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DISTRIBUTION OF INCOME AND WEALTH AMONG INDIVIDUALS¥

by

J. E. Stiglitez

Introduction

Although the recent literature has abounded with alternative
theories of distribution of income among factors of production, there
has been few attempts to develop a theory of distribution of wealth

and income among individuals.éj The purpose of this study is to iso-

l/ Notable exceptions to this are the works of Champernowne and Mandel-
brot [2, 3, 7]; but their work suffers from the defficiency that
the distribution of income is determined by a stochastic process,
the character of which seems to have little to do with economic
processes themselves. They seem to have little to say about, for
instance, the relationshlp of the distribution of income among
factors to the distribution of income among individuals.

late some of the economic forces whiech In the long run tend to equalize
wealth and some which fend to make 1t less evenly distributed. In

particular, we examine the implications for distribution of alternative

This is a revised version of a paper presented to the December, 1966
meetings of the Econometric Soclety end of Chapter IV of my doctoral
dissextation submitted to M.I.T. I am indebted to A. Atkinson,

D. Champernowne, ¥. H. Haghn, B, Kuh, J. Meade, P. A. Bamuelson, and
R. M. Bolow for their comments and suggestions. PFinancial support
was provided in part by grants from the U.S8.-U.K. Educational Foun-
dation,Gonville and Calus Ccllege, Cambridge, and the National
Science Foundation.



assumptions about the form of thg congumption funetion, the hetero-
genelity of labor skills, inheritancelpolicigs, and the response of the

reproduction rate to different levels of income.

We begin by cgnsi@e:ing a simple model of gcpumulaﬁiqn? with
a linear sav¢ngs funection, s cogstan#_;eproductionwrgte,_hpmggepgous
1abor,'and equal division of Wealth_ampng gnefs heirs;min suqh'an“
economy , if the balanced grqwth path is stable, a}}_weglth.gnd income
is_asygptotieal}y evenly disﬁyibuted, with the possible exception, in
the cage of negative_ggvings_at zero income, of a group_w;th Zero
wealth. In the process of accumulation, there may, however, bea
per;od @uring wpich wealth bgcomgs less evenly_distribu&eé; We then
show that the bési; cqgclusiéﬁs are unaltered under a variety of al-
terngtivg sayingsﬂasSumpﬁipgg, whe?e savings is a function of wealth
or of the distribut;on incemé, or where savings is a pgn;ligea:lcpggﬁ
cave function of income, and that yariayle ;gtes of reproduction make
no difference at least to the asympﬁotic results. The effects of
alternétive taxes on the speed of equalization are investigated in
section ¥, and 1n-section.5 we consider a simple example to see the
order of magnitudes of time that are involved in the egualization

process.

Tn the remaining sections of the paper, we investigate the
"forces for inequality": heterogenity of the labor force, class sav-

ings behavior, and alternative inheritance policies.
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I. The Forces for Equality

2. The Basic Model

In this section (and throughout the paper), it will be con-
venlent to think of soeietir age divided into a number of groups; all
the members of any one group have the same wealth; groups differ in

their per capits wealth holdings.

We assume that lebor is homogeneous (all workers receive
the same wage). Thus, all the members of any one group have the same
income as well as the same wealth. Each factor is paid its marginal
product. We assume a concave, constant returns to scale production

function;y if y 1is output per man, k is the aggregate capital

}J Setisfying the Inade derivative conditions.

labor ratio, then
2.1 y=2{k) , £(x) >0, £f*<0.

= - 2/
If w is the wage rate, and r the interest rate,

2.2 r=Ff'(k) , w==f(k)-x"(k)

2_/ For most of the analysis, all we reguire is that the interest
rate be a declining function of the capital labor ratio and that
the wage rate be an increesing function of the capital labor ratio.




It vy is the income per capita of group 1, and ¢, capital per

i

man,

2.3 yy=w rey

Savings per caplfa 1s assumed to be a linear function of

income per capita; hence if s i is the per capltas savings of group

1, m the (constant) marginal propensity to save »8nd b is the

per cgpits sé.vings at zero income,

2-11- Si=wi+b

Reproduction occurs at a constant rate n , there is no
intermarriage between income groups, and weslth is divided equally
anong one's offspring. These assumptions ensure that the proportion

of the population in each group, a; ; remains constant.,

We can now write down the basic equation of per capita wealth

accunmlation for group 1 :

5,
2.5 —c-iaz}--n=b—€—£w-+mr-n
i 1 i

Moreover, if we let K, be the total wealth holdings of

group i , and define

2.6 k, =K./l = a.c



it is clear that
2.7 k= Zki = Zaici o

Then the differential equation for aggregate capital accum-

ulation is:
2.8 kazkiczaiciab+mw+mrk~nk

Observe that the a.ggregé;;!;e capital accumulation behavior

is independent of the distribution of wealth. This is an essential

result of the linearity assumption.

