E

igT igT

igt
ti i ti -t
Ty - LAy )2 -x
ieT
I A L
igT ieT ieT
0< sraytts o
igT 1gT
5 ¥V
iegT tin

Let sup sup —EZE—— =k . Then vy <k all n so the set

t, 1T y=lyees, N gV ieT

n=1, ooo,N t

in question is bounded and hence has a least upper bound M . The inequality

follows by noting that LtAyt = LtA(-yt) 8o that



23

tin i, ti t ti
M = sup sup { % ly l’thAy %y e ¥y, Tyt o E, yt-LtAyteYtT
it
tin i,  ti E
>eup sup {|y || = LAy "< oy, Yo ¢ Yo zyt < 2y,
teT n=l, ..., N ieT iegT igT ieT

igt

t -
y - LAY e Yt}
QED.

Lemma 7: Let (po, yo, zo) be a fixed point of p* x P* x ¢* . Then for

<M, (yOt, yOt - LtAyOt) ¢ Interior ¥ x ¥ .

all t g T, sup ]intn]

1gT
u"l’ LN ] .’ N

Proof of Lemma 7: From Lemma 5 we have ¥ yoti < % ;i - By hypothesis

et

ieT ieT
i#t

ot o

ot otin
y -~LAY e¥Y. ., V¥ <

t
¢ Yt s S0 by Lemma 6 Y y <M, n=1 ..., N

ieT

otin

and |y | <M . The inequality implies inclusion in the interior,

QED.
Theorem l: There is an equilibrium for the bilateral exchange economy.

Proof of Theorem l: p* x ﬁ* x¢*¥: PxQOx a’a PxQx 5 . PxQx 5 is

compact, convex. p* x [ x ¢* 1is upper-semicontinuous and convex. Hence
by the Kakutani fixed point theorem there is a fixed point (po, yo, zo) .

o

By Lemma 7, (yOt, ¥y t. LtAYOt) e Interior ¥ x ¥ for all t ¢ T . So

by Lemma 4 (pO; y°, zo) is an equilibrium.

Theorem l says that there.are prices for every pair of traders (per-
haps different for each pair) so that excess demands for all goods are ncn-

positive for each pair of traders. This is an equilibrium,
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This model also gives a well defined and explicit demand for and flow
of media of exchange, "money"'s. To discover this, revert to the concept
of "money” in [14]. Goods exchanged not to fulfill wants in themselves but
in payment for 6ther goods are media of exchange. "How can we isolate them?
One rather approximate approagh-mthe one I will use=-is te say that any
flow of goods which doeé not result in a commodity being consumed by its

recipient is a flow as medium of exchange.* In order te distinguish

these flows, a modest increase in the mathematical structure is required:

Definition: Let x ¢ E s k be a positive integer. A k-fold non-redundant

additive decomposition of x is a set {xl, Xps cooy Xys asoy xk} 8o that

3

i= sign x?  for all j=1 2, ,0., m

X; € E s Exi #=x , and sign x
all i = 1, O..’ k a

Let D(‘K,k) = {(xl, Kz‘, 6eey xk)lfxl, cooy xk? is a k-fold non-re-
dundant additive decomposition of x} .

Consider a trade y©@ ¢ ¥, . Those of y''s flows fulfilling "ultimate

wants" are merely those which are not balanced ocut by another flow of opposite

sign. That is, "ultimate wants" are ¥ yti . Further, a {|F|-1)-fold non-

igT |
redundant additive decomposition of ¢ y'* 1is a list of minimal flows of
igT
goods to and from t so that his net trade would be ¥ yti » A list summing

igT
to the same quantity but not a non-redundant additive decomposition would
contain some flows which could be deleted or reduced in magnitude leaving
the sum unchanged.

t
We can decompose any element vy ¢ Y into two parts: an element

t

of D(Y% yti, |T|=1) and a remainder. The former represents minimal flows
igT

*This approach purposefully ignores some flows whose purpose is arbitrage,
not mediation of exchange. 8o far as I can tell, at this level of abstrac-
tion the distinction is without substance,
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to achieve the net trade, the remainder is taken to be flows in mediation of
exchange. Thus we define a correspondence ¢ which for any trade identifies
the flows In mediation of exchange which are part of the trade. Generally
there will be some ambiguity as to whether a specific flow is for mediation
or satisfaction of wants, If a trader receives two apples, keeps one and
re-trades the other, which of the two apples received is & medium of exchange?
The ambiguity prompts us to let ¢ be & correspondence. Thus g: ¢ -V,

o(y) = {x|x =y - y% y*¢ D(igTyi, [T|) and y* = w minimizes

e

|y - w] for all w e D( T yi, [T])} .
1eT

@(y) represents the volume of use of media of exchange involved in trade y .
A trader's demand for media of exchange is a function of prices.

Denote this demand g(p) . Let 8. (p) = {x]x ¢ 9(¥), 7 ¢ 7;(P)? » for

Pe Pt . In order to get the social demand for media of exchange we merely

take the Cartesian product of 8, across traders. Thus, the social demand

for media of exchange is 8(p) = X 8, (®"), PeP. 0: P=0.

teT

Lemma 8: D(x,m) is a continuous convex correspondence.

i

Proof of Lemma 8: w, z ¢ D(x,m) implies gwl =%z = x , Thus E(lma)wi

+ gazi = (l-a)gwl + agzi =x , This shows convexity.
Upper and lower semicontinuity follow directly from the continuity of
the addition operation.

QED.
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Lemma 9: ¢(y) is continuous and convex.

Proof of Lemma 9: Convexity follows from convexity of D{ T yi, |T|) and
ieT

minimization of length., Continuity follows from continuity of D and mini-
mization of length,

QED.

