Note:

COWLES FOUNDATION FOR RESEARCH IN RCONOMICS
AT YALE UNIVERSLTY

Box 2125, Yale Station
New Haven, Connecticut

COWIEZS FOUNDATION DISCUSSION PAPER NO. 292

Cowies Foundatiom Digcussion Papers are preliminary
materials circulated to stimulate discussion and
critical comment.. Requests for single copies of a
Paper will be filled by the Cowles Foundation with-
in the limits of the supply. References in publi-
cations to Discugssion Papers (other than mere
acknowledgment by a writer that he hag -access to
such unpublished material) should be cleared with
the author to protect the tentative character of
these papers.

AGGREGATION AND DISAGGREGCATION IN THE PURE THEORY
OF CAPITAL AND GROWTH: A NEW PARABLE

Martin L. Weitzman

April 16, 1970



AGGREGATION AND DISAGGREGATION IN THE PURE THEORY
OF CAPITAL AND GROWTH: A NEW PARABLE*

by

Marcin 1. Welitzman

I, introduction

one of the mos: important things to know about any economy is the
available trade-off bsrween present and future social welfare, The social
rarte of return is just a coavenient wavy of representing the terms on which
welfare aliternatives are being offered to society over time. The relation
between the social rate of return and certain other important economic¢ con-
zeptg constitutes a classical problem of capital theory. As conventional
wisdom has it, econemic societies with lower rates of return ought to possess
in eome gense higher valuegs of consumption, income, and capital,

To analvze this problem theoretically, the dynamic behavior of an
gecnomy has to be studied as a function of the rate of return, treated as
#n exogenously imposed parameter. However, the set of all possible dynamic
economies with a given rate of return is far too rich to permit meaningful
comparisons of what happens as the rate of return is varied. The tradi-
tional way of regularizing comparisons among economies with different rates

of return is to consider only steady state regimes. Unfortunately the basic

*I owe a special debt to David Cass for starting me on this paper by clearly
suggesting why the usual steady state approach to parable making was inade-

quate. The research was carried out under grants from the National Science

Foundation and from the Ford Foundation.



problem ends up being miscast when it is forced into a steady state mold.
As we will argue, it is more appropriate to normalize comparisons by limiting
attention to dynamic economies with a given rate of return starting from
the game historically given initial conditions,

Following this kind of a strategy will avoid some paradoxes of capital
theory which plague the sieudy srnate approach. It will also yield a set
of consistent natisnal irncoms T2lidatvicns incerpretable as elements of a new
parable of eccnomic growih, In the couvse of working out such relationms,
several propositicng coiceining catiopal [ncome accounting under optimal
growth will be devaloped. Jueh resulis may be interesting or useful in

their own right.

II. Posing the Problem

The viewpoint taken is that of a central planner trying at time zero
to map out future economic posszibilities in a hypothetical socialist economy.
Thig planned economv iz presumed to coptain a total of n  economic commo-
dities. Used in a broad sanse, rhe term “economic commodity" is intended
to cover consumption goods, investmeut goods, and factors of production.

Fixed factors of producrion are traditionally divided into reproducible
and non-reproducible components, 1.&,, capital and natural resources {in-
cluding labor). Here an slternative dichotomy is emphasized. Consistent
with the viewpoint of a central planner at the present moment, all repro-
ducible and non-reproducible factors inherited from the past at time zero
are lumped together and treated as primary factors. From a planner's per-

spective at a time when long range plans are being contemplated, there is



no inherent distinction between the existing inventory of man made capital
and of natural resources. Both are at present non~controllable gifts of
the past whose historical production costs are irrelevant to the purpose
of planning future economic development.

The columm n-vector of all factors inherited from the past at time
zero is demoted H (for heritege). Taose capital goods created after time
zero but before time t make up the column n~vector of accumulated factors
at time t , denoted A(x) . Im contrast with the immobility of inherited
factors, future capital accumulation canm be controlled. 1Its regulation
is the basic instrument of long raange central planning.

To capture sharply the notion of a fixed factor, all factors of pro-
duction are assumed to be permanent. This postulate will help to clearly
differentiate the roles played by inherited and accumulated factors in the
process of economic development. Adopting it amounts to assuming that
capital is infinitely durable and that all natural resources are fixed.

As 8 result, H is considered ceonstant and A(t) is treated as non-
decreasing for all times t > 0 .