In analyzing this model, we shall progeed as follows: first
we shall discuss the aggregate balanced growth paths and their sta-‘
bility; we shall then discues the conditions under which a given group
is in equilibrium, i.e. has unchanging per capita weal‘th; next, we
shall discuss short and long-run movements in the wealth distribution;
finally, we investigate what these results implﬁ; for movements in the

distribution of income.

&a. Aggregate Balanced Growth Paths
If the economy is in balanced growth , k=0, 1i.e.,

2.9 my = ok - b

In the cagse of b =0 , a strictly proportional savings

function, this is simply the "Solow" eguilibrium., If b >0 , there



is & unique value for wvhich my = nk , i.e. a unique aggregate bal-
anced growth path. If, on the other hand, » <O, (at a zero income
8 negative amount is saved) then there will in generai exist two

balanced growth pathsa&/

l/ These results are contingent on the concavity of the production
function and on the production function satisfying the Inads con-
ditions.

If there is only one balanced growth path, it is globally
stable, since for capltal labor ratios greater than that of the bal;
anced growth path, savings per capita is less than that required to
maintain the same capital output ratio with population growing at the
rate n , and conversely for capital labor ratios less than that

of the balanced growth path.

On the other hand, if there are two balanced growth paths
(Figure 1) the lower one will be locally unstable, the upper will
be locally stable. Differentiating the capital accumulation egua-

tion 2.8 with respect to k and evaluating at k = O , we obtain

-

2.10 %% = mr - n

-

The balanced growth path is steble or unstablé as %% isg

less than or greater than zero. mr is the slope of the my curve,

and n is the slope of the nk - b curve. Since ny 1is concave,



it is clear that the lower intersection must have mr >n and the

upper intersection must have mr < n .i/

}/ In the singular case of a tangency between the my curve and
the nk - b curve, where the upper and lower equilibria merge
together, we have a stable-unstable equilibrium: stable with
respect to upward deviations, unstable with respect to downward
deviations. In this equilibrium mr = n , the rate of profit
is equal to the rate of growth divided by the marginal propensity
to save,

Thus, to the left of the lower equilibrium, savings per
men 1s less than thal required to sustain that capital labor ratio,

and hence the capital labor ratio falls (continnally);g/ above the

§/ What happens when k = 0 is a question which we shall postpone
for the moment. k can only become negative if there exist foreign
countries from whom one can borrow. For a long run saving func-
tion it may well be argued on the basis of econometriec evidence
that b is zero; we prefer, however, to keep the analysis as
general as poszible.

lower equilibrium, but below the upper equilibriim (between k* and
k*% on Figure 1) the reverse situastion holds, so that the econamy
has an expanding capital labor ratio. Finally, above the upper egui-

librium (k**) , the economy has a declining capital labor ratio.

(v) Equilibrium for Wealth-Income Groups

Having analyzed the aggregate properties of the model, we



=b + nk

Figure 1



turn now to investigate the behavior of the separate wealth-income

groups.

It should be clear that for any given aggregate capital
labor ratio k , there can exist at most only one group, with per
capita wealth co¥ , which is in equilibrium, i.e. only one group
whose per capita wealth is neither increasing nor decreasing. We

require ei/ci =0 or

2.11 o* = l’_iﬂ".%lﬁ}
n - mrik

(Observe that c¥% is a function of k .)

If we define (see Figure 1)

2.12 w(k) = £(k) - kE(k) = - D
and
2.13 r(i) = f'(i) = n/m

A ~
then, because of concavity of f(k} , k* <k < k < k¥ , and if

kK < k¥, my +b-nk <0, n>0, mv¥+b<O

mr
k*<k<k, my+b-nk>0, mr

i
]

n>0, m+b<O

2.1y k<k<k, my+b-nk>0, mr-n>0, mw+b>0

k<k<k,m+b-nk>0, mm-n<0, mw+Dd>0

¥

k¥* < k , my+b-nk<0, mr-n<90, m+b>0



Tt immediately follows that for any given k , there is
a unique wealth-income group in equilibrium, and that c¥* >0 if

k<k orif k>k but e¥<0 if k<k<k.

