Note:

COWLES FPOUNDATION FOR RESEARCH IN ECONOMICS
AT YALE UNIVERSITY

‘Box 2125, Yale Statiem
New Haven, Connecticut

COWLES FOUNDATIOR DISCUSSION PAPER NO. 245

Covwles Foundastion Discussion Papers are pre-
liminary materials circulated to stimmlate

Adiscussion end critical comment. Reguests

Tor single copies of a Paper will be filled
by the Cowles Foundation within the limits
of the supply. References in publications

- o Discussion Papers (cther than mere acknow-

ledgment by a writer that he has access to
such unpublished material) should be cleared
with the author to protect the tentative
character ¢f thesge papers.

NOTES ON OPTIMAL MONETARY GROWTH

James Tobin

February 8, 1968



*
NOIES O OPTIMAL MONETARY GROWTH

Janes Tobin

Yale University

The question of the optimal size and rate of growth of the money
supply has at least as many meanings as there are definitions of "money."
Three possible interpretations of the guestion are: (1) What are the op-
timal size and the optimal rate of growth of the central government’s dead-
welght debt to its citizens? (2) What are the optimal size and the optimal
rate of growth of the supplies of currency and other means of payment?

(3) Vhat is the optimal degree of financial intermediation in an economy,

and vhat 1s 1ts optimal rate of expanslon?

In some models one or two of these interpretations vanlsh, or uwerge
into another one. An important example is the simplest monetary extension
of the standard aggregatlve necclassical growth model. In this extension
money as government debt and money as means of payment are identicel. It

is assumed, in other words, that all government debt takes the form of

*  The research described in this paper was carried out under a grant
from the National Scilence Foundation. I have beneflted from dis-
cussions with William Brainard, Harry Johnson, Alvin Marty, and
E. 8. Phelps. FRoger Grawe helped with the diagrams.
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means cf payument -- either dirvectly as currency or imdirectly as dewmand
deposits backed 100% by currency cr other government cbligations -- and
that all means of payment are directly or indirectly obligations of +the
central government. Under these restrictive assumptions, interpretations
(1) and (2) merge. At the same time these models ignore private financial
markets and intermediaries, so that question (5) does not arise.

I. "doney" as CGoverment Debt.

I shall begin with the first interpretation of the question. The
crucial prcperty of "money" in this role is being a store of value, an al-
ternative to reproducible productlive capital in satisfying the desires of
the community to accumlate wealth. If the supply of govermment debt in
real terms is increased, its acgquisition may absorb private saving that
would go intc investment in productive capital. Thus the degree tc which
saving is absorbed in government debt helps to determine the equilibrium
capital-labor ratic and the net merginal productivity of capital. The
welfare question 1s vhether this diversion of saving steers the economy
towards or avay from ‘the optimal capital-labor ratio.

Properties of Neo-classical CGrowth Equilibrium. Let me review the

well-knowm essential properties c¢f a model capable of balanced growth paths,

or "moving staticnary states." {For a good expository review, see Johnson, 1966]
Qutput depends on two lnputs, capitel and labor, with constant returns to scale
and diminishing positive warginal productivity of each factor; the produc-

tion funcition remains constant over time except for technical progress that
augments the effective labor input represented by a natural unit of labor;

the "matural rate of growth of the supply of effective labor is an exogenous
constant, determined by population growth and technical progress. Under

these conditions, there is a family of paths along which cutput, capital, and
effective labor all grow steadily at the natural rate. Each path 1s charac-

terized by its constant capital-output ratic, and, related to that, its constant



ratic of capital to effective labor. With a high capital-cutput path is
assoclated a high efficiency-wage ard a low marginal productivity of
capital, A path with low capital-labor and capital-output ratios will

have a low wage and a high marginal productivity of capital.

Let g be the natural rate of growth, ¢ the capiltal output ratio,
and s the share of output that is invested in new capital. Along an
equllibrium path the rate of growth of the capital stock, s/u mist be
equal to the natural rate g . Therefore, & balanced growth path will
be an equilibrium path if and only if it induces savers to hold capitsl in
the technologically required ratio to output, B , and accordingly to pro-
vide continuously the required addition to capital, namely a constant

fraeticn of cutput equal tc pg .

Figure 1 relates the capital-cutput ratio to the net marginal produc-
tivity of capital, RK , for alternative balanced growth paths. Curve T
represents the technologlical relationship between these variables implicit
in the ecconomy's production function. Paths with higher capital-output
ratios will have lower marginal productivities of capital. A curve like
8 represents the amount of wealth savers desire, relative to national in-
come, in a situation of balanced growth. As curve 5 1illustrates, they
may desire a higher wealth-income ratic along & path with a high real rate
of interest than along one where the reward for saving is low. In an economy
where the only store of value ls capital, the wealth-income ratio must be
the same as the caplial-output ratio, and the rate of interest on saving is

the net marginal productivity of capiltal. The equilibrium capital-cutput
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ratic 1s therefore p* ; the corresponding amount of saving or investment
relative to income is g u* ; graphically 11lustrated by the area of the
rectangle O;A*FR* + A curve 1like 5 , and therefore an equilibrium like
E , will exist if the properties of a balanced growth path suffice to de-
termine a constant desired wealth-income ratio. This means that desired
wealth and saving, relative to income, must not depend on the absclute level

of population or of per capita income.

A specisal assumption about saving behavior, which has received the
most attention in the literature, is that the saving ratio is a constant
s . This means, of course, that the wealth-income ratio desired along a
balanced-growth path is the same for every path, namely g =s/g . In
other words, the § curve is vertical. OF the technologically possible
Paths the one that has a capital-output ratio p is the equilibrium. This

1s Il1lustrated in Figure 2.

