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ON THE EXISTENCE OF A COOPERATIVE SOLUTION
FOR A GENERAL CLASS OF N-PERSON GAMES

by

Herbert Scarf®

I. Introduction

It is remarkable that the two game theoretic concepts of greatest

applicability te economics, antedate the publication of The Theory of Games

and Fconomic Behavior by at least fifty years. Tthe concept of a Nagh equi-

librium for & general n person game is a direct descendant of the procedure
used by Cournot in 1838 to analyze the effects of oligopolistic behavior.
The other major technique of solution, the core, was introduced by Edgeworth

under the name of the contract curve as early as 1886,

Irn the modern terminology of game theory, the core is a cooperative
solution involving, as it does, the behavior of coalitions of players; the
Rash equilibrium is regarded as a non-cooperative solution in which the
joint interest of groups of players is not explicitly considered. The two
concepts are quite distinct, and have traditiomally been applied to games

whose basic characterizations are very different.

*The research described in this paper was carried out under grants from
the National Science Foundation and from the Ford Foundationm.



The Nash equilibrium requires the geme to be given in normal form;
the independent strategies available to each player must be described com=
pletely, along with a specification of each player's utility for joint stra-
tegic choices. A selection of strategies, ome for each individual, is then
in equilibrium if no player canm increase his utility by making an alterna-
tive choice, under the assumption that the remaining players make mo change

in their strategies.

In order for a cooperative concept, such as the core, to be applicable,
the game must be described by specifying the set of utility vectors which
can be achieved by each coalition. A utility vector is them in the core
if, first of all, it is achievable by all of the players acting collectively,
and secondly, no coalition can achieve a higher utility for each of ifs

members.

The successful application of cooperative game theory in ecomomics
has been largely to those models of exchange, and possibly productiom, in
which the collection of achievable utility vectors can readily be defined
for each coalition. In 2 model in which each consumer begins the trading
period with a stock of commodities, and has a utility function for finsl
consumption, the utility vectors achievable by a coalition are most natursily
taken to be those arising from an arbitrary redistribution of that coali-

tion's assets.

This simplicity disappears, however, if the model of exchange is gen-
eralized even slightly. If, for example, some of the goods are undesirable

and require the use of real resources for their disposal, the players not



included in a given coalitien may, by their actions, modify the distribution
of utilities within the coalition. This complicates substantially the deter-
wmination of what a coalition can achieve by itself., Similar difficulties
arise if external effects in consumption are introduced inte the model of

exchange, and in many other variations of the nee-classical medel as well.

These examples illustrate the general proposition that the possibilities
open to a coalition way best be viewed ag derived from a prior specification
of the game in its normal form; that ie, in terms of the strategic choices
open to the individual players, and their evaluations of the outcomes.
von Neumann and Morgenstern attempted to do precisely this, but based their
analysis upon the arbitraty assumption of transferable utility. For them,

the question of whether a utility vector fui} ; for 1eS , is achievable

for the coalition S depends only on the sum u_ = % u rather than

Ed
s 108 i
the individual utilities themselves. Moreover--and here I am simplifying
somewhat--the coalition can achieve this vector if and only if its members

have a fixed strategy which produces a vector of utilities summing to at

least u

s independently of what the members of the complementary coali-

tion choose to do.

Aumann’s suggestion [1] for passing from the normal form of a game
to a cooperative description is completely ordinal and avoids the additioa
of utilities which modern welfare economics finds so distasteful. His de-
finition is essentially identical with that given above, but based on ths

utilities themselvea rather than their sums. For Aumann the utility vec-



tor {ui] is achieveble by the coalition 8, if and only if its members

have a fixed strategy which guarantees this vector independently of the

actions of the complementary coalition.

The present paper, using Aumann's approach, will describe a simple
and general set of conditions im terms of the normal form ¢f an n person

game, which are sufficient to guarantee the existence of a nonempty cove.
Let us then consider am n person game in which the first plsyer
has a get of possible strategies xl , the second player x2 s etc. A

typical strategy for player i will be denoted by xi . We shall make
the following assumption about these strategy sets:

I. Each xi is assumed to be a closed bounded convex set in a

finite dimensional Euclidean space.

The significant aspect of this assumption is the requirement that
each strategy space be convex; the remaining qualifications are technical
and in particular the assumption that each strategy space be contained in

a finite dimensional Euclidean space can be relaxed.

