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DIFFERENTIAL TAXATION, PWBLIC GOODS; AND ECONOMIC EFFICLENCY"

by
J.E. Stiglitez and P. Dasgupta
i. Imtroduction
Moat economies make extensive use of differential {distortionary)
taxes. Three classes of taxes, corresponding to the thres necessary com-
ditions for Parete Optimality, may be distinguished:

(1) Taxing different commodities and factors at different rates imtroduces
a distortion between the marginal rate of substitution and the marginal
rate of transformatiom.

{2) Differential facter taxea1 make the marginal rates of substitutiem of
different factors in different industries different, and hence interfere
with productive efficiency. Examples include the corporate income tax,
which differentiates between capital used in the corporate and non-ceors
porate sectors; the selective employment tax; and the differssxtial treat-

ment of gasoline used in read transpertaticom and in agriculture.

*Stiglitz"s research was supported by the Rockefellar, Guggemhelm, Ford,
and Natiomal Science Foundations. This paper Is a revised and extended
version of Dasgupta, “Some Problems in Optimal Taxation and Public Fro-
duction, " Cambridge, 1970, and Stiglitz, “The Theory eof Partial Taxatien
and Economic Efficiency,” Institute for Development Studies, University
College, Nairobi, 1969. We wish to acknowledge the helpful discussions
and comments of A. Atkinson, P, Diamond, G. Heale, P. Meiszkowski, J.
Mirrlees, and N. Stern.

l:They are also sometimes called "discriminatory,” “selective” or "partial”
factor taxes. The four terms are often used synonymously te denote mom-
vniform taxes, although they have siightly different connotations. Wea prefer
to use simply the term "differential taxes.”



(3) Differential tax treatment of different individuals makes the margina!
rate of substitution of different commodities differ among individuals
and hence results in "exchange inefficlency.” 1Two examples of such
taxes are the progressive income tax and subsidies to housing and fscd
of the poor.

The purpose of this paper is to answer the following three guestions:

(1) what kinds of distortioms are "best to have, " if as appears to be the case;
you must have them? We shall show that if no restrictions are imposed
on the set of commodity and factor taxes (in particular, if 100% profits
tax can be levied) then no distortionary factor taxes should be impeosed,
but as soon as any cof the innumerable restrictions which in fact obtain
are taken into account, this is no longer true. More precisely, we
shall analyze the optimal structure of factor and commodity taxation
under a number of alternative sets of restrictions on the set of fea-
sible taxes.

{2) What is the optimal supply of public goods, when revenue for these goods

wust be raised by distortionary taxation? We not only shall show thac

the conventional rule, that the sum of the marginal rates of substitution

{over all individuals) should equal the marginal rate of transformation,
no longer obtains, but also shall ascertain under what conditions the
conventional rele represents an oversupply and when it represents an
undersupply.

(3) What 18 the correct relationship between shadow prices in the public
sector, and marginal rates of transformation and substitution in the

private sector, when the sources of the divergences are (optimaily



chosen) distortionary taxes. We shall show that none of the prevalently
held current views on this subject is completely correctul
In this paper; we are primarily concerned with the efficiency (dis-
tortionary) aspects of taxation, rather than with their redistributive im-
plications, although the two cannot really be separated out. We therefore
focus on the simplified case of identical individuals, and hence on the

first two types of differential taxation discussed above.

2. The Secialist Economy

We begin our analysis by considering & govermment which, as in many
soclalist economies, controls production directly but purchases factors
from individuals and sells to them the commodities that it produces for
private consumption. The problem faced by the govermment will be to choose
a set of consumer prices and a production plan, so that all markets clear
and so that social welfare is maximized. In the next section we shall show
that this socialist economy is essentially equivalent to & mixed economy

with no restrictions on the set of feasible taxesn2

2.1, The Model: ©Let there be (mt+ly privately consumable commedities
(inciuding factors supplied) (labelled i =0, ..., n) and & public goods

{(labelled u =1, ..., 8) . We shall treat factors supplied by consumers

1".rhe second and third questions may be put slightly differently: What is
the optimal level of production of public goods and what is the optimal
choice of technique in the public sector when revenue for the public sector
is raised by distortiomary taxes?

2Except, of course, that it cannot impose lump sum taxes.



as negative demands“and factors demanded by production units as negative
supplies. Let there be r identical imdividuals (labelled k =1, ..., r}
and m production functions available to the government (labelled j =
1, ..., m) . We write

{C:} - QF = (Cg, C?, cwes c:) as the net consumption vector

of private goods by the kth {representative) consumer.

[gu] =g = (31, o By e gs) as the consumption vector of

public goods.

{qi} =g = (qe so0 Qg oo qn) as the price vector faced by the

consumer .
[yi] = xj - (yg, oo yi, ceo g) as the net output vector of

private goods by the jth production unit,

and {si} - 3j = (g{, oeuy gi, ouuy gg) ag the output vector of

public goods by the jth production unit.

We suppose that the kth individual’s utility function can be writtem as

k
Uk(cg, seoy €

k. k
n 81 °°° gs) = {C, g)

The individual maximizes Uk with respect to QF s subject te his budget

constraint
q:c =1 , {2.1.1)

where Ik is his income from fixed sources {i.e. those that d¢ not depend



directly_onl__his supply pf factors, e.8. in a capitalist economy, his share
of profits). If there were to exist lump sum transfers, taxes and subsidies,
they would be included in Ik . In our socialist economy, in which no such

lump sum transfer is allowed, we assume Z[k = 0 . That is

g-¢< = 0 {2.1.2)

Now, corresponding to his utility function is his indirect utility function,
Vk(g, & Ik) ; giving the maximum level of utility attainable by the indi-
vidual faced with the consumer price vector gq , when the govermment supplies

public goods in the amount g . That is to say,

g g 19 = nax ok, g
T

gsubject to g-gF - I.k (2.1.3)

Clearly Vk is homogeneous of degree zero in consumer prices (g) and
income (Ik) . In our sccialist economy, with Ik =0, it is, therefore,
homogeneous of degree zero in q alone.

If we assume that the social welfare function W is individualistic,

Wo=wh .., U =W (2.1.4)

then it is clear that social welfare is homogeneous of degree zero in g -

Hence, without loas of generality, we set

qq = 1

1’P:r:ovided, of course, that the Oth commodity {(factor) does not have a zerc
price in the optimal solution. The analysis does not depend on the normali-
zation; rather, it is made simply for expositional convenience.



As all consumers are assumed identical, we shall let W

take on the special form

Westk =i g 19 (2.1.5}
kX

We assume the govermnment has available to it m production processes,

described by

Plog ovh 8l g =Fad gh -0, 1m0 w, (2.1.6)
In equilibrium all markets must clear. That is; we have
m P r k ‘
2 Yi bed 2 i ci ¥ i = 0’ L] a, n (2e107)
j=1 k=l
and
m
z 8 g,, u= 1, 200, 8 (2.1.8)
i=1

where ci is the total demand for the ith private good.

The planning problem, therefore, is to maximize social welfare (ioloS}
subject to the production functions {2.1.6) and the market clearing equations
(2.1.7) and (2.1,8); and we have as our controls the outputs of private goods
{inputs of private factors), 11, 250y z? ; the output of public goods
By ¢ Bg 3 and the consumer prices of the private goods and factors,

Qq oe 94 We write the Lagrangian of the problem as

3z 5o (%
V@ & O+ Te (zyl-cp

i=0 © j=1
8 mo m j _
LRI (= g, (2.1.9)

'B)""fu-i
u=l j=1 =l



and obtain the following first order conditions:

k n  3C S |
¥ i
l?ig;;' Eopig;l:, i=1 ..., n (2-1.10)
i
k n acC
r&-ay + 5o, ~L u=1 ..., s (2.1,113
k 98y 1=0 * S8y
=y, 3F Ayl , i=1 n 2.1.12)
pi uj ayi, 3 toby ( P
7, = wy g, vel .. (2.1,12)

Equations (2.1.10) yield the optimal structure of consumer prices (supply
and demands for private commodities); (2.1.11) give the optimal supply of
public goods; while equations (2.1.12) and (2.1.13) give the optimal pro-
duction conditions. The remaining three subsections of this section are

concerned with interpreting these three sets of equationms.