Another conceilvable special case is that consumer-savers have a fixed
marginal rate of substitution of present for future consumption, will ac-
cumulate wealth indefinitely at a rate of interest gresiter than R* or
equal to that rate and dissave Indefinitely at any lower rate. If so, the
S cwve is horizontal, as in Figure 3. The equilibrium capital-output ratio

is the one that provides a marginal productivity of capital equal to this rate,

Growth with a Monetary Asset, Perfectly Substitutable for Capital.l/

Vhat happens when a second asget, a competing store of value, is introduced?
BSuppose that money -- still In the sense of government debt .- has a value
1/p in terms of goods; that the price level p is perfectly fiexible;

and that the government pays an own rate of interest, or nominal rate, of r

on money.
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One thing we know right awey, of course, is that in a growbth equi-
1ibriwn the real quantity of government debt, like every other real magni-
tude, must be expanding at the natural rate of growth of the economy. That

is, if M 1is the nominal quantity,

M p_
(l) M p"g

e, _B___ M
(2) R,=r P r % + g

Thus the questicn of the optiwal value of % can be translaied Into the

qQuestion of the optimal value of R, , the real rate of return on money.

This questlon 1s easiest tc answer In the most uninteresting case, i.e.,
where it is assumed that money and capital are perfect substitutes in thne
pertfolios of savers. This means that owners of wealth are indifferent
about the proportions in which they hold the two assets so long as their
real ylelds ere equal {or differ by an exogenously determined constant),
and otherwise willl hold none of the lower-yielding asset. In this case,

clearly, coexistence of the two assets requires:
(3) =Ry=r-g+e
i = By M

Evidently the govermment can, by determining r apd , Getermine RK

u
M
and therefcre determine the equilibrium capital-labor ratic. In Figure 1,

¥k

for example, by selecting RM

» the government steers the economy to a

*%
capital-output ratlc M . {An exception to this rule arises In the case

exemplified by Figure 3. Here RK Is determined by the perfect elastic
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*
supply of saving at the rate R . The government has no choice but to
set RM at the same level; otherwise there will be either no demand for

capital or no demand for money.)

However, the capital-output ratio is no longer the same as the wealth-
income ratio. Wealth is now K + %: . And "disposable" income exceeds out-

put by the growth of the real stock of money g % « Let m= ~%§ ; the

ratio of money to capitel holdings; this will be constant in equilibrium.

Let u' Dbe the ratio of wealth to disposable income. Then

@ e =TGR e
(5) pom
1+ m(l-get)

Here gu' will be recognized at the ratlo of total saving, including ac-
cumuiation of money in real terms as well as of capital, to disposable in-
come. Since this is smaller than one, the capital-output ratio u 1is
smaller than, equal to, or larger than p' according as m 1is positive,
zero, or negative, Now to interpret Figure 1 remember that in the case
under considerstion money and capital are perfect substitutes. Therefore,
the curve S can still represent the desired weelth-ineccwe ratio p'! .

When, for example, the real rate of interest, whether RK or RM ; 1s set

**
at RM in Figure 1, the desired wealth-income ratio is given by curve S

** *
as ! . 'Tis exceeds the capital-output ratio p , and the two must
be reconciled by a positive value of m necessary to satisfy equation (5).
Since any value of m 1s aceeptable to wealth-owners, this situation is

an equilibrium.
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R* in Figure 1 is the lowest real rate of interest compatible with
positive quantities of money. Should the authorities establish a real
rate lower than R* , W' would be less than B and m would have to be
negative. That is, the government would have to be a net creditor of the
private economy, 1ts net credit positlon rising at the natural rate of

growth.,

In the special cese of Figure 2, the saving ratio 1is fixed at s .

With the introduction of money, this ratio should now be applied to dis-

posable income, so that the vertical § curve applies to ' = g « From
(5) we have

s 1
(6) p=2 — .

& 1+ m(d-3)

It is still true that, as in the case of Flgure 1, m can adjust to any
horizontal difference between the curves T and 8 that exists at the es-

tablished rezl Interest rate.

If the authorities can in effectaset any real rate of interest they
want, what one should they set? First of all, they should not set one be-
low g . A balanced growth path with a marginal productivity of capital
below the growth rate is inefficient: all generations could have higher
consumption by saving less and having a lower capital-output ratio. Con-
celvably the economy could, in the absence of meney, be stuck on an in-
efficient equilibrium path of this kind, If so, the govermment could im-
prove matters by issuing money with a real rate of interest equal to g ,
absorbing some of the excessive thrift of the population in this paper form,

and reising the marginal productivity of capital to g
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Note that a rate of g means that Ly = r and that

M =I'-'g.

g -

The debt increases solely by the govermment's inecurring new debt to pay the

interest. The considerations so far developed gilve us no criterion for

choosing further a common value of % end r , e.g., choosing between

M M
(1) H=r=8 and price stability and (ii) w=F= 0 and price defla-
tlon at the natural rate g . In equilibrium the steady rate of price

change is wholly anticlpated and one rate 1s as good as ancther.

If, iIn the absence of government debt, the equilibrium marginal pro-
ductivity of capitael would exceed g , it is net optimal tc absorb any
saving in government debt. In other words, If outside money is not com-
petitive at a real rate g , the govermment should not try to wmake it
eccmpetitive by offering a higher rate, The reasoning is as follows: A
steadily growing economy with an indefinite life can always use claims
against the government to trade present consumption for flture consumpiion
at the rate of interest g . In a moving stationary state, savers acquiring
such claims can be assured of this return simply because the savers of the
future will be more numercus and/or richer. By the time savers wish to
cash in thelr paper assets, the market for them will have grown at the
natural rate of increase g . But thls is the maximum sustainable rate
at vwhich such trades can be made via government paper. If accumilation of
physical capital offers a higher payoff in future consumption for current

saving, then it dominates govermment paper as a vehicle for making such trades.

The guestion then arises whether the government should push the economy
to the "golden rule" degree of capital intensity by augmenting the private

saving of the economy with public saving from tax revenues. In equilibrium
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the govermment would lend at the interest rate g , which would also be the
rate of increase of the private economy's debt to the government. There is
a ccnsiderable literature discussing the sense, if any, 1n which the golden
rule solution 1s optimal, and I will not review it here. The important
conclusion of this discussion is that the situation is not symmetriecal with
the case in which government debt could rescue the economy from over-capi-
talization. If the society i1s originally endowed with a less-than-golden-
rule capitel stock then the additicnal capital cannot be acguired without
reducing the consumption and utility of consumers during the transition.
These will be taxpayers who are, in effect, forced to save involuntarily

in crder to bulld up the government's stock of claims against the private

economy.

