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1. TINTRODUCTION

In hia Mathematical Psychics Edgeworth [2] considered an ex-
change economy with 2r consumers and two commodities. The consumers were
divided into types, everyone of the same type having identical preferences
and initial resources. Edgeworth showed that as r increases the core oy
the contract curve shrinks and has the set of competitive allocations as

its limit,

Using the Edgeworth procedure for enlarging the market, Debreu
and Scarf [1] studied an exchange economy congisting of m rather than
two types of consumers, each repeated r times, and an arbitrary number
of commodities. Assuming insatiability, strong-convexity and continuity of

preferences and strict positivity of initial resources, they proved that

(1) An allocation in the core gives every consumer of the
same type the same commodity bundie.
(2) As r passes to infinity the core has the set of

competitive allocations as its limit,

The purpose of this paper is to simplify the second proof given

* I am indebted to Herbert Scarf and Lloyd Shapley for reading pre-
liminary drafts of this paper and making valvuable comments.



by Debreu and Scarf by assuming that the preference orderings may be
represented by differentiable, strictly concave utility functions. For
convenience all points on the boundary of the commodity orthant are assumed
to have zero utility. This assumption may be weakened, though this would

complicate the proofs slightly.

It is proved that in the limit an allocation of the total supply
that cannot be blocked by the restrlicted clasa of coalitions consisting
first of all consumers of type i and all but one of the other types,
secondly, the coalitions consisting of one consumer of each type and finally
the consumers by themselves is a competitive allocation. Only a small
fraction of the total number of coalitions therefore has to be considered
as r passes to the limit, On the other hand it is easy to construct
examples with nondifferentiable preferences in which blocking by this
restricted class of coalitions is not sufficient to produce a competitive

equilibrium,

2. THE CORE IN A PURE EXCHANGE ECONOMY

We shall consider an exchange economy with m consumers each
with specific preferences for commodity bundles consisting of nonnegative
quantities of a finite number of commodities, v . Such a commodity bundle
is represented by a vector in the nonnegative orthant of the commodity

>
t >
snace and the preferences of i h consumer by a complete preordering, i
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2
We shall assume that the preordering, 1 , may be represented by &

utility function ui(x) that is defined over the nomnegative orthant
of the cormodity space. For convenience all points on the boundary of
the nonnegative orthant are assumed to have zero utility. For inkteirlor

points of the nonnegative orthant we shall assume that

2.1 ui(x) is strietly concave
2,2 uy (x} is differentisble
2 0 < aui <
3 5;:}- o
i=1, «., m
d=1, «o, Vv

where the subscript ] refers to commodlty J .

Each consumer owns a commodity bundle vwhich he is interested

in exchanging for preferred commodity bundles. The vector Wy will

represent the resources of the ith consumer.

2. We shall assume that every ccrsumer owns a strichly

positive quantity of every commodity.
The core can now be defined. ILet (xy,...,x ) with

m
2.5 L (xq =w)=0
i=1 1 1

be an aasigmment of the total supply to the varlious consumers and let S



te an urbitrory cet of consumera. We soy that the alloeation is hlocked
by S 1if it 1s possible to find commodity bLundles xi for all i
in 8 such that

2.6 L (x! -w,)=0
jeg * 1

ui (x‘) = ui (X) for all 1 in 8 with strict dvicgunlity

for ut least cne member of 3,

The core of the ecconomy a3 defined as the collection of all
allocations of the total supply which cannoct be blocked by any set S5 .
One Immediate consequence of this definition is that an allonation 1n
the core is Pareto optimal. Further our assumptions on initial re-
sources and on the utility functions imply that an alloeation in the
core gives all consumers a strictly positive duantity of every commodity,
otherwise the allocation (xl,...,xm) would be blocked by the consumers

themselves.

It is known that given our assumptions on the utility functions
and inltial holdings there is a competitive allocation, which must

necessarily be in the core.

3. THE CORE AS THE NUMBER OF CONSUMERS BECOMES INFINITE
We shall now follow the procedure first used by Edgeworth for

enlarging the market. We lmagine the economy to be camposed of m types of



concumers with r cohnsumers of each type. For two consumers to be of the
same type we require them to have precisely the same preferences and
Precisely the same vector of initial resources. The economy therefore

consists of m r consumers.