2.2. Efficiency in Production: We turn first to the first order conditions
{2,1.12) and (2.1.13), Together they imply overall production efficiency
at the optimum:

Rule 1: The marginal rate of transformation of commodity i into commedity

j wust be the same for all production processes.

The production decisions at the optimum may be decentralized by the goverm-
ment instructing the managers of the different production processes to maximize

their profits on the basis of the shadow producer prices, pifpo {for the



private geoods) and 7u/p0 {for the public goods).1

2.3. Optimal Pricing Policy: (2.1.10) has a #ery natural interpretation:

Rule Za: The social cost of raising the price of the T commodity by

a unit (the LHS of (2.1.10}) must equal the net social ewaluation

of the resources freed by raiging the price by a unit for all

commodities (the RHS of {2.1.10)).
The right hand side of (2.1.10) may be rewritten as follows: p; =
pifpg are the normalized producer prices (again letting the Oth commodity

by the numeraire). Define the commodity tax wecter ¢t ,
t=g-~-p {(2.3.1)

a5 the difference between consumer and producer pricesn2 Substituting (2.3.1)

1Actually, (2.1.12) and {(2.1.13) only assure us that, given the set of opar-
ating processes, the economy is efficient; we must also ensure that the economy
is efficient with respect to the choice of plants (producticm processes)

which it operates. But this follows immediately if we take proper account

of the appropriate inequalities: for a factor

|
aF
Di"‘uj j2°
3y
while for a commodity

hj
Yi'ﬂ'uj'g‘g’j“ﬁo

vy

with inequalities holding only when the given factor (commodity) is not used
{produced) by the given production process. Then a process is not used znly
if rhe marginal rate of transformation of every factor into any commodity is
less than the ratio of the shadow prices, at a zero level of production. A
more complete analysis of these efficiency considerations is contained in [ 51,
The argument that even with divergences between marginal rates of substitution
and marginal rates of transformation production should be efficient is ori-
ginally due to Boiteux. It should be clear that the argument for efficiency
does not depend on the strong assumptions of differentiability which we have
employed, as Diamond and Mirrlees have established [ 5].

21& is obvious that to =0 . All of thig is simplv a normalization procedure.



intoe (2.1.10) and using the fact (by differentiating the budget constraint,

(2.1.2)) that

n ac o
% 1,305 € =0 (2.3.2)
=0 ¢ 094
we obtain
n L1 n aC n ac n ac
A a1 ,
o = Pg TP =pa T {q, - t,) = -p (T C « .} (2.3.3)
g=0 £ 39 "0 Liadgy  TOL Y 4T Bg, 0%y £29; 1

Thue the optimal tax structure requires

Rule 2b: The change in_the "tax revenue” from the increage in the "tax" on

the ith commodity be proportional to the loss in utility from

raigsing the price of the ith commodity.

{2.3,3) is still not the optimal tax rule originally derived by Ramsey
and Boiteux. To obtain this, we substitute Roy's formulal into the left
hand side of (Zol.lofzand make use of the Slutsky equation and the symmetry

of the Slutsky terms in (202%2)3 to obtain

IR@y“s formula states that the amount by which an individual needs to be
compensated for am imcrease in the price of the ith comnodity is equal to
his consumption of that commodity=

k . .
= 2.3.4)
aqi Qavz;i '
zThus the ieft hand side of &DIHI.O)becomes
k av
L AN S | 9 59
by alk Ci" Ci 31 (2.3.5)

JSubstituting the Slutsky equaticn

aq£ aqﬁ V £ at
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n I ac
K > .1 o+ vt m-iﬂneaui (2.3.77
where1 2’ 3
k_ar
E=8 = 7%
a1

into (2.3. 3}, we obtain

aC
aqE Cy aI " Po%

Because of the symmetry of the Slutsky terms

this may be rewritten as

, ( )....
03,13 aqi?f £ 3 071

Setting (2.3.4) equal to (2.3.6) and dividing by C; we obtain the desired
result.

;Actually, the argument so far has only established this for L =1, ...; n,
but the argument for 1 = 0 follows from this, making use of the budget
constraints.

2Om case to which special attention needs to be drawn is that when ome of

the factors is supplied inelastically. A tax on that factor is 1like a lump
sum tax in that it results in no distortions. If the value of these inelas-
tically supplied factors, at producer prices; is greater than the deficit

of the government sector, then only these are taxed; if it is less;, then these
are taxed at 1007 and distortionary taxes are imposed in addition. To see
this we must téke explicitly into account the constraint that qn (letting

the nth commodity be an inelastically supplied factor) be non-negative.
Letting v be the shadow price on this constraint, we obtain, instead of
(2.1.10),

am... ' .._..L —oloi@i?
oy " EPr e, T (2 :

vq = 0

where



il

(2.3.7) asserts:

Rule 2c: The percentage reduction, aloag the compensated demand curve, cof

the consumption of all commodities be the same, relative tc what

they would have been had the consumer prices been equal to the

producer prices.

But except in the most wnusual ¢f circumstances, the producer prices inm
the optimal tax structure are not the pre-tex producer prices, even whenm
the govermment sector is very small,

It is of some interest to know how the after tax levels of consump-
tion, and producer and coasumer prices compare with those before tax, If
there is a single factor (the oth commodity), and no joint production,

the supply of each commodity in competitive equilibrium will be a function

only of its price. Letting

ﬂ: = elasticity of the supply curve

d 3 In Ci
nij - TN = elasticity of the demand schedules
J

Then, if the govermment revenue %5 small and labor alone is used to produce public goods,

Using (2.3.7), we have

aC
1 n v gl
el Y 3 <___> m——- {(20307 )\
Ca & 2\39q,, G Cy

=0, g£=1,,.n-1 satisfies (2.3.7")

If v =0, q, >0 and ¢
c
.0 i -1 I n
qz _ 5 i ’

1
ciztf,<
/Y

1f v>0, q =0, andif t =p , v =C@, then trivially (2.3.7%)
holds and, for 1 =1, n-1, (2.3.7) holds as before.

-

[» 74
e

274

3This formula, as well as several other of the formulae of this section, are,
of course, not new. See, e.g. [ 3, ll].



the percentage change in the ith producer price is proportional to1

E=1=w

where v 1is the unit vector; the percentage change in the ith consumar
price is proportional teo

o1 s -1
npnh gy

and the percemtage change in consumption is proportional to

s -1
T?iE Y

where
ﬂs is the vector of supply elasticities
nd is the matrix of demand elasticities
E = {eijT =1°1 + nd is 8 matrix the elements of which consist of sums
of demand and supply elasticities where 1 is the

identity matrix).

lEquilibrium after taxes requires

§Q+Q~@Q)

while bafore taxes
d.o 8,0
cpy =c(p)
Taking a Taylor series expansion around ®p , we obtain

ac: acf
g;;‘ Ap, = § SE; (APL + tz)
()] Q
p=p =P

or (using 2.3.3 and 2.1.10)

[fl+f]L§]-Q+f—v
P 0

Nete that the expressions derived above depend on uncompensated elasticities.
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A special case of some interest is that where demands are independent; the
reduction in consumption is simply proportional to 1/1-+(n§i’®f) a ftunc~
tion of the ratio of the demand elasticity to the supply elavcicity. Thus,
in the very special cage of constant results to scale, where n: = o, the
percentage reduction in output is the same in all industries; more generally,

Rule 2d: Of two industries with the samedemand elasticity, the one with the

greater supply elasticity will have the greater reduction in output;

this is as it should be, for the more inelastic supply the greater the ioss
to the govermment in tax revenues from the 'producer surplus" from a given
percentage reduction in output,

These results differ markedly from those, for instance, of Ramsey,
who argued that the consumption of all commodities ought to be reduced by
the same percentage. The reason for this is that he implicitly assumed

that profits were distributed te individuals rather than being taxedul’z

1See below, section 4,

zActually, for Ramsey's result to hold, in addition to the asgumption that

all industries have the same supply elasticities, one must also assume that
there is a single factor. :Simce different factors are taxed at different
rates, even with constant returns to scale, the producer prices of different
commodities will be changed by different amounts. For instance, if there

are two factors no joint productiom, constant returns to scale, and demands
are independent, then if the price of the second factor has increased, the
larger the share in cost of the second factor the greater the reduction in
output. This has the following immediate implication: if government is
neither a net supplier nor a net purchaser of the second factor, the producer
price of the second factor must be decreased; thues the percentage reduction

in the consumption of every commodity is less than the percentage increase

in the supply of the second factor. For assume that were not the case. If
the producer price is unchanged or (increased), the demand for every commodity
is reduced, and the demand for the second factor per unit of cutput is unchauged
{reduced) so that the total demand for the factor has been reduced; but

its supply has been increased and hence markets could not have cleared.