Growth with a Monetary Asset Imperfectly Substituisble for Capital.

The more interesting case is that in which capital and money are not per-
fect substitutes but can coexist in wealthowners' portfolios even when
they do not bear the same real rate of interest. The money-capltal ratio
is, by the same token, not a matter of indifference; 1t depends on the two

rates RK and RM .

Let us provisionally suppose, although thls assumption now has less

logic, that the curves S still describe the relationship of the desired

wealth-income ratio n' +to RK and, what is more, do so independently of

R. . Given RK and RM , & portfolio-balancing value of m 1s deter-

M
mined. Equation (5) or (6) then shows how p' and m together determine
the value of p which satisfies both the saving and asset preferences of

the public. For positive m , @ will be smaller than ut ; for negative

m , lerger. Given RM ; Increasing RK will lower m and raise p rela-

tive to p' .
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This 1s illustrated in Figures 4 and 5, where 1t 1s seen that the
Introduetion of money, with a real rate that induces wealthowners to sub-
stitute it for capital, lowers the equilibrium capltal intensity ard raises
the equilibrium marginsl productivity of capltzl. The figures also 1llus-

trete the fact that this diversion will he smaller with a low RM than with
& high RM « Once again, any substitution cof money for capitel ~- any

positive m - will move the capital-output retic in the wrong direction

unlesg the marginal rroductivity would otherwise be below g .

If there were danger of en inefflcient, over-capitalized" equilibrium,

then there 15 an optimal combination of r and % that will raise the mer-

ginal productivity of capital to the golden rule rate g . This is illus-
trated in Figure 6. Tn this equilibrium the resl rate on wmoney will not

necessarily be equal to RK = g , but probably lower by an amount that re-

flects those imputed advantages of money that lead people to held it even
vhen 1ts expliecit rate is not competitive with the return on capital. There-

fore the cptimal % is larger than the nomingl iInterest rate r»

The general conclusion is that there is an optimal rate of growth of
the supply of ocutside money, equal to or smaller than the nominal interest
rate r , only to the extent that diversion of saving Into this vehlcle
is necessary to keep the marginal preductivity of capitel Trom falllng be-
low g . In the absence of such a tendency for over-saving, it is not

optimal to absorv any saving in outslde money or deadweight debt.

This does not mean that the government should not issue any liabili-

tles for private savers to acquire. There may be good reascn to do so,
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evidenced by the willingness ¢f the public to hold such liabilitles at =z
sacrifice cf return. It does mean that the govermment should in turn in-
vest the savings entrusted to it, either directly on 1lts own account or in-
directly by re-lending them to private Investors, in capital bearing the
prevailing real rate of return. The question which then arises, i.e., how
far such financial intermedlation should be carried, will be discussed,

though not answered, below.

Inflation and Unemployment. The preceding discussion has assumed that

prices, and correspondingly money wages, are completely flexible, so that any
rate of inflation or deflation can occur consistently with full employment
of the exogenously given labor force. One implication is that the govern-
ment cannot directly control the stock of outslde money in real terms;
whatever nominal stock 1s supplied wlll be Instantaneously adjusted to

the public'!s demand by movement of the price level. Thus the government
controls the real supply, in the models so far discussed, only indirectly,

by influencing the demand. As explained, the rate of change of the nominal

supply helps to determine the size of the stock demanded.

A "Phillips curve” model of wage and price determination has somevhat
different implications. The rate of price iInflation is an increasing
funetion of the degree of utilization of the labor forece. BSteady growth
at the natural rate can occur at any fixed degree of utilization; once
this is chosen a particular steady rate of inflation has also been chosen.

determines in

e e

Given the nominal rate r , the government's cholce of

equilibrium not only the rate cf inflation % (equal to % - g) but the

degree of utilization assoclated with it. It also determines R, (equal to

M

*

r - %) and therefore, in the manner explained above, the equilibrium capital-

output ratio.
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O e
(59

Thus a deflatlonary policy -- low -- not only diminishes the amount

=1

of capital per employed worker but also diminishes the number of workers em-
ployed. Even the use of a relatively deflatiocnary policy tc discourage over-
investment in physical capital has an offsetting disadvantage in reducing
utiliZation. But the possibility of manipulating r 1s another degree of
freedom. An cbvious way to have a rate of inflation compatible with high
employment without having an excesslvely low real rate of return on meney

1s to compensate for the inflation by a higher nominsl interest rate.

The application of the "Phillips curve" model to long-run growth equi-

1ibrium is questionable, but I will not enter that debate here. It is also

questicnable that the government's cholce of a % policy can proceed as if

all values cf % , negative and positive, were egually feasible.

II. 'Money" as Means of Payment.

The previous discusslon has concerned the effects of the availability
of monetary and financial assets on capital formation. In this context the
lrportant property cof the assets is that they are stores of value with
smeller yield unceriailnties than physical capital. The optimal slze and
rate of growth of the supply of means of payment is qulte another question.
Means of payment can be supplied elther as outside money or as inside money,
without affecting one way or another the optimal supply of saving for capital
formation. Vhat part of public or private debt should be monetized to pro-

vide a circulating medium is a narrower question.
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Growth and the Demand for Means of Payment. In a balanced growth

equilibrium or "golden age" of the type discussed above, our natural first
presumption would be that the stock of means of payment, in real terms,
must grov with every cther real aggregste, at the pervasive growth rate of
the economy. The nominal stock will then grow at this rate plus the rate

of price inflation.

However, this initial presumption deserves closer examination. I
shall consider it from the viewpoint of the inventory theory of the demand
for cash, which focusses attention on tihe management of the temporary and
fluctuating balances that people hold to bridge gaps between their re-

ceipts a2nd thelr outlays. [Tobin, 1956]

Acecording to this theory, there are economies of scale in the manage-
ment of these balances. These economles arise from the fact that at least
g portion of the costs of transactions between cash and higher-yielding
assets Is independent of the size of the transactions and depends only on
the number of transactions. Some iIndividuals have temporary balances tco
small and short-lived to justify the costs of investing them; they simply
hold the balances in eash. For others, the average amount of cash held
depends inversely on the interest prewium availeble and directly on the
volume of receipts or outlays relative to the costs of making financial
transactions. When the dollar volume of an individuslis receipts and out-
lays increases, while his transactlons costs remain unchanged, his average

cash holdingsrise less than in proportion.