Tt should be observed, however, that in the first case,
with k <§; , groups with per capita wealth less then c¥ have a
decreasing per capita wealth, while if k >;< , groups with -per
capita wealth less than c¢* have an increasing per capita wealth.
(Conversely for those with per capita wealth greater than c* )
iﬁ the intermediate case, all groups with wealth greater than c* , and
in particular, all groups with positive wealth holdings, have an in-

ereasing per capita wealth.

(¢} Movements in Distribution of Wealth

We examine now how the distribution of wealth changes over
time. Without loss of generslity, we consider the case of two imcome

groups; then we wish to know whether, if ¢y < Sy s Cy ig growing
faster or slower than ¢y 3 if it ic growing faster, then the owner-

ship of wealth (at l€ast in a relative sense) is becoming more “equali-
tarian;™ if it is growing slower, it is becoming less "equalitarian.”

But
2.12 El/c1 - é2/c2 = (b + m)(1/c; - 1fec,)

Hence, if  + mw >0 , the ownership of wealth becomes
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(relatively) more equalitarian, while if b - mw <O it becomes
itworse;" if b = mw there is no change in the (relative)ownership
of property. Hence, to the left of k , the ownership of capital

is becoming more uneven, to the right, more even.

The economic reasoning behind this result should be clear:
if b+ ew is equal to zero, increasing per capite wealth by a given

vercentage lncreases savings (mrci) by the same percentage, bukt.in-~
creases the saving required to sustain that per capita weslth (nci)
by the same percentage, so that whatever ey happens to be, there

ieg remains. Bubt if b + mw is poesitive, increasing per capita
wealth by & given percentage increases {per capita) savings by a
smaller percentage; while the savings required to sustain that per

capita wealth ratio goes up in proportion to e s end conversely
for b + mw less than zero.

It is clear then at the upper equilibrium in the long run
there must be an equalitariaa distribution of wealth, since at the
upper equilibrium the wealth per man of the poorer groups grows Taster
than that of the richer groups. Indeed, if the economy is in balanced

growth we can rewrite equation 2.12 as

L

° . 1 1
2-15 ci/ci L cj/cj = (n - ml“)k(z: - ez:;)

Since the condition for stability for aggregate equilibriwm is n -mr >0,

we have the genersal proposition that, if the economy is at a stable equi-

librium, the distribution of wealth must eventually be equalitarian.




*
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1

=mw+b+mrk+m(ci~k)r-nk-n(ci-k)=(ci~k)(mr—n)zo as c¢; 2
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But at the lower equilibrium, those groups with an initial
per capita wealth less than the equilibrium will grow continually
poorer, while those groups with an initial per capita wealth greater

than the equilibrium will grow continually richer: this follows from

(And of course, those with more initial per capita wealth have a faster

rate of growth in per capita wealtha)y

2k

2‘-/ If there is a lower bound on the amount of capital that ome can hold, -

(an upper bound on indebtedness) then we mst modify cur savings func
tions. Assume that the lower bound is zero. Then

= >
Si b+m+mrci c:L ¢

si=0 . ci=0

We sssume that there are two groups, & “poor" group with zero
wealth and with a of the population, and a “"rich" group with l-a
of the population, and all the capital. Then

k = {1-a)(b + mw) + {mr - n)k
= (1-a)b + wf(k)}(1-aolk)) - nk = (k) where y = wirk = £(k) and

W
alk) = 263)
Then
¥'(k) = mf* + kfam - n

Hence, for k >k , ¥'(k) <0 , and thus there can exist at most on
equilibrium with k >k .

L

e

But since ¥*(k) = mf"{l + a) + £"'kmwa , which depends on the third
derivative of k , there may exist more than one solution with k <k .

If the elasticity of substitution equals one, then there will exist

at most two solutions, since the capital accummlation equation is ide
tical to that examined earlier, with m replaced by m(l - ax) . As

==

expected, the capital labor ratio will be smaller than in the previously

examined model.

We can extend these results to the case where the lower limit of
per capita wealth, is not zero, but e . Then, in the balanced growt
path, we can show thsat

k=ae+(l~a)b+m
n - mr

h

We can show, as above, that there cen exist at most one solution to this

equation for k >k .
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Thus it should be clear that although the fact that each
of the individual groups is in equilibrium implies that the aggre-
gate 15 in eguilibrium, the converse is not true; the aggregate can

be in equilibrium while the distribution of wealth is changing.

We are finally ready to fully describe movements in the dis~

tribution of wealth in our economy:

1. There exist in general two balanced growth paths,i/ along which

}j Or one, if b >0 ; if the Inada condition is not satisfied and
the production function is not concave, then, of course, there
may exist more or fewer equilibria. '

the capital labor ratio, output capital ratio, wage rate, etc.

are all constant.