Ty

Thus; the percentage reduction in consumption will depend both o
supply elasticities on and demend elasticities; on the ether hamd, conven-
tional wisdom, which argues that the greater the supply elasticity, the Emalier
the tax rate, has been shown to be incorrect--relative tax :ates depend simply

cn properties of the demand functioms.

2.4, Public Goods: Pigou long age recognized that the optimal supply of

peblic goods depended on how the revenue of those goods was to be raised,
He argued that optimality required the marginal benefit from an imcrease in
a unit of the public good be egual to its marginal social cost, including
any deadweight lcss from the extra taxes required to finamnce the increment.
This is similar to what (2.1.11) says. The left hand side is the social
benefit. 7u is the direct social cost of production, while the remaining
terms on the right hand side represent the social value of the private goods
released {absorbed) ag a result of the change in the supply of the public
good.

The conventional ruwle (which azsumes lump sum taxes) must accordingly
be modified to read:

Rule 3a: The sum of the marginal rate of substitution must be equai to the

marginal rate of economic trapsformation

recognizing the fact that to transform a unit of private goods into a unit

\ 1
of public goods may require distortionary taxation.

1In our socialist economy, we use the term "distortionary taxatiom” as a ghort-
hand for the fact that consumer prices differ from producer prices.
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To see that this is implied by our first order conditions we substi-
tute Roy's formulal and (2.3.3) into (2.1.10), the condition for optimal

taxation, and divide (2.1.11) by the result to obtain

n  ac
i
aWras, T * %P3 ]

b =
T TR,

(2.4.1)

We then gubstitute (2.1.12) and (2.1.13), the conditions for optimal produc-

tion, into the result, to obtain

arl gl n ac,

—— o Et S
i
aw'rae, | aF'say] im0 %y
¥ g — (2.4.2)
kK & i
St =4

{=i £ 39y i
The overall consumer's budget constraint reads as:
(p+t)c=0,

which, on differentiation with respect to &, yields

n 3C n o 3c 2
120 et B M S 4.3
(=1 1 3B, yop 128,

Subastituting into (2.4.2) we obtain

1See above, footnote 1, p. 9.



ié

[ ed e ]
aF’ /fag n ac
£ 1 I

v/, | arljayl im0 138,
s S (2.4.4)
YE, — +C
a1 139y 1

The ILHS is simply the sum of the marginal rate of substitution. The first

term in the numerator of the RHS is the marginal physical rate of tramsfor-
mation; the second term in the numerator gives the change im the tax revenue
resulting from the change in the supply of the public goods. Thus the numerator
gives the total change in government revenue to be raised from mew taxes
required to finance the given increment in public expenditure. The value

of the change in consumption from the required additional tax is

ac
Tq —
= - 2.4.%)
3k /ot n ac (
i A
(::i + 7 tE 3
g=1 £ 094

which is just the denominater of (2.4.7).

Pigou thought that when the revenue had to be raised by distortionary
taxation, the optimal supply of public goods would be smaller than if lump
gum taxes were used, since each extra unit of a public good not only dis-
places directly the production of private goods but also causes an additional
distortion due to the additional taxes required to raise the requisite addi-
tional revenue.

Common sense is, as usual, scomewhat ambiguous; one might alse have
argued as follows: The optimal supply of public goods may be described as

if a ‘tax’ on the production of public goods were imposed which reduced its
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supply from what it would have been if there were lump sum taxation by the
same percentage that the private goods consumption is reduced, Whether the
gonventional_rule implies an under-supply or over-supply of public goods
would then depend on the relative size of the 'public goods tax' and the
taxes on the private goods, To see whether in fact the conventional rule
répresents an under or over supply of public goods (or, equivalently, whether
the marginal economic rate of transformation is smalier or larger than the

marginal physical rate of transformation) we must calculate the total change

in g, due to a change in ty zl
48, 4 aFJ/ayi n 3 n 3C, dg a.Fj/ayi
Tt e Ty Gt et ST W [P
i 1 3F fas; g=1 i 1=1 " “Fu UL} 3F/2g
or
n 3C
hay 4 ;
dg G * It N arljayd
a i=] i dR i (2.4.6)
aty aFj/agi ac, atq st'ji’a:;‘j1
j ERATAEY
dF /3y i
Using (2.4.9) we obtain
k 3,03 3ia0d
V- /3g, C; dF /g 8, 3F~ /38, (2.4.7)
E = k3 & a 3
w & dR/dt, aFj/.ayﬁ d ln R/d In t, aijaYi

1These are total changes; taking into account the effect of the taxes as well
as the change in g _ . Thus
d
By e pe ?fx.&_fg
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where 8 is the share 0f total tax revenue raised by tax on ith commodity.

Thus, the conventional rule represents an under or over supply of public goods

as the share of tax revenue from the 10 commodity is less than or greater

than the elasticity of tax revenue from an imcrease in the tax rate on the

ith conmodity;l or equivalently, as the marginal revenue from raising the

tax on the ith commodity by a unit is greater or less than ¢

i 2
If the govermment expenditure dces not affect consumption patternsg,

whether the wmarginal economic rate of transformation is greater or less than

the marginal physical rate of transformation degenda on whether ag & result

of the changed tax, there is a change in consumption patterns to, on average,

higher or lower taxed commodities so that tax revenue from already existing

taxes increases or decreases. Thus, if there is only one consumption good

and one factor, labor, whether the conventional rule represents an unsder
or over supply depends simply on whether the supply curve of labor is backward

bending or upward slopinge2

IBecamae these taxes are chosen optimally, it makes no difference which
commodity’s tax is raised (at the margin), Similarly, since the supplies
of different public goods are chosen optimally, these results are valid
for all g, -

2It should be emphagized that these formulae for the optimal supply ef public
goods (as well as the earlier formulas for optimal taxes) depend critically

on the assumption of identical individuals. Not surprisingly, no simple
formulas seem to emerge when the possibly quite complex distributional ef-
fects of distortienary taxation are taken into account. See [7], [ 51,

[15] for a discussion of the structure of taxes with heterogeneous individuals
and for a discussion of the supply of pubiic goods. The result that, provided
there is at least one commodity which is demanded or supplied by all consumers,
it is still desirable to remain productively efficient does not depend on
identical individuals, as Diamond and Mirrlees have demonstrated.
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3. The Mixed Economy

In many countries the govermment controls directly the production of
only a few industries; the rest are affected by govermment action primarily
through tax policy. One then wants to know the extent to which such imdirect
controls are a substitute for the direct comtrol of preduction.

We have already pointed out that the Lagrange multipliers in our
Socialist Planning Problem could be used for decentralized productionm. Thus;
i1f the private sector had constant returns te scale,l the socialist equilibrium
could be sustained by & competitive market in which commodity and factor
taxes, equal to the divergences between consumer and producer prices cbserwved
in the previous section for the socialist economy, were imposed. The two
economies are essentially idemtical.

If, on the cther hand, the private sector has non-constant returns
to scale, there are now “real profits’ or "deficits" (instead of just accounting
profits or deficits) which must be dealt with, If in the socialist eguilibrium,
the levels of consumption are less than they would have been had producer pricesg
been charged (that is, there is a deficit to be financed by taxatiom} then for
the mixed economy to be equivalent to the socialist ecomomy, 1007 profits
taxes, or lump sum taxes (subsidies) on corporations (franchise taxes) equal
to the accounting profit {(losses) in the socialist equilibrium, must be imp@gedoz

An immediate implication of the analysis of the previous section to
this case (as well as to the case with constant returns te scale in the private
sector) is that there should be no differential taxation of factors by use
and that shadow prices in the government sector should be equal to producer

prices in the private sector. On the cother hand, when the socialist economy

1'rhis is the case discussed in [5].