It 1s an error of composltion, however, to attribute to the theory

the prediction that in a growing economy the demand for means of payment
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expands at a rate slower than total income and wealth. In the absence

of technical progress, growth in neoclassical theory is simply an increase
in the population of individuals, households, firms. But none of these
units increases in average size -- income, wealth, volume of receipts and
outlays. Nothing happens to transactions costs elther; the opportunity
costs of waking transactions, measured either in human labor or in con-
sumer goocds, remain the same. Interest rates are constant. Consequently,
the theoretical prediction is that the demand for means of payment in-
creases like everything else at the natural rate of growth of the populaﬁ

tion and economy.

If there 1s labor-augmenting (Harrod-neutral) technical progress, the
sltuation is moire compllcated. HNow the scale of an economic unit -- its
income, wealth, and volume of transactions -- increases at the rate of
technical progress. Vhat happens to transactions costs? If the making of
transactions is purely a labor-using activity -- either the labor of the
transactor or of his agents ~- which does not benefit from laber-augmenting
technical progress, then the costs are essentially wages. Wages rise at
the rate of technical progress, the same as the volume of transactlons per
economic unit. Cnce again, then, the conclusion i1s that the demand for
means of payment rises at the natural growth rate -- l.e., the sum of the
rates of populaticn lncrease ard technical progress. The nonlinearity of

the inventory-theory approach does not carry over to the economy as a whole,

However, it might be more natural and more realistic to assume that
the making of transactions benefits from labor-augmenting technical progress
at the same rate as productive activity in the economy. In thls event the

scale of a typical transactor increases at the rate of technical progress,
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vhile transacticns costs do not rise; the average cash holding of a trans-
actor rises less than in proportion to the increase in the volume of his
transactions., Hence the aggregate demand for means of payment increases
at a rate larger than n , the rate of population increase, but less

then n + 7y , the rate of growth of income and wealth -- indeed approxi-

mately at the rate n + (,;i + 7 - l) .

The conclusion that the velocity of means of payment should rise secu-
larly in a growing economy would be even stronger if it were thought that
technical progress in the making of transactions were faster than else-
where in the economy. This is not farfetched. The innovations in business
machines -- calculating, sutomatic date processing, copying -- are perhaps
the most drametic example of labor-augmenting technological progress. Among
other things, these innovations have surely cut the costs of economizing cash
balances. They have been accompanied by other cash-economizing innovations.
Credit cards are a device by which small transactors are pooled into large

units that can expleoit the economies of scale in cash management.

It is possible that the growth of per capita income due to technical
progress leads to a shift from work to leisure. If so, the supply of labor
does not grow as fast as population. The natural rate of growth of the
economy, both lncome and capital, is less than n + ¥ . Income and trans-
actions volumes per unit grov less rapidly than the rate of technical progress,
but the wage rate grows at the rate of technlcal progress. In this case it
is possible that average cash holding requirements rise -- provided little or

2/
no progress occurs in financial technology.
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On balence the inventory-theory model gives little support to the
idea that the demand for means of payment should, at constant interest
rates, rise secularly relative to national income. The model does not
suggest that money behaves like a luxury durable consumer's good, genera-
ting services for which the income elasticity of demand exceeds one. This
would work agalnst the model if the empirical evidence advanced in support
of the assertion that the long-run trend in veloclty is dowmward were more
convincing. But for the U. 8. the "money" whose holdings have grown rela-
tive to income includes more than means of payment, specifically commercial
bank time deposits. Before the first world war, these were the major mone-
tary store of value available tc savers. Since the second world war, the
demand for time deposits has been increased by the dramatic rise in their
yields relative to other vehicles of saving. There is no evidence that the

services of means of payment per se are a luxury good.

The Optimal Supply of Means of Poyment. The preceding discussion con-

cerns the rate of growth in means of payment, in real terms, needed in a
steadily growing economy. What is the optimal size of the growing stock of

means of payment?

Scarcity of means of payment forces individuals, firms, and@ other eco-
nomic units to economize their cash holdings. In order to galn the earnings
possible from keeping thelr working balances heavily invested in assets
vhich are not means of payment but yield higher real returns, they must
make frequent transactions in and out of cash. These transactions have real
costs, for example, the labor cf the transactors themselves or their agents.
Diversion of productive resources into the handling of in-and-cut transactions

is soclally wasteful, because there is no cost to soclety in creating means of

payment.
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The vay to avoid this waste is to supply a large enough stock of
means of payment to absorb all working balances. This requires that means
of payment beer a high enocugh real rate of return to remove the incentive
to economize them, HNo resources should be devoted to the making of trans-
actions to invest working balances temporarily in higher-yielding assets,
either physical capltal or public and private debt instruments. Since op-
timality will generally require positive real rates of interest on these
alternative essets, means of payment will also have to bear a positive real

rate,

If the nominal rate on means of payment is stuck at zerc by law ox
by conventlon, the incentive to economize means of payment cannot be re-
moved without persistent and anticipated deflation. Vhen +lere are rigidi-
ties of money wages and prices that prevent such deflation and convert de-
flationary lmpulses into unemployment of labor and other resources, the
social waste of economizing means of payment bLecomes one of the costs of
avolding the larger soclzl wastes of under~utilization. Deflation of
course will also contribute to the real returns on other assets denocmi-
nated in the monetary unit of account. Their nominal yields will have to
be close enough to zero to prevent them from, on the one hand, diverting
saving from capital formatlon and, on the other hand, diverting working

balances away from means of payment.

A better way would be to allow means of payment to bear = nominal
interest rate. Or, to put the same thing another way, interest-bearing
assets defined in the mcnetary unit of account could be gllowed to serve
as means of payment. There seems no reascn, for example, why checking

should not be permitted agelnst savings accounts in commercisl banks and
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thrift institutions, transforming these assets into interest-bearing means
of payment. Freeing means of payment from the legal limitatlon of zero In-
terest would meke it theoretlcally possible to have an efficient growth
equilibrium without deflatlion -~ efficlent both in the sense that the

real rate of interest 1s high enough to avold over-capltalizatlion and in
the sense that real resources are not diverted into economizing means of

payment.