Theorem 2: For each t ¢ T, all p g Pt R et(p) is upper semi-continucus

and convex. For all pge P, ®@(p) is upper semi-continuous and convex.

Proof of Theorem 2: et(P) ={x|x ¢ o(¥y); Ve 72(p)} . Upper-semicontinuity

follows from continuity of ¢ , upper semi-continuity of 7; + Let x', x"
e 8.(p) then there are y', y" so that v e 7 (P 5 ¥ e o),
x" ¢ p(y") . Convexity of 7: implies for 0<a< 1, ay' + (L-o)y"
e 7,(P) . But them ox' + (1-a)x" ¢ ooy’ + (1-a)y") so @,(P) is convex,

QED.

Theorem 2 notes that demand for media of exchange is an upper semi-
continuous convex function of prices. Once transactions are completed there
is no final demand, in this model for media of exchange: ¥ xi = 0 for

igT
X g Gt(P) .

Multilateral Exchange

The analysis above is a study of the equilibrium of an economy where
all trade takes place between pairs of traders. This is distinct from the

standard general equilibrium model where all trade takes place between in-
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dividual traders and "the market.” 1In the standard model there is no rcle
for media of exchange in the fashion of the bilateral model. In the latter,
media of exchange allow traders to purchase their wants from some traders
and render their excess supplies to others, but in the standard model there
is only one other "trader" with whom a trader can trade--the market, The
use of media of exchange in bilateral trade permits the achievement of net
trades which in the absence of media of exchange could be achieved only

by the use of the single market of the standard model. Clearly the use

of media of exchange and bilateral exchange is not cestless. There are
large costs incurred in exchanging the media of exchange which would not

be incurred in a single market economy with no medium of exchange. Never-
theless, most transactions in modern economies take place bilaterally and
use media of exchange. One would hope that this indicates some technical
superiority of multiple over unitary markets. The most direct way to inves-
tigate this point is in a model contaiﬁing both bilateral exchange and the
standard model as special cases.

Clearly the cases of trade between pairs of traders and trade among
all traders at once are polar. We may consider as well trade among triples
of traders, quadruples, and so forth. Thus, let the set of possible trading
groups be /46 ={s|scCT, |5 22} . That is;, let the list of groups which
can form to trade be the power set of T excluding the empty set and singletens.
Just as above we generated a theory of trading in pairs, we can here find
a theory of trading in elements of ,dﬁ . Such a theory includes as special
cases both the theory of bilateral exchange developed above; and the standard

theory of a unitary market. This fellows since T e)d and {i, 3} egf for
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any i, jeT, 143 .

The analysis now proceeds much as before. I will use the tilde no-
tation, X , to denote an element of the multilateral exchange argument
corresponding to the element without tilde, x , in the bilateral exchange

analysis,

EN[.»8| ;

Thus for each t ¢ T, t chooses trades from ?ft = [yt]yt &
¢ S, I:S2

tS
y =(y » ¥ 3 eeey ¥

tT
3 LA | y )‘g s
tS

lg 32, oooy T eép yts = 0 fOI’
all Sesxdsuchthat t d8; wy> >-x3 . ¥

is merely Yt with
SgM

t

elements of ,d, replacing the pairs of traders considered in ‘Yt » For

each trader the transactions cost matrix is tt . Whereas Lt is

|TIN x |T|N, 'Zt is |dn x [N . Prices are elements of P =
N ~
{P]PeE"ﬁN, p>0 Z’Pi“ls for all ngh, Y =

X
n=1 LE]N

Q- X v . ’ﬁt and 7': can be readily defined and the analysis goes through

M

as before. Thus

-2, M) ,

Theorem 3: There is an equilibrium for the multilateral exchange economy.,

Theorem 4: For each t ¢ T, all pe ¥t s Et(p) ig upper semicontinuous

and coovex, PFor all p ¢ P 3 '5(13) is upper semicontinuous and convex,

It is unfortunately very much easier to say where the theory should
go from here than to get it to go there. In fact we have a structure for
a theory of markets and a theory of media of exchange. But substantial
qualitative results seem to require heroic assumptions. Ome result we would

like to get out of the bilateral exchange model is that most transactions
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use the same commodity--"money'--as medium of exchange. The straightforward
way to achieve this in the model of bilateral exchange is to take the trans-
actions cost assoclated with a given commodity to be zero (contrary to pre-
vious assumption) or very small compared to costs associated with other goods
(which may be taken to be quite large)., There are several objecticns te this
approach., The use of sledge hammers rather than subtlety in the formularion
of assumptions is to be frowned upon; further, this approach cbscures fun-
damental questions. For what we seek is not a restatement but an explanation
of our casual observation. It is tautoiogical to say that money is a good
medium for exchange because it has low transactioms costs, Rather, we seek
a consistent rationale for those low transactions costs.

From the model of multilateral exchange we might well seek an explana-
tion of why most transactions take place bilaterally. The explanation ought
to be somewhat more illuminating than the assertion that tramsactions costs
are lower that way.

The models above provide a meaningful general equilibrium framework
in which media of exchange play an important rele. One may ba skeptical as
to the extent toe which they illuminate this role.

In summary, the models above give a theory of general equilibrium in
a pure exchange economy with transactions costs, a theory of transactiong
and bilateral exchange, a theory of media of exchange and choice amomg them.

The growing literature on exchange with tramsactions cests includes
essays by Foley {4], Hahm [5]}, Hirshleifer [6], Niehanms [8], and Ostroy [9,

11]. The first two are quite similar and represent the deepest general
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equilibrium analysis of this group. Their focus is on behavior of the economy
over time rather than at a point in time, the emphasis of this essay and

most general equilibrium analysis. Ostroy's analysis focuses on costs and
benefits of varying trading group size, a fundamental point in the analysis

of the structure of exchange.
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