2With 1007 profits taxes, althcugh firms would not mind producing the amount
required to obtain the sccialist equilibrium, they have no incentive to do sc.
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runs an over-all surplus and the private sector has decreasing returns to
scale, the profits provide a method by which the “surplus of the economy”'
may be distributed in & nom~distortionary manner, Hence; in that case the
level of welfare attained in the mixed economy will be higher than in the
socialist economy which is not allowed to make lump sum tramnsfer pa}nrmmt':sol‘g2
Two further anomolies are a#sociated with this situation: it may
prove optimal for the govermment to levy taxes to limit the production of

a constant returns to scale producer in favor of a lesg efficient decreasing

returns to scale producer; and there may in fact exist no optimal tax policya3

4, Restricted Taxation

4.1. Introduction: In the previous section, we argued that; in order for
the mixed economy to imitate the centrally controlled economy, we needed

1007% profits taxes (franchise taxes) for all industries and commodity (factor)
taxes on all commodities (factors)., Moreover, these taxes would differ from

commodity to commodity. The purpose of this section is to show that some of

1One might well argue that, even if the restriction that the government nct
levy lump sum taxes is a natural one, the seemingly symmetric assumption

that it cannet make lump sum transfer payments is not. Indeed, many govern-
ments do seem to provide payments which are very close to lump sum transfers,
e.g. child allowances. We shall not pursue this question further here because
the gsituaiion where it arises is probably not of great relevance in
countries; like most western economies,where a large proportion of national
income is spent on public goods, including defense.

ZWe note one further case: 1t seems possible that even when the socialist
equilibrium has a deficit, the optimal policy in a mixed economy--because

of the possibilities of, in effect, making lump sum transfers--entails the
private sector having a surplus greater than the deficit ¢f the public sector.

3These questions are discussed in greater lemgth in [ 4] and [ 9].
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the basic results of the previous sections; in particular, the desirability
of productive efficiency, no longer obtain as soon as these restrictioms

are taken into account; nonetheless, at least in the simple model presented
below, simple formulae giving the optimal structure of taxes in the presence

of these restrictions may be derived.

4.2, Limited Commodity and Factor Taxes: Some commodities and factors

cannot (as least without great expense) be taxed directly. The services of
privately owned automobiles is one important example of this,l Other com-
modities are those the value of which the national income accountant must
impute, e.g. owner occupied housing, consumption of domestic services, con-
sumption of non-marketed #gricultural produce.

In this section we shall establish the following tax and production
rules under these circumstances:

Rule 4: For those industries in which factor and commodity taxes may be im-

posed, consumption should be reduced by the same percentage {(alecng

the compensated demand curve) from what it would have been had pro-

ducer prices been charged,2 if the demand for these commodities does

not depend on prices of the untaxed or partially taxed commodities.

1Although purchases of automobiles may be taxed and purchases of gascline
used in automobiles is taxed, meither are a correct measure of the output,

21n other words, exactly the same tax formulae discussed above in Section 2
apply in the fully taxed (including the government) sectors. Hence, Rule 4
can take any one of the altermative forms presented in Section 2 for optimal
taxation. This rule is a correction of the rule originally due to Ramsey.



Rule 5:

z2

In those industries in which a commodity tax cannot be imposed

Rule 6:

Rule 7:

differential taxes on the factors used in those industries should

be imposed--productive efficiency should be abandened. The magnitude

of the tax (the extent to which the factor tax may serve as a partial

substitute for the commodity tax) depends on the elasticity of sub-

gstitution and the factor shares.

The'rpblic,secter should use as its shadow prices producer prices

in the fully taxed sector, and the public sector should be efficient.

In thoge industries in which a factor tax cammot be imposed on, say,

the second factor, the direct tax on the commodity is increased from

what it would have been otherwise; the amount by which it is increased

is8 proportional to the share of the second factor in the cost eof pro-

duction.

To see these results, we consider in this section the special case where

there is no joint production. For simplicity, we assume there are only two

factors of production, L1 and L, , but a large number of commodities.

2

We divide the industries in the private sector into four categories:

{1) These industries that can be fully taxed (i.e. in which both commedity

(2)

(3)

(4)

and factor taxes may be imposed), we label as 1, ..., a .

Those industries in which no taxes can be imposed at all; we label as
a+l, ...; b .

Thogse industries in which factor taxes cam be imposed but not commodity
taxes, we label as b+l, ..., d .

Those industries in which commedity taxes may be imposed but not factor

taxes we label as d+1, ..., & .
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In order to avoid the special problems raised by restricted taxation
with non-constant returns to acalg {to which we turn in Sectiqn 4,3) we let
cj , the output of the jth industry be a linear homogeneous function qf

L1j and sz ’

c, .&’j(x.lj, Lyy) = Lyt J<L1j># Lyyf ()

j = 1, LA S ] a, a+1, LELELE | b, b+19 “aoy d, d+l, .uel) e *

the amount of the two facters used in the jth industry:

(4.2.1)

vhere ¢, = L!j/Llj and where we assume as usual that f; >0, f? <o,

The industries being competitive, the price of any commodity will
be equal to the minimum cost at tge given factor prices (imcluding any tax
on the factors). Let v, and L2 be the before tax prices of the two
factors, Then cost minﬁmization‘requires the m#;ginal rate of substitutien
to equal the after tax ratio of factor prices:
f; ) wztgi
£y 4y il1

(4.2.2)

where (Pij = 1) ig the ad-valorem tax rate om the ith factor (i =1, 2}
in the jth industry.

(4.2,2) may easily be sclved for Ej as a function of w2F2j/w1Fij

):

(since f, - f'lf; is a monotone function of ¢

j ij i

r
(2 223 > 3 <0. (6.2.3)
1T
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We note for later reference that the absclute value of the elasticity of

zj with respect to the factor price ratio is the elasticity of substitution:

d1ln g, - f“(fj - gjf“)

-.____‘_'_%.,_Eo,j,a i L i (4.2.4)
o m 22 1Tt
11134

Since the amount of the two factors used im the jth industry are
glven by

c. .4 :
-, L - —dd (4.2.5)
i

L
2] fj

ij

respectively, the minimum cost of producing a unit of ¢, 1is

i
w,r LYY : B
1' 1 2
fjj P fi asltnry, oy (4.2.6)
o 1s clearly homogeneous of degree one, 56
- _
[ T3]
9 =y (jwlflj:)wlrlj : (4.2.7)

Now 1if (Ej - 1) is the tax (as_a percentage of cost) on commodity j ,

then the competitive consumer price qj is

Wol'y .
q = &j(gﬁle Wiy, 1=L e (4.2.8)

Since profits are zero, individual’s utility depends only on relative
consumer prices; producers’ outputs {inputs) depend only om relative producer

prices, so without loss of generality, we can set
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wp =Ty =1,

(4.2.8) then becomes

y. A
ay = ¥ T, O (4.2.9)

Assume further that the government produces public goods 8, by means of

the production processes

g, " su(ngu, 23u) s w=l ..., 8 (4.2.10)

where L13 is the amount of the ith factor used in the prdduction of

u

the uth public goodu1

When prices of private goods are given by (4,2.9), the supply schedules

of all private commodities are perfectly horizontal. Thus for all markets

to clear we require that

e 8 e EL 8
L, = T L.,.+ ¥ L = ¥ + T L
i j:l 1] uw=] lgn jﬂl fj u=l lgu
{(£.2.11)
e 8 e C.g 8
Ly = Sl + 5L, = T by =L,
j=1 u=l <8y =1 7j uml 4By

where Llj and sz are given by (4.2.5);, and where ¢, is the quantity of

i

the commodity demand.