IIT. Uncertainty, Saving, and Liguidity.

I return novw to the questicn dodged earlier by the assumption that the
deslred wealth-lncome ratio is Independent of the menu of assets available
to savers and the structure of their rates of return. The comparisons that
this assumption tempts one to make between economles with and without out-
side money, illustrated in Figures 1 and 2, are llkely toc be misleading.é/
When money, or other fimancial assets, and resl capital bear different
real rates of return, clearly they are not perfect substitutes. If fi-
nancial assets are not perfect substitutes for real capital in the port-
folios of wealth-owners, it is unlikely that they replace them dollar for
dollar in saving decisions. The old Keynesian dichotomy -- analyze sepa-
rately decisicns about total wealth and decisions about its composition --
is useful for many purposes. I have generally found 1t convenlent myself.
But for our present problem it is not really appropriate, because the
central question is precisely the bearing of alternative financial poli-

cies and institutional arrangements on the supply of saving available

for ecapital formation,
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Unfortunately I have not found this to be & simple problem, and at
the moment I cannot do more than indicate some directions for future

enalysis.

One of the principel reasons that savers hold financial assets with
expected ylelds smaller than those on real capltal 1ls to diminish uncer-
tainty about the amounts of thelr future consumption. We must begin,
therefore, by considering the bearing of uncertainty on saving de-
cisions -- first without and then with financlal assets avallable in

addition to real assets.

General Remarks on Uncertainties and Saving Decisions. There are two

ways in which uncertainty and risk aversion affect the quantity of saving

for the future. One kind of uncertainty, yield uncertainty, relates to

the return on saving, positive or negative -- the individual does not
know how much future consumption a dollar saved today will actually DPro-

vide. The other kind of uncertainty, need uncertainty, relates to the

size of the consumer's future needs and the degree to which resources
other than saving will be available for meeting them -- he does not know
what his wage income will be or whether he will confront extraordinary

consumption needs, e.g. for medical reasons.

So far as yield uncertainty is concerned, averslon to risk may elther
deter saving or increase it. It deters it by diminishing the attractive-

ness of the reward for saving -- a kind of substitution effect. GSome risk-
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averse counsumers may save nothing for the future, even though they would
save 1f the expected return on saving were sure. Uncertain of the return
on saving, they prefer the certain utility of present consumption. On the
other hand, yield uncertainty combined with risk aversion may increase
saving via a calculation that, since the payoff may not be large, it is
best to save enough to make sure of adequate future consumption -- a kind

of income effect.

Given this familiar ambiguity, it is not surprising that availability
of less risky lower-yielding assets may work in either direction. Some
savers, In particular those who previously saved nothing, will respond to
the possibility of accumilating less risky portfolios by saving more.
Conceivably they will even acguire more risky essets than when the oppor-
tunity to mix them with safer assets was not available. On the other
hand, the possibility of saving in forms that gilve greater assurance of
future return may diminish the need for saving felt by consumers domi-
nated by the income effect.

Need uncertainty is the source of what might be termed precautionary
saving: saving more than i1s actually required to meet future contin-
gencles. Because of declining marginal utility of consumption, need un-
certainty leads risk-averse savers to impute a higher value to a dollar

prrovision for the future, relative to a dollar of current consumption, than
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they would 1f they antlcipated with certainty the same average level of
future consumptlion. Nevertheless, the uncertainties surrounding yield
on risky assets may be so great that saving in this form will not im-
Prove the individual's positlon. The availability of safe assets will
then increase precautionary saving. However, from sn economy-wide
standpoint, such saving may be excessive, providing ex post too gener-
ously for future consumption at the expense of current consumption.
Insurence against unemployment, accident, illness, and longevity may
be better social devices for accommodating individuals' reluctance to

carry these risks.

Yield Uncertainty and Saving: A Two-Period Example., To reduce the

problem to its most elementary terms, let us consider that old friend of
the classroom and textbook, the consumer with a two-period life and hori-
zon. Let his lifetime utllity be the sum of two utilities, one depending
on real consumption in period one, the other on real consumption in period

two. That is, U= u(e,) + v(c,) . As is well knowm, this assumption of

Independence already gives us cardinal utility. When deciding how much to
save in period one for use in pericd two, the Indlvidual knows for sure the

consequences of hils decislon for ¢y but does not know for sure vhat s

will result. He 1s assumed to maximize expected utility: E(U) = u(cl) +

E(v(ce)) . Further simplifying the problem, I assume that the expected value



of second-period utility is a function of two parameters of the probability

distribution of second-periocd consumption, the mean Eé and the standard

deviation ¢ .
¢

Thus E(U) = u(e) +¢ (Ee’“ce) .

A simple and pure case of yield uncertainty is constructed by endowing

the consumer with known incomes ¥y and Yo in the two perilods, with the

possibility of saving in a single asset with uncertaln prospects. Let x
be the value In consumption of veriod two of a unit saved from consumption

of period one, x its expected value, Oy its standard deviation. If

¥, - ¢ 1s saved, then ¢, =y, + (yl - cl)x ard oca = (yi - cl)cx .

The expected value of period-two utility. is then © (Ez,ac ) , and we define
2

*
a certainty-equivalent level of second-perilod consumption as Cp such that

( #* o * . —
© (s ) ~-- the same as v(ce) -- is equal to © (cg,dce) .

In Figure 7 the effect of yleld uncertainty on the saving decision is

illustrated. In the left panel, c¢, 1s measured right to left on the hori-

1

*

zontal axis, and ¢, and e,

5 are measured vertically. Indifference curves

in the left quadrant represent constant levels of utility for consumption

combinations actually achieved: U = u(cl) + v(c;) . For convenience y,
is taken to be zero. The fromntier of possible combinations of L and N
is the line from ¥y to ylE . If x vere kmown In advence with cer?ainty,
or if the individual were risk-neutral, he would equate Eé and cz and

divide his income ¥y between current consumptlon and saving in the manner

indicated by point A on the frontier.