2., The one corresponding to the higher capital labor ratio is stable
both with respect to the aggregate (locally) and with respect to
the component income classes (globally): if the overall capital
labor ratio is inecreased or decreased, (provided it does not fall
below k ) the economy returns to the balanced growth path, and
if individual income classes are perturbed, the economy eventually

returns to the equalitaxrian state.

3, The one corresponding to the lower capital labor ratio is unstable,
both with'respect to the aggregate and with respect to the component

income classes. If the aggregate k is decreased, it continues



k,
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to decrease {forever); if it is increased, it continues to increase
until it arrives at the upper equilibriuvm. If individual income
classes are perturbed, from the egqual distribution position in such
a way that the aggregate capital labor ratio remains constant, the
classes with per capita wealth greater than the overall capital
labor ratio continually increase their per capita wealth, conversely

for those with less wealth than the "“average."

If the economy ie initially within the region between k¥ and ; )
then the overall capital labor ratio is increasing, the economy
eventually arrives in a state with completely equal distribution
of income and wealth; but until the overall capital labor ratio

~

becomes equal tc k , the relative distribution of wealth becomes

1
more uneven.—/

Perhaps one should not draw morals about the real world from such
simple models: 1if the distribution of wealth appears in the short
run to be becoming more uneven, do not lose hope in the capitalist
system; eventuslly, (which may be & long time) the economy may
lead to an equalitarian state, by its own accord.

5.

For all capital labor ratios greater than k , the distribytion

of wealth becomes (relatively) more even, eventually reaching com~

plete equality.

() Movements in the Distribution of Income

The adaptation of these results to movements in the distribution
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of income is straightforward. If the elasticity of substitution of

the production function]—‘/ is egual to one, then the analysis carrles

Y Tt should be noted that none of the results thus far have depended
on the shape {exact concavity and the Inada condition) of the pro-
duction function.

over exactly. If the elasticity of substitution is less than 1, for

instance

8. In the region £ < k < k¥% , the decreasing share of
ca};;ital and the equalization of its ownership both serve
to equalize the é.istribution of income.

b. In the region \1_; > k*%* the incressing share of capital
and the equalization of .its‘ ownership. offset ea.ch" other;
eventually, of course, the equalization tendencies dominate.

c. 1in the region: k¥ <k < ; , the decreasing share of
capital and the increasix_zg spread in the owﬁership of
capital offset ‘each other ; eventually, the economy moves
into the region ; < k < k¥,

d. In the region k < k¥ , the increasing. share of capital
and the incréé.sing spread in its ownership both serve
to make the distribution of income more unequal.

The cage of elasticlty of substitution greater than unit

may be analyzed similarly.g/

2/ So far, we have assumed that there is no technological change}
hence in the long run, all incomes (in steady state paths) are
constant., If there is technologicel change, in the case of non-
proportional linear savings hypotheses we must make somée adjust-
ments in the analysis.

But the basic gualitative results will, of course, be unaf-
' fected by Harrod neutral technical change.
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3, Alternative Savings and Reproduction Assumptions

The guestion paturally arises, to what extent do the results
obtained in the previous section depend on the particular assumptions
made there; 'In this section, we ghow that the basic presumption for
equalization obteins under é.w’ide variety of specifications of savings

and reproduction behavior.

8. Hon-lineair cavings functidns. Let savings per 'ca.pita. of the ith

groujg 'be. a non-linear funct‘ion' of income per capita of the ' ith group,

s(yi)". Then, for eny given sggregate capital labor ratio, k , there

may be any number of income classes which are in equilibrium, i.e.,

for which s(yi) = ne; . Bub if the savings function is convex or

concave there can be at most two groups, since

a%E(y,) - ne
3.1 —‘E;——i———ijns“r 20 as s“go

_ dcf

But while sggregate savings behavior is independent of the
distribution of income when the savings function is linear, it is
“not when the savings function is non-linear. In general there will
be any number of balanced growth paths, i.e. capital labor rations

-for which

Z,2 s{w(k) + r(k)ci) = nc, where k =Zac,
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But if the savings function is concave, and the proportion of the popu-
lation in each of the income groups is fixed, then there can be at

mest three -- two with only one class present and one with two classes

present .y

}_/ ‘fhe one c¢lass cases require ¢, = k . Hence we reguire s(w + rk) = nk

But since s(k) is & concave function of k , and nk = linear
function of k , there can be at most two solutions.