At time t the economy produces non-negative column n-vectors of

consumption, denoted C{t) , and of investment, denoted A(t) .1 Laws

of production are embodied in a time independent n-dimensional production

1A dot over a variable denotes the derivative with respect to time--thus

A(t) = %% + As an alternative to assuming that capital lasts forever, we

could allow capital to deteriorate exponentially and view the condition

A(t) > 0 as an artifically imposed allocation constraint which hopefully
doesn't change the nature of the unconstrained problem very much. Note that

at any time there are probably many zeros among the entries of ¢, A, H

or A . For example, non-reproducible natural resources would have a positive
entry only as a component of H , whereas a consumption good which is worthless
for investment purposes might have a positive entry only as a component of C .



set (3 . At any time ¢t > 0, 0 depends solely on total factor endowments
H 4+ A(t) . The pair (G, A) is producible if and only if C + A ¢ Q(H+A)
and C, A >0 . It is assumed that (0 1is convex in ¢ +A and displays
constant returns to scale im H + A, with free disposal allowed.2 The
consumption stream {C(t)} is producible for a givemn H if it is non-
negative and if there exists & non-negative investment path {A(t)} satis~
fying C(t) + A(t) ¢ QfH + A(t)} with A(0) =0 .

The instantaneous social worth or value of consumption ¢ g 0 is
measured by a time invariunrt utility index U(C) . It is assumed that
U(C) is a concave function known to the central planners.

A schedule of consumption changes {AC(t)l1 is feasible for a given
producible {C(t}} if the consumption stream [C(t)+pA(t)} 1is producible.

At time ¢t consumption change AC{t) vyields utility change

AU(t) ULC{E)+AC(E)) = U(C(t))

The consumption stream {C{t)} is said to have a social rate of

return p if it is producible and if for any feasible change {AC(t)}

[--]
! AUCtYe PFat < 0 .
0

A consumption stream with rate of return p is denoted {C(p,t)} . The

2Comrexity means that if ¢, + AI ¢ Q(H+A) and C, 4-A2 e Q(HHA) , then
MCy + Al) + (1-M)(C, +A,) ¢ n(B+A) for all A satisfying 0 SASL.

Constant returns to scale means that if C + A e Q(HHA) , then
p(C+ﬁ) e Q(s(H+A)) for all > 0 . Y¥ree disposal means that if

c+h ¢ () , and 1f C" +A' <c+A, then C' +A' ¢ Q) .



standard of living index U(C) serves as the appropriate numeraire basge
for calculating the social rate of return in real terms.3

An alternative way of looking at {C(p,t)} is as a solution to the
optimal growth problem

x

maxinize [ u(ece))e Prae (1)
g

subject to C{E)+A(Et) ¢ QCHHFA(E)) (2)

a(t), Adr) >0 (3)

A{0) = 0O (4)

In the optimel growth formulation ¢ represents the social rate
of time preference. This interpretation is actually equivalent to the social
rate of return idea. Each concept emphasizes a different side of the same
coin, The rate of return parameterizes trangformation margins on the pro-
duction side whereas the rate of time preference is a parameterization of
substitution margins on the side of tastes. In both cases social utility
is the natural unit of account for expressing real rates.

Seiution n-vectors to the problem (1)-(4) are denoted C(p,t) ,
Alp,£) , end Afp,t) . U(p,t) is defined as U(C(p,t)) . The primary
object of this study is to examine properties of solutions swept out as

p is parametrically varied.

3The problem of picking a numeraire base for calculating p is evaded when,
ag is often postulated, there exists but a single consumption good. What

ig exhibited as the social rate of return in such cases is in our terminology
obtained by postulating a linear utility function defined over the single
consumption good. 1In general there is no way of meaningfully parameterizing
behavior of an entire economic system ags a function of a single real rate of
return without introducing some kind of a standard of living or utility index.



ITT. A Critique of the Steady State Approach

A steady or stationary state can be defined as an optimal solution
of (1)-(4) having constant values of C(t) =C >0 and of A(t) = A(t) =0,
Such a solution is sometimes called a modified golden rule. It is the bal-
anced path which would be voluntarily maintained forever as optimal. 1In
general stationary sclutions, if they exist at all, will exist only for
certain initial heritage vectors whose values will typically depend on
p « Such values of H need not coincide with the historically given
heritage vector. 1In this sense the steady state is ahistorical. Worse
than tha:, a stationmary solution may not exist for any H 1in some well
defined optimal growth problems. This will generally be the case, for ex-
ample, in an economy without binding natural resource constraints,

Ag is well known, the standard one sector neoclassical model with
output a constant returns to scale function of capital and labor alone
yields "well behaved" comparative steady state results. For a given amount
of labor, lower rates of return imply stationary states with higher con-
sumption (equals output) and more capital. These conclusions do not gen-
eralize to multi-sector models where non~monctone behavior has been observedo4

A steady state, when it exists, is typically the ahistorical limit
of an optimal trajectory which is attained independently of initial capital

stocks.,5 Viewed in these terms, the steady state approach at best takes

aThere ig by now a large literature on this subject. For a summary of the
issues, see Samuelson [1966].