The argument given by Debreu and Scarf, considering the coalition

of all consumers and coalitions of one consumer of each type, proves

Theorem 1. An alloecation in the core assigns the same con-

sumption vector to all consumers of the same type.

Theorem 1 implies that an allocation in the core for the re-
peated economies considered here may be described by a collection of

m commodity bundles (xl,..., xm) such that
3.1 Z(x, -w

As observed by Debreu and scarf an allocation in the core for

{(r + 1) 4is contained in the core for r .

If a Pareto optimal allocation of the total supply in the
economy consisting of one participant of each type is repested when we
enlarge the economy to r participents of each type, the resulting

allocation is Pareto optimel in the larger economy.

In addition if a competitive allocation in the economy con-

sisting of one consumer of each type is repeated when the economy is



enlerged L0 r consumers of esch type, bthe rasulhing ellocmtion is

competitive in the larger economy and consequently is in the core.
We shall now prove Theorem 2.

Theorem 2. If (xl,..., x ) 1is a Pareto optimel allocshion
of the total supply, giving every consumer a strictly positive quantity
of every commodity and (xl,..., xm) cannot be blocked when r passes
to the limit by the m . » coelitlons consisting of all comnsaners F
type i and all but one of the other types then (xl,..., xm) is a

competitive allocation.

From the definition of Pareto optimaility we have thet the

allocation (xl,..., xm) ie associated with a set of mumbers T,,...,I[

such that
S,
i
&ij izl, ...,m
7+ BE;_ ) Hj J=2 v
- , '.-,
ij
aui
where the partial derivatives are evaluated at Xy o From 2.3
iJ
follows that :: >0 for all J .

(%)

Consider now the coalition of all consumers of the kth type, and

ell but cne of the other types. Let sll consumers of type 1 (i=1,..,m ifk)
get xi and let what is left be divided among the r consumers of the kth

type. We then have

343 xﬁ“‘k‘%‘(“k””k)



We must have

5ok o (') < (x)

othervice the sllocetion (xl,..., }%‘ v }QK, e xn) wonld hilock

Wl

When r passes to the limit we mmst have

uk(X) - uk(x')

3.5 L e e e >0
T = -
T
But
(x) - u (x* ) v
3.6 limuk luk z auk(x -w .} >0
Y-*co ; ,']‘v—]. ;;’ k) kif -
o
Dividing through Ly =~ and svhshltuhing dn from 3.2 we pget
v
3.7 zn(ka-w)>o m =1
m
Since 3,7 is true for all k and X (xi - wi) = 0 we must have
i=1
v
-8 z H. - W =
3 ) 5(xey = wgy)
k = l,..l m

Given our assumption on the utility functions and initial resocurces a

competitive allocation may be interpreted as a Pareto optimal allocation



of the total supply associaited with e price vector II (Hl = 1) such that

v
3.9 .§ Hj(xij - “13) =0 i=1, ..., m
g=1
du,
1
ox, J =2, ceny ¥
3. 10 =d = T,
i izl’ --o’m
Ex.
iJ

Since our allocstion satlsefies the conditions, Theorem 2 is demonsliated.

h, NONDIFFERENTIABLE PREFERENCES

The purpose of this section is to give an example, due to
Scarf and Shapley, with nondifferentieble utility functions in which
blocking by the restricted class of coalitions, mentioned sbove, is not

sufficient to produce & competitive equilibrium.

Consider an economy with 3 types of consumers and 2 commodities.

Let the uhtility functions and initial resources be

min (x;,%,) W = (1,7)
min (xl’ 1/2 XQ) Wy = (5,1)
(3,2)

v, (x)
4.1 uQ(x)

UB(X)

i
¥

I
u

min (1/2 x,,x,) W

The competitive allocation of this economy is calculated to be



xl = (5'17) 3-17)
(4.2) X, = (2.61, 5.22)
X5 = (3.22, 1.61)

The sllocation

x; = (2, 2)
(4.3) x} = (3, 6)
x% = (L4, 2)

is a Pareto optimal allocation of the total supply. It is eansily verified
that this alloration cannot be blocked by the vestricted e¢lass of

coaliticns ebove.
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(11 Debreu, Gerard and Scarf, Herbert, "A Limit Theorem on the
Core of an Economy," International Economic Review,
September 1963.
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