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THEORY OF LIQUIDITY PREFERENCE AND THE TERM STRUCTURE

OF LNTEREST RATESY

by

Joseph 1, Stiglitz

It is reasonable Lo assume thal individuals do not degire
wealth lor its owa seke, but for the consumption that it provides.

A long ternm (soy n pericd) bond is a perfectly safe assel in berms of

consumption in the nth period, but a risky asset in terms of con-
sumption in preceding and following periods. A one period bond is
sefe in terms of consumption next period, bul risky in terns of con-
svmption in all Tollowing pericds. A consol provides a pericctly
safe income stream although its capital value is uncertain. Tra-
ditional theory, unfortunately, has focused on one period capital
valuations,l If our hypothesis that individuals desire wealth for

the consumption it provides is occepted, then it is not correct,

*This paper is part of a more general study of portfolio theory being
conducted with David Cass. The author is indebted to M. Miller and
C. von Weizsacker for extremely helpful comments and suggestions.
Both have been studying similar questions in the context of different
models; Miller uses the quadratic utility funciion general equili-
briuwm model, developed by Lintner ! 8 ], Sherpe 12 ], and Mossin
(10]; von Weizsacker uses a dynamic progremming appreach, cssuming
constant elasticity utility functions and particuler paresmeteriza-
tions of the distribution Tunctions. It is reassuring that the pre-
liminary results of both authors seem in accord with the findings
nere. I would also like to acknowledge the many useful discussions
with my colleagues at the Cowles Foundation. The research wag supported
by a grant from the National Science Foundation.

lA notable exception is Tobin‘s recent work [15].



in spite of common usage in economics dating at least back to Keynes,
to consider long term bonds as riskier than short term bonds, and a
theory of the demsnd for money based on those considerations (such

as that of Tobin [14]) may be misleading. The purpcese of this paper
is to provide an alternative, consumption-oriented theory of liquidity

preference.

In Part I, we present the basic model, and show how it
provides an answer Lo the first fundamental question of the theory
of liquidity preference: why do sone individunls hold liquid {short
tern) opcels when they eon obicin a uigier celurn (on eversge) {rom
holding long term bomds. In Part II, we analyze how changes in in-
terest retes, uncertainty, wealth, and the degree of risk aversion
affect the demand for short term bonds. In Part 111, we indicete

how the model may be extended.

Part. 1

1. The Basiec Model

We begin our investigailon by considering an individual

who hag a glven amount of wealih to invest, 'wo . He can buy cne

period bonds, which yield a {certain) return of (1+rl) or he can

buy two period bonds which, at the end of two perioeds, will yleld
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a return of {I1+R) . At the end of the first period, his net wealth

is given by

£
{1) wl = wo[a{ﬁrl) + (La‘)&%ﬂ ;

where a 1is the percentage of the portfolic invested in short term

bonds and where (l+r2) is the return on a one period bond purchased

at the beginning of the second period. Whai Th will be is unknown

to the individual at the time he has to make his original allocation.

He then must allocete W, between consumption and invesiment in bonds.

1
Qur problem is to calculete the optimal allocation a , i.e. that

sllocation which meximizes expected ubility of consumption over the

two periods, EU(Cl, C2) . U will be assumed to be concave, SO

o

(2) U, <0, U,<0, U, U0, -U

{8
>
1l 11722 12 0

lIn order to make our analysis as cleose as possible to thalt ol fra-
ditional monetary theory, we will follow the conventional practices
of ignoring all non-monetery assets and other sources of income

{As Tobin hes expressed it, "Liquidity preference theory lakes as
given the choices determining how much wealth is to be invesled

in monetary assels and concerns itself with the allocation of this
emownt smong cash and altervative monetrry asseto.'” [1h])

Qwe will vnot in bhis parer Lo concorned with why individuals hold
poney rather then short term bonds (demend deposile rathor fien
savings deposite). The explenalion of ihis must lie outsice ihe
purely portfolio analysis of this paper. We will assume that the one
period safe asset hes a positive rate of return, since such an aswetl
is always availeble to the individual; the question we are inleresied
in is whot determines individuals® demands for liquid (short term)

nssets.



and such that both Cl and Up are superior goods, il.e.,
as wealth increases, at ony given interest rate, consumption in both

. . s . N
periods increases; this implies that

(3) U - (l+r)U21 <0 and U22(l+r) ~ Uy <0

One interpretation of the concavity restriction which will
be useful in Section 2 is the following. Assume an individual is
given an uncertain wealth, with mean W and smell variance 02 s
with which he will buy consumption goods in the two periods. What
is the certainty equivalent of the uncertain wealth, i.e. if
V(W, 1/1+r) is the meximum value of U attainsble with wealth

W &and interest rate r, for what value of x is
EV(W, L/l+r) = v(xW, 1/1+7) .

Taking a Taylor Series expansion, around W we find

» L (N
| 2 vi@ 2 ViAW
1
-U 2y
) . ) A
Bub V)= U, so Vi = (U0 - 05,/ (1m0 )2 Py T U2

The denominator is unembiguously positive, so the sign of x-1 (i.e.
whether the individual requires positive or negative compensation
for the removal of the uncertainty) is the same 88 the sign of (UllUQQ

p = Vllﬁyvl we call the measure of relative risk aversion for a two

period model.

lThroughout the paper, where there is no ambigulty, we shall drop the
subscript on Yo oo i.e., r (with no subscript) stands for Ty -

- U

2
Ql)



For any given value of W, and (1+r2) , the individual

allocetes his income between the two periods in the usual way, i.e.,

he meximizes

(5) u(Cy, Cp,)

subject to the budget constraint

(6) ¢ + Cpf(Liry) = W, .

The necessary condition for en optimum is, of course, that
(1) U, = (14r,)U,

and provided the indifference map is quasi-concave, this is sufficient.