The government wishes to maximize social welfare, which, as before,

can simply be written as a function of consumer prices and the supplies of

public goods:

The assumption that all private gooda are produced by the private sector
and public goods by the public sector is a simplifying assumption which, at
the cost of some increase in notational complexity, may easily be removed.
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L _
max TV (g, g) (4.2.12)
k
subject to the market clearing equations (4.2.11). Thus, forming the Lagrangiam
e o e, Ot oy gL, L M+ ML - T
TV Wty i B 15’ “28 1 j

- IL
u 18,)

h:thﬁ

&

. £ '
+ 7\,2(1.2 -5 s ZLZB ) - (4.2.13)
i u u

e

we can write down the first order comditions
= ¢ E + }" 4 ""’" + -
j = 1, soey 8 d+l, ...; @ (4.2.14)

s

w,t c dg
_&ia L_Z_i +.1(;hfgmh(f_,£f” ......1...,0
3y 3 271 273 .

' i

[+%)
h

i=1, ..., a b+l, ..., d . {4.2.15)

oL e 3C, 2 _
wa =2- % m£%> =0 (4.2.16)

cocy B - (4.2.17a)
ang ag aL 1
u u
Al aL %
3L -33 3T -)\,2»0, u=1 ..., 6, (4.2.17b)
u .
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k L C
where i -y ﬁ!—. - )«.1<a 1 e >
k

3, 1-13% 3
L

. r 3 "EEJ._i
B, 4a BT 3

From (4.2,14)~(4.2.17) we derive our Rules 4-7 as fellows:

(a) Rule 4. We define

£, A
. 14y Azt)
E, o =q, - ( =+l % (4.2.18)
j =9 (:fj £, 5

as the difference between the consumer price and the cost of production using
shadow prices, and ™ - 1 as the ad valorem tax on factor 2 in the fully
taxed sectors (P*wz - Lzlhl) + We use the Slutsky equation, Roy's formula,

the symmetry of the Slutsky terms, and the budget comstraint to rewrite

1/ ~ (3%
= sl 4T - Lyw,| (4.2.19)
¢\ 5 A9

[H]

(4.2.14) as

where
acC AL
- ek T e ek - 2
q Lz +1l=9 3 ty (r* I)UZ 3 (4.2.20)

From (4.2.15), for those commodities for which commodity taxes may be levied,

ﬁ%; =0, so
3ty

£ Ay
i, .2 (4.2.21)
£ 1

which implies, using (4.2.2), that producer prices in those industries which
may be fully taxed are equal to the shadow prices. Hence ti -'Ei » Thus
if aCi/qu =0, i=1 ..., a, j>a we immediately obtain Rule &,

More generally, we have
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Rule 4': For all induaprigs in which commedity taxes are imposed, consump-

tion sheuld be reduced by the same percentage (along the compen-

sated demand curve) from what it would have been had the consumers

been chagged the cost of produqtiom using shadow prices.

(b) Rule 6 follows immediately from (4.2.20) and by dividing (4.2.17b) by
(40 2- 178)0

(¢) Rule 3 follows from rewriting (4.2.15)

* w t '
" z drzj ’l(fj = ‘3 j) (4.2.22)

Using (4.2.2), (4.2.4) and the fact that (from (4.2.6))

‘?1 >
-

0
jnz/f
we obtain
o a In ¢ almcC
foo 9 Lz 5 >+<z~*-1)w<——-—-—i>1
25 - L 4 ¥
sz
jJ=b+l, ...; d
where
£, = g.f°
o = al=7;*i-i , (4.2,21a)
b

the share of the first factor in the cost of production. Thus, of two in-

dustries which are identical on the demand side (i.e. (3 In C,/3q,)_
u
{a In Cj/aqk)— all %k ) we impose & higher differential tax on the one

with the smaller elasticity of substitution and on the one in which the

1
share of factor two is smaller. To see this another way, assume the com-

lAssuming, as will normally be the case, that g%é >0, ggé >0 .
i 3
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pensated demand curves were independent, i.e. (3 In ci/aqk)_ =0, 1i#k,
u

then

T, - I* o
ZJP - —f (4.2.20)
IS I TS

where

ad ’
njj = (d In Cj/d in qj)

u
The difference between the cost of production at shadow prices and

the market price is

B(I'GT)

if >0, §=b+l, ..., d (4.2,22a)

T
3 oj

i <
a + l-a
oy +Ayy@-ap Ay
while for the fully taxed commodities

Tt
doda8 .

t
" cnoy & (4,2,22b)
RIS "?j

so that only for a gzero elasticity of substitution is the factor tax a com-
plete substitute for the commodity tax.

(d) Rule 7 follows from (4.2.19). The only difference between the industries
in which factor two can be taxed and these im which it cannot is in the in-
terpretation of 'Ej . For the former, we have noted that t,6 = tj ; while

h|
for the latter

£ -'Ej +(r* -1 - a,) j =b+l, ..., d (&4.2.24b)

Thus of two industries identical in all respects except that in one no factor
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tax can be imposed, the total tax per unit of production is identical if

the elasticity of substitution is unity (since them ¢, will be the same),

3
but if o > 1, the fully taxed sector pays a higher total tax, and if

g <1, the converse is true.

4.3. Taxing Different Commodities at Identical Rates. One of the most

important restrictions arises when different commodities must be taxed at
the same rate.

There are two major reasons for this restriction: (a) It is adminis-
tratively difficult to have separate tax rates for every commodity; the
fact that from a production point of view two commodities are similar does
not mean that they have identical demamd functioms, and the latter is what
is required (in gemeral) if they are to be taxed at the same rate in the
unrestricted optimal tax structure. Thus, almost all tax systems group
commodities inte fairly wide classes, 'children's clothing;° 'food, ' 'dairy
products, ' etc. (b) It is often impossible for tax authorities--or national
income accountants-~to differentiate between different kinds of income.
In unincorporated enterprises, it is impossible to differentiate between
returns to the labor of the owner, returns to his capital, and pure profits.
Hence, they are all taxed at the same rate, even though the optimal tax
structure almost certainly would imstruct wus to tax thewm differentially,
In incorporated enterprises, it is impossible to differentiate that part
of the return to equity which is a return to capital, and that part which

iz pure profits,1

llt would be desirable to introduce explicitly the administrative costs
of alternative tax structures in deciding on the optimal one, but we have
not done this here.
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In this case, we obtain the following rules:

Rule 8: The percentage reduction of the compogite good, consisting of the

comquitiea which must be taxed at the same rate, weighted by the

consumer prices (in equiiibrium) must be the_same as for those

commodities for which no restrictioms are imp@sggol

Rule 9: 1If it is feasible to_impose differemtial taxation on factors in

thoge industries in which uniform commodity taxes must be imposed

then it is desirsble to do so. (The optimal factor tax is given

by (4.2.15) and described by Rule 5.) The weighted averagé marginal

rate of substitution between factors is equal to the marginal rate

of substitution between factors im the government sector (or sectors

with unrestricted taxation) where the weights are

I

fﬁﬁzi )
1 / )

Rule 10: If uniform taxes must be imposed both on the factors and the com-

modities in 2 group of industries, the producer price of factors

in the private sector may be greater or less than in the public

sector. The economy is efficient if facter shares are identical

in all the industries which must be taxed at the same rate.

The derivation of these rules follows along the line of subgection

4,2 and the calculations are omitted,

lAs in the previous subsection, the tax formulae involve differences be-
tween consumer prices and cost of production using shadow prices.
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b

4.4, Limited Profits Taxation. No government has imposed on a regulay basis®

100% taxes on profits and the income of fixed factors, in spite of the long
standing advice of economists (e.g. Henry George) of the desirabiliety of
such non-distortionary taxes. When *here i3 a limitation on the waximum
rate at which profite may ke taxed,,2 it is again no longer true that pro-
duction efficiency ig desirable. Taxes on factors reduce the profits of
the firm; unlike the previous casas. where either there were no profits
or they were taxed at 100%, this change in profits affects individual
welfare directly. This might suggest that the greater the share of profits
in the given industry, the smaller the factotr tax should be. On the other
hand, the tax on the factor mav serve as a partial substitute for the tax
on profits {just as in the previous section, the tax on the factor was a
substitute for a tax on the commodity); and this would suggest that the
greater the share of profits, the greater the facteor tax should be.