The convexity assumption is a familiar one in game theory, and is
usually obtained by permitting the players to randomize independently over
their strategy choices. There are, however, many n person games in which
the convexity requirement is satisfied without the introduction of mixed
strategies. For example, & model of exchange can be formulated as & game
by permitting each player to allocate arbitrarily his initial stock of com-

modities among all of the players. Production may be incorporated into



the game by having several of the players represent firmg, who select pro-
duction and distribution plans consistent with their technology and with

the resources furnished by the remaining players. 1In each of these examples
the convexity requirement is either immediate or follows as a simple conse-
quence of conventional economic assumptions.

To complete the description of the game, the ith player will be

aggsumed to have a utility function ui(xl, .e. X)) defined on the product

1
space X =X x xz X oo X XU ; which describes his preferences for joint
strategic choices. Some specific assumptions about the preferences will be
made, in order for the solution discussed in the next section to be appli-

cable.

II. The Solution to the Game

The particular type of solution to be discussed shares with other
proposed solutions for n~person games the property of being based on a con-
cept of equilibrium. Each of the players is assumed to select a strategy;
the state which arises is then examined to see whether there are compelliing
arguments leading to alternative strategies. The characteristics of the
solution are therefore defined by the selection of admissible arguments for
departing from a given joint-gtrategy choice.

For example, a Nash equilibrium is a set of strategies xl, oasy % 5

with the property that no player can improve his utility by the selection
of an alternative strategy, assuming that the strategies of the remaining

players are not modified. In this solutifon concept the arguments for a



departure from a potential equilibrium are based im the izolated action
of individual players, and assume that no subsequent response will be made

by the n-1 remaining players.

Qur proposed solution will differ in two major respects from the
Nash equilibriwm. First, an arbitrary coalitionm of players will be per-
mitted to modify theiv strategies collectively, with the hepe of Iwmproving
the utility levels of every member of the zoalitisn. Arnd secondly, the com-
plementary coalitiom will be permitted a subsequent modification of its
gtrategic choices 80 as to deter the coalition inftiating the change.

i .
A joint strategic choice %, ..., % s  which provides rhe ith player

with ueility u will therefore be in equilibrium 1f for every selection

of strategies by the complementary ccalition which prevents some player im

8§ from achieving a utility lsrger tham v In other words, a state will

be in equilibrium if no cealition can insist on higher utility levels for
211 of its members independenily of the actions of the complementary ceali-

rion.

The excessively conservative treatment of threate implied in this
solution is, of course, troublesome. A coalitiorn § , in attempting o
obtain an improved position for all of its members must confront the entire
range of strategic possibilities open to the players not in § , including
those which lead to disasterous consequences for the complementary coalition
and would in all probability not be undertakem. This inability to discri-
minate among counter-responses reduces the opportumity for a coalition te

object to the status quo, and resulte in the inclusion of more ocutcomes



in the solution than might seem reasonable. Imn order to overcome this prob-
lem, the responses of the complementary coalition would have to be restricted
by considerations of plausibility, and there seems to be no clear way of

doing this within the general framework discussed here.

The major result of the present paper is that assumption I about the
convexity of each player's strategy space, and the following assumption
on the utility functions are sufficient teo guarantee the existence of at
least one set of strategies which are in equilibrium in the sense deseribed

above.
II. Each ui(x) is @ continuous guasi-concave functien. In
o1 n 1 n
other words, if x = {x", ..., x ) and y= (¥, +o., ¥ )

are two joint strategy sclections, and 0 <a <1, then

u, [ox + (1=ay)! Zminfu, {x), u (y}] -

The major thecrem of the paper may now be stated.

Theorem: In an n_ person game satisfying I and II there is at least

one joint strategy choice which is in equilibriuwm in the sense that no coali-

tion has an alternative strategy which guarantees higher utility levels for

all of its members, independently of the actions of the complementary coalitiom.

The quasi-concavity assumption required in this theorem is quite strong
in comparison with assumptions typically made in n person game theory.
For example in order to demonstrate the existence of Nash equilibrium stra-

tegies it can be replaced by the far weaker condition that each player's



utility be a quasi-concave function of his strategy alome. The severity of

the assumption is illustrated by the fact that it 1s gemerally not satisfied
in the case in which each player has a finite number of pure strategies, and
is permitted to randomize over these strategies, independently of the choice

of the remaining players.