From (1), W, is just a function of (l+r2) , for given

values of a , (1+r1) and (1+R) . Thus the solution will be simply
a function of (l+r2) :
(8) Cl = *I(l"'ra); a.? (l+rl)’ (l+R)}

C, = (w]~ Cl)(l+r2)

Hence, the problem of finding the optimal a is to find that =

which maximizes



where Cl and Wl are functions of the random variable T, and
the control variable a For an interior maximum, we require

E{{Ul - (l+r2)U2]dCl/da + Ué{(l+rl)(l+r2) - (1+R)3WO} = 0
But from (7), this simply requires
(10) EUE[(l+rl)(l+r2) - (4R} =0

From this, we immediately derive the result that if the individual
is risk neutral, en interior solution requires the long rate to be

the product of the expected short raetes:
(11} (l+rl)E(l+r2) = {(1+R)

If at a2 =0
EUé[(l+rl)(l+r2) - (I4+R)]1 <0

an individual speciaiizes in long term bonds, while if at a = 1 ,

EUQ[(l+rl)(l+r2) - (I+R)}] >0

ne speclalizes in short term‘bonds.l For a risk neutral person; this

lIt is easy to see that there is a unique interior maximum:

2 ac ac aw

o EU B 1 2 1

2 =By Ty g * Upp g (((B4r N(14mp) - (14R)) 35

a. BEU 1 1
S ~ ¢
2
L, (e, - v, U, ((14r)(14r,) - (14R))
-Ull 2U21 (1+r2)

+ - U
(147, 2 (+r,) ~ 22
2

(from 3).

<0



meants thot 1f the longrate is greater thanthe product of ithe expected

short rates, he purchases only lengs, and conversely.

2. Patterns of speclalization for Risk Averse Individuals

Whether an Individual is at an loterior maximum will depend
both on his subjective probability distribution for intereslt rates
next period end on his wtllity function. We will erploy
two assumptions sbout his expectations of next period's interest rates.
The I'irst corresponds to the agsumption of "market risk neutrality"
and has been extensively used in the literature on the ferm structure
cf interest rates,l Ifythe absence of uncertainty, market equili-

brium would require

(l+r1)(l+r2) = (1+R)

By market risk neutrality we mean that
Hypothesis A. (14r )B(1+r,) = (14R)

The second assumption which we shall investigate is that
the expected return from holding the two pericod bond for one period
is equal to the safe return on the short term bond. We shall call

this

lFor extensive discussions of this, see [8a) and (9 ].



Hypothesis B. E(1+R)/(l+r2) = (l+rl)

(a) Hypothesis A has been the subject of much debate in the
literature. Hicks, for instance, argued that in order to induce in-
dividuels to hold long term bonds, there would have to be # a risk

premimum, 1.e,
(1+rl)E(1+r2) < (14R).

As he put it,

"If no extra return is offered for long lending, most in-
dividuals (end institutiocns) would prefer to lend short,
at least in the sense that they would prefer to hold
their money on deposit in some way or other." [6]

As we shall now see, this presumption is not in general correct.

First, a risk averse individuel will always buy some long

bonds. For, letting a

thatl

1l , sitraightforward calculations show

v, 2 2
(12) A Tory) f(uy,0,, - U Co/(1bry)™ = U(Uy, - (l+r2)U12i]
which, by (2) and (3), is unambiguously negative. Hence, using (11)

(l+R)EUé = (1+rl)E(l+r2)EU2 > (l+rl)EUé(l+r2)

and the result is immedisate.

lThe symbol ~ means “is of the same sign as.”



This provides us with our first contradiction to clessical

liquidity preference theory: Long term bonds will always be held by

a_risk averse individual in his portfolio when there is no 'risk

e ot A e TR

premiun’ on them. (By continuity, they will also be held even when

there is a smell negative risk premium,}

More striking is the following result: With no risk premium

e risk averse individual may even specialize in long term bonds.

To see this, we consider first the case of an additive ulility

function (L.e., U= U(C,) + (2-8)u(Cy) y.! Asswme @ =0 . Then,

straightforward calculations show that

dc, i -Ull(02 - (1+R)WO) .

Using (1), (6), and rearranging terms, we obtain

dc, V3161

(13) d(1+r25 Ll U,

-U,,Cy

U

The expression is the femiliar expression for relative risk

1
aversion introduced by Pratt [L1] and Arrow f1]. Hence, if relative risk

aversion is between O and 1, dcg/d(l+r2) is positiveja while if the

lWhere 8 1is the pure rate of fime preference.
2

More accurately, dca/d(l+ra) is non-negative, since if relative

risk eversion is below one, the indifference curves ni€ the axes,
and the individuwel may not change his consumption 02 for some
changes in T,
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individual is very risk averse, i.e., has a relative risk aversion

greater than unity, dCE/d(l+r2) is negative. If the utility funec-

tion is logarithmic in consumption (the Bernewlli utility function)

then dcg/d(l+r2) is identically zero. Using this with (10), one

irmediately observes that if there is no risk premium for long term
bonds, i.e., 1f hypothesis A is true, and if relative risk aversion
is less than or equal to one, the individual specializes in long

term bonds, while if relative risk aversion is greater than one, the

individual always buys both kinds of bonds.