- 228 -

_F:.LG.LL.RE : 7_




23..

Suppcse, however, that x 1s not known with certainty and that our

consumer is risk-averse., (n the rlght hand panel T is measured hori-
2

zontally. The dashed line from the origin OZ shows for each value of ex-

pected consumption Eé on the vertical axils the corresponding dispersion

o, of future consumption. The Indifference curves in the right quadrant
2

represent consitant values of(ﬁ(Eé,zc } . Their upward slope indicates
2
risk averslon. Their intercepts with the vertical axls, where o, = 0,
2

*
are their certainty equivalents ¢

o Thus it is possible to convert any

expected consumption v,

*
o into 1tg certainty equivalent s by following

back to the axis the indifference curve that cuts 0Z at the level Eé .

Consider, for example, the future consumption made possible by saving ¥y
in full. Expected future consumption is yiE ; risk 1s yjo, ; the in-

¥, .
difference curve through this point hits the axis at cafyix} .« Similarly,

t
an amount of current consumpticon c leads to expected future consumption

1
PO | *1

s with a certainty equivalent Cs . Jolning 28ll the points like

1 »1

(cl , € 2) results in a pseudo opportunity locus. The individual deter-

mines his consumption and saving so as to arrive at A' on this locus,
rather than at A . In the diagram this 1s diown to involve less saving,
Iy

although this result is not inevitable.

It is conceivable that indifference curves in the right panel cut the

¥
line 07 from below, not from above., In this case, s dimirnishes as

additional saving increases Eé , and the effective pseudo opportunity
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H

locus vanishes almost to the point y . This situation is illustrated
in Figure & With such pronounced risk aversion yield uncertainty is

a great obstacle to sgving and capital formation.

Now suppose that a riskless asset is provided by which a dollar

of current consumption ¢, can be turned into a dollar of future con-

1
sumption wilth perfect safety. This possibility is depicted in Figures

5 and 6 by the 45° 1ine from y, on the ¢, axis to ¥, on the ¢

1 2
axis. Since x 4is assumed greater than 1, the 45° line 1ies inside the
original frontier. Now a given amount of saving can result In a variety

of combinations (Eé,cc ) depending on how the saving i1s split between the

Fi

2

two assets. For example, saving all of yi can provide expected con-
sumption c, of y, with no risk, or as before Ea = yl§ with risk

of Y10, » OF any linear combination of these as indicated by the line
comnecting the two points. The actual combination that would be chosen,
for highest expected utility, is indicated by point P , and this has a
certainty equivalent cZ(P) . DNote that this certainty equivalent is
higher than the equlvalent of the same amount of saving in the absence
of the safe asset. By repeating this procedure for other levels of
saving a new pseudo opportunity locus can be constructed and a new equi-
librium consumption-saving decision, point B , determined. The diagram
shows more saving at B than at A' , but less thenat A . Figure 8
indicates a dramatic increase in saving, because the pseudo opportunity

5/

locus searcely existed in the absence of the safe asset.
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Thus the avallability of a safe asset may very well increase saving,
and meke the "as if" terms on which saving decisions are reached accord
sore closely with the opportunities actuarially available for transforming
Present consumption into future. But the safe asset itself absorbs saving,
and 1t is unlikely, except in the case 1llustrated in Figure 8, that its
avallability actually increases the direct flow of risk-averse saving in-
to capital formation. Increasing the total amount of capital formation
will generally require that the savings placed in the safe asset flow in-
directly, via the government or private financial intermediaries, into
real investment. In the extreme it 1s possible to lead risk-averse in-
vestors to point A by offering them a safe asset with a guaranteed rate

of return equal to the expected marginal efficiency of capital.

The same apparatus may be used to analyze need uncertainty and pre-
cautionary saving. Flgure 9 has the same general format as the previous
diagrams. But now the zero-saving position is indicated by points A 1in

both diagrams. In period two expected income §é is at the vertical level

of these points; but the dispersicn..of this prospect is cy . The corres-
2

%
ponding c, (A) 1s shown on the vertical axis. If saving can be done by
acquiring an asset whiech will realize on average x per dollar at a risk of

o further possibllities are cpened. Expected consumption Eé becomes

x 2

§é + (yi - cl)E , a8 indicated by the frontier line from A in the left

2 2 2 1/2
panel. Risk cce becomes (cyz + (yi - cl) o + 2;7(yl - cl)cyzdx) ,
where o is the coefficlent of correlation between second period income
and yleld on saving. Concelvably saving can reduce or even eliminate risk --

provided the correlation is negative. But in general saving will increase
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expected period two consumption only by Increasing its dispersion also, as
illustrated by curve AZ in Figure 7. Once again the points on AZ can

*
be converted into certainty equivalentis Cs

, and the resulting pseudo
opportunity locus plotted. It is easily possible that none of these

* *
¢, 1is higher than cz(A) , 8o that positive saving cannot improve on
zero saving. This 1s the case illustrated in Figure 9.

The manner in which the avallability of a safe asset modifies the
pseudo opportunity locus is the same as in Figures 7 and 8. In the case
11lustrated by Figure 7, introduction of a safe asset leads to a large in-
crease in saving, all in the safe asset. Not only does this saving exceed
what would be forthcoming without any safe asset avallable; it also exceeds
the smount that would be saved If there were no uncertainty about elther
need or yield (point B) . At the actual equilibrium point B' , the in-
dividual 1s behaving as if the marginal reward for saving exceeded that
actuarially availsble. Thus the departure from risk-neutral behavior may

be in the opposite direction from the pure case of yield uncertainty.

Borrowing and Intermediation. It takes two kinds of people, at least,

to moake o market. The consumer-savers of the previous section are one kind.
They have a positive demand for accumulation of the less risky, monetary,
asset. In the market as a whole this can be satisfied only by governmental
or private borrowers who create such assets. Potential private borrowers
are individuals with little or no risk aversion. In the primitive dia-
grammatic framework introduced in the previous section, they prefer to

stay on the locus O0Z , placing all their saving in risky real invest-
ment, rather than to move to the left and accumilate a diversified port-
folio. The opportunity to borrow means that they can assume more rilsk than

0z . If the expected real rate of interest on thelr debt is smaller than



- 2fa -




- 27 -

t on real investment, assuming more risk also raises their expected

amounts of future consumption.