5Provided the optimal path for (1)-(4) goes to a limit--if not all the more
reason why it is irrelevant for a planner to concentrate on steady states
since the original problem may still be perfectly well defined.



account of only the very last part of an optimal growth path. To see clearly
the nature of this drawback, consider the following example.

Assuming it can be done, set H to yield a stgtionary solution for
a given value of ¢, say p" - Suppose now that p is increased from
p' to p" where p" >p’ but that H remains at its previous p = p'
steady state level. Suppoge also thac the new optimal path for p = p"

(now not necessarily a stationary path) goes to some limit. In general
there is nothing to prevent the limiting optimal utility along the non-sta-
tionary o = p' path from becoming higher than the stationary p = o'
utilicy level. Tf this were to happen, however, utility would be gained

in the limit only at the expense of lower utility in earlier periods.

It is guestionable whether it is not premature to label such a phenomenon
as perverse solely on the bagis of limiting steady state behavior.6 Taking
the trajectory as a whole, the utility of consumption may well be lower in
some average sense along the second path.

For the planning purposes of analyzing the optimum possibilities open
te Aan economy as a tunction of the rate of return, a relevant approach should
take into account the whole path of what is to be achieved from the given
initial conditions and not just what is arrived at (if at all) only eventually
and usually independently of initial capital stocks.

in this paper we work with entire path averages of economic variables,
called stationary equivalents. Such averages will be shown to exhibit a
coherent pattern of dependenre on p which can be rationalized in terms

of a new parable.

6

Solow [1967] has a message which is somewhat similar.



IV. Stationary Equivalence

In order to be able to talk about what happens to utility as the
rate of return changes, the time path {U(p,t)} must be summarized as a
function of p . How can the necessarily complicated behavior of {U(p,t)}
be described in simple terms? In the approach taken here, {U(p,t)! is
aggregated into a single number representing the entire path., The index
sumearizing {U(p,t)} 1is chosen to be that hypothetical constant utility
level which would vield exactly the same social welfare as the path

fu(p,t)} . This stationary equivalent of {U(p,t)} is denoted by E(p) .

It is defined ag the solution to the equation

o
r U(p)e1ptdt = I U(p,t)e-gtdt R
0 0

which can be written as

-] eat
J‘U(p, t)e Prdt
o

‘E(p) = = p y U(p,t)é-ptdt . (5)

o0
AT
Of ¢

Although it is intuitively appealing, there is no compelling a priori
reason for working with a gtationpry norm as opposed to some other kind.
The primary motive for employing an average value of {U(p,t)} based on
the weighting function {empt? is that it gives rise to nice results which
are easy to Interpret.

On a somewhat more abstract level, let X stand for some particular

national income type of aggregate economic concept. Along an optimal program



having rate of return ps» let X be represented at time ¢t by the variable
X(p,t) . The basic principle underlying the exact definition of X(p, t)

is that it be measured in terms of utility at time t as numeraire. The
basic principle underlying the creation of an index to represent the path
{X(p, )1 1is the use of the weighting function [e“pt} based on the pre-
vailing social rate of return to form an average value of X . Consistent

with (11), the stationary equivalent of {X(p,t)} is defined to be the hy-

pothetical constant value of X , denoted E(p) , Which would yield the

same present discounted value as {X(p,t)} at rate of return p . In symbols,

> -pt
[ X(p, t)e Prae -
- 0 -pt
X(p) = = = p [ X(p, t)e Prdt .
f ewptdt
o

V. National Income Accounting under Optimal Growth

4 multi-sector economy undergoing optimal growth as described by
{1)~(4) yields a surprisingly rich collection of aggregate national income
relations. The concept of stationary equivalence developed in the previous
section will provide a unified way of looking at some of these relatioms.

The distinguishing feature of national income accounting under optimal
growth ig the availability of an explicit utility index which can be used
for evaluating the social worth of consumption at any time. In practise
the national income statistician works with his own implicit standard of
living measure when he attempts to evaluate real consumption by a linear
index. His standard can be considered a special case of the more general

utility index U(C) .
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Along an optimsl growth path with rate of return p there will exist
non-negative dual price variables associated with ¢, A and the pair (H, A)
which satisfy gertain well known necessary conditions. Let P{p, t) be a row
n-vector of imputed prices at time t for ;(g,t) and let q(p,t) be a row
n-vector of imputed prices at time t for C(pt) . Let R({p t) be a row
n-vectoer of imputed reatals at time t for H and A{p,t) - The specifie
necessary conditions which P{p, 1) , qfp, t) and R{p,t) must satisfy will be
noted 2nd discussed pilecemeal inm those parts of the present paper where the
particular resulis are used. For the present it is noted only that the existence

of dual varizbies satisfying the as yet not enumerated necessafy conditions 1s

7
gunpanteed bv Poutrvagin's principle.