It turns out that the latter effecr always domimates the former,

More

A S

recigely, we exsmine below a modification ¢of the model presemted in

section 4.2. We assume no joint production, twe facteors, and a homothetic

1Alth@ugh at war time a few govermments have Imposed 1007 surtax rates,
and a few governments have empleved on occagsion capital levies at rates
equivalent to more tham a 100% profits tax,

2Two pogsible explanations for this limitation suggest themselwves. (1) It
is difficult if not impossible (particularly im the presence of uncertainty)
to separate out pure profits from, say, income to capital, and few if auy
govermrments=-or natiomal income accountants--have esven attempted the task.
(2) In at least some western economies, where the rights of private property
are considered to be very important, a LGO%L profits tax would be considered
equivalent to nationalization of the fixed factors. {The imposition of the
tax would, moreover, involve great inequities; for before the tax, in the
absence of risk, individuals would be indifferent between holding fixed and
quasi fixed factors; those who happened to hold their wealth in the former
would lese everything, while those whoe held thelr wealth in the latter woulid
not.)

If there are heterogeneous individuals, it is possible to show that it
may not be desirable to impose 100% profirs tax. See [4].
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production function with decreasing returns to scale,@ We lét the first
factor be our (untaxed) numeraire,l We then obtain the following

Rule 11: Differential taxes on the second factor should be imposed in all

industries with decreasing returns to scale (or incompletely taxed fixed

2
factors) so that the producer price of the second factor is greater

than the shadow price in the public sector or in constant returns

to scale private sectors; the extent tc which it depends on four

factors: (i) the maximum rate at which profits may be taxed;

at a tax rate of 100 per cent, the private and public sector use

the gseme factor prices in productien; the smaller the tax rate, the

Breater the difference between the public and private sectors;

(ii) the share of profits; if the share of profits were zers (con-

stant returns to scale), again the producer prices in the public

and private sectors would be identical; the greater the share of

profits, the greater the difference between the public and private

sector prices; (iii) the shars of the second factgr in the cost

of production; the greater the share, the greater the extent to

which the factor tax can serve as a substitute for a profits tax

and hence the higher will be the optimal factor tax im that in-

dustry (the greater will be the differemce between public and

lAs in the preceding sections, this is just a normalization rule. See above,
pp. 24-25.

2Here as throughout this section, we assume that the revenue from the taxes
on fixed factors and profits are mot sufficiently large to cover the deficit
of the govermment sector, so that distortionmary taxes must be used.

oEquivalently, we could assume there exists a fixed factor which cannot be
taxed at 1007%.
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privatg producer pricgg); {iv) the elasticity of substitution;

the smaller the eilasticity of substitution, the greater the di-

vergence between the marginal rate of substitution in the private

sector and in the public sector.
As a gpecial case of Rule 11, we obrain

Rule 12: The constant returns to scale sectors and public sectors use the

seme producer prices.

The structure of commodity taxes as well as the structure of factor
taxes is changed when there are limitations on profits taxes. There are
two reasons for this, (1) Now there is a divergence between costs of pro-
duction at shadow prices and at market prices, (2) Changes in consumer prices
change demands, and thus profits, some of which now ge directly to consumers.
We thus obtain

Rule 13a: The greater the surtax on the factor use in the industry the lower

is the commodity tax.

If there is only one factor, we obtain a generalization of Rule Zd.

Rule 13b: If there are no taxes en profits, there is an equiproportionate

reduction in the cutput ¢f &ll commodities (relative to the pre-

tax situation, for smalli taxes)., (This iz the Ramsay Rule.

Finally, if profits are taxed, and if in addition, demands are independent,
we obtain the following twe rules:

Rule 13c: The percentage tax rate is proportional to the sum of the inverse

of the elasticity of demand and (1l - ) (where + 4is the tax

rate on profits) times the inverse of elasticity of supply.

(In the gpecial case of + = 0, this is simply Ramsey's result.)




35

Rule 13d: Qutput in inelastically supplied industries is reduced less than in
industries. '
elastically suppliequ_The extent of the difference is an increasing

function of the tax rate.

To see these results, we medify the model presented in the previocus
section to take account of our homothetlic decreasing returns to scale pro-

duction function. We can write the minimum average cost of producing €, as

3

——

L 1 +fu“ﬂj}‘5“h’

EyGap) 7 £,08) ¢y
(4.4.1)

where Hj >0, Hj(l) =1 and Lljf(gj) =1,

Cost minimization implies, just as before, that

.

- (4.4.2)
£y 7 44F;

= Wola;
Marginal cost pricing implies that

Y

. il
9y = 4l

B PR
L 21%2%1 | _ 4
7D + fjuj)] = &, (4.4.3)

Profits are given by

ol

| PR
] 1 2i 274
= {( C,H, - H.)(j —
I RO fj<zj):)

i.e. the difference between the marginal and average costs, times the output.

(4.4,4)
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Since_all individuals arg_assumed to be identical, the profits received by

each of the r individuals in the absence of taxation is just znj/r .

3
It is easy to show that

an B
1 .c (4.4.5a)

al £
B |
™, L H,(C,) (4.4.5b)

2] fj b

In the discussion below, we write c® when we are treating C, as

] h|
a function of (pj, wi) » Ll.e. the supply curve, and cd when C, 1is

j b
viewed as a function of consumer demand prices and income (i.e. the demand
curve).
Assume the government can impose a tax rate on profits at 1 . Since
profits taxes are non-distortionary, it will clearly want to impose the

maximum possible rate. Now,

‘ i
]

Hj(QE?
L. =% - TL,g
1 1 i fjizj(WZsz)] o Pu

+ A {4.4.6)

d
d
Hy(CyL, +3p,(C] - €}

+ A, |L, - %
2 - L
) BTG, 0T " g 1

2

We choose as our contrels (g, p Was r2j’ ngu, ng ) . Then

a
-]
all ac
ol i em) 2t (b.4.7)

+p
d3p; 3l api x i 3Py
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' d ' d
. k 1 aL A, aL, €. ) ' acC
Lk, _i+_3.__&-m-_i<i+;2..;1> AL
]

T
39; 34y 1] dq; M 3q, iag \fy M £ 3 429y
(4.4.8)
am, . » A dy 3C;
2i 24 £ M T2y 3Ty
(4.4.9)
d
M.EBV_k.FM ?h..!.::-z..a.fz.ugﬂ'iﬁ-l..'.f_z.h
G L Vo MW, gl \E M
ac? 2 T
-5 +L —— =0 (4.4.10)
133 Ay Y
28
2Ll 5 5 =0 (4.4.11a)
angu 3g, ALy, 1
ag '
S%e?l.,,%&i —S .\ =0 (4.4.11b)
28u 8y 3 28
where
K 3L act N, 2 aL, A acd
ﬁé. LA .__1-211'...1 i+_2_i —2.21 . 1 (4.4.12)
al T AT T M| 3l 3ANE TR E aL &, | T IP1er ™

al . v o LT (0 S Bt W R |

3 -gas +z~1 38 -znj 3% \E +>s. r + Ny -7 (4.4.13)
s k 98y u u \ j 1 7% u

Note that (4.3.8)-(4.4.12) are very similar to the corresponding equat ions

in subsection 4.2, with the modifications necessary to take account of the

changes in profits resulting from changes in prices.
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The derivation of the Rules is now fairly straightforward. From (4.4.7)

and (4.4.9) we obtain Rule 11:

Tyq = THw, N Y2 3 7,(1-1)

Tai A oAl ooy

(b.4.14)

where

hzlkl ;, the shadow price of factor two (in terms of the numeraire

¥

factor 1).

