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1. The Problem

Suppose that a closed economy has all of the properties
of convexity of preference sets and production sets except that in
order to use certain production processes set-up costs must be paid.
The set up costs cause Increasing returns and destroy the competi-
tive equilibrium; is there a tax policy which restores the equili-
brium and would it always be approved unanimously or by a majority

vote?

An example of increasing returns is provided by:
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The effect of the set-up costs is to move the production possibility

set away from the origin.

First the simple problem invelwing only one set-up cost
is investigated. 1In order to answer our questions concerning tax-

gtion we may consider and compare three cases as follows:

(1) Consider the closed economy with the initial distribution of
resources given. Suppose that by govermment or by some other fiat
the process involving set-up costs 1s not available to the members
of the economy. Let production and trade take place in the economy
without using the forbilidden process. We may calculate the Pareto

optimal surface for this economy as is shown in Figure 2.

(2) Consider the same state as above in (1) with one change. The
government taxes the members of the economy (in resources) precisely
up to the level necessary to pay for all of the set-up costs {whether
they are indivisible or not makes no difference). We calculate the
new Pareto optimal surface for the economy not using production pro-

cess involving set-up costs after the government has removed resources

via taxation.

(3) We caleulate a third Pareto optimal surface which results from
trade and production as above in (2) with one change. The govern-
ment uses the taxes to subsidize the set-up costs, hence the new
trade and production takes place with the members of the econony

(with their diminished resources) in a position to use all production



procegses without paying set-up costs and without increasing returns.

The three steps noted above glve rise to three cases as

indicated in Figures 2a, b and c. In these figures we demonstrate

represent the gains to the

the two-person case where II1 and 11

2
first and second individuals respectively. In each figure Pl R
P. and 7P, represent the Pareto optimal surfaces derived from

2 3

steps 1, 2 and 3.

In Figure 2a P, 1is always worse than Pl « This means

b
that set-up costs cannct be recouped by producticn. There is no
incentive to use processes involving set up costs and no need for

taxation in order to have a decentralized pricing system.

In Figure 2¢ P, 1is always better than P This means

3 N
that set-up costs can always be recouped by production. Any tax-

ation scheme which results in the domination of Pl by P, and hence

3
pays for the set-up cost subsidy will enable the economy to function

using a price system.



Flgure 2b shows two cases caused by the nonconvexity of
the Pareto optimel surface. The nonconvex surface ABC shows the
Pareto optimal possibilities. If the "solution® had been in the
range AB without production, at hest the possibilities with pro-
duction would be on the segment AlB which means that taxation
would cause the second individual to always be worse off as com-
pared with the no production outcome. Had the previous solution
peen in the range BCl then a taxation scheme could be found re-

sulting in a more optimel outcome on BC .

2. The General Case

Te above demonstration has been given for two individuals
and a set-up cost, The general case is the same except that there
is a finite combinatoric problem which must be explored when there
are n individuals and k set-up costs. In particular 2k Pareto
optimal surfaces must be considered. The ocuter boundary of the
union of all of these Pareto optimal surfaces describes the optimal

possibilities as is shown 1n Figure 3, where the number 1 stands for

I,

Figure 3



the Pareto optimal surface without production; 2 with one production

process active and 5 with two production processes active.

3. ‘Transferable Utlility and Taxation

It is evident that with a transferable "w-money" {or with
the use of mixed strategies) the Pareto optimasl surface cbtained
from the union of the production possibilities will be flat as is
shown in Figure 4 (which is an extension of Figure 2b). As the

joint maximum is defined this is computed and the (sidempaymegﬁlb
IT

Figure 4 1

optimal surface is the line with slope ¢f -1 through this point.

For n persons and k set-up costs the process involves

the maximizagtion of the objective funetion I, + H2 4 soo + Hn over

1

the Ek rroduction possibilities.

4. The Competitive Equilibrium and Taxation without Transferable

Utility

In general the Pareto optimal surface will be nonconvex



and consist of a get of "scalloped sections™ each eorresponding to
a different array of activities with set-up costs being used. The
question: "Is there a taxation which would permit all to behave as
though they were in a normal competitive market?"” is, if unmodified,
trivial. The answer is yes; one has to pick a taxation to corres-

pond to the payment for the set up costis for any one of the subsets

of the 2k possibilities which forms part of the boundary of the
Pareto optimel surface. A more important gquestion is: 'Would the
members of society vote approval for such a tax scheme?” This is
a game theoretic problem and can only be answered by specifying the
choices and powers of all individuals. In particular the status

quo must be defined.

First a simple case {as illustrated in Figure 2c) can be

disposed of . If the Pareto optimal surface is the boundary of =z
convex set there is only one level of taxation that must be consider-

ed and all will be able to agree on what processes should be active,

When there are say, m '"scallops" in the surface there
will be m different efficlent levels of taxation to be considered.
What happens if no taxation is agreed upon? This forces us to state
what we mean by a “solution.” In the next section we deal with sev-
eral cooperative solutions; here however the game and its solutilon
are as follows: Each individual may be assumed to have as part of

his value system a liking for democratic voting processes and a

market economy with prices. Thus we take as given the proposition



that there exists a government and that taxation will be determined

by vote and that individuals will honor the outcome.