The vegt of this section ig divided into three subsections., These deal
with the valuation, under optimal growth, of accumulated factors, natiomal pro-

duct, and national incoma.

fa) The Social Value of Accumuleted Factors

Let ﬁ > 0 be a vector of accumulated factors at time t . How
much is Z worth to society? Since the economy by definition starts off with
a0 accumulated factors it is natural to choose A(t) = 0 as the bench-
mark of zero value. The value of 2 at time t is defined to be the maximum social

welfare attainable from time t on starting with A(t) = A over end above

7See Pontryagin and associates [1962). At times we will implicitly assume

strong regularity conditions for some functions--e.g. smooth differentiability
and uniform convergemce. These implicit regularity conditions could undoubtedly
be considerably weakened without altering the main results of the paper. 1In
keeping with our uswal conventicn, all dual prices are expressed in terms of
utility as numeraire.
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the maximum social welfare obtainable from time t on starting with A(t) =0 .
Social welfare is measured by the integral of discounted utility using the
prevailing social rate of return as the discount rate. Consistent with the
principle that U(C(t)) be the unit of account for evaluating the worth of
A(E) = R , &ll discounting is done back to time ¢t .

More formally, let ¢(p,A) be defined as follows:

¢(p,3) = max. I U(C(s))eap(s't)ds
t

C(s)+A(s) ¢ Q(E+A(S))

/.3
a
[n)
a

c(s), A(s) >0

A(t) = A

Note that ¢ is independent of t due to the t-invariance of the problem
defining it., The value (at any time) of accumulated capital 2 with rate

of veturn p is defined to be
vi(p, B = 4(p,8) - 4(p,0) .

From the principle of optimality and the factoring out properties

-nt
of e P s

¥(p,A(p, t)) = f U(p,s)e'p(s-t)ds (6)
t

which implies

Vip;Alp,t)) = [ U(P:S)edp(SUt)ds - f U(p,s)e-psds (7N
t 0
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For some purposes, 2 more useful expression for V(p,A(p,t)) =

#{p,A(p, £)) = ¥(p,0) 1is

+ L3
OJ‘ M A(p, B)ds &
24
p;A(p; 8)
Since
h
P{p,8) = b% s (8)
oA DEA(D: 8)
it follows thao
t o
Vo, A{p, t2) = Oj“ P{p, 8)A(p, s}ds . (9)

The right hand side of (9) is the historical cost book value at time
t of capital stock produced since time zero. It is interesting to mote
that the old fashioned idea of evaluating capital at its original production
cost is exacrly what is appropriate in the present context as a measure
of true social value in terms of utility. By evaluating capital created
at time s, ﬁ(p,s) , with the prices of that time P(p,s8)} , the national
wealth statistician is capturing the consumers' and producers' surplus created
by adding the increment é(p,s) to the existing stock A(p,s) . If A(p, t)

is evaluated entirely by its strictly marginal current reproduction cost

8Because ¥ 1is concave in A , it must possess right and left hand partial
derivatives everywhere, and ordinary partial derivatives a.e..The existence of invest-
ment prices equal to the vight hand partial derivatives of ¥ is part of the

set of necessary conditions for an optimum,
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P(p,t) , the measure of surplus value is lost. In Adam $mith's terminology,
“value in use" {which is the appropriate concept for our purposes) is not

necessarily the same thing as "value in exchange."

Wwith (9) giving the value of the stock of accumulated factors A(p,t)
at time t , we define the stationary equivalent of the value of accumulated

factors alomg an optimal path to be

) ) t

n— . x t o t ]
gy = p [ Vip,Alp, th)e P dt = f e Prdt f P(p, s)A(p, 8)ds
o (¢} 0

Reversing the order of integration,

Vo) = [ P(p, )A(p, t)e PFat (10)
0

(b) Social Nationmal Product

We seek a measure of national product at time t , denoted Y(p,t) ,
wiich is consistent with the spirit of defining a concept in terms of U({C(t))
as numeraire. A standard definition of national product is the value of

current consumption plus the accretion to wealth. 1In terms of our model,

this formulation yields

Yip, t} = 6{Clp, £)) + V(p,A(p, t)) (11)

The notion of investment implicit in the above definitiom is "accre-
tion to wealth.” Defining national investment at time t as I(p,t) ,

(9) yields
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I(p, t) = V(p,A(p, t)) = P(p, t)A(p, t) . (12)

Using (12), definition (11) can be written

Y(p) t) = Up, t) + I(px t) = U{p, t) + P(PJ t)A(P: t) . (13)

one of the important Pontryagin necessary conditions is

N

Uip, t) + P{p, t}A{p, t) = max. U(C) + P(p, t)A
8.t, C+A e Q(HHA(p, t)) g (14)

S, A>0

/

Au iwrerorstecion of Ji4) ig that et any time along an optimal path national
product v maximized given current factor endowments and the socially optimal
prices of iuvestment goods.

