Note:

COWLES FOUNDATION FOR RESEARCH IN ECONOMICS
AT YALE UNIVERSITY

Box 2125, Yale Station
New Haven, Connecticut

COWLES FOUNDATION DISCUSSION PAPER NO. 233

Cowles Foundatlon Discussion Papers are preliminary
materials circulated to stimulate discussion and
eritical comment. Requests for single copies of a
Paper will be filled by the Cowles Foundation within
the limits of the supply. References in publication
to Discussion Papers {other then mere acknowledgement
by a writer that he has access to such unpublished
material) should be cleared with the author to protect
the tentative character of these papers.

FRICE STRATEGY OLIGOPOLY WITH FRODUCT VARIATION
Lloyd Shapley and Martin Shubilk

July 25, 1967



PRICE STRATEGY OLIGOPOLY WITH PRODUCT VARIATION

by

Lloyd Shapley  and Martin Shubik™

1. The Market With Undifferentiated Products

Suppose that two firms each with a constant average cost
¢ face a market for an undifferentiated product. For simplicity
we consider a model with a linear demand, constant average costs
and given capacities for the firms; however our remarks are more

general.

In the classical writings on duopoly the various authors}/
observed it is possible to formulate a duopoly model where the firms
use either quantity or price as their strategy. The use of gquan-
tity as a strategy leads to the well known Cournot modelg/. It has
been suggested that price is a far more natural variable for the
firm to use in its strategy. Both Bertrand and Edgeworthéj inves-
tigated the simple price model with the sellers selling an undif-
ferentiated prcduct. They obtained different results and the 4if-

ference can be explained in terms of different assumptions concern-
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ing capacity restrictions (or equivalently rising costs).

A great amount of the difficulty in dealing with ollgopo-
listic price strategy models comes in describing the demand conditions
that exist when various prices are quoted. This is especially strik-
ing when the products are totally undifferentiated; however even
with differentiation,. oligopoly c¢ontingent demand curves&/

may have kinks and bends which make them difficult to analyze.

Chamberlain suggested in his theory of monopollstlc com-
petitionz/ that one should treat ecach competitor as though he were
& monopolist in the sense that each individual provides a slightly
differentiated product or service when compared with any other even
though the other may purportedly be selling the same good. In this
paper we mathematically formulate an example of firms in monopolistic
competition and investigate noncooperative behavior as the number

of firms increases and as the level of product variation is decreased.

2. The Bertrand-Edgeworth Ixamples

We consider two firms each selling the same product to a
market whose aggregate demand can be represented by ¢ =& - bq .
We wish to deseribe the demand if more than one price exists. This
can be done by considering an aggregate consumer with a gquadratic
utility function:

; b 2
(1) u(gq) = ag - ol vhere q =4q,; + 4,



It is easy to see that the consumer in this instance will always buy
from the firm with the lower price, as long as it has sufficient
supplies, If it runs out of supplies then the constrained consumer
maximizetion is such that it might make purchases from the other
firm as well. Tt follows immediately that if each firm has suffi-
cient capacity to supply the whole market at any price (at or above
costs), then the firm with the lower price will take all. In this
case the noncooperative equilibrium, will,as was observed by Ber-
trand,be the competitive equilibrium where each firm sets price
equal to marginal cost (in this case marginal cost ecuals average

cost).

Edgeworth noted that if capacities were limited the con-
sumers might also buyfrom the higher priced firm and instead of
settling down immediately to the competitive price, price in the
market would be indeterminate and would tend to fluctuate over a

range, This has been described as the Edgeworth cycleé/.

At what capacity level does the nature of the solution
change, and how 1s the solution affected by the presence of more
competitors? A diagramatic and algebraic investigation of these

questions 1spresented.

Let each flrm heve an average cost ¢ and a capacity
k . TFigures 1 and 2 represent conditions where respectively each

a - ¢ a - ¢
o and R"T‘

firm has & capacity of k =
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Figure 1 Figure 2

In Figure 1 the line AG describes the overall market
demand when the firms charge the same price. The line AE 18 the
demand on the individual firm when hoth charge the same price.
Suppose that one firm charges a price represented by OB . We may
draw the contingent demsnd curve faced by the other firm as it
varies its price., Firat consider what it will sell if it charges
a price higher than OB . It will sell nothing as is indicated
by the segment AB . The reason is evident, because at any price
above ¢ , the other firm has enough capacity to satisfy the whole
market. If both firms name the same price, the market will be
split at D . If the second firm undercuts the first then its de-

mand will be given by FG . Hence, given the price of the first



firm, the contingent demand for the second as it varies its price
from p=a to p=20 is given by the broken curve AB D FG .