An extension to non-additive utility functions is pos-
sible. We use the concept of relative risk aversion introduced
earlier (p. 4 ) for thenon-sdditive utility function. Straightforward

calculations show that

U, L2 Usy
(1k) 1w,y " (Uea 11 12)(1+r ¥~ UplUpp - (1+r'2))
P
4 ln Cl -

d In Wi

where B is the meesure of relative risk aversion for a two period
utility function. Hence, if the indifference map is homothetlc,

~ A
dUé/d(l+r2)2() a8 p Z1. Otherwise, dUé/d(l+r2)z() as p <

wealth elasticity of C

*

1
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(b} Bypothesis B. Under Hypothesis B, on the other hand,

81l individuals buy some short term bonds, and some may even specialize

in them. Rewriting (10) as

EUé(l+r2)‘€%+r ) - i;%é]

it is clear that if U2(1+r2) is en increasing (decreasing) function

of r, &t agiven &, then that a is too lerge (small). But,
for the additive utility function, letting U, 2 US , U, = UJ ,
ete.,

aui(i+r,) U"(l+r ) p + ULUY
(15) el 520

] t -
27 a0 up + U (l+r2)

] 1] >

(16) dU2(1+r2) U U (l p) <0 as p § 1
a{l+r,.) U"'+ UL 1+r,, )2
2 a=1 1 2 2

so 1f Hypothesis B is true, all individuals hold some short term bonds

and if p <1, only short term bonds.

3. Interpretation

The results presented in the above discussion run counter
to most of the literature on the term structure of interest rates and
liquidity preference, which say the short term rates ought to be less

than or equal to long term rates for an interior solution. There are
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at least three reasons for the discrepency between our view and the

traditional one:

a) Cepital gains. Keynes rightly emphasized the importance of the

capital gains or losses in long term bonds from a change in the
(short term) interest rate. When the short term interest rate falls,
the price of a long term bond increasses: the holder of the bond ex-
Periences a capital gain. In our example, at the end of one period,
the value of the two period bond is

(L+R)

(Ter)

50 the ecupected return from holding o iwo period bond for orne peviod

s
15

s LLB) s (LiR)
o (l4rﬁj.> E(1+f25

s

by Jensen's inequality. Hence even if (1+R) = (l+rl)E(l+r2) . e

expected return on a two period bond held for one period would exceed
that for a one pericd bond, so a risk averse individual would still
buy both long and short bonds, and a person who is only slightly risk

averse would specialize in long term.bondS;l

lvon.Weizsacker has emphasized this point in his analysis of the pro-
blem.



b) Negetive covariance with interest rote. We have slready noted

that the value of long bonds varies inversely with the (short term)
rate of interest. But it is eaesy to see that, in & portfolio con-
sisting only of short term vonds, the level of utility increases
with the rate of interest. If the individual had bought only short
Term bonds, his wealth ail the end of the initial period would be
Wo(l+rl) . His budget constraint would then rotate as indicated

in Figure 3.1, as the interest rate increased., On the other hand,
note that when all of the assets are in long term bonds, the indi-
vidual is better off with low interest rates. The reason is obvious:
the lower the interest rate, the greater the capital gain. This

can be seen diagramatically in Figure 3.2. 7TIn this case, the first
efTect (the capltel gains effect) and the positive covariance with
utility eifect offset each other. The individual may want to buy
more or less long term bonds. In the case of additive utility func-
tions, we have shown that which effect is stronger will depend on

the degree of relative risk aversion.

In practice, the covariance effect is probably even stronger
then suggested by our model which is limited to two types of bonds,
since the typical portfolio consists also of stocks, the return to
which 1s positively correlated with the rate of interest end therefore

negatively correiated with the return on long bondsal

lMiller in his work has emphasized this aspect of the problem.
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c) Consumption patterns. The typlcal analysis of demanc for bonds

follows the Keynesian tradition of separating out the savings decision
from the portfolio allocation problem. This is, as we have observed,
not really legitimate. The two period bond is safe in terms of con-.
sumption one period hence. In these terms, there is no answer to
the question, which is the safe asset. Thus the variance in the one
period return from & long term asset does not mean that it is not
arelatively safe asset from the point of view of the individual's
consumption pattern.

€2

higher r

lower r

FIGURE 5.1

N *\\\
highkk\ \lower r 5
C

FIGURE 5.2

1
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Part IT

The theory of liquidity preference has traditionally focused

on two questions:

(1) Why do individuals hold short term bonds (liquid assets) when

they can get (on average) a higher rate of return on long term bonds?

In the previcus section we have suggested that the esnswer thai short

term bonds are safer is not really an adequate explanation. Indeed,

we have shown that individuals will hold long fterm bonds even when

they can get {on average) a higher rate of return from short term

bonds. And the common explanation for bothphenomenon 1s thet individuals wish

to avoid uncertainty in their consunption streem.,

(2) Why is the liguidity preference schedule downwerd sloping? Tobin
[L4] has shown that although in general it may not be, for low in-
terest rates it always will be downward sloping. We will show that,
if the term structure of interest rates remains unchenged, the pre-
suption for a downwerd sloping schedule 1s even weaker. We also
will show that whether expectations are elastic or inelastic makes

little difference for these resulis.

But before we can establish this, we need some more detailed
information on how the individual allocates his portfolio. To obtain this,
we first examine how . (a) uncertainty, (b) the level of wealth, and
(c) the degree of relative risk aversion affect the demand for liquid

assets. (Section 4,5, and 6, respectively.)
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4, Effects of Increasing Variance

{a) A single period analysis. Before analyzing how increasing uncertainty

affects the individusl's allocation between short term and long term
bonds, it will be useful to consider how, in a one period problem,
the allocation between safe and risky assets is affected by an in-
crease in uncertainty. There is, not surprisingly, no unique way of
characterizing an increase in uncertainty. We shall employ several

approgaches.

The first is to consider & symmetric "spread" in the distri-
bution. Then, if e(A) is the (random) return on a risky asset,

with meen e ,

(17) e(r) = ne(1) + (1-r)e

vie(n)) = E(e(n) - 8)° = 2%u(e(1) - &)°

As A increases, the variance increases.