In the two-class case, let a percent of the population be

in the lower equilibrium, 1-a in the higher. Let k = acl(k) + (1»&)(:2(11)

where cl(k) s ca(k) are the solutions to equation 3.1 for given k .
Then '

do,/dk = -s'(c, - K)f" [s'r - n

For the lower class, ci <k sy if the savings function is concave,

s'r >n at the lower equilibriwn. _And conversely for the upper equi-
librium. Hence de,/dk <O and dk/dk <O . There exists at most

one kx for which kK = k . As in the linear case, there is of course
one further possibility existing (provided thet at "“very large incomes"
savings becomes approximately proportional to income) -- the poor
reducing their cepital to a lower bound of say zero, the rich be-
coming increasingly rich.

The two. one-class equilibria have exactly the same stability
properties as in the linear case, and nothing more need be sald about
it here. The two class equilibrium has, as one might expect, properties
of both the lower and upper equilibrium one-class economics: if part
or the entire lower class is disturbed, so that their wea.l't":h per capita
is less than that in equilibrium, they become increasingly poorer and
if they become ‘s]\.ightly richer (in per capita wealth terms) than in

equilibrium, they get increasingly rich, until they "merge” with the
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upper class. Of course, we have been assuming throughout this process
that as individuals shift their class membership the aggregate capital
labor ratio changes in the appropriate way; as a larger proportion of
the population Jjoln the upper class, the aggregate capital labor ratio
must riée. But as it rises, it leads all the other members of the
lower class to be out of equilibrium, and since the lower equilibrium
is unstable, there is no mechanism fbr them to reach equilibrium.

It is unlikely then that any two-class equilibrium situation could

every be maintained for long.

Hence, in this model as in the linear model first examined,
if the balanced growth path is stable there is a tendency in the long
run for the equalization of wealth and income -- with the possible
exception of a group (in an underdeveloped economy perhaps almost
the emtire economy) whose wealth is at some lower bound (zero, or

the upper bound on indebtedness).

b. Savings as s Function of Wealth and Income. Recent investigations
into savings fuunctlion have indicated that savings may be a function

of wealth as well as income, e.g« & = b 4+ my + zc 80

{1 -

3.3 éi/c1 = LE,%.EEI +mr+z-n

The analysis proceeds exactly as in Section 2 of this paper,
and 3.3 is ldentical to 2.5 with n replaced by n-z . If =z is

positive, then it irg as if the rate of population growth is smaller
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than it actually is, so that the equilibrium capital labor ratio is
higher, r 1s lower, w 1is higher, etc. The more reasonable assump-
tion is to make 2z mnegative, indicabing thé.t the more wealth one has,
for any given income, the less one saves (as for instance some of the
life cycle stories suggest); then it is as if n ig higher, i.e.

the equilibrium capital labor ratio will be lower, wages will be lower,

and the profit rate will be higher.

An alternative formulation of savings behavior is the fol-
lowing: individuals have a desired wealth-income ratio, given by
q¥ , and if the wealth-income ratio is less than the desired, they
accumulate, 1f it is greater than the desired, they decumulate. We

may write the adjustment process as follows:

3.k ¢ = h{c* - ¢)
where
3.5 c* = g¥y = g¥(w + rc)

Substituting, we have
3.6 ¢ = hlg¥(w + rc) - ¢] = ho*v + (g¥rh - h)c

Since k = Jac N

3.7 k = ho*w + (rq*h - h)k = hq¥y - hk

There is & unique balanced growth path, with gq* = y/k , and it is
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stable. Moreover, for any given aggregate capital labor ratio, there
is at most cne ¢ for which c=0 :

*w

3.8 ¢ =gz *

This is meaningful only if r(k) < /g% , i.e., for very low capital
labor ratios there exists no positive ¢ for which E =0, Inall

cases, however, the poor accunmlate capital faster than the rich, since
3.9 e /ey - efc, = ha*w(1l/e, - 1fey)

and eventually sll wealth is evenly distributed.

(c) Claseical Savings Fanction. Another savings hypothesis which
has been stromgly advocated, particularly in Cambridge, is the classi-
cal or Keldorian savings function [6] where differen£ proportions of
profits and wage income are saved. Again, becanse of the linearity
assumption, the behavior of the economy as & whole is unaffected by
the distribution of wealth and income. Except when 8, = 0, asymp-

totically, all wealth is evenly distributed:

where B is the savings propensity out of wages. In the singular

case where 5, = 0 , there is no tendency for equalization. Indeed,

in balanced growth, since the aggregate caplital labor ratio is fixed,



increases in wealth by one group must come at the expense of others.