For every price of the first firm there will be a contingent de-
mend defined for the second firm. Furthermore as long as the first
firm prices at or above cost, if the second firm names a higher

price than the first there will be no market left.

In Figure 2 we consider the effect of a capacity limita-
tion. We note that together they have enocugh capacity to satisfy
the market at price equals cost, hence the efficient solution is
not effected by cepacity restrictions. This is not so for the struc-
ture of contingent demand. This change is critical for the change

in noncooperative behavior.

Suppose that the first firm charges the price given by
0B . At that price the consumer are willing to buy BF , however
the firm has only enough capacity to supply HF leaving an unsa-
tisfied demand of BH . Suppose that the second firm is charging
a higher price than the first, its demand may not be completely
wiped out. In this instance there will be some demand left up to
the price 0K as is indicated by the segment of the contingent de-
mand curve given by HK . As the price of the second firm varies
across the whole range the total contingent demand curve 1s given
by AKKHD and FG . This possibility that there may be some de-
mand left for the higher priced firm destroys the stability of the

efficient point as & noncooperative equilibrium. This can be seen



from Figure 3. Suppose that the first firm sets its price equal

to cost. If it had enough capacity to saturate the market then there

Figure 3

would be nothing left for the other at any hlgher price. The argu-
ment holds symmetrically hence the efficient polnt is also a non-
cooperative equilibrium point inasmuch as given that either knows

that the other is charging p; = ¢ neither is motivated to change
his price.

When we limit capecity to k = (& - ¢)/2b (or the amount
given by DF in Figure 3) we may not only show why this equilibrium
is destroyed but can even demonstrate how far the second firm would
raise its price given the information that the first was charging
¢ . The contingent demand curve, given that the first firm charges

¢ is shown by AXKD and FG . The best move for the second filrm



is to maximize monopolistically by charging & price OM . It obtains

& profit indicated by the rectangle MNCR .

Any capacity less than k

1l

(& - ¢)/b causes the destruc-

tion of the eqguilibrium point at p=-c¢ .

H

3. Contingent Demand and Product Differentiation

The discontinuity in the contingent demand curves was a
natural result of the assumptions of the absclute identity of pro-
ducts and rational consumer behavior. This should disappear if we
introduce product differentiation. A way to do so which yields us
a model sufficiently simple to permit a diagramatic and algebraic
treatment is by introducing an extirs term into the previously used
utility function. This term reflects a degree of differentiation
among the gocds. In spite of its relative simplicity the model is
rich enough to illustrate the interesting features of oligopolistic
demand and tc serve as the basis for the study of the change in

oligopolistic behavior as the number of competitors is increased.

The aggregate utility function used is given by:

b 2 qu q2 n n
(2) u=ag--9"-¢e|—=-~5}| - Ep,q, where g= Zgq
n n 2 . i1 . i

n i=] i=1

This contains the parameter n in various terms. The reascn for
its inclusion in the utility function will be explained when we in-

vestigate oligopolistic behavior involving markets wlth increasing



numbers of firms and custcmers. For our discussion of contingent

demand we limit ourselves to n =2 . This gives us:

b2 € 2
(3) U=aq -3 - g{q ~a,)" - P9y - Pp s

Where € 1s the parameter which controls the degree of product
differentiation. If it is zero, then the products are perfect sub-
stitutes. The higher it is, the more complementary they become and
the more the third term dominates the utility funection. As the model
we are investigating is/igen partial model of the economy we ignore
income effects as a first approximation and hence may take into ac-

count the budget constraint of the consumers by subtracting the

terms qul and p2q2 directly in the utility function.

Using equation (3) and the condition for consumer optimi-

zation we mey solve for consumer demand in terms of prices. This

glves us:
(%) §g=a-bq-§(ql—q2)~pl=o
1
3
(5) 5&; =a - bg - %(q2 - ql) - D, =0.