On the other hand, n person games derived from economic medels do
lead to preferences with this property if the conventional assumptions of
convex indifference curves and production sets are made. Consider for ex-

ample a typical model of exchange, in which the ith consumer has a stock
of commodities wi prior to trade, and a utility function hi for consump-

tion. We model this as a game in normal form by permitting player 1 to

allocate his stock of commodities

wi = xll + xiz + o0 + xin

in an arbitrary fashion, possibly retaining some commodities for himself.
The result of a joint selection of strategies will be that reallocatien
of the stocks initially owned, in which player j receives the commodity

bundie

If we take his utility for this joint selection of strategies to be his
utility

n

h.( 2 x

ij
)
I ie1



of consumption, then the assumption of quasi-concavity will be satisfied

if the conventional indifferenmce curves are convex from ahove.

The theorem may therefore by applied to the classical case of a mar-
ket with the customary convexity assumptions about preferences. The com-
clusion states the existence of an allocation of s@ci;ty°s initial stocks,
which no coalition can improve wpon by an sltermative reallocation of its

own assets, il.e., an aliccation in the core of this mavket.

Thig example has at least one interesting generalization which seems
not to have appeared before in the ecoasomic literature. Consider the case
in which there are external effests in consuvmption, sc that each individual’s
utility depends sot only oo his own vectdr of consweption, but is a func-
tion of the bundles consumed by some or all of the remaining consumers.
If this generalized vtility funztion has indifference surfaces whick are
convex from above when viewed in the product of each consumer's space of
consumption bupdleg, then the theorem of this paper is ap;g:»flicai:lev,.i We
conclude that theve is an allocation of society's initial holdings, which
cannot be improved upon by a specific redistribution of the assets of any

coalition, if the complementary coslition is subsequently permitted to re-

digtribute ifts own Initial assets in an arbitrary fasghion.

If external effects in consumpition are not present, and there are
b

1Jacquéb Dreze has suggested to me that convexity of this sort may be re-
lated to a preference for equity.
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no costs of disposal, this subsequent redistribution of the complementary
coalition's assets can have no influence on the utility levels of the coali~
tion attempting to block. But the presence of external effects permits the
members of the complementary coalition, either by refusing to consume, or
by a maldistribution of their own resources, to influence, in 2 possibly
gubstantial fashion, the utilities in the blocking coalition, It is this
aspect of external effects on consumption which requires the theorem of

the present paper rather than a more conventional approach.

IITI. A Preof of the Main Theorem

The reader not versed in the intricacies of game theory may prefer
to avoid this section in which a technical proof is given for the mainm theorem
of the paper. The proof depends on the notion of a "balanced" n person
game, discussed by Bondareva [2] and Shapley [4] for the case of transfer-

able utility, and by the author [3] in the general case.

Consider an n~person game in which it is possible to define precisely

for each coalition SC N, the set Vs of those utility vectors (ul, nony un)

which can be achieved by $, with the understanding that the components
of u with subscripts referring to players not in S are arbitrary. We

make the following assumptions on these sets:

l. For each §, Vs is closed and non empty,

2. If ugV, and u'<u, then u' ¢V

5 S

3. VN is bounded from above.
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A vector u is in the core of this game if u ¢ VN and 1g not interioer

to VS for any coalition § . The notion of a balanced collection of coali-

tions 1s introduced in order to obtein sufficient conditions for the existence

of a vector in the core.

Definition. A collection of coalitioms T = {§} is balanced if there

are non negative weights 58 » equal to zero for these coalitions not in

T , such that the equations

T 8g =1
8{1}
hold for i =1 ... mn .

Definition., An n-person game is defined to he balanced if

Nv.cv
Ser S M

Ffor all balanced collections T .

The major result demonstrated in [3], is that a balanced n-person
geme always has a non empty core. In order to use this theorem in the pre-
gent context we must pass from the definition of the game in terms of stra-

regies and utility functions, to the sets VS in such a way that the core

based upon these sets corresponds to the solution proposed in the previous

section. This will be true if we follow Aumann and define the sets VS

as follows:
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Definition. A vector u = (ul, aeny “n) iz in VS ; 1f there is

a joint strategy of the members of S5, which provides player 1 (for
1 ¢8) with a utility of at least u, for all strategy choices of the

players not in 8§ .
As we see, the components of a vector u ¢ VS , <corresponding to
players not in $ , are arbitrary under this definitionm,