(@) vVariable Rates of Reproduction. In this subsection, we assume

ith

that the rate of reproduetion of the group is a function of its

per capita income n, = n(yi) . For simplicity, we shall revert to

the linear savings assumption, It is clear that different groups

will in general have different rates of reproduction and the group
with the highest rate of reproduction “dominates® the entire popula-
tion. All groups except the dominant one asymptotically "disappear.”
Assume there are only two groups, the rich and the poor. If the rich
reproduce more quickly than the poor, then althecugh it is true that

“ve have the poor always with you," in a relative sense they disappesr.
On the other hand, even if.fhe rich reproduce more slowly than the
poor, so that they become an infinitesimal part of the population, they
may still have more than an infinitesimal part of the wealth.of the
total economy. To¢ see this, if Ki is the capital of the rich and

KP that of the poor, and a is the proportion of the rich (asymp-

totically a =0 )

K
RS S
D_28,.r _PB_ i i - -
dt =" T3 c (e + b)(; e j) +( 23)(nr nP)
r P r P

By assumption (1 - 2a) >0 and n, <n . If the eéconomy is in an

unsteble equilibrivm, b + mw 1is negative so the wealth of the rich



- 21 -

may be growing faster than that of the poor. But if the economy is

K
a tn -

K
in & stable equilibrium, -—-—EE——-E < 0 so that asymptotically, the

rich are infinitesimal not only in numbers but also in total wealth

holdings, relative to the total economy.

4. Taxation and Equalization

Taxes for redistribution do more than just redistribute
income today: they increase the rate at vwhich wealth is egualized.
To see this, coﬁsider the effects of a proportional income tax, in
which all the preceds are divided equally among the cltizens.

If group 1i's before tax incame is y; =W A e, , its

after tax income is

yi = (w + re)(1 - t) + t(w + k)

and hence its per capita wealth accumlation behavior of the economy
remains unchanged. The relative movements in per capita wealth of

two groups are given by

. 11 11
4,1 g, = ci/ci - c:}/cj = {b + mw)(-é-; - c—j-) + MR(E; - E—l;) .

and the change in the speed of equalization from the no~tax situation

is

1 1
.2 Agc = mrtk(-q - ?J-)
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Again, we observe that for "high" k , the poor increase
their per capita wealth relative to the rich, until incomes and wealth
are completely egualized, while for "low" k +the rich grow richer

relative to the poor. But note the two effects of the income tax:

(1) The eritical %k which determines whether there is in-
come wealth equalization or not is lower, since now the condition is

not b+mr =0, but b+ aw+mrtk=0. Infact, at a tax rate
greater than 1 - % even at the lower balanced growth path, equali-

zation of wealth will occur.

(2) The rate at which equalization occurs is increased
(or, if the distribution becomes more wneven, it does so at a slower

rate than in the absence of the tax).

Similerly, the effects of progressive lncome taxes, profits
texes, and wealth taxes may be analyzed. Tt can be shown thaet for
taxes of the same revenue the redistributive effects of either a pro-
fits tax or & progressive income tax are greater than those of the

proportional incame tax.

5. The Speed of Equalization: An Example

Tn this section we shall work through an example to give the
rough orders of magnitudes of the time involved. We take “the Cobb-
Douglass Production function y = :y'a . If b=0, the differential

equation for the aggregate capital labor ratio is
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k = mk%(1 - a) + ma® - nk
This can easily be solved explicitly for x(t) :

K(t) = ({x(0)*"% - E)e('a-l)nt . E]l/l-a

so that

1im k(t) = (%)1/1-01: k¥
e

If we use as our definition of distence from equilibrium
-
V(k) = (k(t) - k¥)
then the rate of change of V{k) is given by

& tnV(x) _ , 'n(k,(o)ff“ } %)q(a-})nt _

at | ‘(k(g‘)f-a _ E)e(a‘i)n‘t +

m
n

On the other hand, the differential equation for per capita

wealth of group i is

¢y = me + (ar - n)ey = wk(8)N(1 - @) + (ac(6)*? - m)e,

850
2% . -1, . ) a1
ofe) - o O T R ["(so) + of fm(r)%2. - oo (B 7 mle) drdf]

If the economy ig in aggregate equilibrium, this takes on the simple form

ey() = (6y(0) - w))el™R)E 4 sox

or
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(o-1)nt +

ci(t) = (ci(O) - k¥)e *

If we use as our measure of inequality of wealth the variance

V(e) = Za (e, (t) - k)
i
we can immediztely calculate the speed of equalization when the economy
is in aggregate egullibrium:
4 fn V(c!
T = 2(cx - 1)n
It should be noted that the speed of equalization depends only on

the rate of growth and the share of 1lebor, apd in fact is propor-

tional to each.