(¢, = share of the first factor in the cost of production: ai - fi-‘zif;/fi .
= the elasticity of substitution.

and

/n

7; = ratio of profits to costs = H‘Ci - H

i iy

= elasticity of supply if H, = cf’l

(constant elasticity).
In the perhaps more normal case, where T > 1 (i.e. the second factor

is 'taxed' in public production) it should be noted that

Tgi¥p = Ty 2 ¥,

the shadow price in the govermment sector lies between the marginai rate

of transformation and the marginal rate of substitution in the private secteor.
On the other hand, it is possible that 1 < 1, in which case the shadow

price in the public sector need not be between the marginal rate of trans-

formation and substitution in the public sector,l

1I-’or an earlier example illustrating the same point in the context of the gues-
tion of the choice of the discount rate in public investment see Stiglitz [14].
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Dividing (4.4.9b) by (4.4.9a) we obtain

L
38,,/3 1g, “2
—_—g .2 (4.4.15)
38, /3Ly, hl
which, together with (4.4,14) with 7 0 implies Rule 12,

To obtain Rules l3a-d, we substitute (4.4.5) into (4.4.7) and the

result into (4.4.8), and use the properties of the demand functions employed

earlier to derive Rule 2 (see above pp. 9- 10) to obtain

L) e (),

_— (4.4.16)
(3 1n Gi/aqj)__
l - (l'T)ZPj u
h] 8
M

where

3L,
K . _2
)\‘1 + 1 <5‘t < +w2(r'* 1) 31>
8" = -
3¢d p

1= (ln)y 5F =2
i ﬂi

(4.4.17)

Rule 13a follows immediately from (4.4.16) upon observing that

r* - T
e 2 ;. a,)

(4.4.18)
Ty |

Rule 13b follows upon observing that, with a single factor, profits
in the ith sector are a function only of the producer price in that sector,
Py o Thus (assuming that the govermment only purchases the single factor),



40

the market clearing conditions may be written
d 01
C; = Cy(p(Cy) + &5 (1~ (p,(C,)) (4.4.19)

As above (pp. 12 ), we take a Taylor Series expansion around t = 0 and

divide by Ci to obtain

d
e G NG, 5 N S
¢ " a9,/ \2¢ /apj//c c c, oI j (ac /ap ) %)
‘ (4.4.20)
1 c C, AC
= 2(:: 1n - :) (:'i - s .t :a:I : - 5 %?i
nq,/_\4 *3
AN IR M A S
AC, AC
If — w—da -9", we obtain
c, ¢
]
1
(:§ ln c &4
nq, /- q
i i = - g" (4.4.21)

;- iﬁﬁ _il+1ﬁcgﬁﬁ
I\31In g c, ol 8
j u j le i j 'ﬂj

(4.4,21) 1is identical in form te (4.4.16) when ¢ = 0 .

Rule 13c¢ is obtained directly from (4.4.16) which, after some mani-

L.y (: 1; //; - e“fﬁfi (4.4.22)
“ii My

By contrast if we wanted to reduce outputs by the same percentage, we would

pulation, yields

have impogsed taxes at the rates

9" ..._1...... ...];.... +liﬁz£ﬁi
ad 8 C., 3 8
£y T Ly
5 . 3G e (4.4,23)
L. eu(:_l_ K. St S i |
ad Ci 1 s
Nig ﬂj

Comparison of (4.4.22) and (4.4.23) yields Rule 12d.
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A slight modification of the model presented above can be used to
provide the answers to these questionsol
The structure of factor taxes is identical in form to that given by

Rule k1l {eq(4.4.14)), but now, 7y the ratio of profits to costs, is given by
- 4
PsC = By HiCy

£ (1 - 1/ngi)

instead of simply H /H .

If the government could raise revenue by lump sum taxes, a subsidy at
the rate lln:i would result in price equalling marginal cost. When dis-
tortionary factor taxes are imposed, the subsidy is changed to take accoumnt
of the deviation between private and social marginal cost.3

I1f 1007 profits taxes were imposed the subsidy would be reduced to make
the producer price greater than the social marginal cost by an amount pro-
portional to the inverse of the elasticity of demand. This results, as be-
fore, in the same percentage reduction in consumption from the price equal
soclal marginal cost situation (not from the original pre-tax situation).

The subsidy in the case of + = 0 may either be smaller or larger

than when 71 = 1, depending on whether

1We assume in the discussion below that demands are independent. In the dis-
cussion of the structure of commodity subsidies, we also assume constant mar-
ginal utility; this assumption may, however, easily be dropped.

2The formula for optimal factor taxes is

Foy ~ r* N 971(1'T)

Tag @04

3The formula for optimal commodity taxes is

C H" T™* =T 1
o 55 + (1-7)-——.—> < z‘)(l - @) -
£y Mg 11
Pe Y

P m
$ L. ofkx, Hi j)
“11 i
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4.5. Monopolies and Imcreaging Returns to Scale Industries. Increasing

returns to scale, and the monopolies and divergence between price and mer-
ginal cost which results, has been one of the primary arguments (of econo-
mists) for nationalization of these industries. In that case; the pricing
and production structure of the public sector as described above applies;
and no speclial consideration needs to be given to these industries (as op-
posed to constant or decreasing returns to scale industries in the public
sector, except as already noted in section 2.1)

In the United States, these industries are usually (although not
always) regulated; whether, however, the regulations significantly change
the behavior of the firm from what it would have been otherwise 18 a moot question.
Consider first the case of an unregulated monopolist; the question is, what
is the optimal structure of commodity and factor taxes {eor subsidies)?
1f the firm is making a profit which cannot be wholly taxed away, should
one impose differential factor taxes, as in the previous section, or will
this simply reduce output still further below its already sub-optimal level?
One can induce the firm to produce the optimal level of output by giving
commodity subsidies, but if to raise revenue for these subsidies, one must
impose distortionary factor taxes, is it desirable to equate marginal cost

to price? If not, how large of a subsidy should be given?

1In fact, however, even after nationalization, governments seem to be re-
luctant to provide lump sum subsidies to meet their deficits, and the na-=
tionalized industries sometimes seem to act little differently from regu-
lated private industries.
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This constraint was originally studied by Boiteux. He 1gnored; however;
thq taxes imposed on commedities in the private sector used to provide the
revenue for the deficit of the public sector; and accordingly; the solution
he proposed must be modified.

In order to focus on the peculiar preblems raised by the budget con-
straint, we shall for simplicity assume constant returns to scale in the

private sector. The budget constraint of the government may now be written

m o
+ ¥ (Ly, +w,L,, - q.C)<b (4.6.1)
a U 2723 i’s

2ng + w
a u ml

oL
u u

22" 2g

where, as before m1+1 2ese M represent the set of industries in the govern-
ment saector.

To see what this implies for the structure of taxes, we form the

lagranglan
QZL " ml Ci m
=W + AL, ~ ¥ =~ ¥ L. =7%L )
L ya m +1 o e,
m -Ci m
+ A (L Y =4, -~ ¥ L. -%L, )
e m, 41 2L 2%,
. (4.6.2)
+ 7 f (L L,.) - C
1
m m
+B(b + TqC - WLy + WLy ) - T (Lyy +W,L,))
nl u m1+1

From the first order conditions, we can derive the following Rules.

Rule 1l4: The govermmental sector is efficienmt, i.e.

agu/angu a=1 ..., 8

afi afj AI + B

= = (4.6.3)
31‘13 asz Ay + W B asu/aL

2gu j= m1+1, caey M
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i.e. whether the demand elasticity is greater Ehén the supply elasticity of
a subsidized firm which get price equal to marginal cost. (Unless there are
very strong Increasing returns to scale, the above expression will be posi-
tive, i.e. the subsidy will be reduced.) This means that normally (assuming
a single factor, so we can ignore the deviation between private and social
costs of production) the percentage reduction in consumption from the price
equal marginal cost situation is greater for increasing returns industries
than for decreasing returns industries.

In the case of the regulated monopoly, where prices are set to allow
the firm just to break even, factor taxes should be reduced (or eliminated).
In any case, the rate of commodity taxation should be lower than for a com-

modity of the same demand elasticity in the public sector.

4.6, Budget Constraint. The restrictions introduced thus far concerned

primarily the possibility of introducing taxes on perticular commodities
or factors.

Another class of restrictions pertains to groups of commodities or
factors. One such restriction is that discussed in 4.2: the inability
to differentiate rates within a group of commodities. This section is con-
cerned with another "“group comstraint”: a limitation on the size of the
over-all budget deficit which public enterprises may incur. We examine this
constraint in some detail both because of its apparent importenge in practice
and because the results are representative of these of similar constraints,
such as that,in a particular period, there is a limit on the size of the trade

deficit, which also are of some importance.
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Rule 15: The private sector is efficient; no differential factor taxes

(across industries) should be imposed:

£ £ A
f i f'ﬂ - £ :jz fn w‘igg Wzr* (aoaol})

RS o ST R S T B

Comparing (4.6;3) and (4,6.4), we observe that the economy overall is not
efficient; the marginal rate of substitution of one factor for ancther will
not be the same in the private and public sectors. Indeed, we have

Rule 16: The shadow prices in the govermment sector are between the marginal

rate of transformation and the marginal rate of substitution in the

public sector.