The non-trivial part of the proof of our thecrem is to demonstrate
that the assumption of quasi-concavity of the utility functions implies
that the game is balanced. Let T = {S} be a balanced collection of coali-

55 end let u ¢ (A‘VS . We must therefore demonstrate
SeT

tions with welghts

For each S ¢ T, the fact that wu ¢ V, means that there is a joint

S
strategy of the players in S, yielding player i (for 1i ¢ 8) a utility

of at least u, for all strategies of the complementary coalitiom. Ilet

this joint strategy be denoted by xi(s) for all i ¢ 8 . The proof that

u g VN proceeds by showing that the strategies

1
x" = = 5Sx {(8)

s>{ 1}

- 3 5 x(8)
§>{ 2}

@
@
°

= % gx(S)

s n}
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are each feasible for the respective players, and if used collectively guar-

antee the ith player a utility at least uy . But for each i, xi € xi

gsince it is a convex combination of strategies in xi s and this disposes

of the first questiom.

In order te show that the state (xl, es iy xn) yvields the ith player

a utility at least wu, it is sufficiemt to restrict our attemtion to the

i

special case i =1, We shall express

1
&' e, X = I 80, e ' (8))
eT

s{ 1}
with ul(yl(s), seey yn(s)) > vy for all coalitions S ¢ T which contain

player one. The assumption of guagi-concavity will then be sufficient to

show that ul(xl, xz, ceoy x") > .

We now define the vectors (ylﬁs), aeay yn{s)) for each S ¢ T con~

taining ﬁlayer one. Let us fix our attention om a particular S . We con-

slder two cases for yi(s) . If 1¢8, set

yHs) = xi¢s) .

If i is pot in §, then we define
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where in both the numerator and the denominator the summation is taken over

all E ¢ T which contain player i but not player 1. (It should be noticed

that yi(s) is the same for all coalitions § which do not contain player i .)

Still fixing our attention on the coalition 8 , we see that we have

defined a joint strategy choice in which the players in § use the strategy
xi(s) , and the players not in S use a specific strategy yi(s) . But
since [xi(s)? guarantees player 1 a utility of at least vy regardless
of the strategy choices of the players mot in S, we see that
u, r'(8), ¥2(8) ..y YN(S)) 2 u; and this is true for all S in T which
contain player 1.

Ta order to finish the proof it is necessary to demonstrate that
the representation of (xl, ess, X°) in terme of the §'s and y's is

cerrect. We musgst therefore show that

xl = T SsYl(S)
SeT

$2{1}

= T 5sxi(5)
840

so{1, 1}

z:sExi(E)
+ I 5\ =5 .
5.0 E

S é%ntains
1 but not {1
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with the range of summation of the index E taken over all E containing

player i but not player 1.

This is equivalent to showing that

P 53"1(5)
8.0
S
sof L, i}
i
+ b g% (8) o ¢,
550

E contains
i but not 1

with the comgtant ¢ given by

= )
s
8 s>0
c = S contains 1 but not i
T &
E

E contains i but not 1

The representation is therefore correct, amd the proof complete if

e = 1 op
z ) = = )
% 8 S
5320 ; 5S>0
§ contains 1 but not i 5 contains {1 but not 1

But this result may be obtained quite simply from the equality

T 6g= T =1
6g>0 §5>0

{1} CARY
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by subtracting

z 8
8520

s{ 1, 11

§

from both sides. This completes the proof of the main theorem.

“he werticelar type of solution deszeribed in the present paper is
what Avmanu has termed the Q-covre, iﬁ digtinction to an alternative concept
designated &5 ~he B-cove., Por & utility vector te be in the a-cbre two
condi tlong sve oecessarye~flrst, the utility vector must arise from some
jolat selescina of strategies by all of the players, and secondly no coali-
tion can do better for all of its members by szelecting am alternative set
nf strategiee, independently of what the complementary coalition chooses

to do.

The senond of these conditions is medified in the definition ef the
focore, & bleeking coalition is ne longer required to select a specific
stracesy Independently of the remaining players, but rather is permitted
to wary ity blocking strategy as a4 function of the complementary coalition’s
choles, 1t i as if a blocking cosiition announces its intention to black,
forces the complementary coalitien to move first, and then responds, rather
than the reverse order of moves. Clearly the blocking poasibilities are

larger, for any coalitiom, under the second of these conditions, and the

B-core correspondingly smaller than the (=core. In this sense the B-core
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is a sharper conmcept than the O-core, and it is of interest to see whether

assumptions I and II are also sufficient for the fB-core to be non-empty.