To get an idea of the numerical values, let us assume that
a=-25 n'—“qu mﬂoz

Then the "half-live of wealth inequality" is 92.% years, i.e. in 92.k
years, the variance in wealth is reduced in half. If, on the other
hand, k= .8k* , so V(k) = .Blk* , for V(k) to be reduced in
half (i.e. for k =.8586k*)takes h6.44 years. We have already noted
that the speed of equélization is very-senéitiVe to n and .

If for instance the rate of growth increases from 1% to 2%, the"hslf

life"is reduced from 92.4% to 46.2 years.



Part II

In the first part of this paper, we have identified some
strong long-term forces leading the economy tq egqualization of wealth
and income. There are, on the other hand, several forces tending to
preserve inequality in wealth and income. The forces that we shall
focus on in particular are (a) heterogenmeity of the labor force,

(b) "class® type savings behavior snd (c) alternative imheritance

policies.

6. Heterogeneous Labor Force

In this section”wg assume that some labor is more produc-
tive than other labor and recelves accordingly s higher wage. We
further assume that different kinds of labor are related to each
other in a “pure labor augmenting way" so the ratio of the wage of any
two groups is constant, and there is no intermarrisge between groups.
We revert to the asaumption of a coﬁstant rate of growth of population

and a linear savings function.
If p; is the number of efficiency units incorporated in

each member of group 1 , it is easy to show that in equilibrium
¢y » per capita wealth of the ith group, is a linear function of

PiJ

b + mpiw

= evesmmmee———
i n - Im



Thus; for any given distribution of productivities, we can derive
the resulting asymptotic distribution of wealth. If g{p) is the

density function of p , then the density function of ¢ is

m e(n -rm) - b
R - 1m 8\ m '

If productivities are normally distributed, wealth will be normally
distributed; if productivities are lognormally distributed, wealth

will also be (but a three parameter lognormal function).

Further insight into this economy may be had if we assume
that the economy has only two classes, an efficient class with p=1,
and an inefficient class, with p <1 . The econcmy is on & stable
balanced growth path; thus n - mr >0 and b+ zw >0 . Then, if
p 1is sufficlently small, i.e., p < -b/mw all of the capital will
be owned by one c¢lass. In fact, if p < -b/mw the poorer class actually
goes into debt to the richer class, and there exists an equilibrium
per capita debt of the poorer class. The rich save enough to lend to

the poor and sustain the caplta labor ratio.

If p < b/mw but a constraint is imposed on borrowing (say,
no borrowing is allowed at all), then we have a two-class economyr'in
which the poor consume everything and the rich (the capitalists) con-
sume a proportion of their income. Denoting the efficient group by

e subscript one,

k=a,c¢c

ll:e.(mw+mrcl-ncl+b)
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In balanced growth k=0 , 80,

rsnna(mml/];gn ab  aw
m .

If f;—‘f- , the wage income of the rich divided by the total capital stock,

is smell and b =0 , we see that

12

BB

the rate of profit is egual (approximately) to the rate of growth d_ivided

by the propensity to save (of the "rich"), exactly the result of the

Cambridge theory of distribution {117].

7. Class Savings Behavior. The presence of different classes in the

economy with different savings behavior may also give rise to disparities
in the distribution of wealth. Consider two class economy, & capitalist

class which does not work and saves s, of its profits, and & workers

J

class which derives its income from wages plus return on the capital

previously seved, workers save s, of thelr income (regardless of its

i
source). Models with this savings behavior have been investigated by
Pasinetti [5], Meade {8], Samuelson and Modigliani [12] and Stiglitz [1k].
Because of the linear savings assumption, the aggregate capital accn?
mylation behavior is :I.nde'pendent ofA the distribution of wealth. Thus,
there is at most one two-class balanced growth pa:th, (i.e., & balanced
growth path with bhoth capitallsis and-workers presentj; along this bal~

enced growth path, r = n/ s and it is easy to see that distribution

j 2



of wealth among the capitalists is an historie accident, and, as in
the Kaldorian case with savings ocut of wages equal to zero, increases
in the capital) of cne capltalist oceur at t_he expense of other capital-
igts. All "workers” on the other hand asymptotically have the same

wealth and income, since for any groﬁp,y

7.1 Ensiw+srk+sir(c-k)-nk-n(c-k)

i

= (sir -~ n)(e - 12)

~

y Since in balanced growth, l.c = B,W + sirk - nk = 0 s, Where k 1is

the capital per man owned Wy workers.

Since 8y <s ST - n.<o , 80 that if any labor group has per

j 3

~

caplta wealth greater tha:i the average, k , its per capita wealth
declines, and conversely for any labor group with less per capita

wealth than the average.