The adjustment of such a borrower is illustrated in Figure 10, which
follows the same format as the previous diagrams. As before, the lower
dashed curve In the left panel is the pseudo opportunity locus when only
the risky asset is availlable. The opportunity to borrow -- where b ,
assumed greater than 1 but less than x , is the amount to be repasid for
each dollar borrowed -- extends risk-return opportunities to the right of
0. along lines like those drawn through P and P' . The points P
and P' are the preferred risk-return combinations. For example, if the

! 4

individual consumes c; , saves y; - ¢y, his real investment will be

greater than his saving in the proportion S'P' +to 85'Q' and he will make
up the difference by borrowing. This opportunity raises the pseudo oppor-

tunity loecus in the left panel, as illustrated.

The borrower of Figure 10 i1s risk-averse; his risk-return indifference
curves are almost flat but still upward sloping. Risk-neutral or risk-
seeking borrowers would In similar circumstances have an unlimited demand
for loans., They would have to be rationed by some credit line or margin
requirement. After all, the borrower, under bankruptcy law, cannot lose
more than hils own stake; the lender 1s really taking the remaining risk. A
credit line proportional to the borrower's commitment of his own equity would
be depicted by a yay to the right of 02 , and the corresponding pseudo op-

portunity locus would be g straight line from ¥y steeper than the line to

y¥ -
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The borrower then has, from a welfare stendpcint, an excessive incen-
tive to save, because the more he saves himself the more he is permitted
tec borrow on what he regards as profitable terms. Somehow the market must
ration borrowers, and it is not clear hov it can similtaneously meke an
efficient allocatlon of risk among lenders and borrowers and an efficient
soclial choice between present and future consumption. Loan markets and
floancisl intermediaries transfer the risks of capital ownership from con-
servative savers, who find such risks distasteful, to adventurous investors,
who like the risks but are short of wealth. But the paitern of expected
ylelds, interest rates, and credit lines that accomplishes this allocation
does not mean the same thing for the saving-consumption choices of all the
participante in the merket, Whereas lenders discount the prospects of
capital ownershlp for its risks and the prospects of lending Tor risks of
default, borrowvers limited by credit lines. add to these returns on

new saving the value of enlarging their capaclty to borrow.

V. GQuesations sabout Optimality.

The two-period consumer can be tne mucleus of a growth model with over-
lapping generatlons. Each generation works and saves one period, retires
and dissaves the second period, and does no net saving over iis lifetime.
Atternative steady growth paths iwply different sequences of first-period
copsumption and second-period consumpiion. In the absence of technical
change, each path involves the same consumptlon sequence for every gener-
ation. [Samuelson, 19581, [Cass, D. and M. Yasrl, 1966], [Diamond, P., 1965]
The set of sustainable sequences are limited by an opportunity locus of the
type ABC 1iu Figure 11. Curve ABD 1s the frontler of possibilities when

all saving takes the form of scquiring productive capital. Its convexilty
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to the orligin reflects the diminishing marginal productivity of capital.
At point B , the "golden rule" point, this marginal productivity becomes
equal to the rate of growth of population g . As observed above, 1t Is
Inefficient to invest in capltal beycnd this point. Any further saving
should take the form of paper earning a real rate of interest g , with
which each retlred generation purchases some of the output of 1ts younger
contemporarles. This opportunity is represented in the dizmgram by the

line BC with slope 1 + g , tangent to ABD at point B .

In the absence of uncertainty, an equilibrium would be reached at a
point 1ike B , vhere the opportunity locus is tangent to an indifference
curve of a representative consumer. The common slope would be the rate of re-
turn on saving sustained by a competitive market. This eguilibrium growth
path would also be the cptimum. In the case illustrated, all saving is ard

should be acquisition of capital.

An eguilibrium in which saving is influenced by uncertainty and risk
aversion is exemplified by E'. Now the opportunity locus ABC refers to
expected values of consumption. FBach generation, when it saves, 1s unsure
of the return its savings will earn. Although the actuarilal opportunity
presented by the market is deseribed by a line GE'F +tangent to ABC at
E' , the representative individual determines hils consumption and saving by
reference to a pseudo opportunity lcecus interior to the tangent GE'F .
This leads him to point E" , vhere his first-period consumption 1is the

®»
same as at E' . The ordinate of E" , ¢, , is the certainty equivalent

of an expected value of second-period consumption, Eé , Indicated by E' .
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A3 explalined above, the availability of a safe asset bearing a lover
return than physical capital brings the pseudo opportunity locus closer
to the actuarlal price line. Therefore, 1t moves the equilibrium along
ABC toward E , -- provided that all the saving goes into capital forma-
tion, i.e., that the safe asset is "inside money" representing indirect
Investment Iin capital. Indeed the equilibrium could be pushed all the way
back to E by offering the safe asset at an interest rate equal to the
expected rate of return on capital, and investing in capital all saving
Placed in the safe asset. But 1t would not be possible for financlal in-
termediation to do this if the risks that deter direct investiment in capital
are social ms well as private risks. Not even the government can offer
savers an asset that frees private saving of the risks intrinsic to the

production processes of the economy as a whole.

The analysls 1s different for the case when the safe asset is outside
money. Suppose that this bears a return of g , lower than the expected
return of capital, and each generation of savers acquires both assets.

This means -- the golden rule case aside -- that the soclety is not operating
on the frontier ABC but inside 1t, along a frontier like AB*C* in Figure
12 vhere B C  has the slope 1 + g and is parallel to BC . Suppose the
chosen sequence of first-perlod consumption and expected second-period
consumption is E* « The return on physical investment is given by the
slope of the locus ABC at B* and shown by the siope of GB* . Saving
that goes into capltel formation 1s represented by the projection of GB*

on the horizontal axis, and saving that goes into outside money by the p<C-

*_* : ¥*
Jecticn of BE . For E +to be on eqguilibrium
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the typical individual must wish to save the total amount indicated, in
the proportions indicated. In other words, E* mst lie directly above
the preferred position on a pseudo opportunity locus from point G,

a locus reflecting the opportunities for combining capital bearing the
return Indicated by line HB* and money bearing the interest rate g .
Although the availability of the safe asset might well increase total
saving, as compared with a non-monetary equilibrium with uncertainty BE! ,
it might also diminish the capitalization of the economy and even lower the

epxected value of future consumption.