Consider an individual who wishes to meximize his expected

utility of wealth, EU(W) , at the end of the period. If W, 1is

his initial wealth, r{(> 0) the return on a safe asset, and a the
portion of his portfolic in the safe asset, then expected utility

maximization requires

(18) EU*(WO(ar + {1-a)e(n))(r - e(2r)) = O

It is clear that
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da

o ~ EU"(1-a)(e-e)(r - e(h))w - U'{e-e)

=R %—',Fi Tl (e(l a) + ra)W }U‘(r - e(n)) - U'(e-e)
Thus, da/d\ is positive if there is increasing (or constant) relative
risk aversion and decreasing (or congtant) absolute risk aversion.
(Note that constant relative risk aversion implies decreasing absolute
risk aversion and constant absolute risk aversion implies increasing

relative risk aversion.)

F(e)

=y

o
(1]

FIGURE 4.1

The second approach is essentially a generalization of the
first. In Figure 4.1 we have drawn the distribution function for
e . We have also drawn the corresponding functions for a perfectly
safe asset. Any assel whose distribution function is such that it

lies between the distribution function of e and that for the safe

4
asset will be sald to be less risky than e . (];f%
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If & is the sllocation between safe and risky assets when
the distribution of e is F , and a is the allocation when the

distribution of e is F , where F is riskier then ¥ , then,

if fU'(r-edFr =0,
N2 ~ N >
8 <a as [U'(r-e)dF = fU'(r-e){dF - aFrj <0

But, Integrating by parts,

A g Uy A
(19) Ju(r-e)ldF - aF} = [f =57 ~ =i + L\ U'{F ~ Fhe
Gl
= f SN AU S A (1-a)W_yle)de
qw O aw 07
U"rW
U"W 0
+ 7(6)5_57 = T + 1

e=max{e]
where

e
y(e) = [ U(F - Flae >0  2(0) = 0
0

so that if relative risk aversion is less than or equal to unity (in
the relevant range) and there is increasing relative and decreasing

~
sbsolute risk aversion, then a <a .

Stronger results may be obtained if we consider situations
vhere the vearisnce of the risky asset is small. Then, we can approx-
imate the first order condition for utility meximizetion by the first

two terms of a Taylor series expansion:l

lWe assume throughout that the risky asset (in subsequent sections,
r, ) isbounded with provebility one.
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d?U'(r*e) E(e-8)°
" T35

(20) Q0 = EU'r-e) ® U! ~{r-e) +
e=e de

e=g

But for an interior solution, e > r , so the coefficient of E(ewg)e
must be poslitive; thus an increase in variance must lead to sn increase

in the demand for the safe sesset,

(b) The two period problem..l The problem of defining an increase in

"uncertainty" for our two period model is even more difficult than for

OUr one periodmocdel., As we increase the variance of r do we keep

o ’

the mean of r_, or the mean of 1/l+r

o constant? The two are clearly

2

not equivalent; consider the case where r, has smell variance:

2
— 2
1 y By -rp)
E T ™ p—
2 l4r, (1 + r2)

Ag the veariance of r_ increases, keeping the mean of r

o constant,

2

the mean of l/l+r2 increases. OSince the one period expected return

on the two period bond is l+R(E(l/l+r2) , 1t seems more reasonable

to keep the mean of l/l+r2 constant. (This will mean, of course,

that if hypothesis A was satisfied before the increase in uncertainty

1t will not be satisfied after the increase.)

Teking & Taylor series expansion of (10) around Eli:R =e,
2
LR
and letting T
2
2?
_ a Ul((l+rl -e) o
(21) 0 = BUM(1+r, - e) = Ur[(1+r,) - €] + E(e-e)
1 1 1 1 de2

lIn the remainder of the paper, we shall limit ourselves to additive
utility funetions.
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If, as we would expect, e > l+rl y then for an interior solution

the second term of the left hand side of (21) must be positive, so
that an increase in the variance leads to sn increase in the demand

for short term bonds.l

(c) Uncertainty and utility. Does uncertainty make an individual

worse off? The answer usually provided is yes; the extent to which
he is worse off is measured by the concept of certainty equivalence:
the amount of wealth an individual would be willing to forego to
avolid the uncertainty. In this model, however, if we compare the
level of utility attained when l+r2 is known for certain, and so

must equal 1+R/l+rl , and when (l+r2) is random, but with mean
(1+R)/(1+rl) , he is better off in the latter situation than in

the former. 1In the former situation, the individual chooses consump-

tion bundle (Cl, C2) , where (61, 62) is the solution to the pro-

blem
Maximize U(Cl’ CE)

(22) (1+rl)
subject to Cl + 7R C2 = WO

lOn the other hand, an increase in the variance of r keeping the

D 2

mean of Ts fixed, leads 1o an actual increase in the demand for

long term bonds, provided (l+rl)E(l+r2) > 1+R . Taking a Taylor
series expansion of (10), we have

0 = EUé[(l+rl)(l+r2) - (+R)1 = Ué[(l+rl)(l+;2) - (1+R)]

2
gl -G
d(l+r2)2 2 2

T, =T,
a2 e
since the first term is positive, the second must be negetive.
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Co
WO( 1+R)
Fa)
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G Wo(1+ry ) Cy
1
FIGURE 5.1
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How, under the uncertain situation, the individual could have set

a = cl/l+rlw Then, when (l+r2) # (l+rl)/(l+R) he could consume

o "
some bundle other than (61, 62) and increase his level of utility.
Finally, he can always increase his expected utility still further

by choosing & optimally. Thus, if a* is the optimal allocation,

) * * a a e .8
EU(C,(r,, a*), Cy(ry, &*)) > BU(C,(r,, 8), C(r,, 2)) > U(Cy, C,)
with strict inegualities holding in all cases with finite relative risk

aversion.