Expression (13) is conceptually amalogous to the natiomal income
aceouwncant's book-keeping practice of adding in investment goods to the
v ioe 0F conswaprion by weighting them with prices measuring their marginal
rates of transformsticn with the numeraire. That P(p,t) 1is indeed the
spproprracte Lisc of mavginal transformation rates with U(C(t)) is established
T

A sliighriy different viewpoint sees national product at any time as
a proxy for the economy’s power to consume at a constant rate from then on.
Operating in the spirit of this idea suggests the following approach. At
time t the optimal growth economy possesses accumulated factors A(p,t) .

From (6) the value of an optimal trajectory starting at time t in terms
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of U©(c(t)) as numeraire is ¢(p,A(ﬁ,t)) - I U(p,s)e-p(s-t)ds . The con-
t

stant hypothetical utility level which yields from time t on the identical

social welfare as the optimal path {U(p,s)} is
o
- -o(8=t
Ut(p) =p f U{p, 8)e p(s )ds (15)
t

gquating (7} with (9),

t

o [--]
Of F{py s A{pys)ds = .f U(p, 8)e p(s_t)ds - OI U(p,s)e-psds

t
Differentiating both sides of the above equation with respect to t and sub-

scituiing imte (12} ylelds
U (p) = Ulp, t) + P(p, t)A(p, t) (16)

Equation (16) is an interesting result. A naive application of the
larzest -permanently maintainable value of consumption notion might immediately
identify national product at time t with U(p,t) + I{p,t) for the following
incorrect reason. If all investment goods were convertable at time t 1into
utility at the transformation rate P(p,t) , the maximum attainable level
of utility which could be maintained forever without running down capital
stocks would appear to be U(p,t) + I(p,t) . Such reasoning is fallacious
because marginal transformation rates cannot in general be used to cﬁange
non-marginal amounts of investment intce consumption. For this reason the

utility level U(p,t) + I{p,t) 1s undoubtedly not attainable at time ¢t .
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Nevertheless, equation (16) with definition (15) says that the maximum wel-
fare in fact attainable from time t on is exactly the same as what would

be obtained from the hypothetical constant utility level U(p,t) + I(p,t) .

In this sense the naive interpretation of the current power to consume at
& constant rate idea implies the right answer, although for the wrong reason.

The stationary equivalent of investment is

]

- -pt
I{p) = o [ I(p, t)e Prde
¥

= nor P(o,t)A(n,t)e"’tdt . (17)

Compzring (10) with {17), we observe that

I(p) = pV(p) . (18)

The stationary equivalent of national preduct is
o = -at
T(p) =p [ ¥(p,t)e P dt (19)
0

= U(p) + I(p) . (20)

{(c) Social Rational Income

Define the function § as follows:

$(p, £, M) = max. U(C) + P(p, t)A
s.t. CHh ¢ QM)

C, A20
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Given P(p,t) , B(p,t,M) records the maximum attainable national
product at time ¢t as a function of total factors M . Due to concavity
of U and convexity of (, § .will be concave in M -. This implies the
existence for all M > 0 of right and left hand derivatives with respect
to M . -Using results from non-linear programming, there will exist at
time t imputed rentals R(p,t) on the fixed factors H and A{p,t)

satisfying for all M 2 0

ﬁﬂﬁ* L, M) ‘;_‘: ﬁ(p: L, H"'A(f-‘y £)) + R(p: t)[M‘(n‘H\(p;t))] »

and

+ -
2 <r(pey g 28 .
HHA{p, t) HHA(p, t)
The imputed rentals R(p,t) are thus interpretable -as the (identical) marginal
national products of both H and A in an optimal program at time ¢t .
Because q(p,t) 1is defined to be the shadew price of consumption
at time t in the national produﬁt maximizing problem (14), it must satisfy9

au

_
3¢ B s

< -
o Q(D: = AC C(p,t)

From programming theory, first degree homogeneity of ( in the factoers

H end A implies

q(p, t)C(p, t) + P(p, t)A(p: t) = R(p, t)[H + A(p, t)] . (21)

Equation (21) is interpretable as an exhaustion of the product condition along

9Note that if commodity 1 1is aimultaneocusly consumed and invested at time ¢t ,
then Pi(p,t) = qi(p,t) . If commodity i 4is valuable only as a consumption

good, then -Pi(g,t) = 0. If, on the other hand, it has no intrinsic value as
consumption but is useful solely as imnvestment, then qi(p,t) =0,
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an optimal path at time ¢t .
Convexity of () and concavity of U in condition (14) imply a separating

hyperplane result of the form

Ulp, ) + P(p, t)A(p, £) = max., TU(C) + P(p, t)A (22)

s.t. qlp,t)C + B(p, t)A = q(p, t)C(p, t) + Plp, t)A(p, t)

Having settled on an expression for national product at time ¢t ,
it is natural to ask for a definition cf‘nationai income. The money income

¢ompetitively imputed to the factors H and A at time t 1is
R{p, t)[B + Alp, )] .