From (4) and (5) by addition and subtraction (6) and (7)

gre cobtained:

(6) Z2a - 2bg = Py + Py



(T) -e(ql - qE) = Pl - P2 3

these yield

(8) q = T T T 2e

b b
or B 28 - (l + E)Pl = (l - G)P2
4 = b

and similarly for s - These solutions will hold only if

2b(p, - 2,)
(9) ¢ > _1P _2P :
1 2

Condition (9) is obtained directly from (8) by setting g, =0 .

eb(pl = pe)
Pa - pl - p2

If p) >p, and (10) 0<e< then g, =0

and from (5) we obtain:

(11) q, =

thus we have 8 continuous contingent demand with two "kinks" as is

shown in Figure 4. The labels are for the case where Py is fixed

and P, varies.
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The contingent demand is given by AKDFG . It is of in-
terest to note that because the goods are not perfect substitutes
the low priced firm will never obtain "all of the market" in the
sense of the amount ON which would be sold if both charged the
same low price. The gap GN 1s a measure of the lack of substi-
tutability. The line AN 1is an "apples and oranges" addition of
the amounts sold by both when they charge the same price. The line
AE glves the amount sold by one firm on the assumption that the
other is charging the same price. The equations for the three line
segments AK , KF and ¥FG which make up the contingent demand
are given. At the point F the second firm has completely priced

the first out of the market.

2b 2b
2&"(1+“‘€‘)P2—(l——€'pl
bp
a-p2
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k., The Noncooperative Price Duopoly Without Cepacity Constraints

When the firms are equal and capaclty constraints are not
tight we are able to solve for the noncooperative equilibrium in
the market by observing that a symmetrie equilibrium will exist
which enables us to write down payoff or revenue functions involwv-

ing demands as given in equation (8). Thus

2a - (14 p, - (1 - p
(12) P, = (p. - ¢) h; A

can be written and solved analytically giving:

2a + c(1 + gg
(13) p; = =
5+ =

fommamm i - mt e e s v

A straightforward check that this is an equilibrium point
is cbtained by setting the price of one firm at that given by (13)
and checking for the maximum for the other using all three segments

of his contingent demand.

When € = 2b the point G 1s moved to E and (13)

gimplifies to

(1h) B, = a2 c 3

each may charge his monopoly price,

Az € approaches zero 7p, approaches ¢ vwhich is the
P i
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efficient point solution for undifferentiated goods.

The solution given by equation (13) is not the efficient
point solution for this monopolistie market. If the economy were
being run for the benefit of the consumer the condition that price
equals cost would still prevail. It is of interest to note however
that as differentiation is removed even with only two competitors
the noncooperative equilibrium (without capacity constraints) ap-

proaches the efficient solution as indicated by the Bertrand model.

The noncooperative egquilibrium can be illustrated by means

of a diagram as is shown in Figure 5 below. N 1is the equilibrium

Figure 5
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point. The curve '"pgq = constant™ is the highest isoprofit curve
attainable when on the contingent demand curve ND . The slope

of AN 1is the negative reciprocal of TD .

5. The Noneooperative Price Oligopoly Without Capacity Constraints

In order to appreciate the effect of increasing the num-
ber of competitors in such a way that we can study the change in
economic power asg numbers increase we introduce the parameter n
into the utility function. This has the effect that the size of
the market faced by any individual firm, if all are charging the
same price will be the same repgardless of the number cf competitors.
The absolute economic size of all firms remains constant but their

size relative to the sum of all markets decreases.

Rewriting the utility function for the n person market

Zq; o2 n
e |—2-L - zpq
n n2 1=l 1%

2

S’A o

(15) U =ag -

we differentiate to cobtain demand conditions and solve for demands

in terms of all prices.

[l

b 2 2
(16) Vo, B2y 2 p -0 o
n

[te)
[
=}
o

2
(17) p, =a-=q-=q +=a. 121, vou, 1
n
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Summing all of the equations (17) and dividing by n we obtain the

average price:

- 1. _ . 2b 2 2 _ 2b
Hence
(19) p, -7 =-Za, - D) vhere T = q/n
i n* i q )
- —_n{a-p)_8a-D
Using (18) we may write Q=5 = 5
From (19)  a, - 4 = 5p; - D)
i 2ev1
_a-3»__n_ =
hence (20) lﬁgi % 2€(pi ?) | .
.th
The revenue for the 1 firm may be expressed as:
(21) P, = (p; - el

taking derlvations, setting them equal to zeroc and then setting all

py = p we may solve for the symmetric noncooperative equilibrium.

B 1 1 - —
@) 2otlo, - ) = (o, - ) |- o B |+ SR e -9 =0

-¢ - n (tn-1)b a -
or (p - c) 2€n£ Lo T £=0
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vine () |- gl rcfmrd)

As € approaches zero p approaches ¢ as we have
already noted in the case of duocpoly. Here however we have a
further convergence result. As n + «» we cbserve that p = c
In other words as the number of competitors increases even though
they are selling differentiasted products the noncooperative equi-
librium approaches the efficient point sclutlon where price equals

costs.