5, Wealth Effects

Traditional theory of ligquidity preference has little to
say on how the compesition of the porifolio cught to change ag wealth
increases. Before we can procede, it will be necessary to establiish
some further properties of the individual’s optimal allocation.

We consider first the situation under Hypothesis A. Assume there

were no uncertainty, and the individual allocated his portfolio so

his income from one period bonds equalled his first period consumption,

R (LR, 4
i.e., a(l+rl)wo ®C, , and similerly (1-a) (1;557— = C, - Then,

from Figure 5.1, it is cleer that for r, > ;2 y Cp > 82 , and for

— ~ - T -
r, <r,, C,<C, . Hence EUL (l+rl)(l+r2) (1+R)) < ¢ . Thus

a < 81/(1+r1)w Indeed, at the optimsl allocation UA(C,) cannot

0

be a monotonic function of r2 .



We shall now assume that the variance in r i1ig small.

Then the relation between 02 and (l+r can be depicted as in

o)

Figure 5.2, Thus, if the variance in r is small, 02(?) nust be

in the region of minimum C, Tor the optimal a . But since

2

t [ 4 LI} t
o(c.) - Uy - dUl/1+r2 _ Uldcl/d(l+r2) ) us
2rv2 l+r d(1+r,) LT, (i:;gjz
dcy
this meens (T+f;7 _ <0 .
1"2»::[‘,2

Similorly, under hypothesis B, it cen be shown that (1l-a)

< Ce/(l+R)WO

and dCe/d(1+r2) >0,
r

It is now easy to determine the effect of a change in WO

on a; letting e = %E%—
2

d In C d ln C

sy 48 g 2y i 1
(&) g - F oC) g, Valrer o) A -BelCy) i Uity - )

under hypothesis A, and under hypothesis B,

d ln C
d 1n W, wl

(24) 2 & - p(cy)

d.W 2\14-1‘ - )

where « = 1/B(1/l+x,) . If the individual hes constant relative risk

aversion, then his indifference map is homothetic, so d In Ce/d In W, =

and da/dwo =0 . Because C, 1is not monotonic in r it is not

2 27
possible to say in general what happens if relative risk aversion is

not constant. But if there is small variance in r and the indif-

2 2

L

>
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ference curves are homothetic, then we can take a Taylor Series ex-

pansion of (23) to obtain

He
da —y M w2
) s s -nt — 1T E E -
(e5) S P (Cl(e)) T __LUl(l-Irl e)
0 e=a
18]
increasing
26) di?'-'() as relative risk aversion is < constant
dw . <
O decreasing

Thus, if, as Arrow hes argued [l], there is increesing
relotive visk averslon, then an increose in wealth leods to o smaller
portion of one's wealth being held in long term essets, which ere
usually considered the risker assets; recall that in a one period
model, the portion of one's wealth in the risky asset decreases (in-
creases) if one has increasing {decreasing) relative risk aversion

1, 13).

Similar results obtain under Hypothesis B, if the Taylor
Series expansion is teken around the value of r for which 1/1+r

= B(1/1+r) .

6. Comparisons among Individuals

(a) f4ditive constent elesticity utility functions. We have already
observed that the more relatively risk averse of two individuals may

buy more or less long term bonds, depending on the expected returns.
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If the individual has an additive constant elssticity utility
function, we can show under hypothesis A, for instance, that the more
risk averse individual buys more short term bonds (at least for small
variance); since under hypothesis A, if relative risk aversion is less
than unity, the individual specirlizes in long term bonds, we consider
only the case when relative risk aversion is greater than unity; the
utility function can be written

I1-—-
1

[
il

n
-C 02(1 -8),n<o

Since -Ugci/Ui = n-1, n-l 1is the measure of relative risk aversion.

Hence, letting

1
X =
1+ [(1+r2)(1-8)]n/n'l
we obtain
dlnC
da -1 . 2 -
T " EC, In ¢, + (n-1) g (rg - r2)
(r, - r 2
n-1 2 2 X X n
z EC —_——fa - + in (l+r.)
2 l+r2 1+x (l+x)2 (n-l)2 2 _
To™Ts
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so if n<O0O

da
Y < Q.

On the other hand, it is easy to show, for instance, that 1f hypothesis

B 1s satisfied then %% > 0 for small varlances in T, Thus again,

which of the bonds behaves like a risky asset is indeterminate.

1+R

l+rl

The demand curves of a as a function of for

© individuvals with different values of n may be depicted as in Figure 6.1

(as usual, we assume thé range of ref.is finite).
a
+ \
i \noo = (o = )
' = = =00 p = ~03
\(p = l) / l
\ g |
! \ !
X
// \
' vy n =121 \
/ (p=0) N
N
1- N i
v A
~
S
0 [ T
= 1/8(1/1+r,) 1+R
ATy 2 Tor, E(14r,)

FIGURE 6.1
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(b) Homogeneous utility functions. It is not clear, however, that
(n-1) is a desireble measure of risk aversion in this context. As
n changes, both the shape and the "degree of homogeneity" of the

utility function change. Bach indifference curve of the family
luj = Ci + cg(1~a) is the same shape as a constent elasticity of

substitution isoguant of elasticity 1/l-n . To separate out the
effects of shape from those of homogeneity, we introduce the utility

function

U= (c+ch) (n#0) end U= [lnc, + Incy}

1

Then the first order condition mey bhe written
w2102 D) [(Lae ] Y(2or,) - (24R)] = 0

where W = a(l+rl)(l+r2) + (1-a)(1+R) ; so, letting n/n-1 = ¢

g.g - E{18(1+x) - <& 1n x]»’&z(m)'zfﬁ1(1+rl)(1+r2> - (#+R)] <0

since

l+r2d(ln(l+x) - if;vln x)

+X _Xlnx n
d(l+r2)