The real value of this momey income is the maximum amount {with U(C} as
numeraire) of real product U(C@+P(p,t)A which can be purchased with it,

Denoting this real national income at time t by N(p,t) ,

N(p, t) = max. U(C) + P(p, t)A
s.t. q(p,t)C + P(p, t)A = R(p, t) [H+A(p, t)]

c, A>0
From (22), (21), and (13),
N(p,t) =Y(p,t) ,
i.e., at all times real national income equals real natiomal product. It

follows from (19) that N(p) = [ N(p,t)e Pfdt = Y(p) .
S 0



19

The imputed competitive returns to the accumulated factors at time

w{p, t) = R(p, t)A(p, t) .

The stationary equivalent of total returms to A 1is

m(p) = poj' m(p, e PEat (23)

An important necessary condition is

R(p, t) + B(p,t) = pP(p, t) (24)

Equation (24) can be interpreted as saying that along an efficient path there
will exist competitive imputations which everywhere equate interest payments
te grosa rentals plus capital gainms.

Using (24) and integrating by parts,

_ d[P(p, t)e P
I dt

oj‘ [R(p, t)e PC)A(p, t)dt = . Alp, t)dt

= -P(p, tYe PTA(p, )] . + oﬁ]‘ P(p, )A(p, t)e Pldt

Since A(p,0) = 0 and it is assumed that the transversality condition

lim P(p, t)e PiA(p,t) = 0
Tty

is satisfied, we have
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- . _
or R(p, )ACp, e Pide = [ P(p, £)ACp, t)e Pldt .
) 0

Employing definitions (17) and (23), we have shown that

T(p) = nlp) (25)

The gignificance of {25) is that whiie it need not be true at any
specific time that I(p,t} = n{o,t} , on the average investment equals
the returns to accumulated factors in the sense that their stationary equi-
valents are idemtical., Conceptually, the financing of investment can be
thought of as coming out of the returms to accumulation because the present
discounted valiues of both are the same.

Tn completely analogous fashion it becomes natural to ask if it would
be possible to think ¢f financing social consumption out of the imputed re-
turns to the inherited factorg. TFrom (Z1) and {23),

o

[ R(p, t)He PTdr = Of”q(pgt)C(p;t)ewptdt (263

so that the anawer to thisz question is yes. Relatedly, what is the real

value of the stream of total returns to inherited factors {R(p, t)H} ?

1f we are thioking of {R(p,t)H} as financing consumption, that value

ought to be measured by the maximm social welfare which can be “purchased”

at prices {q(p,t)} and interest rate p with the “consumption“fund" |
=

I R(p,t)ﬂe"ptdt . Let ;(p) be the stationary equivalent of the real
0

purchasing power of the social income stream {R(p,t)H} . Then
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F— . =pt . -pt
I w(p)e P at = max. I v(c(t))e Prat
0 0

s.t. [ apr)c(e)e Pide = [ R(p,)H™Prae > (27)
0 0

c(t) >0 y

Condition (26), concavity of U(C) , and the notion of {Q(p,t)e'pt} as
efficiency prices for fc(p,t)? imply the separating hyperplane result

-]
that the right hand side maximand of (27) equals [ U(p,t)e P'dt . Thus,
0

w(p) = U(p). (28)

VI. A Qraphic Representation

In Figure 1 a graph of the pointe {V(p), Y(p)|0 < p < @} 1is depicted.
Presuming for the moment that the implied correspondence between Y and

¥ can be expressed as a functional relationship, we write
Y = F(V) - (29)

The "opportunities function” F(V) depends not only on the composition of
the production set Q(H+A) ; but also on the shape of U(C) and on the
magnitude of the inftial heritage H .

The relationships (18}, (20), {25), (28) between the statiomnary
equivalents Y ’ v s U s 1 » w 3 ; are depicted in Figure 1. We have
yet to demonstrate the following two propositions:

1) POM_ = (30)
v{p)
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(i1) F"(v) < 0 (concavity), (3D

When we have done so our justification for the way Figure 1 is drawn will
be complete. The rest of this section is devoted to proving (i) and (ii).