The conjecture iz, howevexr, incorrect. We shall construct a rela-
tively simple three person game in normal form satisfying both I and II,
whose B-core is empty.

Let plaver 1 (i = i, 2, 3} bave the strategy space 0 S}xi <1l.

We shall begin our counter-example by constructing utility fonctions

L 2 3 . . .
ui(x s X, £ ), coatinuous and gquasi-concave on the unit cube, with the

following specific property. Every two player cecalition can achieve a utility

pair (1, 1) by zelecsting & pair of strategies which are functionally depen-
dent om the third player's choice; whereas the utility‘triple {1, 1, 1)
‘gannot be achieved by the three players acting collectively. While this
first example does bave a non~empty B-cove, it can be modified slightly
0 48 to produce snotder example in which the B-core is empty.

tonsides the unit cube

x3

/

=t
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each of whose points represents a specific joint strategy choice. For
i=1, 2, 3 let Li be an arbitrary straight line from the face xi = 0
to the face xi =1, Let C_1 be the tetrahendron which is the convex

hull of L2 and L3 H 02 the convex hull of L., amd 1, and ¢

1 3’ 3

the convex hull of Ll and Lz . Finally let ui(xlﬂ xz, x3) be a plzce-

wise linear concave function which is strictly less than unity outside of

the tetrahendron c; and greater than or equal to uuity inside.

It should be clear that for any stratagy choice of plaver 3, plavers

1 and 2 have strategies which yield each of them a wtility of at least unity
. 1 2 1 2 3
~-they need only select a pair (x, x°) such that (x, x°, x°) ¢ CL(\ Cy »

and that point on the line Ly with the third coordinate equal to x

will do. A similar remark holds for the other two player coalitions.

On the other hand a strategy triple im which all three players obtain

at least unity must be in ¢, N ¢, N ¢ It is quite easy however to con~
1’ 2 q

3
struct the three lines such that this intersection is empty, and we assume

this to have been done. By a continuity argument the uwtility vector

(l-g, l-g, l-g) also cannot be obtained, for g sufficiently swall.

Let us also congsider a second game im which player 1 has a stratepy
space
3

i il i i3 ij
Yl={(y ;Yz,y}’?_oi}?y]ﬂl‘; and
j=1
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the utility function

1 2 3 11 i 1
vi(y, Y, v7) = (l-¢)(y l+y2 +y31) /a

2

with ¢ a small positive number and a > 1 . This example is actually

that of a market imvolving a single commodity and 3 players, each of whom
owns a single unit of this commodity prior to trade. It is a simple matter
to verify that all three players can collectively achieve any wtility triple

with

a a a

a
uy + u, + u, < 3(l=¢) ,

and that any two player coalition § = (i, j) can achieve the utility pairs

(ui, uj) with

a

u? +u
i

L < 2(1-¢)? .

It may be shown that the unique vector in the core of this second game is

given by (ul" uz: ua) = (l-g, l-g, l-g) -

To obtain the counter-example, consider the game in which player i

selects (xi, yi) and has a quasi-concave utility function given by
s 1 .2 3 1 .2 _3
mlu[ui(x 2 x » x )) vi(y ¥ y r Y )] .

In this composite game, a utility vector can be achieved by a given coali-
tion if and only if the same vector can be achieved by the coalition in each

of the two earlier games.



20

In the composite game therefore the utility triple (l-g, 1-g, 1-¢)

cannot be achieved by all three players acting collectively. But if the

parameter a is sufficieatly large, any member of the set {(ui, uj)|u:

+ o < Z(I-Q)a} must have u, and u < 1 . This implies that in the

1 J
composite game the twe plaver coalition (i, j) cam achieve any utility

a

. a . a
pair (ui, u,) with uy + uj < 2{1-e¢) ; therefore if (ul, Uy, u3) is

J

tc be in the P-core we must have

o + u§ > 2(1-¢)® for all

pairs (i, i) .

Adding these three inequalities together we obtain

a a
u, + u, + ua

a
1 2 k} 2 3(1“&') .

But to be feasible for all three players in the composite game we must have

eguality here, from whichk we deduce that
('alﬁ uz) t13) = (1l-g, l-g, l-g)

a contradiction which demonstrates that the P-core is empty,
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