= < 0O
(l+x)2 n-1

This means that as the elasticity of substitution of the indifference
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The effects of & change in Z may be similarly analyzed;

under hypothesis A, for small variance,

Z.pumi-1 1n(143)J%(20x) P (x, - F,)
2 - 25, - ) <o
Y=,

Similerly if hypothesis B is true, (for small variance), teking a

Taylor series expansion around the value of r. for which i:%” = l/a ’

2 2

T BEla - i%;)(l + T, - a)zﬁz(hx)_z/g >0,

7. Effects of Changes in Interest Hates

One of the difficulties in analyzing the effects of an
increase in the short term rate of interest is the determination of
what happens to (&)} the price of long term bonds and (b) expectations
about future short term rates of interest as a result. Much of the
familiar liguidity preference analysis has made confusing, if not
contradictory, essunptions, Tor instance, one argument for the
negative slope of the liquidity preference schedule may be tketched
as follows: as the interest rate falls, the price of long term bonds,
say consols, rises -- if the long term bond is a consol, the price

is equal to l/rl .  But since expectations about future short rates

are unaffected by what happens today, the expected capital loss from
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holding the consol increase, so the demend for them decreases, and
the demand for short term bonds increases, But why should the price

of a consol rise in proportion to the fall in ry ? Only 1if future

expected short rates also fall as ry falls. But the second part

of the argument requires that expectations about future expected

short rates be unaffected by the change in short term interest rates.

We shall now show (under hypothesis A) thet if future ex-
pected short rates are in fact wnaffected, and if the price of the
long term bond changes so that hypothesis A continues to be satisfied,

i.e., I1+R = (1+rl)E(l+r2) , ‘the demand for short term bonds may

- be completely unaffected by a change in r for constant W_ .

1’ 0
For
" d In ¢
de . U" 2 1 . -
(27) dr, Eg Coqm W) 14T, U(r - r)

I¥ i cleer that under constant relative risk aversion,
a does not change at all. Moreover, observing that (23) and (27)
are identical, it is clear that an increase in

the short run rate of interest, keeping W_ consitant, with appropriate

0
adjustments in the price of the long term bond increases, leaves
unchanged, or decreases the proportion of one's assets in short term
bonds as the proportion of one's assets in short term bonds increases,
is unchanged, or decreases as wealth increases (e.g., if r has small

variance, then as relative risk aversion is increasing, constant or
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decreasing).l Note that identical results can be obtained for hypothesis B.

So far, we have essumed that changes in the interest rate
today have no effect on expectations of short rates tomorrow. This
is an extreme form of inelasticity of expectations; Keynesian theory
suggests that this inelasticity of expectations is an important as-
pect of the speculetive demand for money: if expectations about future
interest rates fall as the interest rate today fells, a capital loss
from holding a long term bond would be no more likely at a low interest
rate than at & high one. We shall show that in fact if there is &
positive elasticity of expectations, and prices of bonds adjust so
hypothesis A continues to be satisfied, the elasticity of the demand

schedule may actually increase,

Changes in r., can effect expectations about r_. in either

1 2
an additive or multiplicative way. In the latter, assume the initial

value of l+r, = l+§i ; now let lir = h(l+§i) . Then, considering

r2 as & function of h

l+r2(h) =(1L -p+ ph)(l+r2(l))

E(14ry(h)) = (1 - u + ph)E(1+r (1))

where p is the expectations elasticity coefficient (equals zero in

the previous analysis).

lAll of this lgnores the fact that &s ry rises, 1if indi-

viduals have some of their wealth in long term assets, the price

of those long term assets will fall, and hence wo falls, See [14].
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The return on the two period bond held for one period is
(under hypothesis A)

(l+rl)E(l+r2(h)) (l+rl)(l+r2(l))
Lir,(h) = E(Tr, (1))

independent of h or u . Rence, the elasticity of expectations
have no affect on the slope of the ligquidity function: (27) still
obtains.
In the additive formuletion, we assume
l+rl = :L+:r-:L + uh

1+r2(h) = l+r2(0) + ph

E(l+r2(h)) = E(l+r2(0)) + wh

The return on a two period bond held for one period is now

(l+rl)E(l+r2 + ph)

l+r2 + ph
8o the sign of
ac d 1n ¢, Ui(x-T)
da da oo __2
& @ C (P - uee)(le HelC) T ()

If the variance of T, is smell and the indifference mep is homothetic
the first term will always be negative and the second positive, and without
further restrietions it cannot be ascertsined which ie larger in absolute

value.,

If, as the above anealysis suggests, changing the short term
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interest rate with a corresponding chenge in the price of long term
bonds has 1little effect (or even the wrong effect) on the demand
for money, how deos monetary policy work? One way, to which we have

already drawn attention, is that as r_ changes, the value of wealth,

1
and hence demand for both short and long term bonds changes; another
way seems to be through a change in the term structure of interest

rates.

Congider the effect of a simple change in R keeping r

1
and expectations on r, unchanged..
d 1n C, (1- a)w [(1+r W14r,) -~ (1+R)]
(28) =28~ m{u+o e
dil+R5 2 d 1n W Wl(1+r2)

Since dwl(l+r2)/d.r2 >0, it is clear that the second term mey be

(e.g., if p 1is constant) negative, while the first term is positive,

so the net result is ambiguous. However, if the varlance of Ts

is sufficiently small, the sign of the above derivative is negative
if before the change in R hypothesis A was satisfied (again assuming

nomotheticity and finite w®)

aa T (1- a)(l+r ) (Ut) ( _)2
® -BUL 4 = (Up) _ E(r - r)” * EU
dil+R5 2 (1+R) P 2

In perticular, if the utility function has constant elas-
ticity and expectations are inelastic, to change a , +the proportion

of essets held in short term bonds, the term structure must change.
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Part ITX
So far, we have considered a two period model, in which
at the end of the first period, the individusl could only buy a safe
one period bond. Now, we assume that each period the individusl can
choose between a one and two period bond. The anelysis of the indi;
vidual's behavior under these circumstances requires first an analysis

of consumer savings behavior under uncertainty.