A, + Bw. _ A A
> 2 2> 2 o> 2
Y2<TA FB <R % 2<3 (4.6.5)

Not surprisingly, in the structure of commodity taxes, we must teke
account of the difference between shadow and market prices in the private
gsector., We can obtain

Rule 17: The size of the reduction in consumption (along the compensated

demand schedule, from what it would have been had consumers been

charged marginal social cost) depends on the relative gensitivity

of the demand for the commodity on prices of privately produced

versus publicly produced commodities, as well as on whether the

good is produced in the private or public sector, Con-

sumption of publicly produced commodities whose demand depends

only on the price of publicly produced commodities is reduced

more than that of privately produced commodities whose demand

1
depends only on prices of privately produced commoditiea.
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It should be observed that this model reduces to that of section 2
if either the constraint (4.6.1) is not binding or if the entire economy
is embraced in the public sector. Im this interpretation; the resulta of
economic efficiency and optimal taxation derived there, as well as those
derived in; e.g. [5] and [9] may be viewed as special cases of the above

analysis,

5. Conclusions:

5.1. Shadow Prices for Cost-Benefit Analysis in Second-Best Economies:

There has been much controversy of late over the relationship between the
shadow prices to be used in the public sector (e.g. in cost benefit analysis)
and certain market prices. If the marginal rates of substitution between
different commodities (factors) were equal to the marginal rates of trans=
formation, there seems to be a fair amount of agreement that it is these
marginal rates which should be used as the relative shadow prices. The
problem arises, it is alleged, when the two sets of rates differ. The reasons
why the two may differ have been extensively discussed. For our purposes, we

note only that one of the primary sources of divergence is the tax system.

1The optimal tax formula may be written

1 3c m aC
A e T, —d T —d -
£-M si:tj 31+0°1+B)Etj 31’ L=l ousy my
m
1
E-(h1+B)+hlﬁitj aI+()s, +B)n§' 1:j 31 i=m,, , m
1

where shadow producer prices in the public sector (relative to the shadow price
of the first factor, in the public sector) are just pi/?\,i +B=P, =9 - b -
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When the marginal rates of transformation differ from the marginal
rates of substitution, some argue that since the preferences of in-
dividuals are paramount, the marginal rate at which two commodities (factors})
are substituted for one another (consumer prices) should be used. Alterna-
tively some argue that the marginal rate transformation gives the correct
opportunity cost of using the given factor (commodity) in the public sector
as opposed to the private secter. Thus the marginal rates of transformation
ought to be used as shadow prices. Fimally, there are the 'compromisers, °
who argue that the appropriate shadow price is a number between the marginal
rate of transformation and the marginal rate of substitution.

The analysis of the preceding sections shows that there is ne reason
that any of these three arguments need be correct; the correct answer depends
on the exact specification of the constraints imposed on the goevermment.

We have shown that

(i) If the only constraint on the govermment is the imposition of
lump sum taxes, then the shadow prices to be used in the public sector are
equal to the marginal rate of transformation in the private sector. (Sec-
tion 2.2.)

(ii) If a constraint is imposed on the taxation of some factors (com-
modities) in the private sector, the shadow prices to be used in the public
sector are equal to the marginal rate of transformation in the fully taxed
sectors (i.e. the sectors in which both factor and commodity taxes may be
imposed). (Section 4.2,)

(iii) 1f, say, a tax cannot be imposed on L1 and L2 in any sector
of the economy, then the marginal rate of substitution in the private sector
will equal the marginal rate of transformation; nonetheless, the government
in the public sector should not use this marginal rate as its shadow price.

(Section 4.2.)
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(iv) 1f there is an overall budget constraint on the government, bat
no other constraint on the fiscal powers of the govermment then the shadow
price in the govermment sector is a weighted average of the marginal rate of
substitution and the marginal rate of transformation. (Section 4.6,

(v) When other constraints are imposed on the taxation powers of the
govermment, e.g. the govermment cannot impose 100 per cent profits tax; the
shadow price in the govermnment sector need not lie between the marginal rate
of substitution and the marginal rate of transformation in the private sector.

(Section 4.4.)

5.2, Concluding Comments: This paper has attempted to extend and develop

the framework for analyzing problems of taxation and public production in
a general equilibrium context originally developed by Ramsey and Boiteux.
In doing so, we have seen how the conclusions of previous studies must be
modified significantly both with respect to the formulae for the structure
of the optimal commodity taxes, with respect to the interpretation of these
formulae, and with respect to the utilization and structure of differential
factor taxation when account is taken of (a) the reasonable restrictions
wvhich are imposed on the tax structure and (b) non-constant returns to
scale industries in the private sector.

We end with a note of caution: when Pigou discussed differential taxa-
tion, he raised three kinds of considerations: (a) the ‘efficiency’ considera-
tions with which this paper has been almost exclusively concerned; (b) dis-

tributive considerations and (c) administrative problems,1 The equity and

11u contrast say, to the value added tax, which has recently received exten-
sive support for its simplification of the tax structure, the kind of analysis
given above would seem to entail a significant increase in the complexity

of the tax structure,
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distributional considerations &re likely to run directly counter to one another,
gnd although tax formulae may be derived taking these into account; the tax
structure seems to be dependent critically on the social weights assigned

to Ehe various groups.l Included in the administrative problems of insti-
tuting this system are (1) difficulties in obtaining reliable estimates of

the relevant parameters and (2) the likelihood of attempts by pressure groups
to obtain differential tax advantages for themselves that are net necessarily '
in accord with the prescriptions of our analysis (and which they would not

be able to obtain if the government adopted a more simplified tax structure).
What is required i{s a more detailed study of the welfare gains from differen-
tiation to ascertain whether they are sufficiently large to offset these

other considerations.

2See, e.g. [1], [5], [15].



(il

[2)

(3]

[4)

[5]

(6]

[7

(8]
(9]
{10]

[11]

[12]

(13]

[14]

[15]

48

REFERENCES
A. Atkinson and J.E. Stiglitz, “Efficiency and Distribution with Optimal
Commodity Taxation" (mimeo, 1970},

W.J. Baumol and D.F. Bradford, "Optimal Departures from Marginal Cost
Pricing, " American Fconomic Review, Jume 1970, pp. 265-283,

M. Boiteux; "Sur la gestion des monopoles publics astreints a l'equilibre
budgetaire," Econometrica, 24 (1956).

P. Dasgupta and J. Stiglitz, "Optimal Taxation and Economic Efficiency"
(mimeo, 1970).

P.A. Diamond and J.A. Mirrlees, "Optimal Taxation and Public Production,”
H.I.T. mimeo (May 1968).

A.K. Dixit, "On the Optimum Structure of Commodity Taxes," American
Economic Review, June 1970, pp. 295-301.

A.P. Lerner, '"On Optimal Taxes with an Untaxable Sector,” American
Economic Review, June 1970, pp. 284-294,

1.M.D. Little, "Direct versus Indirect Taxes," Economic Journal, 1951.
J. Mirrlees, "A Note on Production Taxation," (mimeo, 1970).

A.C., Pigou, A Study in Public Finance, Macmillan and Co. Ltd, 1947,

¥.P. Ramsey, A Contribution to the Theory of Taxatiom, " Economic
Journal, 37 (1927).

P,A. Samuelson, "Evaluation of Resl National Income," Oxford Economic
Papers, 2 (1950),

, "The Pure Theory of Public Expenditure," Review of Economics
and Statistics, " 36 (1954).

J.E. Stiglitz, Lectures on Economic Theory, University of Canterbury,
New Zealand (1967). .

, "Taxation, Risk Taking, and the Allocation of Investment
in a Competitive Economy," in Studies inm the Theory of Capital Markets,
M. Jensen (ed.) (forthcoming).