From (13), (15), (16), (19),

?(p) - p2 f e Prae f U(p,s)enp(s.t)da
0 t

2 -4 o -8
p f dt I U(p, 8)e Pids
0 t

dt

2 - -n8
U(p, 8)e Pds
0" J Wpsde OJ'

K

2 -pt
p I U{p, t)te P ae
0

Yeing the above expression for ?(p) and (18), (20), (5),

E(p) - Ziﬂl_i__iﬁl - r (pt-l)U(p,t)e'ptdt .
o

10 — -
Differentiating Y(p) and V(p) with respect to o,

:‘l_z = [ (20t-2t%)u(p, t)e Pt + pzlza% gf ty(s, t)e-ptét>J (32)
0
8=p

&N, r (20t-p2t?)0(p, t)e Pide + |2( T (pt-1)u(s, t)e Pdt) (33)
dp o Mg -
Define

o -ot
h(g,p) = I U(p, t)e " dt
0

IQAt this point we start implicitly assuming differentiability and/or uniform
convergence for some functiens.
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Treating p as fixed, the function h(s,p) attains a maximum at g = p .

It follows that

3h -0
L] (34)
6=p
iy
92‘ <0, (35)
ah
B=p

feing (34) in (33), we simplify %% to .

- -
g% « T (ZK“QtZ)U(o, t}e ptdt + P ggcj '-'-U(e, t)e ptdt‘_l (36)
0 | J 8=

Comparing (32) and (36) we note that

proeving {30).

To prove {31), we start by differentiating QE = pn with respect to v
dv

L= 1
(V) = = == (37}
- 4 ¥
n dp
We note first that simce (34) holds for all ,, g; '%%1 :)- 0. Thig implies
R=p
2
2nl o Laml g
338 8=p 392
: : 9=p

Comparing to the above expression with (35),



2%

>0,
Apaf =
A=p

2
Changing the order of differentiation of

h
dpdf
G”pp
{_ -3
‘ Y. - <ot
iag (é? t U{a, t)e P dr)
=0

oRiile

2 {3%) holds, substitution of the ahove expression into (36) yields

- <}
W o gae-peliugp, the Ptac
0

-
2 = ® -
= 0l tiele PH o ouep, e)tle Ptar
o 0
{integrating by parts). Assuming 8 ressonable boundedness condition like
t 2 antl®
To, €3 < 8P~  for some B > 0, g<p causes U{p t)t e o to vanisgh,
0
implying
dv

et

2 - 2 -pt
=< - P U¢p t)t e Prdt
0=

(39)

To evaluate the right hand side integral of {3%9) we nieed to take a slighc detour
through two lemmas.

function g(t)

24

(38)

Lemma 1: r’U(g,g(t))eaptdt < r’u(p,t)eaptdt for any continuously differentiable
0 0

satisfying g(0) =0, 0<g'(t) <1
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Proof: Consider the program

T(p, t) = C(p, 8(L))

Alp t) = Alp, 8(t))

:(ﬂ; t} ga(t)A(p}S(t))

We first show that the ~ program is attainable. For amy time t >0, (g t)

and X(p,t) are both non-negative and

Clpt) +Kipt) ¢ O + Alp £))

&x;uming free disposal of investment goods) because

'E(D: t) +x(0: £} g C(ﬂsg(t)) + A(_D: g(t)} [ Q(H + A(D,S(t)) = (H +x(9) t)) .

Finally, note the required consistency in our definitions of X and X :

t t o g(t)
K()ﬁ: t) = ip ?:(p; s)ds = {‘ gu(s)a(s: 8(9))d5 r A(p, ridr = A(Dy gl{t)) .
0 o 0

Since (T(p, t)? 1is attainable, it canmot yleld higher welfare than the chosen

path {C{p, t)Y .
Lemma 2: Let g(t,s) bea continuously differentiable function satisfying for all

520: g(0,8) =0, 0< ﬂﬁéfaﬁl»g 1, g(t,0) =t . Then

x
[ROXS (LA | Phye <0 .
0 D8 =
=0
Proof: From lemma 1

[ U g(t, 8))e Pae < [ 0(p the *Cat
0 0
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for any g 2 0 . This inequality plus the condition g(t,0) = t implies that

the right hand side derivative of [ U(p,g(t,s))e°°tdt evaluated at § =0 1ig
0

non-positive. Thus,

[ » =gt
%‘g‘ 1 |P Ufﬁ: glt, §))e e dt)
£

= [-f Hz(ﬁﬂgftsS)Dbsgg&ﬁl eﬂptdg}
|9 §=0

-
= Pt |BEA g0
2 ~ g0
which conpletes the procf.
By verifying that the hypothesis of lemma 2 holds for

(e " -1)

glt, a)= te

wa wonslude That
- -]

- f U{p, tyt7e Ptdr < 0
0

Frem (39, this implies that

Using (37) we obtain-

F!l(:v?) :g 0

which proves (31). With this result the basic features of Figure 1 have all been

justified.
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A NEW PARABLE

dy
P <
dv
F(V)
T{p) _
|
J
|
E
N P
/"
<
N ;
Vip)
FIGURE 1
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VIi. A New Parable

How are the economic relations portraved in Figure 1 to be interpreted?
In this section a story is suggested which draws heavily on the concepts of

classical interezt theory developed by ivving Fisher.