What risks should be reflected in society’s choices between present
and future? There are technological and environmental uncertalnties
surrounding the efforts of a society to earn its livelihood from nature
and from the rest of the world. If mewmbers of the society are risk-averse
with respect to consumption prospects, their caution should be reflected
in social investment decisions. There are also private risks that are
not social risks, and these should not influence one way or ancther the
basic sccial choice between consumption now and consumption later. Per-
sonal hazards -- e.g., death, disability -- should be, ard frequently are,
handled by insurance, rather than by saving., Competition makes the risks
of investment in any individual firm greater than the social risks of in-
vestment in the industry or in the economy at large. In principle, di-
versification should be able to cut the risks to any individual saver down
to the irreducible social minimum. If so, competltive risks would not
distort intertemporael choices.

However, competitive financial markets may not be able to do the whole

job., Merkets are not perfect; transactions costs, iIndivisibilities, and
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lack of informstion 1limit the possibilities of diversification for many
savers. Private enterprise cannot guarantee the liquidity of means of
payrent cor other financilal assets against "runs" or against pervasive
cyclical fluctuations in business activity or against changes in the pur-
chasing power of currency. Only government can do these things, by making
available 1ts own obligations (pessibly including purchasing-power-guaranteed
obligations), by acting as a financial Intermediary itself, and by guarantee-

ing certain private obligetions like bank deposits.

The question is how the government can intervene in these essential
ways while leaving to private financizal markets the appraisal and accommo-
dation of individual borrowers and the tailoring of assets to the prefer-

ences of individual lenders.

These issues are much more complicated, and also much more important,

than. specifying a rate at which the quantity of some narrow category of fi«

t

nancial assets, arbltrarily designated as "money," should grow.
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FOQINOTIES
3/ This and the next sectlon draw on and elaborate my article, "Money and

Economic Growth," Econometrica, Volume 33, Cetober 1965, pp. 671-684,

g/' If growth 1s not balanced but is accompanied by a general increase in
capital per unit of output and per augmented unit of labor, this too
leads to an inerease both In income per espits and in the wage rate.
But even so there is ho need for an increase in cash holdings per
caplta unless the wege rate Increases faster than per capita income.
Wnether it dces or not depends on technology in ways that can be
somevhat tediously desecribed by the value of the elasticity of sub-
stitution. A hilgher wealth-income ratlo may increase the demand for
cash for transactions in capital account -- a reguirement somewhat
simiiar to Keynes'’ finuree motive. Arnd the deecline in Interest rates
due to higher capltal intensity may also lower veloelty. The price
of transactlons-making services will not change 1f labor productivity
gains as much from higher capital intensiiy there ags elsewhere. But
it may rise 1f Cinancial services are more labor-intensive than

productive activities.
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An economic historian would be puzzled by the implication of Section
I that the development cf monetary and finaneial institutions is in
some sense bad for real investment. Without the safe assets made
avallable by these institutions, how would the thrifi of the cautious
saver have been mobillized? The conflict is largely superficizl.
Financing of capital accumlation is the story of inside money, not

of outside money.

The optimal cholce of ¢y is found by setting equal to zero the

derivative of ‘-jf(cl) = u(cl) + ((yl - cl)E , (yl - cl) Gx)
: “'(c*) = u'(c*) P, X -0, 0 =0 rovided this has soluticn
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between © and v -

The secrnd derivative must be negative:
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Given that " , o op amd @, are negative, S can be negative
only il ¢ 12 is positive., We know that if © dis the expected value
2 2
of a quadratic utility function of e, then @ = e, - b (c, + 0. )
2 272 1% T %,
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Alternatively for a mcre gen=ial V(CQ) o=/ v(“c;2 + o, z) N(z)dz
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vhere N{=z) 1s the normal probability density funection with zero
mean and unlt standard deviatica. In this case

> =[2v"(c, + »_ Z) N(z)dz and may have either sign.
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2;/ Ti:e optimal cholce of cl i found by setting equal to zero the

derivatives with respect to ey and m of

u(cl) + o { lucl) (me(1-ndx) (y—cl) m GX)
where m 15 the proportion of saving placed in tle salfe aszet

* — —_
] - -— - =
u (cl) ¢l(x +m (L - x) ) ¢2 ma C
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These may be reduced to the following pair of equations:
' * - o
- x =
u (e;) - @
) (1-x) + P, 9, = 0
*
Clearly ¢y will be smaller, saving largey,than 1f 1 is constrained
to be zero. Suppose that 51 satisfies the equation of the previous
footnote, so that
. .
) =X o -c )} ¥ -& + r=-8 )% -&
Now consider the marginal vtility of seving yl-El) in $he second regine:
50 ) - = x
x 9y (v -8 ) x +m (1-%) ), (y,-8]) mo)

The second oe hes swmaller erguments than the first end --~provided
again that P15 is non positive--is .rp.. We know also that Py

o

1s negative. Therefore the marginal utility of saving yl-cl in

the second regime exceeds the marginal utility of El . Thus ¢

will have to be lower than El to bring the marginal utilities of

consumption and saving back into equality,



- 35 -

Studlorly consider ¢, such that u'(gl) =x ¢l((y1hcl)§ , 0) , i.e.,

the value of ¢ that would be chosen if x were regarded as o certain

1

outcomez. Reducing the first argument of L$l raises its value, but

inereasing the second argument may work in elther directicn. In the
"quadratic” case vhere P, 1s zero, E’qi(yi-cl (x + m(1-%) , (y—cl)mﬂx)
will definitely be greater than u’(éi) . Thus, with both uncertainty

and money present c, will have to be smller than ¢ in order tc

equate the marginal utilities of consumption and saving.