8. Savings under Uncertainty: A Digression

We consider an individual with given wealth, Wl . He wisghes

to maximize his expected ubility:

EU(Cy, Cy) = U((1-s)W,, oW, )(a(1+F) + (1-a)(1+r))

where T is the (rendom) rate of return on the (from the single period
point of view) risky asset, and r 1s the return on the safe asset.
Both a and r must be chosen optimally, The first order conditions

are
EU, = EUé{a(1+f) + (1-a)(1+r))

BU,((1+7) -(1r)) = 0

(a) Comparison of sevings rate under certainty and uncertainty.

There are at least two stories of how uncertainty affects savings:

() a risk averse individual, in order to ensure his "minimum standerd
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of living" seves more in the face of uncertainty; (b) a risk averse
individuyal is discouraged from saving for the future by the wuncer-
tainty of the return. The former story seems to be perferred by
those who have studied consumption behavior, to help them explaln

the seemingly bigher rate of savings of groups facing greater un-
certainty [3, 4 ). But as the following enalysis suggests, it 1s

by no means clear that this will in general be the case. It isnot oo~
vious what is the most meaningful wey to compare certain and uncertain
situations (see (2 ]). For our purposes, we compare the savings

rate with (for simplicity) a simple risky asset (with meen T )

with one where there 15 only =z safe msset, with refurn equal to T .
Then 1t should be clesr that the savings rate under uncertainty, & ,
will be greater or less than that under certainty, s* as {assuming

the utility function 1s additive),

U84, (147))(1+7) S BUS( 5%, (14F) )(14)

i.e,, as Ué(1+r) is a convex (conceve) function of r . But

dUé(l+r) Ul

(25) el Aty -ﬂg ey} = Uy(1 - p(Cy))
g0

deﬁé(l+r)
(30) — 5 = (Ug Ca/l+r)(l ~ o(C,)) - Ugp'(Cy) -

a(l+r)

Hlence, & > s% , 1if relstive risk eversion is greater than one and
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there is decreasing or constant relative risk aversion; while s < s¥
if relative riek aversion is less than one and there is increasing
or constent relative risk aversion. Note if p 1is constant et unity,

savings is unaffected by uncertainty. (See [5])

(b) The effect of an increase in "uncertainty"” may be similarly enalyzed.

It is easy to show that if U2(1+r) is & concave (convex) function

of r , and if we increase the variance by a spread of
the distribution (see ebove pp. 16-19), then savings are reduced

{increased). 1

(c) Effects of increased wealth on average propensity to save. First,

we must consider how s changes with W in this model in the sbsence

of uncertainty. The first order condition is then simply U] - Ué(l+r)(l-8)
= 0 ., This defines an implicit relation between s and W, which

yields

S = -e(cy) + p(Cy)

But since C, 2C, as (1+r){1-8) 2 1, we obtain the result that

2

ds

(51) 2 . ot (1er)(1-8) - 1)]

If there is constent relative risk aversion or (l+r)(1-8) =1,

lAs M. Rothschild has argued, an increase in uncertainty (with fixed
mean) of a distribution means a lowering of expected utility for
any risk averse individuel, i.e., the expectation of any concave
moment of r is reduced,
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then the average propensity to save does not change with wealth; if,

however, there is increasing relative risk aversion and C, > ¢,
or decreasing relative risk aversion and 02 < Cl s then the average
propensity to save will be rising.

In the case of uncertainty,

%%.~ -U1p(C, ) + Ep(C,) (U4(1+r)(1-8)]

Provided (1l+r)(1-8) # 1 , for sufficiently small veriance this can
be approximeted by the first terms in a Taylor series expansion, so0

that (31) still is true.

9., Towards A More Qeneral Model

We now assume that at the end of the first period the indi-

vidual can buy either a one period bond, which yields a return Ts

or & two period bond, at a price of .'L/l+R2 , which yields, at the

end of the second period a return of (1+R2)/(l+r5) -1, where rs

is the one period bond rate for the third period. In order to nmake
his initial allocation decision, he now must form expectations not

only on r but also on R, , and on r_ (conditional on T, ).

2’ 2 3

This is, clearly, & consldersbly more complicated problem,

The individual wishee to maximize

/ . LR
(32) EYEf UK L-sW,, sW (&(l+r,) + (1-8) T,



where the inside expectation is over all possible values of r5 given
(re, RE) and the outside expectation is over all sets of (re, Rg) ;

where

Wy = Wo(a{l+r,) + (1-a)(14R, )/1+r,) ;

and wvhere & 1isthe 8llocetion in the second period, a in the first,
between one and two period bonds, Straightforward differentiation
with respect to & , wusing the first order conditions for & and

5 , ylelds

(33) E[{EU,) (13, (147) - (148 ))}] = O

which is identicel to the corresponding eerlier result.

First we analyze the patterns of specialization in the second
period of his life. We show that in the second period of his life,
under hypothesis A, he never specializes in short term bonds. (Again,

we assume additive utility functions. )

Letting a=1 , We observe that

Eué(swl(ura))(hre =(1-+R2/l+r5 ))= USE(Ler, - (l+Re/l+r3)) <0

by Jensen's inequality, if hypothesis A is satisfied. Note that if

hypothesis B 1s satisfied, a is always equal to one,1 Now, assume

lSince 3 = 1 , under hypothesis B, the analysis with two assets
avalleble the second period is identical to that of Parts I and II,
and nothing more need be said about it here,
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= 0 . Then

2
il

T

ﬁUé(swl(l+RQ/1+r3))(1+r2 - (1+R2/l+r5)) = B i;%; {(l+r2)(l+r5) - (l+R2)}

dUé/(l+r5) Uy

Bt

- 5 {p - 1] s0if p>1, he purchases both
3 (l+r3)

kinds of bonds, but if p <1 , he specializes in long bonds.