Cougider zn infinitely long lived representative econemic man. He is
dgramed o dwell la & pevleetly cowpatitive economy with interestrate p egqual to
s o ovete of POre  cime Prelelsnes. the man owns an unchanging labor endowment

Wweant o stsud For bis boldiags of original inherited factors. Without loss
Dr gengra sl v, Labsr ueivts ate sslected so that T =1 . An all purpose maileable
gomrsiizas Che men’e adtdusulated factors, At any time labvor L cen be

smount W of acguired zupitsl teo produce ocutput Y accordiag to

5 giwan tomelant reiturng Do scdle production function

capital, considered infinitely durable, is raised by borrowing at the
Competitive reatsl rate o U7 ¥ is the amount of capital rented and I
1x che cuocrespending venral or intevest cost; them T = gV . Given the unlimited

arznsivy to lend or borrow at rate p , any individual will ar all times

cse ¥ e waximize net osutput F(V) - I . The value of V which maximizes
wal cutped, denoted i@(@} , will satisfy F“(V(o)) = p . With a rate of pore

e preterencs egual o p , the representative economic man will waximize his

weli being by always consuming at the level %kp) = F(%(p)) - 6@(@) .

In a very rough sense the story of the one man economy ig at least suggestive
of certain aspects of the process of optimal economic growth. Like the repre=-
sentative economic man, an economy as 4 whole starts off with an inheritance

which it can augment at a8 cost. The cost of accumulating capital in a2 closed



economy is the current consumption which must be foregone to make way for
investment. The benefit of capital accumulation is the eventual increased
consumptlon ro which ir gives rise. 7The optimal amount of capital te bé ac=
cumulated ig a compromige betwean costs and benefits which depends in a cruecial
way on the rate of return or rate of time preference being imposed on the
SOODOWY

e wiad of eptimal balsnmce wolith wueet be struck between the costs
aud pemstivs of caplital acpomulation 18 the basic message of the one man
seonensy proat e, In thile slwnle model the role of investment cost is symbolized
Gr 7w g e service on he espival stock debt of V . The benefit
GF owary e2plnal Jaoesilagied wy the fact that output F(?) increased with
f: CoTwa miyher ohe imteress osre tbe higher the opportunity cogt (in terms

Cosumenite consdepvivng of the dabt peysent required to raise a given mount

#nd bhe lower the werranted stock of the accumulated factor.

e ove man esonoky svubolically maximizes the benefits over costs of
getting 1o and staving dn & stationsrv state starting from the historical
Taiviel sonditisn of no capital. With this new parable we are trying to force
iato 4 steric model a gtery of the sntire process of capital accumulation.
The eminasis is guite diftevest from that of the more usual neoclagsical
modified golden roule approach which comes closer to maximizing thg benefits
swer cogts of being in and gtaying in a stationary state independ;nt of
initial capiral,

Given any value of v(p} with F“{?(p)) =mpn, it is natural to ask
about the associated imputed competitive returns to capital and labor. The
imputed return to capital {profitg) ie ;(p) & F"(?(p)j?(p) = ﬁ?(p) . Let
§{¢) = F{?{p)) grand for total output. With constant returns to scale
in production; the imputed return to labor (wages) is ;(p) =l?(p) - p?(p> .

In the parable being presented it thus
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turns out that I(p) = m(p) and U(p) = w(p) .

These basic relations are depicted in Figure 1. The comparative statics
of the systemag p changes can be read out of the diagram. As p declines, U 5
v s v , and Y increase, while changes in I and 5 are indeterminate and

depend on the elasticity of substitution between V and L.

The main task of this paper has been to demonstrate a context in which
the new parable depicted in Figure 1 applies to the process of optimal growth
in a general multi-sector model. The parable has been shown to hold for appro-

priately defined averages of the corresponding variables.



31

REFERENCES

L.S. Pontryagin, V.G. Boltyanskii, R.V. Gamkrelidze, and E.F. Mischenko,
The Mathematical Theory of Optimal Processes, New York and London: Imter-

science Publishers, 1962.

J. Rooinson, The Accumulation of Capital, London: Macmillan, 1956.

F.A. Samuelson, "The Evaluation of "Social Income’': Capital Formation and

Weslen', im The Theory of Capital, zggceediqgg of an_IEA Conference, eds,
iutz and Hague, New York: St., Martin's Press, 1961.

s “4 Summing U, Quaxt. J. Econ., Nov. 1966, Vel., 70 No.4,

. 368-83.

2.M. Solew, “The Interest Rate and Tramsition between Techniques”, in
oglalisw, Capitalism and Fconomic Growth. Essays presented to Maurice Dobb,
e¢d. C.H, Fainstein, Cawbridge: (Cambridge University Press, 1967.