There also existg a unigue balenced growth path with only
workers present (the "dual régime“ of [12]). But this éase is iden-
tical to that investigated above in Section II with b =0 , for
which we have already shown that asymptotically all wealth is evenly

distributed.

8. Pprimogeniture. So far in this paper we have considered only cases

vhere weslth was divided egually among one's children; without going
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into a detalled exposition of alfternative inheritance programs, let
us consider the case perhaps most contrary to that which has been
discussed thus far, that of primogeniture, all wealth belng left to
the first born son. To carry through the analysis we shall need to
introduce some further simplifications, and shift the analysis to

discrete tine.

We coneider a period in which the population doubles itself,
Fach "family"” has exactly two sons.and two daughters. For simplicity,
we shall say that children are born at the end of the period. Every-
body lives for only one period, parents dying after giving birth to
theiry quadruplets. We shall examine only equilibriﬁm paths. Then,
at the beginning of any period 1/2 of the pqpula.tion has zeroc capital.
Of the remaind.er, 1/2 are born to fathers who were first borm, 1/2
to fathers who weren't. 1/2 . 1/2 of the population has b + mw
wealth per capita. Of the remainder, l/ 2 are born to fathers who
were first born, 1/2 to fathers who weren't, so 1/2 « 1/2 ¢« 1/2 of
the population has b + mw + (1 + mr)(b + mw) wealth per capita.

And so on.

If we number our groups from the poorest to the richest,

then the 1° of the population frhere the ©
group has zero wealth) and has & per capita wealth of

i
P+ mwitl + mr ~ 1 Db 4+mw A i
'( '(l)g-mﬂ-)l T T (l+mr) -1 i=l, een.
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If we compare any two groups, their ratio of per capita

wealth is

(;«i-mr)i:-l.
(1 +m) -1

For large i this yields the distribution function of the

form (where g is the distribution function of ¢ )

g(c 2 c*) ~ c;m 2(1 + mr)

To see this, note that the proportion of the population in the ith

group is always equal to the proportion in all groups whose index is

greater than i . TFor large 1, (1 =+ mr)i - 1 is approximately

(1 + mr)i , 50 the proportion of the population whose wealth is grester

than (1 + mr)" 1is 1/2i , and the result is immediate. If mr = .6
(recall that r is the rate of return over a generation, e.g. if the
rate per year is .05, & generation is thirty years, then r = 4.L8 ),

then the exponent of ¢ is 1.48, an empirically reasonable value,i/

ij To derive the aggregate capital labor ratio of the economy, k ,

observe that k is simply a weighted sum of e, , where the welights

are the proportions in the population. If 1/2(1 + mr) is less
than unity, the infinite sum converges to k = b + mw/l = amr .
If we rewrite this equation as b + my = k and observe that

n = AL/L = 1 .in our discrete model, we obtain exactly the Solow
growth equation -- aggregate equilibrium is unaffected. '
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9. Other Sources of Inequality. Among the more important sources

of inequality not discussed here are the following: {(a) Life cycle
savings. If individuals save over thelr life-time in a manner sugm.
gested by the life cycle hypothesis, the age distribution will be one
of the prime determinants of the wealth distribution; there is some
evidence to support this. (See, e.g. 5.) (b) Stochastic elements.
Throughout the above discusslon, we have maxie the assumption conventional
in growth theory that there is no randcmness in the rate of return on
capital, in the rate of reproduction, etc. We have already noted that )
the theories of income inequality of Champernowne and Mandlebrot [3, 7]
are based primarily on stochastic models. Champerncwne and b‘b.ndlébrot
have shown, for instance, that if (a) c(t) is a markovian sequence

in discrete time, (b) for large. ¢, log c(t + 1) - log ¢(t) is a random
variable independent of c(t), {(c) for large ¢ , E(e(t + 1) - e{t))
for given c(t) is negative, and (d) for small c , the transition
probabilitieé are such that not all c(t) can become zero, then ¢
(for large ¢ ) would have the Pareto distribution. They unfortun-
é’cely have not.provided any economic justification for these assump-
tions. A slight modification of our model can, however, provide us
with ap economic motivetion for them. If, for imstance, we assumed
that the rate of return on capital is a random variable, uncorrelated
with the amount of wealth an individual owned (at least for large ¢ )
but with an average value equal to the marginai product of cé.pit'al R
then (in the discrete time analogue of our model of section 2}, all
the Champernowne conditions are satisfiled, provided only that the

economy has a sufficiently largey capital labor ratio.

y In the terminology of section 2, provided k >k .
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