In order to procede with the analysis for the pattern of spe-
cialization with respect to a , further assumptions about the nature
of the stochastic process describing short term rates of interest must
be made., We will employ two assumptions. The first is that the distri-

bution of r_ 1is independent of time. The second is that E(l+rt)

= l+rt-l (i.e., the Martingale assumption), More generally, we shall
assume, if r* 1is the normal short term rate of return, and if Y%
is a rendom veriable with mean one, then

W)= (gt (1-n))y(Ler*)

B(L+r, 1) = (ny, + 1-p}(1ar¥) = p(l4r,) + (1-p)(Lerx)

The first case is the one for which u = 0, the second for which
u = L1 . The Keynesian hypothesis that when interest rates are low,
they are more likely to increase (return to the normal level) is re-

presented by a low wvalue of u .
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Under hypothesis A, then, we have

1+Rt = (l+rt)E(l+r = [u(l+rt) + (l~u)(1+r*)](l+rt)

341

and

which does not depend on .
We now observe that if &a = 0

E(l+r )

Cy = 8W, <1+;2)(1+r1)(a + T ——2- (1-3))

(34)
E(l+r )

= (1-8)W, -1—+-_ (14r))

Substituting this into the first order conditions for expected utility

maximization, we obtain the result that

dEU} [N | E(1+r,) 2
m - —E|U} (l+f2)(l+rl)( - Wf)
(:; E(l+r i:)
E\U3 (l+r )(l+r ) -

If there is constant relative or sbsolute risk aversion, (35) reduces

(35)

EU"C E(l+r

simply to



_)_l_o..

dEU'

—(i:;"j -{l“D)

8o that the results obtained earlier still obtain. Indeed, by using
(34), it is easy to show that the term in the bracket in (35) is always

positive.

Simllerly, if we set a = 1, we observe that

arU} L 2 EUIC, B(L+v,) e
m EU2 ( l+I‘2 )EUQSWO( :|.+I'2 )( l+I‘l ) 1l- "—lTr——-

3
EU"C E(l+r ) E(l+r5)
EU sW ( l+I‘2)( l+1‘l) 1 - —“ﬁﬂl—g-— < 0

Hence, as before,
E {EU' 1+r. ) - B(1+4r z
2[( 2) ( 2)] <

so the individusl does not specialize in short term bonds,

The comparative statics analysis procedes in much the same
manner. We observe that if there is constant relative risk aversion,

then, under our stochastic assumptions,

80 that neither the degree of inelasticity of expectations, the level
of short run interest rate, nor the level of wealth affect the allo~-

cation between the two kinds of assets.
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It should also be noted that this model has provided us
with a simple example showing the inapplicebility of the separation
theorem to dynamic problems. Even if the individuse) hed a constant
elasticity, additive utility function (the separation theorem holds
then in a single period problem) individuals in different yesrs of
their lives would hold different portfolios. Moreover, the port-
folio allocation cannot be done myopically {15]: expectations sbout

r3 and R2 affect the allocation of the first period.

10, Coneluding Comments

This paper has attempted to present a theory of liguidity
preference based on consumption valuations rather than capital valu-
ations. The limitations of the analysis are clear; We have alreedy drawn
attention to a number of special assumptions; Perhaps most striking
is the absence of a supply side to the analysis: what determines
the supply of bonds offered by, for instance, corporations. This
will need to be the subject of a separate paper, and until such a
study is completed, only limited statements about the equilibrium
in the monetary markeils can be made. Subject to these gualifications,

the major conclusions of this study may be summarized as follows:

(1) This model provides an explanation of why individusls hold short
term assets even when they could get, on average, & higher return
from holding long term bonds, But it also provides an explanation

of why individuals hold long term bonds even when they could get,
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on average, & higher return from holding short term bonds.

(2) It is not correct to treat thc long tern bond es a risky assct

erd the chort teim bond as a saic osset.,  dinee, from different horizons
each are safe and from different horizons each are risky, at times

each may ect "more" like a safe asset than the other. For instance,
under some expectations hypotheses, individuals which are not very

risk averse may speclalize (speculate)} in long term bonds; under

others they may specialize in short term bonds; while in both situa-

tions very risk averse individuals will buy some of both,

(3) If it is observed, as seems likely, that few individuals specialize

in long term bonds, then 1+R < (1+rl)E(l+r2) : instead of normsl

backwardation of interest rates, long term rates are smaller then

the product of the expected short term rates,

(4) If, as also seems likely, there are relatively few individuals

specializing in short term bonds,l then (1+R) > (l+rl)4?(Eyl+re) :
long term bonds have a somewhat higher one period return than short

term bonds.

(5) In depression situations because of inereasing uncertainty the
demand curve Tfor short term assets shifts to the right, so that it

may appear as if there is a liquidity trap, even if there is none.

lOne ought probably to treat permanent life insurance pollicies, an-
nuities, ete., ot leest partially as ownership of long bonds., It

is nard to obtain a clear test of the segmentation hypothesis for

individuals; transaction costs, special taxation provisions, etc.

obfuscate the matter further. See [8a].
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(6) Inelasticity of expectations does not seem to make any important
qualitative difference to the behavior of the individual, at least
for the simple parameterizations investigated. Moreover, when short
run interest rates change and prices of long term bonds adjust so
that, for instance, the long rate is still equal to the product of
the expected short rates, the proportion of assets in short term
bonds mey either increase or decreage; in the case of comstant rela-

tive risk aversion, nothing changes.
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