The results will be quelitatively the same for firms
with increasing marginal costs provided that they are not so steep

as to have the effect of capacity limitation.

6. Price Oligopoly With Capacity Constraints

It was possible to demonstrate in Section 2 that in price
competition capacity is of critical importance in preserving the
stability of equilibrium. If the capacity of the competitor with
the lowest price is limited this will increase the market to the
others. It is evident that this effect will be present for differ-

entiated as well ss undifferentiated competitors.

The condition needed to preserve the equilibrium in the
market for an undifferentiated good is that each firm has enough

capaclty to supply the whole market at price equals cost. In this
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peebion e lovestigate the conditions needed when the firms sell
rreduets differentiated ag in the demand structure given in equa-

ticn (20) as derived from the utility conditions given in (15).

Let cach firm have a capacity Xk , suppose that all

cxecert the first is selling at capacity, from (17) we may write:

2(n-1), . 2¢ 2 G—
ol o = - 10)e - —lr - = o um
(28 @ =@ ——=bi + (n-1) 58 - = !b + € q

n

The cptimal orice and producticn for the first firm are

el(>, - e)a,]

coverained by scetting = = (0 , vhich gives:
3
1

-1 -
a - c + ii%—:l(% - bk

(25) 4 = l n-1.
S CRIe)

e reli ot (31, ql) io:

(n-1),¢ 2
6o~ c o+ pAEENE o)y

26) (5, - eday == A=
P 1 1 8(, n-1 )

=2+ e~

n n
Soci (29) o owmoy write the nrofit at the noncooverative equilibrium

.. c{a - c)e(n(n-l)b + )

(1) P =

ob(e(nt1) + n(n-1)b)@
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By setting (26) = {27) and solving for k we can deter-
mine the critical capacity below which the equilibrium is destroyed.

We call the critical capacity kn to strees its dependence upon n .

(28) X n°(a - c) .{ 1/e(bn + e{n-1)(n{n-1)b + e?}

= 2(m-1)(nb - €) "1 (e(n+l) + n(n-1)b)

2
pla=-c
For ¢ =0 we obtain kn = 17t

This gives k. = {a-¢) and k = {a-¢c) .

o 5 . =5 ; this shows

that with updifferentiated products the duopolists need an excess
capacity so large that each could individually saturate the whole
market, if a pure strategy equilibrium is to be preserved. As the
numbers grow each needs only in the limit his efficlent production

capacity.

For any fixed € as n + «» we have:

a-c 1 a-c
k -+ =5 + 0(;3/%) -+ =5 .

For duopoly in general (28) gives:
2(a - c; 1+ % 2b + ¢ 4rd
k2 2b - ¢ 2o + 3¢ '

We can show the destruction of the pure strategy nonco-

operative equilibrium by a diagram as in shown in Flgure 6. In
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Figure 4 the contingent demand with no capacity constraint was
AKDFG this has & kink at F . When capacity constraints come into

P A

rQ = constant

Figure 6

effect an added "kink" is introduced as is shown in Figure 6 where
the contingent demand is AUWNFG . The point X is the capacity
limit of the lower priced firm which cause the kink st W &and the

branch of demand UW .

When the isoprofit curve becomes tangent to the contin-
gent demand at two polnts the pure strategy equilibrium is destroyed.
The profit from raising price will be as high as maintaining the
same price as the competitor. The profits are shown in Figure 6
by areas TVMC and RNSC . N is the pure strategy noncooperative
equilibrium that would preveil if capacity were plentiful and V
is the point at which profit possibilities destroy the equilibrium.

It can only exist if there 1s the added kink at W which in turn
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depends upon capacity limitations.

The interpretation of these resulis is straightforward.
In a price oligopoly there will he price instability unless there
is sufficlent overcapacity. For any level of capacity of
k >(a - c)/2b for a fixed ¢ the introduction of more competi-
tors will eventually remove the price instability, i.e. there will
be a specifiec n = n(k, €) beyond which there will be a vure
strategy equilibrium in the market, and as n increases this equi-

librium approaches the efficient solution.

In many ollgopolistic markets with few firms we expect
some overcapacity however not necesssrily enough to prevent price
instabllity. In larger markets we may expect that the overcapacity
is sufficlent to lead to stability. Although we have presented
our analysis in terms of a specific example, our results appear to

be general for any economically reasonable symmetric model.
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