The pure technical provlem of reducing 2k alternativesz
to m efficient alternatives having been covercome, we are still left
with the voting problem. FEFach of the m alternatives is for a level
of taxation and the burden of this could be distributed in many ways.
It is easy to observe that all the problems of the voting paradox
exist. Binary choice between tax schemes may lead to non-transiti-

vity of group preferences. However at least from a weak welfars

point of view this is not important. The {possibly highly limited)

goal was to show that it is always possible to find a tax scheme

which brings about a competitive market and results in a Pareto op-
timal outcome. If we impose upon the soclety a voting mechanism for

the selection of the taxes then depending upon the specifics of the
mechanism different outcomes may be expected. Binary choice wilil

lose transitivity, but keep Pareto optimality and simple majority
decision. If all m =alternatives are presented simultaneously then
transitivity is no problem but the first choice may be decided upon only

by plurality.

In the above we imposed as a desideratum taxation deter-

mined by vote and an economy run by the price system. If everyone

agrees to abide by the rules of the game specified below then a

Pareto optimal outcome can result.

Move 1: is made by "Neture,” optimal tax and subsidy schemes

are calculated and a device selects a set of propositions upon which



a vote is Lo be held.

Move 2: a&ll individuals vote and the voting mechanism is

such that a tax and subsidy scheme is selected.

Move 3: the taxes are used to pay set-up costs decided
upon in the vote. The processes with these set-up costs {now paid)
are avallable to anycne who wants to use them. Everyone now trades

and produces in a competitive market.

Il
2

Flgure 5 1

The limit on the distribution of taxes 1s shown in Figure 5.
Once the level has been selected its distribution must be such that
from the after-tax initial resource point I the resultant price
system ©» 1ntersects the segment AB as is indicated at point e .

Such tax schemes always exist.

5. Other Solutions and Measures of Solution

The solution given in Section k4 was based upon the assump-
ticns that all members of the society were willing to vote upon a

taxation scheme to pay for the set up costs. We may view the pro-



blem in a completely different manner and consider the economy as
a general cooperative game and examine the valuel/ and coreg/ g0l
tions. There is little difficulty in formalizing the problem as

a game, as & "C-game"é/ is obtained immediately. A C-game is one
in which the amount obtained by any coalition is independsnt of

the acts of the other members of society.

The Shapley and Harsanyl values always exist bub would be
difficult to compute in genseral. Xarch one of the 2" coalitions

must be evaluated as in Sections 2 or 3.

Does a core exist? In order to answer this question care
must be taken to specify the nature of the game. For example if
a simple majority of the voters can impose any tax scheme they want
then no game has a core, L there is no vote but merely open bar-
gaining among all coalitions then some games will have a zore and
some will not. For example consider the following three person

game :

There are thres goods, the second can be manufactured from
the first if a set-up cost of one unit of the third is paid. There
are three individuals in the society with resournes {1, O, 1) {1, O, L}
and {0, 1, 0) . They all have the same utility function min [x. y, z]

The production condition can be expressed y = Bx vwhere & = 1 if z =

The characteristic function of this game is:
V(1) = v(2) = V(3) = O

v(1,2) = ¥(1,3) = V{2,3) = 1

V(13235) w 1



It has no core and it corresponds to the case where the Pareto op-
timal surface has segments or “scallops” corresponding to different
optimal production and exchange arrangements. If the Pareto surface
after set-up costs are paid remains convex {as in Figure 2c¢)} then

the game will have a core.

It 1s conjectured that if there are a fixed number of set.
up costs to be paid then the limit game formed oy conszidering succes-
sively larger games with more players of each type will have a strong
e-core in the sense wf Shapley and Shubik%/ even if the Pareto optimal

surface is nonconveyx.

6. Some Further Difficulties and Summary

If the set-up costs are of variable size or if they ocour
in "steps" as would be the case where one or more of an indivisible
machine is needed, then the above analysis in principle remains the

same but becomes relatively useless without a specific slgorithm.

It is conjectured that a weak e-core will exist in limit

games with "step” indivisibilities.

Although a practical algorithm for finding the various
"solutions” to the economic problems of set-up costs is highly da.
girable the goal of this paper is somewhat legs. It is to show
that as soon es taxation is considered great care must be taken in

defining the game. Different solutions will be highly sensitive to

slight changes in the rules (the core and voting for example).
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Given that the taxation mechanism is defined then there
always is a way of taxing and paying subsidlies so that the market

can function via a price system to schieve a Paretc ophtimal out~come.

Many of the major difficulties in taxation, voting, sub-
sidies and welfare economics lie not so much in the analysis of a
model but in deciding what is the concept of solution to te used and

what is a legitimate and relevant model of the politizo-economic

Process.
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